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REGULARITY OF QUASI-STATIONARY MEASURES
FOR SIMPLE EXCLUSION IN DIMENSION d > 5

BY AMINE ASSELAH AND PABLO A. FERRARI
Université de Provence and IME-USP

We consider the symmetric simple exclusion process on 74, ford > 5,
and study the regularity of the quasi-stationary measures of the dynamics
conditioned on not occupying the origin. For each p €]0, 1[, we establish
uniqueness of the density of quasi-stationary measures in L*d vp), where v,
is the stationary measure of density p. This, in turn, permits us to obtain sharp
estimates for P, o (T > t), where t is the first time the origin is occupied.

1. Introduction. Let {n;:¢ > 0} be the symmetric simple exclusion process
on Z?. In this process, there is at most one particle per site (i.e., the state space is
Q:={0, I}Zd), and at rate one the contents of neighboring sites are interchanged.
The homogeneous Bernoulli product measures, say v, with density p € [0, 1],
are invariant and reversible for this process. Let 7 be the first time the origin
of Z% is occupied by a particle. We are interested in two issues: (i) to estimate
the probability that the origin remains empty for large time when the initial
configurations are drawn from v,, for each p €]0, 1[; (ii) to describe the law of »;,,
at large time ¢, conditioned on {t > t}, the event that the origin is empty up to
time 7.

When the dimension of the lattice is larger than 4, we show that there exists
a measure [L,, such that for any continuous function f,

(1) lim E,,[f ) 17> 1= [ fdu,.

This establishes the so-called Yaglom limit [14]. Such limiting measures can be
intrinsically characterized as fixed points of the semi-groups {7, t > 0} defined by

(1.2) (Ti(w), f) = Eulf o) | T > 1, t>0.

Thus, fixed points of {7;, ¢ > 0} are dubbed quasi-stationary measures [12, 6].
Here, we study the regularity of 1, and uniqueness when the dimension d > 4.
This, in turn, gives us sharp asymptotics for the probability of P,,(t > ), namely

—(p).t duy\2
(1.3) lim M =/<ﬂ> dv, < 00,
t—oo P, (T >1) dv,
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where —A(p) < 0 is the top of the spectrum in Lz(vp) of L, the generator of the
simple exclusion process absorbed when hitting {n: 1o = 1}.

We briefly summarize some relevant results of [4]. In dimensions 1 and 2,
the Yaglom limit is o, the measure concentrated on the configuration with no
particle (and A(p) = 0). In dimensions 3 and 4, A(p) > 0 for p €]0, 1[, and
fé Ts(vy)ds/t converges to a quasi-stationary measure (. By analogy with the
case of independent random walks [4], we conjecture that the Yaglom limit exists
and that p, is singular with respect to v,. Thus, it is only for dimensions larger
than 4 that we expect regularity of 11, with respect to v,,.

2. Notation and results. Henceforth, we consider dimensions larger or equal
to 5, and p €]0, 1[. The symmetric simple exclusion process (SSEP) on the
lattice Z¢ can be graphically constructed “a la Harris” [7] as follows. First, fix
the initial configuration by assigning to each site of Z¢ a value in {0, 1} which
indicates if the site is occupied or empty. Then, to each bond—pairs of adjacent
sites—associate a Poisson process of intensity 1; Poisson processes of different
bonds are independent and independent of the initial configuration. At the time
events (marks) of each Poisson process, the values of the corresponding sites are
interchanged. In this way, each particle jumps when a mark is present; two particles
may jump at the same time in opposite directions. By labeling particles, we can
trace in time their trajectories: they evolve as the so-called stirring particles. This
construction is described in Arratia [2]. When the labels of the stirring particles
are disregarded one obtains only the occupation numbers; in this case the resulting
process, called n;, has infinitesimal generator

Lfm=Y" Y 1fa)—fml  forne{o, %,

iezd j:j~i

where n,’(’l =k + (Okj — Ski)(mi —m;) and i ~ j means that |i} — ji| +--- +
lig — ja| = 1. It is well known that the process is Feller, and the product measures
of density p in [0, 1], say v,, are reversible for L (see Chapter VIII of Liggett [10]).
In other words, L is an unbounded self-adjoint operator in L?(d v,), and local
functions form a core for the domain, say D(L). We denote by P,, the law of the
SSEP with initial measure v,. Let 4 = {n:no = 1} and denote by 7 the time of
first occurrence of +. As we are interested in the Dirichlet problem on A€, we
introduce #4 = {p € Lz(vp) :p(n) =0 for n € A}. Let L be the operator defined
by
Lf=14Lf  for feD(L)NHy.

This corresponds to the simple exclusion dynamics absorbed when hitting the
event A. L is self-adjoint on F,4 with respect to v,. We call {S;, t > 0} the

corresponding sub-Markovian semi-group of bounded operators on L%(H, Vp).
In other words,

vVt >0, S;f(n) = En[f(nt)ﬂ{r>t}]-
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We denote by T;(v,) the probability measure defined by duality on ¢ € H#H 4,

(T g) = L5028 _ [ Sl
e Py, (t>1) Py, (t>1) P

where we have used reversibility to obtain the third term. Thus, if f; is the density
of T; (v,) with respect to v,
Si e () Pz >1)

(2.1) vi>0,  filp= P, (t>1) [Pz >0dv,(Z)

It was established in [4] that a nontrivial quasistationary measure, say ,, could
be obtained as limit along a Cesaro subsequence of 7;(v,). Our main result is the
following theorem.

THEOREM 2.1.  If the dimension is larger or equal to 5, then |1, is absolutely
continuous with respectto v,. Moreover, for any integerk > 1,du,/dv, € Lk (vp)
and

dTi(vp) du,
dv, dv,

2
(2.2) lim ( ) dv, =0.

—00

REMARK 2.2. This is stronger than establishing the Yaglom limit, that is,
lim 7; (v,) = . As a consequence, f :=d,/dv, belongs to D(L) and satisfies
[in the Lz(vp)—sense]

(2.3) Lf+x(p)f=0 and S, f=e 01y

with (see Theorem 2 of [4])

(f.=Lf)y,
(f’ f)l)p

Theorem 2.1 is based on a priori bounds through the following lemma, in which
we reformulate a general result essentially contained in [4].

2.4) A(p) =inf :feD(L)N JQA,}.

LEMMA 2.3. Let {S;} be the semi-group of a process absorbed when hitting
a set . Assume that {S;} is reversible with respect to v, and let % < 0o be given
by (2.4). The following two conditions are equivalent:
oM
(2.5 (1) sup——— <00 and (ii) sup ft2 dv < o00.
>0 Pv(t >1) >0

Moreover, if either (i) or (ii) holds, then the Yaglom limit u exists and (2.2) holds.

Now, the a priori bounds are a corollary of the following proposition, interesting
on its own.
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PROPOSITION 2.4. Let the dimension d > 3. Let i € 74 \ {0} and n € Q with
n; = 0. We denote by n' the configuration identical to n except on i, where its value
is 1. There is a constant Cg, independent of i and n such that for any t > 0,

2.6) 0< Pz >1)— P (t>1) < CaP" (r > 1)P(H; < 00),

where H; denotes the first time a symmetric random walk starting at i hits the
origin.

Relation (2.6) would be obvious if the particles were independent. Though it is
rather intuitive for the symmetric exclusion, our proof is rather long. A sketch
of it is as follows. We first write P7(r > t) in terms of a dual process, say
{X (@, 1)}, which corresponds to a stirring process on Z¢ \ {0} with birth at the
nearest neighbors of the origin and with initial condition an empty configuration.
Then, P"(t > 1) — P (1 > 1) corresponds to the weight of all paths whose end-
points X (&, 1) = U U {i} with n; =0 forall j e U C Z4\ {0, i}. The problem is
then to uncouple U from {i}. We then re-express P (X (&,t) = U U {i}) in terms
of a dual with finitely many particles, say {A;}. Note that {A;} is not the “natural
dual” of {X (&, t)} and the correspondence is obtained through a Feynman—Kac
formula. Then we show a correlation inequality for the expression in terms of {A;}
by generalizing Andjel’s inequality [1].

The results about a priori bounds are the following.

COROLLARY 2.5. Let the dimension d > 5. (i) There is a product mea-
sure vy of density a(i), fori € 74, such that, for any t > 0,

2
o
Vo) < Ti(vy) <v, and Z( ——) < 00,
iezd P

where < denotes stochastic domination.
(i) For any integer k > 1, there is a positive constant C, such that

2.7) sup fEmdv,(m < C.
>

A consequence of Lemma 2.3 is a sharp asymptotic estimate for the tail of t
(compare with [4], Lemma 1).

COROLLARY 2.6. Ifthe dimension d > 5, then

e Mot
2.8) Iim — / f dv,.

1—>00 P, (T > 1)

Finally, we have a uniqueness result and some properties of 1.
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THEOREM 2.7. (i) The set {u < v,:p is quasi stationary and du/dv, €
Lz(vp)} contains only fL,.

(i) For i € 74, define 0;: Q — Q with 0;n; = ni4i, then for any ¢ local
(i.e., depending on finitely many sites),

tim [ @ dupn = [ padv,.

il —o0

(ii1) If v is a probability with a continuous density with respect to v, then

1 rt
li —/ T, ds=[,.
im A s(vyds =,

t—00

The convergence holds in weak-Lz(vp).

Proposition 2.4 is proven in Section 3. Section 4 contains the proofs of
Corollary 2.5, and of Theorem 2.1. In Section 5, we establish the uniqueness part
of Theorem 2.7. In Section 6, we show that in 1, the density at infinity is p, and
we conclude with the result about the basin of attraction of 1.

3. Proof of Proposition 2.4.

3.1. Duality and Feynman—Kac. We first express P"(t > t) using the dual
process [10, 2] based on the fact that the Poisson clocks associated to bonds are
invariant by time reflections. The dual process tracing back-in-time the positions
of the stirring particles touching the origin can be described using the graphical
construction at the beginning of Section 2. Again at each bond, there is an
independent mark process corresponding to the realization of a Poisson process
of intensity 1. At each mark between zero and one of its nearest neighbor, say i,
a particle is born at i unless i is already occupied (in which case nothing happens);
the particles born in this way evolve afterwards as stirring particles on Z¢ \ {0}. The
only difference with the previous construction is that now it is imposed to the origin
to be occupied at all times—so that when it becomes empty, it is immediately
occupied with a newly created particle. Assume that at time 0, the lattice is empty
and let X (&, t) be the set of sites occupied by the stirring particles at time t; all
these particles have been created at the origin. Let PP denote averages over the
Poisson realizations. If $* is the collection of finite subsets of Z¢ \ {0}, then the
duality formula reads, for any ¢ > 0,

(3.1) Pli(t>1)=(1—-no) > PX(@,0)=A)]]—=n).

AeP* FISN

Thus, if 7 is such that n; =0,

Plc>n—Pl@e>n=>10-n) Y. PX@n=A)[]0-n).
AeP*, Asi FISN
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Assume, for a moment, that for U € £* and i ¢ U, we have a constant Cy
independent of i and ¢ such that

(3.2) P(X(@,1) = U U{i}) < C4P(X (2, 1) = U)P(H; < o0),

where H; denotes the first time a symmetric random walk starting at i hits the
origin. Then, for 1 such that n; =0,

Pt >1) — P”i(t > 1)

<C4P(Hi <o0)(1—mo) Y. PX@.n=U) [[ (d1-np
UeP*,i¢U jeUu{i}

< Cy(1 = n))P(H; < 00) P (z > 1).

Thus, it remains to prove (3.2).

Let £ be the generator of {X(@,t), t > 0}, and let S;“ be the associated
semi-group. We first express the dual of {X(&,¢), ¢t > 0} in terms of a process
with finitely many particles. Actually, we are only interested in S;" (14)(@) :=
P(X(2,t) = A) for A € P*. Let A and A be in £*. We have, using A for the
symmetric difference,

LYANA) = D [1AAA{x, YD) —Ta(A)]+ ) [Ta(AU{Y}) —LA(A)].
x~y; x,y7#{0} y~0
[AA{x,y}=]A| Y¢A

The first sum corresponds to the stirring process over Z¢ \ {0}, while the second
sum corresponds to birth at the origin. We reexpress now the last sum. For
simplicity, we omit to write y ~ 0. Thus,

Y MAAU{YH —1A(A)] = Y [1AAU{Y) —1a(A)] = D 1a(A).
y¢A y¢ﬁ y;ﬁ
S y

We claim that this expression is equal to

C:= ) [LaA\{y) = Ta(M)] = 3 1a(A) + D 1a(A).

yeEA YEA yeA

Indeed, we expand C:

C= ) [MaA\{y) —Ta(M)]+ Y [La(A\{¥}) —1a(A)]

yeA yeA
Y¢A yeEA
— > 14+ Y La(A)
YEA yeA
= > [La(A\{y) —La(M)] = Y 1a(A).
y¢A yEA

yeA
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Thus, calling M := {y € Z%:y ~ 0} and using the self-duality of the stirring part
of LT, we obtain

LYTANA) = )Y [1a(AA{x,y}) —1a(A)]
x~y; x,y#0
3.3) [AA{x, y}H=|A]
+ ) [La(A N\ {y) — La(M)]+ V(A)La(A),
y~0
yeA

where we set V(A) :=2|Ng N A| — |My|. Now let L~ denote the generator of
the stirring process on Z< \ {0} with death when particles jump on the origin.
Then, (3.3) can be written as

LTAA)(A) = L7 (1A (A) + V(A)Ta(A).
Thus, if u(A, 1) := S;"(1,)(@), we have

du(A,1)

= ST(LTIA)(D) = LTu(A, 1) + V(A)u(A, t).

Now we call {A(¢), t > 0} the process generated by L~ and we use Feynman—Kac
to obtain

t

P @0 =0) =5 oo [ Viaw)asfio(ac)]

t
= exp{—|No|?}ED [exp<2/ |No N A(s)| ds)]lg(A(t))]
0
Now let U € * and i ¢ U. We show in Section 3.2 that if A € £* and
t
(3.4) g(A, 1) :=EA [exp(Z/ [No N A(s)] ds)ll@(A(t))}
0

then g(U U{i}, t) < g(U,t)g({i}, t). Then, in Section 3.3 we prove that g({i}, ¢) <
Cy P (H; < 00) for d > 3. Inequality (3.2) follows then readily.

3.2. A generalized correlation inequality. 'To make the notation closer to those
of Andjel [1], we set p(x, y) =1 when x ~ y, and p(x, y) = 0 otherwise. Also, we
realize our stirring process as an exclusion process: the particles attempt to jump
to one of their nearest neighboring sites at the time marks of independent Poisson
processes of intensity 2d; if the site chosen (each neighboring site is chosen with
the same probability) for the attempt is occupied, the particle stays still. As we
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are blind to the labelling of particles, the trajectories are, in law, indistinguishable
from our initial stirring process.

We proceed by induction on n to prove that for any sets A, B € £*, with
ANB=g, forany t >0, ¢ € R, andanyn—tuplesOfs1 <s?t<.o<s"<it,

the following inequality holds:

RAVB |:exp=a > IMN A(sk)|}]l@(A(t))i|

k=1

(3.5) <EA [exp{az |eNoﬂA(sk)|}Ilg(A(t))}

k=1

x EB |:exp{a Z [No N A(sk)l}llg(A(t))i|.

k=1

This will be our induction hypothesis at order n. Once (3.2) is proved, inequal-
ity (3.5) follows easily as in Proposition 4.1 of [8].

Step n =0. We need to prove that for A, B € P* with ANB =0
(3.6) PAYB(A(t) = @) <PA(A(r) = 2)PB(A(r) = 2).

Following an idea of Arratia [3], we represent the process A(#) as limit of a stirring
process with no absorption on an enlarged lattice: we link the origin 0 with 0,
the origin of a three dimensional lattice 73 isomorphic to Z> (here we fix Z°
for concreteness; any graph supporting the stirring construction, for which the
corresponding random walk is transient would fit). On each bond of 73 and on
the bond (0, 0), the rates of stirring are set equal to « large. On the enlarged lattice
74 UZ3, the particles perform a conservative stirring process, though with different
rates whether they jump across the bonds of Z¢ or across the bonds of 73 and
(0, 0). When a particle hits the origin 0, it has a probability going to 1 as k — 00
to wander in Z3 up to time ¢ without using bonds of Z¢. We call U (¢) the stirring
process on Z¢ U 73, and P, the law of the Poisson marks on the enlarged lattice.
It is not difficult to show that for any A € £*,

(3.7) PA(A() =2) = lim PHU(1) C Z7).

Now, for the stirring process on the enlarged lattice Z¢ U 73, we use a correlation
inequality due to Andjel [1]:

(3.8) PAYB(U () c Z3) <PA(U (1) c Z2)PEB(U (1) C 7).

Thus, after taking the limit k — oo, we obtain (3.6).
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Step n. Our proof follows essentially Andjel’s proof. Our induction hypothesis
is that (3.5) is valid for n — 1 instants of time. Let 0 <s! <52 <... <s" <t ben
instants of time, and for each A € $* let

(A, rrst, s =ED |:exp(a > M A(s")l)]lg(A(t))i|.

i=1

We set . =2d(]A|+|B]|) and we let 71 be the first time a particle of AU B attempts
a jump (i.e., Ty is an exponential time of parameter A). Note that by the Markov
property

EAVB |:exp(a > Mo N A(Si)l)llz(f\(f))]l{r1 >s1}i|

i=1
= P (11 > sV exp{a(|A N No| 4+ |B N M)}
n
x EAVB |:exp<a Z [N N A(sT — Sl)|>1].@(A(t - sl)):|
i=2

= P (1 > s")exp{a(]A N No| + | B N M)}

X gn_1(AUB, 1 —s';s2—s! ... s" —sh).

Following [1], using the shorthand notation s for sl ..., s" [and its abuse s — u =

(s'—u,...,s" —u)], and writing Aﬁ{x, v} to mean AA{x, y}\ {0}, for we have
to account for deaths of particles when they jump on 0, we have

=P(11 > sl)ealAm’NO‘e“‘Bm’N()lgn_l(A UB,t—sl;s2—s', ... s"—s!
sl A 1
+f dure™ 3| 3 px, )+ D px,y)
0 X, yeA x,yeB

X gn(AUB,t —u;s—nu)

+| Y P y)ga(AA{x, y}UB,t —u;s —u)

XEA
L y¢AUB

+| D pG.y)gn(AUBA{x,y}.t —u;s—u)

xXeB
Ly¢AUB
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+ D p )+ D plxy)

X€EA X€EB
yeB yeA

xgn(AUB,t—u;s—u)}

Reasoning as if the particles in A were independent from the particles in B, we
obtain

gn(A,1;8)g,(B,t;8)

= P(1] > 51)e ANl BOMl o (A r — 51?2 =510
X gn—1(B,t —sl; 52— sl, ce))

st 1
+/0 du re H o opxn+ Y. p(x,y)}

X, yEA x,yeB

>

X gn(A,t—u;s—uw)g,(B,t —u;s—u)

+ Z P, Vgn(AA{x, y},t —u;s —u)g,(B,t —u;s —u)

XEA
Ly¢AUB

+ Z p(x,y)gn(A, t —u;s —u)g,(BA{x,y},t —u;s —u)

xeB
Ly¢AUB

+ | D P y)gn(AA{x, y} .t —u;s —w)g, (B, 1 —u;s —u)

xeA
LyeB

+ [ D pe,ygn(A t —u;s—wgu(BAx, ¥}, t —uis —w)

xeB
yeA
Define
Gu(t) = sup sup gn(CUD,t;8) — gn(C,1;8)8,(D, t;8),
0<sl<--<s<t CND=2

C,Dep*

also set F,(t) = sup{G,(s):0 < s < t}. Now the key observation of Andjel ([1],
page 720) is that for x € A and y € B (so that both x, y # 0),

gn(AUB, 1;8) < Fy(t) + 5(ga (A, 1:8)ga(BA{x, y}, 1:5)
+ gn(AA{x, y},1:8)g,(B, 1;5)).
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Thus, using the induction hypothesis (£,,—; = 0) and the symmetry of p(.,.), we
obtain

gn(AUB,1;8) — g,(A,1;8)8,(B,1;8)

E/OS e‘“{ doopen+ Y pen+ D plx.y)

X, yEA xX,yeB X€EA
Y J y¢AUB

+ > pey+2)] p(x,y)}Fn(t —u)du

xeB xeA
y¢AUB yEB

sl t
:/ e MOFL(t — ) du < Fn(t)/ he M du.
0 0

Thus, by taking the supremum over A, B € #* with A N B = &, we obtain
G,(t) < F,(t) fé Aexp(—Au) du. Finally, this implies that F;,(t) = 0, and the proof
is complete. [

3.3. Upper bound g({i},t) < C4P(H; < 00). We first use the classical
representation of the trajectories {A({i}, ), t > 0} as sequences of jump times
{ri, i € N}, which are independent exponential variables of parameter 2d,
associated with the paths of a simple symmetric random walk killed at the origin,
say {A;, i € N}. The processes {A;, i € N} and {r;, j € N} are independent.
We use the notation EY and P? to denote average over paths of {A;, i € N}
starting on y. Let Top = inf{n > 0: A, € My} with Ny ={y:y ~ 0}. When Ty < oo,
let T be the first return time to Ny, whereas when Ty = 00, set 71 = oo. Then, the
sequence of successive entrance times in Ny, {T>, T3, ...} is defined inductively.
The number of return to N is called R, i.e.,if T; =ocobut 7;_; < oo then R =i.
Our walk on fo being transient, we have R < oo, a.s. We note also, that by
symmetry, for any y, y' € M,

PY(Ty<oo)=PY(Ty <o) and VkeN,  PY(R=k)=P"(R=k).

For convenience, we call PM(Ty < o0) := PY(Ty < o0) and PM(R = k) =
PY(R =k) for y € MNy. Now,

R
g({i},t) < E' |:]1{T()<oo} exp(ZZrTi)i|

i=0
o0 . k
3.9 = Z E' |:]]-{T()<oo}]]-{R:k} exp(Z Z TTI->1|
k=0 i=0

= PI(Ty <00) Y PM(R =k)(E[exp{27}])F,
k=0
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where we used the Markov property and induction. Now, by the same arguments,
PM(R=k) < (PM(Ty < 00))*.

On the other hand, the evaluation of E[exp(211)] is easy:

2 * 2 2d d
(3.10) Ele™] =/ e 2de " dt = ——.
0 d—1
Thus, with (3.9) and (3.10), our upper bound follows easily as soon as
(3.11) P "(T0<oo)<7.

We want to formulate (3.7) in terms of hitting probabilities for the standard random
walk, say {S,, n > 0}. We will denote the averages over the standard walk with
a tilde. Let k = inf{n > 0: §,, = 0}, and note first that

P'N"(To <o0) = ﬁ‘M)(To <00, k > Tp).

By conditioning on the first move, we obtain
~ 1 ~
PM(Ty < 00) = a5+ PM(Ty < 00, k > Tp).

Thus, (3.11) is equivalent to PM(Ty < 00) < (2d — 1) /2d. We recall that R is the
number of return to Ny for a walk starting on MNy. We can set Sop = 0 but count
what happens only after two steps,

o0
(3.12) R=Y " 1Lis,enp) = Y LT, <00}
n=2

n>1
so that
PM(Ty < 00)
1 — PM(Ty < o0)

E[R]=)_ P(Sy€ M) =
n=2

Thus, (3.11) reads E[R] < 2d — 1. Now we note that for n > 0,
P(Sut1=0)=P(S,41=0, S, =y, y € M)

~ ~ 1 -~
=Y P(Su1=0]S=y)P(Sy=y) ==P(5, € M).
2d
YEMN

(3.13)

Thus,

Y P(SpeNo)=2d)_ P(S,=0).

n=2 n=3
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In dimension 3, it has been established (see [5], page 170, exercise 2.7) that

1+ P(S, =0) = (V6/327)(1/24)1(5/24)T(6/24) T (11/24) = 1.516..... .

n=1

Thus, in dimension 3, E[R] < 6(0.52) < 5 and condition (3.11) holds. Thus,
in dimension 3, E[R] < 6(0.52) < 5 and condition (3.11) holds. We conclude
that (3.11) holds for any dimension larger or equal to 3 because the right-hand side
of E [R] < 2d — 1 increases and the average number of visits to 0 decreases with
dimensions. As we have not found a reference to this latter fact, we present a short
proof due to Andjel. The number of visits to 0 is a geometric random variable
of parameter Py(7Tp < 00), so it suffices to show monotonicity for this quantity.
Let i be any neighbor of 0; by symmetry a(d) := Py(Ty < o0) = P;(Ty < 00), for
dimension d > 3. Project the d-dimensional walk on a hyperplane orthogonal to i/,
aneighbor of the origin different from i. The projected walk on Z¢~! has transition
probabilities 1/2d to go to each of its 2(d — 1) neighbors and 1/d not to move.
It is clear that a(d) is not larger than the probability of visiting the origin starting
at (the projection of) i for the projected walk. This latter probability is actually
equal to a(d — 1). Indeed, the projected process goes along the same trajectories
as the (d — 1)-dimensional standard walk and the waiting times at each point are
geometric random variables with parameter (d — 1) /d: thus, if the trajectory of the
standard walk is such that {T" < oo}, then the same holds for the projected walk
and vice versa.

4. A priori bounds.

PROOF OF COROLLARY 2.5. (i) The proof proceeds along the same lines as
the proof of Theorem 3c of [4], once the measure v, () is defined. We set op =0,
and for i # 0, let o; be defined by

o; 1—,0_ 1
l—o; p  14+C4P(H; <00)’

where the constant Cy is that of (2.6). Note that 0 < «; < p. Now, in the proof of
Theorem 3c of [4], we showed that vy () < v, and dvy(,)/dv, € LP(v,) for p > 1
as soon as

or equivalently in d > 3,

Z P(H; < oo)2 < 00,

iezd
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which holds as soon as d > 5.
We rewrite (2.6) on {5 :n; = 0} with i # 0, denoting by o; the action of spin flip
atsite i [i.e., (o;n)x =nx if k #i and (o;n); =1 —n;],

1—p . dva()
@1 oifi > ft orequivalently, o;( ft) > 0 It
—o P Vp dv Vp

Now, on A¢, we form ¢ = dT;(v,)/dvy() and we note that ¢ is increasing.
Indeed, if i ## 0 and n; = 0, then (4.1) is nothing but o;¢ > ¢. Now, as a product
measure, Vy () satisfies FKG. Thus, for v increasing,

daT,
Josmon= (4202 e

o [(222) v i

Thus, vy() < T;(vp). The fact that T;(v,) < v, comes from the fact that f; is
decreasing and v, satisfies FKG. Now (ii) of Corollary 2.5 follows as in the proof
of Theorem 3c of [4]. Using that f; and dvy()/dv, are decreasing, for i > 1 and
Jj=0,

(5 = (52 o = (2

i—1({dva J+
—/f 1( dv;)> dv,.

Thus, we obtain by induction, for eachn > 1,

dva()\"
4.2) /f;’dup §f< ;U”> dv,.
p

Since the right-hand side of (4.2) is bounded for d > 5, the corollary follows. [J

PROOF OF LEMMA 2.3. In [4], Section 4, we have that t — R(¢) :=
e_“/Pv (t > t) is increasing and R(0) > 0. Suppose (i) and let lim;_, o, R(¢) =
R < 00. Now (ii) follows from

2, St (L) St (L pe)
/fl d”‘/ P

$u(la) , _ P(z>20) R@) _ R
P02 T Pt>02 RG)? - ROZ

4.3)

Conversely, Let n be a limit point of {(1/¢) f(; Ts(v)ds} along the subse-
quence {t,} in weak-L2(dv). By Theorem 1 of [4], i is a quasi-stationary measure
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with P, (t > t) =exp(—At). Thus, (i) follows from
1 P
lim R() = fim ~ [ EeT=8) 4
t—00 n—+ooty Jo Py, (T >5)

1o d dp\?
= lim —/ fs—Mdvpds=/<—M> dv, < o0.
n—-+oo t, Jo dv, dv,

Now, if either (i) or (ii) holds, by Remark 3 of [4], we have that the Yaglom
limit exists. Now, to show that [(f; — f Y2 dv converges to 0, we only need to
show that [ ft2 dv converges to [ f 2dv. Tt is easy to see from (4.2) and (4.3)
that lim [ f>dv = limR(t) = [(du/dv)>dv, and the proof of Lemma 2.3 is
concluded. [J

4.4)

5. Proof of Theorem 2.7(i): Uniqueness.

5.1. Positivity of f. We first show that v,-as., f > 0 on {5y = 0}. We
introduce a symmetric simple exclusion process on Z¢ \ {0}: there is no site 0,
and its adjacent bonds are suppressed. Let v be the product Bernoulli measure on
77\ {0} of density p. Let {S/, ¢ > 0} be the Markov semi-group of this process.
It is known that the process {S}, 7 > 0}, with initial measure v7, is reversible and
ergodic: indeed, by Theorem 1.44 on page 377 of [10], v; is an extremal invariant
measure and by Theorem B.52, on page 23 of [11], all extremal invariant measures
are ergodic. In other words, if for any r > 0, S/g = g, v;—a.s., then g is constant
Vy-a.s.

Let 8 :={n:no =0, f(n) =0}, and note that v,-a.s.,

S; flg =exp(—ir) f.1g =0.

Now, because f > 0, we have that for any € > 0, els~,) < f. Thus, for n € B,
Vp-a.s.,

Ve >0, P'({fm)>¢}, t>1)=0 = P"({f(n:) >0}, t>1)=0.

Now, if the bonds linking 0 to its neighbors are not marked, up to time 7, then
S; acts like S;. So, if ¢ is the first time a Poisson mark appears in one of these
bonds, for n € B, v,-a.s.,

P"(f(n) >0, 1o>1)=0,

because 79 < . Now 1y is independent from the Poisson processes on bonds of
74\ {0}, so

Pn(f(n,) >0, 19> t) = St*]l{f(.)>()}P(‘L'() >1)=0.
Now, for any ¢ > 0, P(tg > t) > 0. Thus, for n € B, v;—a.s.,

St r)=01(m) =0.
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In other words, for any ¢ > 0, we have v;—a.s.,

Sz*llgg >1g.

Now v7 is reversible for S/, so both expressions have the same mean, and we
conclude that vi-as., for any 7 > 0, Sf1g = 1g. By the ergodlclty of v7,

conclude that 1 g is v* ,» constant, S0 that necessarﬂy Vp(B) =

5.2. One eigenvalue with a positive eigenvector. Suppose that f, f/ € H 4 are
the densities of two quasi-stationary measures. There are two real numbers A(p)
and A’ such that f, f’ satisfy in an L?(v,) sense

(5.1) Ssf=e P f and §,f =e*'f.

First, we show that A(p) = A’. We assume that diu, = f dv, corresponds to the
Yaglom limit. Thus,

(5.2) lgn;O/f’f;dvpsz’fdvp and lgngofff,dvl):/fzdvp.

However, as f > 0 on {9 =0}, vy-a.s.,

e_mff’dvp _ [ LacS: f'dv, B , ,
I T Rl wee _/ff,dvp—>/ffdvp>0.
Similarly,
e~ Mot d
(5.4) / Fhidv, = (Tf >f t)” / F2dv,.

Thus, A(p) =2/

5.3. Dual expansion. We expand f on the countable basis of Lz(vp), say
{Ha, A € P}, where P is the collection of finite subsets of Z¢ and

(mi —
(5.5 Hy=1 and Ha(n) =
N7
Thus, there are real numbers {C4, A € $} with
(5.6) f=)Y CaHy and /f dv,= > C3.
AeP Aep

The constraint that f € # 4, i.e., no f(n) =0, is equivalent to

(5.7) VA ¢0, / Hanof dv, =0.
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Thus,

(5.8) Vo =) [ Hasorf dvy+p [ Hafdv, =0,
So, for A 0,

(5.9) V(1= p)Caujoy + pCa =0.

We define, for all A € P*,

1=, |A|

Now condition (5.9) reads ¥ (A U {0}) = ¥ (A) for A F 0. Now we express
(=Lf, f) in terms of the {C4}:

(5.11) (—Lf. f)=>_ > . (Cp—Ca)%

AepP B~A

where B ~ A if thereisi € A\ Band j € B\ A with A A B={i, j}. We replace
the C4’s by the ¥ (A)’s and distinguish O to eliminate (5.9),

(—Lf, f>=2( Yo YA B) - )’

A0 \B50,B~A

+ Y y'A(WB\{O})—w(A))z)

B>0,B~A

+Z( S YA BN\0) - A\ (0))

A>0 \B>0,B~A
(5.12) + > yA'(w<B>—w<A\{0}>)2>
B#0,B~A
= Z[ > A+ (W (B) -y (4)
AFOLBeN,
+ Y M3 - y@)

BeN,

+ ) yA'“(WB)—w(A))Z},
BeNf

where y = (1 — p)/p, B € N4y means B ~ A and B #0, B € ,NX means
B~AU{0} and B #0, and B € N, means B U {0} ~ A and B ¥ 0. With
this rewriting, (—L f, f) can be thought of as the Dirichlet form, &(y, ¥), of
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a dynamics with finitely many particles, with creation and annihilation at site 0,
with respect to a measure m(A) = y!4l. The advantages of this rewriting are
threefold: (i) the constraint (5.9) has vanished, (ii) the new dynamics is clearly
irreducible and (iii) in studying the minimizers of & (¥, ¥), we can assume the
{¥r(A)} to be nonnegatives. Indeed, note that &(yr, ) > &(|¥|, ||) and equality
holds only if ¢ (A) > 0 for each A € $*. Also, we rewrite the Lz(vp) norm of f
in terms of the {¥ (A), A € P*}:

(5.13) 1f1P=) Ci+Cavoy=U+») D v =a+nlivli;.
AF0 AF0

Now L f + Af =0 implies that for A € P*,
I+y) Y. (B —vA)+y Y. (V(B)—¥(A)

BeN, BeN;
(5.14)
+ 3 (W(B) = ¥(A) = —AP(A).
BeN,

Thus, ¥ (A) > 0 for all A € 2*. Now let ¢ = ¥ and note that for any A and
B € $*, the functional ¢ — (/@ (B) — /#(A))? is convex. Assume that i
and v/ are two positive normalized minimizers, and let ¢ and ¢’ be their respective
squares. Then, for any X € [0, 1],

Yy = AP+ (1 —21)¢’
has || |lm = 1 and

EWn, ¥n) SAEW, ¥) + (1 = WEW, ¥).
Thus, the convex inequality is an equality, so that for any A € £* and any
BeNAUN; UNS,
(Wi (B) = ¥i()" =A((B) — ()" + (1 = (¥ (B) — ' (4))",

which implies, after expanding, that ¢ (A)¢’(B) = ¢ (B)¢'(A). Now, as ¢(A) > 0
and the dynamics is irreducible, we conclude that ¢ = ¢’ and so are the positive
square-roots ¥ = y’.

6. Proof of Theorem 2.7(ii) and (iii).

PROOF OF THEOREM 2.7(ii): DENSITY AT INFINITY. The facts that for any
t >0, vg) < Ty (vp) < v, with a(i) — p when ||i|| — oo implies that for any
Ae®,

Jifl—oo
f]_[nj+idup(n) = plAl
jeA
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for [Tje4 mj+i is an increasing function. Now any local function ¢ can be written
as a linear combination of local increasing functions, and the property follows by
linearity. [J

PROOF OF THEOREM 2.7(iii): BASIN OF ATTRACTION. We show that for
any measure v, any subsequence of the Cesaro limit of {7;(v)} contains a further
subsequence converging to a quasi-stationary measure, say (. When the density
of v with respect to v,, say ¢, is continuous, we show that ;t = .. As in the proof
of existence of a quasi-stationary measure (see [4], Lemma 1), we establish first

the existence, for any s > 0, of the following limit:
. Py(t>t+5)

Indeed, recall that

(62) P> = [ S0u)tacddv, = [ 5@uh)dv,,
so that by the existence of the Yaglom limit,
P t
6.3) mn—ﬁill:/¢m%>o
t—oo P, (T >1)
Thus,
P t P, (t>t+
(6.4) fim =4 P14 exp(—r(p)s).

t—oo  P,(T>1)  1—>00 Pvp(‘L'>t)

By the weak™ compactness, for any sequence {,}, there is a further subsequence
(still named {#,} for convenience), and a probability measure 1, such that for any
continuous function ¢,

1 n
(6.5) = ["@mo).e)dt— [gdn.

n
The same argument as in the proof of Theorem 1 of [4] implies that u is quasi-
stationary. Now, we establish a priori estimates:

/ (dn<v>)2 p / (E"[</>(m)ll{f>r}])2
v, = dv,
dv, P,(t>1)
P (t >1)
6.6 < d
(6.6) o [ (5 ) v,
(t>1)
=9l /f’ (P(t>t)>
This quantity is bounded by Corollary 2.5 and (6.3). By standard arguments, this

implies that u € Lz(vp), which establishes, by the uniqueness result, that ;1 = u,,
so that the Cesaro limit exists and is jt,. [
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