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NONLINEAR KOLMOGOROV EQUATIONS IN INFINITE
DIMENSIONAL SPACES: THE BACKWARD STOCHASTIC

DIFFERENTIAL EQUATIONS APPROACH AND
APPLICATIONS TO OPTIMAL CONTROL

BY MARCO FUHRMAN AND GIANMARIO TESSITORE

Politecnico di Milano and Universitá Di Parma

Solutions of semilinear parabolic differential equations in infinite dimen-
sional spaces are obtained by means of forward and backward infinite dimen-
sional stochastic evolution equations. Parabolic equations are intended in a
mild sense that reveals to be suitable also towards applications to optimal
control.

1. Introduction. Let us consider a stochastic evolution equation of the form:{
dXτ =AXτ dτ + F(τ,Xτ ) dτ +G(τ,Xτ ) dWτ, τ ∈ [t, T ] ⊂ [0, T ],
Xt = x ∈H,

(1.1)

for a process X in a Hilbert space H , where W is a cylindrical Wiener process in
another Hilbert space �, A is the generator of a strongly continuous semigroup
of bounded linear operators {etA} in H , F and G are functions with values in
H and L(�,H) respectively, satisfying appropriate Lipschitz conditions. Under
suitable assumptions, a unique solution {X(τ, t, x), τ ∈ [t, T ]} exists and defines
a Markov process with transition function {Pt,τ , 0 ≤ t ≤ τ ≤ T }. Pt,τ acts on
measurable functions φ: H → R, satisfying suitable growth conditions, according
to the formula:

Pt,τ [φ](x)= Eφ
(
X(τ, t, x)

)
, x ∈H.

If φ is sufficiently regular then the function v(t, x) = Pt,T [φ](x) is a classical
solution of the backward Kolmogorov equation

∂v(t, x)

∂t
+Lt [v(t, ·)](x)= 0, t ∈ [0, T ], x ∈H,

v(T , x)= φ(x),

where the linear operator Lt is defined by

Lt [φ](x) := 1
2 Trace

(
G(t, x)G(t, x)∗∇2φ(x)

)
+〈x,A∗∇φ(x)〉H + 〈F(t, x),∇φ(x)〉H .
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In this formula ∇φ and ∇2φ are first and second Gâteaux derivatives of φ

(identified with elements of H and L(H,H) respectively). When φ is not regular,
the function v(t, x)= Pt,T [φ](x) can be considered as a generalized solution of the
backward Kolmogorov equation. We refer to [9, 10, 41] for a detailed exposition
of these facts and related matters.

Here we are interested in a generalization of this equation, written formally as
∂v(t, x)

∂t
+Lt [v(t, ·)](x)

= ψ
(
t, x, v(t, x),G(t, x)∗∇xv(t, x)

)
, t ∈ [0, T ], x ∈H,

u(T , x)= φ(x).

(1.2)

We will refer to this equation as the nonlinear Kolmogorov equation. ψ : [0, T ] ×
H × R × �→ R is a given function and ∇xv, the Gâteaux derivative of v with
respect to x, is identified with an element of H , so that G(t, x)∗∇xv(t, x) ∈ �.
Notice the occurrence of G in the nonlinear term: this does not imply any loss
of generality in the nondegenerate case, that is, when G is boundedly invertible,
whereas it involves a genuine restriction in the general case.

One of the main results of this paper, Theorem 6.2, specifies conditions for
unique solvability of equation (1.2). Various concepts of solution are known for
(linear and) nonlinear parabolic equations in infinite dimensions. In this paper we
restrict attention to continuous solutions, but other effective approaches have been
proposed, for instance by means of Dirichlet forms [30, 37]. Many investigations
have been carried out in connection with the Hamilton–Jacobi–Bellman equation
arising in optimal control for nonlinear infinite dimensional stochastic systems,
so we postpone references to the discussion on control theoretic applications that
will be done below. One possibility to deal with equation (1.2) is to look for
classical solutions, that is, functions which are twice differentiable with respect to
x and once with respect to t , such that L[v(t, ·)] makes sense for every t ∈ [0, T ]
and (1.2) holds. This forces to impose heavy assumptions on the functions
ψ and φ, involving existence of derivatives up to order two as well as trace
conditions on second derivatives. Another possibility, in some sense opposite, is to
consider viscosity solutions. Existence and uniqueness of viscosity solutions can
be proved under much weaker assumptions on the coefficients. However, in view
of applications to optimal control theory, it is important to show the existence of
∇xv, since this allows to characterize optimal control by feedback laws. Since,
in general, viscosity solutions are not differentiable, this characterization is not
immediately available. In this paper we will consider solutions in the so called mild
sense (already considered in the literature, but not in connection with the backward
stochastic equations approach). Namely a mild solution v of equation (1.2) will
satisfy the equality

v(t, x)=−
∫ T

t
Pt,τ

[
ψ
(
τ, ·, v(τ, ·),G(τ, ·)∗∇xv(τ, ·))](x) dτ

+Pt,T [φ](x), t ∈ [0, T ], x ∈H,

(1.3)
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which arises formally from (1.2) as the variation of constants formula. We notice
that formula (1.3) is meaningful provided v is only once differentiable with respect
to x and, of course, provided ψ , v and ∇xv satisfy appropriate measurability
and growth conditions. Thus, mild solutions are in a sense intermediate between
classical and viscosity solutions. We can prove existence and uniqueness of a
mild solutions v by requiring existence and boundedness (or growth conditions)
of first derivatives of ψ and φ: compare Theorem 6.2. We wish to stress that in
our assumptions, in contrast to most of the references cited below, the derivatives
are understood in the sense of Gâteaux: this is important in view of applications
where H is a space of summable functions and nonlinear terms are Nemytskii
(evaluation) operators: it is well known that they are not Fréchet differentiable,
except in trivial cases. Thus our results can be directly applied to stochastic partial
differential equations: compare Example 7.3.1 as an instance of this.

In order to prove existence and uniqueness for the mild solution of (1.2) we
generalize a probabilistic technique, based on backward stochastic differential
equations, which we believe to have an intrinsic interest. We consider the following
backward stochastic evolution equation:{

dYτ = 〈Zτ , dWτ 〉� +ψ(τ,Xτ ,Yτ ,Zτ ) dτ, τ ∈ [t, T ],
YT = φ(XT ),

(1.4)

where X is the solution of (1.1). Under suitable assumptions on ψ , there exists
a unique adapted process (Y,Z) in R×�, solution of (1.4). The processes X,Y,Z

depend on the values of x and t , occurring as initial conditions in (1.1): we
may denote them by X(τ, t, x), Y (τ, t, x), Z(τ, t, x), τ ∈ [t, T ]. If we define
v(t, x) = Y (t, t, x) then it turns out that the function v is deterministic and it is
a solution of the nonlinear Kolmogorov equation.

This connection between backward stochastic equations and nonlinear partial
differential equations was proved in the paper [36] for the finite dimensional case,
that is, H = R

n, �= R
d and for classical solutions of the parabolic equation. The

extension of these results to the Hilbert space case is far from being straightforward
(for instance as we mentioned above the definition of solution of the parabolic
equation has to be changed) and it was not investigated before. We are led to a
detailed study of equations (1.1) and (1.4), which requires some effort and different
arguments than in the finite dimensional case. These extended results have an
interest in themselves and constitute another main aim of this article.

Backward stochastic equations in finite dimensions have been intensively
studied in recent years, starting from the paper by Pardoux and Peng [35]: we refer
the reader to [29] and [11] for an exposition of this subject and of the more general
theory of forward–backward systems, as well as a detailed account of the existing
literature. We note in passing that equations (1.1) and (1.4) are not a forward–
backward system in the most general form, since equation (1.1) does not involve
the processes (Y,Z) occurring in (1.4): this level of generality is not needed for our
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purposes. In the infinite-dimensional case, however, there are few known results
on stochastic nonlinear backward equations: we are only aware of [23], but the
results of these paper are not sufficient for us although they are more general in the
direction of allowing the presence, in (1.4), of unbounded operators (for results on
infinite dimensional linear backward stochastic equations see [40] and [28]).

Next we briefly sketch the main points one needs to face in order to perform
the proof of Theorem 6.2 outlined above. We first mention that existence of some
solution of (1.1) and (1.4) is not sufficient: in order to perform our program we
need more precise information. For instance, as in [36], we need to show finiteness
of moments of all order, in various senses, for the processes X,Y,Z, and path
continuity for X and Y : to this end we combine, adapt and extend arguments from
[23] and [36].

Since we aim at proving that v(t, x) = Y (t, t, x) is a solution of (1.2), or
better (1.3), we are faced with the issue of dependence of the processes X(·, t, x)
Y (·, t, x), Z(·, t, x) on parameters t, x. In contrast to [36], we cannot use the
classical Kolmogorov theorem for continuity of random fields, due to the fact that
x takes values in a Hilbert space H . Instead, we first investigate existence and
continuity of the Gâteaux derivative process ∇xX(·, t, x) by means of a parameter
depending contraction principle (following [9, 10, 41]). The same argument is then
used to investigate dependence of the solution (Y,Z) of (1.4) on the process X and
the existence of derivatives ∇XY , ∇XZ (X is treated as an element of a suitable
vector space of processes). Finally, a chain rule is applied to prove existence of
the derivatives ∇xY (·, t, x), ∇xZ(·, t, x) with respect to x ∈ H and the required
regularity properties of v(t, x)= Y (t, t, x) are obtained.

Another key step in the proof of Theorem 6.2 is the formula

Z(s, t, x)=G
(
s,X(s, t, x)

)∗ ∇xY
(
s, s,X(s, t, x)

)
for almost all s ∈ [t, T ],

which relates the processes X, Y and Z. Following [36], we prove it in two steps,
as an application of the Malliavin calculus: denoting by D the Malliavin derivative
operator one first proves that

Z(s, t, x)= lim
τ↓s DsY (τ, t, x) for almost all s ∈ [t, T ],

in mean square, and then that, for almost all s, τ with t ≤ s ≤ τ ≤ T ,

DsY (τ, t, x)=G
(
s,X(s, t, x)

)∗ ∇xY
(
τ, s,X(s, t, x)

)
.

As a preliminary step, one has to prove that X, Y , Z belong to a class of processes
for which DX, DY , DZ exist and are suitably regular. To our knowledge,
differentiability in the sense of Malliavin for solutions of backward evolution
equations in infinite dimensions has not been considered before. Malliavin
differentiability has been studied in different contexts for solutions of stochastic
partial differential equations: see, for example, [32]. For the case of abstract
nonlinear evolution equations we refer to [3, 24] and the bibliography therein.
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In these papers, however, the diffusion coefficient is assumed to take values in the
space L2(�,H) of Hilbert–Schmidt operators from � to H . This restriction does
not allow for instance to cover the case of white noise, that is, when G equals the
identity. We remove this restriction by requiring essentially that for every s > 0,
t ∈ [0, T ], x ∈H , the operator esAG(t, x) belongs to L2(�,H) and a bound of the
form ∣∣∇x

(
esAG(t, x)

)
h
∣∣
L2(�,H) ≤ L s−γ |h|,

holds for its directional derivative in every direction h ∈ H , where L > 0 and
γ are suitable constants and we require γ < 1/2. A blow-up for the Hilbert–
Schmidt norm when s → 0 has to be expected if G(t, x) /∈ L2(�,H) and has been
observed in the case of stochastic partial differential equations. We also prove that
the following bound holds for DX:

sup
s∈[0,T ]

E

(
sup

τ∈(s,T ]
(τ − s)pγ |DsXτ |pL2(�,H)

)
<∞ for every p ∈ [2,∞).

Finally, we note that Malliavin calculus for evolution equations in the special and
simpler case of constant G was already considered in [4, 13].

As mentioned above, results of equation (1.2) are suitable for application to
problems of nonlinear stochastic optimal control. Let us consider a controlled
process Xu solution of

dXu
τ =AXu

τ dτ + F(τ,Xu
τ ) dτ

+C(τ,Xu
τ )u(τ ) dτ + G(τ,Xτ ) dWτ, τ ∈ [t, T ],

Xu
t = x ∈H,

(1.5)

where the control process u takes values in a given subset U of another Hilbert
space U (possibly, U coincides with U ) and C is a function with values in
L(U,H). The aim is to choose a control process u, within a set of admissible
controls, in such a way to minimize a cost functional of the form:

J (t, x, u)= E

∫ T

t
g
(
σ,Xu

σ ,u(σ )
)
dσ +Eφ(Xu

T ),

where g and φ are given real functions. There is a vast literature on such control
problems in infinite dimensions: here we report some of the references that
are most closely connected with our approach and we refer the reader to the
bibliography therein.

In the book [2], Chapter 4, the authors treat the case where F = 0, C is the
identity, the diffusion coefficient G is constant and satisfies TraceGG∗ < ∞,
and convexity conditions are imposed on the functions g and φ. Under some
regularity conditions, the authors are able to find a unique classical solution of the
corresponding Hamilton–Jacobi–Bellman equation, using techniques of convex
analysis and nonlinear semigroup theory, and to solve the optimal control problem.
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In [5, 6] the control problem for (1.5) is solved assuming that A is self-
adjoint and C and G equal the identity, under various regularity conditions for
F,g,φ. Existence and uniqueness of a mild solution v of the Hamilton–Jacobi–
Bellman equation is proved in a space of functions possessing a derivative ∇xv

that blows up at t = 0. Notice that the assumption that G equals the identity is
a nondegeneracy assumption.

In [16, 17], the results of [5, 6] are extended to general (but still constant) G
under weaker nondegeneracy conditions. The proofs are based on corresponding
regularity properties of the transition semigroup of the associated Ornstein–
Uhlenbeck process, that is, the Markov process Y solution of

dYτ =AYτ dτ +GdWτ, τ ∈ [t, T ] ⊂ [0, T ], Yt = x.

In the papers mentioned, the authors provide a direct (classical or mild) solution
of the Hamilton–Jacobi–Bellman equation for the value function v(t, x) of the
control problem, which is then used to prove that the optimal control u is related
to the corresponding optimal trajectory X by a feedback law involving ∇xv.

In this paper we consider a controlled process Xu solution of
dXu

τ =AXu
τ dτ + F(τ,Xu

τ ) dτ +G(τ,Xu
τ )R(τ,X

u
τ )u(τ ) dτ

+G(τ,Xτ ) dWτ , τ ∈ [t, T ],
Xu
t = x ∈H,

where R is a function with values in L(U,�). Due to the special structure of the
control term, the Hamilton–Jacobi–Bellman equation for the value function is of
the form (1.2), provided we set

ψ0(t, x,p)= inf
{
g(t, x, u)+ 〈p,u〉U :u ∈U

}
,

t ∈ [0, T ], x ∈H,p ∈U,
(1.6)

and ψ(t, x, z) = −ψ0(t, x,R(t, x)
∗z) for z ∈ �. The control problem is under-

stood in the usual weak sense (see [12] and Section 7 below). Under suitable
conditions, if we let v denote the unique mild solution of (1.2) then we have
J (t, x, u) ≥ v(t, x) and the equality holds if and only if the following feedback
law is verified by u and Xu:

u(σ )= +
(
σ,Xu

σ ,R(σ,X
u
σ )

∗G(σ,Xu
σ )

∗∇xv(σ,X
u
σ )
)
,

where u= +(t, x,p) is the minimizer in (1.6). Thus, we can characterize optimal
controls by a feedback law. We refer to Theorem 7.2 for precise statements and
additional results.

We underline that we are able to remove the restriction on constancy of the
coefficient G. Moreover, due to the special structure of the control problem, no
nondegeneracy assumptions of any kind are imposed on G. In the Example 7.3.1
we show that our results can be applied to a model of great interest in mathematical
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finance, where absence of nondegeneracy assumptions reveals to be essential.
A similar problem is studied in [15] by analytic techniques; in that paper, however,
weak nondegeneracy assumptions have still to be required.

We wish to mention that applications to stochastic control are presented here
mainly to illustrate the effectiveness of our results on the nonlinear Kolmogorov
equation. We believe that much better results can be obtained in combination with
direct methods: this will be the subject of further study.

As mentioned before, the notion of viscosity solution, developed by many
authors, in particular M. Crandall and P. L. Lions and their collaborators, and
suitably applied to the study of control problems, is not discussed here. There
exists a huge literature on viscosity solutions (see [7] as a general reference),
but here we are only concerned with second order Hamilton–Jacobi–Bellman
equations on an infinite-dimensional Hilbert space. Generally speaking, the class
of equations that can be treated by this method is much more general than
those considered in this paper: it includes fully nonlinear operators and Lipschitz
conditions are replaced by weaker regularity assumptions. However, none of the
results we know are directly applicable to our situation. In the fundamental papers
[8, 25, 27], in particular, the boundedness conditions required on the differential
operator is not fulfilled if A is a genuinely unbounded operator. In [39, 38], an
unbounded linear part of the drift is taken into consideration, but in order to apply
these results one has to require that the diffusion term G takes values in the space of
Hilbert–Schmidt operators. Only in [18] such a limitation on G has been weakened
exploiting specific properties of special unbounded operators A. For specific
control systems much better results are available and viscosity solutions methods
have been successfully applied to optimal control problems: we mention [21],
where a special form of the Hamilton–Jacobi–Bellman equation is considered, and
the papers [26] and [19] which deal with control of the Zakai equation, arising in
optimal control of partially observable systems.

We also notice that in all the cited references on viscosity solutions the value
function v is not differentiable, hence a characterization of the optimal control
through feedback law is not available in general. By our methods, we can prove
this kind of regularity results only under structural constraints for the equation and
regularity conditions on the coefficients. Although it is apparently impossible to
cover, using backward stochastic equations, the case of fully nonlinear operators,
differentiability conditions on some of the coefficients can be relaxed, under
appropriate additional assumptions; see [14].

Extending to the infinite dimensional case the arguments in [34] or [29], it seems
possible to show that, at least in some cases, the solutions we find here are viscosity
solutions (still there are some delicate points related to the choice of test functions,
and this will be the subject of future work). On the contrary, as far as we know,
probabilistic methods are of no help for the difficult task of proving uniqueness of
the viscosity solution.
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The plan of the paper is as follows: Section 2 is devoted to notation and
preliminary results. In Section 3, equation (1.1) is studied; in particular, regular
dependence on parameters t, x and Malliavin differentiability are proved. In
Section 4 we study equation (1.4), where X is a given process, and we investigate
regular dependence of the solution (Y,Z) on X. In Section 5, equations (1.1) and
(1.4) are studied as a system, Malliavin differentiability is proved for (Y,Z), and
analytical properties for the function v(t, x) = Y (t, t, x) are treated. In Section 6
we prove our main result on existence and uniqueness of a mild solution of (1.2)
and Section 7 is devoted to applications to optimal control.

2. Notation.

2.1. Vector spaces and stochastic processes. The norm of an element x of
a Banach space E will be denoted |x|E or simply |x|, if no confusion is possible. If
F is another Banach space, L(E,F ) denotes the space of bounded linear operators
from E to F , endowed with the usual operator norm.

The letters �,H , K will always denote Hilbert spaces. Scalar product is denoted
〈·, ·〉, with a subscript to specify the space, if necessary. All Hilbert spaces are
assumed to be real and separable. L2(�,K) is the space of Hilbert–Schmidt
operators from � to K , endowed with the Hilbert–Schmidt norm.

By a cylindrical Wiener process with values in a Hilbert space �, defined on
a probability space (.,F ,P), we mean a family W(t), t ≥ 0, of linear mappings
�→L2(.) such that:

(i) for every u ∈�, {W(t)u, t ≥ 0} is a real (continuous) Wiener process;
(ii) for every u, v ∈� and t ≥ 0, E(W(t)u ·W(t)v)= 〈u, v〉�.

In the following, all stochastic processes will be defined on subsets of a fixed
time interval [0, T ]. Short-hand writings “a.a. (a.e.)” mean “almost all (almost
everywhere) with respect to the Lebesgue measure.” Ft , t ∈ [0, T ], will denote,
except that in Section 7, the natural filtration of W , augmented with the family N
of P-null sets of FT :

Ft = σ
(
W(s) : s ∈ [0, t])∨N .

The filtration (Ft ) satisfies the usual conditions. All the concepts of measurability
for stochastic processes (e.g., predictability, etc.) refer to this filtration.

For [a, b] ⊂ [0, T ] we also use the notation

F[a,b] = σ
(
W(s)−W(a) : s ∈ [a, b])∨N .

By P we denote the predictable σ -algebra on .× [0, T ] and by B(1) the Borel
σ -algebra of any topological space 1.

Next we define several classes of stochastic processes with values in a Hilbert
space K .
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• L2
P (. × [0, T ];K) denotes the space of equivalence classes of processes

Y ∈ L2(. × [0, T ];K), admitting a predictable version. L2
P (. × [0, T ];K)

is endowed with the norm

|Y |2 = E

∫ T

0
|Yτ |2 dτ.

• L
p
P (.;L2([0, T ];K)) denotes the space of equivalence classes of processes Y

such that the norm

|Y |p = E

(∫ T

0
|Yτ |2 dτ

)p/2

is finite, and Y admits a predictable version.
• CP ([0, T ];L2(.;K)) denotes the space of K-valued processes Y such that

Y : [0, T ] → L2(.;K) is continuous and Y has a predictable modification,
endowed with the norm

|Y |2 = sup
τ∈[0,T ]

E |Yτ |2.

Elements of CP ([0, T ];L2(.;K)) are identified up to modification.
• L

p
P (.;C([0, T ];K)) denotes the space of predictable processes Y with

continuous paths in K , such that the norm

|Y |p = E sup
τ∈[0,T ]

|Yτ |p

is finite. Elements of Lp
P (.;C([0, T ];K)) are identified up to indistiguishabil-

ity.

Given an element 2 of L2
P (.× [0, T ];L2(�,K)), the Itô stochastic integral∫ t

0 2(σ)dσ , t ∈ [0, T ], can be defined; it is a K-valued martingale belonging to
L2

P (.;C([0, T ];K)).
The previous definitions have obvious extensions to processes defined on

subintervals of [0, T ].

2.2. The class G. In this section we introduce a class of maps acting among
Banach spaces, possessing suitable continuity and differentiability properties.
Many assumptions in the following sections will be stated in terms of membership
in this class.

The class we are going to introduce has several useful properties. First,
membership in this class is often easy to verify; see Lemmas 2.2 and 2.3 below.
Next, it is a well-behaved class as far as chain rules are concerned. Finally,
it is sufficiently large to include operators commonly arising in applications to
stochastic partial differential equations, such as Nemytskii (evaluation) operators;
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it is well known that that the Nemytskii operators are not Fréchet differentiable
except in trivial cases.

In this subsection, X, Y , Z, V denote Banach spaces. We recall that for
a mapping F : X → V the directional derivative at point x ∈ X in the direction
h ∈X is defined as

∇F(x;h)= lim
s→0

F(x + sh)− F(x)

s
,

whenever the limit exists in the topology of V . F is called Gâteaux differentiable
at point x if it has directional derivative in every direction at point x and there
exists an element of L(X,V ), denoted ∇F(x) and called Gâteaux derivative, such
that ∇F(x;h)=∇F(x)h for every h ∈X.

DEFINITION 2.1. We say that a mapping F : X → V belongs to the class
G1(X;V ) if it is continuous, Gâteaux differentiable on X, and ∇F : X→ L(X,V )

is strongly continuous.

The last requirement of the definition means that for every h ∈ X the map
∇F(·)h: X → V is continuous. Note that ∇F : X → L(X,V ) is not continuous
in general if L(X,V ) is endowed with the norm operator topology; clearly, if this
happens then F is Fréchet differentiable on X. Some features of the class G1(X,V )

are collected below.

LEMMA 2.1. Suppose F ∈ G1(X,V ). Then:
(i) (x,h) �→ ∇F(x)h is continuous from X×X to V .

(ii) If G ∈ G1(V,Z) then G(F) ∈ G1(X,Z) and ∇(G(F ))(x)=∇G(F(x))×
∇F(x).

In addition to the ordinary chain rule in point (ii) above, a chain rule for the
Malliavin derivative operator holds: see Section 3.3. Membership of a map in
G1(X,V ) may be conveniently checked as shown in the following lemma.

LEMMA 2.2. A map F : X→ V belongs to G1(X,V ) provided the following
conditions hold:

(i) the directional derivatives∇F(x;h) exist at every point x ∈X and in every
direction h ∈X;

(ii) for every h, the mapping ∇F(·;h): X→ V is continuous;
(iii) for every x, the mapping h �→ ∇F(x;h) is continuous from X to V .

The proofs of these lemmas are left to the reader.
We need to generalize these definitions to functions depending on several

variables. For a function F : X × Y → V the partial directional and Gâteaux
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derivatives with respect to the first argument, at point (x, y) and in the direction
h ∈ X, are denoted ∇xF (x, y;h) and ∇xF (x, y) respectively, their definitions
being obvious.

DEFINITION 2.2. We say that a mapping F : X× Y → V belongs to the class
G1,0(X × Y ;V ) if it is continuous, Gâteaux differentiable with respect to x on
X× Y , and ∇xF : X× Y → L(X,V ) is strongly continuous.

As in Lemma 2.1 one can prove that for F ∈ G1,0(X × Y,V ) the mapping
(x, y,h) �→ ∇xF (x, y)h is continuous from X×Y ×X to V , and analogues of the
previously stated chain rules hold. The following result is proved as Lemma 2.2
(but note that continuity is explicitly required).

LEMMA 2.3. A continuous map F : X × Y → V belongs to G1,0(X × Y,V )

provided the following conditions hold:
(i) the directional derivatives ∇xF (x, y;h) exist at every point (x, y) ∈X×Y

and in every direction h ∈X;
(ii) for every h, the mapping ∇F(·, ·;h): X× Y → V is continuous;

(iii) for every (x, y), the mapping h �→ ∇xF (x, y;h) is continuous from X

to V .

When F depends on additional arguments, the previous definitions and
properties have obvious generalizations. For instance, we say that F : X× Y × Z

→ V belongs to G1,1,0(X × Y × Z;V ) if it is continuous, Gâteaux differentiable
with respect to x and y on X × Y × Z, and ∇xF : X × Y × Z → L(X,V ) and
∇yF : X× Y ×Z →L(Y,V ) are strongly continuous.

We will make systematic use of a parameter depending contraction principle,
stated below as Proposition 2.4. It will be used to study regular dependence of
solution of stochastic equations on their initial data, which is crucial to investigate
regularity properties of the non linear Kolmogorov equation which is the object of
our paper. The first part of the following proposition is proved in [41], Theorems
10.1 and 10.2. The second part is an immediate corollary.

PROPOSITION 2.4 (Parameter depending contraction principle). Let F : X× Y

→X be a continuous mapping satisfying

|F(x1, y)− F(x2, y)| ≤ α|x1 − x2|,
for some α ∈ [0,1) and every x1, x2 ∈ X, y ∈ Y . Let φ(y) denote the unique
fixed point of the mapping F(·, y): X → X. Then φ: Y → X is continuous. If,
in addition, F ∈ G1,1(X× Y,X), then φ ∈ G1(Y,X) and

∇φ(y)=∇xF
(
φ(y), y

)∇φ(y)+∇yF
(
φ(y), y

)
, y ∈ Y.
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More generally, let F : X× Y ×Z→X be a continuous mapping satisfying

|F(x1, y, z)− F(x2, y, z)| ≤ α|x1 − x2|,
for some α ∈ [0,1) and every x1, x2 ∈ X, y ∈ Y , z ∈ Z. Let φ(y, z) denote the
unique fixed point of the mapping F(·, y, z): X → X. Then φ: Y × Z → X is
continuous. If, in addition, F ∈ G1,1,0(X × Y × Z,X), then φ ∈ G1,0(Y × Z,X)

and

∇yφ(y, z)=∇xF
(
φ(y, z), y, z

)∇yφ(y, z)

+∇yF
(
φ(y, z), y, z

)
, y ∈ Y, z ∈Z.

3. The forward equation.

3.1. Existence, uniqueness and regularity. Let W(t), t ∈ [0, T ], be a cylindri-
cal Wiener process with values in a Hilbert space �, defined on a probability space
(.,F ,P). We fix an interval [t, T ] ⊂ [0, T ] and we consider the Itô stochastic dif-
ferential equation for an unknown process Xτ , τ ∈ [t, T ], with values in a Hilbert
space H :{

dXτ =AXτ dτ + F(τ,Xτ ) dτ +G(τ,Xτ ) dWτ, τ ∈ [t, T ],
Xt = x ∈H.

(3.1)

The precise notion of solution will be given next. We assume the following:

HYPOTHESIS 3.1. (i) The operator A is the generator of a strongly continu-
ous semigroup etA, t ≥ 0, in the Hilbert space H .

(ii) The mapping F : [0, T ] × H → H is measurable and satisfies, for some
constant L> 0,

|F(t, x)− F(t, y)| ≤ L |x − y|, t ∈ [0, T ], x, y ∈H.

(iii) G is a mapping [0, T ] ×H → L(�,H) such that for every v ∈� the map
Gv: [0, T ] × H → H is measurable, esAG(t, x) ∈ L2(�,H) for every s > 0,
t ∈ [0, T ] and x ∈H , and

|esAG(t, x)|L2(�,H) ≤ Ls−γ (1 + |x|),
|esAG(t, x)− esAG(t, y)|L2(�,H) ≤ Ls−γ |x − y|,(3.2)

s > 0, t ∈ [0, T ], x, y ∈H,

|G(t, x)|L(�,H) ≤ L(1 + |x|), t ∈ [0, T ], x, y ∈H,(3.3)

for some constants L> 0 and γ ∈ [0,1/2).
(iv) For every s > 0, t ∈ [0, T ], v ∈�,

F(t, ·) ∈ G1(H,H), esAG(t, ·) ∈ G1(H,L2(�,H)
)
.
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By a solution of equation (3.1) we mean an (Ft )-predictable process Xτ ,
τ ∈ [t, T ], with continuous paths in H , such that, P-a.s.,

Xτ = e(τ−t)Ax +
∫ τ

t
e(τ−σ)AF (σ,Xσ ) dσ

+
∫ τ

t
e(τ−σ)AG(σ,Xσ ) dWσ , τ ∈ [t, T ].

(3.4)

To stress dependence on initial data, we denote the solution by X(τ, t, x). Note
that X(τ, t, x) is F[t,T ]-measurable, hence independent of Ft .

The inequalities (3.3) and Hypothesis 3.1(iv) are needed to have additional
regularity for the process X, but they are not used in Proposition 3.2 below. It is a
consequence of our assumptions that for every s > 0, t ∈ [0, T ], v ∈�, x,h ∈H ,

|∇xF (t, x)h| ≤ L|h|, ∣∣∇x

(
esAG(t, x)

)
h
∣∣
L2(�,H) ≤L s−γ |h|.(3.5)

PROPOSITION 3.2. Under the assumptions of Hypothesis 3.1(i)–(iii), for
every p ∈ [2,∞) there exists a unique process X ∈L

p
P (.;C([t, T ];H)) solution

of (3.4). Moreover,

E sup
τ∈[t,T ]

|Xτ |p ≤ C(1 + |x|)p,(3.6)

for some constant C depending only on p,γ,T ,L and M := supτ∈[t,T ] |eτA|.

PROOF. The result is well known; see, for example, [10], Theorem 5.3.1. We
include the proof for completeness and because it will be useful in the following.
The argument is as follows: we define a mapping 7 from L

p
P (.;C([t, T ];H)) to

itself by the formula

7(X)τ = e(τ−t)Ax +
∫ τ

t
e(τ−σ)AF (σ,Xσ ) dσ

+
∫ τ

t
e(τ−σ)AG(σ,Xσ) dWσ , τ ∈ [t, T ],

and show that it is a contraction, under an equivalent norm. The unique fixed point
is the required solution.

For simplicity, we set t = 0 and we treat only the case F = 0, the general
case being handled in a similar way. Let us introduce the norm ‖X‖p =
E supτ∈[0,T ] e−βτp|Xτ |p, where β > 0 will be chosen later. In the space Lp(.;
C([0, T ];H)) this norm is equivalent to the original one. We will use the so called
factorization method; see [10], Theorem 5.2.5. Let us take p > 2 and α ∈ (0,1)
such that

1

p
< α <

1

2
− γ and let c−1

α =
∫ τ

σ
(τ − s)α−1(s − σ)−α ds.
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Then, by the stochastic Fubini theorem,

7(X)τ = eτAx

+ cα

∫ τ

0

∫ τ

σ
(τ − s)α−1(s − σ)−αe(τ−s)Ae(s−σ)A ds G(σ,Xσ ) dWσ

= eτAx + cα

∫ τ

0
(τ − s)α−1e(τ−s)AYs ds,

where

Ys =
∫ s

0
(s − σ)−αe(s−σ)AG(σ,Xσ ) dWσ .

By the Hölder inequality, setting M = supτ∈[0,T ] |eτA|, p′ = p/(p− 1),

e−βτ

∣∣∣∣∫ τ

0
(τ − s)α−1e(τ−s)AYs ds

∣∣∣∣
≤
(∫ τ

0
e−p′β(τ−s)(τ − s)(α−1)p′

ds

)1/p′(∫ τ

0
e−pβs|e(τ−s)AYs |p ds

)1/p

≤M

(∫ T

0
e−p′βss(α−1)p′

ds

)1/p′(∫ T

0
e−pβs|Ys |p ds

)1/p

,

and we obtain

‖7(X)‖ ≤M|x| +Mcα

(∫ T

0
e−p′βss(α−1)p′

ds

)1/p′(
E

∫ T

0
e−pβs|Ys |p ds

)1/p

.

By the Burkholder–Davis–Gundy inequalities, taking into account the assump-
tion (3.2), we have, for some constant cp depending only on p,

E |Ys |p ≤ cpE

(∫ s

0
(s − σ)−2α∣∣e(s−σ)AG(σ,Xσ )

∣∣2
L2(�,H) dσ

)p/2

≤ LpcpE

(∫ s

0
(s − σ)−2α−2γ (1 + |Xσ |)2 dσ

)p/2

≤ LpcpE sup
σ∈[0,s]

[(1 + |Xσ |)pe−pβσ ]
(∫ s

0
(s − σ)−2α−2γ e2βσ dσ

)p/2

,

which implies

e−pβs
E |Ys |p ≤ Lpcp(1 + ‖X‖p)

(∫ s

0
(s − σ)−2α−2γ e−2β(s−σ) dσ

)p/2

≤ Lpcp(1 + ‖X‖p)
(∫ T

0
σ−2α−2γ e−2βσ dσ

)p/2

.
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We conclude that

‖7(X)‖ ≤M|x| +MLcα
(
T cp(1 + ‖X‖p))1/p

×
(∫ T

0
e−p′βss(α−1)p′

ds

)1/p′(∫ T

0
σ−2α−2γ e−2βσ dσ

)1/2

.

This shows that 7 is a well defined mapping on Lp(.;C([0, T ];H)). If X, X1

are processes belonging to this space, similar passages show that

‖7(X)−7(X1)‖ ≤MLcα(T cp)
1/p‖X−X1‖

×
(∫ T

0
e−p′βss(α−1)p′

ds

)1/p′(∫ T

0
σ−2α−2γ e−2βσ dσ

)1/2

,

so that, for β sufficiently large, the mapping 7 is a contraction.
In particular we obtain ‖X‖ ≤ C(1 + |x|), which proves the estimate (3.6). �

3.2. Regular dependence on parameters. For further developments we need
to investigate the dependence of the solution X(τ, t, x) on the initial data x and t .
We first reformulate equation (3.4) as an equation on [0, T ]. We set

S(τ )= eτA for τ ≥ 0, S(τ )= I for τ < 0,(3.7)

and we consider the equation

Xτ = S(τ − t)x +
∫ τ

0
1[t,T ](σ )S(τ − σ)F (σ,Xσ ) dσ

+
∫ τ

0
1[t,T ](σ )S(τ − σ)G(σ,Xσ ) dWσ ,

(3.8)

for the unknown process Xτ , τ ∈ [0, T ]. Under the assumptions of Hypothesis 3.1,
equation (3.8) has a unique solution X ∈ L

p
P (.;C([0, T ];H)) for every p ∈

[2,∞). It clearly satisfies Xτ = x for τ ∈ [0, t), and its restriction to the time
interval [t, T ] is the unique solution of (3.4). From now on we denote by X(τ, t, x),
τ ∈ [0, T ], the solution of (3.8).

PROPOSITION 3.3. Assume Hypothesis 3.1. Then, for every p ∈ [2,∞), the
following hold:

(i) The map (t, x) �→X(·, t, x) belongs to G0,1([0, T ] ×H,L
p
P (.;C([0, T ];

H))).
(ii) Denoting by ∇xX the partial Gâteaux derivative, for every direction h ∈H

the directional derivative process ∇xX(τ, t, x)h, τ ∈ [0, T ] solves, P-a.s., the
equation
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∇xX(τ, t, x)h

= e(τ−t)Ah+
∫ τ

t
e(τ−σ)A∇xF

(
σ,X(σ, t, x)

)∇xX(σ, t, x)h dσ

+
∫ τ

t
∇x

(
e(τ−σ)AG

(
σ,X(σ, t, x)

))∇xX(σ, t, x)hdWσ ,

τ ∈ [t, T ],
∇xX(τ, t, x)h= h, τ ∈ [0, t).

(3.9)

(iii) Finally |∇xX(τ, t, x)h|Lp
P (.;C([0,T ];H)) ≤ c |h| for some constant c.

PROOF. Let us consider again the map 7 defined in the proof of Proposi-
tion 3.2. In our present notation, 7 can be seen as a mapping from L

p
P (.;C([0, T ];

H))× [0, T ] ×H to L
p
P (.;C([0, T ];H)):

7(X, t, x)τ = S(τ − t)x +
∫ τ

0
1[t,T ](σ )S(τ − σ)F (σ,Xσ ) dσ

+
∫ τ

0
1[t,T ](σ )S(τ − σ)G(σ,Xσ) dWσ ,

for τ ∈ [0, T ]. By the arguments of the proof of Proposition 3.2, 7(·, t, x) is a
contraction in L

p
P (.;C([0, T ];H)), under an equivalent norm, uniformly with

respect to t, x. The process X(·, t, x) is the unique fixed point of 7(·, t, x). So,
by the parameter depending contraction principle (Proposition 2.4), it suffices to
show that

7 ∈ G1,0,1(Lp
P

(
.;C([0, T ];H ))× [0, T ] ×H,L

p
P

(
.;C([0, T ];H )))

.

By an obvious extension of Lemma 2.3, the proof is concluded by the following
steps.

Step 1. 7 is continuous. We have already noticed that 7(·, t, x) is a contraction,
uniformly with respect to x ∈ H and t ∈ [0, T ], and so 7(·, t, x) is continuous,
uniformly in t, x. Moreover for fixed X it is easy to verify that 7(X, ·, ·) is
continuous from [0, T ] ×H to L

p
P (.;C([0, T ];H)).

Step 2. The directional derivative ∇X7(X, t, x;N) in the direction N ∈
L
p
P (.;C([0, T ];H)) is the process given by

∇X7(X, t, x;N)τ =
∫ τ

t
e(τ−σ)A∇xF (σ,Xσ )Nσ dσ

+
∫ τ

t
∇x

(
e(τ−σ)AG(σ,Xσ )

)
Nσ dWσ, τ ∈ [t, T ],

∇X7(X, t, x;N)τ = 0, τ ∈ [0, t);
moreover, the mappings (X, t, x) �→ ∇X7(X, t, x;N) and N �→ ∇X7(X, t, x;N)

are continuous.
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We limit ourselves to prove this claim in the special case F = 0, the general
case being a straightforward extension. For fixed t ≥ 0 and x ∈H , for all τ ≥ t :

I ετ := 1

ε
7(X+ εN, t, x)τ − 1

ε
7(X, t, x)τ −

∫ τ

t
∇x

(
e(τ−σ)AG(σ,Xσ )

)
NσdWσ

=
∫ τ

t

(∫ 1

0

(∇x

(
e(τ−σ)AG(σ,Xσ + ζεNσ )

)
Nσ

−∇x

(
e(τ−σ)AG(σ,Xσ)

)
Nσ

)
dζ

)
dWσ .

Proceeding as in the proof of Proposition 3.2 (with β = 0) we get for 1/p < α <

1/2 − γ and for a suitable constant cp

|I ε|p
L
p
P (.;C([0,T ];H))

≤ cpE

∫ T

t
|Y ε

s |p ds,
where

Y ε
s =

∫ s

t
(s − σ)−α

(∫ 1

0

(∇x

(
e(s−σ)AG(σ,Xσ + ζεNσ )

)
Nσ

−∇x

(
e(s−σ)AG(σ,Xσ )

)
Nσ

)
dζ

)
dWσ .

Therefore,

E|Y ε
s |p ≤ cE

(∫ s

t
(s − σ)−2α

∣∣∣∣∫ 1

0

(∇x

(
e(s−σ)AG(σ,Xσ + ζεNσ )

)
Nσ

−∇x

(
e(s−σ)AG(σ,Xσ )

)
Nσ

)
dζ

∣∣∣∣2
L2(�,H)

dσ

)p/2

for a suitable constant c. Since for all ε∣∣∣∣∫ 1

0
∇x

(
e(s−σ)AG(σ,Xσ + ζεNσ )

)
Nσ dζ

∣∣∣∣
L2(�,H)

≤ L(s − σ)−γ |N |C([0,T ],H)

and ∇x(e
sAG(t, x)v) is continuous in x then, by dominated convergence, we get

E
∫ T
t |Y ε

s |pds → 0 and the claim follows.
Continuity of the mappings (X, t, x) �→ ∇X7(X, t, x;N) and N �→ ∇X7(X, t,

x;N) can be proved in a similar way.
Step 3. Finally, it is clear that the directional derivative ∇x7(X, t, x;h) in the

direction h ∈H is the process given by

∇x7(X, t, x;h)τ =
{
e(τ−t)Ah, τ ∈ [t, T ],
h, τ ∈ [0, t),

and that the mappings (X, t, x) �→ ∇x7(X, t, x;h) and h �→ ∇x7(X, t, x;h) are
continuous.
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To complete the proof we notice that the estimate in (iii) is a trivial consequence
of equation (3.9) and the fact that |∇X7| is uniformly bounded by a constant < 1,
by the contraction property of 7. �

3.3. Regularity in the Malliavin spaces. In order to state the main results
we need to recall some basic definitions from the Malliavin calculus. We refer
the reader to the book [32] for a detailed exposition; the paper [20] treats the
extensions to Hilbert space valued random variables and processes.

For every h ∈L2([0, T ];�) we denote by W(h) the integral
∫ T

0 〈h(t), dW(t)〉�.
Given a Hilbert space K , let SK be the set of K-valued random variables F of the
form

F =
m∑

j=1

fj
(
W(h1), . . . ,W(hn)

)
ej ,

where h1, . . . , hn ∈ L2([0, T ];�), {ej } is a basis of K and f1, . . . , fm are infinitely
differentiable functions R

n → R bounded together with all their derivatives. The
Malliavin derivative DF of F ∈ SK is defined as the process DsF , s ∈ [0, T ],

DsF =
m∑

j=1

n∑
k=1

∂kfj
(
W(h1), . . . ,W(hn)

)
ej ⊗ hk(s),

with values in L2(�,K); by ∂k we denote the partial derivatives with respect to the
kth variable and by ej ⊗hk(s) the operator u �→ ej 〈hk(s), u〉�. It is known that the
operator D: SK ⊂L2(.;K)→L2(.× [0, T ];L2(�;K)) is closable. We denote
by D

1,2(K) the domain of its closure, and use the same letter to denote D and its
closure:

D: D
1,2(K)⊂ L2(.;K)→L2(.× [0, T ];L2(�;K)

)
.

The adjoint operator of D,

δ: dom(δ)⊂L2(.× [0, T ];L2(�;K)
)→L2(.;K),

is called Skorohod integral. It is known that dom(δ) contains L2
P (. × [0, T ];

L2(�;K)) and the Skorohod integral of a process in this space coincides with
the Itô integral; dom(δ) also contains the class L

1,2(L2(�;K)), the latter being
defined as the space of processes u ∈ L2(. × [0, T ];L2(�;K)) such that ur ∈
D

1,2(L2(�,K)) for a.e. r ∈ [0, T ] and there exists a measurable version of Dsur
satisfying

‖u‖2
L1,2(L2(�;K))

= ‖u‖2
L2(.×[0,T ];L2(�;K))

+E

∫ T

0

∫ T

0
|Dsur |2L2(�,L2(�,K)) dr ds <∞.
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Moreover, ‖δ(u)‖2
L2(.;K)

≤ ‖u‖2
L1,2(L2(�;K))

. The definition of L
1,2(K) for an

arbitrary Hilbert space K is entirely analogous.
We recall that if F ∈ D

1,2(K) is Ft -adapted then DF = 0 a.s. on .× (t, T ].
Finally, we need to define the space D

1,2
loc (K). If F ∈ D

1,2(K) and F = 0 on
a measurable subset A ⊂ . then 1ADF = 0; this follows immediately from the
corresponding result for K = R

d ([33], Lemma 2.6). Therefore the following
definition is meaningful: we say that a random variable F : .→K belongs to the
space D

1,2
loc (K) if there exists an increasing sequence of measurable subsets .k ⊂

. and elements Fk ∈ D
1,2(K) such that ∪k.k = ., P-a.s. and 1.k

F = 1.k
Fk .

DF : . × [0, T ] → L2(�,K) is then defined by requiring 1.k
DF = 1.k

DFk.
The following chain rule holds; the proof consists in standard approximation
arguments and is left to the reader.

LEMMA 3.4. Suppose K,H are Hilbert spaces, ψ ∈ G1(K,H) and

sup
|x|≤n

|∇ψ(x)|L(K,H) <∞, n= 1,2, . . . .(3.10)

(i) If F ∈ D
1,2
loc (K) then ψ(F ) ∈ D

1,2
loc (H).

(ii) If F ∈ D
1,2(K) and supx∈K |∇ψ(x)|L(K,H) <∞ then ψ(F ) ∈ D

1,2(H).
(iii) More generally, if F ∈ D

1,2(K), (3.10) holds and

E|ψ(F )|2H <∞, E

∫ T

0
|∇ψ(F )DsF |2L2(K,H) ds <∞,

then ψ(F ) ∈ D
1,2(H).

In any of the cases (i)–(iii) we have Dψ(F)=∇ψ(F )DF .

Now let us consider again the process X = {X(τ, t, x), τ ∈ [t, T ]}, denoted
simply (Xτ ), solution of (3.4), with (t, x) fixed. We set as before Xτ = x,
τ ∈ [0, t). We will soon prove that X belongs to L

1,2(H). Then it is clear that
the equality DsXτ = 0, P-a.s., holds for a.a. s, t, τ if τ < t or s > τ .

PROPOSITION 3.5. Assume Hypothesis 3.1. Then the following properties
hold:

(i) X ∈ L
1,2(H).

(ii) There exists a version of DX such that for every s ∈ [0, T ), {DsXτ , τ ∈
(s, T ]} is a predictable process in L2(�,H) with continuous paths satisfying, for
every p ∈ [2,∞),

sup
s∈[0,T ]

E

(
sup

τ∈(s,T ]
(τ − s)pγ |DsXτ |pL2(�,H)

)
≤ c,(3.11)



1416 M. FUHRMAN AND G. TESSITORE

where c > 0 depends only on p,L,T , γ and M = supτ∈[0,T ] |eτA|; moreover,
P-a.s.,

DsXτ = e(τ−s)AG(s,Xs)+
∫ τ

s
e(τ−σ)A∇xF (σ,Xσ )DsXσ dσ

+
∫ τ

s
∇x

(
e(τ−σ)AG(σ,Xσ )

)
DsXσ dWσ, τ ∈ (s, T ].

(3.12)

Moreover, Xτ ∈ D
1,2(H) for every τ ∈ [0, T ].

(iii) Given any element v of �, the process Qsτ =DsXτv is a solution of the
equation

Qsτ = e(τ−s)AG(s,Xs)v +
∫ τ

s
e(τ−σ)A∇xF (σ,Xσ )Qsσ dσ

+
∫ τ

s
∇x

(
e(τ−σ)AG(σ,Xσ )

)
Qsσ dWσ, P-a.s.

(3.13)

for a.a. s, τ with t ≤ s ≤ τ ≤ T . It is unique in the sense that if {Qsτ , t ≤ s ≤ τ

≤ T } is another process with values in H such that {Qsτ , τ ∈ [s, T ]} is predictable
for every s ∈ [t, T ] and E

∫ T
t

∫ T
s |Qsτ |2 dτ ds < ∞ then, for a.a. s, τ , we have

Qsτ =DsXτv,P-a.s.
(iv) Given v ∈� and p ∈ [2,∞), there exists a version of DXv such that the

map (s, τ ) �→DsXτv, defined for t ≤ s ≤ τ ≤ T , is continuous (hence uniformly
continuous and bounded) with values in Lp(.;H). Moreover,

G(s,Xs)v = lim
τ↓s DsXτv(3.14)

in the norm of Lp(.;H).

In order to prove this proposition we need some preparation. We start with the
following lemma.

LEMMA 3.6. If X ∈ L
1,2(H) then the random processes∫ τ

0
e(τ−r)AF (r,Xr) dr,

∫ τ

0
e(τ−r)AG(r,Xr) dWr, τ ∈ [0, T ],

belong to L
1,2(H) and for a.a. s and τ with s < τ ,

Ds

∫ τ

0
e(τ−r)AF (r,Xr) dr =

∫ τ

s
e(τ−r)A∇xF (r,Xr)DsXr dr,

Ds

∫ τ

0
e(τ−r)AG(r,Xr) dWr

= e(τ−s)AG(s,Xs)+
∫ τ

s
∇x

(
e(τ−r)AG(r,Xr)

)
DsXr dWr.

(3.15)
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PROOF. We will prove only (3.15). We need the following fact, proved
in [20], Proposition 3.4: if u ∈ L

1,2(L2(�,H)), and for a.a. s the process
{Dsur, r ∈ [0, T ]} belongs to dom(δ), and the map s �→ δ(Dsu) belongs to
L2(.× [0, T ];L2(�,H)), then δ(u) ∈ D

1,2(H) and Dsδ(u)= us + δ(Dsu).
We fix τ and we apply this result to the process ur = e(τ−r)AG(r,Xr) (we set

ur = 0 for r > τ ). First notice that

E

∫ T

0
|ur |2 dr = E

∫ τ

0
|e(τ−r)AG(r,Xr)|2L2(�,H) dr

≤ L2
E

∫ τ

0
(τ − r)−2γ (1 + |Xr |)2 dr.

The right-hand side is finite for a.a. τ ; indeed, by exchanging the integrals we
verify that ∫ T

0

(
E

∫ τ

0
(τ − r)−2γ (1 + |Xr |)2 dr

)
dτ

≤
∫ T

0
r−2γ dr

∫ T

0
E (1 + |Xr |)2 dr <∞,

since X ∈ L
1,2(H)⊂ L2(.× [0, T ];H). Next, for every r , by the chain rule for

Malliavin derivative [Lemma 3.4(ii)], Dsur = ∇x(e
(τ−r)AG(r,Xr))DsXr for a.a.

s < r , whereas Dsur = 0 for a.a. s > r , by adaptedness. Next, recalling (3.5),

E

∫ T

0
|Dsur |2 dr = E

∫ τ

s

∣∣∇x

(
e(τ−r)AG(r,Xr)

)
DsXr

∣∣2
L2(�,L2(�,H)) dr

≤ L2
E

∫ τ

s
(τ − r)−2γ |DsXr |2L2(�,H) dr,

so that

E

∫ T

0

∫ T

0
|Dsur |2 dr ds ≤ L2

E

∫ τ

0

∫ τ

s
(τ − r)−2γ |DsXr |2L2(�,H) dr ds

= L2
∫ τ

0
(τ − r)−2γ

∫ r

0
E |DsXr |2L2(�,H) ds dr.

The right-hand side is finite for a.a. τ ; indeed, by exchanging the integrals we
verify that ∫ T

0

(∫ τ

0
(τ − r)−2γ

∫ r

0
E |DsXr |2L2(�,H) ds dr

)
dτ

≤
∫ T

0
r−2γ dr

∫ T

0

∫ r

0
E |DsXr |2L2(�,H)ds dr

=
∫ T

0
r−2γ dr|DX|2

L2(.×[0,T ]×[0,T ];L2(�,H))
<∞,
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since X ∈ L
1,2(H). Now we recall that the Skorohod and the Itô integral coincide

for adapted integrands, so that∫ T

0
E|δ(Dsu)|2 ds =

∫ T

0
E

∣∣∣∣∫ T

0
Dsur dWr

∣∣∣∣2 ds
= E

∫ T

0

∫ T

0
|Dsur |2 dr ds <∞.

So for a.a. τ we can apply the result mentioned above and since

δ(u)=
∫ τ

0
e(τ−r)AG(r,Xr) dWr,

δ(Dsu)=
∫ τ

s
∇x

(
e(τ−r)AG(r,Xr)

)
DsXr dWr,

formula (3.15) is proved. The estimate∫ T

0

∫ τ

0
E

∣∣∣∣Ds

∫ τ

0
e(τ−r)AG(r,Xr) dWr

∣∣∣∣2 ds dτ
≤ 2

∫ T

0

∫ τ

0
E|e(τ−s)AG(s,Xs)|2L2(�,H) ds dτ

+2
∫ T

0

∫ τ

0
E

∫ τ

s

∣∣∇x

(
e(τ−r)AG(r,Xr)

)
DsXr

∣∣2
L2(�,L2(�,H)) dr ds dτ

≤ 2L2
∫ T

0
r−2γ dr

∫ T

0
E (1 + |Xr |)2 dr

+2L2
∫ T

0
r−2γ dr |DX|2

L2(.×[0,T ]×[0,T ];L2(�,H))
<∞,

is a consequence of the previous passages, and shows that the process∫ τ

0
e(τ−r)AG(r,Xr) dWr, τ ∈ [0, T ],

belongs to L
1,2(H). �

For s ∈ [0, T ) and for arbitrary predictable processes Xτ , Qτ , τ ∈ [s, T ], with
values in H and L2(�,H) respectively, we define, for τ ∈ [s, T ],

+1(X,Q)sτ =
∫ τ

s
e(τ−r)A∇xF (r,Xr)Qr dr,

+2(X,Q)sτ =
∫ τ

s
∇x

(
e(τ−r)AG(r,Xr)

)
Qr dWr.

The same notation will be used when Qτ , τ ∈ [s, T ], is a process with values in H .
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PROOF OF PROPOSITION 3.5. We fix t ∈ [0, T ). Let us consider the sequence
Xn defined as follows: X0 = 0,

Xn+1
τ = e(τ−t)Ax +

∫ τ

t
e(τ−r)AF (r,Xn

r ) dr

+
∫ τ

t
e(τ−r)AG(r,Xn

r ) dWr, τ ∈ [t, T ],

and Xn
τ = x for τ < t . It follows from the proof of Proposition 3.2 that Xn

converges to the solution X of equation (3.4) in the space L
p
P (.;C([0, T ];H))

hence, in particular, in the space L2(.×[0, T ];H). By Lemma 3.6, Xn ∈ L
1,2(H)

and, for a.a. s and τ with s < τ ,

DsX
n+1
τ = e(τ−s)AG(s,Xn

s )+
∫ τ

s
e(τ−r)A∇xF (r,Xn

r )DsX
n
r dr

+
∫ τ

s
∇x

(
e(τ−r)AG(r,Xn

r )
)
DsX

n
r dWr.

(3.16)

Setting I (Xn)sτ = e(τ−s)AG(s,Xn
s ) for τ > s and I (Xn)sτ = 0 for τ < s, and

recalling the operators introduced above, we may write equality (3.16) as

DXn+1 = I (Xn)+ +1(X
n,DXn)+ +2(X

n,DXn).

We note that I (Xn) is a bounded sequence in L2(.× [0, T ] × [0, T ];L2(�,H)),
since

E

∫ T

0

∫ τ

0
|e(τ−s)AG(s,Xn

s )|2L2(�,H) ds dτ

≤ L2
E

∫ T

0

∫ τ

0
(τ − s)−2γ (1 + |Xn

s |)2 ds dτ

≤ L2
∫ T

0
τ−2γ dτ

∫ T

0
E (1 + |Xn

s |)2 ds,

and Xn is a bounded sequence in L2(. × [0, T ];H). Next we show that there
exists an equivalent norm ‖ · ‖ in L2(.× [0, T ] × [0, T ];L2(�,H)) such that

‖+1(X
n,DXn)‖ + ‖+2(X

n,DXn)‖ ≤ α‖DXn‖,(3.17)

for some α ∈ [0,1) independent of n. For simplicity we only consider the
operator +2. For a process (Zsτ ) ∈ L2(. × [0, T ] × [0, T ];L2(�,H)) we
introduce the norm

‖Z‖2 =
∫ T

0

∫ T

0
E |Zsτ |2L2(�,H)e

−β(τ−s) dτ ds,
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where β > 0 will be chosen later. We have∫ T

s
E|+2(X

n,DXn)sτ |2L2(�,H)e
−β(τ−s) dτ

=
∫ T

s

∫ τ

s
E
∣∣∇x

(
e(τ−r)AG(r,Xn

r )
)
DsX

n
r

∣∣2
L2(�,L2(�,H)) dr e

−β(τ−s) dτ

≤ L2
∫ T

s

∫ τ

s
(τ − r)−2γ

E |DsX
n
r |2L2(�,H) dr e

−β(τ−s) dτ

=L2
∫ T

s
e−β(r−s)

E |DsX
n
r |2L2(�,H)

∫ T

r
(τ − r)−2γ e−β(τ−r) dτ dr

≤ L2
∫ T

s
e−β(r−s)

E |DsX
n
r |2L2(�,H) dr

(
sup

r∈[s,T ]

∫ T

r
(τ − r)−2γ e−β(τ−r) dτ

)
.

The supremum on the right-hand side can be estimated by
∫ T

0 r−2γ e−βr dr ; so we
obtain

‖+2(X
n,DXn)‖2 ≤ L2

∫ T

0
r−2γ e−βr dr ‖DXn‖2.

Now to prove (3.17) it suffices to take β sufficiently large.
From (3.17) and from the fact that I (Xn) is bounded in L2(. × [0, T ] ×

[0, T ];L2(�,H)), it follows easily that the sequence DXn is also bounded in
this space. Since, as mentioned before, Xn converges to X in L2(.× [0, T ];H),
it follows from the closedness of the operator D that X belongs to L

1,2(H). Point
(i) of Proposition 3.5 is now proved.

By Lemma 3.6, we can compute the Malliavin derivative of both sides of (3.4)
and we obtain, for a.a. s and τ with s < τ ,

DsXτ = I (X)sτ + +1(X,DX)sτ + +2(X,DX)sτ , P-a.s.,(3.18)

where

I (X)sτ = e(τ−s)AG(s,Xs).(3.19)

Let us introduce the space K of processes Qsτ , 0 ≤ s < τ ≤ T , such that for every
s ∈ [t, T ), {Qsτ , τ ∈ (s, T ]} is a predictable process in L2(�,H) with continuous
paths, and such that

sup
s∈[0,T ]

E

(
sup

τ∈(s,T ]
e−βp(τ−s)(τ − s)pγ |Qsτ |pL2(�,H)

)
<∞.(3.20)

Here p ∈ [2,∞) is fixed and β > 0 is a parameter, to be chosen later. Let us
consider the equation: for every s ∈ [0, T ), P-a.s.,

Qsτ = I (X)sτ + +1(X,Q)sτ + +2(X,Q)sτ , τ ∈ (s, T ].(3.21)
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We are going to prove that there exists a unique Q ∈ K solution of this equation.
Assume this for a moment. Then, subtracting (3.21) from (3.18), we obtain for a.a.
s and τ with s < τ

DsXτ −Qsτ = +1(X,DX−Q)sτ + +2(X,DX−Q)sτ , P-a.s.

Repeating the passages that led to (3.17) we obtain

‖+1(X,DX−Q)‖ + ‖+2(X,DX−Q)‖ ≤ α‖DX−Q‖,
for some α ∈ [0,1). This proves that Q is a version of DX. Then equality (3.21)
coincides with (3.12), and this proves point (ii) of the proposition, except for the
last assertion.

Now we prove unique solvability of (3.21) in the space K . It suffices to show
that I (X) ∈K and that +1(X, ·)++2(X, ·) is a contraction in K . Since, for τ > s,

|e(τ−s)AG(s,Xs)|L2(�,H) ≤ L(τ − s)−γ (1 + |Xs |),
we have

sup
s∈[0,T ]

E sup
τ∈(s,T ]

(τ − s)pγ |e(τ−s)AG(s,Xs)|pL2(�,H) ≤ Lp sup
s∈[0,T ]

E (1 + |Xs |)p,

which is finite, since X ∈ L
p
P (.;C([0, T ];H)). This shows that I (X) ∈ K ; the

contraction property for +1(X, ·)+ +2(X, ·) requires a longer argument, and it is
postponed to Lemma 3.7 below.

The last assertion of point (ii) is clear for τ ∈ [0, t], since Xτ = x. For τ ∈ (t, T ]
we take a sequence τn ↑ τ such that Xτn ∈ D

1,2(H) and we note that by (3.11)
the sequence E

∫ T
0 |DsXτn |2 ds is bounded by a constant independent of n; since

Xτn → Xτ in L2(.;H), it follows from the closedness of the operator D that
Xτ ∈ D

1,2(H).
Now we proceed to proving point (iii) of the proposition. Let us fix v ∈ � and

define the space L of processes {Qsτ , t ≤ s ≤ τ ≤ T }, with values in H , such that
{Qsτ , τ ∈ [s, T ]} is predictable for every s ∈ [t, T ] and the norm

‖Q‖2 =
∫ T

t

∫ T

s
E |Qsτ |2He−β(τ−s) dτ ds

is finite, where β > 0 is a parameter to be chosen later. Since I (X) [defined in
(3.19)] belongs to the space K introduced above, therefore I (X)v belongs to L
and the equality (3.13) is equivalent to the equality in the space L:

Q= I (X)v+ +1(X,Q)+ +2(X,Q).(3.22)

It turns out that this equation has a unique solution in L: indeed, +1(X, ·) +
+2(X, ·) is a contraction in the space L if β is chosen sufficiently large, as it can
be proved by passages almost identical to those leading to (3.17). Finally, DXv

belongs to L since DX ∈ L2(.× [0, T ] × [0, T ];L2(�,H)), and applying both
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sides of (3.12) to v we check that DXv = I (X)v + +1(X,DXv)+ +2(X,DXv).
Point (iii) of the proposition is now proved.

To prove point (iv) let us fix v ∈� and p ∈ [2,∞), let us define F= {(s, τ ) : t ≤
s ≤ τ ≤ T } and introduce the space H of processes Qsτ , (s, τ ) ∈ F that are
continuous maps Q: F → Lp(.;H) and such that for every s the process
{Qsτ , τ ∈ [s, T ]} is adapted. We are going to show that there exists a unique
Q ∈H satisfying the equation: for every (s, τ )∈F,

Qsτ = e(τ−s)AG(s,Xs)v +
∫ τ

s
e(τ−σ)A∇xF (σ,Xσ )Qsσ dσ

+
∫ τ

s
∇x

(
e(τ−σ)AG(σ,Xσ )

)
Qsσ dWσ, P-a.s.

(3.23)

Using the fact that X ∈ L
p
P (.;C([0, T ];H)), and assumption (3.3), it is easy to

show that the process e(τ−s)AG(s,Xs)v, (s, τ ) ∈F, belongs to H . Moreover, we
claim that the map that associates to Q ∈H the right-hand side of (3.23) is a linear
operator on H whose operator norm can be shown to be less than 1 provided H is
endowed with the norm

‖Q‖p = sup
(s,τ)∈F

e−βp(τ−s)
E |Qs,τ |pH ,

with β > 0 sufficiently large. The passages showing this claim are similar to those
leading to the estimate (3.17), so we limit ourselves to a sketch.

Consider for instance the process (s, τ ) �→ ∫ τ
s ∇x(e

(τ−σ)AG(σ,Xσ ))Qsσ dWσ ,
that we denote +2(X,Q)sτ as before. To prove the contraction property of
+2(X,Q) we note that by the Burkholder–Davis–Gundy inequalities we have, for
some constant cp,

E|+2(X,Q)sτ |pH ≤ cpE

(∫ τ

s

∣∣∇x

(
e(τ−r)AG(σ,Xσ )

)
Qsσ

∣∣2
L2(�,H) dσ

)p/2

≤ cp L
p
E

(∫ τ

s
(τ − σ)−2γ |Qsσ |2H dσ

)p/2

≤ cp L
p

(∫ τ

s
(τ − σ)−2γ (E |Qsσ |pH )2/p dσ

)p/2

≤ cp L
p ‖Q‖p

(∫ τ

s
(τ − σ)−2γ e2β(σ−s) dσ

)p/2

.

It follows that

e−pβ(τ−s)
E |+2(X,Q)sτ |pH ≤ cp L

p ‖Q‖p
(∫ τ

s
(τ − σ)−2γ e−2β(τ−σ) dσ

)p/2

,
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which implies ‖+2(X,Q)sτ‖ ≤ c
1/2
p L‖Q‖(∫ T0 (τ − σ)−2γ e−2β(τ−σ) dσ )1/2,

which shows the required contraction property.
In order to show continuity of the map F→ Lp(.;H), (s, τ ) �→ +2(X,Q)sτ ,

it is convenient first to verify continuity of the map

(s, τ ) �→ +2(X,Q)εsτ :=
∫ (τ−ε)∨s
s

∇x

(
e(τ−σ)AG(σ,Xσ )

)
Qsσ dWσ

and then show that +2(X,Q)ε → +2(X,Q) in H as ε→ 0. This way the claim is
proved, so that in particular the equation (3.23) has a unique solution in H .

Since the solution Q ∈H of equation (3.23) evidently satisfies equation (3.13),
it follows from point (iii) that Q is the required version of DXv. Equation (3.14)
now follows immediately from (3.23). �

To complete the previous proof, it remains to state and prove the following
lemma.

LEMMA 3.7. For s ∈ [0, T ), let Xτ , τ ∈ [s, T ], be a predictable process in H

and let Qτ , τ ∈ (s, T ], be an L2(�,H)-valued continuous adapted process.
For p ∈ [2,∞) sufficiently large and for every β > 0, the following estimate

holds:

E

(
sup

τ∈[s,T ]
(τ − s)γpe−βp(τ−s)(|+1(X,Q)sτ |pL2(�,H) + |+2(X,Q)sτ |pL2(�,H)

))

≤ C(β)E

(
sup

τ∈[s,T ]
(τ − s)γpe−βp(τ−s)|Qτ |pL2(�,H)

)
,

where C(β) depends on β , p, L, γ , T and M = supτ∈[0,T ] |eτA|, and is such that
C(β)→ 0 as β →+∞.

PROOF. For simplicity, we only consider the operator +2. Fixed s ∈ [0, T )
we introduce the space of L2(�,H)-valued continuous adapted processes Qτ ,
τ ∈ (s, T ] such that the norm

‖Q‖ps = E sup
τ∈[s,T ]

(τ − s)γpe−βp(τ−s)|Qτ |pL2(�,H)

is finite. We use the factorization method; see [10], Theorem 5.2.5. Let us take
p > 2 and α ∈ (0,1) such that

1

p
< α <

1

2
− γ and let c−1

α =
∫ τ

r
(τ − σ)α−1(σ − r)−α dσ.

Then, by the stochastic Fubini theorem,
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+2(X,Q)sτ

= cα

∫ τ

s

∫ τ

r
(τ − σ)α−1(σ − r)−α e(τ−σ)A∇x

(
e(σ−r)AG(r,Xr)

)
Qr dσ dWr

= cα

∫ τ

s
(τ − σ)α−1e(τ−σ)AVσ dσ,

where

Vσ =
∫ σ

s
(σ − r)−α∇x

(
e(σ−r)AG(r,Xr)

)
Qr dWr.

By the Hölder inequality, setting M = supτ∈[0,T ] |eτA|, p′ = p/(p− 1),

|+2(X,Q)sτ | ≤ cαM

∫ τ

s
(τ − σ)α−1|Vσ | dσ

≤ cαM

(∫ τ

s
e−pβ(σ−s)(σ − s)γp|Vσ |p dσ

)1/p

×
(∫ τ

s
ep

′β(σ−s)(σ − s)−γp′
(τ − σ)(α−1)p′

dσ

)1/p′

.

It follows that

‖+2(X,Q)‖ps
≤ cpαM

p
∫ T

s
e−pβ(σ−s)(σ − s)γpE |Vσ |p dσ sup

τ∈(s,T ]
(τ − s)γpe−βp(τ−s)

×
(∫ τ

s
ep

′β(σ−s)(σ − s)−γp′
(τ − σ)(α−1)p′

dσ

)p/p′

.

Changing σ into (σ − s)/(τ − s), it is easily seen that the supremum on the right-
hand side equals

sup
τ∈(s,T ]

(τ−s)pα−1e−βp(τ−s)

(∫ 1

0
ep

′βσ(τ−s)σ−γp′
(1−σ)(α−1)p′

dσ

)p/p′

≤ a(β)p,

where we set

a(β) := sup
λ∈(0,T ]

λα−1/pe−βλ

(∫ 1

0
ep

′βσλσ−γp′
(1 − σ)(α−1)p′

dσ

)1/p′

.

So we arrive at

‖+2(X,Q)‖s ≤ cαMa(β)

(∫ T

s
e−pβ(σ−s)(σ − s)γpE |Vσ |p dσ

)1/p

.
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By the Burkholder–Davis–Gundy inequalities, for some constant cp depending
only on p, we have

E |Vσ |p ≤ cpE

(∫ σ

s
(σ − r)−2α∣∣∇x

(
e(σ−r)AG(r,Xr)

)
Qr

∣∣2
L2(�,L2(�,H)) dr

)p/2

≤ LpcpE

(∫ σ

s
(σ − r)−2α−2γ |Qr |2L2(�,H) dr

)p/2

≤ Lpcp‖Q‖ps
(∫ σ

s
(σ − r)−2α−2γ (r − s)−2γ e2β(r−s) dr

)p/2

.

Changing r into (r−s)/(σ−s) and taking into account that β > 0 and α+γ < 1/2
we obtain

(σ − s)γpe−pβ(σ−s)
E |Vσ |p ≤ Lpcp‖Q‖ps (σ − s)p(−α−γ+1/2)

×
(∫ 1

0
(1 − r)−2α−2γ r−2γ e−2β(1−r)(σ−s) dr

)p/2

≤ Lpcp‖Q‖ps T p(1/2−α−γ )

×
(∫ 1

0
(1 − r)−2α−2γ r−2γ dr

)p/2

.

We conclude that

‖+2(X,Q)‖s

≤ cαMLc1/p
p a(β)T 1/2−α−γ+1/p

(∫ 1

0
(1 − r)−2α−2γ r−2γ dr

)1/2

‖Q‖s .
This inequality proves the lemma, since the property that a(β)→ 0 as β →+∞
follows easily from the definition of a(β). �

The following result relates the Malliavin derivative of the process X with
∇xX(τ, t, x), the partial Gâteaux derivative with respect to x (compare Propo-
sition 3.3).

PROPOSITION 3.8. Assume Hypothesis 3.1. Then for a.a. s, τ such that t ≤
s ≤ τ ≤ T we have

DsX(τ, t, x)=∇xX
(
τ, s,X(s, t, x)

)
G
(
s,X(s, t, x)

)
, P-a.s.(3.24)

Moreover, DsX(T, t, x)=∇xX(T , s,X(s, t, x))G(s,X(s, t, x)), P-a.s. for a.a. s.

PROOF. Proposition 3.3 states that for every s ∈ [0, T ] and every direction
h ∈ H the directional derivative process ∇xX(τ, s, x)h, τ ∈ [s, T ], solves the
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equation: P-a.s.,

∇xX(τ, s, x)h= e(τ−s)Ah+
∫ τ

s
e(τ−σ)A∇xF

(
σ,X(σ, s, x)

)∇xX(σ, s, x)h dσ

+
∫ τ

s
∇x

(
e(τ−σ)AG

(
σ,X(σ, s, x)

))
× ∇xX(σ, s, x)h dWσ, τ ∈ [s, T ].

Given v ∈ � and t ∈ [0, s], we can replace x by X(s, t, x) and h by G(s,X(s, t,

x))v in this equation, since X(s, t, x) is Fs-measurable. Next we note the equality,
P-a.s.,

X
(
σ, s,X(s, t, x)

)=X(σ, t, x), σ ∈ [s, T ],
which is a consequence of the uniqueness of the solution of (3.4), and we obtain,
P-a.s.,

∇xX
(
τ, s,X(s, t, x)

)
G
(
s,X(s, t, x)

)
v

= e(τ−s)AG
(
s,X(s, t, x)

)
v

+
∫ τ

s
e(τ−σ)A∇xF

(
σ,X(σ, t, x)

)∇xX
(
σ, s,X(s, t, x)

)
× G

(
s,X(s, t, x)

)
v dσ

+
∫ τ

s
∇x

(
e(τ−σ)AG

(
σ,X(σ, t, x)

))∇xX
(
σ, s,X(s, t, x)

)
× G

(
s,X(s, t, x)

)
v dWσ , τ ∈ [s, T ].

This shows that the process {∇xX(τ, t,X(s, t, x))G(s,X(s, t, x))v : t ≤ s ≤ τ

≤ T } is a solution of equation (3.13). Then (3.24) follows from the uniqueness
property.

To prove the last assertion, it suffices to take a sequence τn ↑ T such that (3.24)
holds for τn and let n→∞. The conclusion follows from the regularity properties
of DX and ∇xX stated above, as well as the closedness of the operator D. �

4. The backward equation.

4.1. Existence, uniqueness and regularity for backward equations in general.
Some of the basic results on backward equations rely on the following well-known
representation theorem (see, e.g., [23]). Recall that (Ft ) is the filtration generated
by the Wiener process W , augmented in the usual way. We denote by E

Fτ the
conditional expectation with respect to Fτ .
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PROPOSITION 4.1. Let K be a Hilbert space and T > 0. For arbitrary FT -
measurable ξ ∈ L2(.;K) there exists V ∈ L2

P (.× [0, T ];L2(�,K)) such that

ξ = E ξ + ∫ T
0 Vσ dWσ , P-a.s. Equivalently, for every τ ∈ [0, T ],

E
Fτ ξ = ξ −

∫ T

τ
Vσ dWσ , P-a.s.

LEMMA 4.2. Assume η ∈ L2(.;K) is FT -measurable, f ∈ L2
P (. ×

[0, T ];K). Then there exists a unique pair of processes Yτ ,Zτ , τ ∈ [0, T ], such
that:

(i) Y ∈ L2
P (.× [0, T ];K), Z ∈L2

P (.× [0, T ];L2(�,K));
(ii) for a.a. τ ∈ [0, T ],

Yτ +
∫ T

τ
Zσ dWσ =−

∫ T

τ
fσ dσ + η.(4.1)

Moreover, Y has a continuous version and for every β  = 0,

E

∫ T

0
e2βσ |Zσ |2dσ ≤ 4

β
E

∫ T

0
e2βσ |fσ |2dσ + 8 e2βT

E |η|2,

E supτ∈[0,T ] e2βτ |Yτ |2 ≤ 4

β
E

∫ T

0
e2βσ |fσ |2dσ + 8 e2βT

E |η|2.
(4.2)

In particular, Y ∈ CP ([0, T ];L2(.;K)).
If, in addition, there exists p ∈ [2,∞) such that

E

(∫ T

0
|fσ |2 dσ

)p/2

<∞, E |η|p <∞,

then for every δ such that 0 ≤ T − δ < T we have

E sup
τ∈[T−δ,T ]

|Yτ |p +E

(∫ T

T−δ
|Zσ |2 dσ

)p/2

≤ cpδ
p/2

E

(∫ T

T−δ
|fσ |2 dσ

)p/2

+ cpE |η|p,
(4.3)

where cp is a positive constant, depending only on p.

PROOF. We modify the argument in [23].

Uniqueness. Assume that (4.1) holds. Then, taking conditional expectation
with respect to Fτ we obtain, for a.e. τ ,

Yτ = E
Fτ η−

∫ T

τ
E

Fτ fσ dσ.(4.4)

If η = 0, f = 0 this equality implies that Y = 0; from (4.1) it follows that∫ T
τ Zσ dWσ = 0, which implies Z = 0 as well.
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Existence. Define ξ = η− ∫ T
0 fσ dσ . Since ξ ∈ L2(.;K) is FT -measurable,

by Proposition 4.1 there exists Z ∈ L2
P (.× [0, T ];L2(�,K)) such that

E
Fτ ξ = ξ −

∫ T

τ
Zσ dWσ ,

for every τ ∈ [0, T ]. Now it suffices to define Yτ = E
Fτ ξ and equation (4.1) is

satisfied. The existence of a continuous version is immediate, since (4.1) implies

Yτ − Y0 =
∫ τ

0
Zσ dWσ +

∫ τ

0
fσ dσ.

Estimates (4.2). Since η ∈ L2(.;K) is FT -measurable, by Proposition 4.1
there exists L ∈L2

P (.× [0, T ];L2(�,K)) such that

E
Fτ η= η−

∫ T

τ
Lθ dWθ,(4.5)

for every τ ∈ [0, T ]. Similarly, for a.a. σ there exists a predictable process
{K(θ,σ ), θ ∈ [0, σ ]} in L2

P (.× [0, σ ];L2(�,K)) such that

E
Fτ fσ = fσ −

∫ σ

τ
K(θ, σ ) dWθ,(4.6)

for τ ∈ [0, σ ]. We set K(θ,σ )= 0 for θ ∈ (σ, T ] and we can verify that the map
K: .×[0, T ]× [0, T ] can be taken to P ×B([0, T ])-measurable, where P is the
predictable σ -algebra on . × [0, T ] and B([0, T ]) denotes the Borel subsets of
[0, T ]; the existence of such a version of K can be proved by approximating f by
simple processes and by a monotone class argument (or one can argue as in [23],
proof of Lemma 2.1). Substituting into (4.4) and applying the stochastic Fubini
theorem gives

Yτ = η−
∫ T

τ
Lθ dWθ −

∫ T

τ

(
fσ −

∫ σ

τ
K(θ, σ ) dWθ

)
dσ

= η−
∫ T

τ
fσ dσ −

∫ T

τ
Lθ dWθ +

∫ T

τ

(∫ T

θ
K(θ, σ ) dσ

)
dWθ.

Comparing with the backward equation, we conclude by uniqueness that for a.a. θ ,

Zθ =Lθ −
∫ T

θ
K(θ, σ ) dσ.

Now let β  = 0. From (4.5) we deduce

E

∫ T

0
e2βθ |Lθ |2 dθ ≤ e2βT

E

∣∣∣∣∫ T

0
Lθ dθ

∣∣∣∣2 = e2βT
E|η−E

F0η|2

≤ 2e2βT
E |η|2 + 2e2βT

E |EF0η|2 ≤ 4e2βT
E |η|2.



PDEs, BSDEs AND CONTROL 1429

Next note that∣∣∣∣∫ T

θ
K(θ, σ ) dσ

∣∣∣∣2 ≤ ∫ T

θ
e−2βσ dσ

∫ T

θ
e2βσ |K(θ,σ )|2 dσ

≤ e−2βθ

2β

∫ T

θ
e2βσ |K(θ,σ )|2 dσ,

so that

E

∫ T

0
e−2βθ

∣∣∣∣∫ T

θ
K(θ, σ ) dσ

∣∣∣∣2dθ ≤ 1

2β
E

∫ T

0

∫ T

θ
e2βσ |K(θ,σ )|2 dσ dθ

= 1

2β

∫ T

0
e2βσ

E

∫ σ

0
|K(θ,σ )|2 dθ dσ.

Since (4.6) yields

E

∫ σ

0
|K(θ,σ )|2 dθ = E

∣∣∣∣∫ σ

0
K(θ,σ ) dWθ

∣∣∣∣2 = E|fσ −E
F0fσ |2

≤ 2E|fσ |2 + 2E|EFτ fσ |2 ≤ 4E|fσ |2,
the proof of the first inequality in (4.2) is complete. Now we prove the second one,
estimating separately the two terms on the right-hand side of (4.4). By the Doob
inequality for martingales,

E sup
τ∈[0,T ]

e2βτ |EFτ η|2 ≤ e2βT 4 E |η|2.

Next, since(∫ T

τ
|fσ | dσ

)2

≤
∫ T

τ
e−2βσ dσ

∫ T

τ
e2βσ |fσ |2 dσ ≤ e−2βτ

2β

∫ T

τ
e2βσ |fσ |2 dσ,

we obtain

eβτ
∣∣∣∣∫ T

τ
E

Fτ fσ dσ

∣∣∣∣≤ E
Fτ

(
eβτ

∫ T

τ
|fσ | dσ

)

≤ 1√
2β

E
Fτ

(∫ T

τ
e2βσ |fσ |2 dσ

)1/2

and by the Doob inequality,

E sup
τ∈[0,T ]

e2βτ
∣∣∣∣∫ T

τ
E

Fτ fσ dσ

∣∣∣∣2 ≤ 4

2β
E

∫ T

0
e2βσ |fσ |2 dσ.
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Estimates (4.3). Since, for τ ∈ [T − δ, T ]∫ T

τ
|fσ | dσ ≤

(∫ T

τ
|fσ |2 dσ

)1/2

(T − τ )1/2 ≤
(∫ T

τ
|fσ |2 dσ

)1/2

δ1/2,

it follows from (4.4) that

E sup
τ∈[T−δ,T ]

|Yτ |p ≤ cpE sup
τ∈[T−δ,T ]

|EFτ η|p

+ cpδ
p/2

E sup
τ∈[T−δ,T ]

∣∣∣∣EFτ

(∫ T

τ
|fσ |2 dσ

)1/2∣∣∣∣p

≤ cpE |η|p + cpδ
p/2

E

(∫ T

T−δ
|fσ |2 dσ

)p/2

,

which proves the desired inequality on the process Y . To obtain a similar estimate
on Z we first set Z1

θ = − ∫ T
θ K(θ, σ ) dσ , so that Zθ = Lθ + Z1

θ . From (4.5) it
follows that E

Fτ η−E
FT−δη= ∫ τ

T−δ Lθ dWθ , so by the Burkholder–Davis–Gundy
and the Doob inequalities,

E

(∫ T

T−δ
|Lθ |2dθ

)p/2

≤ cp E sup
τ∈[T−δ,T ]

∣∣∣∣∫ τ

T−δ
Lθ dWθ

∣∣∣∣p
= cp E sup

τ∈[T−δ,T ]
|EFτ η−E

FT−δη|p ≤ cp E |η|p.

In order to prove a similar estimate for Z1 we first note that, setting Y 1
τ =

− ∫ T
τ E

Fτ fσ dσ , the pair (Y 1,Z1) is the solution corresponding to η = 0.
Therefore

Y 1
τ − Y 1

T−δ =
∫ τ

T−δ
Z1
σ dWσ +

∫ τ

T−δ
fσ dσ.

So we obtain

E

(∫ T

T−δ
|Z1

σ |2dσ
)p/2

≤ cp E sup
τ∈[T−δ,T ]

∣∣∣∣∫ τ

T−δ
Z1
σ dWσ

∣∣∣∣p

≤ cp E sup
τ∈[T−δ,T ]

|Y 1
τ |p + cp E

(∫ T

T−δ
|fσ | dσ

)p
.

For Y 1 we can use the estimate proved above with η= 0:

E sup
τ∈[T−δ,T ]

|EFτ Y 1
τ |p ≤ cpδ

p/2
E

(∫ T

T−δ
|fσ |2 dσ

)p/2

.

Finally, the required estimate follows from∫ T

T−δ
|fσ | dσ ≤

(∫ T

T−δ
|fσ |2 dσ

)1/2

δ1/2. �
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Now we are concerned with the equation

Yτ +
∫ T

τ
Zσ dWσ =−

∫ T

τ
f (σ,Yσ ,Zσ ) dσ + η.(4.7)

In the following proposition, K is a Hilbert space, the mapping f : . ×
[0, T ] × K × L2(�,K) → K is assumed to be measurable with respect to
P ×B([0, T ] ×K ×L2(�,K)) and B(K) respectively (we recall that by P we
denote the predictable σ -algebra on .× [0, T ] and by B(1) the Borel σ -algebra
of any topological space 1). η: .→K is assumed to be FT -measurable,

PROPOSITION 4.3. Assume that:
(i) there exists L> 0 such that

|f (σ, y1, z1)− f (σ, y2, z2)| ≤ L(|y1 − y2| + |z1 − z2|),
P-a.s. for every σ ∈ [0, T ], y1, y2 ∈K , z1, z2 ∈L2(�,K);

(ii) E
∫ T

0 |f (σ,0,0)|2 dσ <∞, E |η|2 <∞.

Then there exists a unique pair of processes Yτ ,Zτ , τ ∈ [0, T ], such that
Y ∈ CP ([0, T ];L2(.;K)), Z ∈ L2

P (. × [0, T ];L2(�,K)) and (4.7) holds for
τ ∈ [0, T ]. Moreover, Y has a continuous version and E supτ∈[0,T ] |Yτ |2 <∞.

If, in addition, there exists p ∈ [2,∞) such that

E

(∫ T

0
|f (σ,0,0)|2 dσ

)p/2

<∞, E |η|p <∞,(4.8)

then we have Y ∈ L
p
P (.;C([0, T ];K)), Z ∈L

p
P (.;L2([0, T ];L2(�,K))) and

E sup
τ∈[0,T ]

|Yτ |p +E

(∫ T

0
|Zσ |2 dσ

)p/2

≤ cE

(∫ T

0
|f (σ,0,0)|2 dσ

)p/2

+ cE |η|p,
(4.9)

for some constant c > 0 depending only on p,L,T .
Finally assume that, for all λ in a metric space 1, a function fλ is given

satisfying (4.8) and verifying assumption (i) with L independent on λ. Also assume
that, as λ→ λ0,

E

(∫ T

0
|fλ(σ,Yσ ,Zσ )− fλ0(σ,Yσ ,Zσ )|2 dσ

)p/2

→ 0(4.10)

for all Y ∈ L
p
P (.;C([0, T ];K)), Z ∈L

p
P (.;L2([0, T ];L2(�,K))).

If we denote by (Y (λ, η),Z(λ,η)) the solution of (4.7) corresponding to f = fλ
and to the final data η ∈ Lp(.,R) then the map (λ, η) → (Y (λ, η),Z(λ,η))

is continuous from 1 × Lp(.;R) to L
p
P (.;C([0, T ];K)) × L

p
P (.;L2([0, T ];

L2(�,K))).
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PROOF. We denote K =CP ([0, T ];L2(.;K))×L2
P (.×[0, T ];L2(�,K))

and we define a mapping +: K → K by setting (Y,Z)= +(U,V ) if (Y,Z) is the
pair satisfying

Yτ +
∫ T

τ
Zσ dWσ =−

∫ T

τ
f (σ,Uσ ,Vσ ) dσ + η,(4.11)

compare Lemma 4.2. The estimates (4.2) show that + is well defined, and it is a
contraction if K is endowed with the norm

|(Y,Z)|2K = E

∫ T

0
e2βσ (|Yσ |2 + |Zσ |2)dσ,

provided β is sufficiently large. For simplicity we only verify the contraction
property: if (U1,V 1) ∈ K , (Y 1,Z1) = +(U1,V 1) and let Y = Y − Y 1, Z =
Z −Z1, U =U −U1, V = V − V 1, f σ =ψ(σ,Uσ ,Vσ )−ψ(σ,U1

σ ,V
1
σ ), have

Y τ +
∫ T

τ
Zσ dWσ =−

∫ T

τ
f σ dWσ ,(4.12)

so that by (4.2),

|(Y ,Z)|2K ≤ T E sup
τ∈[0,T ]

e2βτ |Y τ |2 +E

∫ T

0
e2βσ |Zσ |2 dσ

≤ 8(1 + T )

β
E

∫ T

0
e2βσ |f σ |2 dσ

≤ 8(1 + T )L2

β
E

∫ T

0
e2βσ (|Uσ | + |V σ |)2 dσ

≤ 16(1 + T )L2

β
|(U,V )|2K .

Now we prove the estimate (4.9). We denote Kp,δ =Lp(.;C([T −δ, T ];R))×
Lp(.;L2([T − δ, T ];L2(�,R))) and define +: Kp,δ → Kp,δ setting (Y,Z) =
+(U,V ) if (Y,Z) is the pair satisfying equation (4.11) for τ ∈ [T − δ, T ]. It is
easily verified that + is well defined and it is a contraction in Kp,δ , provided δ > 0
is chosen sufficiently small; indeed, arguing as before, we deduce from (4.12) and
from (4.3) the inequalities

|(Y ,Z)|pK = E sup
τ∈[T−δ,T ]

|Y τ |p +E

(∫ T

T−δ
|Zσ |2 dσ

)p/2

≤ cpδ
p/2Lp

E

(∫ T

T−δ
(|Uσ | + |V σ |)2 dσ

)p/2

≤ cp2p/2δpLpδE sup
τ∈[T−δ,T ]

|Uτ |p + cp(2δ)
p/2Lp

E

(∫ T

T−δ
|V σ |2dσ

)p/2

≤ cp(2δ)
p/2Lp(1 + δp/2) |(U,V )|pK ,
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and the contraction property holds provided cp(2δ)p/2Lp(1 + δp/2) < 1. Repeat-
ing this argument on intervals [T − δ, T − 2δ], [T − 2δ, T − 3δ], etc., shows that
Y ∈Lp(.;C([0, T ];R)) and Z ∈Lp(.;L2([0, T ];L2(�,R))).

Next note that it follows from our assumptions that

|f (σ, x, y)| ≤ |f (σ,0,0)| +L(|x| + |y|).
Applying estimate (4.3) to equation (4.7) we obtain

E sup
τ∈[T−δ,T ]

|Yτ |p +E

(∫ T

T−δ
|Zσ |2 dσ

)p/2

≤ cpδ
p/2

E

(∫ T

T−δ
|f (σ,Yσ ,Zσ )|2 dσ

)p/2

+ cpE |η|p

≤ cpE |η|p + cp3p−1δp/2
E

(∫ T

T−δ
|f (σ,0,0)|2 dσ

)p/2

+ cp3p−1Lpδp/2
E

(∫ T

T−δ
|Yσ |2 dσ

)p/2

+ cp3p−1Lpδp/2
E

(∫ T

T−δ
|Zσ |2 dσ

)p/2

≤ cpE |η|p + cp3p−1δp/2
E

(∫ T

T−δ
|f (σ,0,0)|2 dσ

)p/2

+ cp3p−1LpδpE sup
τ∈[T−δ,T ]

|Yτ |p

+ cp3p−1Lpδp/2
E

(∫ T

T−δ
|Zσ |2 dσ

)p/2

.

Choosing δ > 0 so small that α := cp3p−1Lp(δp + δp/2) < 1 we obtain

E supτ∈[T−δ,T ] |Yτ |p +E

(∫ T

T−δ
|Zσ |2 dσ

)p/2

≤ cpE |η|p + cp3p−1δp/2
E

(∫ T

T−δ
|f (σ,0,0)|2 dσ

)p/2

+α

[
E supτ∈[T−δ,T ] |Yτ |p +E

(∫ T

T−δ
|Zσ |2 dσ

)p/2]
,

(4.13)

and it follows that
E sup

τ∈[T−δ,T ]
|Yτ |p +E

(∫ T

T−δ
|Zσ |2 dσ

)p/2

≤ cE |η|p + cE

(∫ T

T−δ
|f (σ,0,0)|2 dσ

)p/2

,
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with c depending only on p and L. Next we note that for τ ≤ T − δ,

Yτ +
∫ T−δ

τ
Zσ dWσ =−

∫ T−δ

τ
f (σ,Yσ ,Zσ ) dσ + YT−δ,

and proceeding as before we obtain

E sup
τ∈[T−2δ,T−δ]

|Yτ |p +E

(∫ T−δ

T−2δ
|Zσ |2 dσ

)p/2

≤ cE |YT−δ|p + cE

(∫ T−δ

T−2δ
|f (σ,0,0)|2 dσ

)p/2

,

with the same choice of δ and the same value of c. After a finite number of steps
we arrive at (4.9).

Finally the proof of the last assertion can be done in a straightforward way
repeating the above argument. �

REMARK 4.4. The mapping + defined in the previous proof was shown to be a
contraction in the space K =CP ([0, T ];L2(.;K))×L2

P (.×[0, T ];L2(�,K)).
In a similar way, the estimates (4.2) allow to show that + is well defined and it is
a contraction in the space L

p
P (.;C([0, T ];K))× L2

P (.× [0, T ];L2(�,K)) as
well as in the space L2

P (.×[0, T ];K)×L2
P (.×[0, T ];L2(�,K)). In particular,

uniqueness holds for equation (4.7) in the latter space, too.

The following lemma is needed in the proof of Proposition 5.4.

LEMMA 4.5. Under the assumptions of Proposition 4.3 [in particular, (4.8)],
the sequence defined setting Y 0 = 0, Z0 = 0 and (Y n+1,Zn+1) to be the pair such
that

Yn+1
τ +

∫ T

τ
Zn+1
σ dWσ =−

∫ T

τ
f (σ,Y n

σ ,Z
n
σ ) dσ + η,

satisfies

sup
n

E sup
τ∈[0,T ]

|Yn
τ |p + sup

n
E

(∫ T

0
|Zn

σ |2 dσ
)p/2

<∞.

PROOF. Let us set bn(s, t)= E supτ∈[s,t] |Yτ |p + E(
∫ t
s |Zσ |2 dσ )p/2. Arguing

as in the previous proof, instead of (4.13) we arrive at the inequality

bn+1(T − δ, T )≤ cpE |η|p + cp3p−1δp/2
E

(∫ T

T−δ
|f (σ,0,0)|2 dσ

)p/2

+αbn(T − δ, T )
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where α < 1 and δ > 0 depend only on p and L. It follows that supn bn(T −δ, T ) <

∞; in particular, supn E |Yn
T−δ|p <∞. In a similar way,

bn+1(T − 2δ, T − δ)≤ cpE |Yn
T−δ|p

+ cp3p−1δp/2
E

(∫ T−δ

T−2δ
|f (σ,0,0)|2 dσ

)p/2

+αbn(T − 2δ, T − δ)

and so supn bn(T − 2δ, T − δ) <∞. The required result follows by iteration. �

4.2. Backward equations depending on parameters: regular dependence. Now
we are dealing with the backward equation

Yτ +
∫ T

τ
Zσ dWσ =−

∫ T

τ
ψ(σ,Xσ ,Yσ ,Zσ ) dσ + η,(4.14)

on the time interval [0, T ], where η is a given FT -measurable K-valued random
variable and Xτ , τ ∈ [0, T ], is a given predictable process. The mapping
ψ : [0, T ] × H × K × L2(�,K) → K is assumed to be Borel measurable. The
solution we are looking for is a pair of predictable processes Yτ ,Zτ , τ ∈ [0, T ],
with values in K and L2(�,K) respectively.

We fix the following assumptions on ψ .

HYPOTHESIS 4.6. (i) There exists L> 0 such that

|ψ(σ,x, y1, z1)−ψ(σ,x, y2, z2)| ≤L(|y1 − y2| + |z1 − z2|),
for every σ ∈ [0, T ], x ∈H , y1, y2 ∈K , z1, z2 ∈L2(�,K).

(ii) For every σ ∈ [0, T ], ψ(σ, ·, ·, ·) ∈ G1,1,1(H ×K ×L2(�,K),K).
(iii) There exist L> 0 and m≥ 0 such that

|∇xψ(σ, x, y, z)h| ≤ L|h|(1 + |z|)(1 + |x| + |y|)m,
for every σ ∈ [0, T ], x,h ∈H , y ∈K , z ∈L2(�,K).

(iv) There exists L> 0 such that |ψ(σ,0,0,0)| ≤ L for every σ ∈ [0, T ].

Conditions (i) and (ii) imply that the Gâteaux derivatives of ψ with respect to y

and z are uniformly bounded: for every point (x, y, z) and every directions k ∈K ,
v ∈ L2(�,K),

|∇yψ(σ, x, y, z)k| ≤ L |k|, |∇zψ(σ, x, y, z)v| ≤ L |v|.
Moreover, conditions (i)–(iv) imply that

|ψ(σ,x, y, z)| ≤ L(1 + |x|m+1 + |z| + |y|).(4.15)
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Finally, conditions (i), (ii) and (iii) imply

|ψ(σ,x1, y, z)−ψ(σ,x2, y, z)|
≤ L(1 + |z|)(1 + |x1|m + |x2|m + |y|m)|x2 − x1|.(4.16)

To start we need the following general lemma that generalizes (with identical
proof) the classical result on continuity of evaluation operators; see, for exam-
ple, [1].

LEMMA 4.7. Let K1, K2 and K3 be Banach spaces and K: [0, T ] × K1 ×
K2 →K3 be a measurable map such that, for all t ∈ [0, T ],K(t, ·): K1×K2 →K3
is continuous.

(i) Suppose that for some c > 0 and µ≥ 1,

|K(t, v1, v2)|K3 ≤ c(1 + |v1|µK1
)(1 + |v2|K2), t ∈ [0, T ], v1 ∈K1, v2 ∈K2.

For all U ∈ L
r1
P (.;C([0, T ];K1)), V ∈ L

r2
P (.;L2([0, T ];K2)) with r1, r2

≥ 1, let us define in the natural way the evaluation operator K(U,V )(t,ω) =
K(U(t,ω),V (t,ω)).

If µ/r1 + 1/r2 = 1/r3 and r1 ≥ µ then the evaluation operator is continuous
from L

r1
P (.;C([0, T ];K1))×L

r2
P (.;L2([0, T ];K2)) to L

r3
P (.;L2([0, T ];K3)).

(ii) Similarly, if

|K(t, v1, v2)|K3 ≤ c(1 + |v1|µK1
+ |v2|K2), t ∈ [0, T ], v1 ∈K1, v2 ∈K2,

and r2 = µr1 then the evaluation operator is continuous from L
r1
P (.;L2([0, T ];

K2))×L
r2
P (.;C([0, T ];K1)) to L

r1
P (.;L2([0, T ];K3)).

We are now in a position of showing existence and uniqueness and regular
dependence on data of the solution of equation (4.14). For p ≥ 2 we denote:

Kp = L
p
P

(
.;C([0, T ];K)

)×L
p
P

(
.;L2([0, T ];L2(�,K)

))
endowed with the natural norm.

PROPOSITION 4.8. Assume Hypotheses 3.1 and 4.6.

(i) If X ∈ L
ρ
P (.;C([0, T ];H)), η ∈ Lr(.;K) with ρ = r(m + 1), r ≥ 2,

then there exists a unique solution in Kr of equation (4.14) that will be denoted
by (Y (·,X,η),Z(·,X,η)).

(ii) The following estimate holds:

E sup
τ∈[0,T ]

|Y (τ,X,η)|r +
(

E

∫ T

0
|Z(σ,X,η)|2 dσ

)r/2

≤ c
(
1 + |X|ρ

L
ρ
P (.;C([0,T ];H))

)+ cE|η|r
(4.17)

for a suitable constant c depending only on ρ, r and ψ .
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(iii) The map (X,η) → (Y (·,X,η),Z(·,X,η)) is continuous from L
ρ
P (.;

C([0, T ];H))×Lr(.;K) to Kr .
(iv) The map (X,η)→ (Y (·,X,η),Z(·,X,η)) is in G1,1(L

ρ
P (.;C([0, T ];H))

×Lr(.;R),Kp) with r = (m+2)p, p ≥ 2 [consequently, ρ = p(m+1)(m+2)].
Moreover, for all X ∈ L

ρ
P (.;C([0, T ];H)), η ∈ Lr(.;K) the directional

derivative in the direction (N, ζ ) with N ∈ L
ρ
P (.;C([0, T ];H)) and ζ ∈

Lr(.;K) that we will denote by (∇X,ηY (·,X,η)(N, ζ ),∇X,ηZ(·,X,η)(N, ζ )) is
the unique solution in Kp of

∇X,ηY (τ,X,η)(N, ζ )+
∫ T

τ
∇X,ηZ(σ,X,η)(N, ζ ) dWσ

=−
∫ T

τ
∇xψ

(
σ,Xσ ,Y (σ,X,η),Z(σ,X,η)

)
Nσ dσ

−
∫ T

τ
∇yψ

(
σ,Xσ ,Y (σ,X,η),Z(σ,X,η)

)∇X,ηY (σ,X,η)(N, ζ ) dσ

−
∫ T

τ
∇zψ

(
σ,Xσ ,Y (σ,X,η),Z(σ,X,η)

)∇X,ηZ(σ,X,η)(N, ζ ) dσ + ζ.

(v) Finally the following estimate holds:
E supτ∈[0,T ] |∇X,ηY (τ,X,η)(N, ζ )|p

+E

(∫ T

0
|∇X,ηZ(σ,X,η)(N, ζ )|2 dσ

)p/2

≤ c|N |p
Lr

P (.;C([0,T ];H))

(
1 + |X|(m+1)2

L
ρ
P (.;C([0,T ];H))

+ |η|m+1
Lr (.;K)

)p
+ c|ζ |pLp(.;K).

(4.18)

PROOF. Let 1=L
ρ
P (.;C([0, T ];H)) and, for every X ∈1,

fX(σ, y, z)=ψ(σ,Xσ , y, z).

By (4.15) and Lemma 4.7(ii) applied with K1 = H , K2 = K × L2(�,K),
U = X, V = (Y,Z) we obtain that for all (Y,Z) ∈ Kr the map X → fX(Y,Z)

is continuous from 1 to Lr
P (.;L2([0, T ];K)) and

E

(∫ T

0
|fX(σ,0,0)|2 dσ

)r/2

≤ c

(
1 +E

(
sup

σ∈[0,T ]
|Xσ |r(m+1)

))
.

Therefore points (i)–(iii) of the claim follow immediately from Proposition 4.3.
To deal with point (iv) it is convenient now to introduce another back-

ward stochastic equation; we will eventually show that it is satisfied by the
derivatives of (Y,Z) with respect to X and η. For all ζ ∈ Lp(.;K), X,N ∈
Lr

P (.;C([0, T ];H)), (Y,Z) ∈ Kr we look for (Ŷ (X,N,Y,Z, ζ ), Ẑ(X,N,Y,

Z, ζ )) ∈ Kp solving
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Ŷτ +
∫ T

τ
Ẑσ dWσ =−

∫ T

τ
∇xψ(σ,Xσ ,Yσ ,Zσ )Nσ dσ

−
∫ T

τ
∇yψ(σ,Xσ ,Yσ ,Zσ )Ŷσ dσ(4.19)

−
∫ T

τ
∇zψ(σ,Xσ ,Yσ ,Zσ )Ẑσ dσ + ζ.

By Hypothesis 4.6(iii) we have

E

(∫ T

0
|∇xψ(σ,Xσ ,Yσ ,Zσ )Nσ |2 dσ

)p/2

≤ L|N |p
Lr

P (.;C([0,T ];H))

(
1 + |Z|Lr

P (.;L2([0,T ];L2(�,K)))

)p
×(1 + |X|mLr

P (.;C([0,T ];H)) + |Y |mLr
P (.;C([0,T ];H))

)p
for a suitable constant L. Since ∇yψ and ∇zψ are bounded, by Proposition 4.3 the
equation (4.19) admits a unique solution in Kp . Moreover, by Lemma 4.7(i), the
map (X,N,Y,Z)→∇xψ(·,X(·), Y(·),Z(·))N(·) is continuous from the space

K# :=Lr
P

(
.;C([0, T ];H)

)×Lr
P

(
.;C([0, T ];H)

)×Kr

to L
p
P (.;L2([0, T ];K)). Therefore, taking into account once more the bound-

edness of ∇yψ and ∇zψ , we can apply the final statement of Proposition 4.3
with 1 = K# and conclude that the map (X,N,Y,Z, ζ ) → (Ŷ (X,N,Y,Z, ζ ),

Ẑ(X,N,Y,Z, ζ )) is continuous from K# ×Lp(.;K) to Kp and the estimate

E

(
supσ∈[0,T ] |Ŷσ |p

)
+E

(∫ T

0
|Ẑσ |2dσ

)p/2

≤ c|N |p
Lr

P (.;C([0,T ];H))

(
1 + |Z|Lr

P (.;L2([0,T ];L2(�,K)))

)p
×(1 + |X|m

Lr
P (.;C([0,T ];H))

+ |Y |m
Lr

P (.;C([0,T ];H))

)p + cE|ζ |p
(4.20)

holds for some constant c > 0.
It remains to prove that if X,N ∈ L

ρ
P (.;C([0, T ];H)) and η, ζ ∈ Lr(.;K)

then the directional derivative of (Y (X,η),Z(X,η)) in the direction (N, ζ ) is
given by (

Ŷ
(
X,N,Y (X,η),Z(X,η), ζ

)
, Ẑ
(
X,N,Y (X,η),Z(X,η), ζ

))
.

Let us define

Y
ε := 1

ε
[Y (X+ εN,η+ εζ )− Y (X,η)] − Ŷ

(
X,N,Y (X,η),Z(X,η), ζ

)
,

Z
ε := 1

ε
[Z(X + εN,η+ εζ )−Z(X,η)] − Ẑ

(
X,N,Y (X,η),Z(X,η), ζ

)
.
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For ε → 0 we have Yε → 0 in L
p
P (.;C([0, T ];K)) and Zε → 0 in L

p
P (.;

L2([0, T ];L2(�,K))). For short we let Y = Y (X,η),Z = Z(X,η),Y ε = Y (X +
εN,η + εζ ),Zε = Z(X + εN,η + εζ ), Ŷ = Ŷ (X,N,Y (X,η),Z(X,η), ζ ),

Ẑ = Ẑ(X,N,Y (X,η),Z(X,η), ζ ).
The proof will be done by induction, dividing the interval [0, T ] into subinter-

vals [T − δ, T ], [T − 2δ, T − δ] and so on, for a suitable δ depending only on ψ

and p. All the subintervals are treated in the same way (the proof for [T − δ, T ]
being even easier), so we concentrate on the second one, namely [T − 2δ, T − δ].
On such interval we have

Y
ε

τ +
∫ T−δ

τ
Z
ε

σ dσ =−
∫ T−δ

τ
νε(σ ) dσ + Y

ε

T−δ,

where νε = νε1 + νε2 and

νε1(σ )=
1

ε
[ψ(σ,Xσ + εNσ ,Y

ε
σ ,Z

ε
σ )−ψ(σ,Xσ ,Y

ε
σ ,Z

ε
σ )]

−∇xψ(σ,Xσ ,Yσ ,Zσ )Nσ ,

νε2(σ )=
1

ε
[ψ(σ,Xσ ,Y

ε
σ ,Z

ε
σ )−ψ(σ,Xσ ,Yσ ,Zσ )] − ∇yψ(σ,Xσ ,Yσ ,Zσ )Ŷσ

−∇zψ(σ,Xσ ,Yσ ,Zσ )Ẑσ .

By Proposition 4.3 we have

E sup
τ∈[T−2δ,T−δ]

|Y ε

τ |p +E

(∫ T−δ

T−2δ
|Zε

σ |2 dσ
)p/2

≤ cpδ
p/2

2∑
i=1

E

(∫ T−δ

T−2δ
|νεi (σ )|2 dσ

)p/2

+ cpE|Y ε

T−δ|p

and by the inductive assumption E|Y ε

T−δ|p → 0.
We start to evaluate the integral terms on the right. We can write

νε1(σ )=
∫ 1

0
∇xψ(σ,Xσ + ετNσ ,Y

ε
σ ,Z

ε
σ )Nσ dτ

−
∫ 1

0
∇xψ(σ,Xσ ,Yσ ,Zσ )Nσ dτ.

For all x,g,n ∈ H , y ∈ K , z ∈ L2(�,K) let χ(x, g,n, y, z) = ∫ 1
0 ∇xψ(x +

τg, y, z)ndτ , so that νε1(σ ) = χ(Xσ , εNσ ,Nσ ,Y
ε
σ ,Z

ε
σ )− χ(Xσ ,0,Nσ ,Yσ ,Zσ ).

Moreover |χ(x, g,n, y, z)| ≤ L|n|(1 + |z|)(1 + |x|m + |g|m + |y|m) and χ is a
continuous map. Applying Lemma 4.7(i) with K1 =H×3 ×K , K2 = L2(�,K),
r1 = r2 = r , µ = m + 1 and taking into account that (X, εN,N,Y ε) →
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(X,0,N,Y ) in Lr
P (.,C([T − 2δ, T − δ],K1)) and Zε → Z in Lr

P (.,L2([T −
2δ, T − δ],K2)) we immediately obtain E(

∫ T−δ
T−2δ |νε1(σ )|2 dσ )p/2 → 0.

Dealing now with νε2 we can rewrite νε2 = νε2.1 + νε2.2 where

νε2.1(σ )=
∫ 1

0

(∇yψ
(
σ,Xσ ,Yσ + τ (Y ε

σ − Yσ ),Zσ + τ (Zε
σ −Zσ )

)
Ŷσ

−∇yψ(σ,Xσ ,Yσ ,Zσ )Ŷσ
)
dτ

+
∫ 1

0

(∇zψ
(
σ,Xσ ,Yσ + τ (Y ε

σ − Yσ ),Zσ + τ (Zε
σ −Zσ )

)
Ẑσ

−∇zψ(σ,Xσ ,Yσ ,Zσ )Ẑσ

)
dτ,

νε2.2(σ )=
∫ 1

0
∇yψ

(
σ,Xσ ,Yσ + τ (Y ε

σ − Yσ ),Zσ + τ (Zε
σ −Zσ )

)
Y
ε

σ dτ

+
∫ 1

0
∇zψ

(
σ,Xσ ,Yσ + τ (Y ε

σ − Yσ ),Zσ + τ (Zε
σ −Zσ )

)
Z
ε
σ dτ.

Since ∇yψ and ∇zψ are bounded, by the dominated convergence theorem we
immediately obtain E(

∫ T−δ
T−2δ |νε2.1(σ )|2dσ )p/2 → 0. Moreover,

E

(∫ T−δ

T−2δ
|νε2.2(σ )|2 dσ

)p/2

≤ c

(
E sup

τ∈[T−2δ,T−δ]
|Yε

τ |p +E

(∫ T−δ

T−2δ
|Zε

σ |2 dσ
)p/2)

for a suitable constant c depending only on ψ , p,T . Choosing δ such that cpcδp/2

< 1 the claim follows immediately.
Finally (4.18) follows plugging (4.17) into (4.20). �

REMARK 4.9. If Hypothesis 4.6(iii) is replaced by the stronger requirement:
(iii-bis) There exists L > 0 such that |∇xψ(σ, x, y, z)h| ≤ L|h|, for every σ ∈
[0, T ], x,h ∈H , y ∈K , z ∈L2(�,K).

Then instead of (4.18) we can obtain, with identical proof, the following
stronger estimate:

E sup
τ∈[0,T ]

|∇X,ηY (τ,X,η)(N, ζ )|p

+E

(∫ T

0
|∇X,ηZ(σ,X,η)(N, ζ )|2 dσ

)p/2

≤ c|N |p
L
p
P (.;C([0,T ];H))

+ c|ζ |pLp(.;K).

(4.21)
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5. The backward–forward system. In this section we consider the system of
stochastic differential equations

Xτ = e(τ−t)Ax +
∫ τ

t
e(τ−σ)AF (σ,Xσ ) dσ

+
∫ τ

t
e(τ−σ)AG(σ,Xσ ) dWσ ,

Yτ +
∫ T

τ
Zσ dWσ =−

∫ T

τ
ψ(σ,Xσ ,Yσ ,Zσ ) dσ + φ(XT ),

(5.1)

for τ varying on the time interval [t, T ] ⊂ [0, T ]. As in Section 2 we extend
the domain of the solution setting X(τ, t, x) = x for τ ∈ [0, t). We assume that
ψ : [0, T ] ×H ×R×L2(�,R)→ R verifies Hypothesis 4.6 with K = R. On the
function φ: H → R we make the following assumptions.

HYPOTHESIS 5.1. (i) There exists L> 0 such that, for every x1, x2 ∈H ,

|φ(x1)− φ(x2)| ≤ L |x1 − x2|;
(ii) φ ∈ G1(H,R).

Notice that the system is decoupled, that is, the first equation does not
contain the solution (Y,Z) of the second one. Therefore, under the assumptions
of Hypotheses 3.1, 4.6, 5.1 by Propositions 3.2 and 4.8 there exists a unique
solution of (5.1). We remark that the process X is F[t,T ]-measurable, so that Yt
is measurable both with respect to F[t,T ] and Ft ; it follows that Yt is indeed
deterministic (see also [11]).

We denote by (X(τ, t, x), Y (τ, t, x),Z(τ, t, x)), τ ∈ [t, T ] the solution, in order
to stress dependence on the parameters t ∈ [0, T ] and x ∈H .

For later use we notice two useful identities: for t ≤ s ≤ T the equality, P-a.s.,

X
(
τ, s,X(s, t, x)

)=X(τ, t, x), τ ∈ [s, T ],(5.2)

is a consequence of the uniqueness of the solution of (3.4). Since the solution of
the backward equation is uniquely determined on an interval [s, T ] by the values
of the process X on the same interval, for t ≤ s ≤ T we have, P-a.s.,

Y
(
τ, s,X(s, t, x)

)= Y (τ, t, x) for τ ∈ [s, T ],
Z
(
τ, s,X(s, t, x)

)=Z(τ, t, x) for a.a. τ ∈ [s, T ].(5.3)

5.1. Regularity with respect to parameters. To investigate regularity proper-
ties of the dependence on t and x, we notice that with the notation of Proposi-
tions 3.3 and 4.8:

Y (σ, t, x)= Y
(
σ,X(·, t, x),φ(X(T, t, x)

))
,

Z(σ, t, x)= Z
(
σ,X(·, t, x),φ(X(T, t, x)

))
.
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Moreover, as a consequence of Hypothesis 5.1, it can be easily proved that the map
η �→ φ(η) belongs to the space G1(Lp(.;H),Lp(.;R)), for every p ∈ [2,∞).
The following proposition is then an immediate consequence of Propositions 3.2,
3.3 and 4.8, and the chain rule for the class G, stated in Lemma 2.1.

PROPOSITION 5.2. Assume Hypotheses 3.1,4.6 and 5.1. Recall the notation

Kp =L
p
P

(
.;C([0, T ];R)

)×L
p
P

(
.;L2([0, T ];L2(�,R)

))
.

Then the map (t, x) �→ (Y (·, t, x),Z(·, t, x)) belongs to G0,1([0, T ]×H , Kp) for
all p ∈ [2,∞).

Denoting by ∇xY , ∇xZ the partial Gâteaux derivatives with respect to x, the di-
rectional derivative process in the direction h ∈H , {∇xY (τ, t, x)h,∇xZ(τ, t, x)h,

τ ∈ [0, T ]} solves the equation, P-a.s.,

∇xY (τ, t, x)h+
∫ T

τ
∇xZ(σ, t, x)h dWσ

=−
∫ T

τ
∇xψ

(
σ,X(σ, t, x), Y (σ, t, x),Z(σ, t, x)

)∇xX(σ, t, x)h dσ

−
∫ T

τ
∇yψ

(
σ,X(σ, t, x), Y (σ, t, x),Z(σ, t, x)

)∇xY (σ, t, x)h dσ

−
∫ T

τ
∇zψ

(
σ,X(σ, t, x), Y (σ, t, x),Z(σ, t, x)

)∇xZ(σ, t, x)h dσ

+∇φ
(
X(T, t, x)

)∇xX(T , t, x)h, τ ∈ [0, T ].

(5.4)

Finally the following estimate holds:

[
E sup

τ∈[0,T ]
|∇xY (τ, t, x)h|p

]1/p +
[
E

(∫ T

0
|∇xZ(σ, t, x)h|2 dσ

)p/2]1/p

≤ c|h|(1 + |x|(m+1)2
).

(5.5)

PROOF. On the first two statements we have already commented. The final
estimate follows from (4.18) applied with

X =X(·, t, x), N =∇xX(·, t, x)h,
η = φ

(
X(T, t, x)

)
, ζ =∇φ

(
X(T, t, x)

)∇xX(T , t, x)h,

taking into account that by Propositions 3.2 and 3.3 we have

|N |Lρ
P (.;C([0,T ];H)) ≤ c|h|, |X|Lρ

P (.;C([0,T ];H)) ≤ c(1 + |x|),
and, by Hypothesis 5.1, we also obtain |η|Lr (.) ≤ c(1 + |x|), |ζ |Lp(.) ≤ c|h| for
a suitable constant c. �
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REMARK 5.3. If Hypothesis 4.6(iii) is replaced by (iii-bis) in Remark 4.9 then
applying (4.21) instead of (4.18) we obtain, instead of (5.5) the stronger estimate,

[
E sup

τ∈[0,T ]
|∇xY (τ, t, x)h|p

]1/p

+
[
E

(∫ T

0
|∇xZ(σ, t, x)h|2 dσ

)p/2]1/p

≤ c|h|.
(5.6)

5.2. Regularity in the Malliavin spaces. It has been proved in Proposition 3.5
that X belongs to the Malliavin space L

1,2(H) and DX has additional smoothness
properties. Similar results hold for (Y,Z).

PROPOSITION 5.4. Assume Hypotheses 3.1,4.6 and 5.1. Then the following
properties hold:

(i) Y ∈ L
1,2(R), Z ∈ L

1,2(L2(�,R)).
(ii) There exists a version of (DY,DZ) such that for a.a. s ∈ [t, T ), the process

{(DsYτ ,DsZτ ), τ ∈ [s, T ]} belongs to L2
P (.;C([s, T ];L2(�,R))) × L2(. ×

[s, T ];L2(�,L2(�,R))) and satisfies, P-a.s.,

DsYτ +
∫ T

τ
DsZσ dWσ =−

∫ T

τ
∇xψ(σ,Xσ ,Yσ ,Zσ )DsXσ dσ

−
∫ T

τ
∇yψ(σ,Xσ ,Yσ ,Zσ )DsYσ dσ

−
∫ T

τ
∇zψ(σ,Xσ ,Yσ ,Zσ )DsZσ dσ

+∇φ(XT )DsXT , τ ∈ [s, T ].

(5.7)

(iii) For a.a. s ∈ [t, T ), we have

Zs = lim
τ↓s DsYτ(5.8)

in the norm of L2(�;R).

In the following lemma we collect two facts needed for the proof. Part (i) is
a simple consequence of the definition, while a proof of part (ii) can be found
in [36], Lemma 2.3, for the finite-dimensional case; the extension to the present
case follows from the results in [20].

LEMMA 5.5. (i) If u ∈ L2(.× [0, T ];R), ur ∈ D
1,2(R) for a.a. r and there

exists a version of Du such that E
∫ T

0 (
∫ T

0 |Dsur |dr)2ds <∞, then∫ T

0
ur dr ∈ D

1,2(R) and Ds

∫ T

0
ur dr =

∫ T

0
Dsur dr.
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(ii) Suppose Z ∈ L2
P (.× [0, T ];L2(�,R)) and

∫ T
0 Zσ dWσ ∈ D

1,2(R). Then
the process {Zσ ,σ ∈ [0, T ]}, belongs to L

1,2(L2(�,R)) and for a.a. s ∈ [0, T ]

Ds

∫ T

0
Zσ dWσ =Zs +

∫ T

0
DsZσ dWσ .

PROOF OF PROPOSITION 5.4. We extend the domain of the process X setting
Xτ = x for τ ∈ [0, t). This way the backward equation in system (5.1) has a
solution defined on [0, T ].

We define a sequence (Y n,Zn) setting Y 0 = 0, Z0 = 0 and letting (Y n+1,Zn+1)

be the pair such that, for τ ∈ [0, T ],

Yn+1
τ +

∫ T

τ
Zn+1
σ dWσ =−

∫ T

τ
ψ(σ,Xσ ,Y

n
σ ,Z

n
σ ) dσ + φ(XT ).

It has been shown in the proof of Proposition 4.3 (see also the remark following
that proposition) that the map (Y n,Zn) �→ (Y n+1,Zn+1) is a contraction in the
space L2

P (. × [0, T ];R) × L2
P (. × [0, T ];L2(�,R)), so that the sequence

converges to the solution (Y,Z) in the norm of this space. By the closedness of
the operator D, in order to prove point (i) of Proposition 5.4 it suffices to show
that Yn ∈ L

1,2(R) and Zn ∈ L
1,2(L2(�,R)) for every n and that (DYn,DZn) is

a bounded sequence in L2
P (. × [0, T ] × [0, T ];L2(�,R)) × L2

P (. × [0, T ] ×
[0, T ];L2(�,L2(�,R))).

Proceeding by induction, assume that Yn ∈ L
1,2(R) and Zn ∈ L

1,2(L2(�,R))

for some n. We claim that
∫ T
τ ψ(σ,Xσ ,Y

n
σ ,Z

n
σ ) dσ ∈ D

1,2(R) for every τ and for
a.a. s,

Ds

∫ T

τ
ψ(σ,Xσ ,Y

n
σ ,Z

n
σ ) dσ =

∫ T

τ
f n(s, σ ) dσ,(5.9)

where for brevity we set

f n(s, σ )= ∇xψ(σ,Xσ ,Y
n
σ ,Z

n
σ )DsXσ +∇yψ(σ,Xσ ,Y

n
σ ,Z

n
σ )DsY

n
σ

+∇zψ(σ,Xσ ,Y
n
σ ,Z

n
σ )DsZ

n
σ .

By Hypothesis 4.6 and the chain rule for the Malliavin derivative [Lemma 3.4(i)],
for a.a. σ we have ψ(σ,Xσ ,Y

n
σ ,Z

n
σ ) ∈ D

1,2
loc(R) and Dψ(σ,Xσ ,Y

n
σ ,Z

n
σ ) =

f n(·, σ ). If we can show that

E

∫ T

0

∫ T

0
|f n(s, σ )|2 ds dσ <∞,(5.10)

then, by Lemma 3.4(ii), ψ(σ,Xσ ,Y
n
σ ,Z

n
σ ) ∈ D

1,2(R) for a.a. σ and the claim
follows from Lemma 5.5(i). Next we prove (5.10). By the assumptions on ψ ,

|f n(s, σ )| ≤ L(1 + |Zn
σ |)(1 + |Xσ | + |Yn

σ |)m|DsXσ |
+L |DsY

n
σ | +L |DsZ

n
σ |.

(5.11)
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So setting In = ∫ T
0
∫ T
s (1 + |Zn

σ |)2(1 + |Xσ | + |Yn
σ |)2m|DsXσ |2 dσ ds, it suffices

to show that E In <∞. We will even show that

sup
n

E

∫ T

0

∫ T

s
(1 + |Zn

σ |)2(1 + |Xσ | + |Yn
σ |)2m|DsXσ |2 dσ ds <∞.(5.12)

By the Hölder inequality, for every p > 1, setting p′ = p/(p− 1),

In ≤
(

sup
σ∈[0,T ]

(1 + |Xσ | + |Yn
σ |)2m

)(∫ T

0
sup

σ∈[s,T ]
(σ − s)2γp′ |DsXσ |2p′

ds

)1/p′

×
(∫ T

0

(∫ T

s
(σ − s)−2γ (1 + |Zn

σ |)2 dσ

)p
dσ

)1/p

ds.

By the Minkowsky inequality,(∫ T

0

(∫ T

s
(σ − s)−2γ (1 + |Zn

σ |)2 dσ

)p
dσ

)1/p

ds

≤
∫ T

0
(1 + |Zn

σ |)2
(∫ σ

0
(σ − s)−2γp ds

)1/p

dσ

≤
∫ T

0
(1 + |Zn

σ |)2dσ

(∫ T

0
s−2γpds

)1/p

= c

∫ T

0
(1 + |Zn

σ |)2 dσ,

provided p is so small that 2γp < 1. Taking expectation, and using the Hölder
inequality again,

E In ≤ c

{
E sup

σ∈[0,T ]
(1 + |Xσ | + |Yn

σ |)4mp
}1/(2p){

E

(∫ T

0
(1 + |Zn

σ |)2 dσ

)2p}1/(2p)

×
{∫ T

0
E sup

σ∈[s,T ]
(σ − s)2γp′ |DsXσ |2p′

ds

}1/p′

.

Now (5.12) follows from (3.11) and Lemma 4.5. We have therefore completed the
proof that

∫ T
τ ψ(σ,Xσ ,Y

n
σ ,Z

n
σ ) dσ ∈ D

1,2(R) for every τ and for a.a. s and that
(5.9) holds.

By the chain rule, φ(XT ) ∈ D
1,2(R) and Dsφ(XT )=∇φ(XT )DsXT for a.a. s.

Since

Yn+1
τ = E

Fτ

(
−
∫ T

τ
ψ(σ,Xσ ,Y

n
σ ,Z

n
σ ) dσ + φ(XT )

)
,

we also have Yn+1
τ ∈ D

1,2(R) for every τ . This implies that∫ T

τ
Zn+1
σ dWσ =

∫ T

0
1[τ,T ](σ )Zn+1

σ dWσ ∈ D
1,2(R).
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It follows from Lemma 5.5(ii) that 1[τ,T ]Zn+1 ∈ L
1,2(L2(�,R)) and that for a.a.

s ∈ [0, T ],

DsY
n+1
τ + 1[τ,T ](s)Zn+1

s +
∫ T

τ
DsZ

n+1
σ dWσ

=−
∫ T

τ
∇xψ(σ,Xσ ,Y

n
σ ,Z

n
σ )DsXσ dσ

−
∫ T

τ
∇yψ(σ,Xσ ,Y

n
σ ,Z

n
σ )DsY

n
σ dσ

−
∫ T

τ
∇zψ(σ,Xσ ,Y

n
σ ,Z

n
σ )DsZ

n
σ dσ +∇φ(XT )DsXT .

(5.13)

Let us take s < τ in equality (5.13), so that 1[τ,T ](s)Zn+1
s = 0; then for a.a. s we

can apply the estimates (4.2) to the pair (DsYτ ,DsZτ ), τ ∈ [s, T ]; using again the
estimate (5.11) we obtain

E

∫ T

s
e2βσ (|DsY

n+1
σ |2 + |DsZ

n+1
σ |2) dσ

≤ (T − s)E sup
τ∈[s,T ]

e2βτ |DsYτ |2 +E

∫ T

s
e2βσ |DsZσ |2 dσ

≤ 8(1 + T )

β
E

∫ T

s
e2βσ |f n(s, σ )|2 dσ + 16(1 + T ) e2βT

E |∇φ(XT )DsXT |2

≤ 24L2(1 + T )

β
E

∫ T

s
e2βσ (|DsY

n
σ |2 + |DsZ

n
σ |2) dσ

+ 16(1 + T )L2 e2βT
E |DsXT |2

+ 24L2(1 + T )

β
E

∫ T

s
e2βσ (1 + |Zn

σ |)2(1 + |Xσ | + |Yn
σ |)2m|DsXσ |2 dσ.

Integrating over [0, T ] with respect to s and choosing β so large that α :=
24L2(1 + T )β−1 < 1 we obtain, setting bn = E

∫ T
0
∫ T
s e2βσ (|DsY

n
σ |2 + |DsZ

n
σ |2)

× dσ ds,

bn+1 ≤ α bn + 16(1 + T )L2 e2βT
E

∫ T

0
|DsXT |2 ds

+ 24L2(1 + T )

β

×E

∫ T

0

∫ T

s
e2βσ (1 + |Zn

σ |)2(1 + |Xσ | + |Yn
σ |)2m|DsXσ |2 dσ ds.
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It follows from (5.12) that supn bn < ∞. The required boundedness property
of (DYn,DZn) is verified. Now we have shown that Y ∈ L

1,2(R), Z ∈
L

1,2(L2(�,R)) and point (i) of the proposition is proved.
We proceed to point (ii). Repeating the arguments that led to (5.13), we conclude

that for a.a. s ∈ [0, T ],

DsYτ + 1[τ,T ](s)Zs +
∫ T

τ
DsZσ dWσ

=−
∫ T

τ
∇xψ(σ,Xσ ,Yσ ,Zσ )DsXσ dσ

−
∫ T

τ
∇yψ(σ,Xσ ,Yσ ,Zσ )DsYσdσ

−
∫ T

τ
∇zψ(σ,Xσ ,Yσ ,Zσ )DsZσ dσ +∇φ(XT )DsXT .

(5.14)

This shows that equality (5.7) holds P-a.s. for a.a. τ and s with τ > s.
Now let us fix s and define

f (s, σ,U,V )=∇xψ(σ,Xσ ,Yσ ,Zσ )DsXσ +∇yψ(σ,Xσ ,Yσ ,Zσ )U

+∇zψ(σ,Xσ ,Yσ ,Zσ )V .

Then (5.7) can be written as a backward equation: for a.a. τ ∈ [s, T ],

DsYτ +
∫ T

τ
DsZσ dWσ =−

∫ T

τ
f (s, σ,DsYτ ,DsZτ ) dσ

+∇φ(XT )DsXT .

(5.15)

Let us verify that the assumptions of Proposition 4.3 hold for this equation. The
Lipschitz condition for the map (U,V ) �→ f (s, σ,U,V ) follows from the assump-
tion |∇yψ| ≤ L, |∇zψ| ≤ L. The requirement that E

∫ T
s |f (s, σ,0,0)|2 dσ < ∞

can be verified as follows: first, by the assumptions on ψ we have the estimate∫ T

s
|f (s, σ,0,0)|2 dσ ≤ L2

∫ T

s
(1 + |Zσ |)2(1 + |Xσ | + |Yσ |)2m|DsXσ |2 dσ.

By the same arguments that led to (5.12) we obtain

E

∫ T

0

∫ T

s
|f (s, σ,0,0)|2 dσ ds

≤L2
E

∫ T

0

∫ T

s
(1 + |Zσ |)2(1 + |Xσ | + |Yσ |)2m|DsXσ |2 dσ ds <∞,

which shows that E
∫ T
s |f (s, σ,0,0)|2dσ <∞ holds for a.a. s. Finally,

E

∫ T

0
|∇xφ(XT )DsXT |2 ds ≤ L2

E

∫ T

0
|DsXT |2 ds <∞,
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which implies E |∇xφ(XT )DsXT |2 < ∞ for a.a. s. By Proposition 4.3, for a.a.
s the solution (DsYτ ,DsZτ ), τ ∈ [s, T ], belongs to the space L2

P (.;C([s, T ];
L2(�,R))) × L2(.×[s, T ];L2(�,L2(�,R))). It also follows that (5.15), hence
(5.7), is verified for all τ ∈ [s, T ]. Point (ii) of Proposition 5.4 is now proved.

To prove point (iii), we start from (5.15) and take the limit as τ ↓ s obtaining,
for a.a. s,

lim
τ↓s DsYτ =−

∫ T

s
DsZσ dWσ −

∫ T

s
f (s, σ,DsYτ ,DsZτ ) dσ +∇φ(XT )DsXT .

On the other hand, we may write (5.14) for a.a. τ and s with τ < s: recalling that
DsYτ = 0, we have

Zs +
∫ T

τ
DsZσ dWσ =−

∫ T

τ
f (s, σ,DsYτ ,DsZτ ) dσ +∇φ(XT )DsXT .

Taking the limit as τ ↑ s we obtain, for a.a. s,

Zs =−
∫ T

s
DsZσ dWσ −

∫ T

s
f (s, σ,DsYτ ,DsZτ ) dσ +∇φ(XT )DsXT .

This completes the proof of Proposition 5.4. �

The following result relates the Malliavin derivatives DY,DZ with the partial
Gâteaux derivatives ∇xY,∇xZ introduced in Proposition 5.2.

PROPOSITION 5.6. Assume Hypotheses 3.1,4.6 and 5.1. Then for a.a. s, τ
such that t ≤ s ≤ τ ≤ T we have

DsY (τ, t, x)=∇xY
(
τ, s,X(s, t, x)

)
G
(
s,X(s, t, x)

)
, P-a.s.,(5.16)

DsZ(τ, t, x)=∇xZ
(
τ, s,X(s, t, x)

)
G
(
s,X(s, t, x)

)
, P-a.s.(5.17)

Moreover, for a.a. s ∈ [t, T ],
Z(s, t, x)=∇xY

(
s, s,X(s, t, x)

)
G
(
s,X(s, t, x)

)
, P-a.s.(5.18)

PROOF. Proposition 5.2 states that for every s ∈ [0, T ] and every direction
h ∈H the directional derivative process (∇xY (τ, s, x)h,∇xZ(τ, s, x)h), τ ∈ [s, T ]
solves the equation, P-a.s.,

∇xY (τ, s, x)h+
∫ T

τ
∇xZ(σ, s, x)h dWσ

=−
∫ T

τ
∇xψ

(
σ,X(σ, s, x), Y (σ, s, x),Z(σ, s, x)

)∇xX(σ, s, x)h dσ

−
∫ T

τ
∇yψ

(
σ,X(σ, s, x), Y (σ, s, x),Z(σ, s, x)

)∇xY (σ, s, x)h dσ
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−
∫ T

τ
∇zψ

(
σ,X(σ, s, x), Y (σ, s, x),Z(σ, s, x)

)∇xZ(σ, s, x)h dσ

+∇φ(X(T , s, x))∇xX(T , s, x)h, τ ∈ [s, T ].

Given v ∈ � and t ∈ [0, s], we can replace x by X(s, t, x) and h by G(s,X(s, t,

x))v in this equation, since X(s, t, x) is Fs-measurable. Recalling Proposition 3.8
and taking into account the equalities (5.2) and (5.3) we obtain, P-a.s.,

∇xY
(
τ, s,X(s, t, x)

)
G
(
s,X(s, t, x)

)
v

+
∫ T

τ
∇xZ

(
σ, s,X(s, t, x)

)
G
(
s,X(s, t, x)

)
v dWσ

=−
∫ T

τ
∇xψ

(
σ,X(σ, t, x), Y (σ, t, x),Z(σ, t, x)

)
DsX(σ, t, x)v dσ

−
∫ T

τ
∇yψ

(
σ,X(σ, t, x), Y (σ, t, x),Z(σ, t, x)

)∇xY
(
σ, s,X(s, t, x)

)
×G

(
s,X(s, t, x)

)
v dσ

−
∫ T

τ
∇zψ

(
σ,X(σ, t, x), Y (σ, t, x),Z(σ, t, x)

)∇xZ
(
σ, s,X(s, t, x)

)
×G

(
s,X(s, t, x)

)
v dσ

+∇φ
(
X(T, t, x)

)∇xX
(
T, s,X(s, t, x)

)
G
(
s,X(s, t, x)

)
v, τ ∈ [s, T ].

Comparing with (5.7) we conclude that the pairs (DsY (τ, t, x)v,DsZ(τ, t, x)v)

and

(∇xY
(
τ, s,X(s, t, x)

)
G
(
s,X(s, t, x)

)
v,∇xZ

(
τ, s,X(s, t, x)

)
G
(
s,X(s, t, x)

)
v
)

solve the same backward equation for τ ∈ [s, T ]. Then the assertion follows from
the uniqueness property (compare Remark 4.4).

Finally, equality (5.18) follows immediately from (5.16) and (5.8). �

PROPOSITION 5.7. Assume Hypotheses 3.1, 4.6 and 5.1. Then the function
u(t, x)= Y (t, t, x) has the following properties:

(i) u ∈ G0,1([0, T ] ×H,R);
(ii) there exists C > 0 such that |∇xu(t, x)h| ≤ C|h|(1 + |x|(m+1)2

) for all
t ∈ [0, T ], x ∈H , h ∈H ;
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(iii) if, in addition,

sup
σ∈[0,T ],x∈H

|ψ(σ,x,0,0)|<∞, sup
x∈H

|φ(x)|<∞,

then supt∈[0,T ],x∈H |u(t, x)|<∞;
(iv) similarly if Hypothesis 4.6(iii) is replaced by (iii-bis) in Remark 4.9 then

|∇xu(t, x)h| ≤ c|h| for a suitable constant c and all x,h ∈H , t ∈ [0, T ].
PROOF. (i) Since Y (t, t, x) is deterministic, we have u(t, x) = EY (t, t, x).

So the map (t, x) → u(t, x) can be written as a composition letting u(t, x) =
+3(+2(t,+1(t, x))) with

+1: [0, T ] ×H →L
p
P (.;C([0, T ];R)), +1(t, x)= Y (·, t, x),

+2: [0, T ] ×L
p
P (.;C([0, T ];R))→Lp(.;R), +2(t,U)=U(t),

+3: Lp(.;R)→ R, +3ζ = Eζ.

By Proposition 5.2, +1 ∈ G0,1. The inequality

|U(t)− V (s)|Lp(.;R) ≤ |U(t)−U(s)|Lp(.;R) + |U − V |Lp
P (.;C([0,T ];R))

shows that +2 is continuous; moreover +2 is clearly linear in the second variable.
Finally +3 is a bounded linear operator. Then the assertion follows from the chain
rule.

(ii) This is an immediate consequence on the estimate in Proposition 5.2:
indeed,

|u(t, x)|2 = |Y (t, t, x)|2 = E |Y (t, t, x)|2 ≤ sup
τ∈[t,T ]

E |Y (τ, t, x)|2.

(iii) Since (Y,Z) is a solution of the backward equation, the estimate in Prop-
osition 4.3 yields

sup
τ∈[t,T ]

E |Y (τ, t, x)|2 ≤ cE

∫ T

0

∣∣ψ(σ,X(σ, t, x),0,0
)∣∣2 dσ

+ cE
∣∣φ(X(σ, t, x)

)∣∣2 ≤ c.

(iv) This follows immediately by Remarks 4.9 and 5.3. �

6. Mild solutions of the Kolmogorov nonlinear equation. We denote by
Bp(H) the set of measurable functions φ: H → R with polynomial growth, that
is, such that supx∈H |φ(x)|(1 + |x|a)−1 <∞ for some a > 0.

Let X(τ, t, x), τ ∈ [t, T ], denote the solution of the stochastic equation

Xτ = e(τ−t)Ax +
∫ τ

t
e(τ−σ)AF (σ,Xσ ) dσ +

∫ τ

t
e(τ−σ)AG(σ,Xσ ) dWσ ,

where A, F , G, satisfy the assumptions in Hypothesis 3.1. The transition
semigroup Pt,τ is defined for arbitrary φ ∈ Bp(H) by the formula
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Pt,τ [φ](x)= Eφ
(
X(τ, t, x)

)
, x ∈H.

The estimate E supτ∈[t,T ] |Xτ |p ≤ C(1 + |x|)p [see (3.6)] shows that Pt,τ is well
defined as a linear operator Bp(H)→Bp(H); the semigroup property Pt,sPs,τ =
Pt,τ , t ≤ s ≤ τ , is well known.

Let us denote by Lt the generator of Pt,τ :

Lt [φ](x)= 1
2 Trace

(
G(t, x)G(t, x)∗∇2φ(x)

)+ 〈Ax + F(t, x),∇φ(x)〉,
where ∇φ and ∇2φ are first and second Gâteaux derivatives of φ [identified
with elements of H and L(H) respectively]. This definition is formal, since the
domain of Lt is not specified; however, if φ is sufficiently regular, the function
v(t, x)= Pt,T [φ](x), is a classical solution of the backward Kolmogorov equation:

∂v(t, x)

∂t
+Lt [v(t, ·)](x)= 0, t ∈ [0, T ], x ∈H,

v(T , x)= φ(x).

We refer to [9] and [41] for a detailed exposition. When φ is not regular, the
function v(t, x) = Pt,T [φ](x) can be considered as a generalized solution of the
backward Kolmogorov equation.

Here we are interested in a generalization of this equation, written formally as
∂u(t, x)

∂t
+Lt [u(t, ·)](x)=ψ

(
t, x, u(t, x),G(t, x)∗∇xu(t, x)

)
,

t ∈ [0, T ], x ∈H,

u(T , x)= φ(x).

(6.1)

We will refer to this equation as the nonlinear Kolmogorov equation. ψ : [0, T ] ×
H × R×�→ R is a given function verifying (4.6) and ∇xu(t, x) is the Gâteaux
derivative of u(t, x) with respect to x: it is identified with an element of H , so that
G(t, x)∗∇xu(t, x) ∈�.

Now we define the notion of solution of the nonlinear Kolmogorov equation.
We consider the variation of constants formula for (6.1):

u(t, x)=−
∫ T

t
Pt,τ

[
ψ
(
τ, ·, u(τ, ·),G(τ, ·)∗∇xu(τ, ·))](x) dτ

+Pt,T [φ](x), t ∈ [0, T ], x ∈H,

(6.2)

and we notice that formula (6.2) is meaningful, provided ψ(t, ·, ·, ·), u(t, ·)
and ∇xu(t, ·) have polynomial growth (and, of course, provided they satisfy
appropriate measurability assumptions). We use this formula as a definition for
the solution of (6.1):

DEFINITION 6.1. We say that a function u: [0, T ]×H → R is a mild solution
of the non linear Kolmogorov equation (6.1) if the following conditions hold:
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(i) u ∈ G0,1([0, T ] ×H,R);
(ii) there exists C > 0 and d ∈ N such that |∇xu(t, x)h| ≤ C|h|(1 + |x|d) for

all t ∈ [0, T ], x ∈H , h ∈H ;
(iii) equality (6.2) holds.

REMARK 6.1. An equivalent formulation of (6.1) or (6.2) would be the
following: we consider the Gâteaux derivative ∇xu(t, x) as an element of �∗ =
L(�,R) = L2(�,R), we take a function ψ : [0, T ] × H × R × L2(�,R) → R

and we write the equation in the form

∂u(t, x)

∂t
+Lt [u(t, ·)](x)=ψ

(
t, x, u(t, x),∇xu(t, x)G(t, x)

)
.

The two forms are clearly equivalent provided we identify �∗ =L2(�,R) with �

by the Riesz isometry. This will be done in the sequel. In particular, although we
keep the notation in (6.1), we will sometimes consider ψ as a real valued function
defined on [0, T ] ×H ×R×L2(�,R), satisfying Hypothesis 4.6 with K = R.

We are now ready to state the main result of this paper.

THEOREM 6.2. Assume that Hypothesis 3.1 holds, and let ψ , φ be functions
satisfying the assumptions in Hypotheses 4.6 (with K = R) and 5.1. Then there
exists a unique mild solution of the nonlinear Kolmogorov equation (6.1).

The solution u is given by the formula

u(t, x)= Y (t, t, x),(6.3)

where (X,Y,Z) is the solution of the backward–forward system (5.1).
If, in addition, supt∈[0,T ],x∈H |ψ(t, x,0,0)| < ∞ and φ is bounded then u is

also bounded.
Similarly if |∇xψ| is bounded then |∇xu| is also bounded.

PROOF (Existence). By Proposition 5.7, the solution u has the regularity
properties stated in Definition 6.1 and the last two statements of the claim hold.
It remains to verify that equality (6.2) holds. To this end we first fix t ∈ [0, T ] and
x ∈H . We note that

ψ
(
τ, ·, u(τ, ·),G(τ, ·)∗∇xu(τ, ·))= ψ

(
τ, ·, Y (τ, τ, ·),G(τ, ·)∗∇xY (τ, τ, ·))

so that

Pt,τ

[
ψ
(
τ, ·, u(τ, ·),G(τ, ·)∗∇xu(τ, ·))](x)

= Eψ
(
τ,X(τ, t, x), Y

(
τ, τ,X(τ, t, x)

)
,G

(
τ,X(τ, t, x)

)∗
×∇xY

(
τ, τ,X(τ, t, x)

))
.

We recall the identity, P-a.s., Y (τ, τ,X(τ, t, x)) = Y (τ, t, x) for τ ∈ [t, T ]
[compare (5.3)], and equality (5.18), which can be written in the present notation
as
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Z(τ, t, x)=G
(
τ,X(τ, t, x)

)∗∇xY
(
τ, τ,X(τ, t, x)

)
,

P-a.s. for a.a. τ ∈ [t, T ].(6.4)

It follows that∫ T

t
Pt,τ

[
ψ
(
τ, ·, u(τ, ·),G(τ, ·)∗∇xu(τ, ·))](x) dτ

= E

∫ T

t
ψ
(
τ,X(τ, t, x), Y (τ, t, x),Z(τ, t, x)

)
dτ.

(6.5)

The backward equation of system (5.1) for τ = t is

Y (t, t, x)+
∫ T

t
Zτ dWτ

=−
∫ T

t
ψ
(
τ,X(τ, t, x), Y (τ, t, x),Z(τ, t, x)

)
dτ + φ

(
X(T, t, x)

)
.

Taking expectation we obtain

u(t, x)=−E

∫ T

t
ψ
(
τ,X(τ, t, x), Y (τ, t, x),Z(τ, t, x)

)
dτ + Pt,T [φ](x).

Comparing with (6.5) gives the required equality (6.2).

(Uniqueness.) Let u be a mild solution. We look for a convenient expression
for the process u(s,X(s, t, x)), s ∈ [t, T ]. By (6.2) and the definition of Pt,τ , for
every s ∈ [t, T ] and x ∈H ,

u(s, x)= E
[
φ
(
X(T, s, x)

)]
−E

[∫ T

s
ψ
(
τ,X(τ, s, x), u

(
τ,X(τ, s, x)

)
,

G
(
τ,X(τ, s, x)

)∗∇xu
(
τ,X(τ, s, x)

))
dτ

]
.

Since X(τ, s, x) is Fs-measurable, we can replace the expectation by the
conditional expectation given Fs :

u(s, x)= E
Fs
[
φ
(
X(T, s, x)

)]−E
Fs

[∫ T

s
ψ
(
τ,X(τ, s, x), u

(
τ,X(τ, s, x)

)
,

G
(
τ,X(τ, s, x)

)∗∇xu
(
τ,X(τ, s, x)

))
dτ

]
.

For the same reason, we can replace x by X(s, t, x) and use the equality

X
(
τ, s,X(s, t, x)

)=X(τ, t, x), P-a.s. for τ ∈ [s, T ].
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We arrive at

u
(
s,X(s, t, x)

)
= E

Fs
[
φ
(
X(T, t, x)

)]−E
Fs

[∫ T

s
ψ
(
τ,X(τ, t, x), u

(
τ,X(τ, t, x)

)
,

G
(
τ,X(τ, t, x)

)∗∇xu
(
τ,X(τ, t, x)

))
dτ

]
= E

Fs [ξ ] +
∫ s

t
ψ
(
τ,X(τ, t, x), u

(
τ,X(τ, t, x)

)
,

G
(
τ,X(τ, t, x)

)∗∇xu
(
τ,X(τ, t, x)

))
dτ,

where we have defined

ξ = φ
(
X(T, t, x)

)− ∫ T

t
ψ
(
τ,X(τ, t, x), u

(
τ,X(τ, t, x)

)
,G

(
τ,X(τ, t, x)

)∗
×∇xu

(
τ,X(τ, t, x)

))
dτ.

We note that E
Ft [ξ ] = E

Ft u(s,X(s, t, x)) = u(t, x). Since ξ ∈ L2(.;R) is FT -
measurable, by the representation theorem recalled in Proposition 4.1, there
exists Z̃ ∈ L2

P (. × [t, T ];L2(�,R)) such that E
Fs [ξ ] = ∫ s

t Z̃τ dWτ + u(t, x).
We conclude that the process u(s,X(s, t, x)), s ∈ [t, T ] is a (real) continuous
semimartingale with canonical decomposition

u(s,X(s, t, x))=
∫ s

t
Z̃τ dWτ + u(t, x)

+
∫ s

t
ψ
(
τ,X(τ, t, x), u

(
τ,X(τ, t, x)

)
,

G
(
τ,X(τ, t, x)

)∗∇xu
(
τ,X(τ, t, x)

))
dτ,

(6.6)

into its continuous martingale part and continuous finite variation part. Let {ei}
denote a basis of the space � and consider the standard real Wiener process
Wi

τ =
∫ τ

0 〈ei, dWσ 〉, τ ≥ 0. Now we need the following lemma:

LEMMA 6.3. For every i, the joint quadratic variation process of u(s,X(s,

t, x)) and Wi
s , s ∈ [t, T ], is∫ s

t
∇xu

(
τ,X(τ, t, x)

)
G
(
τ,X(τ, t, x)

)
ei dτ, s ∈ [t, T ].(6.7)

We assume the lemma for the moment. Taking into account the canonical
decomposition (6.6), we note that the process (6.7) can also be obtained as the joint
quadratic variation process between Wi

s , s ∈ [t, T ], and the process
∫ s
t Z̃τ dWτ .

This yields the identity
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t
∇xu

(
τ,X(τ, t, x)

)
G
(
τ,X(τ, t, x)

)
ei dτ =

∫ s

t
〈Z̃τ , ei〉 dτ, s ∈ [t, T ].

Therefore, for a.a. τ ∈ [t, T ], we have, P-a.s.,

∇xu
(
τ,X(τ, t, x)

)
G
(
τ,X(τ, t, x)

)
ei = 〈Z̃τ , ei〉,

for every i. Identifying ∇xu(t, x) with an element of �, we conclude that for a.a.
τ ∈ [t, T ],

G
(
τ,X(τ, t, x)

)∗∇xu
(
τ,X(τ, t, x)

)= Z̃τ .

Substituting into (6.6) we obtain

u
(
s,X(s, t, x)

)= ∫ s

t
G
(
τ,X(τ, t, x)

)∗∇xu
(
τ,X(τ, t, x)

)
dWτ + u(t, x)

+
∫ s

t
ψ
(
τ,X(τ, t, x), u

(
τ,X(τ, t, x)

)
,

G
(
τ,X(τ, t, x)

)∗∇xu
(
τ,X(τ, t, x)

))
dτ,

(6.8)

for s ∈ [t, T ]. Since u(T ,X(T , t, x))= φ(X(T , t, x)), we also have

u
(
s,X(s, t, x)

)+ ∫ T

s
G
(
τ,X(τ, t, x)

)∗∇xu
(
τ,X(τ, t, x)

)
dWτ

= φ
(
X(T, t, x)

)− ∫ T

s
ψ
(
τ,X(τ, t, x), u

(
τ,X(τ, t, x)

)
,

G
(
τ,X(τ, t, x)

)∗∇xu
(
τ,X(τ, t, x)

))
dτ,

for s ∈ [t, T ]. Comparing with the backward equation in (5.1) we note that the
pairs (

Y (s, t, x),Z(s, t, x)
)

and (
u
(
s,X(s, t, x)

)
,G

(
s,X(s, t, x)

)∗∇xu
(
s,X(s, t, x)

))
, s ∈ [t, T ],

solve the same equation. By uniqueness, we have in particular Y (s, t, x) =
u(s,X(s, t, x)), s ∈ [t, T ]. Setting s = t we obtain Y (t, t, x)= u(t, x). �

It remains to prove Lemma 6.3. We need to introduce the following class of
processes.

DEFINITION 6.2. Let {ei} be a basis of �. We say that a process q belongs
to the class Lc if q ∈ CP ([0, T ];L2(.,R))∩L

1,2(R) and for every i there exists
a version of Dq such that the map (τ, s) �→Dsqτ ei , defined for t ≤ s ≤ τ ≤ T , is
continuous (hence uniformly continuous and bounded) with values in L2(.,R).
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For q ∈ Lc, we define

D+
s qsei = lim

τ↓s Dsqτ ei,

in the norm of L2(.;R).

This definition is modeled after [33], Definition 7.2. Note that we need only
consider adapted processes, so that in particular Dsqτ = 0, P-a.s. for a.a. s > τ .

The following result can be proved as an easy adaptation of Theorem 7.6 in
[33], taking into account the extensions to the case of infinite-dimensional Wiener
process W in [20], Définition 5.2 and Théorème 5.3, so we omit the proof. Recall
that we set Wi

τ =
∫ τ

0 〈ei, dWσ 〉, τ ≥ 0.

LEMMA 6.4. If q ∈ Lc then, for every i, the joint quadratic variation process
of qτ and Wi

τ , τ ∈ [0, T ], is∫ τ

0
D+

s qsei ds, τ ∈ [0, T ].(6.9)

Now we can prove Lemma 6.3. We define qτ = u(τ,X(τ, t, x)) for τ ∈ [t, T ]
and qτ = u(t, x) for τ ∈ [0, t). Since X ∈ Lr

P (.;C([0, T ];H)) for every r ≥ 2,
u is continuous and u(t, ·) has polynomial growth (uniformly in t), it is easily
proved that q ∈ CP ([0, T ];L2(.;R)). Next, since u ∈ G0,1([0, T ] × H,R), by
the chain rule stated in Lemma 3.4(i) we have qτ ∈ D

1,2
loc (R) for a.a. τ ∈ [t, T ] and

Dsqτ =∇xu
(
τ,X(τ, t, x)

)
DsX(τ, t, x), P-a.s. for a.a. s.

Next we have, for some constant c,∫ T

0
|Dsqτ |2L2(�,R) ds

=
∫ τ

t

∣∣∇xu
(
τ,X(τ, t, x)

)
DsX(τ, t, x)

∣∣2
L2(�,R) ds

≤ c
(
1 + |X(τ, t, x)|2d ) ∫ τ

t
|DsX(τ, t, x)|2L2(�,H) ds

≤ c
(
1 + |X(τ, t, x)|2d )

×
∫ τ

t
(τ − s)−2γ

[
sup

σ∈[s,T ]
(σ − s)2γ |DsX(σ, t, x)|2L2(�,H)

]
ds

≤ c
(
1 + |X(τ, t, x)|2d )(∫ τ

t
(τ − s)−2γp

)1/p

×
(∫ τ

t

[
sup

σ∈[s,T ]
(σ − s)2γp′ |DsX(σ, t, x)|2p′

L2(�,H)

]
ds

)1/p′
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where p > 1 is so small that 2γp < 1 and p′ := p/(p − 1). Taking expectation
and using the Hölder inequality we obtain

E

∫ T

0
|Dsqτ |2 ds ≤ c

(
1 + |X(·, t, x)|2d

L
2dp
P (.;C([0,T ];H))

)

×
(∫ τ

t
E

[
sup

σ∈[s,T ]
(σ − s)2γp′ |DsX(σ, t, x)|2p′

L2(�,H)

]
ds

)1/p′

.

From (3.11) it follows that E
∫ T

0 |Dsqτ |2 ds ≤ c for some constant c independent
of τ ; by Lemma 3.4(iii) we have qτ ∈ D

1,2(R) and we even conclude that q ∈
L

1,2(R). By Proposition 3.5(iv), the map (s, τ ) �→ DsXτ ei , defined for t ≤ s ≤
τ ≤ T , is continuous (hence uniformly continuous and bounded) with values in
Lp(.;H), for every p ≥ 2. Using the strong continuity and polynomial growth of
∇xu it is easy to conclude that Dqei has the properties stated in Definition 6.2 and
taking the limit as τ ↓ s,

D+
s qsei =∇xu

(
s,X(s, t, x)

)
G
(
s,X(s, t, x)

)
ei,

for a.a. s ∈ [t, T ]. Clearly, D+
s qsei = 0 for a.a. s ∈ [0, t], by the definition of q .

Now the equality (6.7) follows from an application of Lemma 6.4.

7. Application to optimal control. We wish to apply the previous results
to perform the synthesis of the optimal control for a general nonlinear control
system. We will show (see Example 7.3.1) that the generality of the model that
our approach allows (particularly in the direction of the degeneracy of the noise)
is essential to treat models of great importance in mathematical finance.

To be able to use nonsmooth feedbacks we settle the problem in the framework
of weak control problems (see [12]).

Again H , �, U denote Hilbert spaces. Fixed t0 ≥ 0 and x0 ∈H an admissible
control system (a.c.s.) is given by (.,E ,Ft ,P,Wt, u) where:

• (.,E ,P) is a probability space,
• {Ft : t ≥ 0} is a filtration in it, satisfying the usual conditions,
• {Wt : t ≥ 0} is a cylindrical P-Wiener process with values in � and adapted to

the filtration {Ft},
• u ∈ L2

P (. × [t0, T ];U) satisfies the constraint: u(t) ∈ U, P-a.s. for a.a. t ∈
[t0, T ], where U is a fixed bounded subset of U .

To each a.c.s. we associate the mild solution Xu ∈ CP ([t0, T ];L2(.;H)) of the
state equation

dXu
τ =

(
AXu

τ + F(τ,Xu
τ )+G(τ,Xu

τ )R(τ,X
u
τ )u(τ )

)
dτ

+G(τ,Xτ ) dWτ, τ ∈ [t0, T ],
Xt0 = x0 ∈H,

(7.1)
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and the cost

J (t0, x0, u)= E

∫ T

t0

g
(
σ,Xu

σ ,u(σ )
)
dσ +Eφ(Xu

T ).(7.2)

Our purpose is to minimize the functional J over all a.c.s. Notice the occurrence
of the operator G in the control term: this special structure of the state equation is
imposed by our techniques and seems to be essential in different contexts as well
(see [15]). On the contrary the presence of the operator R allows more generality.

We define in a classical way the Hamiltonian function relative to the above
problem: for all t ∈ [0, T ], x ∈H , p ∈ U ,

ψ0(t, x,p)= inf{g(t, x, u)+ 〈p,u〉 :u ∈U}.(7.3)

We make the following assumption.

HYPOTHESIS 7.1. The following hold:
1. A,F and G verify Hypothesis 3.1.
2. R: [0, T ]×H →L(U,�) enjoys the following: R∗z is measurable [0, T ]×H

→ U for every z ∈�; R∗(t, ·)z belongs to G1(H,U) for every t ∈ [0, T ], z ∈�;
finally |R(t, x)|L(�,U) ≤ L and |∇x(R(t, x)

∗z)h| ≤ L |z| |h| for a suitable
constant L> 0 and all t ∈ [0, T ], z ∈�, x,h ∈H .

3. g ∈ C([0, T ]×H×U ;R)with |g(σ, x,u)| ≤ L(1+|x|m) for suitable constants
L> 0, m≥ 0 and all t ∈ [0, T ], x ∈H , u ∈U.

4. φ satisfies Hypothesis 5.1.
5. ψ0: [0, T ] × H × U → R is a measurable map; moreover for every t ∈

[0, T ], ψ0(t, ·, ·) belongs to G0,1,1([0, T ] × H × U,R) with |ψ0(t,0,0)|
≤ L, |∇pψ0(t, x,p)v| ≤ L|v|, |∇xψ0(t, x,p)h| ≤ L|h|(1 + |p|)(1 + |x|m) for
suitable constants L> 0, m≥ 0 and all t ∈ [0, T ], x,h ∈H and p,v ∈U .

6. For all t ∈ [0, T ], x ∈ Hand p ∈ U there exists a unique +(t, x,p) ∈ U that
realizes the minimum in (7.3). Namely

g
(
t, x,+(t, x,p)

)+ 〈p,+(t, x,p)〉 =ψ0(t, x,p).

Moreover, + ∈C([0, T ] ×H ×U ;U).

Finally, we define

ψ(t, x, z)=−ψ0
(
t, x,R(t, x)∗z

)
, t ∈ [0, T ], x ∈H,z ∈�.

EXAMPLE 7.1.1. If U is the ball {v ∈ U : |v| ≤ r} for some fixed r > 0,
and g(t, x, u) = g0(|u|α) + g1(t, x) with g0 ∈ C1(R+;R

+) convex, g′0(0) > 0,
α > 1, g1 ∈ G0,1([0, T ] ×H,R) with |g1(t,0)| ≤ L and |∇xg1(t, x)h| ≤ L|h|(1 +
|x|m) for suitable constants L > 0, m ≥ 0 and all t ∈ [0, T ], x,h ∈ H then
Hypothesis 7.1 holds. Moreover ψ0(t, x,p) is Fréchet differentiable with respect
to p and +(t, x,p)=∇pψ0(t, x,p) turns out to be a function of p only.
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Notice that, identifying � with L2(�,R), the function ψ : [0, T ] × H ×
L2(�,R)→ R verifies Hypothesis 4.6 with K = R. Therefore by Theorem 6.2 the
Hamilton–Jacobi–Bellman equation relative to the above stated problem, namely,

∂v(t, x)

∂t
+Lt [v(t, ·)](x)

=ψ
(
t, x, v(t, x),G(t, x)∗∇xv(t, x)

)
, t ∈ [0, T ], x ∈H,

v(T , x)= φ(x),

(7.4)

admits a unique mild solution.
We are in a position to prove the main result of this section:

THEOREM 7.2. Assume Hypothesis 7.1. For all a.c.s. we have J (t0, x0, u)≥
v(t0, x0) and the equality holds if and only if the following feedback law is verified
by u and Xu:

u(σ )= +(σ,Xu
σ ,R(σ,X

u
σ )

∗G(σ,Xu
σ )

∗∇xv(σ,X
u
σ )),

P-a.s. for a.a. σ ∈ [t0, T ].(7.5)

Finally there exists at least an a.c.s. for which (7.5) holds. In such a system the
closed loop equation

dXτ =AXτ dτ

+G(τ,Xτ )R(τ,Xτ )+
(
τ,Xτ ,R(τ,Xτ )

∗G(τ,Xτ )
∗∇xv(τ,Xτ )

)
dτ

+F(τ,Xτ ) dτ +G(τ,Xτ ) dWτ, τ ∈ [t0, T ],
Xt0 = x0 ∈H,

(7.6)

admits a solution and if u(σ )= +(σ,Xσ ,R(σ,Xσ )
∗G(σ,Xσ )

∗∇xv(σ,Xσ )) then
the couple (u,X) is optimal for the control problem.

PROOF. For all a.c.s., setting u(s) = 0 for s < t0, the Girsanov theorem
ensures that there exists a probability measure P̃ on . such that

W̃t :=Wt +
∫ t

0
R(σ,Xu

σ )u(σ ) dσ

is a P̃-wiener process (notice that u is bounded, since it takes values in U).
Relatively to W̃ equation (7.1) can be rewritten{

dXu
τ =AXu

τ dτ + F(τ,Xu
τ ) dτ +G(τ,Xτ ) dW̃τ , τ ∈ [t0, T ],

Xt0 = x0 ∈H.
(7.7)

The process Xu turns out to be adapted to the filtration {F̃t} generated by W̃ and
completed in the usual way. In the space (.,E , {F̃t}, P̃), for arbitrary t, x, we can
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consider the system of forward–backward equations

X̃(τ, t, x)= e(τ−t)Ax +
∫ τ

t
e(τ−σ)AF

(
σ, X̃(σ, t, x)

)
dσ

+
∫ τ

t
e(τ−σ)AG

(
σ, X̃(σ, t, x)

)
dW̃σ ,

Ỹ (τ, t, x)+
∫ T

τ
Z̃(σ, t, x)dW̃σ

=−
∫ T

τ
ψ
(
σ, X̃(σ, t, x), Z̃(σ, t, x)

)
dσ + φ

(
X̃(T , t, x)

)
.

(7.8)

We notice that X̃(σ, t0, x0) = Xu
σ . Writing the backward equation in (7.8) for

t = t0, x = x0 and with respect to the original process W we get

Ỹ (τ, t0, x0)+
∫ T

τ
Z̃(σ, t0, x0) dWσ

=−
∫ T

τ

[
ψ
(
σ,Xu

σ , Z̃(σ, t0, x0)
)+ Z̃(σ, t0, x0)R(σ,X

u
σ )u(σ )

]
dσ

+φ(Xu
T ).

(7.9)

Now we identify L2(�,R) with � (and ∇xv with an element of H ) and we
recall equalities (6.3) and (6.4) which can be written in the present notation as
Ỹ (t0, t0, x0)= v(t0, x0),

Z̃(τ, t0, x0)=G
(
τ, X̃(τ, t0, x0)

)∗∇xv
(
τ, X̃(τ, t0, x0)

)=G(τ,Xu
τ )

∗∇xv(τ,X
u
τ ).

Taking expectation with respect to the original probability P in (7.9) and taking
into account the definition of ψ we obtain

Eφ(Xu
T )− v(t0, x0)=−E

∫ T

t0

ψ0
(
σ,Xu

σ ,R(σ,X
u
σ )

∗G(σ,Xu
σ )

∗∇xv(σ,X
u
σ )
)
dσ

+E

∫ T

t0

〈R(σ,Xu
σ )

∗G(σ,Xu
σ )

∗∇xv(σ,X
u
σ ), u(σ )〉dσ.

Adding and subtracting E
∫ T
t0
g(σ,Xu

σ ,u(σ )) dσ we conclude

J (t0, x0, u)= v(t0, x0)

+E

∫ T

t0

[−ψ0
(
σ,Xu

σ ,R(σ,X
u
σ )

∗G(σ,Xu
σ )

∗∇xv(σ,X
u
σ )
)

+〈R(σ,Xu
σ )

∗G(σ,Xu
σ )

∗∇xv(σ,X
u
σ ), u(σ )〉

+g
(
σ,Xu

σ ,u(σ )
)]
dσ.

(7.10)

The above equality is known as the fundamental relation and immediately implies
that v(t0, x0)≤ J (t0, x0, u) and that the equality holds if and only if (7.5) holds.
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Finally the existence of a weak solution to equation (7.6) is again a consequence
of the Girsanov theorem. Namely let X ∈ CP ([t0, T ];L2(.;H)) be the mild
solution of {

dXτ =AXτ dτ + F(τ,Xτ ) dτ +G(τ,Xτ ) dWτ,

Xt0 = x0,

and let P̂ be the probability on . under which

Ŵt := −
∫ t

0
R(σ,Xσ)+

(
σ,Xσ ,R(σ,Xσ )

∗G(σ,Xσ )
∗∇xv(σ,Xσ )

)
dσ +Wt

is a Wiener process (notice that + is bounded, since it takes values in U). Then X

is the mild solution of equation (7.6) relatively to the probability P̂ and the Wiener
process Ŵ . �

REMARK 7.3. Assume Hypothesis 7.1 and, in addition, that the following
hold:

(i) |∇xψ(t, x,p)h| ≤ L|h| for a suitable constant L and all t ∈ [0, T ], x,h ∈
H and p ∈ U ;

(ii) supt∈[0,T ],x∈H |G(t, x)|L(�,H) <∞;
(iii) +(t, ·, ·): H × U → U and ∇xv(t, ·): H → H are globally Lipschitz,

uniformly with respect to t ∈ [0, T ].
Notice that for (i) to hold it is sufficient that R is independent of x and |∇xψ0|

is uniformly bounded. Moreover, by the last statement in Theorem 6.2, (i) implies
that |∇xv| is uniformly bounded.

Now let (.,E ,P) be a fixed in advance probability space with a given filtration
{Ft : t ≥ 0} satisfying the usual conditions, and let W be a given cylindrical P-
Wiener process in �, adapted to {Ft }. Then equation (7.6) admits a unique mild
solution X ∈ CP ([t0, T ];L2(.;H)), since it has globally Lipschitz coefficients.
Therefore the control

u(σ )= +
(
σ,Xσ ,R(σ,Xσ )

∗G(σ,Xσ )
∗∇xv(σ,Xσ )

)
is the unique optimal control for the control problem in the strong formulation,
namely J (t0, x0, u ) = infJ (t0, x0, u) where the infimum is taken over all u ∈
L2

P (.× [t0, T ];U) satisfying u(t) ∈ U, P-a.s. for a.a. t ∈ [t0, T ].

In the following example we show that our results can be applied to a
model of great interest in mathematical finance, where absence of nondegeneracy
assumptions reveals to be essential. A similar problem is studied in [15] by analytic
techniques; in that paper, however, weak nondegeneracy assumptions have still to
be required.
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EXAMPLE 7.3.1. We consider the so called Musiela parameterization of the
Heath–Jarrow–Morton model for the forward rate curve f of a zero coupon
bond: see [31]; here we follow [42], where an infinite-dimensional formulation
is introduced. f (t, ξ), t ≥ 0, ξ ≥ 0, is a real valued process satisfying

dtf (t, ξ)=
(
∂f

∂ξ
(t, ξ)+

d∑
j=1

σj
(
ξ, f (t, ξ)

) ∫ ξ

0
σj
(
η,f (t, η)

)
dη

)
dt

+
d∑

j=1

σj
(
ξ, f (t, ξ)

)
dβj (t),

f (0, ξ) = x(ξ), x ∈L2
ρ(0,+∞),

where ρ > 0 is a given parameter and L2
ρ(0,+∞) is the space of measurable

functions on [0,+∞) such that
∫ +∞

0 e−ρξx2(ξ) dξ < +∞, endowed with the
natural norm. σj , j = 1, . . . , d , are given functions R

+ × R → R, continuous,
bounded and differentiable in the second variable with uniformly bounded
derivative. Finally, βj , j = 1, . . . , d , are independent real Wiener processes. In the
above equation the state space L2

ρ(0,+∞) is infinite dimensional while the noise
is finite dimensional. Consequently the associated Kolmogorov and Hamilton–
Jacobi–Bellman equations are highly degenerate.

By our general results we can treat for instance the control problem for the
forward rate given by the state equation

dty(t, ξ)=
(
∂y

∂ξ
(t, ξ)+

d∑
j=1

σj
(
ξ, y(t, ξ)

)
uj (t, ξ)

+
d∑

j=1

σj
(
ξ, y(t, ξ)

) ∫ ξ

0
σj (η, y(t, η))dη

)
dt

+
d∑

j=1

σj
(
ξ, y(t, ξ)

)
dβj (t),

y(t, ξ)= x(ξ), x ∈L2
ρ(0,+∞),

and the nonlinear cost

J (t, x, u)= E

∫ T

t
g0
(|u(s)|α

Rd

)
ds

+E

∫ T

t

∫ +∞
0

e−ρξg1
(
s, y(s, ξ)

)
dξ ds

+E

∫ +∞
0

e−ρξφ
(
y(T , ξ)

)
dξ,
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that we wish to minimize over all controls u= (u1, . . . , ud) ∈ L2
P ([t, T ] ×.;R

d)

satisfying the constraint |u(s)|Rd ≤ r , P-a.s., for a fixed r > 0 and a.a. s ∈ [t, T ].
We assume that g0 ∈ C1(R+;R

+) is convex with g′0(0) > 0 and φ(y), g1(t, y),
y ∈ R, t ≥ 0 are continuous real functions differentiable with respect to y with
bounded and continuous first derivative. α > 1 is a given constant.

The above problem falls under the scope of the general results proved in
this section letting U = � = R

d and Wt = (β1(t), . . . , βd(t)), t ≥ 0. We also
define H =L2

ρ(0,+∞) and etA the shift operators: (etAx)(ξ)= x(t + ξ), x ∈H ,
t, ξ ≥ 0. Next we define coefficients G and F ,

G(y)v(ξ)=
d∑

j=1

vjσj
(
ξ, y(ξ)

)
, v ∈ R

d,

F (y)(ξ)=
d∑

j=1

σj
(
ξ, y(ξ)

) ∫ ξ

0
σj
(
η, y(η)

)
dη,

and we take R to be the identity operator. Finally, the functions φ, g1 give
rise to the Nemytskii operators H → H , x(·) �→ φ(x(·)), and [0, T ] × H → H ,
(t, x(·)) �→ g1(t, x(·)); notice that they belong to the required classes G of Gâteaux
differentiable functions even if they are not Fréchet differentiable on H .

Then Theorem 7.2 can be applied and we obtain a characterization of the
optimal control by a feedback law.
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