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MODIFIED a-BERNSTEIN OPERATORS WITH
BETTER APPROXIMATION PROPERTIES

ARUN KAJLA'" and TUNCER ACAR?
Communicated by S. Barza

ABSTRACT. In the present note, following a new approach recently described
by Khosravian-Arab, Dehghan, and Eslahchi, we construct a new kind of
a-Bernstein operator and study a uniform convergence estimate for these oper-
ators. We also prove some direct results involving the asymptotic theorems.
Finally, we illustrate the convergence of the operators to a certain function
with the help of Maple software.

1. Introduction

Let f: I — R, with / = [0, 1]. A Bernstein operator is defined by
- k
L(fix) = Y pua@)f(=), wel (1.1)
k=0

where ppp(x) = (Z)ack(l —z)"* k=0,1,...,n, and p,x(z) = 0, if £ < 0 or
k> n.
It is known that the Bernstein fundamental polynomials verify that

Pok() = (1 —2) pro1x(T) + 2pn1p—1(z), 0<k <n. (1.2)

Lots of interesting results have been studied by many researchers of Bern-
stein polynomials (see, e.g., [12], [10], [26], [13], [14], [L1], [23], [5], [1], [7])-
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Numerous modifications in Bernstein polynomials—such as Bernstein—Stancu,
Bernstein—Schurer, ¢-Bernstein polynomials, and (p,q)-Bernstein operators—
have been made by several researchers, some representative examples of which

Chen, Tan, Liu, and Xie [8] considered a generalization of the Bernstein oper-
ators (1.1) involving any fixed real parameter « € [0, 1] as follows:

7) = ipn,k,a(x)f(g), zel, (1.3)

where puga(e) = ((52)(1 =)o + (21— a1 — 1) + (o a{1 - a))k1(1
2)" %1t and n > 2. It is known that

pn,k,a(x> = (1 - 113') pn—l,k‘,oa(x) +x pn—l,k—l,a(x)a 0< k <n. (14)

These operators preserve the constant as well as linear functions. The authors of
8] studied the uniform convergence, Voronovskaya-type asymptotic formula, and
shape-preserving properties for these operators. For v = 1, (1.3) includes Bern-
stein operators (1.1). The present authors in [2] defined the blvarlate extension of
a-Bernstein operators and studied the degree of approximation for the associated
GBS (generalized Boolean sum) operators, and in [16] introduced the Durrmeyer
variant of the operators (1.3) and established Voronovskaya-type asymptotic for-
mula, local, and global approximation properties. A Kantorovich variant of the
a-Bernstein operators (1.3) was considered and studied in [19].

Khosravian-Arab, Dehghan, and Eslahchi in [17] introduced generalized Bern-
stein operators as follows:

By (f,x) = pnk f(%)

p%%wzanmmﬂﬂw
+a(l—z,n)pp_1p-1(z), 1<k<n-—1, (1.5)

el (@) = alw,n)(1 — )",
P%ﬁl(m) =a(l —x,n)z" "

Here
a(x,n) = a;(n)x + ap(n), n=0,1,..., (1.6)

where ag(n) and a;(n) are two unknown sequences which are determined in an

appropriate way. For a;(n) = —1, ag(n) = 1, obviously (1.5) reduces to (1.2).
Gupta, Tachev, and Acu [15] introduced a Kantorovich modification of the

operators (1.5) and proved some direct estimates which involve the asymptotic-

type theorems.
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2. a-Bernstein operators of order I

Inspired by [17], for any f € C(I), we introduce the modified a-Bernstein
operators, given by

T (fra) = S pM (@) f(%) vel (2.1)
k=0
where
p%,’ia@) = a(x,n)pn—1ka() + a(l — 2, n)pp_15-1.a(), (2.2)

where a(z,n) is defined as above.

The aim of the present paper is to present these new Bernstein operators (2.1)
based on « € [0, 1], studying their uniform convergence and asymptotic behavior.
Now, we compute some lemmas which will be useful in the future proofs of the
main results. Let e;(x) = 2%, i € NU {0}.

Lemma 2.1. For the operators Té"{;l(f; x), we have the following:
(i) T%l(eo; ):2@0( )_|_a1( )
(i) T2 (er; ) = 2(2ag(n) + ar(n)) + <1—2x><ao<n>+a1<n>>;

) =
(iii) TMl(eg, z) = x2(2a0(n) + a1 (n)) + z(2a0(n)(2 )+a1(n)(3—5m))
+ (ao(n)+ay (n))— 2x(1 2)(20a0(n)+(1+a)ar (n)) .

n2 )

(IV) T%l(eg; LC) _ x3(2a0(n) + al( )) 3x2ag(n)(3—4x)+3z2a1 (n)(2—3z)

+ (8z—3x2(5+4a)+2x3(64+6c))ag(n )+(7z 622 (3+a)+2x> (7+32))a1(n)
+ (14-22(5—9a) +1822 (3a—2)+62> (4 Qa))ao(n) +(1+4z(1—3a)+62%(1—2a) (22—3))a1 (n) |
n3 ’

(v) T e; o) = 2*(2a0(n) + ay(n)) + U200 20070 ()
+ 2172(16—12z(o<+3)+x2(23+12a))a0(n) 2(25—2x(33+60)+x2(47+12a))a1 (n)
_|_
+ 2(15—2(294+60a)+422 (42a—1)+223 (7—54a))a; (n)
n3

+ (14+162(3—40)+3222(11a—9)+4823 (5—60) (24+1))ag(n)
n4

+ (14+22(17—25a)+222 (133a—101)+2423 (7—9a) (2+1)) a1 (n)
n4 ’

4z(4—24za+2222(3a—1)+23 (17— 42a)) o(n)
n3

Lemma 2.2. The computation of the central moments up to the second order for
modified a-Bernstein type operators (2.1), is given by
(i) Tf)ﬁl(t —zz) = (- 296)(110( )+a1(n))

(11) Té\j{il((t _ x)2;x) — (2ao(n)(2 3:c)+a1(n)(3 5z))—2z(1—2z)(ag(n)+a1 (n))
+ (ap(n)+ai(n))—2z(1—z)(2aao(n)+(1+a)ai(n)) .
n2 ’
(111) Té\ﬁl((t — 3;')4 ) 2(1—x)? (QGQO(")-i-al(n))

z(1—x)(12a9(n)+11a; (n))—2x2(1 ;:) (2a0(n)(7+6a)+(17+6a)ai(n))
(ao(n)+ai(n))+z(l— m)(16(40441 3)a0( )+2(17—25a)a1(n))

_|_
_|_
+

3z2(1—x)2 ((576a)a04(n)+8(9a77)a1 (n)) .

Note that throughout the paper we will assume that the sequences a;(n),i =
0, 1, verify the condition
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2ap(n) + ai1(n) = 1. (2.3)
This assumption on the sequences a;(n),7 = 0,1, was made in order to study the
uniform convergence. We consider the following two cases for unknown sequences
ap(n) and a;(n):
Case 1. Let
ag(n) >0, aop(n) + ai(n) > 0. (2.4)
Using condition (2.3), we get 0 < ag(n) < 1 and —1 < ay(n) < 1; namely, the
sequences are bounded. In this case the operator (2.1) is positive.
Case 2. Let
ap(n) <0 or  ap(n)+ai(n)<0. (2.5)
If ap(n) < 0, then ap(n) + a1 (n ) > 1, and if ag(n) + a;(n) < 0, then a;(n) > 1. In
this case the operator (2.1) is not positive.

Theorem 2.3. Let f € C(I). If ai(n), ap(n) verify conditions (2.3) and (2.4),
then

lim 7,75 (f:2) = f(2),

n—0o0

uniformly on I.

Proof. Since the sequences a1(n), ag(n) satisfy conditions (2.3) and (2.4), it fol-
lows that these sequences are bounded. Using the well-known Korovkin theorem
and Lemma 2.1, the uniform convergence of the operators T%l is proved. 0

The above result can be extended for Case 2. In order to prove this result, we
recall the extended form of the Korovkin theorem.

Theorem 2.4 ([17, Theorem 10]). Let 0 < h € Cla,b] be a function, and suppose
that (Ly,)n>1 is a sequence of positive linear operators such that lim,, ., Ly, (e;) =
he;, i =0, 1,2, uniformly on [a,b]. Then for a given function f € Cla,b], we have
limy, 00 Lin(f) = hf uniformly on [a,b].

Theorem 2.5. If f € C(I), then for all convergence sequences ag(n) and ay(n)
that verify conditions (2.3) and (2.5), we have

lim T5!(f;2) = f(),
n—00 ’
uniformly on I.

Proof. Let ag(n) < 0 and a;(n) > 1. Suppose that

Féwlla = Z[(al (n)x)pn—m,a(x) + G/l(n)pn—l,k—l,a(x)}f(ﬁ>

n
k=0

Fé\éla = [— (ao(n))pn_m,a(x) + (al(n)x — ao(n))pn_l,k_l’a(x)] f<ﬁ>

n

It is easy to verify that the operators F and F ., are positive; moreover, we
can check that
M1 _ pM1 _ pMi
n,o

n,l,« n,2,a"
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The moments of the operators Fn Lo ! and F ., are calculated below:
Féwlla(eo; z)=a1(n)(1+x),
(14 2)0n = Darn) | an(n) 20
P ey ) = LD D) oao)
w n n
FM (e 7) = 3 (n(n — 3)2+ 2a)ay(n) n *(n — 12)2a1(n)
” n n
z(3n —2a — 1)ay(n)  ay(n)
= o (2.7)
and
Fé\éla(eo; x) = a;(n)r — 2ap(n), (2.8)
FM (o) = z(n —1)(a1(n)x — 2ag(n)) N (a1(n)x — ao(n))7 (2.9)
w n n
Fﬁ’}a(eg; )
622 30241 (n) — 3e%an) — 4
= x2(a1(n)x — 2a0(n)) + (627ag(n) + 3 al(”)n zan) rag(n))
N (223aa;(n) — 22%aay (n) + xal(;l) +42(1 — z)aap(n) — ao(n))' (2.10)
n
Applying Theorem 2.4 and (2.6)—(2.10), we get
hm Fnla(f (L’) pl(l—f-l')f(l'),
hm Fn2oz<f ):(pl(l—i-l’)—l)f(l’),
where p; = lim,, o a1(n). Therefore, T3 (f;x) = f(x). O

Now we present a Voronovskaya-type asymptotic formula for the operators
ML

Theorem 2.6. Let a;(n), i = 0,1, be convergent sequences that satisfy conditions
(2.3) and (2.4), and let p; = lim,,_,~ a;(n), 1 =0,1. If f" € C(I), then

lim (T (f;2) — (o)) = ZP0 4300 = 2O 2 5)) oy (g1

n—o0 ’ 2

uniformly on I.

Proof. From Taylor’s formula, we can write

f(t) = f(@) + (t =) f'(x) + %(t — ) f"(@) + C(t 2)(t — )7, (2.12)

where ((t,2) — 0 as t — 2 and is a continuous function on I.
Applying modified a-Bernstein operators T%l to (2.12), we obtain

TIN(fi) — ()
FTIEN (¢ = 2):0) + @ (¢~ )% 2)
—i—TMl(C(t z)(t — z)* ).
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Applying the Cauchy—Schwarz inequality, we get
nT%l(g(t,x)(t—x \/T%l C2(t, x); )\/nQT,%f((t—x)‘*;x).

Using Lemma 2.2, we get
lim n?T0 N ((t — )" 2) = 32°(1 — )%
n—00 ’

Since (*(x,z) =0 and (*(-,x) € C(I), by Theorem 2.3, we get
lim 724! (C(t,x);x) =0,
n—00 ’

uniformly with respect to x € I. Therefore,
: M1 a2 —
nll_)IIolo nTo (¢t ) (t — )% @) =0.
Applying the results from Lemma 2.2, the theorem is proved. |
Theorem 2.7. Let f € C(I). If ap(n), ai(n) satisfy condition (2.3), then
TG (Fra) = f(2)| < |Toalf;2) = f(2)]

3 1 n+2(1l —«
+§‘(1+a1(n))(§—x> w1<f; n( )>
Proof. We have
Tos! (fi2) = f(2)] < |Taalfiz) = (@) + | T0a! (f;2) = Taalfiz)|. (213)

In the follovmng7 we will give an estimate of the quantity [T %! (f; 2) — Tl f; )]
So,

Toa'(f; 33) Toolfsx)
= Z{a(m, n)Pn-1ka(z) +a(l —x, n)pnl,kl,a(a:)}f<%)

_Z{ (1 —2)pn-1kal )+xpn1’klv“(x)}f<%)

+ :1 {(-1—ai(n))z +ai(n) + ao(n) }pa-14-1.0(2) f <§>
_ :_:{(al( )+ 1)z + ag(n) — 1} pa_ 1m(:r)f(§)
; ”_1{<—<1 Fan)e ¢ )+ aol) o karf ()

ol

I
- Il
o
/N

3
,_.

) Y a)a + ag(n) + an(n)}pac ).

n n

i
o
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From [8, Theorem 3.4], we get
’TMl(f :L‘) na(fx>‘

n+2(1 -«
_|—( +CL1 )x—l—ao(n)—i-al(n)‘wl(f; n( ))
1 2(1 —
= 5‘(1 +a1(”))(§ —ZU> M(f; nr n( a)>,
and after replacing this estimate in (2.13) the proof is complete. O
Remark 2.8. We note the two following conditions.
(i) For a;(n) = —1, all the estimates for a-Bernstein operator 7}, , hold.

(ii) If ay(n) is bounded, say, |a;(n)| < Ay, then

1 n+2(1—a«

T2 (f:0) = F@)] < [Tual ) = F(@)| + (14 A (3 VT 2EZ Y,

Now, we extend the results from Theorem 2.6 when the operator 7}, , is non-
positive, that is, when the sequences a;(n) and ag(n) satisfy (2.3) and (2.5).

Theorem 2.9. Let a;(n) and ag(n) be convergent sequences which satisfy (2.3)
and (2.5), and let p; = lim,,_, a;(n), i = 0,1. If f is differentiable in a neighbor-
hood of x and possesses a second derivative f”(x), then

lim (T (f:2) — (o)) = AP0 F 301 _;(6790 ) ey (214)

n—oo

If " € C(I), then the convergence is uniform.

Proof. We follow the same lines as in Theorem 2.6. Therefore, it remains to show
that for this case we also have

lim nT) 0 (C(t, @)(t — )% ) = 0.

n—oo

For a = 0,1, we have

S (c(S5) (- ))
J(F 4 F e () ()

|kte_gics  |Eke_g)>s
o
—n o 2né?%’
where M = supg<,<; ((¢,2)(t — z)% Then ((t,z)(t —z)* < 2 ((£ — 2)?). From the
boundedness of the sequences a;(n),i = 0,1, we have

‘TMl( r)(t —2)% x)}

<ot s Emesantafo(£) (2 )’
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n

+lan(n)(1 = 2) + ag(n) nz_lpn_l,k,a@)\g(%) (L 2) <e

The proof of Theorem 2.9 is completed. O

3. a-Bernstein operators of order 11

Now, we are ready to extend the previous results to obtain the second-order
approximation formula

LAA(fia) = Y pha) £(5), wel. (3.1)
k=0
where
Prea () = b(2. 1) pp—2,1.0(2)
+d(z,n)pn—2k-1a(x) +b(1 —2,n)pr—2k2.4(T) (3.2)
and
b(x,n) = by(n)x* + by(n)z + by(n), d(z,n) =dy(n)z(l — x), (3.3)

and where b;(n),i = 0,1,2 and dy(n) are unknown sequences to be determined
later. For by(n) = by(n) = 1, by(n) = —2, do(n) = 2 operators (3.4) with (3.2)
and (3.3) reduces to the a-Bernstein operators

T%Q(eo; x) = pnMJfa(ac) =b(z,n) +d(z,n) +b(1l —xz,n). (3.4)
k=0

We set T,'5%(eg; ) = 1. Then this yields
do(n) = 2by(n), ba(n) + b1 (n) +2by(n) =1, asn — oo. (3.5)
Applying (3.5), we obtain

TM2(ey; ) = x(%O(n); n-4), 2 _50(")). (3.6)

If we set bo(n) = 1, then we get
T%2(el;a:) =z, bi(n) = —bs(n) — 1,

(3.7)
do(n) = =2(1 + b1 (n)).
TM2(ey;0) = 2° + 27((2 — a) + 2(a —nz) — by(n) + xby(n))
i w (3.8)

In order to have a second-order approximation formula, we set by(n) = 5. Then
(3.8) reduces to
2¢(1 —2)(2 — «)

T%Q(eg; r) = 2° + -

(3.9)
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We follow our analysis for the second case, that is, for the following case:

bo(n) = — : bi(n) = —1— 5 bo(n) =1,  do(n) = mn, (3.10)

TM2(f an,m () vel, (3.11)
k=0

where
M2 _ (T 9 n
Dok () = (51; — (1 + E):C + 1)pn,2,k,a(:r;) +nz(l — 2)pn—2k-1.0(7)
+<g$2 — gx + :c)pn,zk,za(x). (3.12)

We note that the operator (3.11) with (3.12) is not positive and therefore does

not fulfill the conjecture of Theorem 2.3. Next, we will state the first important

result concerning the uniform convergence of the new operator (3.11) together

with (3.12).

Lemma 3.1. The moments of the operators (3.11) are given by the following:
(i) The’(eoiz) = 1y

(i) Toe(ersz) = a5
() TH2(er;7) = a2 4 220-2)0=0),
(lV) T%Q(eg, IE) — 3 + 6z(l—x )(ia: 1)(a—2) + Qm(lfx)(f;;rx(Sf?)a));
(V) TM’2(€4 ZE) o ZL’ + 2z(1—z)(7(a— 2)+12z(1 z)(—5+2a))
+76x(1 z)(—1+z(15—4o+z(8a—23))) 4+ 2 n 22(1—z)(—11+(120—43)) ,
n3 n?2 )

(Vl) T%Q(eg,,x) — 45 + 30z(1—z)(2z— 1)(5 248z(1—x)+a)

+’2x(l—x)( 7T+x(158—15a—2x(261— 30a—|—8x(5a 28))))
oy
+ 3022 (1—x)(— 2+:1:(134 17z—2a+4za)) + x (1—17)(—2—;1*(19—4&)) .

(Vll) T%Z(BG; )_fL’ + 2z(1—x)(31(a—2)+60z(1— e z)(5+(4—30z(1—x)a)))

+’30x(1fx)( 1—z(—27— 801+x(127nJ281(17x 28) L6 T4(2—2)za))
i x2(1—x)(—239—x(—2371+594i:€1—4361x2+30(—4+x(6+5x))a))
+ 30x3(1—x)(—1O+ac7(;:1))9—4a+$(8a—50))) + 5x4(1—x)(—71;+a:(37—6a)).
Lemma 3.2. The central moments of the operators (3.11) are given by the fol-
lowing:
(i) TIE2((t — )% 2) = 25,
(id) T%Q((t—x) 1) = 2o(1=2)(2a=1) | 6z(l=a)(a—1)(a=2).
) =

n3 ’
(111) TM72((t B l’) 3x2(1 —z)2 6x(l—x)(—14+7z(1—x))
20(1—2)(7(2— )+12 (1— m)(2a ).

+

n3

+
(iv) T%Q((t_x>5;x) 3022(1 7::3 (2:0—1) + 2x(1—x)(2x—1)(7r;x(1—x)(37+10a))
+ 2z(1—z)(22—1)(15a—30(22—1)2) |
no ’
3 3 2 2
(V) TTZL\’Jo?((t . I’)6 l’) _ _=z (1;90) + 5z%(1—x) (731+ix(17:r)(9a+74))
+ 30z(1—z)(—14z(1— x)(15+14o¢ 2z(1—x)(204+27a)))
+ 2z(1—z)(31(2—a)— 60:1:(1 x)(5+(4 30z(1— a:))oe))

nb
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Theorem 3.3 (Voronovskaya’s theorem). Let f be bounded in I, and let x be a
point of I at which f"(x) exists. Then we have

: 2 M2/ r. o " (Q‘T_ 1) "
lim n?(TY2(f12) = £(2)) = o(1 = 2) (2 = @)f" (@) + =" (=)).

n—o0

If f(x) € C(I), then the convergence is uniform.

Proof. Using Lemma 3.2, the proof of this theorem closely follows the ideas devel-
oped in ([17], Theorem 15), and hence we omit the proof. O

4. Numerical examples

FExample 4.1. The convergence of the modified a-Bernstein operators is illustrated
in Figure 1, Where f(x) = (x = 1)?cos(2mz), n = 5, @ = 0.9, ap(n) = 527,
and a;(n) = 5. We observe that the approximation by modified a-Bernstein
operators T20!(f;x) and T,'52(f; x) is better than that of a-Bernstein operator

Toolf;x).

Example 4.2. The comparison of the convergence of «-Bernstein operator
Tholf;x) and the modified a-Bernstein operators To4!(fix), TrL2(f; ) for

f(x) = (x — 1)*sin(27z), @« = 0.9, n = 5, ap(n) = and a;(n)
illustrated in Figure 2.

—IS

n
2n+1" 2n+1

Example 4.3. The comparison of the convergence of «-Bernstein operator
Tho(f;2) and the modified a-Bernstein operators T, (f;x), Tr0*(fix) for
f(z) = (x —1)*cos(2nz), @ = 0.9, n = 10, ag(n) = 0, and a;(n) = 1 is illustrated
in Figure 3.

0.81
0.6
0.4 1

0.21

0 T T 1
02 \\UF=—=66___ 08 1

x

M1 M2
Tho,0.9 Tio09 T
— flx) = (x — 1)* cos(2zm)

FIGURE 1. Approximation process.
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1.07

0.81

0.6

0.4+

0.2

—0.21

M1 M2
T5.,0.9( 5575() T5,o’.9 T5.,0.9

x — 1)2 cos(2mx)

FIGURE 2. Approximation process.

0.6
0.5
0.4
0.31
0.2
0.11

1

0 : :

—0.11

—0.24
M1 M2
T5 09 T509 T507%9

— f(z) = (x — 1)? sin(2mx)

F1GURE 3. Approximation process.
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