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LIMIT THEORY FOR BILINEAR PROCESSES
WITH HEAVY-TAILED NOISE

BY RICHARD A. DAVIS1 AND SIDNEY I. RESNICK 2

Colorado State University and Cornell University

We consider a simple stationary bilinear model X s cX Z q Z ,t ty1 ty1 t
� 4t s 0, " 1, " 2, . . . , generated by heavy-tailed noise variables Z . A com-t

plete analysis of weak limit behavior is given by means of a point process
analysis. A striking feature of this analysis is that the sample correlation
converges in distribution to a nondegenerate limit. A warning is sounded
about trying to detect nonlinearities in heavy-tailed models by means of
the sample correlation function.

1. Introduction. Current efforts in time series analysis attempt to deal
with data which exhibit features such as long range dependence, nonlinearity
and heavy tails. There are numerous data sets from the fields of telecommu-
nications, finance and economics which appear to be compatible with the
assumption of heavy-tailed marginal distributions. Examples include file
lengths, CPU time to complete a job, call holding times, interarrival times

wbetween packets in a network and lengths of onroff cycles Duffy, McIntosh,
Ž .Rosenstein and Willinger 1993, 1994 ; Meier-Hellstern, Wirth, Yan and

Ž . Ž .xHoeflin 1991 ; Willinger, Taqqu, Sherman and Wilson 1995 .
A key question, of course, is how to fit models to data which require

heavy-tailed marginal distributions. In the traditional setting of a stationary
time series with finite variance, every purely nondeterministic process can be
expressed as a linear process driven by an uncorrelated input sequence. For

Ž .such time series, the autocorrelation function ACF can be well approxi-
Ž .mated by that of a finite order ARMA p, q model. In particular, one can

Ž . w Ž .xchoose an autoregressive AR model of order p AR p such that the ACF of
w Ž .the two models agree for lags 1, . . . , p see Brockwell and Davis 1991 , page

x240 . So from a second order point of view, linear models are sufficient for
data analysis. In the infinite variance case, we have no such confidence that
linear models are sufficiently flexible and rich enough for modeling purposes.

� 4For a stationary time series X with infinite variance, there is no ana-t
� 4logue of a linear process representation or approximation to it. If X is thet
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linear process,
`

X s c Z ,Ýt j tyj
js0

� 4where Z is an iid sequence of random variables with infinite variance, thent
� 4one can still define an analogue of the ACF in terms of the coefficients c ofj

Ž . ` 2the linear filter. Namely, r h s Ý c c rÝ c . Somewhat surpris-js0 j jqh js0 j
ingly, the sample ACF defined for heavy-tailed data as

ÝnyhX Xts1 t tqh
r h s , h s 1, 2, . . . ,Ž .ˆH n 2Ý Xts1 t

w Ž . Ž .xhas a number of desirable properties such as consistency r h ª r hˆH P
w Žand a reasonably fast rate of convergence see Davis and Resnick 1985b,

.x1986 . On the other hand, if the model is nonlinear, then it is not clear what,
Ž .if anything, r h converges to. One of the principal objectives in this paper isˆ

Ž .to show that for a class of bilinear models, r h converges in distribution toˆH
a nondegenerate random variable depending on h. This means that other
model fitting and diagnostic tools which rest on the sample ACF, such as the

Ž .Akaike Information Criterion AIC for identifying the order of an AR model
and the Yule]Walker estimates for fitting an AR model will not converge to
constants either, but will converge in distribution to nondegenerate random
variables.

Failure to account for nonlinearities can have dramatic consequences in
the analysis and be quite misleading. Additional discussion is contained in

Ž .Feigin and Resnick 1996 . Here we briefly illustrate the effect of nonlineari-
ties on estimation procedures for autoregressive processes. We simulated

Ž .three independent samples test , i s 1, 2, 3 of size 5000 from the bilineari
process

1.1 X s 0.1Z X q Z , t s 0, "1, "2, . . . ,Ž . t ty1 ty1 t

� 4where Z are iid Pareto random variables,t

w xP Z ) x s 1rx , x ) 1.1

Ž .A stationary solution for 1.1 is of the form

` ky1
k 21.2 X s Z q 0.1 Z Z .Ž . Ž .Ý Łt t tyj tykž /js1ks1

The erratic nature of the behavior of r is illustrated in Figure 1, whichˆH
graphs the heavy-tailed ACF for test , i s 1, 2, 3. The graphs look ratheri
different, reflecting the fact that we are basically sampling independently
three times from the nondegenerate limit distribution of the heavy-tailed
ACF. If one were not aware of the nonlinearity in the data, one would be
tempted to model with a low order moving average based for example on the
left-hand plot. Furthermore, partial autocorrelation plots and plots of the AIC
statistic as a function of the order of the model all show similar erratic
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FIG. 1. Heavy-tailed ACF for three bilinear samples.

behavior as one moves from independent sample to independent sample. So
failure to account for nonlinearity means there is great potential to be misled
in the sorts of models one tries to fit.

In contrast, we present in Figure 2 comparable heavy-tailed ACF plots for
Ž . Ž .three independent samples of size 1500 of AR 2 data. The AR 2 is

X s 1.3X y 0.7X q Z , t s 0, "1, "2, . . . ,t ty1 ty2 t

and the innovations have a Pareto distribution as for the bilinear example.
Here, the pictures look identical, reflecting the fact that we are sampling
from degenerate distributions.

The potential for encountering such problems in modeling real data is
Ž .illustrated in Section 5 of Resnick 1995 , where 3802 interrarrival times of

ISDN D-channel packets are analyzed. From the point of view of the AIC
criterion, the best fitting autoregression model is found and the autoregres-

Ž .sive coefficients are estimated by the linear programming LP estimators of
Ž .Feigin and Resnick 1994 . The residuals of the autoregressive model are

wanalyzed and pass a test for independence Feigin, Resnick and Starica˘ ˘
Ž .x1995 . However, when the residuals are split into three subsamples and the
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FIG. 2. Heavy-tailed ACF for three autoregressive samples.

sample ACF is computed for each of the subsamples, we obtain three differ-
Ž .ent looking functions see Figure 3 . One explanation could be the presence of

nonlinearity in the data.
Section 2 of this paper deals with some mathematical preliminaries about

Ž .tail properties of variables of the type appearing as the summands in 1.2 .
Section 3 provides a detailed point process analysis of asymptotic properties
of a simple bilinear process. In Section 4 we consider some corollaries of the
limit results of Section 3 with emphasis on the limiting behavior of the
extremes, partial sums and sample autocorrelations from observations on a
bilinear model. Unlike the linear process case, the sample autocorrelations of
the bilinear process have nondegenerate limit laws.

The principal thrust of this paper is to point out that second order methods
depending on the sample autocorrelation function for identification and esti-
mation of models involving nonlinearities can misguide the analyst and
result in an inappropriate model being selected. In future work, we hope to
discuss the weak limit behavior of higher order nonlinear processes, develop
an estimation theory for a broad class of nonlinear models and develop
methods for the detection of nonlinearities in heavy-tailed phenomena.
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FIG. 3. ACF of partitioned data.

2. Analytic results on tail weights. We assume throughout that
� 4Z , y` - n - ` are iid nonnegative random variables with common distri-n
bution F whose tail satisfies

2.1 1 y F x s xya L x , a ) 0, x ) 0,Ž . Ž . Ž .

where L is slowly varying at infinity. Let c ) 0 be a positive constant
satisfying

2.2 car2EZar2 - 1.Ž . 1

Then it is easy to see, for instance using Holder’s inequality, that¨
jy1`

j 22.3 X s Z q c Z Z , t s 0, "1, "2, . . . ,Ž . Ý Łt t tyi tyjž /is1js1

is a well defined stationary process since the infinite series converges. Fur-
� 4thermore, X satisfies the bilinear recursiont

2.4 X s cZ X q Z , t s 0, "1, "2, . . . .Ž . t ty1 ty1 t
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Set

Y Ž0. s Z ,t t

jy1
Ž j. 2Y s Z Z , j G 1,Łt tyi tyjž /is1

2.5Ž .

so that
`

j Ž j.X s c Y .Ýt t
js0

0 Ž .We use the convention that Ł s 1. The condition 2.2 is stronger thanis1
Ž . Ž .Liu’s 1989 condition for convergence of the infinite series in 2.3 , but is

required for the regular variation analysis of the tail of the distribution of X .t
We now begin with a series of lemmas designed to understand the tail

behavior of Y Ž j. as well as sums of these variables.t

ŽLEMMA 2.1. Suppose Y , . . . , Y are nonnegative random variables but1 k
.not necessarily independent or identically distributed . If Y has distribution1

Ž .F satisfying 2.1 and if as x ª `,

w xP Y ) xi
2.6 ª c , i s 1, . . . , k ,Ž . i1 y F xŽ .

and

P Y ) x , Y ) xi j
2.7 ª 0, i / j,Ž .

1 y F xŽ .
then

kP Ý Y ) xis1 i ª c q ??? qc .1 k1 y F xŽ .

PROOF. Let k s 2. Define b to satisfyn

n 1 y F b ª 1, n ª `,Ž .Ž .n

Ž x Ž x yaand on 0, ` define the measure n by n x, ` s x . The definition of bn
yields vague convergence

w xnP Y rb g ? ª c ni n v i

Ž x Ž .in the space of measures on 0, ` and 2.6 implies
y1nP b Y , Y g dx , dy ª c n dx « dy q c « dx n dyŽ . Ž . Ž . Ž . Ž . Ž .n 1 2 v 1 0 2 0

w x2 � 4in the space of measures on 0, ` _ 0 . The proof is completed as in Resnick
wŽ . x1987 , page 227 .

The case for general k follows by induction. I

Ž . Ž . Ž .We now verify 2.6 and 2.7 for the variables defined in 2.5 .
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� Ž j. 4LEMMA 2.2. For the variables Y , j G 1 we have, as x ª `, for allt
k ) j G 1,

Ž j.P Y ) x jykt a r2i ª c [ EZŽ . Ž .jk 1Žk .P Y ) xt

and
Ž j. Žk .P Y ) x , Y ) xt t

ii ª 0.Ž . Žk .P Y ) xt

Ž . w Ž .xPROOF. A result of Breiman 1965 see also Resnick 1986 says that if j
Ž .is a nonnegative random variable satisfying 2.1 and if h is another nonnega-

tive random variable independent of j satisfying Ehg - ` for some g ) a ,
then

w x a w xP hj ) x ; Eh P j ) x , x ª `.
Ž j. Ž . gSince Y satisfies 2.5 and EZ - ` for ar2 - g - a , this Breiman resultt 1

applies to give, for j G 1,
ar2jy1

Ž j. 2P Y ) x ; E Z P Z ) xŁt tyi 1ž /is1

jy1a r2 ya r2 's EZ x L x .Ž .Ž .1

Ž .The result i now easily follows.
Ž .For ii , observe that

Ž j. Žk .P Y ) x , Y ) xt t

jy1 jy1 ky1
2 2s P Z Z ) x , Z Z Z ) xŁ Ł Łtyi tyj tyi tyi tykž / ž / ž /is1 is1 isj

2 2\ P AZ ) x , ABZ ) xty j tyk

2 2 2F P A F « , AZ ) x q P A ) « , AZ ) x , ABZ ) xty j tyj tyk

x x
2 2 2F P A1 Z ) x q P Z ) , BZ )w AF « x tyj tyj tyk« «

s I q II.
Now I is handled by the result of Breiman quoted above:

2P A1 Z ) xw AF « x tyj ar2
lim sup s E A1 ª 0, « ª 0.Ž .w AF « x2P Z ) xxª` 1

For II we have
ar2a r2 2 a r2 2II « P Z ) x E B « P Z ) xŽ .1 1

; ª 0.2 2P Z ) x P Z ) x1 1

Ž .This completes the proof of ii .
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A similar proof works if either j or k is 0. I

Combining Lemmas 2.1 and 2.2 yields the following corollary.

� 4 Ž .COROLLARY 2.3. If Z satisfies 2.1 , thent

k k
jy1j Ž j. ja r2 a r2 22.8 P c Y ) x ; c EZ P Z ) x , x ª `.Ž . Ž .Ý Ýt 1 1

js1 js1

We now extend Corollary 2.3 so that the number of summands can be
infinite.

� 4 Ž . Ž .COROLLARY 2.4. If Z satisfies 2.1 and c satisfies 2.2 , thent

` j Ž j. a r2`P Ý c Y ) x cjy1js1 t ja r2 a r22.9 lim s c EZ s .Ž . Ž .Ý 12 a r2 a r2xª` P Z ) x 1 y c EZŽ .1 js1

Ž .PROOF. The proof follows closely the argument of Cline 1983 outlined in
wŽ . xResnick 1987 , page 228 . Clearly for any k G 1,

k `
j Ž j. j Ž j.P c Y ) x F P c Y ) x ,Ý Ýt t

js1 js1

so that applying Corollary 2.3,

` j Ž j. k j Ž j. kP Ý c Y ) x P Ý c Y ) x jy1js1 t js1 t ja r2 a r2lim inf G s c EZ .Ž .Ý 12 2xª` P Z ) x P Z ) x1 1 js1

Ž .Letting k ª ` yields a lower bound for 2.9 .
Ž .The upper bound which allows Breiman’s 1965 result to work also allows

us to pass a limit inside an infinite summation which results in

` j Ž j. a r2Ý P c Y ) x cjs1 t
lim s .2 a r2 a r2xª` P Z ) x 1 y c EZŽ .1 1 1

Ž . wŽ . xTo get the upper bound for 2.9 we proceed as in Resnick 1987 , page 229 .
ŽAssuming for convenience that 0 - a - 1 with a similar Holder argument¨

.when this assumption is not true we must show

` j 2 `2Ý Ec W Z 1js1 j tyj wW Z F x xj ty j j dlim sup F const c EWŽ . Ý j2xP Z ) xxª` 1 js1

for some d - a , where
jy1

W s Z .Łj tyi
is1
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However,

Ý` Ec jW Z 21 2js1 j j wW Z F x xj ty j

2xP Z ) x1

` 2 2
2E Z 1 2E Z 1` ž /ty j w Z F x r w x Ž .1 w Z F x xty j 1js c w F dwŽ .Ý H W 2j2 xP Z ) x2E Z 10 Ž . 1js1 1 w Z F x x1

w Ž .and applying Potter’s inequalities Bingham, Goldie and Teugels 1987 ;
Ž . Ž .xResnick 1987 ; Geluk and de Haan 1987 , this is bounded by

` `1 1yaqaydj y1s c w w F dw const q uF dwŽ . Ž . Ž . Ž .Ý H HW Wj j
0 1js1

`
j dF c 2 const EW - `Ž .Ý j

js1

and the desired result follows. The rest of the proof mimics the material in
wŽ . xResnick 1987 , pages 229]230 . I

3. Point process convergence. In this section, we investigate the limit
behavior of a sequence of point processes associated with a bilinear time

� 4series model. Let X be the simple first order bilinear time series defined ast
a stationary solution to the equations
3.1 X s cX Z q Z ,Ž . t ty1 ty1 t

� 4where Z is an iid sequence of random variables with regularly varying tailt
probabilities. Specifically, we assume

ya< <3.2 P Z ) x s x L x , a ) 0, L x is regularly varying,Ž . Ž . Ž .1

and
w x w xP Z ) x P Z - yx1 1

3.3 ª p and ª q ,Ž .
< < < <P Z ) x P Z ) x1 1

as x ª `, 0 F p F 1 and q s 1 y p. Similar to the condition imposed on c in
Section 2, we assume

< <ar2 < <ar23.4 c E Z - 1.Ž . 1

w Ž .xUnder this condition see Liu 1989 , there exists a unique stationary
Ž .solution to 3.1 given by

`
j Ž j.X s c Y ,Ýt t

js0

where
Z , if j s 0,¡ t

jy1Ž j. ~3.5 Y sŽ . t 2Z Z , if j G 1.Ł tyi tyj¢ž /is1

The object of interest in this section is the sequence of point processes based
� y2 4 y1 < <on the points b X , t s 1, . . . , n , where b is the 1 y n quantile of Z ,n t n 1
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that is,
y1< <3.6 b s inf x : P Z ) x - n .Ž . � 4n 1

Before discussing the relevant limit theory, we quickly review the salient
facts of point process theory.

Ž .For a locally compact Hausdorff topological space E, we let M E be thep
Ž .space of Radon point measures on E. This means m g M E is of the formp

`

m s « ,Ý x i
is1

where x g E are the locations of the point masses of m and « denotes thei x i

point measure defined by

1, if x g A ,
« A sŽ .x ½i 0, if x f A.

Ž .We emphasize that we assume that all measures in M E are Radon, whichp
Ž . Ž .means that for any m g M E and any compact K ; E, m K - `. On thep

Ž . Ž .space M E we use the vague metric r ?, ? . Its properties are discussed forp
wŽ . x Ž .example in Resnick 1987 , Section 3.4 and Kallenberg 1983 . Note that a

Ž . Ž .sequence of measures m g M E converges vaguely to m g M E if for anyn p 0 p
w . Ž .continuous function f : E ¬ 0, ` with compact support we have m f ªn

Ž . Ž .m f , where m f s H f dm . The nonnegative continuous functions with0 n E n
qŽ .compact support will be denoted by C E .K

Ž .A Poisson process on E with mean measure m will be denoted by PRM m .
The primary example of interest in our applications is the case when E sm
w x m � 4 w x my`, ` _ 0 , where compact sets are closed subsets of y`, ` which are
bounded away from 0.

We begin with the following point process convergence result which under-
pins the main results of this section. This result is a slight generalization of

Ž .Proposition 3.2 in Feigin, Kratz and Resnick 1996 to the case when Z mayt
have negative values.

PROPOSITION 3.1. Suppose the marginal distribution F of the iid sequence
� 4 Ž . Ž .Z satisfies 3.2 ] 3.3 and m is a fixed positive integer. Suppose further thatt

` Ž . Ž . Ž yay1 Ž .yay1 .Ý « is PRM m , where m dx s a px 1 q q yx 1 dxss1 j w x ) 0x w x - 0xs

� X 4 w x mand U , U , k G 1, l G 1 are iid with distribution F. If e g y`, `k l k l i
denotes the basis element with ith component equal to 1 and the rest zero and

w x m � 4E s y`, ` _ 0 , thenm
n `

X Xy1« « «Ý ÝŽb ŽZ , is1, . . . , m. , Z , js1, . . . , m. Ž j e , sgnŽ j .` , U , . . . , U .n ty i ty j s 1 s s1 s , my1
ts1 ss1

`

X Xq «Ý Ž j e , U , sgnŽ j .` , U , . . . , U .s 2 s1 s s1 s , my2
ss1

`

q ??? q «Ý Ž j e , U , . . . , U , sgnŽ j .`.s m s , my1 s1 s
ss1

Ž w x m.in M E = y`, ` .p
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Now for k s 1, . . . , m, consider the point processes defined on space E [1
w xy`, ` _ 0 given by

m
k

y2 Žk .I s « ,Ýn b Yn t
ts1

Žk . Ž .where Y is as defined in 3.5 . We first establish the joint convergence oft
Ž Ž1. Žm.. mŽ .I , . . . , I on M E .n n p 1

PROPOSITION 3.2. Under the assumptions of Proposition 3.1, we have

I Ž1. , . . . , I Žm. « I Ž1. , . . . , I Žm.Ž .Ž .n n

mŽ . k `
2on M E , where I s Ý « .p 1 ss1 j ŽU , U U .s s, 1 s, 2, . . . , s, ky1

� 4PROOF. For k g 1, . . . , m , the restriction

g x , . . . , x , u , . . . , u s x , u , . . . , uŽ . Ž .1 m 1 m k 1 ky1

w x m w x ky1is a continuous mapping from E = y`, ` into E = y`, ` with them 1
y1Ž . w x ky1property that g K is compact for every compact K ; E = y`, ` .1

w Ž .xThis mapping, therefore, induces a continuous mapping see Resnick 1987
Ž w x m. Ž w x ky1.from M E = y`, ` into M E = y`, ` and hencep m p 1

n `
k k˜ ˜y13.7 I [ « « I [ « ,Ž . Ý Ýn Žb Z , Z , . . . , Z . Ž j , U , . . . , U .n tyk ty1 tykq1 s s , ky1 s , 1

ts1 ss1

where the convergence is joint in k s 1, . . . , m. If M and yM are continuity
points of F, then this convergence also holds for these point processes when

w x ky1restricted to the set E = yM, M . That is,1

ky1k , M k̃ w xI ? [ I ?l E = yM , MŽ . Ž .ž /n n 1

ky1k , M k̃ w x« I ? [ I ?l E = yM , MŽ . Ž .ž /1

3.8Ž .

mŽ w x ky1.jointly for k s 1, . . . , m in M E = y`, ` .p 1
w x ky1Now consider the mapping f : E = yM, M ¬ E defined byk 1 1

2 ky1 < <x u ??? u , if E u - `,1 k is1 if x , u , . . . , u sŽ .k 1 ky1 ½ 17, otherwise.
� < < 4Observe that if K is the compact set in E given by x: x G b , then1y1Ž . Ž w x ky1. � < < Ž ky1.1r24 w x ky1f K l E = yM, M ; x: x ) brM = yM, M whichk 1

w x ky1 y1Ž .is compact in E = y`, ` . It follows that f K restricted to E =1 k 1
w x ky1yM, M is compact for any compact subset K of E , and since f is1 k

k̃ , Mcontinuous on the support of I a.s., we have by Corollary 1.2 of Resnick
Ž . Ž .1986 and 3.8 that

1̃ , M y1 m̃ , M y1 1̃, M y1 m̃ , M y1I ( f , . . . , I ( f « I ( f , . . . , I ( fž / ž /n 1 n m 1 m

m k k̃ y1Ž .in M E . Since the point processes I s I ( f are well defined Poissonp 1 k
processes, we have as M ª `,

1̃ , M y1 m̃ , M y1 1 mI ( f , . . . , I ( f « I , . . . , IŽ .ž /1 m
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k k̃ y1pointwise in the vague metric a.s. Noting that I s I ( f , the conclusion ofn n k
w Ž .xthe proposition will follow see Theorem 4.2 in Billingsley 1968 once we

show that for each k and any h ) 0,

y1 y1k , M k˜ ˜lim lim sup P r I ( f , I ( f ) h s 0.ž /n k n k
Mª` nª`

qŽ .By the form of the metric r, it is enough to show for any h g C E thatK 1

y1 y1k , M k˜3.9 lim lim sup P I ( f h y I ( f h ) h s 0.Ž . Ž . Ž .n k n k
Mª` nª`

� < < 4If the support of h is contained in the set G s x: x ) d , then thed
k̃ c XŽ . w Ž . xXprobability in 3.9 is bounded by P I G = K G 1 , where d sn d M

Ž ky1.1r2 c w x ky1 Ž .drM and K is the complement of K [ yM, M . Using 3.7 ,M M
this probability converges as n ª ` to

k c˜ XP I G = K G 1 ª 0 as M ª `,Ž .d M

which completes the proof. I

Ž .PROPOSITION 3.3. On the space M E with vague metric r ,p m m

n m n

y2 Ž1. Žm . y2 Ž l .r « , « ª 0.Ý Ý Ým b ŽY , . . . , Y . b Y e Pn t t n t lž /
ts1 ls1 ts1

Ž x Ž xPROOF. Let B s b , c = ??? = b , c be a bounded rectangle in E .1 1 m m m
Then either B is bounded away from each of the coordinate axes or intersects

w Ž . xexactly one in an interval see Davis and Resnick 1985a , page 181 . If B is
bounded away from each of the coordinate axes, then

n
y2 Ž1. Žm.

y2 Ž1. Žm .E « B s nP b Y , . . . , Y g B ª 0Ž . Ž .Ý b ŽY , . . . , Y . n 1 1n t tž /
ts1

by Lemma 2.2. The remainder of the proof of the proposition follows the same
Ž .lines of reasoning given for Proposition 2.1 of Davis and Resnick 1985a and

hence is omitted. I

� 4 Ž .THEOREM 3.4. Suppose X is the bilinear process 3.1 , where thet
� 4 Ž . Ž .marginal distribution F of the iid noise Z satisfies 3.2 ] 3.3 , the constant ct

Ž . Ž . ` Ž .satisfies 3.4 and b is given by 3.6 . If Ý « is PRM m with m given inn ss1 js
� 4Proposition 3.1 and U , s G 1, k G 1 are iid with distribution F, then:s, k

Ž . Ž .i In M E ,p 1

n ` `

y2 2 k« « « ,Ý Ý Ýb X j c Wn t s s , k
ts1 ks1 ss1
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where
ky1¡

U , if k ) 1,Ł s , i
is1~W ss , k 1, if k s 1,¢0, if k - 1.

Ž . Ž .ii In M E ,p hq1

n ` `

y2 2 k ky1 kyh« « « .Ý Ý Ýb Ž X , X , . . . , X . j Žc W , c W , . . . , c W .n t ty1 tyh s s , k s , ky1 s , kyh
ts1 ks1 ss1

Ž .PROOF. i Propositions 3.2 and 3.3 imply that
n m ` m `

y2 Ž1. Žm . 2 23.10 « « « s «Ž . Ý Ý Ý Ý Ýb ŽY , . . . , Y . j ŽU U .e j W en t t s s , 1 , . . . , s , ky1 k s s , k k
ts1 ks1 ss1 ks1 ss1

Ž .on M E . Now the mapp m

m
ky , . . . , y ¬ c yŽ . Ý1 m k

ks1

Ž . Ž .induces a continuous map from M E ¬ M E and so by the continuousp m p 1
Ž .mapping theorem applied to the convergence in 3.10 we obtain

n m `

y2 m k Žk . 2 k« « «Ý Ý Ýb Ý c Y j c Wn ks1 t s s , k
ts1 ks1 ss1

Ž .in M E . As m ª `,p 1

m ` ` `

2 k 2 k« ª «Ý Ý Ý Ýj c W j c Ws s , k s s , k
ks1 ss1 ks1 ss1

Ž .pointwise in the vague metric and so by Theorem 4.1 in Billingsley 1968 , it
qŽ .suffices to show that for any h ) 0 and f g C E ,K 1

n m n
y2 k Žk . y23.11 lim lim sup P f b c Y y f b X ) h s 0.Ž . Ž .Ý Ý Ýn t n tž /mª` nª` ts1 ks1 ts1

Ž .To prove 3.11 first note that

n m
y2 k Žk .P b c Y y X ) hE Ýn t t

ts1 ks1

n `
ky2 Ž0. Žk .< < < <F P b Y q c Y ) hE Ýn t tž /

ts1 ksmq1

`
ky2 Ž0. y2 Žk .< < < < < <F nP b Y ) hr2 q nP b c Y ) hr2 ,Ýn 1 n t

ksmq1
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which, by Corollary 2.4,
`

jy1yar2 ja r2 a r2< < < <ª 0 q hr2 c E ZŽ . Ž .Ý 1
jsmq1

ª 0 as m ª `.
Ž .The remainder of the proof of 3.11 is now identical to the argument given for

Ž . Ž .2.11 in Davis and Resnick 1985a with this last result substituting for
Lemma 2.3 of the Davis and Resnick paper.

Ž .ii We shall only sketch out the proof in the case h s 1, the general case
being a straightforward adaptation of this argument. First observe that
Y Žk . s Z Y Žky1. so thatt ty1 ty1

Y Ž1. , . . . , Y Žm. , Y Ž1. , . . . , Y Žmy1.Ž .t t ty1 ty1

s Y Ž1. , Z Y Ž1. , . . . , Y Žmy1. , Y Ž1. , . . . , Y Žmy1. .Ž .Ž .t ty1 ty1 ty1 ty1 ty1

Using a slight modification to the arguments given in Propositions 3.2 and 3.3
we obtain the point process convergence result

n m `

y2 Ž1. Žm . Ž1. Žmy1. 2« « «Ý Ý Ýb ŽY , . . . , Y , Y , . . . , Y . j ŽW e qW e .n t t ty1 ty1 s s , k k s , ky1 mqky1
ts1 ks1 ss1

Ž . 2 my1in M E , where the e are the unit basis elements in R . Then,p 2 my1 i
Ž . Ž .using the continuous mapping of M E ¬ M E induced by the func-p 2 my1 p 2

tion
m my1

k kx , . . . , x , u , . . . , u ¬ c x , c u ,Ž . Ý Ý1 m 1 my1 k kž /
ks1 ks1

we obtain
n m `

y2 m k Žk . my1 k Žk . 2 k ky1« « « .Ý Ý Ýb ŽÝ c Y , Ý c Y . j Žc W , c W .n ks1 t ks1 ty1 s s , k s , ky1
ts1 ks1 ss1

Ž . Ž .The rest of the proof of ii is the same as that given in i . I

REMARK 3.1. While it was not required in the proofs of the results in this
section, it can be shown that X has regularly varying tail probabilities witht
index ar2. This assertion extends Lemma 2.2 to nonpositive Z andrort
negative coefficient c. A direct proof of this property can be fashioned after

Ž .the argument used in Lemma 2.2 as in Cline 1983 for linear processes.

4. Applications. By applying continuous functionals to the basic conver-
gence result of Theorem 3.4, the limiting behavior for a number of statistics
can be easily derived. We now explore some of these applications.

Ž . Ž .A Extremes. The point process convergence in Theorem 3.4 i allows one
to compute the joint limiting distribution of any collection of upper and lower
extreme order statistics. To illustrate these computations in a simple case, let
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� 4 � y2 4 � Ž x 4M s max X , . . . , X and note that b M F x s N x, ` s 0 , where Nn 1 n n n n n
is the point process N s Ýn « y2 . It follows thatn ts1 b Xn t

y2P b M F x s P N x , ` s 0 ª P N x , ` s 0 ,Ž Žn n n

` ` � Ž x 42 kwhere N s Ý Ý « . Now the event N x, ` s 0 is equivalent toks1 ss1 j c Ws s, k
� 2 k 4the event that none of the points j c W , s G 1, k G 1 exceeds x. Thes s, k

` � 2 4 ` Ž k .latter can be expressed as the set F j V F x , where V s E c Wss1 s s s ks1 s, k
� 2 4 Ž xand since j V , s G 1 are the points of a PRM on 0, ` with mean measures s

Ž x ar2 ya r2 w Ž . Ž .xn x, ` s EV x see Resnick 1986 , 4.4 , we have1

0, if x F 0,
P N x , ` s 0 sŽ ar2 ya½ exp E V x , if x ) 0.� 4Ž .1

Ž .B Partial sums. If the exponent a of regular variation is less than 4,
n � 4then the partial sum S s Ý X of the bilinear process X is asymptoti-n ts1 t t

cally stable with exponent ar2. These results are essentially special cases of
Ž . Ž .Theorem 3.1 in Davis and Hsing 1995 . For the case a g 0, 2 , X has1

Ž .regularly varying tails with exponent ar2 - 1 see Remark 3.1 and hence a
Ž . Ž .direct application of Theorem 3.1 i of Davis and Hsing 1995 yields
` ` `

y2 2 k 2b S « S [ j c W s j A ,Ý Ý Ýn n s s , k s s
ks1 ss1 ss1

` k wwhere A s Ý c W . The characteristic function of S is given in Theo-s ks1 s, k
Ž . xrem 3.2 of Davis and Hsing 1995 .

w .For the case a g 2, 4 , a direct application of Theorem 3.2 in Davis and
Ž . Ž .Hsing 1995 is more difficult since condition 3.2 of the theorem must be

checked. Instead, we present a different approach under the simplified as-
Ž .sumptions that a g 2, 4 and the distribution of Z is symmetric about zero.t

Ž .The condition a ) 2 implies that Var Z - ` and the symmetry of Z allowst t
for a simpler expression of the limit random variable in terms of the points
� k 4 Ž .j c W of the limit point process. Applying Theorem 3.2 ii to the trun-s s, k

� Žm. m k Žk .4cated sequence X s Ý c Y , we obtaint ks0 t

n
y2 Žm. Žm.b X y m « S q ??? qS [ S ,Ž .Ýn t n 1 m

ts1

Ž 2 .2 2where m s E Z 1 andn 1 w Z F b x1 n

y1` 2 1ya r2
2lim Ý j 1 y a a y 2 « y 1 , if k s 1,Ž . Ž .« ª 0 ss1 s w j ) « xsS sk ` 2 k½ Ý j c W , if k ) 1.ss1 s s , k

w y2 n Ž . Ž . xIt is easy to check that b Ý Y 0 s o 1 . Using characteristic functions,n ts1 t p
one can show that SŽm. « S [ Ý` S . Next we show that for any h ) 0,ks1 k

n
y2 Žm.4.1 lim lim sup P b S y X ) h s 0,Ž . Ýn n t

mª` nª` ts1
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from which the limit

by2 S y nm « SŽ .n n n

Ž .will follow immediately from Theorem 4.2 of Billingsley 1968 . For d ) 0
fixed, write

n
y2 Žm.b S y XÝn n tž /

ts1

n `
y2 k Žk .s b c YÝ Ýn t

ts1 ksmq1

4.2Ž .

n ` n `
y2 k Žk . y2 k Žk .

2 2 2 2s b c Y 1 q b c Y 1 .Ý Ý Ý Ýn t w Z F b d x n t w Z ) b d xty k n tyk n
ts1 ksmq1 ts1 ksmq1

Ž .The absolute value of the second term in 4.2 has expectation bounded by
`

ky1ky2 2< < < < 2 2nb c E Z E Z 1Ž . Ž .Ýn 1 1 w Z F b d x1 n
ksmq1

`
k y2 2

2 2s const r nb E Z 1 ,Ž . Ý Ž .n 1 w Z F b d x1 n
ksmq1

4.3Ž .

Ž . < < Ž < <ar2 .2r awhere, by assumption 3.4 , r [ E cZ - E cZ - 1 for a ) 2. Using1 1
Ž .Karamata’s theorem, the right-hand side of 4.3 is asymptotic to

m y2 2 2 2 m 1ya r2const r nb b d P Z ) b d ª const r d as n ª `Ž . Ž . Ž .Ž .n n 1 n4.4Ž .
ª 0 as m ª ` .Ž .

On the other hand, the mean zero assumption of Z implies that thet
Y Žk .1 2 2 ’s are uncorrelated for all t and k so that the variance of thet w Z F b d xty k n

Ž .first term in 4.2 is
n `

y4 2 k Žk .
2 2b c Var Y 1Ý Ý Ž .n t w Z F b d x1 n

ts1 ksmq1
`

ky1y4 2 k 2 4
2 2F nb c EZ E Z 1 .Ž .Ý Ž .n 1 1 w Z F b d x1 n

ksmq1

Using Karamata’s theorem again, the right-hand side is

m 2 2 2F const g d nP Z ) b dŽ . 1 n

ª const g md 2ya r2 as n ª `Ž . Ž .
ª 0 as m ª ` ,Ž .

Ž .2 Ž . Ž .where g s E cZ - 1. This, combined with 4.4 proves 4.1 as asserted.1

Ž .C The sample correlation function. We now consider the behavior of the
� Ž . 4vector of heavy-tailed sample correlations r l , l s 1, . . . , h for integersˆH
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Ž .h s 1, 2, . . . . Recall that r l was defined in Section 1 to beˆH

Ýny l X Xts1 t tql
r l s .Ž .ˆH n 2Ý Xts1 t

Ž . Ž .In Davis and Resnick 1985a, 1986 we showed that for a heavy-tailed MA `
process, the sample ACF was a consistent estimate of the model ACF
expressed in terms of the coefficients of the linear filter. This is, of course,
also the case in the classical setting where the innovation variables have

w Ž .xfinite second moment see Brockwell and Davis 1991 . In contrast to this
phenomena of constant limits, we find for the nonlinear process that sample
correlations converge in distribution to nondegenerate limit random variables
depending on the lag.

� 4 Ž .THEOREM 4.1. Suppose X is the bilinear process 3.1 where the marginalt
� 4 Ž . Ž .distribution F of the iid noise Z satisfies 3.2 ] 3.3 and the constant ct

Ž .satisfies 3.4 . If 0 - a - 4 we have for any h s 1, 2, . . . that

r l , l s 1, . . . , h « L , i s 1, . . . , hŽ . Ž .Ž .ˆH i

in R h, where in the notation of Theorem 3.4

Ý` Ý` j4c2 kyiW Wss1 ks1 s s , k s , kyi
L s , i s 1, . . . , h.i ` ` 4 2 k 2Ý Ý j c Wss1 ks1 s s , k

Ž .PROOF. Theorem 3.4 ii implies

n

y2« , l s 1, . . . , hÝ b Ž X , X .n t ty lž /
ts1

` `

2 k ky l« « , l s 1, . . . , hÝ Ý j Žc W , c W .s s , k s , ky lž /
ss1 ks1

4.5Ž .

hŽ .in M E . In order to simplify the exposition, we focus on convergence of ap 2
Ž .single component in 4.5 , but at the end of the discussion it should be obvious

that joint convergence ensues.
Ž .For convenience we focus on the first component convergence in 4.5 :

n ` `

y2 2 k ky14.6 « « « .Ž . Ý Ý Ýb Ž X , X . j Žc W , c W .n t ty1 s s , k s , ky1
ts1 ss1 ks1

Pick d ) 0 and apply a restriction of the state space to

< < < <E s x , x g E : x k x ) d� 4Ž .d 1 2 2 1 2

to obtain
n ` `

y2 2 k ky1« ?l E « « ?l E .Ž . Ž .Ý Ý Ýb Ž X , X . d j Žc W , c W . dn t ty1 s s , k s , ky1
ts1 ss1 ks1
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Ž .As in the discussion after 3.8 , because the state space has been compactified
by restriction, we may apply the functional which multiplies components to
obtain

n

2 y41 «Ý w < X < k < X < ) b d x b Ž X X .t ty1 n n t ty1
ts2

` `

2 k 2 ky1 4 2 ky1« 1 « .Ý Ý w < j c W < k j c W < ) d x j c W Ws s , k s s , ky1 s x , k s , ky1
ss1 ks1

Each point process on the previous line has only a finite number of points and
applying the summation functional we get

n
y4

2g 1 [ 1 b X XŽ . Ž .Ýn , d w < X < k < X < ) b d x n t ty1t ty1 n
ts2

` `
4 2 ky1

2 k 2 ky1« g 1 [ 1 j c W W .Ž . Ý Ý` , d w < j c W < k j c W < ) d x s s , k s , ky1s s , k s s , ky1
ss1 ks1

We claim
g 1 « g 1Ž . Ž .n , 0 ` , 0

w Ž . xin R. To prove this we check Billingsley 1968 , Theorem 4.2

4.7 g 1 « g 1 , d x0,Ž . Ž . Ž .` , d ` , 0

and

4.8 lim lim sup P g 1 y g 1 ) h s 0.Ž . Ž . Ž .n , d n , 0
d x0 nª`

Ž .To verify 4.7 , it will be sufficient to check that the series
` ` `

4 2 ky1 44.9 j c W W s j B ,Ž . Ý Ý Ýs s , k s , ky1 s s
ss1 ks1 ss1

where B s Ý` c2 ky1W W is absolutely convergent. Since ar4 - 1 wes ks1 s, k s, ky1
have by the triangle inequality

`
ar4 Ž2 ky1.a r4 a r2 a r4< < < < < < < <E B F c E W E ZÝs s , ky1 1

ks1
`

ky1a r2< <F const E cZ - `.Ž . Ž .Ý 1
ks1

4.10Ž .

Ž .The last inequality follows from 3.4 . The independence of the B togethers
Ž . w .4with 4.10 implies that Ý « is PRM with intensity measure m x, ` sss1 j < B <s s

Ž < <ar4. ya r4 wE B x and hence has absolutely summable points a.s. see Resnick1
Ž . Ž . x1986 and Davis and Resnick 1985a , page 192 .

Ž .It remains to check 4.8 . This is a standard argument mimicking the one
wŽ . x Ž .given in Davis and Resnick 1985a , page 193 . The probability in 4.8 is

bounded by
n n

y4 < < < <2 2P b X X 1 ) h F E X X 1 rh ,Ýn t ty1 w < X < k < X < F b d x 2 1 w < X < k < X < F b d x4t ty1 n 2 1 nbnts1
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which by Cauchy’s inequality is dominated by
n 2< < 2E X 1 rh1 w < X < F b d x4 1 nbn

w < < x Ž .and since P X ) x is regularly varying with index yar2 g y2, 0 we get1
by Karamata’s theorem that

n 2< < 2lim lim sup E X 1 rh s 0,1 w < X < F b d x4 1 nbd x0 nª` n

Ž .which proves 4.8 .
Ž . Ž .We have now checked g 1 « g 1 and in fact, examining the proof ofn, 0 `, 0

this fact shows that

4.11 g 0 , g 1 « g 0 , g 1 ,Ž . Ž . Ž . Ž . Ž .Ž . Ž .n , 0 n , 0 ` , 0 ` , 0

Ž . n 2where g 0 s Ý X X rb . Dividing the first component into the secondn, 0 ts2 t ty1 n
Ž .in 4.11 yields the first component convergence given in the statement of the

theorem. This finishes our discussion of the proof. I
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