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GEOMETRIC CONSTANTS OF 7 /2-ROTATION INVARIANT
NORMS ON R?
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KICHI-SUKE SAITO,” and RYOTARO TANAKA"

Communicated by J. Chmieliriski

ABSTRACT. In this article, we study the (modified) von Neumann—Jordan con-
stant and Zbaganu constant of 7/2-rotation invariant norms on R2. Some esti-
mations of these geometric constants are given. As an application, we construct
various examples consisting of 7/2-rotation invariant norms.

1. INTRODUCTION AND PRELIMINARIES

This paper is concerned with geometric constants of Banach spaces, the (mod-
ified) von Neumann—-Jordan constant, and the Zbaganu constant. For a Banach
space X, let Bx and Sx be the unit ball and unit sphere, respectively. The von
Neumann—Jordan constant Cy;(X) of X was defined in [8, Theorem II] by

2+ yl® + llz — yI?
2(11[* + llwl1*)

The constant Cy;(X) can be viewed as a measure of the distortion of Bx from
the viewpoint of the parallelogram law, and the estimation 1 < Cy;(X) < 2
holds for any Banach space X. Moreover, it is known that Cy;(X) = 1 if and
only if X is a Hilbert space (see [8]), and Cy;(X) < 2 if and only if X is uniformly
nonsquare (see [15]). To date, many works have been devoted to studying the von

Neumann-Jordan constant of Banach spaces (see, e.g., [2], [4], [14], [16], [17]).

CNJ(X):SUP{ ::L',yEX,(:z:,y)gé(0,0)}.
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The modified von Neumann-Jordan constant C} ;(X) of a Banach space X
measures the distortion of Sy in the sense of the parallelogram law; that is,
C'y,(X) is given by

) z+yl?+ |z —yl?
CNJ(X):SUP{H vl 4H dl 3$,y€sx}(§ Cny(X)).

This variation of Cy;(X) was introduced by Gao [5] (first in the form sup{|jz +
yl> + |z — y||* : 2,y € Sx}), and its properties were studied, for example, in
[5], [6], and [19].

As another variation of the von Neumann—Jordan constant, we have the Zba-
ganu constant Cz(X) of a Banach space X introduced in [18] as

_ lz+yllllz =yl . }
Cz(X) sup{ B+ z,y € X, (x,y) # (0,0) .
It follows from 2|z + y||z — y|| < ||z + y||*> + ||z — y||? that Cz(X) < Cns(X).
However, in general, C'z(X) does not necessarily coincide with Cy;(X). There is
a specific example of a (2-dimensional) normed space X with the property that
Cz(X) < Cny(X) (see [1]).

In 2011, Mizuguchi and Saito [10] studied the relationship between the above-
mentioned three constants in the case of absolute normalized norms on R?, and
applied their results to the construction of some interesting new examples (see

(7], [11], [12] for related results). A norm || - || on R? is said to be absolute if
I(a, &)1 = [I(lal, [B])]| for each (a,b) € R?, and normalized if ||(1,0)] = {|(0,1)|| =
1. Typical examples of such norms are the ¢,-norms || - ||, given by

il S el (1< p < o0),
a0, {mwwmw} (=),

Let AN, be the collection of all absolute normalized norms on R?, and let ¥, be
the family of all convex functions ¢ on [0, 1] satisfying max{1 —¢,t} < ¢(t) <1
for each t € [0,1]. Then, as was shown in [3] (and in [14]), AN5 is in a one-to-one
correspondence with Wy under the equation ¥ (t) = ||(1 — ¢, t)]|| for each ¢ € [0, 1].
The absolute normalized norm corresponding to ¢ € U, is denoted by || - ||, and
it satisfies the following equation:

[l () ((a8) # (0,0)),
meu_{o ((a,5) = (0,0))
On the other hand, the convex function 1, corresponding to || - ||, is given by
_ (@ =p )t (1 <p <o),
velt) = {max{l ) (p=oo).

It should be noted that v,(t) = 1,(1 —t) for each ¢t € [0,1] (1 < p < 0).
Recently, the notion of 7 /2-rotation invariant norms on R? were investigated in
9], where a norm || - || on R? is said to be 7/2-rotation invariant if the 7 /2-rotation
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0 -1
r2 = (1)
is an isometry on (R?, || - ||) or, equivalently, ||(a,b)|| = ||(—=b,a)|| for each (a,b) €
R?. An example of a m/2-rotation invariant norm that is not isometrically iso-
morphic to any absolute normed space was given in [9, Theorem 5.13].
The purpose of the present article is to study the (modified) von Neumann—

Jordan constant and the Zb&ganu constant of 7 /2-rotation invariant norms on R?.
In [9, Theorem 3.2], it was shown that any 7/2-rotation invariant normed space

matrix

is isometrically isomorphic to some Day—James space of the form ﬁfp > where zz

is the element of Wy defined by 1(t) = (1 —¢), and éi ; Is the space R? endowed
with the norm 7

I(@b)]], - = (Ia| + B (i) (ab>0),
S (lal + D) (ab < 0).

(See [13] for the general definition of Day-James spaces.) Of course, the norm
| - 1[5 is also 7/2-rotation invariant for each 1) € Wy (see [0, Proposition 3.4]).
From this, since the (modified) von Neumann-Jordan constant and the Zbaganu
constant are invariant under isometric isomorphisms, for our purpose, it is enough
to consider Day—James spaces of the form 82 7 and hence, throughout this paper,

)

7 /2-rotation invariant normed spaces are assumed to be ¢ - for some 1) € Ws.
Henceforth, fix an element ¢ in Wy (¢ # 1)), and put ||| = || ||,y for short. The
space €i’ ; (= (R? ]| -|,,,5)) will be simply denoted by Yy, Under this hypothesis,
we obtain some estimations of the abovementioned geometric constants that are

similar to (but essentially different from) the results in [10]. As an application,
we present various examples consisting of 7/2-rotation invariant norms on R2.

2. AUXILIARY RESULTS ON Y,
We start our argument with some auxiliary results.

Lemma 2.1. Let ¢,¢p € Wy. Then || - [|p,g < M| - ||, ;. where

o(t)

M = max —=.

01 (1)
Proof. We first note that ¢(t) < Muw(t) for each t € [0,1], and hence p(t) =

o(l —t) < My(1 —t) < My(t) for each t € [0, 1]. Now, for a nonzero element
(a,b) of R? we have

||(a7b)||tp,go = {(’a| + |b’)gp(‘a|‘i||b|) (CLb > 0)7

(laf + |b’)(ﬁ<\a|‘i||b|> (ab <0),

and [[(a,b)|, ; has the same form (with 1 in place of ¢). From this, it follows

that || - [, < M|l -, 5 N
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We note that [| - [l2 = [| - [lg, = [/ - ||, - This, together with the preceding
lemma, shows that My - |l2 < || - || £ Mi]| - ||2, where
t t
M, = max () and My = max ¥af ),
0<t<1 4o (1) 0<t<1 1)(t)
respectively.
As was mentioned in the last paragraph of Section 1, the norm ||-[| (= || -], ;)

is 7 /2-rotation invariant. For such a norm, we obtain the following property.
Lemma 2.2. Ifz,y € Y, are such that v £y # 0 and ||z||2 = ||y||2, then

e+ ylla _ lle =yl
fet ol ~ eyl

Proof. Since ||z|]2 = ||y||2, we have that (x +y,z —y) = 0, and so
N
lz =yl

By taking the Euclidean norms of both sides, one obtains

T+ R(m/2)(x — T+ T —
Iz +lls = |z + yllll R(m/2)(x —y)ll2 _ Nz +ylllz —yll
|z =y |z =y

since R(7/2) is an isometry on the Euclidean space. Thus it follows that

R(r/2)(z —y).

Iz +ylla _ lla—yll
lz+yll e =yl

This proves the lemma. 0

We now present a key to the proofs of our results in the sequel.

Theorem 2.3. Let ¢,d > 0. Then the following two statements are equivalent:
(i) There exists a pair v,y € Sy, with vy # 0 satisfying || z||2 = ||lyll2 = 1/c,
|l +yll = dllz +yll2 (and [l —y|| = d]|z —yll2).
(ii) There exist r,s,t € [0,1] such that ¥(s) = cya(s), Y(t) = cya(t), and
W(r) = die(r), where 1, s,t satisfy one of the following conditions:
(a) s #t and
s )t
U(s) + (1)
(b) (s,¢) ¢ {(1,0),(0,1)}, s+t >1, and
Gl)s - v - 1)
(2t — 1)ib(s) +(t)
(©) (5,1) & {(1,0), (0. 1)}, 5 +1 < 1, and

(01— s) +(s)t
B(s) (1 - 2)0(0)
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Proof. Suppose that (i) holds. Let x,y be the elements of Sy, having the prop-
erties set out in (i). Since R(w/2) is an isometric isomorphism on Y, we may
assume that x is in the first quadrant. Replacing y by —y if necessary, we may
also assume that y is in the first or fourth quadrant. Hence the argument separates
into two parts.

(A) If both z,y are in the first quadrant, then we have

1
r=——(1-s,5) and y:m(l—t,t)

for some s,t € [0,1]. By (i), we obtain 1/c = ||z||a = ¥2(s) /¥ (s) and 1/c = ||Jy||2 =
Wo(t) /1 (t). Now, from the fact the function ¢ — t/1)5(t) is strictly increasing, and
since

. _(1—s+1—t S n t)
VTG T ® v e
and
. _(1—5_1—16 s t)
PTG T W0 we) e/

x £y # 0 is equivalent to s # t. Finally, one has that

¥(s) + 9(t) ¥(s) +9(t)
»(s)3(t) »(s)3(t)
where 7 is given by the equation set out in (a), and so ¥(r) = di(r).

(B) Suppose that y is in the fourth quadrant. Then y = ¥ (t)~ (¢, —(1 — ¢)) for
some t € [0, 1] (and z has the same form as in (A)). As in the preceding paragraph,

it follows that (t) = et (t) for 1/c = |lylls = (1 — £)/(t) = (1) [(1). We
note that

e(r) = |z +yll = dllz+yll. = d Wa(r),

vt (1—s+ t S _1—t>
ORI RIORET0)

1—s t S 1—t
“””‘y:(ws) o) vs) <>)‘

In particular,  +y = 0 if and only if (s,t) = (
(s,t) = (0,1). Moreover, from the fact that ¥ (s
has that

and

,0), and z — y = 0 if and only if

1
) = cn(s) and 1(t) = ciis(t), one

(2 )
Ols) () e \als)  da(1—1))"

Since the function ¢ +— t/19(t) is strictly increasing, it turns out that

‘ s 1—t’<1—s+ t +‘ S _1—t‘>
U(s) () IN(s) — ¥@)  ld(s)  D(t)
{é"é”%f W ez,

(st )(11)
rissem (s+t<).
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Since ||z + y|| = d||x + y||2, if s+ ¢ > 1, then an argument similar to that in (A)
shows that 1 (r) = dis(r). On the other hand, if s +¢ < 1, then x + y is in the
forth quadrant, and hence

P+ =2900(0) () (1= 2900
) = il = dle +ylle = d Galr),

slowe)
which proves that (1 — r) = diy(1 — r). Noticing that

P = s) + P(s)t
h(s) + (1 —=2s)3(t)’

1l—r=

we have that (i) = (ii).

For the converse, let r,s,t be elements of [0, 1] satisfying one of the three
conditions set out in (ii). If r, s, ¢ satisfy (a), then the vectors x = 1)(s)" (1 —s, 5)
and y = ¢ (t)"'(1 — ¢, t) have the desired properties. Similarly, in the cases of (b)
and (c), it is enough to consider x = 1(s)"}(1 —s,s) and y = ¥ (t) "1 (t, —(1 —t)).
The proof is complete. ]

3. GEOMETRIC CONSTANTS OF Y,

We first consider the (modified) von Neumann-Jordan constant Cy ;(Yy) (and
Cy;(Yy)) of Yy, when ¢ < 9hy. Then, as an application of Theorem 2.3, we have
the following results.

Theorem 3.1. Suppose that ¥ # ¥y and that b < 1y. Then

0<t<1 ¢(t>2 (: MQ)

In particular, C';(Yy) = M3 if and only if there exist r,s,t € [0,1] such that
Ua(5)/16(5) = (i) /(t) = My and (r) = (), where 1,5t satisfy one of the

following conditions:
(a) s #t and
_ V(B)s+¥(s)t
CY(s) + ()
(b) (s,t) ¢ {(1,0),(0,1)}, s+t >1, and
blt)s — 9(s)(1 - 1
(2t = 1)p(s) + (1)
(c) (s,t) ¢ {(1,0),(0,1)}, s+t <1, and
_ () —s) + (st
CU(s) + (1= 28)(t)
Proof. Let z,y € Yy, with (x,y) # (0,0). Then, by Lemma 2.1, it follows that
lz +yl* + llz = ylI* < llz +ylls + [l = yll3
= 2([|l=[13 + llyl3)
< 2M5 ([l l1* + Ilyll*).

and hence CY;(Vy) < Cny(Yy) < M3
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Next we consider restatements of Cy ;(Yy,) = M3. Since the set Sy, x Sy, with
the product topology is compact and the function

lz + yll* + ll= — yl”
4

is continuous, Cly;(Yy) = M3 if and only if there exists a pair (z,y) € Sy, x Sy,
with x &y # 0 satisfying

Sy, x Sy, 3 (x,y) —

lz + ylI* + ll= — yl®
4

for this, we note that if x +y =0 or z —y = 0, then M, = 1, which contradicts
W # 1y since 1 < 4y, Moreover, since ||z + yl| <[l £yl 2] < Malzf| = My,
and ||y|la < My, one has Cly;(Yy) = M3 if and only if there exists a pair (z,y) €
Sy, x Sy, with z & y # 0 satisfying |z £yl = ||z £ yll2 and ||z]|2 = ||yll2 = Ma.
Hence Theorem 2.3 applies (for ¢ = M, ' and d = 1), and it turns out that
Ch;(Yy) = M3 if and only if there exist r, s, ¢ (satisfying one of the conditions
(a), (b), (c) set out in Theorem 2.3) with 1 (s) = M 'ba(s), ¥(t) = My "hs(t),
and ¥(r) = 1y(r). This completes the proof. O
Corollary 3.2. Suppose that 1) # 1y and that ¢ < . If there ezists a ty € (0,1)
satisfying ¥(ty) = (1 —tg) and

Ua(to) Uo(t) ,
D(to) 825 gy = M)
then C]/VJ(Ylﬁ) = CNJ<Y¢) = M22
Proof. Let s =ty, and let t =1 —¢y. Then (s,t) ¢ {(1,0),(0,1)}, s+t =1, and

i (1 —to)to — p(to)to 0
(1 —=2t)p(to) + (1 —to)

Thus we have ¥y(s)/1(s) = ¥o(t) /10(t) = My and ¢ (r) = 1 = 1y(r); that is, r, s, t
satisfy the condition (b) set out in Theorem 3.1. Hence one has that C} ;(Yy) =
Cny(Yy) = M3 O

Corollary 3.3. Suppose that i # 15 and that ¥ < y. If
V2(1/2) Va(t)

—"2 = max —~(= M),

(1/2) o<1 (t)
thGTL C]/VJ<Y1#) = CNJ(Yw) = M22
The case of 1) > 1), is as follows.

Theorem 3.4. Suppose that 1 # ¥y and that b > 1. Then

= M3, (3.1)

Ol (Y) < Cra(Y) < max L a2y
NsFy) < Ong(Yy < e e M)

In particular, C'y,;(Yy) = M3 if and only if there exist r,s,t € [0,1] such that
W(s)/1ha(s) = (t)/1a(t) = 1 and Y(r) = Mys(r), where r,s,t satisfy one of the

following conditions:
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(a) s#t and
_b(t)s+ ls)t
Y(s) + (1)
(b) (s,t) ¢ {(1,0),(0,1)}, s+t >1, and
b)s - v - 1)
(2t = )o(s) +o(t)
(c) (s,t) ¢ {(1,0),(0,1)}, s+t <1, and
_ GB(1—8) + B(s)t
U(s) + (1 —2s)(t)
Proof. For each x,y € Yy, with (z,y) # (0,0), we have

Iz +yll* + llz = yl* < My(lle +yll; + |z = yl3)
= 2M3 (|l=1I3 + llyl3)
< 2M3 (lzlI* + llyl*)

by Lemma 2.1. This shows that C (V) < Ons(Yy) < ME.

Now, an argument similar to that in the proof of Theorem 3.1 shows that
Cy;(Yy) = M7 if and only if there exists a pair (z,y) € Sy, X Sy, with z+y #0
satisfying ||z +y| = M;||z£y||2 and ||z]|2 = ||y||2 = 1. Thus Theorem 2.3 (applied
for c =1 and d = M;) completes the proof. O

Corollary 3.5. Suppose that 1) # 1y and that 1 > 1by. If there exists a ty € [0, 1]
with to # 1/2 satisfying ¥ (ty) = (1 —to) = a(to) and
¥(1/2) e(t)

ba(12) ~ S g, = M)

then C]/VJ<Y¢) = CNJ(Yw) = M12
Proof. Let s = tg, and let t =1 — to. Then s # t (since ty # 1/2) and
(1 —to)to + P(to)(1 —t0) 1

r= =—.
U(to) + ¥ (1 = to) 2

It follows from (s)/va(s) = ¥(t)/12(t) = 1 and (r) = Myhs(r) that r, st

satisfy the condition (a) set out in Theorem 3.4. Therefore, Cly;(Yy) = Cns(Yy) =

M2, O

We next provide similar results on the Zbaganu constant Cy(Yy). For this
purpose, it is convenient to transform the Zbaganu constant into the following
form:

Al |||y
Iz +yl]* + [z —yll?
where X is a Banach space. To see this, it suffices to consider the transforms
r — x+yand y — x — vy, and then divide the numerator and denominator by

max{||z(], [[y[I}*.

CZ(X):sup{ 3$ESX7:UEBX}7
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As in the case of the modified von Neumann—Jordan constant, we consider the
two cases of ) < 1)y and ¢ > 5. Then Theorem 2.3 still works. We first consider
the case ¥ < 1)s.

Theorem 3.6. Suppose that 1 # ¥y and that » < 1. Then

< s V0 (- )

In particular, Cz(Yy) = M3 if and only if there exist r,s,t € [0,1] such that
Ua(5)6(5) = a(t) /() = 1 and 6(r) = My 4hy(r), where 1,5, satisfy one of

the following conditions:
(a) s #t and
B+ (st
U(s) +u(t)
(b) (s,t) ¢ {(1,0),(0,1)}, s+t >1, and

_ Y(t)s —(s)(1 —¢)

(2t = 1y(s) +u(t)

(c) (s,t) ¢ {(1,0),(0,1)}, s+t <1, and
o)1= s) + p(e)t
P(s) + (1= 2s)3(t)

Proof. The first statement is the consequence of Cz(Yy) < Cn;(Y,) and Theo-
rem 3.1. Now suppose that Cz(Y,) = Mj. Since Y, has the finite dimension 2,
there exists a pair (z,y) € Sy, X By, satisfying

Aflz(lllyl
[z +yl? + |z = yll?

= Mj. (3.2)

Then we note by Lemma 2.1 that

Allz |yl < 2(ll )12 + llyll*)
< 2(llzl3 + llyll3)
= |l +yl3 + |z —yl3
< M (llz + yll* + llz — y?)

which with (3.2) implies that ||z[| = [Jy|| = 1 (that is, x,y € Sy,), [|[z]l2 = [Jyl2 =
1, and ||z + y|| = Ms||x £ yl||2. In particular, ¥ # 1y ensures that x £y # 0.
Conversely, if x,y € Sy, with o &y # 0 satisfy ||z|y = [[yllo = 1 and ||z £ y|| =
M|z £ y||a, then we have (3.2). Hence Cz(Yy,) = M2 holds if and only if there
exists a pair (z,y) € Sy, x Sy, with x &y # 0 satisfying ||z|> = [lyl|2 = 1 and
|z £ y|| = My |z £ yl||>. Now, applying Theorem 2.3 for ¢ = 1 and d = M, "
yields the theorem. O
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Corollary 3.7. Suppose that 1 # 1y and that ¥ < 1by. If there exists a tq € [0, 1]

with to # 1/2 satisfying ¥(ty) = ¥(1 — to) = a(ty) and

¢2(1/2) — max 77Z)2(t> (: M2>’
W(1/2)  o<t<1 (t)

then Cz(Yw) = CNJ(Yw) = M22

Proof. Putting s =ty and t = 1 — ty yields s # t (since ty # 1/2) and

i Y(1 —to)to +1p(to)(1 — to) _ 1

Y(to) + (1 — o) 2

From these, one has that ¢5(s) /1(s) = 15(t) /1 (t) = 1 and that ¥(r) = M, '4hs(r),
which shows that r, s, ¢ satisfy the condition (a) set out in Theorem 3.6. Hence it
follows that Cz(Y¢) = CNJ(Y;/,) = M22 O

We next consider the case 1) > 5.

Theorem 3.8. Suppose that 1 # 1y and that b > 1. Then
v(t)?
Cz(Yy) < Cns(Yy) < max %(t)g(— My).

In particular, Cz(Yy) = M? if and only if there exist r,s,t € [0,1] such that
W(s)/1a(s) = (t)/a(t) = My and ¥(r) = o(r), where 1, s,t satisfy one of the

following conditions:
(a) s #t and

OB+ b(s)t
b(s) +o(t)
(b) (s,t) ¢ {(1,0),(0,1)}, s+t >1, and
_(t)s — u(s)(1 -1
(2t = 1)3p(s) + (1)
(c) (s,t) ¢ {(1,0),(0,1)}, s+t <1, and
U1 - 5) + ()t
U(s) + (1= 2s)(t)
Proof. The proof is almost the same as that of Theorem 3.6, but, in this case, the
key is the following inequalities:

Allzlllyll < 2(ll* + llyl*)
< 2Mi(Jl=ll5 + llvl3)
= M7 (llz +yl3 + ll= = yll3)
< Mi(llz+yl* + ll= — ylI?).
As in the proof of Theorem 3.6, we have that Cz(Yy) = M7 if and only if there
exists a pair (z,y) € Sy, x Sy, with z &y # 0 satisfying |[z[> = [Jy[ls = M "

and ||z £ y|| = ||z £ yl|2. Thus, for ¢ = M; and d = 1, Theorem 2.3 applies, and
we have the theorem. 0J
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Corollary 3.9. Suppose that 1 # 1y and that 1 > 1y. If there ezists a ty € (0,1)
satisfying ¥ (ty) = ¥(1 — to) and

Y(to) . Wp(t) B
Ua(to) 02121 g (t) (= M),

then Cz(Yy) = Cna(Yy) = M.

Proof. Suppose that s =ty and t = 1 —t,. Since (s,t) ¢ {(1,0),(0,1)}, s+t =1,
and

— Y1 —to)to —Y(to)to 0
(1= 2t0)0(te) + (1 —to)

we obtain 1(s)/1a(s) = ¥(t)/1e(t) = My and ¥(r) = 1 = 15(r). This proves that
r, s,t satisfy the condition (b) set out in Theorem 3.8, and Cz(Yy) = Cny(Yy) =
M. O

Corollary 3.10. Suppose that ¥ # 19 and that 1 > s, If

e )
Ua(1/2)  0<i<14hs(t)
then Cz(Yw) = C’NJ(Yw) = M12

(: M1)7

4. EXAMPLES

As an application of the results in the preceding section, we will construct
examples of 7/2-rotation invariant norms on R? with the following properties:
(i) C,(Yy) = M3 can be deduced by Corollary 3.3 (a part of Corollary 3.2),
(ii) Cl;(Yy) = M3 can be deduced by Theorem 3.1, but Corollary 3.2 does
not apply,
(iii) Cy,(Yy) < M3.
While all of these examples are concerned with the case Cl;(Yy) = M3 under
the hypothesis ¢ < 1)y, appropriate examples for other cases can be constructed
in the same spirit.

Ezample 4.1. To construct an example satisfying (i), we put

1—1¢ (t €0,1/3]),
(t) _ 2\/E¢Q(t>/5 (t € [1/37 1/2])’
Y1 (20—6\/@);-"—4@—10 (t c [1/27 2/3])’
" (t € [2/3,1]).

See Figures 1 and 2 for its graph and corresponding unit sphere.
Then it is easy to check that ¢ € ¥, and that

@1 <max{l —t,t,2/3} < max{1 —t,t,1/V2} < (t)

for each t € [0,1]. From this one has that ¢; # 1. Since the functions ¢t —
o(t)/(1 — t) and t +— y(t)/t are strictly increasing and strictly decreasing,
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FiGURE 1. The graph of ¢;.

/

FIGURE 2. The unit sphere of Y,,,.

respectively, it follows that

¥a(1/2) = max va(t) (= Ms,).

©1(1/2) 051 ()
Hence, by Corollary 3.3, we have C'y,(Y,,) = Mj.

Example 4.2. Let s be the element of Wy given by
a(t)  (t€10,1/2)),
po(t) = 1/V2 (t€[1/2,1/V2)),
t (t € [1/v2,1]).

Figures 3 and 4 provide images of the function ¢, and unit sphere of Y, .
Then ¢y # 19 and @y < 1hy. Since the function 1y (t)/t is strictly decreasing, it

follows that
Va(to) Yo (t)
= max ——~
P2(to)  0<t<1 po(1)
if and only if t, = 1/v/2. This, together with the fact that @o(t) = @a(1 — 1)
if and only if t = 0,1,1/2, shows that we can not take a t; € (0,1) satisfying

(: M2 > 1)
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FiGURE 3. The graph of s.

FIGURE 4. The unit sphere of Y,,,.

@Q(to) = @2(1 — to) and

a(to) _ L,

©2(to)
and so Corollary 3.2 does not apply. On the other hand, putting s =¢ =1/ V2
yields that s+t = v/2 > 1, 15(5) /() = Pa(t)/p2(t) = My and

_p)s—wm(s)l-t) 251 1 [0,1/2],

(2t = Dpa(s) +¢2(t) 25

which implies that s(r) = t5(r). Thus Theorem 3.1(b) applies, and we have
CjVJ(YLPQ) = ‘]\422

[\

Example 4.3. Define an element @3 of Uy by

1t (t € [0,1/3)),
palt) = 3 —t/245/6 (L € [1/3,5/9)),
¢ (t € [5/9,1]).

For the graph of 3 and image of Sy, , see Figures 5 and 6.
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FiGURE 5. The graph of ;.

FIGURE 6. The unit sphere of Y,,,.

Then @3(t) < max{l —¢,t,1/v/2} < 9y(t) for each t € [0,1], and so 3 # 1.
Moreover, the functions t — ¥9(t)/(1 —t) and t — 1)(t)/t are strictly increasing
and strictly decreasing, respectively, while the function

Ua(t)
—t/24+5/6
is strictly increasing on [1/3,5/9]. Hence one has that
Pa(to) Pa(t)

= max ——(=
palto) 02 s M
if and only if ¢ = 5/9. To see that C\;(Y,,) < M3, by Theorem 3.1, it is enough
to show that there is no r, s, t satisfying one of the conditions (a), (b), (c) set out
in that theorem. However, now, the only candidate for s,¢ is 5/9 since s, must
satisfy 1q(s)/@3(s) = a(t)/ps(t) = Ms. This eliminates the possibility of (a).
Since s+t = 10/9 > 1, it suffices to consider (b). Then it follows from s = ¢ = 5/9
that
t)s — 1—1¢ 25 —1 1
e a0 -1 1 o
(2t — 1)is(s) + w5(t) 2s 10
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which, together with the fact that ¢s(u) < 19(u) for each u € (0,1), proves
that 3(r) # 1¥9(r). Thus r,s,t can not satisfy any of the conditions set out in
Theorem 3.1, from which we obtain C;(Y,,) < M3.
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