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CLUSTER SETS FOR A GENERALIZED LAW OF THE
ITERATED LOGARITHM IN BANACH SPACES

By U. EINMAHL! AND J. KUELBS?

Vrije Universiteit Brussel and University of Wisconsin—-Madison

We identify the possible cluster sets for a general law of the iterated
logarithm in the Banach space setting, and show that all the possible limit
sets arise as cluster sets for some random vector in an arbitrary separable
Banach space. This extends previous results obtained in finite dimensional
Euclidean spaces.

1. Introduction. Let B denote a real separable Banach space with norm
|- |, and assume X, X;, X,, ... are i.i.d. B-valued random vectors with 0 <
E|X]| <ocand E(X) = 0. As usual, let S, = >7_; X ; for n > 1, and write L¢
to denote log(max(t, e)) for ¢ > 0. The function L(Lt) will be written as Lyt,
and B* denotes the topological dual of B. For any sequence {x,} C B, the set
of its limit points is denoted by C({x,}), and is called the cluster set of {x,}.

The separability of B and the Hewitt-Savage zero-one law easily imply that
for any sequence «,, 1 oo, with probability one,

(1.1) C({Sn/a,}) = A,

where A is non-random and depends only on {«,} and the distribution of X.
See, for example, Lemma 1 in Kuelbs (1981). Of course, if S, /a,, — 0 a.s,,
then A = {0} and determining the cluster set is trivial. This is no longer the
case if one considers sequences {«, } such that with probability one

(1.2) 0 < limsup S, /a,| < co.

The classical choice for {a,} in (1.2) is {(2nLyn)'/2}, and the corresponding
cluster set problem has been studied extensively. The papers by Alexander,
(1989a) and (1989b), provide some final results in this particular case, and
also include relevant references. The important fact to be observed here is
that the classical norming sequence arises only when the covariance function
E(f(X)g(X)) is defined on B* x B*, and the cluster set A then must be a
subset of a canonical set K, which is the unit ball of a reproducing kernel
Hilbert space determined by the covariance structure of X. In particular, A is
empty or equal to p K for some p € [0, 1] when X has a covariance function
and «, = (2nLyn)Y/2. Such variety does not appear in every Banach space,
but in suitable infinite dimensional spaces there are examples giving all such
sets as cluster sets.
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If X fails to have a covariance function, but X is in the domain of at-
traction of a Gaussian law, then the cluster set is determined by the covari-
ance of the limiting Gaussian law. Hence the cluster set remains canonical
even though the normalizing constants {«, } differ from the classical ones, see
Kuelbs (1985) and Einmahl (1989). However, much less is known when there
is no covariance structure available. Part of the difficulty in this situation is to
decide what are the natural candidates for A. When B is a finite dimensional
space, and X satisfies the general law of the iterated logarithm in Theorem
3 of Einmahl (1993), then Einmahl (1995) showed every cluster set A must
be symmetric about zero, star shaped with respect to the origin, closed, and
bounded. Moreover, any cluster set must contain elements with norm 1 in this
case. (This is due to the fact that the unit ball is compact in finite-dimensional
vector spaces.) Theorem 4 of Einmahl(1995) also shows that any such set in
R? arises as a cluster set for some random vector X : ) — R2.

Here we investigate this cluster set problem in the infinite dimensional
setting, where we encounter the additional difficulty that we no longer can
assume that there are points in A = C({S,/a,}) which have norm 1. It will
turn out that there are cluster sets which are star-like and symmetric about
the origin where all elements have norms smaller than or equal to p < 1,
though we still have at the same time limsup,_,  ||S,/a,|| = 1.

To state things precisely we need some further notation. Following Klass
(1976), we associate with any real-valued random variable ¢ satisfying 0 <
E|¢] < oo a function K(-) which is defined as the inverse function of the
strictly increasing function G(-), given for y > 0 by

G(y) =2/ [ " E(E\I(€| > t)dt.

Since E|| X| < oo we have E|f(X)| < oo for all f € B*, and for any f € B*
with E|f(X)| > 0, let K, be the K-function corresponding to the real-valued
random variable f(X). For y > 0, define

(1.3) K(y) =sup{K;(y): |Iflp <1, E|f(X)| > 0},
and set for n > 1,
(1.4) v, = ~2K(n/Lyn)Lyn.

Our theorems characterizing the cluster set follow.

THEOREM 1. Suppose X is a B-valued mean zero random vector such that
0 < E|X| <ocand {y,} is as in (1.4). Furthermore, assume

(1.5) S, /v, 220
and
(1.6) > P(|X] > v,) < oo.

n=1
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Then with probability one,

(1.7) limsup [|S, /7, =1,

n—oo

and the cluster set A = C({S,,/v,}) is such that

(1.8) A is closed, non-empty, symmetric about zero
and
(1.9) A is star-like at zero.

REMARK. The lim sup in (1.7) was obtained in Theorem 3 of Einmahl (1993)
under (1.5) and (1.6). If B is a type-2 Banach space, then Corollary 2 of Ein-
mahl (1993) shows (1.7) is equivalent to (1.6). Of course, (1.7) is an extension
of the classical LIL even in finite dimensional spaces, and covers many new
situations as well. Einmahl (1993) discusses the various extensions and rela-
tionships to previous work, but it is important for us to point out that in all
these situations we now know the possible cluster sets must satisfy (1.8) and
(1.9).

Our next theorem points out that all such sets arise in every infinite-
dimensional separable Banach space.

THEOREM 2. Let A be a closed non-empty subset of the unit ball of B which
is symmetric and star-shaped with respect to zero. Then there exists a random
vector X : Q) — B which satisfies the conditions for the generalized LIL, namely
0 < E|X| < oo, and both (1.5) and (1.6) hold, and with probability one,

(1.10) A=C{S,/v.}) = A.

Moreover, if A € V where V is an infinite dimensional closed subspace of B
we can construct X so that

(1.11) P(XeV)=1.

If sup, 4 |x| = 1, statement (1.11) remains true for any (possibly finite-
dimensional) closed subspace Wof B with Acw.

REMARK. If B is finite-dimensional, there exists a linear, isometric embed-
ding of B into (C[0, 1], | - || ), and using the above theorem one can re-obtain
the cluster set result for finite dimensional spaces (i.e., that any set A which
is closed, star-like and symmetric about zero and satisfies sup,_; [|x]| =1is a
possible cluster set). See also Step 5 of the proof of Theorem 2.
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2. Proof of Theorem 1. The proof consists of three parts, and includes
several lemmas. The first part consists of a lemma which characterizes points
that are in the cluster set C({S,/v,}), the second part provides probability
estimates necessary to apply the lemma, and part three puts things together.

STEP 1. First we point out that (1.7) follows immediately from Theorem
3 in Einmahl (1993), and that (2.3) and (2.4) of Einmahl (1993) implies the
sequence {v, } satisfies the following two conditions:

(2.1) Yol S
and
(2.2) Yo /1 N\ 0.

Applying (2.1), and Lemma 1 in Kuelbs (1981), it follows that the cluster
set A = C({S,,/v,}) is deterministic with probability one, and Lemma 1 of
Einmahl (1995) implies that

(2.3) beA = le(nsn/yn—bn <g)=o00 VesO0.
n=1n

The next lemma shows the right hand term in (2.3) can be replaced by a
probability involving suitably truncated random variables. .

Let Xn,j = X]I(ll‘Xj|| = cn)7 Xn,j = Xn,j - E(Xn,j) and Sn,n = r}:l Xn,j’
where the truncation level ¢, will be specified below.

LEMMA 1. The point b is in the cluster set

(2.4) A Y LIPS, /v —bl<e)=c0  Ves0,
- :

n=1
provided that
(2.5) ¢y = R(n/Lyn)/(Ln)™,

with {e,} converging to zero.

PROOF. In view of (2.3) it is obviously enough to show
X1
(2.6) > ;P(”Sn =Sl > &y,) <0 Ve>D0.
n=1

To prove (2.6) we first observe that
P(”Sn - Sn,n” > 8771)

(2.7) 5 P(

where Z, ;= X I(c, < | X[ <v,),1<Jj=<n.

> Z, i+nE(X,)
j=1

> 8%) +nP([X] > va),
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Since (1.6) and (2.1) hold, Lemma 7 of Einmahl (1993) implies
(2.8) Lim nE(| X[ X] > v4))/vn = 0.

Using the obvious fact that E(X,, ;) = —(E(Z, 1)+ E(XI(| X| > v,))), we see
that (2.6) follows from (1.6), (2.7) and (2.8) provided

g

Using standard symmetrization arguments, we have

|
i > ev,/2) < oo.
|

S|

(2.9) i
n=1

Z(Zn,j_E(Zn,J)

J=1

| n || | I
|| || || I
E ii 2.(Zn - E(Zn,j)ii <2E (H 2 SjZn,jH> >

Jj=1

where {¢;} are independent Rademacher random variables, which are also
independent of the sequence {X ;}. Applying Lemma 6.5, and then Lemma
6.3 of Ledoux-Talagrand (1991), one easily sees that

(o) (o)) o

Hence Lemma 9-a of Einmahl (1993) and (1.6) imply that

n

> €2

J=1

| n
|
12X,

[j=1

> X;

J=1

(2.10) lim E (

n—o0o

i(zm = E(Zn,j))”) /Yn = 0.
=1

Applying (2.10), and Theorem 5 and (3.1) of Einmahl (1993), we have for all
n sufficiently large that

o F ( Zl (Zy; - B2, )| > svn/z)

< 16exp{—¢’7;/(2304na})} + c,nE(| X IPI(| X | < v2))/ 73
where c, is a constant depending only on ¢ > 0, and
(2.12) op = sup E(f*(Z,1)).

IFllpe=1

Lemma 5 of Einmahl (1993), and (1.6), (2.1), imply

(2.13) > EXIPINXI < va))/vs < 00,

n=1

so it remains to show

> 1
(2.14) 3 ~ exp{—&2y2/(2304n0?)} < cc.

n=1
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To estimate o2 given by (2.12) we observe that if f € B*, ||f|/z. < 1, then
E(f(Z,1)) = EFPA(X)I(f(X)| = K (n/Lyn)))
+E(FAX)I(f(X)] > K(n/Lyn), | X| < 7,))
< K}(n/Lyn)Lon/n + 0,(f)
where, by Cauchy—Schwarz,

0,(f) = (E(f(X)I(F(X)] > K p(n/Lon)) *(E(IXIPI(I X ] < va))Y2,
and the first term of the second inequality follows from (3.22) in Einmahl
(1993). Thus by (1.3) and (1.4) above, and (3.21) in Einmahl (1993),

2
(215)  E(f*(Z.1)) = ;—;‘L[(LG)’l +@V2RE(|XIPI(IX] < 7))/ vi)"?]:

Setting Ny = {n : nE(| X[|PI(| X]| < v,))/vi < (Lyn)~2/(2v/2)}, and using
the inequality exp{—x/2} < 2/x, we get

(2.16) Y n~lexp{—s?y2/(2304n02)} < 460852 Y (02/y2)(Ln) /4608,
neN, n=1
Since ¢, = K(n/Lyn)/(Ln)*, the trivial inequality
o < E(IXIPI(IX | < va))/cn

implies
> (02/y2)(Ln)=e/4608
(2.17) n=1

= V2 Y. E(IXPI(IX| < %)%, Lan(Lny» 45 < oc.

n=1

If n ¢ Ny, then (2.15) implies
2
o7 = L V2nE(IXPIIX] < v))/ ¥,

and it follows from e * < 2/x2 that

> nltexp{—&?y2/(2304n0?2)}
ngN,

2 ~1/2
iy = X ntew |t (VBEQXPIOX] < ) ]
ngN,

< V/2(4608)%s™* i E(IXIPIIX| < vu))/vs < 00,
n=1

where the last inequality follows as in (2.13). Combining (2.16), (2.17) and
(2.18) we have (2.14), and hence Lemma 1 is proven. O
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STEP 2. Here we set up the notation required to estimate the probabilities
in (2.4), and to apply Lemma 1. Recall that ¢, = K(n/Lgyn)/(Ln) with &, > 0,
g, — 0, to be specified in Lemma 2 below.

Let D be a countable subset of the unit ball of B* such that [|x| = sup.p
|f(x)], and suppose b € A, b # 0. Then for any family D, € D, and ¢ > 0, we
have

(2.19) P([Snn/vn—0bll<e)< P (Sup [F(Snn/vn) = F(B)] < 6) :

fEDVL

In order to determine D, useful for our purposes, we define on D the semi-
metrics

di(f, g)=1f(b) — g(b)l,
(2.20) d3(f, g) = (nLyn)' ?E((f — &) (X)) /¥

Obviously the d}’s satisfy the properties to be metrics, except d}(f,g) = 0
need not imply f = g on B. Hence they are semi-metrics.
Setting

n |
(221) a,=E <| Z 8an,ji! /7n> >
llj=1 I
we see from the symmetrization arguments used in the proof of Lemma 1 and
the application of (1.6), along with Lemma 9-a of Einmahl (1993), that

(2.22) lim a, = 0.

n—o00

Let N(D, d?, €) denote the minimal number of elements g in D such that for
every f in D there exists such a g with d}(f, g) < . Then f(b) € [—| b, ||6]|]
for all f € D, and hence

(2.23) N(D,d", &) < [2]b]l/¢] + 2.

Using the ideas of Lemma 8.3 in Ledoux-Talagrand (1991) we have the
following lemma.

LEMMA 2. Let {a,} be the null sequence in (2.21), and suppose d5(f, g) is
as in (2.20). Let &, = 2a, + (Lon)~Y? in (2.5). Then for all ¢ > 0, and all n
sufficiently large,

(2.24) N(D, d3, ¢) < exp{a,Lyn}.

PROOF. Suppose this fails. Then there exist infinitely many n and D, € D
such that for f, g€ D,, f # g, we have dj(f, g) > ¢ and
(2.25) card D, = [exp{a,Lyn}]+ 1.
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Setting h = f — g # 0 for f, g in D,, then d5(f, g) > ¢ and we can infer
from the Bernstein inequality [see, e.g., Exercise 14 on page 111 of Chow and
Teicher(1988)] that for £ > 0 and infinitely many n,

P <Xn: h2 (7’7’,]) LG/'}/r% < 82/2)
Jj=1

2.26 n — —
(220 < P X (=h*(X, ;) + E(R(X, j)))Lon/v; > 82/2)

j=1
< exp(—x2/(2s% + xc)) < exp{—Lyn}

where x = £2y2/(2Lyn),s2 = nVar(h*(X,)) and ¢ = 8c2. To see the last
inequality in (2.26), we note that

s < nE[h*(X,1)] < 8np2c2

n-n’

where B2 = sup;.p E(f%(X,, 1)).

To estimate this quantity we only need slightly modify the proof of relation
(2.15) above. Replacing in the inequality following (2.14) the sequence vy, by
c,, it is easy to see that

B2 < y2/(2nLyn) + sup 6,(f),
feD

where

0,(f) == ca E(F(XI{|f(X)| > K (n/L3n)}).
Using again relation (3.21) of Einmahl (1993) it follows that as n — oo,

sup 0,(f) < Yuca/n = 0(v,/(nLgn)),

which implies in combination with the definition of ¢, relation (2.26).
If n is large, we have

(card(D,,))? exp{—Lyn} < 1/4,
and hence, for infinitely many n,
(227) P (V f7 g€ Dn’ f 7é 8, Z(f - g)z(yn,j) > 827121/(2142"')) = 3/4
j=1

Now we turn to the application of Proposition 4.13 in Ledoux-Talagrand
(1991) conditionally, which will produce a contradiction to (2.27). That is, (2.21)
and (2.22) imply with probability larger than 3/4 that

n

Z ij(yn,j)

=1

(2.28) E,

/Yn=E, (Sup

feD

> ;X /vn) <&®/K
j=1
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for every n large enough, where K is the absolute constant of Proposition 4.13
in Ledoux-Talagrand (1991). Considering the set

T=T,= {((f(yn,j)\/L_ﬂ/L/'yn> l<j< n) i f e D]
in R™ with standard ¢2-distance, we see

sup
1<j<n

and from (2.28) that

n

Z gjf(yn,j)\/L_ﬂL/')/n

=1

(2.29) r(T=E, (sup
feD

)582\/!2_2'1/1{-

By definition of ¢,

2¢,(Lyn)'?/y, < &X(Kr(T)) ™,
and Proposition 4.13 in Ledoux-Talagrand (1991) implies
(2.30) e(log N(T, dy, £))'/? < Kr(T).

Here d, is standard ¢2-distance, and recall the above holds for all sufficiently
large n with probability larger than 3/4. Hence with probability at least 1/2,
infinitely often in n (2.27) implies

n

> Bjym

J=1

(2.31) > (KL\/E) (1ogN (T, ds, s/ﬁ))m /(Lyn)Y?

E [V = 7(T)/(Lyn)"?

&

1/2 12
<K\/_) (log(card D,))"“/(Lgyn)

Taking expectations on the X " j’s, (2.25), (2.31) and the definition of «, com-
bine to imply that

(2.32) o, > (Kf

infinitely often in n. This is a contradiction as «, — 0, so Lemma 2 is
proven. O

)<a Lon)2/(Lyn)2

Given ¢ > 0, we now define D, € D to be an optimal e-net of D in the df
distance. By merging e/2-nets for d} and dj and using (2.23) and (2.24) we
have for all n large that

(2.33) card(D,) < (4]|b||/& + 2) exp{e, Lon}.
Hence for any f € D there exists a function g,(f) € D,, such that
(2.34) &i(f, ga(f)) < &
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Set D), ={f — g,(f) : f € D}, and observe that
(235) ||Sn,n/yn - b” =< sup |g(Sn,n/7n) - g(b)| + Sup/ |h(Sn,n/7n) - h(b)|

geD, heD;,
Since di = max(df, dj), (2.34) implies
(2.36) sup [A(b)| < sup|(f — £,(F))(b)| < supdi(f, g,(f)) < &
heD;, feD feD

and

(2.37) A, = sup nE(h*(X,, 1)) < sup(v;;/Lon)d3(f, &(f))* < *v,/Lan.
heD), feD

Applying Theorem 5 of Einmahl (1993) to the semi-norm sup;,.p, |2(x)| on B,
and noting that lim, E||S,, ,,||/y, = 0 by arguments in Lemma 1 above, we see
from (2.37) that for all n sufficiently large,

S|

(2.38) > =P (sup |h(S,..)| > 138yn) < 00,
n=1 heD;,

where we also use (2.13) again.

STEP 3. We apply the previous steps to show b €¢ A <= tb e A for all
€ [—1, 1]. This will complete the proof of Theorem 1. O

LEMMA 3. Ifbe A and ¢ > 0, then for each t € [—1, 1],

S|

(2.39) i

n=1

P (Sug |&(Snn/vn) — &(tb)| < 8) = 0.
ge n

ProoF. If b € A, then Lemma 1 and (2.19) implies (2.39) for ¢ = 1. Fix
e > 0andletd, =card(D,), where D, C D is an e¢-net of D in the dj distance
satisfying (2.33). Define g : B — R% to be the vector

g(x) = (g(x): g € Dy),

and let G, be a centered Gaussian R?» valued random vector with covariance
that of g(X, ;). Also let U7 and U ?h denote the £ and ¢2 unit balls in R%
and for —1 <¢ <1 set

En(t) = E(tb)'yn + S'YnU;on'

Since U 3n - UZ‘i, it follows from Zaitsev (1987) that there exists an absolute
constant ¢ such that for all Borel subsets F of R,

(2.40) P (g(S,,) e F) <P (ﬁGn eF+ synUffn) + cd? exp (—&v,/(cd2c,))

and

(2.41) P(VnG, € F) < P(&(S,,) € F+ev,U3) + cd? exp(—ey,/(cd%c,)).
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Now (2.33) and ||| < 1 implies d,, < 6¢ '(Ln)* with @, — 0 and since
¢, = K(n/Lyn)/(Ln)® with ¢, = 2a,, + (Lyn)~ 2 we have

eval(cdyc,) = V26° exp((Lan)"?)Layn/(36c¢)

and hence

(242) - led: exp{—e (edie, )} < o

for all £ > 0. In particular, if (2.39) holds for £ = 1, then, since

(2.43) P (:;15 |8(Sy,n/vn) — 8(tD)| < 8) = P(8(S,,) € E,(1)),
(2.40) [with F = E,(1)] and (2.42) imply

(2.44) i%P(ﬁGn € E,(1)+ey,U7) = oo.

Applying Anderson’s inequality [Anderson (1955)], we thus have

(2.45) i %P(\/ﬁGn € E () +ey,Ug) =00

n=1

for each ¢ € [—1, 1]. On the other hand, if (2.45) holds for all ¢ € [—1, 1], then
(2.41) [with F = E, (¢) + ey,U7 ], (2.42) and (2.43) imply

geD,

> 1
(2.46) > P (Sup 18(S,.n/7n) — 8(tD)| < 38) =00
n=1

for all £ > 0 and ¢ € [-1, 1]. Since ¢ > 0 is arbitrary this gives (2.39), hence
Lemma 3. O

LEMMA 4. Ifbe A, thentbe A forall t € [-1,1].

PROOF. Fix &£ > 0 and recall (2.36). Then (2.35) implies
P(||Sn,n/7n - tb” < 158)

_p (sup 180S0/ 7,) — 8(t0)] < 2.
geDb,

sup |h(S,, ,./v,) — h(tdb)| < 14¢
a7 5up [(S,.1/2) = h(tb) )

> P (Sup |g(Sn,n/Yn) - g(tb)| < 8)

geD,

-P (sup |h(Sy.n/Vn)l > 138) .
heD),
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Thus (2.38) and (2.39) imply
1
(2.48) > =P8, /v — t]| < 158) = o
n=1 n

for all ¢ > 0 and ¢ € [—1, 1]. Since ¢ > 0 is arbitrary, (2.48) and (2.4) imply
tb € A for all ¢ € [—1, 1]. Thus the lemma is proven.

The properties of A in (1.8) and (1.9) now follow immediately from Lemma
4. Hence Theorem 1 is proven. O

3. Proof of Theorem 2. The proof consists of five steps. We first will
define a real-valued random variable Z : ) — R in the domain of attraction
of the normal distribution which satisfies the generalized LIL of (1.7). This is
step 1, and in step 2 the desired random vector X is defined as a function of
Z so that

CRY 1 X1 = [Z].

Step 3 proves A O A and step 4 gives A C A. Steps 3—4 are established under
the assumption B has a Schauder basis, and step 5 then gives Theorem 2
without the basis assumption.

Hence we first assume (B, || - ||) is an infinite dimensional (separable) real
Banach space which has a Schauder basis {e; : i > 1}, where we assume
without loss of generality that |le;| = 1 for i > 1.

This means that each x € B determines a unique sequence of real numbers
a; = a;(x),i > 1, so that

n

Yoaj(x)e; —«x

=1

(3.2) lim

n—o0

=0.

It is well known that the mappings «; on B are linear and continuous, that
is, a; € B* on j > 1. Moreover, if we define operators Iy : B — B by

N
(3.3) My(x) =) aj(x)e;, x € B,
j=1
there exists a positive constant C so that uniformly in N

(3.4) Iyl < C.

From (3.4) we readily obtain that the operators @ : B — B which are defined
by

(3.5) Qn(x) =x — y(x), x € B,
are continuous and such that

(3.6) [@nll < C+1.
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Sometimes it will be convenient to identify the finite dimensional space
I1y(B) with RY by using the isomorphism
N
(8.7 > aje; < (ag,...,ay).
i=1
Since all norms on finite dimensional spaces are equivalent, there exists con-

stants 1=C; <Cy<-.-<Cpx <---s0 that

(3-8) Cy'l(e, ..., ay)| < < Cyl(ag; -5 ay)l,

N
Z a;e;
i=1

where | - | denotes the usual Euclidean norm.

STEP 1. We first observe that A # {0} can be written as a closure of (at
most) countably many open line segments, that is

(3.9) A=cl (G Jg) ,

=
where

(3.10) Sy ={tz;: |t| < o}

for a suitable unit vector z ;€B and 0 < o; <o, with
(3.11) o =sup ||x|| € (0, 1].
xeA

We will assume that 0y = o and also o; > 0, j > 2. (This can always be accom-
plished by replacing all “trivial” empty line segments .#; by .7 if necessary.)

IfA={0}, weseto, =1, j>1.

Our real random variable Z will be similar to that used in the proof of
Theorem 4 of Einmahl (1995).

We set for & > 1, m;, = 4%, m, o = my, and my, ., = my, , + k3 + 470*" for
0 < ¢ < k—1. Furthermore, we define my, ;,; = m;, and nj , = my, ,+ k3,0 <
<k

We assume H(t) = E(Z2I{|Z| < t}),t > 0 satisfies (but Z is still to be
defined),

H(t)=d,, exp(n) <t <exp(n+1), n=x>1,
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where
d, =0, 0<n<my andfor k=>4,
dmk = exp(k3),
dy, +j=exp(k® +tk+ j/k?), 0= j<k,
dp = exp(k’ + (L + 1)k), nyp <m < my g1, 0<t=<k-1,
dyy iy = €Xp((2F% + 3k + 1) jE > + k2 + E%), 0<j<k,
dp =exp(k+ 1)),  nyp<m=my;.

Arguing as in Lemma 8 of Einmahl (1995) it is easy to see that there exists
a symmetric and discrete random variable, which we call Z, and which has
an H-function with these properties. Moreover, since H(¢) is slowly varying
at infinity, it follows that Z is in the domain of attraction of the normal dis-
tribution. From Lemma 7 of Einmahl (1995) it also follows that Z satisfies
the conditions of the generalized LIL; that is, we have if Z, Z,, Z5, ... are
independent copies of Z with probability one,

> Z;

Jj=1

(3.12) lim sup

n—oo

/Y =1,

where 7y, = «/Q_f(n/ Lon)Lon,n > 1, and E is the K-function corresponding
to Z. That is, K is the inverse function of G which is defined by
G(t) = £*/(H(t) + tM(t))

for t > 0 and where M(¢) = E(|Z|I{|Z] > t}). Finally, we note that Z being
in the domain of attraction of the normal distribution also implies

(3.13) lim ¢M(¢)/H(#) = 0.

STEP 2. Given Z, we define X by

oo k+1

(3.14) X =3 > zpeZI{exp(my, 1) < |Z| < exp(my )}
k=1¢=1

where z;, ,,1 <¢ <k+1, k> 1 are unit vectors in B.

Since the indicator functions in (3.14) have disjoint supports, for all f € B*,

oo k+1

(3.15) f(X) =2 f(zr)ZI{exp(my 1) < |Z] < exp(my )}
k=1 (=1

Furthermore, since |f(z,,)| < 1if ||f|z. < 1, it follows that we have for all
f € B* with ||f|| < 1 and E(|f(X)|) > 0,

(3.16) Ki(x)<K(x), x>0
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and consequently,
(3.17) n < V-

Letting H/(¢) = E(f*(X)I{|Z| < t}) and H /(t) = E(fA(X)I{|f(X)| < t})
for ¢ > 0, the following are obvious.

LEMMA 5. (a) H(t) < H/(¢) for |f|p- <1,¢> 0.
(b) Hy(¢) < Hp(t)+¢2P(|Z| > t) for t > 0.
(¢) supsj,.<1tMs(¢)/H(t) - 0as t — oo.

LEMMA 6. We have for f € B*:
(a) Hp(t) > f2(zk’5)H(t)(1 —e %), and

(b) Hy(t) < (25, ){H(t) — H(exp(my_1))} + | . H(exp(my, 1)),
whenever exp(n;, 1) <t <exp(m;,),1<€<k+1,k>1

We also need:

LEMMA 7. We have for n € J;, = {n : exp(n,, 1) < K(n/Lyn) <
exp(my,)},and 1<t <k+1,k>1
(3.18) Vo = (L4 e)(1—e)y,
with ¢, | 0, and
(3.19) limsup?y, /v, < 2.

n—oo

PROOF. For (3.18) choose a functional f = £}, so that f(z;,,) =1, |f|p <
1, and note that for exp(n;, 1) < t < exp(m,;,) we have by (3.13) along with
Lemmas 5 and 6,

Hp(t)= H(t) = H(t)(1—e*)
> (H(t) + tM0)(1+ 2,) '(1— e 7).
Arguing now as in the proof of Lemma 17 (a) in Einmahl (1995) we get (3.18).

The proof of (3.19) follows by a similar modification of the proof of Lemma
17(b) in Einmahl (1995). O

Recalling that Z satisfies the conditions for the generalized LIL, we get
from (6.5) of Einmahl (1995) that

(3.20) S P(|Z] > 8y,) <co ¥ 8> 0.

n=1

Thus (3.17) and (3.19) combine to imply

(3.21) i P(Z| > vy,) < oo.

n=1
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Let us now assume that for some positive constant c,

(3.22) card{z,,:1<¢<k+1,1<k<K} <cK.
We next show that then as n — oo,
rob
(3.23) S, /v =50,

where S, = Z’};l X;,,n>1,and X;, j > 1, are independent copies of X.
Therefore, under (3.22) we have from relation (1.7) in Einmahl (1993), that
with probability one

(3.24) limsup |S,||/v, = 1.

n—oo

Hence we must show (3.23) holds.

LEMMA 8. Under condition (3.22), we have lim,_ . E(||S,|)/v, = 0.

PROOF. First we observe that we can write X; = ¢(Z;)Z; for j > 1,
where Z;, j > 1, are independent copies of Z, and ¢ maps R into the unit
ball of B with a countable range. Furthermore, let ¢, j > 1, be a sequence of
independent Rademacher variables which is also independent of { X ;}. Given
the symmetry of the random variables {X ;}, it is obvious that

j=1

d
o

Writing {¢(¢) : |t| < K(n/Lgn)} = {vq, ..., v, }, where vy, ..., v, are unit
vectors in B, we get, for |¢;| < K(n/Lyn),1 < j <n, that

S X, I{1X, ]| < B(n/Lyn)} “)
(3.25)

S £,6(2,)2,1{Z,| < F(n/LG)}“) .
j=1

E( D&t >SZE( Y &)t )
J=1 i=1 {J:(t;)=0;}
=X E| > &
i=1 {J:(t;)=0;}
[ n |
<r,E|Y gjtJi

Recalling (3.25), Fubini’s theorem implies

d

Z Zn,j

=1

>XGHIIX ) < ?(H/LG)}“) <r,E

=1
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where Z, ; = Z ;I{|Z| < K(n/Lyn)}, 1 < j < n. Next note that

E

n
Z Zn,j
j=1

o\ 1/2
<E ((Z Zn,j> ) = VnH(K(n/Lyn))"* <¥,/V/Lyn.
j=1

Observing that (3.22) implies r, = O((Lyn)Y/*) as n — oo, we readily obtain
that as n — oo,

d

Finally, note that

> XHIX| < f(n/LZn)}H) = O(7,/(Lyn)'"*).

J=1

E|S,| < E +nE(|X|I{| X| > K(n/Lyn)})

> XI{||IX ;| < KE(n/Lyn)}
j=1

where, in view of (3.13), as n — oo
E(IX|I{|IX|| > K(n/Lyn)}) = o( H(K(n/Lyn))/K(n/Lyn)) = o(¥,/n).

Hence (3.19) implies the assertion of Lemma 8. O

Having established general global properties of the random variables given
as in (3.14), we now specify the vectors z;,,1 < ¢ < k+ 1,k > 1 so that we
obtain the desired cluster sets. There are two cases to consider

Case 1. 0<o0 <1 Let {2} be as in (3.10) and assume V is an arbitrary

infinite dimensional vector space which contains A. Using Riesz’s lemma [see,
e.g., page 2 of Diestel (1983)], we can find a sequence of unit vectors v;, i > 1,
in V and such that for n > 1,

(3.26) dist(v, 41, span {vy,...,v,}) > 1/2.

Ifo>0,weset z,,=2,,1<l=<Fk, 2z} 41 =10
Ifo=0,wesetz,,=v;,,1<{<k+1

CASE 2. o=1. Set Zk,gzzl,lfefk,Zk’k+1=Z]_.

Obviously, in case 1 we have P(X € V) = 1, whereas in case 2 we even
have P(X € W) = 1 for any closed subspace W containing A. It is also easy
to see that in both cases condition (3.22) is satisfied so that the conclusions of
Lemma 8 hold.

STEP 2 (A 2 A). We assume that o > 0 since o = 0 implies A = {0} and

- b
then the inclusion A D A is trivial since S, /v, o,

Since A as a cluster set is closed, we only need to show

(3.27) LCA =1
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In light of Lemma 1, (3.1), (3.17), and (3.19) it suffices to prove for any
chosen j > 1,0 < [f| <o and & > 0,

(3.28) S P80/ vn — t2)ll < &) = 0o,

n>1
where
Sun =2 X;I{|Z;| < K(n/Lyn)}.
j=1
In order to prove (3.28), we will show that as %k tends to infinity,

(329) Z n71P(||Sn,n/'yn - tzj” < 8) — 00,

nedy ;

for all [¢| < oj, & > 0. To that end we first note that
P(||Sn,n/7n - th” < 8)
> P(IMy (S n/vn = t2 ) < 8/2, | Q@u(Snn/¥n — t2))|| < £/2)
> Py (Sy,n/vn — t2))| < €/2) = P(|Qu(Snn/v2)ll = 358/72)

provided we have chosen M so large that

(3-30) 1Qu(z )l < &/72.

We next show that for n € J,, ; and large &,
(3.31) P([Qu(Snn)ll > 3567,/72) < A(Ln)™* + s7°ns,),

where A is an absolute constant and 8, = E(|Z|?I{|Z| < v,})/v3. To verify
(3.31) we apply the Fuk—Nagaev inequality in Banach space as given in Ein-
mahl (1993), where we set p = 3. Note that by (3.6) and standard symmetry
considerations

E[Q@u (S, = (C+DE[S, | < (C+DE|S,|
which is of order o(vy,) by Lemma 8. Thus for large £,

P(|Qu (S, )l = 356v,/72)
= P([|Q@u (S0l > (&/3)y, + 352E|Q (S, ,))
< 22 exp(—&%y2/(1296A,)) + A's3ns,,

where A’ is an absolute constant and

Ap=n Sup E(f*(Qu(X)I{|Z| < K(n/Lyn)}).
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Clearly, if k is large enough and n € J} ;, then
An = nE(|Qu(X)IPI{|Z| < K(n/Lyn)})
< n{llQu ()|’ H(K(n/Lyn)) + (C + 1)*H(exp(my, ;_1))}
< n{(g/72)? + e *(C 4+ 1)*}%%/(2nLyn)
< 3(¢/72)*v;/Lan,

where we have again used (3.19), and (3.30). Hence it is easy to see (3.31)
holds as indicated.
We now need a good lower bound for the finite-dimensional probability

P(My(S,n/vn) = (2] < £/2).

Identifying the finite dimensional space I1,,(B) with the Euclidean space R
and applying (3.8) we have

M
P(ITTyf(Sy /7n) = g (2 ) < £/2) = P(IT /90 — 25| < 2/(2C 1)),
where T, , =Y Y, Yoo = (Yir, ..., YOO, with YY), = a;(X,)I{|Z,] <
E(n/Lym)},1<i<M1l<r<nnz1 and 2" = (a(z)),..., au(z))
(D) _ | (),
J J J y
the orthogonal complement of the line {tv(j Vite R}; that is,
M)\ (M
(3.32) Tj(y)zy—<y, v(j )>v(j ), y e RM,
Then, of course, we have

P(|Tonima - 2] < e/2C1))

> P (T /rs o) ]| | < eraCa)

—P(I7;(Ty0)l > v,/(4Cy)).
Next note that by Lemma 6(a), for n € J,, ; and large &,

22(j) = Var ((¥,,.1, v"))

Furthermore, set v , and define 7; to be the projection onto

> [299° HR(n/Lyn))(1 - &)

> [0 ’ (H(K(n/Lgn)) + K(n/Lyn)M(K(n/Lyn))(1 -8, 1)

K _
= 901" (1 - 8,,1)72/(2nLyn),

where 6, ; | 0. Recalling %, > v,, we can conclude that for n € J, ; and
large &

. M
(3.33) X2(J) = (1= 8,1)12"2y2/(2n Lyn).
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By a similar argument, where we have to use Lemma 6(b) and (3.18), we
can also prove that for n € J;, ; and large £,
. M
(3.34) X)) = (14 84.9)I25" Py2/(2nLon),

where ;5 | 0.

Using a non-uniform version of the Berry-Esseen inequality [see, e.g., page
125 of Petrov (1975)], we get, for small enough &, with G being a standard
normal random variable,

P (i(Tn,n/7n> U(JM)> -t iZ(]M)i i < ‘9/(4CM)>
(3.35) > P (iﬁAn(j)G —ty, iz(jM’i i < £7,/(4Cyy))

-3
—Alt|™3 lz(jM>l néd,,
where §, is as in (3.31), and A is an absolute constant. Recalling (3.33) and

Einmahl (1995), we readily obtain for n € J;, ;, large k, and small & > 0,

(3.36) 2 (‘JﬁAn(j)G —ty,

&) | < eva/(4Cu) = C(Ln) 7,

where C > 0 is a constant depending on ¢ and ¢.
We still need an upper bound for P(|7,(T, ,)| > €v,/(4Cy)). We again use
the Fuk—Nagaev inequality in Banach space. Now clearly

E(I7(T, ) < EIT, ,| < CyE|lly(S, )l < CyCE|S, | < CyxCE|S,|
= 0(7»)

by Lemma 8. Therefore, for large n,

P(|TJ(Tn,n)| = 87n/(4CM))

3.37 5
(3:37) < 22exp (—A;%y2/ (RC%A%(J))) + A,C¥yné, /€,

where A, A, are absolute constants and
A () = sup{E((w, 7,(Y,1))%) : [w| < 1, w € RY}
= sup{E((7;(w), Y, 1)*) : [w| = 1, w € RY}
since 7; is self-adjoint on RM. Observing that for w € R,
E((7;(w), Y,1)*) = E(fA(X)I{|Z| = K(n/Lyn)}),

where f € B*, f(:) =YX, ai(~)7(ji)(w), and f(z;) = 0, we readily obtain from
Lemma 6(b) that for n € J,, ; and large %,

A2(j) < e *H(K(n/Lyn)) < 3e*y2/(nLyn).
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Replacing A2(j) in (3.37) by this upper bound, we finally see that for n €
J}, ;j and large &,

(3.38) P(|7 (T, )| = £7,/Cy) < (Ln)"> + Ay(Cyr/8)°nd,.
Combining (3.31), (3.35), (3.36) and (3.38), we get, for large &,
(3.39) X nT'P(IS, /v —tzjl <) = C Y n M Ln) - Y 3,

nedy ; nedy, ; nedy ;

where ), 6, < 0o, which of course implies

(3.40) lim 3 8, =0.
k—o00 ned,

Arguing as in the proof of (4.53) of Einmahl (1995), we get, for large &,
(3.41) S iz (my—ny0)/2 =42,

nedy, ;
Using the fact that Ln < 4*D" when n € J}, ;, we readily obtain for |¢| < o,

(3.42) lim S Y (Ln) " = oo,
_woneJkJ

which in combination with (3.39) and (3.40) implies (3.29), and hence (3.27).
This ends step 3.

STEP 4 (A C A). Applying Lemma 2 again, it is enough to show that for
any x € A there exists an & > 0 so that

(3-43) S (IS, /v — x|l < &) < 00,
n=1
where S, , is defined as in (3.28).
Let J), , = {n : exp(m; 1) < K(n/Lyn) < exp(n, 1)}, for 1 <€ < k+1,
and let J, , be defined as in Lemma 7. Then it is obviously enough to show
for a suitable ¢ > 0,

ook

(344) Z Z Z n_IP(||Sn,n/7n - x” < 8) < o0,
k=1t=1ned,;,

(3.45) > X nT'P([Su /e — %l < &) < 00
k=1nedy 1

and
oo k+1

(3.46) Y2 Y n P([Sun/vn — x| < &) < 0.
k=1 (=1 ned;,

We first establish (3.44), where the following lemma will come in handy.
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LEMMA 9. Given x € B, w €¢ W, where W is a closed subspace of B with
dist(x, W) = p > 0, there exists [ € B* so that f(x) = ||x||, f(w) = 0, and
I£lls < llxll/p.

ProOOF. Define f(Ax + pw) = A| x| for A, u € R, and note that if A # 0,

|F(Ax + pw)| = [Ax + pwo||x] || x + (m/A)w]|
< (llxll/p)|Ax + pawl.

By the Hahn—Banach theorem f can be extended to B without increasing its
norm. O

We now assume that o > 0. For the proof of (3.44) when o = 0, see the
remarks at the end of the proof of (3.45).

Set B = dist (x, A) > 0.

Let W be the line {tz; : ¢ € R} and set §; = dist (x, W;) for j > 1. If
B; > B/4, choose via Lemma 9 a functional f; € B* satisfying f ;(z;) = 0,
fj(x) = |lx[l, and | f ;| - < 4|x[|/B. Set ¢ = /8. Then we have, for n € J, ;,

P(lSnn/vn — x|l < &) = P(If j(Syn/va) = 2l | < llx[1/2)
< P(If j(Snn)l = 1%]7,/2)-

Using the non-uniform version of the Berry—Esseen inequality, we can es-
timate the last probability from above by

exp (—|x[*v;/(8noy ;) + AnB%5,,
where A is an absolute constant and of,j = E(f%(an)) (Notice that ||x|| > B
since 0 € A and dist(x, A) = B.) Recalling Lemma 6(b), it is easy to see that
8llxlI2 .
= A e t52 (nLom)

and we can conclude that for n € Jk,j, 1< j <k, and large k:

2
O'n,

(3.47) P([ISyn/vn = xll < &) < (Ln)"* + Anp~?s,

provided 8; > B/4.

If B; < B/4, choose y; = A;z; so that ||x — y;|| < /4. Clearly, [A; — ¢| =
ly; —tz;ll = llx — tz;|| — B/4 = 3B/4, provided |¢{| < o, and consequently
rll/‘\}{| > o, + 3B/4. Now choose a functional fj € B* with ||fj|| =1= fj(zj).

en,

P(ISyn/vn — 2l < B/8) = P(IISsn/vn — ¥l < 3B/8)
< P(If j(Snn/vn) = 25| < 3B/8)
< P(If {(Su.n)l > (0 +3B/8)7).
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Using once more the non-uniform version of the Berry-Esseen inequality,
along with the trivial bound

E(f%’(Xn,l)) < H(K(n/Lyn)) < ¥ /(2nLyn),

and (3.18), we can conclude that for n € JJ;, ;, and large &,
(348)  P(ISuu/va — I < B/8) = (Ln)™ 7 F/ + A'np3s,

provided that g; < g/4.

Combining (3.47) and (3.48), a bit of calculation then obtains (3.44).

We next turn to the proof of (3.45), where we assume o < 1. If 0 = 1,
(3.45) follows directly from (3.47) and (3.48), that is, use W, in the previous
argument.

Let V, be the smallest closed subspace which contains the sequence {v;};
thatis, Vy = cl(US2; V,), where V,, = span {vy,...,v,}. Set p = dist (x, V).

If p > 0, then using Lemma 9, we can find for any % a functional f, € B*
so that f(x) = |x[|, fr(ve) = 0, and |f]z- < [x]|l/p, and we get, for n €
Jk,k+1’ €= p/2a

P(IS,,n/vn — %l < &) = P(If £(Sp.n/vn)| > [ 211/2),
which, as in (3.47), can be estimated from above by
(Ln)~2 + AnB~3s,,

and we readily obtain (3.45) in this case.
If p = 0, we need a further lemma.

LEMMA 10. Let W be a closed subspace of B and let v be a unit vector so
that dist(v, W) > 1/2. Given y € W, we can find a functional f € B* so that

fy)=lxl,f(v) =0, and | f]p- < 3.

PrROOF. Let f be a linear functional in the subspace generated by {v, ¥}
satisfying f(y) = ||y|| and f(v) = 0. Then f is such that for u, A # 0,

[F(wy +A0) = llry | Ao+ 0/l Hwy + Av]
< 2|pyll Ay + Av|
< 3llwy + Av||
whenever ||py| < 3|A|/2. If ||wy]|| > 3|A|/2, then trivially,
[y +Avl = [wyll = (Al = nyll/3,
and therefore
|f(ky + Av)| = [[uy] < 3[wy + Av]
in both cases. Now extend f to all of B by the Hahn—Banach theorem. O
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If p =0, we can find £y > 1, Aq, ..., A, € R so that

< é&.

ko
x— Y Ajv;
=1

Setting y = fo’:l A;vj, and choosing for k& > k(+1 linear functionals f » € B*
with £,(v,) =0, F1(¥) = |y, If2] <3, we can conclude for & < |x|/14 that

P([[S,0/¥n — %l < &) < P(IIS,0/ ¥ — ¥l < 2¢)
< P(If4(Spn/va) = Iyl | < 6&)
< P(\fe(Snn/¥a)| = |2l — Te)
< P(If k(Spn/¥a)l = l12/2).

As in (3.47), the above implies we now have, for n € J; ;.1, € < ||x|/14 and
large k, that

P(||Sn,n/7n - x” < 8) = (Ln)_2 + AnB_SBn’

which yields (3.45).

If o = 0, the two previous bounds also apply if n € J;, ,, 1 < ¢ < k, and we
obtain (3.44) as well when o = 0.

It remains to verify (3.46) which is quite easy since by definition of </ ’k7 1<
¢ < k+ 1, we have for every 6 > 0 that

oo k+1

(3.49) X3 Y ai(Ln)? < 0.

k=1(=1ned},

Applying once more the Fuk—Nagaev inequality in Banach space, we get,
for large n and ¢ < ||x||/2 that

P(lSnn/vn = %l < &) < P(IISy,n/¥all > llx[1/2)
< A((Ln)™ + B~*ns,),

where A is an absolute constant and 6 = 8(x) > 0. Recalling >",7 ; §,, < co we
get (3.46) from (3.49). Thus Theorem 2 is proven provided B has a Schauder
basis.

STEP 5. Let now (B, || - ||) be an arbitrary real separable Banach space,
and let A C B be a closed star shaped, symmetric subset of the unit ball of B.

Let A: (B, || - ) = (C[0,1], | - lls) be a linear isometric embedding. Then
A(A) € C[0,1] is a closed, star shaped, and symmetric subset of the unit
ball of (C[0,1],] - |ls)- In view of steps 1-4 we can find a random variable
Y : Q — CJ[0, 1] such that Y satisfies the bounded LIL with respect to {vy,}
and C({X_1 Y ;/va}) = A(A), where {y,} is defined via the random vector Y.
Moreover, if either dim(B) = dim(A(B)) = oo, or dim(B) = dim(A(B)) < oo
and sup,_j ||x|| = 1, we can assume that P(Y € A(B)) = 1. (See the end of



BANACH SPACE LIL CLUSTER SETS 1475

step 2.) Setting X = A1(Y), then X : Q — B and noticing that the K-
functions for X and Y are identical, we see X satisfies the bounded LIL with
respect to {y,} and with probability one {C(%)} = A‘l({C(Z'}z1 Yi/v)}) =

A. Thus Theorem 2 is proven. O
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