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LARGE DEVIATION PRINCIPLE FOR RANDOM WALK IN
A QUENCHED RANDOM ENVIRONMENT IN THE LOW
SPEED REGIME

BY AGOSTON P1szTora! AND ToBIAS POVEL?

Carnegie Mellon University and Massachusetts Institute of
Technology

We consider a one-dimensional random walk (X,), . in a random
environment of zero or strictly positive drifts. We establish a full large
deviation principle for X, /n of the correct order n/(log n)? in the low
speed regime, valid for almost every environment. This completes the
large deviation picture obtained earlier by Greven and den Hollander and
Gantert and Zeitouni in the case of zero and positive drifts. The proof uses
coarse graining along with concentration of measure techniques.

1. Introduction.

The model and the main result. In this paper, we continue the study,
initiated by Greven and den Hollander [6], of the large deviation behavior of a
nearest neighbor random walk on Z with quenched (frozen-in) site-dependent
transition probabilities, which are themselves generated randomly. In [6] an
almost sure (with respect to the environment) large deviation principle has
been derived governing the rescaled position X, /n of the random walk. The
corresponding rate function I:[—1,1] - R U {»} (which is independent of
the environment) has been identified as the solution of a variational problem
involving specific relative entropy with respect to a certain Markov process.
For certain distributions of the environment, however, the rate function has
been found to vanish over parts of the interval [ —1, 1], indicating thereby a
slower decay of the corresponding tail probabilities. In a subsequent work [4],
Gantert and Zeitouni identified the correct order of decay for the most
important types of environment distributions (exhibiting the anomalous large
deviation behavior mentioned above): the case of “positive and negative
drifts” and the case of “positive and zero drifts” (for a recent review of these
and related results we refer to [5].) It is this latter case which we will focus on
in the present paper and establish a full large deviation principle for X, /n of
the correct order n /(log n)? completing thereby the large deviations analysis
for this type of environment.

We start with the sample space Q =[1/2,1)% ={0w=(0,),c,11/2 <
w, < 1} which serves as a random environment. For a given probability
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1390 A. PISZTORA AND T. POVEL

distribution « on[1/2,1), we denote by P¢ the product measure @ “a on Q.
If the distribution « puts nonzero, but not all, weight on the singleton {1 /2}
we speak about an environment with positive and zero drifts. In order to
describe a random walk in the random environment, we first set W =
{(w),cnlw, € 7} and X, (w) = w,. For every fixed w, we consider the
Markov chain (X,), ., on Z starting at x with transition probabilities

w,, ify=2+1,
(1) wa[Xn+1=y|Xn=Z]= 1_0)2, ify=2_1,
0, otherwise,

where P.”[] denotes the measure on the path space W for the given environ-
ment . We usually write P“ instead of Py. The annealed measure is
defined as

P[] = [Pr[]P(dw)

and we omit the subscript x when x = 0. Note that P can be viewed as the
conditional measure (of P,) on the path space given the environment » and is
usually referred to as the quenched measure. For a summary of results
concerning the behavior of a random walk in random environment (RWRE)
governed by quenched or annealed measures, we refer to the introduction in
[3] and to [5].)

Abbreviate p, = p(0) =1 — 0, )/w, and set {p) = [py(0)P*(dw) =
E“[ p,], where here and throughout E“[ ] denotes expectation with respect to
the measure P*. From now on we will assume 0 < «({1/2}) < 1 throughout,
that is, we will focus on environments with positive and zero drifts. Note that
in this case ( p) < 1. Solomon’s result [9] guarantees that the RWRE is
transient, and for P “-a.e. w,

lim n 71X, = (1= (p))/(1+ () = v,
As mentioned above, Greven and den Hollander [6] established a large
deviation principle for X, /n of order n. In the case of positive and zero drifts,
the corresponding rate function J(v), v €[—1,1] turns out to be strictly
positive on [—1,0) U (v,,1] and vanishes on (0,v,). Indeed, quite recently
Gantert and Zeitouni [4] showed that on (0, v,) the correct order of decay is
n/(log n)%. Our main result is the following large deviation principle.

THEOREM 1 (Positive and zero drifts). Suppose that 0 < a({1/2}) < 1. We
have for P® a.e. w, for any open and nonempty G < (0,v,) with G c[0,v,),
log n)?
— inf I(v) < liminfﬁ logP(n"'X, € G)
veG n—o n
n)2

(log —
< limsup ———logP(n"'X, € G) < — inf I(v),
. 1

n—oow ve@

(2)
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where G denotes the closure of G and I(v) is given by

(mlog a({1/2}))
8

(3) I(v) = (1-v/v,).

We remark that the lower bound in (2) was in fact already shown in
Theorem 3 of [4].

Explanation of the rate function. To give some idea about the particular
form of the rate function, let us briefly sketch how the lower bound can be
derived. The basic idea is that whenever the walk is slower than v_, it must
have lost time in relatively long regions made of “fair sites” (a site x will be
called fair if w, = 1/2). By a famous result of Erdds and Rényi on longest
head runs, we know that for a.e. environment and all large n we can find in
[0,vn] a fair region of length ~ log n/|log a({1/2})|. Since by Solomon’s
result typically X, ,, ~ nv, we can expect that when X, /n <v, the walk
has to stay ~ (1 —v /v, )n steps in such a fair region. It turns out that on
this level of accuracy all excursions to the left of this region can be discarded.
This simply corresponds to putting a reflection on the leftmost site of the
fair region. Using classical asymptotic bounds on the tail of the exit time
of a simple random walk from an interval, we can derive a lower bound
~ exp{—(n/8(og n)>)m?|log a({1/2DI*(1 — v/v,)} on the probability that the
reflected walk stays ~ (1 — v/v, )n steps in our fair stretch. This basically
yields the lower bound in (2).

We will now give an outline of the strategy of the proof of the upper bound.
One of the main ingredients is coarse graining. Here the time will be split up
in larger units corresponding to visits in three different types of (partly
overlapping) regions. To describe them, we first divide Z into blocks of
intermediate scale (log n)!"?, where 6 > 0 is a small constant. We will
distinguish between biased and fair blocks corresponding to the proportion of
fair sites (a site x is called fair if w, is close to 1,/2) in the block. Fair [or type
(1)] regions are “connected components” of fair blocks to which we attach the
neighboring biased block on both sides. The role of the biased block attached
to the left of such a region is to ignore all the small but numerous left
excursions. The biased block on the right simply guarantees that after
leaving the fair region to the right, the walk automatically has a barrier to
the left which keeps it away from reentering the fair stretch too often. In
particular, once we have a control on the number of left crossings of biased
blocks, we will be able to bound the number of visits in type (1) regions. Next
we introduce regions where the walk basically has a constant speed v,,. These
regions are called type (2) regions and are made of pairs of biased blocks
satisfying some additional requirements; see (9) for a precise definition. The
remaining pairs of biased blocks, whose number turns out to be too small to
be of any importance, will be called type (3) regions.

Let S® denote the total time until n the walk spends in type (i) regions;
compare (12). In view of the arguments leading to the lower bound we split up
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the event {X, /n < v} as follows:

{X,/n <v} ={X,/n <v,8" >n(1-v/v, — 27)}

@ U{X,/n <v,8? >n(v/v, + 1)}

U{X,/n <v,8® > nn}
— A, UA, UA,,

where 1 > 0 is a small parameter which eventually will tend to zero.

In order to estimate P“[ A;] we note that for a.e. environment, when n is
large enough, the length of the longest fair region intersecting [ —n, n] is of
the order log n /|log a({1/2})|. We will show that the number of fair regions is
a.s. bounded by n/(log n)®> = o(n/(log n)?). This, together with a classical
result on the tail of the exit time of a simple random walk from an interval,
will lead to the correct upper bound in (2). This also explains why we call
P“[ A,] the leading term.

To control the negligible term P “[ A;] we will use that the number of type
(3) regions is small. This can be shown by using the martingale method,
which gives a strong enough bound on the probability that a double block is of
type (3). Finally, we will show that P“[ A,] is also negligible. This will be
done by observing that S® is the sum of ~ nv/(log n)!~?“independent” but
not identically distributed random variables, namely, the exit times from
double blocks. However, the expected value as well as the tail of these
random variables can be controlled uniformly. In fact, the control of the
expected value is an immediate consequence of the definition of type (2)
regions. The control of the tail will be established by using the martingale
method once more.

Related results. Let us briefly comment on previous work closely related
to this topic. The type of coarse graining we use has been introduced in a
Brownian motion context in [8] and was adapted in [7] to analyze the large
deviation behavior of RWRE in the annealed setting. Perhaps the closest
problem to ours has been studied by Sznitman in [10]. In that article, large
deviations of the position of Brownian motion in a quenched random (posi-
tive) potential have been obtained on the critical scale ¢/(log ¢)%/¢. Besides
intuitive similarities between both models, there are some striking analogies
between the results in d = 1.

The paper is organized as follows. In Sections 2.1 and 2.2 we define our
basic objects and prove some preliminary lemmas. In Section 2.3 we state
Propositions 1 and 2 which provide the necessary estimates on P“[A,],
i €{1,2,3}. We also show how they imply the upper bound part of Theorem 1.
In Section 2.4 we give the proof of Proposition 2, which deals with the leading
term. Finally, in Section 2.5 we give the proof of Proposition 1, which takes
care of the negligible term.
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2. The upper bound. Our first observation is that in order to prove the
upper bound in Theorem 1 it is enough to show the following, slightly weaker
statement. For each fixed v € (0,v,), for P*a.e. v,

log n)”
(5) lim sup (ogn)” logP(n™'X, <v) < —I(v).
n

n—®

Indeed, setting Q, = {w;limsup,, ,.((og n)*/n)logP(n"'X, < q) < —I(g)},
the upper bound i in (2) follows for each w € N, cq+ 4, Q, (Which has P*
measure 1) by approximating v € (0,v,) by ¢, e Q* from above and using
the continuity of I(-). We suppose that from now on, we are working with an
a for which the assumptions of Theorem 1 are valid. In particular, we have
0<af1/2) < 1.

2.1. Basic definitions.

Intervals and regions. In this section we introduce three types of regions
according to the environment o, namely, fair regions, regular double biased
blocks and irregular double biased blocks. To this end, we start by introduc-
ing fair and biased blocks in the same spirit as in [7]. Let 6 € (0, 1/3) be fixed
and let n > 10. We divide Z into blocks B; of length |(log = (j e 2),

(6) B, = [i[(log n)'*|, (4 + )| (log n)'~*]) n 2.

The closed block ]E_?j is defined as [jl(og n)! ], (j + D](logn) %1 NnZ
Next we pick a ¢ € (0,1/2), such that

(7) p(¢§) =a([1/2+¢,1]) >0

and ¢ € (0, p(¢)). We say that the site x is biased if w, > 1/2 + £. Note that
p(&) is the probability that x is biased. We call the block B; biased if the
proportion of biased sites in B; exceeds &. Otherwise the block is called fair.
We next define when a biased block is strongly biased, which we abbreviate
by s-biased. To this end we pick y € (0,(1 — §)/2), and chop B; into intervals
of length |(log n)”]. If the last one is shorter than |(log n)”], then we attach it
to the previous interval. In this way we obtain what we call subblocks. Note
that the length of a subblock cannot exceed 2|(log n)?]. We say that B, is
s-biased, if each of its subblocks itself is biased. If this is not the case, we call
B; w- bmsed (weakly biased).

Type (1) regions. We are now ready to define fair regions. Let (F{V), _ 1) be
the collection of all stretches of maximal length consisting of consecutive fair
blocks. For every i € I(1), we attach to FV (when present) the neighboring
closed biased blocks on the left and on the right. The resulting interval is
denoted by ¥ and is called a fair [or type (1)] region. Note that two
different fair regions might have a biased block in common.

Type (2) regions. Next we define regular double biased blocks [or type (2)
regions]. For i € Z such that B, , and B, are biased, we set % = B, , U B,.
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We introduce the stopping time
(8) Vi = inf{k > 0; X, = (i + 1)|(log n)' °|}.

For given w let us denote by E{”’ “[-] the quenched expectation starting from
il(log n)'~?], where we have replaced the environment to the left of %, by
the constant 1/(1 + (p)) > 1/2, that is, o, =1/(1 + (p)) for all x <
(i — Dl(dog n)*~?], and the rest of the environment is left untouched.

Pick ¢ > 0. We say that %, is a regular double biased block [or type (2)
region], if B,_; and B, are s-biased and

(9) E{»-e[Vi™] < (1/v, + {)(logn)'™°

Type (3) regions. Finally, irregular double biased blocks [type (3) regions]
are those double biased blocks which are not regular.

Stopping times. We define a sequence of stopping times which allows us
to identify the time the walk spends in various regions up to time n. To this
end we define the boundary of the region (interval) .% to be the set contain-
ing the leftmost and rightmost point of %. The interior of a region consists of
all points of Z which lie strictly between the boundary of this region. Let us
denote the set of division points |(log n)!~°|Z by Z. Observe that for z € Z,
there exists a unique region such that z is contained in its interior. We
denote this region by #(z) and set (i € {1, 2, 3}),

(10) x(z) =1 ifF(z)isof type (i).

We now define epochs of time associated with visits of regions. First we set
T, =0 and for £ > 1,

(11) T, = inf{t > T, ,; X, € o7(Xy, ,)}.

T, indicates the end of the kth epoch as well as the beginning of the
(k + 1)th epoch. Note that for P“ a.e. o, all these variables are finite (and
therefore also well defined).

Observe that T, ; = T}, + T, ° ¥y, where ¢ denotes the canonical shift.
For i € {1, 2, 3} we define

(12 SO = LT An-T, ),
J
where the sum runs over all j > 1: x(X; ) =i, T;_; <n. In words, S}

represents the total amount of time until n "the walk spends visiting regions
of type (i). In particular, n = ¥3_, SO,

Crossings. We close this section by introducing the notion of left crossings
of biased blocks up to time n. As in [7] we define for x € Z, k > 1,
(13) 7! =inf{¢t > 01X, =x} andfor k > 2, 7} = inf{t > 7} 71 | X, = x},

the successive times of hitting the site x. During the time intervals (7} A
7F*1 A n], (k > 1), excursions take place (starting at x) either to the left or
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to the right of x (unless the time interval is empty.) The height of such an
excursion is defined by

max{X, —x |t €(r} An, 7} An]};
X,#,q > x (right excursion),

(14) HE

min{Xt —xlte(rfAn, 7} A n]},
X, rp1 <x (left excursion),

0; (¥ An,7* P An] =2

The number of left crossings of the block B; until time n is given by

(15) Ny =‘{k | H yog oy < —| (log n)”l}‘

and the total number of left crossings of biased blocks up to time n can be
written as
(16) N, "= X N,

jed?

where J? = {j € 7; Bj is biased}, the set of indices of biased blocks.

Parameter ranges. We finally give a list of all our parameters with their
allowed range. It will be necessary to introduce one further small parameter
1n whose use will become apparent only later; compare (35). Nevertheless, in
order to have a complete reference, we include it in the following list:

v: 0<v<u, fixed

6: 0<é86<1/3 fixed

v: 0<2y<1-38 fixed
17 & 0<é¢and p(€)>0 (£€~0)
(17) n: 0<n<1l-v/v, (m~0)

n
e: 0<€<p(§)/\4(1/v—a+1) (8"’0)
{0 0<f<n/4 (£~0),

where p(&) = a[1/2 + £,1] = P[0 is biased]. For future use we notice that
by this choice of parameters the following inequality holds:

(18) n>2fv+2e(1l/v, +2¢),

which plays a role in the proof of Proposition 4 and (87).

We will adopt the convention that dependence on v,  and y (as well as on
the measure o) will always be suppressed in contrast to the other parame-
ters, which sometimes will be used explicitly in the notation.

2.2. Preliminary lemmas. In this section we provide some preliminary
lemmas which will be constantly used in the sequel.
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LEMMA 1. Let £ > 0 and define the event
G.(&,n) = {3 left crossing of length > &n up to time n}
U {X, <X, —en}.

0<t<s<n

(19)

For P“a.e. w,

1 &
(20) limsup — logP“[G4(e,n)] < —Ellog( ool
n

n—ow

Proor. Using Chebyshev’s inequality and (19) from [7] we find for large
enough n,

(p*"
Pa[{w;Pw[Gl(g,n)] > <p>(8/2)n}] < <p>—(s/2)n2n(n + 1)21P—<>

-<{p
Since { p) < 1, the claim follows from Borel-Cantelli. O

Note that G, is negligible for the purpose of proving the upper bound in
Theorem 1, since lim sup,, _, .(log n)?/nlogP“[{X,/n < vn} N G,] = —=. The
next lemma provides a P“ a.s. upper bound on the number of fair blocks.

LEMMA 2. Let k> 1 and pick &, ¢ according to (17). For P“ a.e. w,
An, = ny(w, &, €, ¢) such that for all n > n,,

n
(21) number of fair blocks intersecting [ —n,n] < ———.
(log n)
ProOOF. By Cramér’s theorem,
(22) q = P°[ B, is fair] < exp{ - l(log n)l_BJ A*;J(g)(a)},

where A% g)(~) denotes the logarithmic moment generating function of a
Bernoulli variable with parameter p(£) = P*[w, > 1/2 + £¢] € (0,1). Note
that A* . (&) > 0 since & < p(&); compare (17). Next we define Y; to be the
indicator function in the event that B, is fair. Let I, be the set of indices
of blocks intersecting [—n,n] and N =|I,|. Set ¢ =n/(logn)* and A =
log(c/Ngq). One can easily check that ¢/(Ng) — « as n — . Since the (Y)),
are i.i.d. 0—1 variables, we find for large enough n using Chebyshev’s inequal-

ity,
< exp(—Ac + N log E*[exp(AY;)]) < exp(—Ac + Nge*)

Sexp(—(log—n)k).

Our claim now follows from Borel-Cantelli. O

P“[ Z Y, >c
(23) iel

n
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At this point we make the following remark, which will be useful later.

REMARK 1. The proof of Lemma 2 shows the following. Assume that the
fact that B, has a certain property () depends only on the restriction of w to
B,. Then, as soon as we know that for a, b > 0, P*[ B; has property (*)] <
exp{—a(log n)°?} for every n large enough, we can conclude that V% > 1,
P“ as. Any(w) such that V n > n,,

|{i | B; has property (*), B, N [—n,n] + &} < ———
(log n)*~

The next lemma provides a P a.s. upper bound on the maximal length of a
fair region in [ —n, n] when n is large. This Erdés—Rényi type upper bound
will be crucial for the derivation of the correct rate function.

LEMMA 3. Let ¢, ¢ be as in (17). Then P“ a.s. An(w, &, £) such that
Vn=n,,

(24) max|F® N [—n,n]| < log(n).

1+
p(§>( )

Proor. Not surprisingly, we have only to modify the proof of the well-
known theorem of Erdés—Rényi on longest head runs. We first introduce
N*(n) (N"(n)) to be the largest (smallest) index such that By, N
[—n,n] # &. By I )(n) we denote the number of the longest run (consecu-
tive sequence) of fair blocks to the left (right) of By+(By-) beginning at those
blocks. Set ¢(n) = (1 + £)log(n))°/A% . () and observe that

P*[max{l*(n),l (n)} > c(n)]
(25) < 2P*[1"(n) > ¢(n)] < 2P°[ B, is fair]*"”’

< 2exp(—(1 + a)[(log n)lf‘s](log(n))s),

where we have used (22). It follows now from Borel-Cantelli that for P* a.e.
o, there exists n, = ny(w) such that for every n > n,,

(26) max{l*(n),l"(n)} <c(n).

For any such w, we define n,(w) to be the smallest number (> n,) with
c(n)l(og n)'~°| = 2n,. Let n > n,. In order to show (24), pick one of the fair
regions FV such that F:==F® Nn[—n,n] # &. Let n* and n, denote the
rightmost and leftmost point of F. Either n* > |n .| or n* <|n.|l. We will
focus on the first case; the second can be treated analogously. So assume
n* >n.l If n* >ny,>0, we know from (26) that [*(n*) < c(n*) < c(n),
which implies

(27) |F| <1 (n*)|(log n)'~°| < e(n)|(logn)'~°| < log(n).

&
A*(f)( )
If n* <n, we have |Fl<n* —n, +1<2n*+1<2n,< 0+ &)
‘log(n,) /A%, (&), and the proof of Lemma 3 is complete. O
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We close this section with a lemma which gives control over N,” , the total
number of left crossings of biased blocks up to time rn; compare (16). This is in
the same spirit as Lemma 2 from [7].

LEMMA 4. We have for all w € (),

. (log 1)’ n
(28) lim sup ——— logP*|N," > —————| = —=.
n (log n)

n— o

ProorF. We pick o such that there is at least one biased block in [ —n, n];
otherwise there is nothing to show. We denote by J° = {j € 7; B, is biased}
and introduce the set # = U ;. o + Dlog n)'~° ]} of rlght endpomts of
biased blocks. Next we introduce the stopping times,

— inf{t > 01X, — X,| = [(log n)* °[},

(29)
=inf(t>01X,€%), D, =D +rm

and for £ > 2 we continue inductively by
(30) 7, = inf{t > D,_,; X, €%}, D,=D-¥® + 7,

where we set D o7, = © when 7, = . Note that 0 < 7, <D, < 7, <D,
For k > 1 we set

(31) Y, = 1{Dk<°°}1(X.—k>XDk)’

the indicator of the kth left crossing of a biased block. Observe that since
each crossing takes at least |(log n)'~?] steps, the maximal number of back-
crossings up to time n is bounded above by m = m(n) = n/|(log n)!"?].
Moreover, N,” < L}"}Y,. Let us denote X, =x, and y, = x, — [(log n)'~°|.
From [2], page 73, we find for all £ > 1, for large n,

1(rk<w}P)?),k[XD <X,,D <>] = qu,:[XD =]
I—s Yr
< (logn) " I p(w)
(32) X=Xp

< (log n)1 ° s(k’gn)l '
< exp{—a/2(log n) *llog p*|} = p(n),

where p,(¢)=1/2 - ¢)/(1/2 + ¢) €(0,1) and where we have used that
[ ¥4, x;) is biased. Denote by ¢ = c(n) = n/(log n)> 2° and introduce A =
Mn) = log(c/(mp)). It is easily seen that for large enough n, A >
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e(log )~ %|log p.l/4. Using the strong Markov property and (32), we find
P*[N,” > ¢(n)]

m(n)

< P“’[k; Y, > c(n)l <exp{—Ac(n)}E”

m(n)
exp{ Y /\Yk}
k=1

<exp{—Ac(n)}|E®

m(n)—1
exp{ b AYk}
k=1

m(n)—1
exp{ Y AYk}7Ym(n) =1

+e E®

k=1

=exp{ —Ac(n)}| E®

(33)

k=1

m(n)—1
exp{ Y. Y,

+e E® 1(,m<m}E§7m[XD <X,,D < =]

k=1

m(n)—1
exp{ Y. Y,

< exp{—Ac(n)}E®

m(n)—1
exp{ Y. Y,
E=1

(1 +p(n)e)

< exp{ —Ac(n)}(1 +p(n)e’\)m(n)

n e s
3-26 (Z(l(’g n) “llog pyl - 1)

= eXp{ ~ (log n)

X __% log(n allo "
P~ gty 098 o .|

and (28) follows O

2.3. Proof of the upper bound. Now we are ready to describe the first step
in the proof. For fixed parameters as in (17), define

A(e, &,n) = {A left crossing of length > en
(34) up to time n, N, < ¢(n)},
where c(n) = n/(log n)®>~ 2% We set
(35) Ay(e,é,m,n)=A; N {Xn/n <v,SP <n(l-v/v, — 277)},
Ag(e, &,m,n) =A; N {X,/n<v,SP >n(l-v/v, - 21)},

where S was defined in (12) and write

(36) {X,/n <v} = (AN {X,/n <v})UA, UA;.
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In order to prove statement (5), we start by looking at the set

l 2
1imsup@logpw[Ac1(8’f’n)] =%

n—ow

(37) Qy(e,¢) = {w

By Lemmas 1 and 4 we know that P“[Q,] = 1. Next we state two proposi-
tions from which the statement (5) will follow.

PrROPOSITION 1. Let v € (0,v,) be fixed and set

eq (log(n))”

O,(e,&,m) = lim sup

n—ow

(38)
xlogP“[Ay(e, €,1)] = —OO}.

We then have P*[Q,] = 1.

PROPOSITION 2. Let v € (0,v,) be fixed and set

. (log(n))*
Qs(e,é,m) ={weEQ hmsupTlogP [As(e, &,m)]
(39) T
< —I(U,S, g}ﬂ)}’
where
2(1 - — 27) A ?
(40) Ho,6,8,m) = =20 = 20 Bye(e)

8(1 + 8)4
We then have P*[Q,] = 1.

Statement (5) (and Theorem 1) follow now easily. Indeed, pick v € (0, v,).
Set

(41) Qr= N N 0y(e,¢)
e ecQ*
p(§)>0 a<p(§)A—4(1/Ua+l)
and for ; = 2, 3,
(42) Q= N N N Q(e,&,m).
ne@* e ecQ*

<1-v/v, p(£)>0 , 1
n V/Va p(E)>0 ccpn(e)n 005D
Finally, we set Q* = Q% N Q% N QF. From Propositions 1, 2 and Lemmas 1
and 4 we know that P*[Q*] = 1. On the other hand, for any o € Q* and
for arbitrary e,&,m>0 with 0 <n<1—-v/v,, p(£)>0, &<p(é&)A



LARGE DEVIATIONS FOR RWRE 1401
1n/14(1 /v, + 1)], we have

(43) lim sup M 1

n— o

ogP[X,/n <v] < —I(v,e&,&,1).

Since

lim lim lim I(v, &, ¢,m) = (1 — v/v, )7 2llog a({1/2})I*/8 = I(v),
n—=>0 &0 -0
we have that for each w € Q*, limsup, . (log n)?/nlogP“[X,/n <v] <
—I(v) and (5) follows.

2.4. The leading term. In this section we give the proof of Proposition 2.
We start with introducing the set [with 2 = 3 in (21)]

(44) Q4(e,¢) ={we Q1 (21) and (24) hold for all large enough n}.

From Lemmas 2 and 3 we know that P*[Q}] = 1. We claim that Q; € Qg,
from which Proposition 2 clearly follows. Pick o € ()5 and define .#; the
indices of the epochs corresponding to visits in fair regions. More precisely,

H={i=11x(Xy )= LT, <n)

and set N; = |.7]|. The first observation is that on A, for n large enough (cf.
(85) in [7]),

n 0 n 3 n
< + < .
(log n)* (log n)>~%° (log n)3725

Indeed, when the walk starts it will possibly cross all fair regions from the
left, making thereby only right crossings of the attached biased blocks. After
one of these biased blocks has been (right-) crossed, the next crossing of the
same block is necessarily a left crossing. Since on A;, N, < n/(log n)*~?°
and since for o € ();, the number of fair regions is bounded above by
n/(log n)® for all large n, (45) follows. For future use we make the following
remark.

(45) 0<N,

REMARK 2. We will show in the proof of Proposition 1 that the number of
type (3) regions in [ —n, n] is P“ a.s. bounded above by n /(log n)?, for n large
enough. Using exactly the same arguments given above, one can see that for
each o for which this bound holds, on A; the number of visits in type (3)
regions is bounded above by 3n/(log n)®> 2°, provided n is large enough
(depending on ). Using (45) one easily sees that the claim of Proposition 2
follows once we have shown that, for w € 1,

, (log n)”
lim sup sup —_—
(46) n—% 0<K<3n/(logn)32° n

X logP“[As(e,&,m) N {N, =K}]| < —I(v,¢,&,1).
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To show (46), pick K with 1 <K < 3n/(logn)? 2% (for K =0 there is
nothing to show). On the set {N; = K} denote the set of (random) elements of
A by 1 <j, <jg - <Jjg <. Then, on {N; = K} we have

K
(47) SO = k; T, An—T

Jr=1t

Recall that T; = T; _; + T, >, . It is easily seen that
T, An—T,_;<(T, A T[fn,n])"ﬁrfkfl-
Pick A > 0 and use Chebyshev’s inequality to find
P°[ A, N, = K] < exp{—An(1 — v/v, — 21)}E“[exp{AS(}; N} = K|

exp{—An(1l —v/v, — 27)}

IA

(48)
X E®

K

exp{)\ > (T A T[n,n])°‘9T_fk1}§N1 = K}
k=1

We would like to use the strong Markov property in (48). In order to do this

(and to simplify notation) we rename the beginning of the Z2th epoch spent in

a fair region (note that these are stopping times) as follows. We set

(49) T = min{Tj,1 J21,0<T, <o, x(X; )= 1}
and for & > 2,
(50) = min{T,_y 1= 1,7,y <Tp_y <=, x(Xg ) =1},

where min & = «. Observe now that on {N; = K}, we have 7, = T, _,. Coming
back to (48) and using the strong Markov property, we find

P“[A;, N, = K] < exp{—An(1 —v/v, — 27)}

[ K
X E® exp{)\ Z (Tl A T[—n,n])°”'37k};7k <
i k=1

(51) < exp{—An(1 —v/v, — 21)}

[ K-1
X E® exp{)\ > (Ty A T[—n,n])°‘9fk}
I E=1

><E)“(’7K[exp{)\(T1 A T[—n,n])}];Tk < o

By choosing an appropriate A, we now give a uniform upper bound (uniform
in w as well as in the starting point) of the inner expectation appearing in
(51). Indeed, on {rgx < =}, (X ) =1, hence T} A T{_, ,; is the exit time from
a fair region Z-(l) N[—n,n] for some i. We will now use a well-known

estimate for the exponential moments of these exit times. We pick p € (0, 1)
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and choose
m*(1 - p)
8(max|yi(1) N[-n, n]|2) '

(52) A=

Using now Lemma 3 and (48) from [7], we see [see also (47) from [7]] that on
{TK < OO}’

(53) Eg [exp{MTy AT, )] < <(p) € (1,).

Iterating this in (51) (with {rx < =} replaced by {r;_; < }, and so on, we find

(54) P°[A;, N, =K] < «(p)" exp{—An(1 — v /v, — 27)).
Since w € O, we find for n large enough [cf. (24)],
1+ ¢ -5
max |7V N [—n,n]| < ——— log(n) + 2(log n)
: Nopcer(€)
55
(55) (1+ &)

< ——log(n).
Noe)(8)

Coming back to (54) we find that for o € Qy(e, &),

' (log n)2
lim sup max ———P“[A;,N, = K|
n—oo 0<K<3n/(logn)3 2? n

m2(1 - p)(1 —v/v, — 27) .
s - 8(1+ &) Ap(§)(8)2‘

(56)

Since p € (0,1) was arbitrary, (46) follows and the proof of Proposition 2 is
complete. O

2.5. The negligible term. In this section we give the proof of Proposition 1.
The proof will be carried out by splitting A, into two events corresponding to
times the walk spends in regions of type (2) and (3), respectively. Recall that
n=SY+8?+ 83 where S® and S¥ is the total amount of time until n
the walk spends in regular and irregular biased blocks, respectively. Then we
can write

Pe[Ay(&,6,m)] =P°[A, X,/n <v,8P + 8P > n(v/v, + 27)]
<P°[A,X,/n <v,SP = nn]
+P[A, X,/n <v,S? = n(v/v, + )]
=Pr(&,6,m,0) +PP(&,6,m,()
and A, was defined in (34).

(57)
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PROPOSITION 3. For any choice of parameters satisfying (17) we have for
P%a.e. o,
_(logn)’
(58) limsup ———logP(&,6,m,() = —.
n

n—w

The main ingredient of the proof is the next lemma.

LEMMA 5. For P® a.e. w,

n

(59) # of irregular double biased blocks intersecting [ —n,n] < ———.
(log n)

Let us postpone the proof of (59) and show first how (58) follows. In fact, we
will use the same arguments which had been used to show Proposition 1.
Recall that that proof was based on two facts:

1. The number of visits in type (1) regions is bounded by 37n /(log n)?>~2°. Note
that by Lemma 5 and Remark 2 we have the same bound for the number
of visits in irregular double biased blocks.

2. The length of a type (1) region can not exceed (1 + &)2 log(n) /A%, (&).

Clearly, a double biased block is much smaller (its length is 2|(log n)}~°].)

Note that the exponential moment (arising in the Chebyshev estimate) of
the exit time from any region %, of finite length can be controlled, uniformly
in the environment, by (53) [where A is given by (52) where .7 has to be
replaced by %] Choosing now A = 7w2/(16(2|(log n)'"°]?) [which corre-
sponds to the choice of p = 1/2 in (52)] we find as in the proof of Proposition
1 that

P°[A;, X,/n <v,88 > qn| <P°[A;,SP = nn]

3n 3-25
(60) = (1 )3—25 K(l/z)gn/(log &
ogn
9 n

2—-26

Xexp|—m"n——F—3
64(log n)

and the claim of Proposition 3 follows once we have proved Lemma 5.

Proor or LEMMA 5. Once we have shown
(61) P“[ %, is an irregular double biased block] < exp( —a(log n) ’ ),

where a, b > 0 are independent of n, Lemma 5 will follow from (61) by using
Remark 1 with 2 = 4 applied to the double blocks with even (odd) indices
having nonempty intersections with [ —n, n]. Indeed, Remark 1 yields the
upper bound on the number of type (3) regions: 2n /(log n)* < n/(log n)3, for
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n large enough. To show (61) we first set S = {w |5, is s-biased}. Then
P[5, is of type (3)]
(62) <P*[8°]
+Pe[S 0 {0 E§7 e [VEM] > (1/0, + O)(logn)' "}
The first summand in (62) is easily estimated. Indeed, on S°¢ there exists at

least one fair subblock. Using (22) and the fact that a subblock has a length
at least [(log n)! ], we find for large enough n

1
(63) Pe[S] gexp(—E(log n)yA";(g)(s)).

It remains to give an upper bound on the second summand in (62). To this
end we will use Azuma’s inequality [1] in the following form: Let (Q, s/, P)
be a probability space with a filtration (#,),_, , and S €. Let

My, M,,...,M, be martingales with the property that for £ = 1,...,n,
||(Mk - Mk—l)ls||°° < Ck.

Then for every ¢ > 0,

1 ¢?
64 PI{M, —M,>t}nS| < - - .
( ) [{ n 0 } ] exp( 9 ZZ: . C]% )
In order to use this inequality, we first set for x € Z, U(w) = w, and
N =|(logn)' °]. For w € Q and 0 < k < 2N, we define the martingale on (),

(65) My(w) = [Eo[vo(n) | U(UN—k""’UN)](w)

where E, is the annealed measure with start at the origin. [V{™ € L(P,)
since E,(V{™) = N/v,, which will be clear from (68) and (73).] For » € Q and
Jj €7Z, we define E{*”"/'“ to be the quenched expectation starting from 0,
where we have replaced the environment strictly to the left of j by the
homogeneous environment given by o, = (1 + (p))~!, and the rest of the
environment has been left untouched. In particular, using the notation
introduced in (9), we have that E§?>> ~V-© = E{#” . We claim that for o € Q,
0<k<2N,

(66) My(w) = EgN-he[vem].

To check (66), we have to show that for 0 <% < 2N and A € o(Uy_,(w),
oo, Uy(@)),

(@) £ (V1] = E#[Eg ke[ Vio]1,].
We will use the representation for V{" given by

N-1
(68) Ve = Y 1,

i=0
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where 7/, = 7,00, with 7, = inf{t > 0| X, = X, + i}, 7y = 0. In words, 7/,
is the time it takes to reach G+1 startlng from i. Inserting (68) into (67),
we see that as soon as we know for i =0,..., N — 1,

(69) [EO[Tii+11A] EQ[E“J) Nk w[ ]1A]

(67) follows. The next observation is that for fixed 2 € [0,2N] N Z, we can

look at the measure P¢ as the product of the measures P{* and Py, where P;*

is the product measure ® « on Q, ==[1/2,1)?"C*=N"b and Py = ® « on
=[1/2,1)?"IN-k= Pick i € [0, N — 1]. Then

(70) [EO[Tii+11A] = Ea[lAEg[Tii+1]] Ea[lAEa[Ew[ l+1]”

Since E*[E§” N ~%e[ri 11,1 = ES[E{?»N~%<[z! 11,], we see that (69)
follows once we have shown

(71) EirNhe[rl ] = Bi[Eg[ 7L ]].

To check (71) we will use the following formula (cf. (12), (15) in [3]):

(72) E’[7] =1+ 2(pi(0) + pi(@)pi_1(®)
+pi(@)pi_1(0)pi_s( @) + ),

where we recall that p, = (1 — w,)/w,. If we now write v = (w;, w,) with
w; € Q; for i = 1,2, by using the strong Markov property we find

E;[Eg[),]]
=1+2E{[p; +pipi 1+ ]

(73) 1+2(Cp) + (pY2+ ), i <N -k,
=1+ 2(p(w3) + - +p(@3)  py_p(ws)
(L+ o)+ () + ), i>N-—k.

Since E{?>¥~*- @ denotes the quenched (path) measure with w, = (1 + (p))~!
for i < N — k, the right-hand side of (73) is easily seen to be equal to
E{?» N~k [zl 1. This shows (71) and the proof of (66) is complete. To apply
Azumas inequality, note first that M, () = E{P-°[VM], and M(w) =
E{" N[V = N + 2%, . { p)*) = N/v,; compare (2). Hence, by (64),

| (log n)l‘ﬁj}l
1 ({N) )

.....

1
Pe|S n{w|EP [VW] > |— +¢
v

(74)
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It remains to give an upper bound on ¢,. To this end we pick w € S and by
using (66) and (68) we find for 1 <k < 2N,
N-1
(M (@) = My_((0)l < Y EfPN"Re(r) — E{»Ntrhe(r)]
i=1

N-1
= X |E§p>’N_k’m(7'1)_E§p>’N_k+1’w(71)|
i=N—k

1 (p>

Pi* " PN—F 1— <p> TP PN-k+1 1 — <p>

12

N-1
(75) =2 X
=N-%
9 N-1
- — R T PV 5
1-<{p) i=§fkp PN-k+11 PNk p
9 N-1
S S — l cee _ ,
1_<p> l-:%_kp pN k+1
where we have adopted the convention that the product p; --- p; is equal to 1
ifi<jFori>=N-—-Fk+ 1, weset
i—(N-Fk+1)
| 2|(log n)7]
which is an upper bound on the number of subblocks contained in [i, N —
k + 1] (recall that the last subblock might have a length 2|(log n)”]). Since

o € S implies that each subblock of [N, N] has at least ¢|(log n)?| biased
sites in it. Thus, for 1 < k2 < 2N and n large enough,

Z pf,;l(l"g n)"|L;
i=N-Fk

i

IMj(@0) =M, 4(0)l <

1-{p>
2
< Y »p
1-<{p L>0i>N—-Fk+1 *
L.=L

(76) i

_ 4(ogn)’]
T A= (o (I-pr)’
where p, = (1/2 - £)/(1/2 + ¢) € (0,1). Coming back to (74), we find

| (log n)l‘sj}l

1
= eXp(_ 128871 (p))*(1 = py)*(log n)l“H’)

1
[

[e3

Pe|S N {w|EP[V{]>

w

(77)
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This together with (63) implies (61) and the proof of Proposition 3 is com-
plete. O

The last step in the proof of the upper bound of Theorem 1 is to establish
the following proposition.

PROPOSITION 4. For any choice of parameters satisfying (17) we have, for
each w € ),
_ (log n)®
(78) limsup ———1logP?(¢,6,1,{) = —»
n

n— o

where P(&, ,m, {) has been defined in (57).

Proor. We first introduce the random variables (i € 7),
(79) Z, = V" /(ogn)'"’,

where the V. were defined in (8). The following lemma, which provides tail
estimates on Z, in the case where the corresponding double block is regular
[ie., type (2)], is the key to the proof of Proposition 4.

LEMMA 6. Set t, = 22 + v/v,). There exists a constant k(¢) € (0,%) and
no( &) = 10 such that for each o € Q with the property that B, is of type (2),
we have for n > n, and t > ¢,

(80) P e[ Zy>t] <exp(—«(€&)t).

Note the the choice of the index i = 0 plays no role in the statement.

Before we give the proof of Lemma 6, which involves the martingale
method once more, let us first show how the claim of Proposition 4 follows. As
before, we define ./, = {j > 0 | )((XT ) =2,T;,_;, <n} and set N, =|7;|. As
in the proof of Proposition 1, it follows that on the set A n{X,/n < v}, we
have for large enough n,

n n
O<N, < ——(v+¢)+ 22—
2 l(log n)1—al ( ) (log n)s—za
(81) n
< —— (v + 2¢).
o0 29)
The claim of Proposition 4 will follow, once we have shown that for v € (,
. (log n)*
lim sup max —_—
(82) now 0<K<n(v+2e)/(logn)=° n

X log PN, = K, 82 2 n(o /v, + )] = —=

In order to estimate the probability on the left-hand side, we follow closely
the arguments of the proof of (46). Denote by 7, the beginning of the kth visit
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of a type (2) region, where 7, is defined as in (50) except that we are dealing
with type (2) instead of type (1) regions. Adapting the arguments leading to
(51), we obtain for any A > 0, w € (),

P°[N, =K,S? > n(v/v, + n)|
< exp(—An(v/v, + 7))

(83) X E©

K-1
exp()\ X (Ty A T[n,n])“’ﬁfk)
k=1

><E§7K[exp()\(T1 A T[_n’n])); % < 00]

with 7, defined in (11). We observe that on {r; < %},
E}*}q{[exp(/\(T1 A T[,n’n]))] sup E{»“[exp(AT})]
i: B, is of type (2)
(84)

sup E{"[exp(AV,™)].
i: B, is of type (2)

Set A = Alog n)'~?. Iterating in (83) we arrive at (0 < K < n(v + 2¢)/
(log n)'~?),

P°[N, =K,S® > n(v/v, + )]

IA

IA

- n

< exp| —A———5—(v/v, + 1)

(log n)

- 1 _

+KA sup = logE{" “[exp(3Z(")]
(85) i: %, is of type (2) A

<exp| —A————5|(v/va + 1) — (v + 2¢)

(log n)

1 -
X sup = 10gE§”>""[exp()\Z§”))] ),
i: %, is of type (2) A
where Z(™ was defined in (79).
Let o be such that %, is regular. Pick n > ny(¢) (= 10), ¢ > ¢, and
A = k(&) /log n (see Lemma 6 for definitions). Then,

1 _ 1 _ o
< 10gE§)P>"”[exp()\Z5"))] -5 log(l + /\fo eMP§P e[ ZEV > u du)

(86) < ethtPé”""[Z(()”) > ul du
0

+f e P§P e[ Z§ > u| du.
t
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By Lemma 6, we estimate the second term by 2/« exp(—«t/2) and the first
one by exp(k(&)t/log nX1/v, + {), where we have used that E§{*” “[V{"] <
(log n)'~?(1 /v, + ¢). Choosing now ¢ = t(n) = (log n)/? we find for large
enough n,

P°[N, =K,S? > n(v/v, + 1)]

k(&)n
SeXp(—W{(U/UQ-FT])—(U‘FZS)
k(&)
(87) X | exp W (1/v,+¢)
2 k(€) 1/2
+K(§) exp(— 2 (log n)" ))})
sexp(—%((v/va+n)—(v+23)(1/va+2§))).
(log n)

Since by our choice of parameters we have that n > 2{v + 2¢e(1 /v, + 2¢)
[cf. (18)], (82) follows and it remains only to prove Lemma 6.

PROOF OF LEMMA 6. For convenience we set N = |(log n)!~?]. Recall that
V{™ is the hitting time of the point N. It will be useful to introduce the path
measure P;~ which agrees with P> except that at N we now have a
reflection (to the left), that is, wy = 0. Otherwise the transition probabilities
are unchanged (and, of course, depend on w). Let H,.(w) be the number of
visits in N up to time r, and for given t, set s = s(¢t,n) = [t(log n)'~°|. We
have

PP [ Zy > t] < P{P e[V > 5]

(88)
=P °[H,=0] =Py [H, =0].

Since we have a basically homogeneous drift in %,, during time n we expect
~ const - n hits at N under the measure P~ . Thus the event {H, = 0} is very
unlikely. We will use the martingale method to estimate the corresponding
probability. For £ > 0 we first define the martingale,

(89) M,(w) =E; [H;| o(X,,..., X,)](w).
Note that M, =E; [H,] and M,=H, Since Py [H,=0]=P; [H, —

S S

E; [H,] < —ul, where u = E; [ H,], Azuma’s inequality now yields [cf. (64)
applied to —M, ]

P{"“[Zy>t] <Py [M,— M, < —u]

(90) - exp{—E; EAVIERD> )}
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We first claim that since %, is strongly biased we have for 1 < £ < s,

(91) ¢, <k (&)(logn)’,

where k,(¢) is a constant depending only on ¢£. To show (91), first note that
for 0<k<s; Ej[H,| 0(X,,..., X)) =H, + E;k[Hs_k] by the Markov
property. For 1 < k < s, we now have

My (w) = M, _(w)| =|E5 [H,|0(X,,..., X;)]

-E; [H, | o(Xq,..., X,_1)]]
1+|Ex, [H,_,] —Ex, [H, \..]|
1+|Ex [H, ,] -Ex [H,_,]|
+|Ex, [[H,_,] - Ex, [H,_;..]|

<2+ sup|ES [H,_,] -E [H,_,]|-
x<N

IA

(92)

IA

We claim that for each n > 1,

1
(93) SuplE;c_[Hn] _IE;C_—I[I—In]lS EsupE;——l[Tx]’
x<N x<N

where we recall that 7, is the hitting time of x. To show (93), we first observe
that E; [H,] > E;_ ;[ H,]. On the other hand,

(94) Efol[Hn] = ZEzfl[Hn|Tx =J]th1[7x=J]
Jj=1

Now
E;—I[Hn | Tx =J] = 1jsnE;c_ [Hn—j] = E;c_ [Hn] _j/27

where we used the fact that for j <n, H, ;+j/2 > H, and that in any
case H, < n/2. Coming back to (94), we see that E |[H,]>E  [H,] —
1/2E [7.], which implies (93). Using (92), we have for 1 <k < s,
(95) c, <2+ 1/2supE; | [7.] =2+ 1/2supE{?;°[7.].
x<N x<N
Note that for x < N, E{?”; “[7_] is equal to the r.h.s. of (73) (with i = x — 1
and k& = 2N). Exactly as in (76) we obtain for n > n,(¢).

(96) ¢, <2+ 1/2|1+

2 Y Y
<

(1_<P>)(1_P*)2(10gn) —kl(é:)(logn)

for a certain constant %k,(¢) > 0. It remains to give a lower bound on
E; [H,]. Recall that s = [t(log n)'"°]. Set s, = 2(1/v, + ¢{)log n)'~° and
observe that ¢ > ¢, and n > n, > 10 implies s > s,. We will use the simple
fact that for any nonnegative random variable X we have P[X < 2E[X]] >
1/2. For a later purpose we set

(97) K =|(s —s0)/(8(log n) "ky(£))].
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Observe that K > 1, provided ¢ > ¢, and n > ny(¢). Now
1 K
(98) E; [H,] > 5 Y Py [H, >k IV < 2E; [V{M]].
k=1

Note that 2E; [V{™] = 2E{* “[V{"] < 2(1/v, + ¢ )log n)'~° = s, since
B, is regular. Hence

K

5 LRy [H  zk-1].
k=1

| =

(99) E; [H,] =

For i > 1 let us denote by D, the duration of the ith passage from (N — 1) to
N. Note that all of these variables are P, -a.s. finite (hence well defined).
Thus

1 K k
2k=1 i=1
1 K k
(100) = = Z (1 - PN(_—I[ ZDL > 8 — SO:|)

2k=1 i=1
1 K k

> — 1- ES

= 2k¥1( — 5 N—1[TN]),

where we used Chebyshev’s inequality in the last line together with the fact
that for each i > 1: E5_,[D;] = E5_[7y], where 7y is the hitting time of
the point N.

Recall that E5_[7y] = E{21“[7y] < 2k ,(&)og n)? [cf. (95), (96)]. Thanks
to our choice of K [cf. (97)], we have for 0 <k <K that (1 — 2k ,(¢)
‘(log n)?/(s — sy)) = 1/2 and we arrive at

(101) E; [H,] = iK.

Coming back to (90) we find, together with our bound on ¢, from (96) (s =
[£(og n)'~° ),

K2
Py[Z, > t] < e"p{_ 32k2(£)s(log n>”}

(102)

1 t(logn)1 8—1—30 1 1
< — p— _—
= P17 B2k3(8) | 8(log n) Ri(£) t(log n)" "%

Observing that this estimate is monotone decaying in n, the claim of Lemma
6 follows. O
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