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NUMERICAL METHODS FOR FORWARD–BACKWARD
STOCHASTIC DIFFERENTIAL EQUATIONS

BY JIM DOUGLAS, JR.,1 JIN MA2 AND PHILIP PROTTER3

Purdue University

In this paper we study numerical methods to approximate the adapted
solutions to a class of forward]backward stochastic differential equations
Ž .FBSDE’s . The almost sure uniform convergence as well as the weak
convergence of the scheme are proved, and the rate of convergence is
proved to be as good as the approximation for the corresponding forward
SDE. The idea of the approximation is based on the four step scheme for
solving such an FBSDE, developed by Ma, Protter and Yong. For the PDE
part, the combined characteristics and finite difference method is used,
while for the forward SDE part, we use the first order Euler scheme.

Ž � 4 .1. Introduction. Let V, FF, P; FF be a filtered probability spacet t G 0
satisfying the usual conditions. Assume that a standard d-dimensional

� 4Brownian motion W is defined on this space. We consider the followingt t G 0
Ž .forward]backward stochastic differential equations FBSDE’s :

t t
X s x q b s, X , Y , Z ds q s s, X , Y dW ,Ž . Ž .H Ht s s s s s s

0 0
1.1Ž .

T TˆY s g X q b s, X , Y , Z ds q s s, X , Y , Z dW ,Ž . Ž . Ž .ˆH Ht T s s s s s s s
t t

n m m=d ˆw x Ž .where t g 0, T , X, Y, Z takes values in R = R = R and b, b, s , ŝ
and g are smooth functions with appropriate dimensions; T ) 0 is an arbi-
trarily prescribed number which stands for the time duration. By an ‘‘L2-

Ž . � 4adapted solution’’ we mean a triple X, Y, Z which is FF -adapted andt
Ž . w xsquare integrable, such that the equations 1.1 are satisfied on 0, T ,

P-almost surely. Such a stochastic differential equation has been found useful
in applications, including stochastic control theory and mathematical finance
Ž w x w x w x. w xcf. 2 , 7 and 8 . In previous work, Ma, Protter and Yong 12 studied the
solvability of the adapted solution to the FBSDE; in particular, they designed

Ž .a direct scheme, called the four step scheme see Section 2 for a brief review ,
to solve the FBSDE explicitly.
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Ž .We note that in some applications the FBSDE 1.1 can be slightly simpli-
fied. That is, we may consider the FBSDE of the type

t t
X s x q b s, X , Y ds q s s, X , Y dW ,Ž . Ž .H Ht s s s s s

0 0

TˆY s E g X q b s, X , Y ds FF ,Ž . Ž .Ht T s s t½ 5
t

1.2Ž .

w xwhere t g 0, T . Applying the usual technique using a martingale represen-
Ž .tation theorem, it is easily seen that 1.2 is equivalent to the FBSDE

t t
X s x q b s, X , Y ds q s s, X , Y dW ,Ž . Ž .H Ht s s s s s

0 0
1.3Ž .

T TˆY s g X q b s, X , Y ds q Z dW ,Ž . Ž .H Ht T s s s s
t t

Ž . Ž .which is obviously a special form of 1.1 . A first theoretical treatment of 1.2
w x Ž .can be found in Antonelli 1 . As a special case of 1.1 , a more general

Ž . w x Ž .treatment for 1.3 is contained in 12 . We note that the FBSDE’s 1.2 and
Ž .1.3 have been found useful in the theory of mathematical finance. For
instance, in the framework of stochastic recursive utility, the process X
represents the ‘‘discounted weight process,’’ or ‘‘wealth process,’’ while the

Ž w x w x .process Y defines a recursive differential utility cf. 6 or 7 for more details .
w xAlso, in a model of term-structure of interest rates, Duffie, Ma, and Yong 8

Ž .considered a FBSDE of a form similar to 1.2 , in which the process X is the
Ž .short rate, while Y is the ‘‘consol rate’’ or long term rate . Therefore, a

Ž .satisfactory simulation result for the FBSDE 1.2 will have interest in its
Ž . Ž .own right. In what follows we shall call 1.3 the ‘‘special case’’ and 1.1 the

‘‘general case.’’
For standard forward SDE’s, there are two types of approximations typi-

cally considered: a pathwise convergence that typically converges at a rate
'Ž . � Ž .4OO 1r n , and weak convergence to the terminal value E f X , where X isT

the true solution and f is an arbitrary smooth function. In the latter case,
� Ž .4one approximates E f X using a Monte Carlo technique once the law ofT

X is known; thus it is the approximation of X that is needed, and since theT T
Monte Carlo rate is slow, one is content to use a simple Euler scheme. We
consider here both types of approximations for the forward]backward SDE’s.
Our technique allows the weak convergence to be a simple consequence of the

Žpathwise convergence which is not true in the usual forward case; note that
.its rate is faster . We obtain the same convergence rates as in the forward

only case, an a priori surprising result.
w xIt was shown in 12 that the solution, say u , of a parabolic PDE plays a

Ž .key role in solving FBSDE’s; one uses u to deduce a standard forward SDE
which gives the component X. One then uses u and X to obtain Y and Z. We
have used this idea to construct a numerical scheme which first approximates
u using PDE numerical techniques, and then approximates X using SDE
techniques. The two approximations have to mesh correctly, and the approxi-
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Žmate solutions for u have to have a certain regularity e.g., Lipschitz prop-
.erty so that the subsequent approximation for the forward SDE is feasible. It

turns out that this can be done if the spatial mesh size h and the time mesh
size Dt are essentially linearly related. In particular, we shall assume in this
paper that the condition h ) C Dt, where C ) 0 is a constant obtained from
the coefficients, is fulfilled.

For the PDE approximations we shall use a method combining the finite
difference method and the method of characteristics; it was introduced earlier

w x Ž w x.by Douglas and Russell 5 see also Douglas 4 . This method allows us to
treat the PDE in a more natural time-like variable and thus eliminate the
first order term, which then facilitates an error analysis based on a maximum
principle argument for the difference equations arising from the approxima-

Žtions. In practice, if the drift terms dominate the diffusion terms i.e., in the
.so-called convection-dominated case , then this method will lead not to faster

Ž w x.asymptotic rates but to smaller constants in the error estimate cf., e.g., 5 ,
Ž .which can be just as or more important.

Ž . Ž .Since the special FBSDE’s 1.2 and 1.3 are of independent interest, and
the techniques of proofs and ideas are fundamental but more easily seen, we
treat them separately in Section 4. We wish to point out that our techniques

Ž .allow not only the approximation of X, Y , but also that of the ‘‘extra’’
process Z that one needs to solve the FBSDE’s in any sort of reasonable

Žgenerality. This is significant because in some finance applications for exam-
.ple , the process Z represents a hedging strategy, and thus we can give

Ž .pathwise approximations of Z as well as weak faster approximations of
'� Ž .4 Ž .E f X , Z . Again, these approximations are of the order OO 1r n andT T

Ž .OO 1rn , respectively, which are best possible for Euler schemes.
This paper is organized as follows. In Section 2 we formulate the problem

and briefly review our four step scheme. In Section 3 we study the approxima-
Ž . Ž .tion for the quasilinear PDE arising in the special cases 1.2 and 1.3 . In

Section 4 we give our main result for the special case. In Section 5 we extend
the results to the general case and give our final result.

Ž .2. Formulation of the problem. Let V, FF, P be a probability space
� 4carrying a standard d-dimensional Brownian motion W s W : t G 0 and lett

� 4 Ž � 4.FF be the s-field generated by W i.e., FF s s W : 0 F s F t . We make thet t s
usual P-augmentation to each FF so that FF contains all the P-null sets of FF.t t

� 4 � 4Then FF is right continuous and FF satisfies the usual hypotheses. Let ust t
Ž .consider the FBSDE 1.1 . For the sake of simplicity, in what follows we will

Ž .consider only the case in which n s m s d s 1, s t, x, y, z ' z and s isˆ
independent of Z. In other words, we content ourselves with an FBSDE that

Ž . w Ž .xis slightly less general than 1.1 but more general than 1.2 :
t t

X s x q b s, X , Y , Z ds q s s, X , Y dW ,Ž . Ž .H Ht s s s s s s
0 0

2.1Ž .
T TˆY s g X q b s, X , Y , Z ds q Z dW ,Ž . Ž .H Ht T s s s s s

t t
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ˆw xwhere t g 0, T . Here, X, Y and Z are now real-valued processes and b, b, s
and g are real-valued functions. We note that the numerical study of the

Ž .FBSDE of type 1.1 is also possible using our method, in view of the general
Ž w x.theory for the four step scheme see 12 , but some more complicated

discussion involving the numerical scheme for inverse functions will be
needed. To simplify presentation, we prefer not to include such a case in the
present paper.

2 Ž .We first give the precise definition of an L -adapted solution to 2.1 .

Ž . w x 3DEFINITION 2.1. A triple of processes X, Y, Z : 0, T = V ª R is called
2 Ž . � 4an L -adapted solution of the forward]backward SDE 2.1 if it is FF -adaptedt

Ž .and square integrable and is such that it satisfies 2.1 almost surely.

Let us recall a standard Holder space notation. For any bounded or¨
Ž . 1qa r2, 2qa Žwunbounded region G : R, T ) 0 and a g 0, 1 , we define C 0,

x . Ž .T = G to be the space of all functions w t, x which are differentiable in t
and twice differentiable in x with w and w being ar2- and a-Holder¨t x x

Ž . w x 1qa r2, 2qa Žw x .continuous in t, x g 0, T = G. The norm in C 0, T = G is
defined by

5 5w 1, 2, a ; T , G

5 5 5 5 5 5 5 5s w q w q w q wC C C Ct x x xT , G T , G T , G T , G

w t , x y w t9, x9 q w t , x y w t9, x9Ž . Ž . Ž . Ž .t t x x x xq sup ,
ar22Ž . Ž . < < < <t , x / t 9 , x 9 x y x9 q t y t9Ž .

5 5 w xwhere ? is the usual sup-norm on the closure of 0, T = G. WhenCT , G
1qa r2, 2qa Žw x . 1qa r2, 2qa 5 5G s R, we set C 0, T = R s C and ? s1, 2, a ; T , R

5 5 Ž . kqa Ž .? . For functions of the type w s w x , we define the space C G and1, 2, a
kqa kqa Ž .C s C R analogously, for k s 1, 2, . . . .
We will make use of the following standing assumptions throughout the

paper.

Standing assumptions.

ˆŽ .A1 The functions b, b and s are continuously differentiable in t and
twice continuously differentiable in x, y, z. Moreover, if we denote any one of

Ž .these functions generically by c , then there exists a constant a g 0, 1 , such
Ž . 1qa r2, 2qathat for fixed y and z, c ?, ? , y, z g C . Furthermore, for some

L ) 0,
2c ?, ? , y , z F L, ; y , z g R .Ž . Ž .1, 2, a

Ž .A2 The function s satisfies

w x 22.2 m F s t , x , y F C , ; t , x , y g 0, T = R ,Ž . Ž . Ž .
where 0 - m F C are two constants.
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Ž . 4qa Ž . wA3 The function g belongs boundedly to C for some a g 0, 1 one
Ž .xmay assume that a is the same as that in A1 .

REMARK 2.2. We should note here that the standing assumptions above
w xare actually much stronger than those in 12 , where the FBSDE was shown

to be solvable, and thus they may not be optimal.

Ž w x .We now briefly review our four step scheme see 12 for complete details .

The four step scheme.

w x 3STEP 1. Define a function z: 0, T = R ª R by

2.3 z t , x , y , p s yps t , x , y , ; t , x , y , p .Ž . Ž . Ž . Ž .

STEP 2. Using the function z above, solve the following quasilinear
Ž . 1qa r2, 2qaparabolic equation for u t, x in C , for some 0 - a - 1:

21u q s t , x , u u q b t , x , u , z t , x , u , u uŽ . Ž .Ž .t x x x x2

ˆ2.4 qb t , x , u , z t , x , u , u s 0, t , x g 0, T = R,Ž . Ž . Ž . Ž .Ž .x

u T , x s g x , x g R.Ž . Ž .

STEP 3. Using u and z, solve the forward SDE

t t˜2.5 X s x q b s, X ds q s s, X dW ,Ž . Ž . Ž .˜H Ht s s s
0 0

˜Ž . Ž Ž . Ž Ž . Ž ... Ž .where b t, x s b t, x, u t, x , z t, x, u t, x , u t, x and s t, x s˜x
Ž Ž ..s t, x, u t, x .

STEP 4. Set

Y s u t , X ,Ž .t t

Z s z t , X , u t , X , u t , X .Ž . Ž .Ž .t t t x t

2.6Ž .

Ž .Then, if this scheme is realizable, X , Y , Z will give an adapted solutiont t t
Ž . w xof 2.1 . In fact, in 12 it was proved that under reasonable conditions, the

four step scheme is feasible. We summarize the results there in the following
theorem, with modifications made to suit our future discussion. Since the
arguments are standard, we give only a sketch of the proof.

Ž . Ž .THEOREM 2.3. Suppose that the standing assumptions A1 ] A3 hold.
Then, the four step scheme defined above is applicable and any adapted

Ž .solution to the FBSDE 2.1 must be the same as the one constructed from the
Ž .four step scheme. Consequently, FBSDE 2.1 possesses a unique adapted

solution.
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Ž .Furthermore, the unique classical solution u to the quasilinear PDE 2.4
belongs to the space C 2qa r2, 4qa, and all the partial derivatives of u up to the
second order in t and fourth order in x are bounded by a constant K ) 0.

SKETCH OF THE PROOF. The first assertion is a direct consequence of the
w x w xresults in 12 . To see the second assertion, note that by the result in 12 we

Ž . 1qa r2, 2qaknow that the PDE 2.4 has a unique classical solution u g C for
Ž . Ž w x w x.some a g 0, 1 . If we apply standard techniques cf. 9 or 11 using

parabolic Schauder interior estimates to the difference quotients repeatedly,
it is not hard to show that under our regularity and boundedness assump-

ˆtions on the coefficients b, s , b and g, one can improve the regularity of the
solution to the desired order. I

( )3. Approximation of the PDE 2.4 —special case. In this section we
study the numerical approximation scheme and its convergence analysis for

Ž .the quasilinear parabolic PDE 2.4 corresponding to the special FBSDE
Ž . Ž .1.2 , or equivalently, 1.3 . We shall be interested in finding a strong approx-

Ž Žn. Žn..imation scheme which produces an approximate solution X , Y such
that

2 2Žn. Žn.E sup X y X q E sup Y y Y ª 0t t t t½ 5 ½ 5
0FtFT 0FtFT

and in determining its rate of convergence. Note that in this case the
ˆ Ž .coefficients b, b and s are independent of Z and only the X, Y part of the

adapted solution need be considered; thus, the difficulty of the problem is
reduced considerably. More precisely, in this case the corresponding PDE
Ž .2.4 now takes the simpler form

21 ˆu q s t , x , u u q b t , x , u u q b t , x , u s 0,Ž . Ž . Ž .t x x x2

3.1 t , x g 0, T = R,Ž . Ž . Ž .
u T , x s g x , x g R.Ž . Ž .

w x w xWe shall follow an idea of Douglas and Russell 5 and Douglas 4 that
combines the method of characteristics with a finite difference procedure to
design the approximation scheme. We discussed the advantages this brings to
bear in the introduction.

Ž . Ž . Ž .Let us first standardize the PDE 3.1 . Define u t, x s u T y t, x and

s t , x , y s s T y t , x , y ,Ž . Ž .
b t , x , y s b T y t , x , y ,Ž . Ž .
ˆ ˆb t , x , y s b T y t , x , y .Ž . Ž .

Then u satisfies the PDE

1 2 ˆu y s t , x , u u y b t , x , u u y b t , x , u s 0,Ž . Ž . Ž .t x x x23.2Ž .
u 0, x s g x .Ž . Ž .
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ˆ ˆTo simplify notation we replace s , b and b by s , b and b themselves in
w xthe rest of this section. Following 5 , we should first determine the character-

istics of the first order nonlinear PDE

3.3 u y b t , x , u u s 0.Ž . Ž .t x

Ž .After transforming 3.3 into a first order system, it is not hard to show that
Ž .the characteristic of 3.3 is given by the equation

3.4 det a t9 s y d x9 s s 0,Ž . Ž . Ž .i j i j

Ž .where s is the parameter of the characteristic and a is the matrixi j

0 0 0
0 yb t , x , u 03.5 .Ž .Ž .
0 y1 0

Ž .Therefore, 3.4 leads to

3.6 t9 s b t , x , u y x9 s s 0,Ž . Ž . Ž . Ž .
Ž . Ž Ž . Ž ..where t, x, u is evaluated along the characteristic curve CC: t ? , x ? . We

replace the parameter of CC by t and denote the arc length along CC by t .
Then,

1r223.7 dt s 1 q b t , x , u t , x dt ;Ž . Ž .Ž .
along CC,

 1  
s y b ,½ 5t c  t  x

where
1r223.8 c t , x s 1 q b t , x , u t , x .Ž . Ž . Ž .Ž .

Ž .Thus, the equation 3.2 can be simplified to

 u 1
2 ˆ3.9 c s s t , x , u u q b t , x , u , u 0, x s g x .Ž . Ž . Ž . Ž . Ž .x xt 2

Ž .We shall design our numerical scheme based on 3.9 .

Numerical scheme. Let h ) 0 and Dt ) 0 be fixed numbers. Let x s ih,i
i s 0, " 1, . . . and t k s k Dt, k s 0, 1, . . . , N, where t N s T. For a function
Ž . kŽ . Ž k . k Ž k .f t, x , let f ? s f t , ? and let f s f t , x denote the grid value of thei i

function f. Define for each k the approximate solution w k by the following
recursive steps.

0 Ž .STEP 0. Set w s g x , i s . . . , y1, 0, 1, . . . ; use linear interpolation toi i
0Ž .obtain a function w x defined on x g R.
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ky1Ž . ky1 ky1Ž .Suppose that w x is defined for x g R, let w s w x andi i

bk s b t k , x , w ky1 , s k s s t k , x , w ky1 ,Ž . Ž .i i i i i i

k k ky1 k k ky1 ky1 kˆ ˆb s b t , x , w , x s x y b Dt , w s w x ,Ž . Ž .i i i i i i k i3.10Ž .
k2 y1 k k kd w s h w y 2w q w .Ž . ix iq1 i iy1

STEP k. Obtain the grid values for the kth step approximate solution,
� k4denoted by w , via the difference equationi

k ky1w y w 1 k2i i kk 2 ˆ3.11 s s d w q b , y` - i - `.Ž . Ž . Ž .Ž . i ii xDt 2

ˆSince by our assumption s is bounded below positively and b and g are
Ž .bounded, there exists a unique bounded solution of 3.11 as soon as an

ky1Ž .evaluation is specified for w x .
� k 4̀Finally, we use linear interpolation to extend the grid values of w toi isy`

kŽ .all x g R to obtain the kth step approximate solution w ? .

REMARK 3.1. One must be careful with a numerical scheme to show that
Ž .it does converge to the unique bounded solution 3.11 as desired and not to a

Ž .non-unique unbounded solution. The following ‘‘localization’’ argument is
essential, both theoretically and computationally, for this purpose, and it is
also important to apply the maximum principle argument in Theorem 3.3.

Ž . wFirst, we note that the classical solution of the Cauchy problem 3.2 there-
Ž .x � R4fore 3.9 is actually viewed as the uniform limit of the solutions u

Ž . Ž w x w x.R ª ` to the initial-boundary problems cf. 11 or 12 :

21 ˆu y s t , x , u u y b t , x , u u y b t , x , u s 0,Ž . Ž . Ž .t x x x2

3.29 u 0, x s g x , x g R;Ž . Ž . Ž .
< <u t , x s g x , x s R , 0 - t F T .Ž . Ž .

Ž . Ž .Also, the unique bounded solution to 3.11 is derived in a similar way: by
ˆthe boundedness assumption on the coefficients b and b and an assumption

� k4that s is bounded from below by a positive constant, one can show that wi
i0 , k � i0 , k4is the uniform limit of w , i s yi , . . . , i , k s 0, 1, 2, . . . , where w isi 0 0 i

the solution to the initial-boundary problem

k ky1w y w 1 k2i i kk 2 ˆs s d w q b ; yi F i F i ,Ž . Ž .Ž . i ii x 0 0Dt 2

3.119 w0 s g x , yi F i F i ,Ž . Ž .i i 0 0

w k s g x , k s 0, 1, 2, . . . .Ž ." i " i0 0

Ž .Therefore, if for fixed mesh size h ) 0 we choose R s i h, for some i s i h ,0 0 0
Žthen R ª ` as i ª `, and, uniformly as i ª ` possibly along a subse-0 0



J. DOUGLAS, J. MA AND P. PROTTER948

.quence , we have

u t , x s lim uR t , x , uniformly in t , x ,Ž . Ž . Ž .
i ª`0

w k s lim w i0 , k , uniformly in i , k .i i
i ª`0

Consequently, we see that the quantities

k k R k i , k0max u t , x y w and max u t , x y wŽ . Ž .i i i i
i yi FiFi0 0

Ž .differ only by a uniform error « ) 0, which can be taken to be arbitrarily
small as i h is sufficiently large. Because of this, in what follows we some-0
times use the localized solutions when necessary without further specifica-

< RŽ ktion. Note that if the localized solutions are used, then the error u t ,
. i0 , k <x y w ' 0 for all k s 0, 1, 2, . . . . Therefore the maximum absolute" i " i0 0

< RŽ k . i0 , k <value of the error u t , x y w , i s yi , . . . , i , will always occur in ani i 0 0
Ž .‘‘interior’’ point of yR, R , which will be essential in the maximum principle

argument used in Theorem 3.3.

To analyze the convergence of the approximation, we need to derive an
error equation for the procedure. First, note that along the characteristic
curve CC,

k ky1 u u t , x y u t , xŽ . Ž .
c f c

t Dt

k ky1u t , x y u t , xŽ . Ž .
f c xŽ . 1r22 2x y x q DtŽ . Ž .

k ky1u t , x y u t , xŽ . Ž .
s ,

Dt
k ky1Ž .where x is the location of the characteristic starting from t , x at t s t .

Ž .Therefore, the solution of 3.9 satisfies a difference equation of the form

k ky1u y u 1 2i i k k k2 kˆs s u d u q b u q e ,Ž . Ž . Ž .Ž .i i ix i3.12Ž . Dt 2
y` - i - `, k s 1, . . . , N ,

ky1 ky1 k kŽ . wwhere u s u x and x is an approximation of x see the definitioni i i
ˆ k k ˆk kŽ . x Ž . Ž .following 3.17 below ; b u and s u correspond to b and s defined ini i i i

Ž . � ky14 � ky14 k3.10 , except that the values w are replaced by w ; e is the errori i i
term to be estimated.

� k4In order to estimate the error terms e , we first observe that at each gridi
Ž k .point t , x ,i

 u 1
k 2 k k k kˆ3.13 c t , x s s t , x , u u q b t , x , u .Ž . Ž . Ž . Ž .Ž .t , xi i i x x i ik ikŽ .t 2t , x i
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Therefore,

k ky1u y u  ui ik ke s y c t , xŽ .i i k½ 5Ž .Dt t t , x i

1 1 2k k2 k k 2
kq s t , x , u u y s u d uŽ . Ž .Ž . Ž .Ž . i it , xi i x x½ 5i2 2

3.14Ž .

kk kˆ ˆq b t , x , u y b uŽ .Ž .½ 5ii i

s I 1, k q I 2, k q I 3, k , y` - i - `, k s 1, . . . , N.i i i

We have the following lemma.

ˆLEMMA 3.2. There exists a constant C ) 0, depending only on b, b, s , u1
and T, such that for all k s 0, . . . , N and y` - i - `,

< k <e F C h q Dt .Ž .i 1

PROOF. We shall estimate I 1, k, I 2, k and I 3, k separately. Note that, byi i i
Theorem 2.3, the partial derivatives u , u , u and u are uniformlyt x x x x x x

ˆbounded. Hence, it is easy to see from the uniform Lipschitz conditions on b
that

3, k k k k ky1ˆ ˆ< <I s b t , x , u y b t , x , uŽ . Ž .i i i i i
3.15Ž .

k ky1 1, 1ˆ5 5F b u t , x y u t , x F C Dt ,Ž . Ž .`u i i

1, 1 ˆ5 5 5 5where C [ b u - `. Similarly,` `u t

1
2, k 2 k k 2 k ky1 i< <I F s t , x , u y s t , x , u u t , xŽ . Ž . Ž .i i i i i x x i½2

k k ku y 2u q uiq1 i iy12 k ky1 kq s t , x , u u t , x yŽ . Ž .i i x x i 2 5h3.16Ž .
1 25 5 5 5 5 5 5 5 5 5 5 5F 2 s s u u Dt q s u h� 4` ` ` ` ` `u t x x x x x2

F C1, 2 h q Dt ,Ž .
1, 2 � 5 5 5 5 5 5 5 5 5 5 2 5 5 4where C [ max 2 s s u u , s u - `. Thus, it re-` ` ` ` ` `u t x x x x x

mains to estimate I 1, k. For each k and i, seti

k k ky1 ky1 ky1 k3.17 x [ x y b t , x , u Dt , u [ u t , x .Ž . Ž . Ž .i i i i i i

� Ž . ky1 k4 Ž k .Let x t : t F t F t be the characteristic such that x t s x . Sincei

t k
ky1 kx t s x y b s, x s , u s, x s ds, t F t F t ,Ž . Ž . Ž .Ž .Ž .Hi

t
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ky1< Ž . 5 5 Ž .ky 1 kwe have sup x t y x F b Dt. Therefore, denoting x s x t ,`t F t F t i
we obtain easily that

ktk k ky1< <x y x F b t , x , u y b t , x t , u t , x t dtŽ . Ž .Ž .Ž .Ž .Hi i i
ky1t

5 5 5 5 5 5 5 5 5 5 5 5 5 5 23.18 F b q b b q b u q u b Dt� 4Ž . Ž .` ` ` ` ` ` `t x u t x

F C1, 3 Dt 2 ,
1, 3 5 5 5 5 5 5 5 5 Ž5 5 5 5 5 5 .where C s b q b b q b u q u b . Thus,` ` ` ` ` ` `t x u t x

ky1 ky1 k k5 5 < <u t , x y u t , x u x y xŽ . Ž . `i x i 1, 43.19 F F C Dt ,Ž .
Dt Dt

1, 4 5 5 1, 3where C s u C . Now by integrating along the characteristic from`x
ky1 kŽ . Ž .t , x to t , x , we see thati

k ky1u t , x y u t , xŽ .Ž .i
Dt

1 dkts u t , x t dtŽ .Ž .H
ky1Dt dtt

1 kts u y b t , x , u u t , x t dtŽ . Ž .Ž .Ž .H t x
ky1Dt t

1  ukt3.20 s c t , x t dtŽ . Ž .Ž .H
ky1Dt tt

 u
ks c t , xŽ .i kŽ .t t , x i

1  u  ukt kq c t , x t y c t , x dt .Ž .Ž . Ž .H i½ 5kky1 Ž .Dt t t t , xt i

Applying Theorem 2.3 and using the boundedness of the function b, one can
easily deduce that

1  u  ukt k 1, 53.21 c t , x t y c t , x dt F C h q Dt ,Ž . Ž . Ž .Ž . Ž .H i½ 5kky1 Ž .Dt t t t , xt i

where C1, 5 depends on uniform bounds of  2 urt 2 along the characteristics
Ž . Ž . Ž .hence it depends on the bounds of u , u and b . Combining 3.18 ] 3.21 ,t t t x
we have

k ky1 u u t , x y uŽ .i i1, k 1, 3˜< <I s c y F C h q Dt ,Ž .i kŽ .t Dtt , x i

˜1, 3 1, 3 1, 4 1, 5 1, 1 1, 2 ˜1, 3where C s C q C q C . If we set C s C q C q C , we have1
proven the lemma. I

We now study the consistency of our numerical scheme; namely, we shall
prove that the approximate solution obtained from the difference equation
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Ž .3.11 converges to the true solution, in a certain sense. To do this, let us first
w xconstruct the approximate solution defined on 0, T = R as follows. For given

h ) 0 and Dt ) 0, set
N¡

k
ky 1 kw x 1 t , t g 0, T ,Ž . Ž . ŽÝ Ž t , t xh , D t ~3.22 w t , x sŽ . Ž . ks1¢ 0w x , t s 0,Ž .

kŽ .where w ? , k s 1, . . . , N, are the functions extended from the solutions of
Ž .the difference equations 3.11 by linear interpolations. In other words, for

h, D tŽ k . k � k4 Ž .each k and i, w t , x s w , where w is the solution to 3.11 .i i i
Ž . Ž . h, D tŽ . Ž .Let us now define a function z t, x s u t, x y w t, x for t, x g

w x k Ž k . k k0, T = R; as before, let z s z t , x s u y w . We first prove a theoremi i i i
w xanalogous to one in 3 .

Ž . Ž .THEOREM 3.3. Assume A1 ] A3 . Then

< k <sup z s OO h q Dt .Ž .i
k , i

Ž . Ž . � k4PROOF. First, by subtracting 3.11 from 3.12 , we see that z satisfiesi
the difference equation

k ky1 ky1z y u y w 1 2Ž . 2i i i k k k2 k 2s s u d u y s d wŽ . Ž . Ž .Ž .Ž .½ 5i i ix iDt 23.23Ž .
k k k 0ˆ ˆq b u y b q e , z s 0.Ž . i i i i

Note that
ky1 ky1 ky1 k ky1 k ky1 k ky1 ku y w s u t , x y u t , x q u t , x y w xŽ .Ž . Ž . Ž .i i i i i i

ky1 ky1 k ky1 ks z q u t , x y u t , x ,Ž . Ž .i i i

ky1 ky1 k ky1 kŽ . Ž .where z s u t , x y w x . Also,i i i

2 2k k k2 k 2s u d u y s d wŽ . Ž . Ž .Ž .Ž .i i ix i x

2 k kk 2 2 k ky1 2 k ky1 2s s d z q s t , x , u y s t , x , w d u .Ž . Ž .Ž . Ž . Ž .i ii x i i i i x

Ž .We can rewrite 3.23 as
k ky1z y z 1 2i i kk 2 k k 03.24 s s d z q I q e , z s 0,Ž . Ž .Ž . ii x i i iDt 2

where
ky1 k ky1 ku t , x y u t , xŽ . Ž .i ikI s yi Dt

1 k k2 k ky1 2 k ky1 2 kˆ ˆq s t , x , u y s t , x , w d u q b u y b .Ž . Ž .Ž . Ž . i ii i i i x i2
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Ž .It is clear that, by Theorem 2.3 and the estimate 3.18 , we can find constants
C and C ) 0, independent of k and i, such that2 3

k k1 2 k ky1 2 k ky1 2 k ky1ˆ ˆ < <s t , x , u y s t , x , w d u q b u y b F C zŽ . Ž .Ž . Ž . i ii i i i x i 2 i2

and
ky1 k ky1 ku t , x y u t , xŽ . Ž .i i F C Dt .3Dt

Consequently we have
< k < < ky1 <3.25 I F C z q C Dt .Ž . i 2 i 3

Ž .Note that it follows from 3.24 that
2 k1k ky1 k 2 k kz s z q s d z q I q e Dt .Ž .Ž .½ 5ii i i x i i2

w xWe wish to apply a maximum principle argument, as was done in 5 , to
bound z k. In order to do so, we consider the localized solutions of u and w asi
described in Remark 3.1. Note that for such solutions, the maximum absolute

k Ž .value of z by a slight abuse of notation occurs at an ‘‘interior’’ mesh pointi
k Ž . 5 k 5x , where yR - i k h - R for some large R ) 0. Now, if we set z siŽk .

< k < w xmax z , then a maximum principle argument similar to that in 5 , togetheri i
Ž .with Lemma 3.1 and 3.25 , shows that

k ky1 k k5 5 < < < < < <z F max z q max I q e Dt� 4i i i
i i

ky1 ky1< < 5 5F max z q C z Dt q C q C h q Dt Dt ,Ž . Ž .i 2 1 3
i

3.26Ž .

Ž .where C is the constant in Lemma 3.1 and C and C are those in 3.25 .1 2 3
Note that the constants C , C , C are independent of the localization; there-1 2 3

Ž .fore by taking the limit we see that 3.26 should hold for the ‘‘global solution’’
as well.

ky1< < w xIn order to estimate max z , we adopt the argument in 5 . Namely, ifi i
Ž .Ž k . � k 4̀ kŽ .I u t , ? denotes the linear interpolate of the grid values u and w ?1 i isy`

� k 4̀the linear interpolate of w , theni isy`

ky1 ky1 ky1 k ky1 k< 5 < <3.27 max z F max z q max u t , x y I u t , x .Ž . Ž .Ž . Ž .i i i 1 i
i i i

Ž w x x.Apply the Peano kernel theorem cf. 3 or 5 to show that
ky1 k ky1 kmax u t , x y I u t , x F C h*h ,Ž .Ž . Ž .i 1 i 4

i

Ž .where h* s OO Dt and C ) 0 is independent of k and i. This, together with4
Ž . Ž .3.27 , amounts to saying that 3.26 can be rewritten as

5 k 5 5 ky1 5 5 ky1 5z F z q C z Dt q C h q Dt Dt ,Ž .2 5
3.28Ž .

5 ky1 5s z 1 q C Dt q C h q Dt Dt ,Ž . Ž .2 5

Ž .where C F 2 C q C q C is independent of k. It then follows from the5 1 3 3
5 0 5Gronwall lemma and the bound on z that

5 k 5z F OO h q Dt ,Ž .
which proves the theorem. I
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Our next goal is to construct for each n an approximate solution uŽn. that
Ž .converges to the true solution u in the FSDE 2.5 in a satisfactory way as n

tends to infinity. To this end, let n g N be given. Let Dt s Trn and h s
5 52C Dt, where C s b . We note here that such a choice of h is only for the`

k< <convenience of actual computation, since h ) C Dt implies that x y x Fi i
k k k5 5 Ž .b Dt - h. Hence x do not go beyond the interval x , x . Now let us` i iy1 iq1

choose
Žn. 2CT r n , T r n w xu t , x s w t , x , t , x g 0, T = R,Ž . Ž . Ž .

h, D t Ž .where w is defined by 3.22 . Our main theorem of this section is the
following.

Ž . Ž . � Žn.Ž .4THEOREM 3.4. Suppose that A1 ] A3 hold. Then the sequence u ?, ?
enjoys the following properties:

Ž . Žn.Ž .i For fixed x g R, u ?, x is left continuous.
Ž . w x Žn.Ž . Žii For fixed t g 0, T , u t, ? is Lipschitz, uniformly in t and n i.e.,

.the Lipschitz constant is independent of t and n .
Ž . < Žn.Ž . Ž . < Ž .iii sup u t, x y u t, x s OO 1rn .t, x

Ž . Ž . Ž .PROOF. The property i is obvious by definition 3.22 . To see iii , we note
that

Žn. 0u t , x y u t , x s w x y u 0, x 1 tŽ . Ž . Ž . Ž . Ž .�04

N
k

ky 1 kq w x y u t , x 1 t .Ž . Ž . Ž .Ý Ž t , t x
ks1

Ž ky1 k x Žn.Ž . kŽ .Since for each fixed t g t , t , k ) 0 or t s 0, we have u t, x s w x
for k ) 0 or k s 0 if t s 0. Thus,

ksup w x y u t , xŽ . Ž .
x

k k k k5 5F z q sup I u t , x y u t , x q sup u t , x y u t , xŽ . Ž . Ž . Ž . Ž .1
x x

1
k5 5 5 5F z q o h q Dt q u Dt s OO h q Dt s OO ,Ž . Ž .`t ž /n

Ž .by virtue of Theorem 3.3 and the definitions of h and Dt. This proves iii .
Ž . Ž k kq1 xTo show ii , let n and t be fixed, and assume that t g t , t . Then

Žn.Ž . kŽ .u t, x s w x is obviously Lipschitz in x. So it remains to determine the
Lipschitz constant of every w k. Let x1 and x 2 be given. We may assume that

1 w . 2 w .x g x , x and x g x , x , with i - j. For i - l - j y 1, Theorem 3.3i iq1 j jq1
implies that

k k k k k kw x y w x F w x y u t , x q u t , x y u t , xŽ . Ž . Ž . Ž . Ž . Ž .l lq1 l l l lq1

k k3.29 q u t , x y w xŽ . Ž .Ž .lq1 lq1

5 k 5 5 5 < <F 2 z q u x y x F Kh s K x y x ,Ž .`x l lq1 lq1 l
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1 w .where K is a constant independent of k, l and n. Further, for x g x , x ,i iq1

w k x y w k xŽ . Ž .iq1 ik 1 k 1w x s w x q x y x .Ž . Ž . Ž .iq1 iq1x y xiq1 i

Hence,
k kw x y w xŽ . Ž .iq1 ik 1 k 1 1< < < <w x y w x s x y x F K x y x ,Ž . Ž .iq1 iq1 iq1x y xiq1 i

Ž .where K is the same as that in 3.29 . Similarly,
k 2 k 2< <w x y w x F K x y x .Ž . Ž .j j

Combining the above gives
jy1

k 1 k 2 k 1 k k kw x y w x F w x y w x q w x y w xŽ . Ž . Ž . Ž . Ž . Ž .Ýiq1 l lq1
ls1

k k 2q w x y w xŽ . Ž .j

jy1
1 2F K x y x q x y x q x y xŽ .Ž . Ž .Ýiq1 lq1 l jq1½ 5

ls1

< 2 1 <s K x y x .
Since the constant K is independent of t and n, the theorem is proved. I

( )4. Approximation of the FSDE 2.5 —special case. We now use the
approximate solution derived in the previous section to construct an approxi-

Ž .mation of the FSDE 2.5 . First, we recall that the FSDE to be approximated
has the form

t t˜4.0 X s x q b s, X ds q s s, X dW ,Ž . Ž . Ž .˜H Ht s s s
0 0

˜Ž . Ž Ž .. Ž . Ž Ž .. Ž . w xwhere b t, x s b t, x, u t, x and s t, x s s t, x, u t, x , t, x g 0, T =˜
R. In order to define the approximate SDE’s, we first define some quantities.
For each n g N, set Dt s Trn and t n, k s k Dt , k s 0, 1, 2, . . . , n. Also, letn n

ny1
n n , k wn , k n , kq1h t s t 1 t , t g 0, T ,Ž . Ž . .Ý w t , t .4.1Ž . ks0

h n T s T .Ž .
Next, we set

u n t , x s uŽn. T y t , x ,Ž . Ž .
˜n n4.2 b t , x s b t , x , u t , x ,Ž . Ž . Ž .Ž .
s n t , x s s t , x , u n t , x .Ž . Ž .Ž .˜

By Theorem 3.4, u n is right continuous in t and uniformly Lipschitz in x,
with the Lipschitz constant being independent of t and n; thus, so also are
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˜n nthe functions b and s . We henceforth assume that there exists a constant˜
K such that, for all t and n,

n n n n˜ ˜ < <b t , x y b t , x9 q s t , x y s t , x9 F K x y x9 ,Ž . Ž . Ž . Ž .˜ ˜4.3Ž .
x , x9 g R.

Also, from Theorem 3.4,
1

n n˜ ˜4.4 sup b t , x y b t , x q sup s t , x y s t , x s OO .Ž . Ž . Ž . Ž . Ž .˜ ˜ ž /nt , x t , x

We now introduce two SDE’s: the first one is a discretized SDE given by
t tn n n n n˜4.5 X s x q b ?, X ds q s ?, X dW ,n nŽ . ˜Ž . Ž .H HŽ . Ž .t ? ? sh s h s

0 0
n Ž .where h is defined by 4.1 . The other is an intermediate approximate SDE

given by
t tn n n n n˜4.6 X s x q b s, X ds q s s, X dW .Ž . Ž . Ž .˜H Ht s s s

0 0

˜n nIt is clear from the properties of b and s mentioned above that both SDE’s˜
Ž . Ž .4.5 and 4.6 possess unique strong solutions.

Our first result of this section is the following lemma. The proof of the
lemma is more or less standard in the context of first order Euler approxima-
tions, but contains some special considerations due to the structure of the

Ž .approximate solution to the PDE 2.4 . We provide details for completeness.

Ž . Ž .LEMMA 4.1. Assume A1 ] A3 . Then
12n n< <E sup X y X s OO .t t½ 5 ž /n0FtFT

˜Ž .PROOF. To simplify notation, we shall suppress the tilde for the
Ž .coefficients in the sequel. We first rewrite 4.5 as

t tn n n n n n4.7 X s X q u q b s, X ds q s s, X dW ,Ž . Ž . Ž .H Ht 0 t s s s
0 0

where
tn n n n nu s b ?, X y b s, X dsŽ . Ž .H Ž .t ? sh sn

0
4.8Ž .

t n n n nq s ?, X y s s, X dW .Ž . Ž .H Ž .? s sh sn
0

Applying Doob’s maximal quadratic inequality, Jensen’s inequality and the
Ž .Lipschitz property 4.3 of the coefficients, we have

t2 2 2n n n 2 n n< < < < < <E sup X y X F 3E sup u q 3K t E X y X ds� 4Hs s s s s½ 5 ½ 5
0sFt sFt4.9Ž .

t 22 n n< <q 12 K E X y X ds.� 4H s s
0
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2n nŽ . � < < 4 Ž .Now, set a t s E sup X y X . Then, from 4.9 ,n sF t s s

t2n 2< <a t F 3E sup u q 3K T q 4 a s dsŽ . Ž . Ž .Hn s n½ 5
0sFt

and Gronwall’s inequality leads to

22 2n n 3 K ŽTq4. n< < < <4.10 E sup X y X F 3e E sup u .Ž . s s s½ 5 ½ 5
sFt sFt

� < n < 24Consequently, we turn our attention to E sup u . Note that if s gsF t s
w n, k n, kq1. nŽ . w nŽ .t , t , for some 1 F k - n, then h s s k Dt whence T y h s sn
Ž . x ŽŽ . Ž . .n y k Dt as T s n Dt and T y s g n y k y 1 Dt , n y k Dt . Thus,n n n n

Ž . Ž .by definitions 3.22 and 4.1 , for every x g R,

u n h n s , x s uŽn. T y h n s , x s uŽn. n y k Dt , xŽ . Ž . Ž .Ž . Ž . Ž .n

s uŽn. T y s, x s u n s, x .Ž . Ž .
More generally,

bn s, x s b s, x , u n s, x s b s, x , u n h n s , xŽ . Ž . Ž .Ž . Ž .Ž .
4.11Ž . w x; s, x g 0, T = R.Ž .

Using this fact, it is easily seen that

t n n n nb ?, X y b s, X dsŽ .Ž .H Ž .? sh sn
0

t n n n n n n n n
n nF b h s , X , u h s , X y b s, X , u s, X dsŽ . Ž . Ž .Ž .H ž /ž /h Ž s. h Ž s. s s

0

t n n n n n n n
n n n4.12 F b h s , X , u s, X y b s, X , u s, XŽ . Ž .H ž / ž /½ ž / ž /h Ž s. h Ž s. s h Ž s.

0

n n n n n n
nq b s, X , u s, X y b s, X , u s, X dsŽ .Ž .ž / 5ž /s h Ž s. s s

s I q I .1 2

Using the boundedness of the functions b , b and b , we see thatt x y

t n n n5 5 5 5 < <nI F b h s y s q b X y X dsŽ .½ 5H ` `1 t x h Ž s. s
0

and
t n n5 5 < <nI F K b X y X ds.`H2 y h Ž s. s

0

Thus,

t n n n nb ?, X y b s, X dsn Ž .Ž .H Ž .? sh s
04.13Ž .

t n n n˜ < < < <nF K h s y s q X y X ds,Ž .½ 5H h Ž s. s
0
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˜ 5 5 5 5 5 5where K depends only on K, b , b and b . Since` ` `t x y

ny1 ny1 21 Tkq1t t nt 2n kh s y s ds s s y t ds F Dt s ,Ž . Ž . Ž .Ý ÝH H n
k 2 2n0 t ntks0 ks0

2
t n n n n4.14 E sup b ?, X y b s, X dsnŽ . Ž .Ž .H Ž .? sh s½ 50uFt

T 4
t 22 n n˜ < <nF 2 K T E X y X ds q .H h Ž s. s 2½ 54n0

Using the same reasoning for s with Doob’s inequality, we can see that
2

t n n n nE sup s ?, X y s s, X dWn Ž .Ž .H Ž .? s sh s½ 50uFt

t t 222 n n n˜ < <nF 8 K E X y X ds q s y h s dsŽ .Ž .H Hh Ž s. s½ 5
0 0

4.15Ž .

Tt 22 n n˜ < <nF 8 K E X y X ds q .H h Ž s. s 2½ 53n0

Ž . Ž .Combining 4.14 and 4.15 , we get

t2 2k 2 n n˜< < < <nE sup u F K 4T q 16 E X y X dsŽ .Hs h Ž s. s½ 5
0sFt

16 1
2˜q K T T q .2ž /3 n

4.16Ž .

Ž .Thus, by 4.10 ,

2n n< <E sup X y Xs s½ 5
sFt

T 22 2 n n˜ < <nF 3 exp 3K T q 4 K 4T q 16 E X y X dsŽ . Ž .Ž . H h Ž s. s½
0

4.17Ž .

16 1
2˜qK T T q .2 5ž /3 n

n n n n n n< < < < < <n nFinally, noting that X y X F X y X q X y X and thath Ž s. s h Ž s. s s s

n n n n n n
nX y X s b ?, X s y h s q s ?, X W y W ,n nŽ .Ž . Ž .Ž . Ž .Ž . Ž .h Ž s. s ? ? s h Ž s.h s h sk

we see as before that

t t 22 2 2n n n n< < 5 5 5 5 < <nE X y X ds F 2 b s y h s q s s y h s dsŽ . Ž .Ž .� 4H H ` `h Ž s. s
0 0

5 5 22 b T 1 1` 25 5F q s T .`23 nn
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Ž .Therefore, 4.17 becomes

1 1 t2 2n n n n< < < <4.18 E sup X y X F C q C q C E sup X y X ds,Ž . Hs s 1 2 3 r r½ 5 ½ 52n n 0sFt rFs

where C , C and C are constants depending only on the coefficients b, s1 2 3
Ž .and K and can be calculated explicitly from 4.17 . Now, we conclude from

Ž .4.18 and Gronwall’s inequality that

w xa t F b exp C , ; t g 0, T ,Ž . Ž .n n T

where b s C ny1 q C ny2 and C s C T. In particular, by slightly chang-n 1 2 T 3
ing the constants, we have

C C 11 22n n< <4.19 a T s E sup X y X F q s OO ,Ž . Ž .n t s½ 5 2 ž /n nn0FtFT

proving the lemma. I

Our main result of the section is the following theorem.

nŽ . Ž .THEOREM 4.2. Assume A1 ] A3 hold. Let X be the solution of the
n n n n nŽ . Ž . w xdiscretized SDE 4.5 and define Y by Y s u t, X , t g 0, T , where ut t

Ž .is given by 4.2 . Then

1
n n< < < <4.20a E sup X y X q E sup Y y Y s OO ,Ž . t t t t½ 5 ½ 5 ž /'n0FtFT 0FtFT

Ž . Ž .where X, Y is the adapted solution to the FBSDE 2.1 .
Moreover, if f is any uniformly Lipschitz C 2 function, then for n large

enough,

K
n4.20b E f X y E f X F ,� 4Ž . Ž .� 4Ž .T T n

ˆwhere K is a constant depending only on f , s , b, b and g.

PROOF. Recall that at the beginning of the proof of Lemma 4.1, we have
˜ ˜Ž .suppressed the tilde for b and s to simplify notation. Set˜

2 2n n n« t s sup b t , x y b t , x q sup s t , x y s t , x ,Ž . Ž . Ž . Ž . Ž .½ 5
x x

n n Ž . Ž . Ž .where b, b , s and s are defined by 4.0 and 4.2 . Then, from 4.4 we
< nŽ . < Ž 2 .know that sup « t s OO 1rn . Now, applying Lemma 4.1, we havet

2 2 2n n n n< < < < < <E sup X y X F 2 E sup X y X q 2 E sup X y Xs s s s s s½ 5 ½ 5 ½ 5
sFt sFt sFt

1 2n< <s OO q 2 E sup X y X .s s½ 5ž /n sFt

4.21Ž .



NUMERICAL METHODS FOR SDE’S 959

Further, observe that

< n < 2E sup X y Xs s½ 5
sFt

t t2 2n n n nF 2T E b s, X y b s, X ds q 8 E s s, X y s s, X dsŽ . Ž .Ž . Ž .H Hs s s s
0 0

t 2n n nF 4T E b s, X y b s, X dsŽ .Ž .H s s
0

t t2n n nq 16 E s s, X y s s, X ds q 4 T q 4 « s dsŽ . Ž . Ž .Ž .H Hs s n
0 0

t t22 n< <F 4 T q 4 K E sup X y X ds q 4 T q 4 « s ds.Ž . Ž . Ž .H Hr r n½ 5
0 0rFs

Applying Gronwall’s inequality, we get

C̃t2n 2< <4.22 E sup X y X F 4 T q 4 « s ds exp 4 T q 4 K F ,Ž . Ž . Ž . Ž .Ž .Hs s n½ 5 2ž / n0sFt

˜where C is a constant depending only on K and T. Now, note that the
functions u and u n are both uniformly Lipschitz in x. So, if we denote their
Lipschitz constants by the same L, then

22n n n< <E sup Y y Y F 2 E sup u t , X y u t , XŽ . Ž .t t t t½ 5 ½ 5
0FtFT 0FtFT

2n n nq 2 E sup u t , X y u t , YŽ . Ž .t t½ 5
0FtFT

222 n n< <F 2 L E sup X yX q2 sup u t , x yu t , xŽ . Ž .t t½ 5
0FtFT Ž .t , x

1
s OO ,ž /n

Ž . Ž .by Theorem 3.4 and 4.22 . The estimate 4.20a then follows from an easy
Ž .application of the Cauchy]Schwarz inequality. To prove 4.21 , let us begin by

Žassuming from Theorem 3.4, without loss of generality e.g., by taking n large
n y1 n. < Ž . Ž . <enough , that sup u t, x y u t, x F Cn . We modify X as defined byŽ t, x . t

Ž . n Ž .4.5 by fixing n and approximating the solution X of 4.6 by a standard
Euler scheme indexed by k:

t tn , k n , k n , kX s x q b ?, X ds q s ?, X dW .k kŽ . Ž .H HŽ . Ž .t ? ? sh s h s
0 0

Žw x .It is then standard 10 , page 460 that

C1n n , k4.23 E f X y E f X F .� 4Ž . Ž . � 4Ž .T T k



J. DOUGLAS, J. MA AND P. PROTTER960

On the other hand, we have
n n< <E f X y E f X F KE X y X� 4� 4 � 4Ž . Ž .T T T T

C2n< <F E sup X y X F½ 5t t n0FtFT

4.24Ž .

nŽ . Ž .for Lipschitzian f, by 4.22 . Therefore, noting that X as defined by 4.5 ist
n, n Ž . Ž . Ž .just X , the triangle inequality, 4.23 , and 4.24 lead to 4.21 . It

5. The general case. In this section we generalize the results in the
previous sections to the general case. Namely, we shall consider the FBSDE

t t
X s x q b t , X , Y , Z dt q s t , X , Y dW ,Ž . Ž .H Ht t t t t t t

0 0
5.1Ž .

T TˆY s g X q b t , X , Y , Z dt q Z dW ,Ž . Ž .H Ht T t t t t t
t t

and we shall design a numerical scheme that approximates not only the
Ž .processes X, Y , but also the process Z, which in some applications is the

Ž w x.most interesting part. For example, in an option pricing model see, e.g., 2 ,
the process Z represents a hedging strategy and therefore schemes approxi-
mating Z are of intrinsic interest.

Using the four step scheme described in Section 2, one can easily deduce
Ž .that in this case the function z t, x, y, p in Step 1 is given by

z t , x , y , p s ys t , x , y p.Ž . Ž .
Ž .Therefore, the PDE 2.4 becomes
1 20 s u q s t , x , u u q b t , x , u , ys t , x , u u uŽ . Ž .Ž .t x x x x2

5.2Ž .
ˆqb t , x , u , ys t , x , u u , u T , x s g x .Ž . Ž . Ž .Ž .x

ˆDefine b and b by0 0

b t , x , y , z s b t , x , y , ys t , x , y z ,Ž . Ž .Ž .0

ˆ ˆb t , x , y , z s b t , x , y , ys t , x , y z .Ž . Ž .Ž .0

5.3Ž .

ˆ Ž . Ž .One can check that, if s , b and b satisfy A1 ] A3 , then so do the functions
ˆ Ž . Ž . Ž .s , b and b . Further, if we again set u t, x s u T y t, x , ; t, x , then0 0

Ž .5.2 becomes

1 2 ˆu s s t , x , u u q b t , x , u , u u q b t , x , u , u ,Ž . Ž . Ž .t x x 0 x x 0 x25.4Ž .
u 0, x s g x .Ž . Ž .

Ž .We will again drop the overbar in the sequel. Note that Theorem 2.3 holds
Ž . 2qa r2, 4qafor the general case; hence, the solution to 5.4 will be bounded in C

Ž .for some a g 0, 1 .
A way to approximate the process Z is to have a numerical scheme that

approximates u , or equivalently u . To do this, let us define the functionx x
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Ž . Ž .v t, x s u t, x ; then using the technique mentioned in the proof of Theo-x
Ž . Ž .rem 2.3, one can first ‘‘differentiate’’ equation 5.4 and then show that u, v

satisfies a parabolic system

1 2 ˆu s s t , x , u u q b t , x , u , v u q b t , x , u , v ,Ž . Ž . Ž .t x x 0 x 02

1 2 ˆ5.5 v s s t , x , u v q B t , x , u , v v q B t , x , u , v ,Ž . Ž . Ž . Ž .t x x 0 x 02

u 0, x s g x , v 0, x s g 9 x ,Ž . Ž . Ž . Ž .
where

B t , x , y , z s s t , x , y s t , x , y q s t , x , y zŽ . Ž . Ž . Ž .0 x y

ˆq b t , x , y , z q b t , x , y , z q b t , x , y , z ,Ž . Ž . Ž .z z
5.6Ž .

B̂ t , x , y , z s b t , x , y , z q b t , x , y , z z zŽ . Ž . Ž .0 x y

ˆ ˆq b t , x , y , z z q b s t , x , y , z .Ž . Ž .x

REMARK 5.1. Since u and v are uniformly bounded by Theorem 2.3, the
ˆŽ Ž . Ž .. Ž Ž . Ž ..functions B t, x, u t, x , v t, x and B t, x, u t, x , v t, x are uniformly0 0

ˆŽ .bounded for all t, x . Also, B and B are Lipschitz in x, y and z, uniformly0 0
in t and x and locally uniformly in y and z.

Ž .We shall introduce a numerical scheme based on 5.6 which produces a
� Žn. Žn.4̀sequence of approximate solutions U , V such thatns1

1
Žn. Žn.sup U t , x y u t , x q V t , x y v t , x s OO .Ž . Ž . Ž . Ž .� 4 ž /nt , x

Following the idea presented in Section 3, we first determine the characteris-
tics of the first order system

u y b t , x , u , v u s 0,Ž .t 0 x

v y B t , x , u , v v s 0.Ž .t 0 x

Ž Ž ..It is easy to check that the two characteristics curves CC : t, x t , i s 1, 2,i i
are determined by the ODE’s

dx t s b t , x t , u t , x t , v t , x t dt ,Ž . Ž . Ž . Ž .Ž . Ž .Ž .1 0 1 1 1

dx t s B t , x t , u t , x t , v t , x t dt .Ž . Ž . Ž . Ž .Ž . Ž .Ž .2 0 2 2 2

Let t and t be the arc lengths along CC and CC , respectively. Then,1 2 1 2

5.7 dt s c t , x t dt , dt s c t , x t dt ,Ž . Ž . Ž .Ž . Ž .1 1 1 2 2 2

where
1r22c t , x s 1 q b t , x , u t , x , v t , x ,Ž . Ž . Ž .Ž .1 0

5.8Ž .
1r22c t , x s 1 q B t , x , u t , x , v t , x .Ž . Ž . Ž .Ž .2 0
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Thus, along CC and CC , respectively,1 2

     
c s y b , c s y B1 0 2 0½ 5 ½ 5t  t  x t  t  x1 2

Ž .and 5.5 can be simplified to

 u 1
2 ˆc s s t , x , u u q b t , x , u , v ,Ž . Ž .1 x x 0t 21

 v 1
2 ˆc s s t , x , u v q B t , x , u , v .Ž . Ž .2 x x 0t 22

5.9Ž .

Numerical scheme. For any n g N, let Dt s Trn. Let h ) 0 be given. Let
t k s k Dt, k s 0, 1, 2, . . . , and x s ih, i s . . . ,y 1, 0, 1, . . . , as before.i

0 Ž . 0 Ž . 0 0STEP 0. Set U s g x , V s g 9 x ; i, and extend U and V to alli i i i
x g R by linear interpolation.

ky1 ky1 ky1Ž . ky1Next, suppose that U and V are defined such that U x s Ui i
ky1Ž . ky1and V x s V , and leti i

k k ky1 ky1ˆ ˆb s b t , x , U , V ,Ž .Ž .0 0 i i ii

k k ky1 ky1ˆ ˆB s B t , x , U , V ,Ž .Ž .0 0 i i ii

5.10 s k s s t k , x , U ky1 ,Ž . Ž .i i i

k k ky1 ky1x s x q b t , x , U , V Dt ,Ž .i i 0 i i i

k k ky1 ky1x s x q B t , x , U , V DtŽ .i i 0 i i i

ky1 ky1 k ky1 ky1 kŽ . Ž .and U s U x and V s V x .i i i i

Ž k k .STEP k. Determine the kth step grid values U , V by the system of
difference equations

k ky1U y U 1 k2i i kk 2 ˆs s d U q b ,Ž .Ž . Ž .ii x 0 iDt 2
5.11Ž .

k ky1V y V 1 k2i i kk 2 ˆs s d V q B .Ž .Ž . Ž .ii x 0 iDt 2

� k4 � k4 kŽ .We then extend the grid values U and V to the function U x andi i
kŽ .V x , x g R, by linear interpolation.
We shall follow the argument in Section 3 to prove convergence. We point

ˆ wout that, unlike in the previous case, the functions B and B see definition0 0
Ž .x5.6 are neither uniformly bounded nor uniformly Lipschitz. The arguments
are thus more delicate. It turns out that this difficulty can be overcome if one

� k4 � k4 Ž .can show that the solutions U and V to the difference equation 5.11i i
are uniformly bounded for all k and i and the bound is independent of n.



NUMERICAL METHODS FOR SDE’S 963

Indeed, if this is the case, then because the true solutions u and v s u arex
�Ž .uniformly bounded, we can restrict ourselves to the set Q [ t, x, y, z gM

w x 3 < < < < 4 Ž .0, T = R : y F M, z F M , where M depends on the bounds of u, v and
� k k4U , V , and all previous estimates will go through, with constants now

ˆdepending possibly on uniform bounds of B and B and their partial0 0
derivatives over Q . To justify this argument, let us first prove a lemma thatM
has intrinsic interest.

� 4LEMMA 5.2. Suppose that a : k s 1, . . . , n is a finite sequence such thatk
a G 0, ; k and a F a . Also assume that the following recursive relationk 0
holds:

C
25.13 a F a q 1 q a , k s 1, . . . , n ,Ž . Ž .k ky1 ky1n

where C ) 0 is a constant independent of k and n. Then there exists a constant
M ) 0 depending only on C and a , such that sup sup a F M.n 0 F k F n k

Ž .PROOF. Let A ? be the solution to the ODE

dA t CŽ .
25.14 s 1 q A t , A 0 s a ,Ž . Ž . Ž .Ž .

dt n

where 0 F t F n. Since dArdt ) 0, A is increasing. Thus, for each k s
1, . . . , n, it holds that

C k 2A k s A k y 1 q 1 q A r drŽ . Ž . Ž .Ž .Hn ky15.15Ž .
C

2G A k y 1 q 1 q A k y 1 .Ž . Ž .Ž .
n

Ž . Ž . Ž .Noting that A 0 s a G a , a simple induction using 5.13 and 5.15 then0
Ž .shows that A k G a , k s 1, . . . , n. It suffices to determine the bound fork

Ž . Ž .A t , 0 F t F n, but by solving 5.14 , we have

n dA tŽ .
C s s arctan A n y arctan A 0 s arctan A n y arctan a ,Ž . Ž . Ž .H 21 q A tŽ .0

hence

sup A k s A n s tan C q arctan a [ M - `.Ž . Ž . Ž .
0FkFn

Consequently, we obtain that

sup sup a F sup sup A k s M ,Ž .k
n n0FkFn 0FkFn

proving the lemma. I
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We now give a crucial result of this section.

Ž . Ž . � k k4THEOREM 5.3. Suppose that A1 ] A3 hold. Then the solutions U , Vi i
Ž .to the system of difference equations 5.11 are uniformly bounded in k and i,

and the bound is independent of n. More precisely, there exists a constant
ˆM ) 0, depending only on b, s , b and T, such that1

< k < < k <5.16 sup sup U q V F M .Ž . � 4i i 1
n k , i

Ž .PROOF. Let us rewrite 5.11 as
k2 k1k ky1 k 2 ˆU s U q s d U q b Dt ,Ž .Ž . Ž .½ 5ii i i x 02 i

k2 k1k ky1 k 2 ˆV s V q s d V q B Dt .Ž .Ž . Ž .½ 5ii i i x 02 i

ky1 ky1 ky1 ky1 ky1< < < < 5 5 < < 5 5Since U F max U s U and V F V , a maximum prin-i i i i
ciple argument shows that

kk ky1 ky1ˆ ˆ5 5 5 5 5 5U F U q b Dt F U q b Dt ,Ž . Ž .0 0
5.17Ž .

k kk ky1 ky1ˆ ˆ5 5 5 5 5 5V F V q B Dt F V q B Dt .Ž . Ž .0 0

ˆSince b is uniformly bounded, it is easy to check by iteration that0
5 k 5 ksup sup U - `. It remains to show that the same is true for V as well.n k i

ˆŽ .To this end, we first observe from the definition 5.6 that B is of quadratic0
Ž .growth in z, uniformly in t, x, y . Namely, there exists a constant K ) 0,

ˆdepending only on the bounds of b, s , b and their first order partial
ˆ 2< Ž . < Ž .derivatives, such that B t, x, y, z F K 1 q z . Therefore,0

k 2k ky1 ky1 ky1ˆ ˆ < <B s B t , x , U , V F K 1 q VŽ . Ž .Ž .0 0 i i i ii

Ž .and the second inequality in 5.17 leads to

5 k 5 5 ky1 5 5 ky1 5 2V F V q K 1 q V DtŽ .
TK 2ky1 ky15 5 5 5s V q 1 q V ,Ž .
n

5.18Ž .

since Dt s Trn. Hence, the result follows from Lemma 5.2. I

We can now follow the arguments in Section 3 line by line. What follows is
essentially a somewhat detailed sketch of the proof of Theorem 5.5. First, we

Ž .evaluate the first equation in 5.9 along CC and the second one along CC to1 2
Ž .get an analogue of 3.12 :

uk y uky1 1 2ˆi i k k k k2 ˆs s u d u q b u , v q e ,Ž . Ž . Ž . Ž .Ž .i i ix 0 1 iDt 2

v k y v ky1 1 2ˆi i k k k k2 ˆs s u d u q B u , v q e ,Ž . Ž . Ž . Ž .Ž .i i ix 0 2 iDt 2
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k Ž k . k Ž k . w Ž . Ž .where u s u t , x , v s v t , x recall that u, v s u, u is the truei i i i x
Ž .x ky1 Ž ky1 . k Ž ky1 .solution of 5.6 and u s u t , x , v s v t , x , withˆ ˆ ˆ ˆi i i i

x k s x q b t k , x , uky1 , v ky1 Dt , x k s x q B t k , x , uky1 , v ky1 Dt .ˆ ˆŽ . Ž .i i 0 i i i i i 0 i i i

k ˆ k ˆ k k ˆ k ˆ kŽ . Ž . Ž . Ž . Ž .Also, s u , b u, v and B u, v are analogous to s , b and Bi 0 i 0 i i 0 i 0 i
except that U ky1 and V ky1 are replaced by uky1 and v ky1.i i i i

�Ž .k4 �Ž .k4Next, we estimate the error e and e in the same fashion as in1 i 2 i
Lemma 3.2 to see that

k k5.19 sup e q e F OO h q Dt .Ž . Ž . Ž . Ž .½ 51 2i i
k , i

5 5 w Ž .xREMARK 5.4. In Lemma 3.2 we used the bound b see 3.18 . The`

Ž . �5 5 5 5 4 Ž .analogue for 5.19 is that C s max B , b . In theory, the definition 5.6` `0
5 5implies that B is always computable using the bounds of the coefficients`0

ˆŽ .i.e., b, b, s their partial derivatives and the bound on v s u . However, inx
5 5practice, the a priori estimate of v is not easy to obtain. However, in a`

5 5computational process one could always replace v by the a priori bound of`

� k4the approximate solution V derived in Theorem 5.3.i

Ž . Žn. Žn.We now define as we did in 3.22 the approximate solutions U and V
by

n¡ kU x 1 t , t g 0, T ,Ž . Ž . ŽÝ ŽŽŽky1.T .r n , kT r n xŽn. ~U t , x sŽ . ks1¢ 0U x , t s 0,Ž .
n¡ kV x 1 t , t g 0, T ,Ž . Ž . ŽÝ ŽŽŽky1.T .r n , kT r n xŽn. ~V t , x sŽ . ks1¢ 0V x , t s 0.Ž .

5.20Ž .

Ž . Ž . nŽ . Ž . Ž . nŽ .Let j t, x s u t, x y U t, x and z t, x s v t, x y V t, x . We can de-
Ž .rive the analogue of 3.24 :

k ˆky1j y j 1 2i i k k kk 2s s d j q I q e ,Ž . Ž . Ž .Ž . ii x 1 1i iDt 2
k ˆky1z y z 1 2i i k k kk 2s s d z q I q e ,Ž . Ž . Ž .Ž . ii x 2 2i iDt 2

where
ky1 k ky1 ku t , x y u t , xˆŽ . Ž .i ikI s yŽ .1 i Dt

1 k2 k ky1 2 k ky1 2q s t , x , u y s t , x , U d uŽ .Ž . Ž . ii i i i x2
kkˆ ˆq b u , v y bŽ . Ž .i0 0 i



J. DOUGLAS, J. MA AND P. PROTTER966

ky1 k ky1 kv t , x y v t , xˆŽ . Ž .i ikI s yŽ .2 i Dt
1 k2 k ky1 2 k ky1 2q s t k , x , v y s t , x , V d vŽ .Ž . Ž . ii i i i x2

kkˆ ˆq B u , v y B .Ž . Ž .i0 0 i

ˆUsing the uniform Lipschitz property of b in y and z, one shows that0

k ky1 ky1< < < <5.21 I F C j q z q C h q Dt ; k , i .Ž . Ž . Ž .� 41 2 i i 3i

Ž .On the other hand, note that the true solution u, v is uniformly bounded
� k4 � k4and that U and V are also uniformly bounded by Lemma 5.1. We cani i

use the locally uniform boundedness and local Lipschitz property of the
ˆ Ž .function B in y and z to get0

kk ky1 ky1ˆ ˆ < < < <B u , v y B F C j q z ; k , i ,Ž . Ž .Ž .i0 0 4 i ii

k k ˆ� 4 � 4where C depends only on the bounds of u, v, U , V and those of s , b, b4 i i
and their partial derivatives. Consequently,

k X Xky1 ky1< < < <5.22 I F C j q z q C h q Dt ; k , i .Ž . Ž . Ž .� 42 2 i i 3i

Ž . Ž . Ž .Use of the maximum principle and the estimates 5.19 , 5.21 and 5.22
leads to

5 k 5 5 ky1 5 5 ky1 5 5 ky1 5j F j q C j q z Dt q C h q Dt Dt ,Ž .Ž .2 5

5 k 5 5 ky1 5 X 5 ky1 5 5 ky1 5 Xz F z q C j q z Dt q C h q Dt Dt .Ž .Ž .2 5

Add the two inequalities above and apply Gronwall’s lemma; we see that

5 k 5 5 k 5sup j q z s OO h q Dt .Ž .Ž .
k

Arguments similar to those in Theorem 3.4 complete the proof of the follow-
ing theorem.

Ž . Ž .THEOREM 5.5. Suppose that A1 ] A3 hold. Then

1
Žn. Žn.sup U t , x y u t , x q V t , x y u t , x s OO .Ž . Ž . Ž . Ž .� 4x ž /nŽ .t , x

Žn.Ž . Žn.Ž .Moreover, for each fixed x g R, U ?, x and V ?, x are left-continuous;
w x Žn.Ž . Žn.Ž .for fixed t g 0, T , U t, ? and V t, ? are uniformly Lipschitz, with the

same Lipschitz constant that is independent of n.

Ž .Using Theorem 5.5, we can now approximate the SDE 2.5 as before
without any extra work. In fact, if we set

5.24 u n t , x s U Žn. T y t , x , u n T y t , x s V Žn. t , xŽ . Ž . Ž . Ž . Ž .x
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and

˜n n n n nb t , x s b t , x , u t , x , u t , x , s t , x s s t , x , u t , x ,Ž . Ž . Ž . Ž . Ž .Ž .Ž . ˜0 x

then it follows from Theorem 5.6 that

1
n n˜ ˜sup b t , x y b t , x q s t , x y s t , x s OOŽ . Ž . Ž . Ž .� 4˜ ˜ ž /nŽ .t , x

˜n nw x Ž . Ž .and that, for fixed t g 0, T , b t, ? and s t, ? are uniform Lipschitz, with˜
nthe Lipschitz constant independent of n. Thus, if we again let X denote the

solution to the discretized SDE,

t tn n n n n˜5.25 X s x q b ?, X ds q s ?, X dW ,n nŽ . ˜Ž . Ž .H HŽ . Ž .t ? ? sh s h s
0 0

n Ž .where h is defined by 4.1 , then one can easily show the following final
result of the paper, which is the analogous to Theorem 4.2.

Ž . Ž .THEOREM 5.6. Suppose that the standing assumptions A1 ] A3 hold.
Ž . Ž .Then the adapted solution X, Y, Z to the FBSDE 2.1 can be approximated

n n n nŽ .by a sequence of adapted processes X , Y , Z , where X is the solution to
Ž . w xthe discretized SDE 5.25 and, for t g 0, T ,

n n n n n n n n nY [ u t , X ; Z [ ys t , X , u t , X u t , X ,Ž . Ž . Ž .Ž .t t t t t x t

n n Ž . Žn. Žn. Ž .with u and u being defined by 5.24 and U and V by 5.20 .x
Furthermore,

1
n n n< < < < < <E sup X y X q sup Y y Y q sup Z y Z s OO .t t t t t t½ 5 ž /'n0FtFT 0FtFT 0FtFT

If f is C 2 and uniformly Lipschitz, then, for n large enough,

K
n nE f X , Z y E f X , Z F� 4Ž .Ž .½ 5T T T T n

for a constant K.
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