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In this paper, we consider isotropic and stationary real Gaussian ran-
dom fields defined on S? x R and we investigate the asymptotic behavior, as
T — +o0, of the empirical measure (excursion area) in §? x [0, T] at any
threshold, covering both cases when the field exhibits short and long mem-
ory, that is, integrable and nonintegrable temporal covariance. It turns out that
the limiting distribution is not universal, depending both on the memory pa-
rameters and the threshold. In particular, in the long memory case a form of
Berry’s cancellation phenomenon occurs at zero-level, inducing phase transi-
tions for both variance rates and limiting laws.

1. Introduction.

1.1. Background and motivations. In recent years, special interest has been devoted to
the study of random fields Z = {Z(x), x € S?} defined on the two-dimensional unit sphere
S?, finding applications in several areas such as medical imaging, atmospheric sciences, geo-
physics, solar physics and cosmology (see, e.g., [10, 11, 23, 30]). In particular, considerable
attention has been drawn by the investigation of geometric functionals of Gaussian excursion
sets on manifolds (see, e.g., [1, 2]). Indeed, aiming to study the geometry of a random field
Z, it is natural to introduce the family of excursion sets

{xeSZ:Z(x)Zu}

indexed by the threshold u# € R; under Gaussianity and isotropy, the expected value of their
Lipschitz—Killing curvatures (i.e., area, boundary length and Euler—Poincaré characteristic),
is easily obtained as a special case of the celebrated Gaussian kinematic formula, see for ex-
ample, [1], Ch. 13. However, what is more challenging is to investigate fluctuations around
these expected values and for this purpose, asymptotic methods must be exploited, consid-
ering sequences of random fields. In particular, a number of recent papers has focussed on
the asymptotic behavior of sequences of Gaussian Laplace eigenfunctions (random spherical
harmonics), in the high-energy limit, that is, as the eigenvalues diverge. Several results have
been given concerning the asymptotic variance, the limiting distribution and the correlation
for different values of the thresholding parameter u € R of Lipschitz—Killing curvatures of
their excursion sets, see for example, [8, 9, 25, 26, 29, 39, 42] and the references therein; see
also [7, 17, 24, 32, 34, 41] for related results on the standard flat torus and on the Euclidean
plane. Some of these results entail rather surprising issues, for instance the cancellation of
the leading variance terms for specific threshold values (typically in the nodal case u = 0)
and the possibility to express wide classes of functionals as simple polynomial integrals on
S? of the underlying fields, up to lower order terms.
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The purpose of this paper is to begin the investigation of these same issues for a different
class of fields, that is, isotropic and stationary Gaussian fields on S x R, which can be
immediately interpreted as spherical random fields evolving over time (see, e.g., [3, 5, 22]
and the references therein). Although the present manuscript is mainly of theoretical nature, it
is very easy to figure out several areas of applications where such random fields emerge most
naturally, including the scientific research streams mentioned above. In the next subsection,
we introduce our setting in more detail.

1.2. Sphere-cross-time random fields. Let us fix a probability space (€2, §, P). We de-
note by S? the two-dimensional unit sphere with the round metric. A space—time real-valued
spherical random field

(1) Z=|Z(x,1),xeS* teR}
is a collection, indexed by S? x R, of real random variables such that the map
Z:QxS*xR—>R

is § ® B(S? x R)-measurable, where B(S? x R) stands for the Borel o -field of S* x R. We
say that Z is Gaussian if for every n > 1, x1,...,x, € S2, t1,...t, € R, the random vector
(Z(x1,t1), ..., Z(xp, t,)) is Gaussian.

CONDITION 1.1. The space—time real-valued spherical real random field Z in (1) is
Gaussian and:

e zero-mean, that is, E[Z(x, )] = 0 for every x € S2, 1 eR;
e stationary and isotropic, that is,

2) E[Z(x,0)Z(y, )] =T({x, y),t —5)

forevery x, y € S?,t,s e R, where':[—1,1] xR — Risa positive semidefinite function
and (-, -) denotes the standard inner product in R3;
e mean square continuous, that is, I" is continuous.

The assumption of zero-mean is of course just a convenient normalization with no mathe-
matical impact. The assumption of Gaussianity ensures that we need to make no distinction
between so-called weak and strong stationarity, see for example, [23], Definition 5.9, and it
simplifies some of our proofs to follow; moreover, it is the common background with basi-
cally all the previous literature on the geometry of excursion sets (starting from [1]), likewise
the assumption of mean square-continuity, see for example, [3, 18] and the references therein.

From now on we assume that Z in (1) satisfies Condition 1.1.

1.2.1. Karhunen—Loéve expansions. Itis well known (see, e.g., [3], Theorem 3.3, or [22],
Theorem 3) that the following expansion for the covariance function I" in (2) holds:
+o0o
+
3) re.o=>y,

£=0

Co(r)Pe(0), (O,7)e[—-1,1] xR,

where {Cy, £ > 0} is a sequence of continuous positive semidefinite functions on R, P, de-
notes the £-th Legendre polynomial [36], Section 4.7, and the series is uniformly convergent,
which is equivalent to

+00
20 +1
4 E Cv(0) < 4o00.
o 4
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Obviously C¢(0) >0 forevery £ =0,1,2,....Let T > 0, it is straightforward (see, e.g., [5])
to prove that the following Karhunen—Lo¢ve expansion for Z holds in LZ(Q x S% x [0, T):

+oo £
) Zx,0)=Y > arm®)Yemx),
=0m=—4¢
where {Yy ,,, £ > 0,m = —¢{, ..., £} is the standard real orthonormal basis of spherical har-
monics [23], Section 3.4, for L2(S?), and
(6) atn®) = [, 200 e dx.
so that {a; m, £ > 0,m = —£, ..., £} is afamily of independent, stationary, centered, Gaussian

processes on R such that for every ¢, s € R

Elaem()aem(s)] = Ce(t — ).

REMARK 1.2. We will investigate the asymptotic behavior of Z in S? x [0, T] as T —
400, in particular the set of attainable laws of its geometrical functionals. Our proofs will
rely on L2(P)-bounds, uniform with respect to the parameter T', thus allowing a fruitful use
of the expansion in (5) which actually holds true for every fixed T > 0.

Now let
N:={£>0:Ci0) #0).

From now on, we will consider only £ € N unless otherwise specified. Let us define

e
(7) Zy(x, )= Y agm®OYemx), (x,1)€S* xR,

m=—¢

By construction, {Z;, £ € N } is a sequence of independent random fields and each Z,(-, t)
almost surely solves the Helmholtz equation

A Ze(- 1)+ L(L + 1) Z(-,1) =0

where Ag denotes the spherical Laplacian. For notational convenience and without loss of
generality we also assume that

2E+1

(8) E[Z*(x,0)]=) o7 =1, of :=E[Z}(x,1)] = C¢(0).

teN

1.2.2. Long and short range dependence. For { € N, Bochner Theorem ensures that there
exists a probability measure py on (R, B(R)) such that

Ce(7)

Ce(0)
If w, is absolutely continuous with respect to the Lebesgue measure, then we may introduce
the normalized spectral density as the function f; : R — R™ such that

Ce(D)

Ce(0)

:/ e due(r), teR.
R

®

_ / ¢ f00dh, T ER;
R
we have of course
/ fe()dr=1.
R

If Cy is integrable on R, then clearly f; exists.
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Let us now define the family of symmetric real-valued functions {gg, B € (0, 1]} as fol-
lows:

(1+1z)) " ifpe (. 1),

(1+z])™® ifp=1,

for some o € [2, +00). We believe that the assumption « € [2, +00) is not essential for the
validity of our main findings; indeed it seems likely that it can be replaced with o € (1, +00).

Nevertheless, the current formulation is instrumental to obtain neat proofs of some technical
results, in particular Lemma 4.13 in Appendix 5.5.

(10) 8p(7) ={

CONDITION 1.3. There exists a sequence {8 € (0, 1], £ € N} such that
Ce(r) =Go(r) - g (r), LR,
where gg, is as in (10) and

Ge()
Ce(0)

p —1‘:0(1) as T — +o0.
teN

Moreover 0 € N (i.e., Cp(0) #0) and if Bp =1 then

/ Co(t)dt > 0.
R

From now on we assume that Condition 1.3 holds for the sequence {Cy, £ € N }. Note that
G¢(0) = C¢(0) for every £ € N.

REMARK 1.4 (Abelian/Tauberian type results). Let £ € N. The coefficient B¢ in Con-
dition 1.3 can be interpreted as a “memory” parameter; in particular, for B, = 1 (resp.
Be € (0, 1)) the covariance function Cy is integrable on R (resp. [p |C¢(7)|dT = +00) and
the corresponding process has so-called short (resp. long) memory behavior (note that Cy(0)
is always nonnegative but C,(7) need not be, for T > 0). Under some regularity assumptions,
an equivalent characterization could be given in terms of the behavior at the origin of the
spectral density fy in (9): long-memory entailing divergence to infinity, whereas in the short-
memory/integrable case fy is immediately seen to be bounded in 0. Clearly one could choose
alternative parametrizations for gg(t), such as for instance

gp() =1+t or gg(r)=(1+171")7;

these choices would not alter by any means the substance of our results, as our condition is
basically requiring that, for all £,

. Ce(7)

lim ———— =

=00 Cy(0)T Pt
Possible generalizations would be to allow for the possibility of slowly-varying factors,
that is, to allow for autocorrelations of the form L(|t|)t#, where L(-) is such that
lim; o L(|T])/L(c|t]) =1 for all ¢ > 0. These generalizations are common in the long
memory literature but would not alter by any means the substance of our results, so we avoid
to consider them for brevity’s sake.

Some conventions. From now on, ¢ € (0, +00) will stand for a universal constant which
may change from line to line. Let {a,,n > 0}, {b,,n > 0} be two sequences of positive
numbers: we will write a,, ~ b, if a, /b, — 1 as n - +o00, a, = b, whenever a, /b, — c,
a, = o(by) if a, /b, — 0, and finally a, = O(b,) if eventually a,,/b,, < c.



NON-UNIVERSAL FLUCTUATIONS ON §2 x R 2315

2. Main results. Let u € R. We consider the random process .4, on R defined as
(11) Ay (1) :=area(Z(., H~! ([u, 00))) = /S2 1zn>udx, tER,

where dx is an element of Lebesgue measure on the sphere. In words, A, () represents
the empirical measure (i.e., the excursion area) of Z(-,t) corresponding to the level u; its
expected value is immediately seen to be given by E[A, (#)] =47 (1 — ®(u)), where

+00 1
CD(M)i:f $(1)dt, ¢>(t)::ﬁe—r2/z,

@ (resp. ¢) denoting the tail distribution (resp. probability density) function of a standard
Gaussian random variable. This area functional for spherical random fields has been consid-
ered by many authors, starting for instance from [19], see also Chapter 2 in [16].

We are interested in the fluctuations of A, (¢) around its expected value, and we hence
introduce the following statistics: for 7 > 0

(12) Mr(u) = ‘/[07T](Au(t) — E[Au(t)]) dt
and its normalized version

~ . Mr)
(13) Mg (u) = 7\/\m.

CONDITION 2.1. Let {B¢, £ € N} be the sequence defined in Condition 1.3.

e The sequence {B, £ € N , £ > 1} admits minimum. Let us set

(14) B :=min{Be, LeN, £>1), T :={eN:g =)
o If 7+ # N, then the sequence {f¢, £ € N \ Z*, £ > 1} admits minimum. Let us set
(15) Be :=min{ B¢, £ € N\T*, £ > 1}.

Note that S+, Be+ € (0, 1] and for ¢ € Z*, obviously C¢(0) > 0. In words, S¢+ represents
the smallest exponent corresponding to the largest memory, Z* the set of multipoles where
this minimum is achieved, and B¢~ the second smallest exponent 8, governing the time decay
of the autocovariance Cy at some given multipole €. Note that we are excluding the multipole
£ =0 by the definition of ¢+ and B¢+ in (14) and (15), on the other hand ¢ = 0 may belong
to Z*. We assume that Condition 2.1 holds from now on.

As we shall see below, the asymptotic behavior of M7 (u) in (12), as T — 400, is gov-
erned by a subtle interplay between the value of the parameters B«, B¢ and the threshold
level u.

2.1. Long memory behavior. We start investigating the case of long-range dependence.

THEOREM 2.2. Ifeither u # 0 and By < min(28p+, 1) or u =0 and By < min(38x, 1),
then
e YarMr@) 262 @)Co(0)
T—oo  T27Fo (1= Bo)2—Bo)’

and
~ d
MT(M) — Za
T— 400

where Z ~ N(0, 1) is a standard Gaussian random variable and —< denotes convergence
in distribution.
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Recall that by assumption C(0) > 0 (see Condition 1.3), hence the limiting variance con-
stant in Theorem 2.2 is strictly positive.

REMARK 2.3. In words, Theorem 2.2 holds when the zero-th order multipole component
{apo(t), t € R} is long memory (B9 < 1) and all the other multipoles have asymptotically
smaller variance (a consequence of either Sg < 28¢+, when u # 0, or g < 3¢+, when u =0,
as we will show below). It should be recalled that, by (6),

1
apo(t) = Z(x, )Y xdx:—/Zx,tdx,
w00 = [ 26 0¥ dr=—— [ 260
that is, ago(¢) corresponds to the sample mean of the random field Z(, ¢) at the instant ¢ € R.

REMARK 2.4. It seems possible to extend Theorem 2.2 both in the direction of func-
tional convergence, that is, uniform convergence with respect to u (see [12, 28]) and to quan-
titative versions of the central limit theorem in Kolmogorov or Wassestein distances, see [31]
for the discussion of the celebrated Stein—Malliavin approach, as well as Chapter 2 of [16]
for early results in the case of the excursion area. For brevity’s sake, these extensions are not
investigated here and are left as possible topics for future research.

The limiting distribution in Theorem 2.2 is universal; this is not the case for the theorems
to follow. We need first to recall one more definition.

DEFINITION 2.5. The random variable X g has the standard Rosenblatt distribution (see,
e.g., [37] and also [13, 38]) with parameter S € (0, %) if it can be written as

e/t — | W(dr) W (dha)
®2y i(A+A2)  |Aiho|A-R/2

(16) Xp=a(p)

where W is the white noise Gaussian measure on R, the stochastic integral is defined in the
Ito’s sense (excluding the diagonals: as usual, (R%) stands for the set {(A1, 1) € RZ: )y #*
A2}), and

o(B)

(17) a(B) = 2T (B) sin((1 — B)m/2)’

with

1
o(B):= \/5(1 —2B)(1 = pB).

We say the random vector V satisfies a composite Rosenblatt distribution of degree N € N
with parameters cy, ..., cy € R, if

N
d
(18) V=Vl ....cNi B)= D ek Xisp,
k=1

where { Xy glk=1
eter B.

~ is a collection of i.i.d. standard Rosenblatt random variables of param-

.....

Note that indeed E[Xg] = 0 and Var(Xg) = 1. The Rosenblatt distribution was first intro-
duced in [37] and has already appeared in the context of spherical isotropic Gaussian random
fields as the exact distribution of the correlogramme, see [21].
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REMARK 2.6. The characteristic function Ey of V = Vy(cy, ..., cy; B) in (18) is given
by (see, e.g., [40])

N 1 +o0o o
BvO) =[] &0,  &®) =exp(5 Z(ziecr(ﬁ))faj—.’),

k=1 j=2

where &g is the characteristic function of Xz in (16), the series is only convergent near the
origin and

aj:= o1y Ix1 — xa| Py —x3)7F - |21 —x‘,-l_’slxj — x| Pdxidxs--- dx;.

Note that when 8 — 07 then &g approaches the characteristic function of % (Z% —1), where

Z ~ N(0, 1) is a standard Gaussian random variable. As 8 — %_ the limit is the characteris-

tic function of Z. Many more characterizations of the Rosenblatt distribution have been given
in the literature: for instance its infinite divisibility properties and Levy—Khinchin represen-
tation are discussed in [20] and the references therein.

THEOREM 2.7. Assume that u # 0. If 2B¢« < min(fg, 1) we have

. Var(Mrp(u)) e (u)? 2
M T e T a0 = 2By (1 = o) Zzep(% +DC0)
If Bo=1 and 2B = 1 we have

LeT*

Assume in addition that #T* is finite, then as T — +00

~ d Cc(0)
19
(19) M (u) —>ZGXI)* T

where {Vagr1(1, ..., 1; Bex), £ € T*} is a family of independent composite Rosenblatt random
variables as in (18) and

Vorr1(1, ..., 1; Ber),

e 200+ DCO)
vi=albe) g;: (1= Be) (1 — 2B

where a(B¢+) is as in (17).

Recall that for £ € 7* we have C(0) > 0 (see (14)) hence the limiting variance constants
in Theorem 2.7 are strictly positive. For the limiting random variable in (19), note that

Ce(0)

where N* ;=3 ,.7+(2¢+ 1) and
1
(c1y...,en%) = \/7(

d
Voeg1 (1, ..., 15 Ber) = Vs (e, ..., enes Ber),s

Ce,0),...,C(0),...,Cr(0),...,C(0),

(2¢1+1) times (2¢x+1) times

with Z* = {€1, ..., €k ).
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REMARK 2.8 (Normal approximation of Rosenblatt distributions). The distribution of
the random variable in (18) is, of course, non-Gaussian. However, in some circumstances it
can be closely approximated by a Normal law. Indeed, consider for simplicity the case where
the minimum for {8, € € N} is attained in a single multipole that we call £*, that is, Z7* = {£*}.
Then the limiting distribution in (19) is

Ce©)y, (1,...,1; Ber) = ' v (1 1; Be)
\/v— 20+1 y PU*) = 2£*+1 201\, ...y 1, Op

and by an immediate application of the classical Berry—Esseen Theorem (see, e.g., [14]) one
has that

o (g Vo (1 1), Z) < EllXp. )
N7 R e AV To
where Z ~ N (0, 1) and dg, denotes Kolmogorov distance, see for example, [31], Section
C.2. The value of £* for a given random field is fixed, so no central limit theorem occurs;
however for £* large enough the resulting composite Rosenblatt distribution can become ar-
bitrary close to a standard Gaussian variable. Recall here that components at high multipoles
£* > 0 correspond to small-scale features, so these cases would correspond to random fields
which are dominated by a “local” behavior with high-persistence over time.

THEOREM 2.9. Assume that u = 0 and that there exists an even' multipole £ € T*. If
3Bex < min(1, Bo), then

L VarMr ()
T T2 e
2 000 20 + 1
- Cy.(0),
311 =38 ) (2 — 3B¢+) 51,62%_261*@81182& H ¢:(0)
where
(20) gglolpzf3 / Yél O(X)Yﬁz O(X)YZ:; O(X) dx

is a so-called Gaunt integral (cf. (22)). If Bo =1 and 3B¢» = 1 then

. Var(M7(u))  8mHy—1(u)>¢u)? 000 2¢; +1
75  TlogT 3 . EZZZSGP G2, l_[ ¢(0).

Moreover we have, as T — 400,
Var(Mr (u))~!/2
327 S$2x[0,7]

where H3(t) := 1> — 3t, t € R is the third Hermite polynomial (cf. (24)) and op(1) is a family
of random variables converging to zero in probability.

(21) M) =— H3(Z(x, 1)) dx dt + op(1),

Recall that for £ € Z* we have C;(0) > 0 (see (14)) and note that g?lo%% in (20) is non-

negative (see, e.g., [23], Remark 3.45); moreover if £ is even, then Qg?? > 0, see [23], in
particular Proposition 3.43 and (3.61). Hence under the assumptions of Theorem 2.9 the lim-
iting variance constants are strictly positive.

The motivation for this assumption is described just after the statement of Theorem 2.9.
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REMARK 2.10.  Using the same steps as in the classical papers [13, 38], it seems possible
to prove that the right hand side of (21) (and hence M (1)), under the setting of Theorem 2.9,
converges in distribution to a weighted sum of higher order Rosenblatt random variables
(more precisely, of order 3). However, because for the probability laws of the latter very
little is known, and even less so for their linear combinations, we refrain from rigorously
investigating this issue here.

REMARK 2.11. For simplicity of presentation, we are ruling out some boundary cases
(such as By = 2B¢+), which could be dealt with the same techniques as we shall exploit below:
the limit distributions would just correspond to linear combinations of the asymptotic random
variables that we obtained above.

2.2. Short memory behavior. Theorems 2.2, 2.7 and 2.9 have all considered cases where
some form of long-memory behavior is present on the temporal side, meaning that 8, < 1 for
at least one instance of the multipole £. In this section we investigate the case where on all
scales no form of long-range dependence occurs.

We first need to introduce some more notation: for ¢ > 3, let £1,...,£;, > 0 and m; €
{—¢;,.... ¢} fori =1,...,q. The generalized Gaunt integral ([23], page 82) of parameters
q.t1,....8g,my, ..., my is defined as (cf. (20))

my-mg
(22) Gor it = [ Yoy (0 Ye, i, () d.
where {Yy ;n, £ > 0,m = —¢, ..., £} still denotes the family of spherical harmonics introduced

in Section 1.2.1.

THEOREM 2.12. Assume Bo = 1. If either u £ 0 and 2B¢x > 1 or u =0 and 38« > 1,
we have

_ VarMr@) X,
lim — = s,
T—o0 T q

where

sti=@? [ Cordr.

ulp(u)* %
2

A Hy— 1 (u)%¢p (u)? +°° 20 + 1
sj:: 4 4! 61 Eq/l_[ Cy(v)dr, g =>3.

.....

23) 3= Z(zz+1)/ Co(r)2dr,

Moreover, as T — +00,
~ d
Mru)— Z,

Z ~ N (0, 1) being a standard Gaussian random variable.

Recall that for By = 1 we have [ Co(7) dt € (0, +00) (see Condition 1.3) so that sl2 >0
yielding >~ 53 > 0 (the limiting variance constant is strictly positive).

REMARK 2.13 (On Berry’s cancellation). It is interesting to note that a phase transi-
tion occurs at u = 0. Indeed, for 28, < 1 one observes a form of Berry’s cancellation phe-
nomenon (see, e.g., [4, 42]), in the sense that the variance diverges with a smaller order rate.
More precisely, there are two possibilities:
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e for 38« < 1 (resp. 38+ = 1), the rate of the variance changes from T2 2B o T273Ber
(resp. T'logT) and the limiting distribution is non-Gaussian (Theorem 2.9 and Re-
mark 2.10);

e for 3+ > 1, the rate of the variance changes from 72~2f¢* to T, and the limiting distribu-
tion is Gaussian (Theorem 2.12).

3. Outline of the paper. The results in Theorems 2.2, 2.7, 2.9 and 2.12 fully characterize
the behavior of the empirical measure for sphere-cross-time random fields. The resulting
scheme is, in the end, rather simple and can be summarized as follows.

e Short Memory Behavior: this setting corresponds to integrable covariance functions and
occurs either when By = 1 and 28+ > 1, for u £ 0, or when Sy =1 and 38+ > 1, for

u = 0. In such circumstances, the limiting distribution is always Gaussian and the variance,

as T — 400, is asymptotic to T, for all values of the threshold parameter u. Hence, no

form of Berry’s cancellation, as in Remark 2.13, can occur.
e Long Memory Behavior: this setting corresponds to nonintegrable temporal autocovariance
and in this case the picture is more complicated:

— for By < min(2B¢+, 1), the variance grows as 720 and the limiting distribution is Gaus-
sian, for all values of u;

— for 28+ < min(Bo, 1), the variance grows as T2~2f¢ and the limiting distribution is
non-Gaussian (we denote it as composite Rosenblatt), for u £ 0; however, for u =0, a
form of Berry’s cancellation occurs, the variance is of order TmaxQ2=3fe. 1) the limiting
distribution being non-Gaussian for 2 — 38y« > 1 and Gaussian for 2 — 38+ < 1.

3.1. Overview of the proofs. The rationale behind these results can be more easily under-
stood if we review the main ideas behind the proofs.

3.1.1. Chaotic expansions. The main technical tool that we are going to exploit is the
possibility to expand our area functional M7 (x) in (12) into so-called Wiener chaoses, by
means of the Stroock—Varadhan decomposition, see [31], Section 2.2, as well as our Sec-
tion 4. Briefly, the latter is based on the fact that the sequence of (normalized) Hermite poly-

nomials {Hy //q!}4>0

_ — —p df
(24) Hy=1, Hy(u) := (=17 () @ gzl

(where ¢ still denotes the probability density function of a standard Gaussian random vari-
able) is a complete orthonormal basis of the space of square integrable functions on the
real line with respect to the Gaussian measure. The first three polynomials are Hy(u) = 1,
Hi(w) =u, Hy(u) =u* -1, H3(u) =u> — 3u.

From (12) we have the following orthogonal expansion:

(25) Mr@w) =Y Mrwlql,
q=0

the series converging in L?(S2), where (see Lemma 4.1)

Hy— 1(M)¢(u)

(26) Mrw)lql= /S (Z(x.0))dx dt

[0,T]

is the orthogonal projection of MT(u) onto the so-called gth Wiener chaos. Note that if
u =0, then M7 (u)[g] = 0 whenever q is even.
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3.1.2. Sharp asymptotics. The crucial step behind our arguments is to investigate the
sharp asymptotic behavior, as T — 400, of the variances for these chaotic projections. In
order to simplify this discussion we assume here that 8y« < g, see the next sections for a
complete analysis. For every u € R,

(27) Var(Mz@)[1]) = ¢ - T™*C=FoD(1 4 o(1)).

For g > 2 and either u # 0 or u = 0 and ¢ odd (recall that for # = 0 the projections onto even
order chaoses vanish), we have

(28) Var(Mr(w)lql) = cg - T™*@~9FeD(1 41,5, 1 -log T)(1 + o(1)).

Here, for g > 1, ¢y = c4(u, B¢+, I*) is a finite and positive constant depending in particular
on g, the level u and the coefficient 8¢«. Thanks to (25) and (31),

Var(Mr(u)) = > Var(M7 (u)[q])

g=1

and hence, up to controlling the sequence {c;, g > 1}, from (27) and (28) we have that, as
T — o0,
M u)[1]

Mr ) = ety Tor®  for fo < min(2er, 1), #0,
Mr@)[1]

Mr(u) = Var o o) +op(1) for Bog < min(3B¢+, 1), u =0,

S Ml .
M) = =+ op(l) - for 2 < min(fo, 1), #0,

Y My (u)[3] .

Mr) = Ve 3D +op(1) for 38 <min(By, 1), u =0,
where op(1) denotes a sequence of random variables converging to zero in probability. The
asymptotic distribution of (13) can then be derived in the cases considered just above by
a careful analysis of these single components: the first chaotic term is Gaussian for every
T > 0, the second one asymptotically follows a composite Rosenblatt distribution. On the
other hand, in the remaining cases, (e.g., u #0, fo =1 and 28 > 1 or u =0, Bop =1 and
3B¢+ > 1) it is not possible to identify a single dominating component; indeed, all the chaotic
projections contribute with a variance of the same rate 7', and the Gaussian limiting behavior
will follow from a Breuer—-Major type argument [6], [31], Section 5.3, Section 7.

3.2. Discussion. We can further summarize our results as follows:

u#0 u=0 Asymptotic distribution

First chaos dominates if Bo < min(2Bx, 1) Bo <min(3Bx, 1) Gaussian

(Var ~ T2~ Fo) (Var ~ T2—Fo)
Second chaos dominates if 2B¢x < min(By, 1) never (it vanishes) non-Gaussian

(Var ~ Tzfzﬂl*) (composite Rosenblatt 2)
Third chaos dominates if never 3B¢+ < min(Bp, 1) non-Gaussian

(Var = T2_3ﬂl*)

All chaoses dominate if Bo=1,2B8p>1 Bo=1,3B8p>1 Gaussian

(Var~T) (Var~T)
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These findings should be compared with a rapidly growing literature devoted to the in-
vestigation of geometric functionals over spherical random fields in a different regime; in
particular, a number of papers (see, e.g., [8, 25, 26, 29, 39, 42]) have considered the high-
frequency behavior (e.g., when the eigenvalues diverge) for spherical random eigenfunctions
with no form of temporal dependence. The results we exhibited here have some analogies,
but also important differences, with this stream of literature. In particular

e for the excursion area of random spherical harmonics at u £ 0 [25, 29] it is indeed the case
that the high-energy behavior is dominated by the second-order chaotic projection, whose
asymptotic distribution is, however, Gaussian. The same asymptotic behavior occurs for
other geometric functionals, such as the boundary length of excursion sets and their Euler—
Poincaré characteristic, see [8, 35];

e for u = 0, the limiting variance is always of smaller-order, and asymptotic Gaussianity
holds [26, 29].

These differences can be explained as follows. Because in the case of high-frequency asymp-
totics one deals with sequences of eigenspaces of growing dimensions, the second chaotic
components correspond to a sum of a growing number of i.i.d. coefficients, whence a stan-
dard central limit theorem holds. In our case here, the dimension of the sum of the eigenspaces
which correspond to the strongest memory does not diverge in general, and hence asymptotic
Gaussianity need not to hold. Moreover, in the case of high-frequency asymptotics the linear
projection term agq is dropped by construction: on the contrary, for the random fields we in-
vestigate here this term can be dominant for instance when By < min(28+, 1), in which case
Gaussianity follows trivially.

As far as Berry’s cancellation is concerned, this can occur in the present circumstances
only when H>(Z(-,-)) exhibits long memory behavior, that is, nonintegrable temporal au-
tocovariance: this is indeed the case for 28y« < 1. If this condition is not met, all chaotic
components have integrable temporal autocovariance, none of them dominates and a central
limit theorem is established by means of a Breuer—-Major Theorem. Note that the presence
of long memory behavior in the field Z is a necessary, but not sufficient condition for the
covariance of H>(Z(-, -)) to be nonintegrable.

As a final analogy, a remarkable feature of high-frequency asymptotics for random eigen-
functions is the fact that geometric functionals turn out to be asymptotically fully correlated
over different levels, and even among themselves, see [9] and the references therein. It is then
of interest to investigate if similar features appear in the present framework. We present here
a small result that highlights this point.

PROPOSITION 3.1. Assume that u # 0, 28¢+ < min(By, 1) and that there exists a unique

¢*:=arg min Sy,
teN, =1

then,as T — o0,

Corr(Mr(u), mr.o(u)) = 1,

u u r Zp(x,1)
20+ Op* s2 Jo o

REMARK 3.2. Note that, if we introduce the process

where

mr.e(u) ==

T
Mriou) = fo (Ause (1) — E[ Ao (1)) dt
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where
AM;E(I) = /;2 IZ[(X,Z)ZM dx,

(cf. (7) and (11)) then m7.¢«(u) = M.+ (u)[2], the second order chaotic component of the
functional of the monochromatic field Z«.

4. Stroock—Varadhan decompositions. The first tool that is needed in order to establish
our asymptotic results is the derivation of the analytic form for the chaotic expansion (25) of
the empirical measure. The result is very close to analogous findings given by [12, 29]. For a
complete discussion on Wiener chaos and related topics see for example, [31], Section 2.2.

LEMMA 4.1. Forevery T > 0 we have that

J (u)
2 Z
(29) Mr(u) = 1 /[0 - /82 (x,1))dxdt,

q>

where Jg(u) = Hy_1(u)$ (u), ¢ still being the density function of a standard Gaussian ran-
dom variable and H, the Hermite polynomial (24) of order q. The convergence of the series
in (29) is in the LZ(Q)-sense.

PROOF. Let Z~N(0, 1), then
> Jq (u)
!

IZZM = Z

q=0

where the right hand side converges in the L2($2)-sense and the coefficients Jy(u) are given
by

J,) :=E[1z=,Hy(2)] = /R Losu Hy (X)$ (x) dx

+oo ga
= (= 1) / @) dx = Hy_ 1)

(note that for fixed x € S, 1 € R, Z(x, t) is standard Gaussian). Now consider the sequence
of random variables

9 J,(u)
R
let us prove that
0
Jq(u)
- —0 ! /[OT]/SZ (Z(x.0)) dxdr =5 My ()

in the L2()-sense. We have, thanks to Jensen inequality and Fubini—Tonelli Theorem,

Q AQ) 2
IE|:<MT(u) Z e /[0 T]/S2 (Z(x, t))dxdt) i|

0 2
:E[(/[.O’T] /S2<12(x,t)>u Hy(Z(x. t))) dxdt) ]
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Q1. 2
s4an[O’T] /SZE[<1z<x,t)>u -y Hq(Z(x,t))> }dxdt

q=0

0 2
— (4n)2T2E[<lz>u -y J‘fq(”)H (Z)) } 0T

4=0 —+00
hence (30) holds and the proof is concluded. [J
In particular, the zeroth projection is

(31 M7 @)[0] =E[Mr@)] = 0;

for the first one we have, recalling (5) and (7),

L
./\/lT(u)[l]:¢(u)/[O - /S2 Z(x,t)dxdt:¢(u)Lli_>m / /ZZZg(x,t)dxdt,

0 J[0,T] SZ 0

where the limit is in the L%(2)-sense. Hence

oo(t)

(32) Mr@[1]= ¢ () / = ar,

the spherical harmonics of degree £ > 1 having zero mean on the sphere. Furthermore

M¢(u)

Mr@)[2] = f Sz(Zz(x,t) — 1) dxdt,

Mr@)[3]= w o Sz(23(x,t)—3Z(x,z))dxdz.

Thanks to orthogonality of the chaotic components, from Lemma 4.1 we get

Var(Mr(u)) = > Var(Mr (u)[q])

qg=1
(33) 5
Z Jq (14)

=1

/[OT]Z/SZ 2 ((x, ), 1 = s)dxdydtds,
X

where I" is the covariance function in (2).

4.1. First order chaotic projections. In this subsection we investigate the variance be-
havior of the first chaotic component (32).

LEMMA 4.2. We have, as T — 400,

oy YArMr o[l _ - 26 @)*Co(0)
m =
T—o0 T2=bo (1 — ,30)(2 - ,30)

if Bo € (0, 1)

and

lim wzd,(uf/ Co(r)dt iffo=1.
T R

T—o00
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Recall that Condition 1.3 ensures that Co(0) > 0 and that for Sy =1

A&CO(I) dt € (0, +00),

hence Lemma 4.2 gives the exact rate for the variance, the limiting constants being strictly
positive. From (32) we can write

(34) Var(Mru)[1]) = ¢(u)2/[0 - Co(t —s)dt ds.

REMARK 4.3. We will often make use of the following standard computation, that we
report in this remark and that are taken for granted in the rest of the article. Making the change
of variable T =t — s for the double integral on the right hand side of (34), it is well known
that (see, e.g., [16], page 25):

T T—s T
/ Co(t —s)dtds :/ dsf Co(r)dt = T/ (1 — m)Co(r)dr.
[0,77? 0 —s -T T

It is now easy to investigate the asymptotic behavior, as T — +00, of the variance of the
first order chaotic component.

PROOF OF LEMMA 4.2. From Remark 4.3 and (34) we can write

T
(35) Var(M7 u)[1]) = 2T¢>(u)2/0 (1 - %)Co(r)dr.

If Bp = 1, recalling from Condition 1.3 that in this case the covariance Cy is integrable on
R, we immediately have (thanks to dominated convergence theorem) the exact asymptotic
behavior of the variance

o Var(Mr 1)
S T

T—o00

+0o0
— 2 (u)? /0 Co(r) dT = p(u)? fR Co(r)dr.

Now assume By < 1. Let ¢ > 0, thanks to Condition 1.3, there exists M > 0 such that, for
T>M,

Go(7)

36 — 1| <e,
(30 skl Ce(0) ‘“
and we can write (from (35))
Var(Mr (u)[1])
M T T T
37) = 2T¢(u)2f0 <1 — ?>C0(r)dr +2T¢(u)2/M <1 — F)(:O(r)azr

M T
=0()+ 2T¢(u)2/0 Co(t)dt +2T¢(u)2/M (1 — %)Co(r)dr.

Consider the last integral on the right hand side of (37) and write

T T
1 / (1 B %)Co(f) dr — Co(0) <1 _ %)(1 + o) Pogr

Tl—,B() M Tl_ﬁ() M
Co(0) T 7\ (Go(7) 5
+ 71 M(I_T>(CO(0) _1>(1+T) T
‘We have
G (T T b GO
(38) Am g M(l_?)(”” = T b= o)
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and
. Co(0) T T\ (Go(®) —Bo gg —

The proof of (38) is straightforward; recall that by assumption Cy(0) > 0. It remains to prove
39).ForT > M

Co(0) (T T ‘Go(f)
1— —
T!=ho ( > Co(0)

Co(0) T —Bo
< Sm /M (1 + 'L') drt

) () ) g ()

Co®) (T, ©\(Go(r) i Co(0)
o M(l_?)(a)m) _1)(”” Tl =g,

and the result follows, ¢ being arbitrary. Plugging (38) and (39) into (37) we find

_ VarMr (1) 2¢u)*Co(0)
Th%moo T2—Bo - (1 _ ,30)(2 _ ,30)’ ﬂO € (O, 1)

and this concludes the proof. [J

- 1‘(1+r)_ﬁ°dr

Hence

lim sup
T—4o00

4.2. Second order chaotic projections. Our next step is a careful analysis for the variance
of the second order chaotic component Mt («)[2], which will play a dominating role in most
long memory scenarios (see Section 2.1). For ¢ =2 we have

24 ()2
uew) f f T((x,y).t —s)*dxdydtds.
[0,T]> JS?x§?

Var(Mr u)[2]) =

Now, thanks to (3) and (4),

2
I'({x,y),t—s5)"dxdydtds
/[O,T]2 ./SZXSZ (< y) ) Y

2
20+ 1
:/OT]Z/S2X52<ZC‘( _S)( - ) Py((x, y))) dxdydtds

_ 26O+ D26L+1)
_ Z/ €t =$)Ci 0 =)

Ly, b=

X /S o P (@ ) Pe((x y)) dxdydt ds

201+ D20 + 1) (4m)?
Cop,(t —5)Cyp, (1t — 1/, —¢p, dtd
el%: / Zl( S) 62( ) (4]_[)2 2E1+1 =) N

= Z(zel +1)f L Ce,(t —s)*dids.

£1=0
Hence

2 2 o0
S Z(zz+1)/ Ce(t — )2 dt ds.

Var(Mr u)[2]) =
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The next result is of fundamental importance for the study of the asymptotic behavior of
Var(Mr (u)[2]); its proof will be given in the Appendix.
LEMMA 4.4. Fix e N.If2B; < 1, then
Ce(0)?
(1= Be)(1=280)

1
lim ———— C2(t —s)dtds =
TLmOO T2—28¢ /[ko?T]z Z( S) s

If28¢ =1, then

li C2(t — s)dtds = 2C(0)>.
TimooTlogT orp J(t—s)dtds ¢(0)

If2B8¢ > 1, then

1
lim — 2cg(t—s)dzds:/ Ce(v)*dr.
1 R

T—oo T [0,7
Let us write
2 2
Var(Mr @[2]) = 20 / Cot — $)2dt ds
40) 2 0.7
( e (u)? S

d@e+1) / Co(t — 5)*dt ds.
=1 [0.772
Now recall the definition of B¢+ in (14).

PROPOSITION 4.5.  Assume u £ 0. For 28« < 1 and By < By, we have that

_ Var(Mz)[2]) ¢ (u)? 2.
(41) A = 20 =28 =50 z;(ZH DCe(0)%;
for 2B < 1 and By < Ber,
_ VarMr2)  ulw)? 2.
AT R T 2 = 20 = o 00
for 2B¢x =1 and Bex < Po,
. Var(Mrw)[2) 5 5 2.
(42) Tlgnoo el = u?o(u) eezzj*(ze + 1)Cy(0)%;
for B =5 and Bo < By
_ VarMr 2D uPpw)? 2.
R 2(1 —2B0)(1 — ,so)CO(O) ’

for2Bex > 1 and 28y > 1,

_ VarMr)[2])  urpu)* & 2
(43) Tl;mw - =— Eg(zul) fR Ci(1)*dr;

for2Bep» > 1 and 28y =1,

_ VarMr2) 5, 2.
Jim SO — ) /R Co(e)%;
finally, for 2B > 1 and 28y < 1,
g YarMr Go[2D) _ u?p(u)?
TS T2-280 2(1— 2601 — o)

Co(0)2.
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Recall that by assumption Co(0) > 0, and for £ € Z* we have C;(0) > 0 (see (14)); as
a consequence, Proposition 4.5 gives the exact rate for the variance, the limiting constants
being strictly positive.

REMARK 4.6. In words, for B¢« < By, when 28+ < 1 (resp. 28¢+ = 1), we have a form of
long-range dependence and the second order chaotic component of the functional Mt (u) is
dominated by a subset of the multipoles; the variance scales as order 72~ 2A¢* (resp. T log T).
On the contrary, when 28+ > 1, a form of short-range dependence holds and all frequencies
contribute with variance terms of order 7.

In order to prove Proposition 4.5 we will also need the following technical results. The
proofs of Lemma 4.7 and 4.8 are given in the Appendix Section 5.5, the proofs of Lemma 4.9
and Lemma 4.10 are indeed similar and we omit the details for brevity.

LEMMA 4.7. Lete, M > 0 be as in (36). For £ such that By =1 and T > max(1, M)
(e + 1)2)

a—1

(44)

— Co(t —s)*dtds < 2c[(0)2(M+2
T Jio,r?

where o > 2 comes from the definition in (10).

LEMMA 4.8. Lete, M > 0 be as in (36) and 2B, < 1.
e Fortel*, By <land T > max(1, M)

1

T )2 2y EHDT (TN
T2-2B /[O,T]z Co(t —s)°dtds <2C¢(0) <M+ 1+ ‘

45) —2Bp + 1 M

o Let m(By+) := maXyq 12‘%92;;{) and T, the corresponding argmax. For £ ¢ 7*, £ > 1, B¢ <

1and T > max(1, M, T,,) we have

1 2
W/[O’T]Z CZ(I—S) dtds

<26, <0>2(M T+ 2m(Be) (e + 1) Loy

(46) 1\ 2B+l
(1=
—2/34**+1( +3)

12 1 1 2,85**711
+(E+1D 2,36**—1(1+M) 2,3[**>1)-

+ (e +1)? 124, <1

LEMMA 4.9. Lete, M > 0 be as in (36) and 28 = 1.
e Fortel*, By <land T > max(1,M,e)

1
Co(t — $)*dtds <2C(0)*(M +1 D).
FiogT o o €2 =91 ds <2CUOP(M +log(e+ 1)
e Fort¢T*, £>1,8;<1and T > max(l, M)

1
TlogT Jio, 112

Co(t —s)2dtds < 2c@(0)2<M + A;(l + |r|)2ﬂ€**)dr>.
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LEMMA 4.10. Lete, M > 0 be as in (36). If 2B¢« > 1, for £ > 1 and B¢ < 1 we have
= Ce(t —s)*dtds §2Cg(0)(M+(s+ 1)2/ (1+ o)) 2P dr)
T [0,T]2 R

whenever T > max(1, M).
We are now in the position to prove Proposition 4.5.

PROOF OF PROPOSITION 4.5. Assume first that 28+ < 1 and B¢+ < Bo. For the asymp-
totic behavior of the first term on the right hand side of (40)) we refer to Lemma 4.4:

Co(t — s)%dtds 0 if Bex < Po,
47) lim .17 0;_2 . ) _ Co(0)2 .
T—o0 T o if ,BZ" = IB()_
(I = Be) (1 —28¢)

Now, since from (4) we have

+00
(48) Y 2e+1)Ce(0)* < +o0,
£=0

thanks to Lemma 4.7 and Lemma 4.8 we can apply dominate convergence theorem and then
Lemma 4.4 to get

2t+1)

lim — Cy(t —s5)*dtds

T—)OOE§* Tz_zﬁl* [0,T]2 Z( )
49 20+1) _ Yeer 24 1C (0)2

=) lim o Ce(t —5)dtds = =L ‘
(7. T>o0 T272Pe Jpo. 192 (1= Be) (1 = 2f¢+)
Let us now prove that
20+ 1
(50) lim )~ % Ci(t —s5)*dtds =0.
T_)OOZQ:‘I*,EEI T o J10,T12

Thanks again to Lemma 4.7 and Lemma 4.8, since (48) holds, we can apply dominated con-
vergence theorem to obtain (50). More precisely, we have to distinguish between some dif-
ferent cases: from Lemma 4.4

. 2¢+1)
1 - 7
L>1:Bpx<Br<3

C (t—s) dtds

T 2
= ) QD) lim o 2@[ p Celt =5y dids=0;
éZl:ﬁp<ﬂg< “‘/_
-0 —Ce(0)2(1—B) "1 (1-26p)
moreover
. QL+ 1) 5
Tlimoo > T Jogp Ce(t —s)*dtds

e=1:pp=1
TlogT 1
oo T2=2Pe T'logT Jio,112

—0 520 (0)2

Ci(t —s5)*dtds =0;

= Z (2£+1) hm

>1:¢=
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and

. 20+1 2
lim Z W/[O,T]Z CE(Z‘—S) dtds

T—o0 1
£>1:8¢>5

T
= Y @+ fim T —/ ol =) dtds =0.
>1:p>1 [0.7]

—>0 - fp Ce(r)2dT

Putting together (47), (49) and (50) we immediately get (41) in Proposition 4.5.~
Now assume 28g > 1 and 28+ > 1. Then obviously 28, > 1 for each £ € N and hence,
using Lemma 4.7 and 4.10 and Lemma 4.4 as before, we have

u2 2
o YAMr@2 ‘/’()Z<2e+1>—/ Colt — )7 dtds

T—00 T T—>

2 2 00
_u ¢>2(u) Z(zz+1) hm 2/ <1——>C£(r)dr

2 2
A Z(zz+1)/ Ce()dr,

which is (43). Note that we automatically get
0 +o0
Z(ZE + 1)/ Co(7)*dt < +00,
=0 -
and the proof is concluded, the remaining cases requiring analogous proofs. [

4.3. Higher order chaotic projections. In this subsection we want to investigate the be-
havior of higher order chaotic components. Let g > 3, from (29) we can write

¢ () Hy—1(u)* o\
(51 Var(Mr(u)lq]) = —/0 T]zéZXSZF((x,y),t s)?dxdydtds.

Thanks to (3) we have that

T((x,y),t—s)dxdydtds
./[-o,T]Z/SZxSZ (< y) ) Y

20 +1 9
_,40 T]Z/é2X82<ZC€( —S)( i ) (( y))) dxdydtds

- /[0 TP /szxgz Coy (t = 5)Cpy (1 = 5) -+ Cg, (1 = 5)

2 +1 2, +1
P oY) -
4r A 4

Recall the addition formula for spherical harmonics [23], (3.42),

Py, ((x, ¥)) Py, ((x, y)) dx dydt ds.

4 ¢
Y Yem®)Yem() = Pe((x,y)), x,yeS?
2041 =,
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and the definition of generalized Gaunt integral in (22) to write
26 +1 20 + 1 2, +1
/SZXSZ i Py ((x, ) A P, ((x,y)) - - qu((x, y))dxdy
(52) 0 ¢

— Z Z (gzlgmq)‘

mi=—{ mg=—{4

On the other hand, exploiting again (22)

26 + 1 20+ 1 20, +1
«észz Py, ({x,)) Py, ({x,y)) - d qu((x,y))dxdy

4 4 4
53
©9) 1 12¢; + 1 00
= n elez-neq~
In particular Q 0 > 0. In order to check (53) recall that

2041
4

YE,O(QX’ (Px) = P@(Cosex)s

where (6,, ¢,) are the angular coordinates of the point x € S?; then, letting o be the north
pole of the sphere, we have

20 1 20, +1
/ N 1+ Py ((x, )+, + qu x,y))dxdy
S$2xS§?
f /2£ +1
=4r x 0 x 0
SZ
[2¢
_471/2 1+ Py, (cosBy)--
S

As a consequence, from (51) we can write

Pg (cosBy)dx _4ng

(54) Valr(/wT(u)[q])):4’”%lflﬁ‘)z‘p“‘)2 3 kzl...eq(T)<ﬁ %4:1)52 o,
010 by=0 i=1

where

(55) Kooty 1= [ €O =9Ct =) -Coy o =) de s

Note that

2
kél,...,éq (T)= E[(./[‘O - agl’o(t) - -a@q,()(l‘) dl‘) ]

In order to study the asymptotic behavior, as T — +oo, of (54) we will need the following
result whose proof is given in the Appendix.

LEMMA 4.11. Let{y, ..., ¢, be such that By, +F By, <1, then
k T Cr. (0)---Cy (O
(56) lim bt ¢,(0) ¢, (0) .
T—o00 72 But4h) = (1= (Bg, + -+ + Be, )2 = (Be, + -+ + Be,)
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and if e, + -+ B, = 1

key..e,(T)

=2 ,
T—oo TlogT Ca ()€, 0

On the contrary, let £y, ..., L, be such that B¢, + --- + ﬁgq > 1, then

T
(57) TLGECH)

T—o00

—+00
= [ cu@Cu@--C @ dr,

Recall (54).

PROPOSITION 4.12. Letq = 3.1f qBe < 1 and B¢+ < Bo then

I Var(Mr (u)[q])
m ———F
T—00 T2—49Bp

4w H, 1(u)2q1§(u)2 (q ) 0---0
C (0 ;
g\ = gBe)2—qb) ,, KZZEGI EIV u 0 )9

on the other hand, if gB¢x < 1 and Box > Po then
im Var(Mr w)lg])  Hy—1(u)*¢u)? Co(0)?
T—oo T2 (4m)a72q! (1 -qBo)(2—qpo)’
If qBex = 1 and Bex < o then

- Var(Mr@lgl) 87 Hy—1 ()¢ (u)? a /2 oo
Tll_)mOO TlogT - q! Z ) 1:1_[1 Cz 0) )G e,

A ,lz,...,ﬁq el

if gBe» = 1 and B > Po then

iy YArMr@IgD _ Hy-1 (0% )? Co(0)

T—o0 T2k O (GmaT2q! (1 —qBo)2—qPo)
On the other hand, if qB¢x > 1 and qfo > 1, then

5 Var(Mrw)lg) ,
im ———— = =5~
T—00 T q

Am H.,_ 2 2 o0 q
sé:: wH, I;L‘t) ¢ (u) 3 €1 Zq/ (1_[ / Cg (‘r)) dr;
: £1,82,....,44=0 =1

moreover if gBex > 1 and qfo =1, then
i YarMr gD _ Hy-1(0)%¢ )?
T—ooc  TlogT T (4m)i—2q!
finally if gBe¢» > 1 and qBy < 1, then
iy YArMr@lgD _ Hy-1 ()% )? Co(0)?
im = .
Tooo  T2-4P @m)a2g1 (1 qPo)2 — qfo)

where

2Co(0)%;

In order to prove Proposition 4.12 we will also need the following technical results; the
proofs of Lemma 4.13 and Lemma 4.14 are postponed to the Appendix Section 5.5, the proofs
of the remaining lemmas are very similar and we omit the details.
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LEMMA 4.13. Let e, M > 0 be as in (36). If there is at least one index j € {1,...,q}
such that Bg; = 1 we have for T > max(1, M),

key..e,(T)
T

<2C¢,(0)...Cp (O)| M 1 ( et )q
< 2 ) Zq( )( + qmin(ﬂo,ﬂe*) (1 +M)min(;30,/3p) )

LEMMA 4.14. Lete, M > 0 be as in (36) and qB¢p < 1.
o forty,..., by €I”, Be; < 1 for every j and T > max(l, M) we have

k T 1=4Bp
ko6 T) )fzczl(O)...Czq(O)(MJr(8+1)q(1+l) ! )

T2 4ber 1 —qpe M
o For (£y,...,4y) ¢ (I*)1,£;>1, ﬁgj < 1 forevery j and T > max(1, M, T,,)
key..e,(T)
2By
<2C¢(0)...Ce,(0)

1[3(**+(q71),8@*<1

» (M n (e+ 1)
—(Be»+ (g — D) + 1

+2(e + DIm(Be) g +(g—1) =1
(e + 1) < 1 )ﬁw“‘f‘”f’”‘l

LEMMA 4.15. Lete, M > 0 be as in (36) and qB¢p = 1.

1\ ~Bert@—Dpp)+1
1+—)
(1+5

lﬂz**+(q1)ﬂz*>1>'

o forty,..., by €l”, ﬁgj <1 forevery j and T > max(1, M, e)
key..e,(T)

TlogT
o For (£1,...,4y) € (T, € > 1, By; <1 forevery jand T > max(l, M, e)

k(]...ﬁq(T) —(Bprx+(g—1
Lt L 220, (0) - Co, (0)( M 1‘1/1 et a=Dbe) g )
L 22040 z,,()( e+ [ (1) :

<2Cy(0)--- Cq, (0)(M +log(e + 1)).

LEMMA 4.16. Lete, M > 0 be as in (36) and qB¢ > 1. Then for T > max(1, M)

keyeyee, (T) (I+M) l+e \4
T 52C’“(O)'”C’Z"(O)(M+qﬂew—1((1+M)'3€*) )

Jorany £y, ..., Ly suchthat By; <1,€; >1 forevery j.

LEMMA 4.17. Lete, M > O0beasin(36),andsetU :=U({y,...,Ly) ={j€{l,...,q}:
;=0 1If B < Bo
key...ty_40..0(T) 2T Cy, (0) -+ Cy, 4, (0)Co(0)*Y

x (M+(8+1)q/ (1+|t|)_((q_1)ﬂ“*+’3°)dt>,
M.T]

otherwise if Box > Po

key...ty40..0(T) < 2T Cy (0) -+ Cp,_yy (0)Co(0)*V (M + (e + 1)1 /[ y T](l +r]) "% dr).
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We are now in the position to prove Proposition 4.12.

PROOF OF PROPOSITION 4.12. Note first that

& 20; + 1
(58) > (H -

since the following estimate (see [27], Section 4.2.1):
20 1)(2¢ .- 2¢,_ 1
(59) g£e§(1+)(2+)(ql+)
1'tq (4m)472(2¢, + 1)

and (4) hold. Now, assume gfB,+ < 1 and By« < Bp and recall equation (54). Let J :=
{(€1,...,£y) : thereis at least one index j € {1,...q} suchthat {; = 0}. Then, thanks to
Lemma 4.17, we can apply dominated convergence theorem and then Lemma 4.11 to get

. key..0,(T) 2¢; +1
lim Z T2 Z],Bp 1_[ f]fz g

Ce, <0))g}2;1;9@q < +o0,

T=00 4. ted
(60) 0 if Bex < Po,
— Ce, (0)---Cy (0) 20; + 1 ) .
) PrYcI (H ) Goyie, it Bee = Bo.
tye@ing 1= aPe)2 =)

Now, thanks to Lemma 4.13, Lemma 4.14, Lemma 4.17 and (58) together with Lemma 4.11
we have

. k[ﬂz ﬁq(T) 2£ +1
Tli»moo(el ;e(z*)q T2—qB¢* 1_[ 5152 Ly
..... .
. keey, (T) 20; +1
oy :<z gem)q L ST l_[ Gy q
Lyeees q

_ Cgl(O)-ung(O) 20; + 1
SRR I s iy vy (H ) biz-ty

1,y L )e(I*)q
Analogously
keyoyee, (T) 2£ +1
(62) im Y D ]‘[ G0 —o,
T_)OO(KI,‘..,Eq)¢(I*)q T (’Bél ﬂlq 10yl

Le us check (62). We have
keyeye, (T)

: 26+ 1) oo

lim Z T2 qﬂp <l_[ ) (31(32..,5(]
(L1.€2,....0g)¢T":
Beyt+t+Bey <1,€,>1

_ 3 lim keyeye, (T)
- 2—(Bey ++++Bey)
T
bl r— T e
5Z1+...+’3£q<1’£j21 C@ 0)-- Cg 0)

=, +ﬂgq))(2 B, P,

TZ—(/Sll'i‘""i‘ﬂlq) 4q 20; _|_ 1
x —zm— L1 Gtrigty =0-
i=1

| S ——
—0
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Analogously
keyeyeo, (T) [ 2
fim 2 e H ae;
T2 qB Box 4152 -l
e (€1,L2,....L4)¢T*: Tk i=1 477 !
Bey++Bey=1,£>1
and finally

ket (T)( 4 )
lim ) 1"[,/ -
2—qBy* @1@2 Ly
e (1,02,....04)¢T*: r=an i=1 47

Bey+t+Bey > 1.€>1

so that (62) is proved.
_ On the other hand, if we assume gBo > 1 and gB¢ > 1, then obviously gB¢ > 1 for all £ €
N, and B¢, +---+ ,8@q > 1forall £1,...,£,; € N. Then, thanks to Lemma 4.11, Lemma 4.13,
Lemma 4.16 and Lemma 4.17,
Var(Mr(u)lq])) - . keyeyee (T) (120 +1

= > — = 1_[ Geyiy--t,

lim 4w lim
A7

T—o00 T Gl EqZOT—>oo T

> +oo (420 4+ 1
0---0
=ar > At | (]‘[‘/ ocu ) dr,
£1,02,...,84=0 % \i=l

which concludes the proof. In particular, we have proved that the series on the right hand side
of the previous formula converges. The remaining cases can be treated analogously. [J

5. Proofs of the main results.

5.1. Proof of Theorem 2.2. PROOF. Recall (33). Assume first that u # 0 and By <
min(28+, 1). For the first chaotic projection, since Sy < 1, from Lemma 4.2 we have
. Var(Mr(u)[1]) 2¢ (u)*Co(0)
(63) lim = .
T—o00 T2Fo (1= Bo)(2 — po)
Let Q € {2, 3, ...} be such that

OB¢ > 1.
For g € {2,3,..., Q — 1} we have, from Proposition 4.5 and Proposition 4.12, since By <
2B¢x,
6 . Qf Var(Mr(u)lg]) Qf i YarMrlg)) _
T—o0 i T2—Po o = T—o0 T2—Fo T

Let us now prove that

X Var(Mr (u)lq])

Recall (54); thanks to (59) we can write for any ¢4, ...,£¢, >0
4t Hy—y (u)*¢ (u)? <1_[ 20; + 1)
e
q!

(4m)2Hy 1 (w)?pw)? (20 +1\ .
< o ]:[1 o =:1by (L1, ..., 0 u).
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For ¢ > O we have of course gffy» > 1. Let ¢, M > 0 be as in (36). From Lemma 4.16 we
have for T > max(1, M)

key,....e,(T)
> bq(e],...,eq;u)T_qﬁo
@1,@2,...,@,121
ﬂgl,...,ﬂgq<1
ke, ..., (T)
< by (ly, ... 0y u)——4 -~
— Z q( 1 s g M) T
@1,52 ..... Zqzl
ﬂ[l ..... ﬂzq<1
1+ M) 1+e¢ q
(66) =2 by(h. ... Ly 0)Ce, (0) -~ C (0)<M+ ( ))
61,€2§€q>1 ! 1 1 ! qBe — 1\ (1 + M)Pe
,Bgl ,,,,, ﬂ4q<l
(1+M) 1+ \¢
<2 bo(ly,...,85;u)C¢,(0)---Cy (0)(M+ ( ))
el,gzgngo ! ! 1 ! qBer — 1\ (1 + M)Pe

:2(47T)2Hq1'(u)2¢(u)2 <M+ (1 +M)< I+ >Q)
q! qBer — 1\ (1 + M)Per

recalling (8). The following estimate holds (see, e.g., [15], Proposition 3): for every g > 0
andx e R

—x2 -
e /4Hq(x)|fc\/;q /12

hence the series whose term is the right hand side of (66) is finite, that is,

X Hyo1(w)?¢(u)? (I+M)[ 1+4e 4
g—1
o 2 (s+ 9Be- — 1 <(1 = MW) ) <+

as soon as M is sufficiently large. Repeating the same argument as for (66), using Lemma 4.13
and Lemma 4.17, and thanks to (67), we can apply dominated convergence theorem and then
Proposition 4.5 and Proposition 4.12 to get

. X VarMrw)lgl) X VarMrw)ig))
lim X:Q —m = Z:Q Tll)moo — 7R - 0,
= q:

T— 00

which is (65). Putting together (63), (64) and (65) we finally find that

iy YArMr@) _ 26@)’Co0)  _
im = =: Ko(u).
T—o0 T2=Bo (1 - ,80)(2 - :80)

Note that, if u =0, then M7 (1)[2] = 0 and the sufficient condition in order to have (65) is
Bo < min(3 8+, 1).

This implies that, if either u % 0 and By < min(28¢+, 1) or u = 0 and By < min(38¢+, 1),
then

My (u)[1]
VKow)T1—Po/2
Consequently, since My (u)[1] is Gaussian for any 7' > 0, it is clear that the asymptotic
distribution of M7 (u) is standard Gaussian. [J

My @) =

+op(1).
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5.2. Proof of Theorem 2.7. 'We will need the following well-known result.

THEOREM 5.1 ([13,38]). Let&(t), t € R, be a real measurable mean-square continuous
stationary Gaussian process with mean E[£(t)] and covariance function p(t —s) = p(|t —
s]) = Cov(&(2), £(s)). Moreover, assume that

(68) pt—sy= LIS o< p <1,
|t —s|P

where L is a slowly varying function. Let F : R — R be a Borel function such that
E[F(N)?] < 400, where N is a standard Gaussian random variable. Then it is a well-known
fact that can be expanded as follows

. b
F(€)=Zk—fHk(€) Wherebk=/RF($)H1<($)¢($)CI$-
k=0 "

Assume there exists an integer r, the so-called Hermitian rank, such that bo =b; = --- =
br—1=0and b, #0. Then, if € (0, 1/r), we have that the finite-dimensional distributions
of the random process

1

Xr(s) = T1=Br2L(T)]2

/OTS[F(E(t)) —boldr, O<s<I,

converge weakly, as T — 00, to the ones of the Rosenblatt process of order r, that is

br/ Mt [ W(dhy)--- W(dA,) <1
=s5s=1,

X =— t,
p(s) U@y i oA A A |AR/2

where W is a complex Gaussian white noise.

PROOF OF THEOREM 2.7. Recall that u # 0 and 28y« < min(8p, 1). From Lemma 4.2
we have

lim Var(Mr)[1]) 0
T— 00 T2_2/8[* -
Moreover, thanks to Proposition 4.12, as for the proof of Theorem 2.2 (in particular (65)), we
have, as T — +o00,

 Yyea VarMr w)lg))
lim =0,
T—00 T2—2ﬁp
so that, recalling also Proposition 4.5,
Mr@w)  Mrw)[2]
(69) Tl_:BZ* - Tl_ﬂf* +0P(1)'
Moreover, since in L2(2) we have the following equality:
(70) Mr@R1=225" Y [ Halawn @) dr,
2 [ Tom=e’0
=0m=
it holds that
Mrw[2] 1 o h@w (T
(71) TT=Be = 71w Z Z 5 /0 Hy(apm(1))dt + op(1).

LeT* m=—L
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Indeed, arguing exactly as in the Proposition 4.5, we have that

Mo u)[2 1 LU
lim E[( TTl(—L;)Z[] TP > Z Z(M)/ Hy(ag,m (1)) dt) }

T—o00 el m

Ja(u)? )
L Z(zzﬂ)/ f Colt — )2 dids =0
T—> 2T Box P

From (69) and (71), in order to understand the asymptotic distribution of M7 (1), it suffices
to investigate the leading term on the right hand side of (71). Recall Condition 1.3, for £ € Z*
we have that

G(7)
(1 +[z])Pe”
where in particular G, is a slowly varying function. Hence, setting £(t) = ag , (¢), we auto-
matically have that p = p, = C¢, L = Ly = G4 and, as a consequence, that

Ce(r) =

1 T Ja(w) d_ )
4,m 2 2
X727 = H H)dt — ————X,,.8, asT — oo,
T C((O)Tl_ﬁl* ‘/ 2 2(aZ,m( )) 2a(,3p) m,ﬂg
forall m = —¢, ..., ¢, where, for each m, X,,,,. is a standard Rosenblatt random variable

(16) of parameter B,~. Moreover, since the X ?’m are all independent for each 7' we have that

~ 1= Jo H Ha(ag (1) dt
Mro = \/Var(MT( 2) ;*C‘(O) Z coori-p oD
d (Dw)? (2£+ 1)C(0) >—1/2 S A()
4 (% LT poa-25m) 20O 2 qain

Ce(0)
Xm ﬂ * 3
"R

where

e s 200+ DCHO)
vi=aer L i g 280

and the proof is concluded. [J

5.3. Proof of Theorem 2.9. First of all assume that 38y« < min(1, Bp). Since we are in
the case where u = 0, we have that all even chaotic projections vanish and hence that

Var(Mr) = Var(Mr[1]) + Var(M7[3]) + ) Var(Mr[2q + 1]),
q=>2

where we used the notation M7 (0) =: M7. As a consequence, as in the proof of Theo-
rem 2.2, we have

i Var(Mr)

Tooo T2—3her
— lim Var(Mr[1]) lim Var(Mr[3]) Z lim Var(Mr[2q + 11)
[ T2—3Bex T—oo T2 3B T— o0 T2—3Bex

q>2
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Now,

i YarMer(l)
o TR

while from Proposition 4.12 we know that

. Var(Mr[3]) 2 2t + 1 000
1 S T C,. (0
R T 7 TG R Bt A 6O) )9eit0s
=: K3.
Moreover

[ D VarMr(2g + 1)
TLOO T2 Bﬁl*

which of course implies that
_ Mr@)3)
/K3T1—%ﬁz*

as claimed.

5.4. Proof of Theorem 2.12. The result below is just [31], Theorem 6.3.1, restated for
our framework as a lemma. Recall the definition of cumulants for a random variable [23],
Section 4.3.

LEMMA 5.2. Assume that the functional My @) in (13) satisfies the following condi-
tions:

(a) For each q > 1 Var(/\/lr(u)[q]) — a ,as T — oo and for some aq >0;

(b) o2: g= 10 < +o00;
(¢) Foreachq >?2, Cum4(/\/lT(u)[q )— 0, as T — 00;
(d) limgp_, o supz- Z —0+1 Var(/\/lT(u)[q]) =

Then Mr(u) 5 Z,as T — oo, where Z ~ N(0, 62).
We will use Lemma 5.2 to prove Theorem 2.12. Let us first focus on Condition (c).

PROPOSITION 5.3. Assume By = 1. If either u # 0 and 2B« > 1 oru =0 and 3Bp+ > 1
we have

MT(M)[q] —d> Z asT — oo,

where Z ~ N (0, O'qZ) is a Gaussian random variable whose variance is given by

2
2._ S 0
o, = Z e[ +00),

where the sequence {s,%, k > 1} is defined in Theorem 2.12.

REMARK 5.4. Note that some of the chaoses might converge to a degenerate Gaussian
(that is, with zero expected value and variance).
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PROOF OF PROPOSITION 5.3. It suffices to check [31], Theorem 5.2.7, that the fourth
cumulant goes to zero as T — 400, that is,

dim Cumy (M7 )[g]) =0

Recall (26). For any 1 <o < g — 1, we have (see, e.g., [23], Section 4.3, in particular Sec-
tion 4.3.1)

Cum4</ / Z(x t) dxdt)

2/ / dxiydxydx3dxsdt;dtr dt; diy
[0,T]4 g2)4

x Cum(Hy (Z(x1, 1)), Hy(Z(x2, 12))Hy (Z (x3, 13)) Hy (Z (x4, 14)))
<c E[Z(x1, 1) Z(xa, 02)]|9 % |E[Z (x2, 1) Z (x3, :3)]|*
<[ fo JELZ61 002G, )]l B2 2o 1)

X |E[Z(X3, 13)Z (x4, t4)]|q_a|E[Z(X4, 1) Z(x1, l‘])]}a dxi1dxydxsdxsdt) dty dts diy.

For x, y positive numbers, it holds that
ozyﬁ < x(x+ﬁ + ya—i—ﬁ’

as a consequence,
Cum4</ / Z(x 1))dx dt)

< fo JELZG1 0 Z G, )]l B2 ) Z s, )]

X |E[Z(X3, 13)Z (x4, t4)]|q dxi1dxydxsdxadty ... dty

- L ({1, x2), 1 = 1) [T |0 ((x2, x3), 13 = 1) [*
C/[O,T]élf(gzyt{ (1 x2), 2 = 1) [7%| 0 (02, x3). 13 = 1)

X |F(<X3, X4), 14 — t3)|q dxidxydxzdxadty... dty
< T/ / r . x2), 9—a 4 f r ). “y
<c (S2)4 [—T,T]| ((x1,x2), 51)| 1 [_T’T]| ((x2, x3), 52)|* ds2

x/ T ((x3, xa), 53)| ds3 dx1 dxp dx3 dxs
[—T.T]

(2¢+ 1) Ce(sp) |4 2¢+1) Ce(s2)|*
=¢ /TTZ 'C(O) /TT]KO E(O)‘

Ce(0)
X@e+1) s3) |4
/ T.7] Z 4 CZ(O)' Ce(0)

where for the last 1nequa11ty we used Jensen inequality, recalling (8). Fork =1, ...,qg —1 we
have that, as T — +oo

20+ 1
/ ( + )Ce(O)
TT]z -0

whereas for k = g (since gfepx > 1)

(2£+ 1) Ce(m)|7
/TT]e > Z(O)‘Cg(O) dr=0(Q).

dsy

dss,

k
dt = O(T" e (14 14,1 log T))

Ce(0)




NON-UNIVERSAL FLUCTUATIONS ON §2 x R 2341

Hence, as T — +o0,

Cum4< / / (Z(x,1) dxdt) O(T?79P¢ (14 8(,_gp,. 102 T) (1 + 845, log T)).

From Proposition 4.12 we know that Var(Mr (1)) ~ T Z,j;"f s,% thus as T — +o0

Cum4( Mr@lql

—O(T" %P (1 +1¢y_oyg.—1108 T)(1 +1yg,.—1log T
Var(.MT(u))) ( (1 + 1wt log (1 + 1ypo—i log 7))

so that

lim Cumy (

T— 00

Mz @)lq] > 0
Var(M,(T)lq])
and the proof is concluded. [l

We are now in the position to prove Theorem 2.12.

PROOF OF THEOREM 2.12. Here we have 8y = 1. From Lemma 4.2 and Condition 1.3
we know that
Var(M 1 +0o0
fim ~YAMr@Uh ¢(u)2/ Co(t)dt > 0.
T—o0 T —00
Assume first that u # 0 and 28+ > 1, then, using Propositions 4.5 and 4.12 we have that

b ) &
VarMr (02D _ w7007 S 00 4 1y,

£=0

lim
T—o0 T 2

and for g > 3, since of course g8 > 1,
. Var(Mrw)lgD) — ,
m ———— =g,
T—o0 T 4

where we recall that

AmHy 1 (u)’pm)® & /2@ +1
2= T H, 15:) ¢ (u) g eq / Ce, (1)Cey (1) - Cy, (T) dT.

L1,82,....,£4=0

As in the proof of (65), thanks to dominated convergence theorem, we can write

y Var(Mru)) . Var(Mru)[1]) . Var(Mr(uw)[2])
m ——=lim ———— =+ lim ———M——
T—00 T T—00 T T—00 T
Var(M7(u)[q])
+ qgg T—00 T

u? 2
—¢(u)/ Co(r)dr + ¢>2() Z(2£+1)Fe+2s

q=3
Now assume that # = 0 and 38+ > 1, then analogously

lim Var(Mr (u)) — lim Var(Mr (u)[1]) +3 lim Var(Mr (u)[2qg + 1])
T T T—o00 T

T—o0 T—o0
q=1

+00
— ¢(u)2/_ Co()dT+ ) 53,41

q>1



2342 D. MARINUCCI, M. ROSSI AND A. VIDOTTO

In order to prove convergence in distribution to a Gaussian random variable, we are going
to check the four conditions of Lemma 5.2. Conditions (a) and (b) are verified thanks to
Theorem 2.12 and Proposition 4.12. Condition (¢) of Lemma 5.2 is immediately verified by
Proposition 5.3, thanks to the fourth moment theorem [33], Theorem 1. Let us now check
Condition (d). Recall that

¢(u)2/ Co(t)dt > 0.
R
Fix & > 0 such that
¢(u)2/ Co(t)dt —e > 0.
R

Then we have for some 7, > 0
Vi 1
w > ¢(u)2/ Co(t)dt — ¢,
R

for every T > T,. Hence

Var(M
su g~ YarMr Wlg)) < SUPr~T, ﬁQw

ron g VaMr(0) © @2 Co(mydr —e

as Q0 — oo. As a consequence, Condition (d) of Lemma 5.2 is satisfied and the proof is
concluded. [

— 0,

5.5. Proof of Proposition 3.1. PROOF. From Theorem 2.7 we have
\Y/ 2 2
(72) lim ar(Mr @) _ u¢(u)
T—oo  T22P — 2(1—2Bp)(1 - Bpr)
Let us study the variance of mr. ¢+ (1).

W (u/op)? / Cer(t = 9)°
202 22x10,72 Cex(0)?

(2€* + 1)Ce=(0)%.

Var(mr.p=(u)) = Pg*((x,y))zdx dydtds

up (u/op)? (Un)’ Cett=9)”
=73 " s—dtds
20 0,712 2¢* +1 Cy+(0)
_ M2¢(M/0£*)22T/ (47)? (1 B i) Cex(7)? .
202 (0,71 20* + 1 T)Cn(0)2

From Proposition 4.4

T Tl 1y, 02
A 7225, /o (1 - ?)Cﬁ*(’) = T By —2Be)

so that

. Var(mr.e(w))  u’p(ujop)? (4m)? 1
(73) lim : = .
T—oo T2 2P 205 20+ 1(1—Be)(1—2Be)

Let us now compute the covariance between M7 (u) and mr.¢«(u): by orthogonality of
Wiener chaoses

Cov(Myz(u), mr.g(u))
= Cov(M7 u)[2], mr;e=(u))
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JZ(H)JZ(J) [ Zi, (3, 9)
/[() T)? v/SZXSZ L Z(Z(X’ t))H2<7>i| dx dy dtds

Oyx

Jz(u)Jz(—*) Zow 2
el / / Z(x,t)M} dx dydt ds
[0,71? JS2xS? oy

*

Jz(u)fz(m r Ze 2
=7‘/ / E Zg*(x,t)m] dxdydtds
(0,712 Js2xs? oe,

Jz(u)Jz(a* 5

o /[0 e /éz " Cp(t —s) ( ) Pps({x,y)) dxdydtds
> X
= _— «(f —§ tdas.
202 orp
As before

Cov(M ST Jo(u) (S Cx(0)2

= ofh (1= PBe)(1—2B¢)

Plugging (72) and (73) into (74) we get
Cov(My (u), mr,ex(u))
e V' Var(Mr (u)) Var(mr, e*(u))

11m Corr(MT(u) mr.e (1)) =
that concludes the proof. [J

APPENDIX: PROOFS OF TECHNICAL LEMMAS
From Remark 4.3

/ Co(t —s)*dtds =2T (1 — 1>C5(‘L’)2d‘[
(0,72 [0.7] T
(75) §2T< f Co()2dr + f Cg(‘l,')zd‘[>
[0,M] [M,T]
< 2TCg(0)2(M + (e + 1)2/ 25 (r)zdt>.
(M.7)

PROOF OF LEMMA 4.4. If B, € (1/2,1] then from Remark 4.3, thanks to dominated
convergence theorem,
lim Ci(t —s)dtds = lim T( e I)Cg(r)zdr—/ Ce(v)*dr.
T—oo T J0,T]? T—ooJ_T
Now assume that 28, < 1 and recall Condition 1.3, then as in Remark 4.3 and the proof of
Lemma 4.2 we fix € > 0 and we know there exists M > 0 such that, for t > M,
Go(7)
Ce(0)

sup‘ - 1‘ <e€
(as in (36)), so that

/[O - Ci(t —s)dtds

T
:2T/0 (1 . %)cg(r)dr
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M T
=2T/ (1 - %)Cg(t)dt—irZT/ (1 - %)Cg(t)dt.

(76)
—0(1)+2T/ C2(t)dt + 2T Ce(0) / (1-—)(38 )2(1+r)_2’3‘dr
serc [5G oo

+2TCy(0)2 /T<1 _ 1)(1 + 1) 2PBege
M T '

For the second and the last summands of (76) it is straightforward to check that

. 2T Cy(0) T 260 Ce(0)?
Am 725, /M( )(1“) =T po 28

On the other hand, for the third and the fourth summands

_2rC,) (7 Ge® oL ap
_ATCu0) [T/ T\ [G(D) g

Indeed, we have that

_ 2T Ce(0) T( )(Gz(f) )2 =
limsup ——— 1——= 1+1) *Pedr
T—>+£ T2-28c Jy Ce(0) ( )

2C¢(0 4C,(0
Sszlimsup 16(2 )/ (1_|_T)—2/3e dt 582 ¢(0) ’
T—+oo T2t Ju 1- 28

and likewise

lim sup

4T Cy(0 T T Go(t 8C,(0
T—+o00 M

T2-2h; C.(0) = 1=28

and (77) follows, & being arbitrary. When 28, = 1, then one can prove using the same argu-
ments that

Ci(t —s)drds =2C;(0)?

lim
T—oo T logT Jio, 712

and the proof of the lemma is concluded. [

PROOF OF LEMMA 4.7. For 8y =1 from (75) we have, for T > max(1, M),
1

— Co(t — )2 dtd
T Jorp ¢(t —s) s

< 2Ce(0)2(M Fet1)? f[ o (r)zdr) < 2cg<0)2(M F(e+1) /R 21 (r)zdr)

(e + 1)2>
a—1 )
where we used the fact that |g1(7)| < 1 forevery T € R, see (10). U

§2Cg(0)2(M—|-(8+ 1)2/R|g1(r)1dr) :2Cg(0)2<M+2
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PROOF OF LEMMA 4.8. Let us start with (45). For £ € Z*, B, < 1 we have

1 2
m/{O,T]z C((t—S) dtds
e [ ar)
< M 1 1 P g
= 128, +(E+1) [M’T]( +7) T
2C¢(0)? (e + 1) 2B Y
= i (M4 S T e
2C(0)? ( (e+1)? L,
M+———" (1+T ﬁz*“)
(e+1)? 1\ 2Pt
<2Cy(0 Z(M 7(1 —) )
<2C¢(0) +_2132*+1 +M

where for the last inequality we recall that T > max(1, M). Let us now prove (46). From
(75),for £ ¢ 7*, £ > 1 and B¢ < 1,

2
ﬁfwﬂz Celt —5)*dtds < %(Wr (e + 1>2/[M’T](1 + 1) e dr).
Now for 2[3[“ =1 we have
;/ (1+ 1)~ 2 dv < 2m(Be)
Tlizﬂﬁ* [M,T] — * )

while for 28+ < 1 we have

;‘/ (1 + T)—Zﬂ(** d‘[ < ;(1 n i)—zﬁ(&*—Fl
TI_Z.BZ* [M,T] - _2,36" +1 M

’

otherwise

1 Y 1 1 2Bpxx—1
e (4D s ,
T1=2Be Jim, 1y 2B —1I\1+M

which concludes the proof. [

Let us write

T
ke, o, (T) =2T m}(l - 2)Cu -Gt

T
(79) =2T(/[O M](l - ?)czl<r)...cgq(f)df

1-L)c Co () d
+ [M?T]( —?) 0 (1) zq(f) r).

PROOF OF LEMMA 4.13. The proof is similar to the proof of Lemma 4.7. Assume that
there is at least one index j € {1, ..., g} such that ,ng =1L LetU:=Uy,....¢) ={j €
{1,...,q} :,ng = 1}. We have, from (79), for T > max(1, M),

ke, (T
AIEVACRN 2C4,(0)...Cy (0)(M—|—(8+ 1)‘1f (1 +r)‘#U“‘(ﬂ“'”ﬂfq‘#U)dr)
T 1 [M.T]

<2C¢,(0)...Cq, (0) (M +(e+1)4 / (1 + 7) *Ue—(@—#U) min(Bo. Br+) dt)
[M,T]
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(e + 1)1
(g —#U) min(fo, Be+) +#Ua — 1

1 (g—#U) min(Bo, Bpx)+#Ua—1
X J——
(750 )

< 2C@1(0)...C@q(0)<M+

1
g min(Bo, Be+) +#U (@ —min(Bo, Be+)) — 1

e+1 q 1 #U (@—min(Bo. B¢))—1
X - .
((1 +M)mm<ﬂo’ﬂe*)) (1 +M) )

For a > 2 we have #U (o« — min(Bg, B¢+)) — 1 > 0 hence

key..e,(T) 1 et1 !
g <2000 O(M+ s () )

which concludes the proof. [J

< 2Cgl(0)...ng(0)<M+

PROOF OF LEMMA 4.11.  This proof is similar to the one of Lemma 4.4. Consider &, M >
0 as in (36). Then, using Remark 4.3, we have

Keytyont, (T) = f[o Gl =)Ci =) Co, (=) dids

M
(80) - ZT/O (1 - %)C@l(‘[)cb(‘[) - Ce, (1) dT

T
Now assume that B¢, + - - + B¢ , < 1. For the first summand on the right hand side of (80)
we have

+2T /MT(I ‘ )C@, (1)Cy (1) - Cy, (T d.

2

) M T
Jim ey |, (1) a0 c @l

<1 2C£1(0)-~C£q(0)
O G B TRESRE )

M =0.

For the second summand on the right hand side of (80) we write

/T<1 - %)cgl(r)cgz(f) Gy (D)

M

=C, (0)--- Cp, (0) /MT (1 B %>(1 4 1)~ Beytotheg)

q x '

G ! G (t

XZ Z ( Z1(T)_1> ( Zq()_l)da

k=1 kj+-+hy=k Cr, (0) Cy,(0)
ki,....kg€{0,1}

(81)

T
£Ca) - CoO [ (12 )4t g
M T

For the first term on the right hand side of the previous equality it holds that

m Czll ©)---Co, ® /T<1 — 1)(1 + 1)~ By ttbey)
T— 00 T _(ﬂ(1+"'+ﬁlq) M T

(82)
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q G k1 G T k,

DD (—“(7)—1> ( Zq()—1>qclf=0.

k=1 ky+-+ky=k Ce, (0) Cy, (0)
ki,...okq €40, 1)

Let us prove (82). Actually, for t > M we have

Sy (G ) (G )
k=1 kj+-+ky=k Cr, (0) Cy,(0)
ki,....kge{0,1}

< (1)

1

and (82) follows, € being arbitrary. On the other hand, for the second summand on the right
hand side of (81),

. CE] (0) t ng (O) T T —(Be, ++Be,)
Tlimoo Tl—(ﬂ€1+"'+.3(q) /M (1 B ?)(1 +7) 1 v

_ C, (0)---Cy, (0)
T =By A B2 Be, -+ Be)
Analogously, if B¢, + -+ B¢, =1

. key..0,(T)
T—oo TlogT

=2C¢, (0) -+ Cy, (0).

Otherwise, if B¢, + -+ + B¢ . > 1, it immediately follows from equation (80) that, as T —
+00,

ko, T =2T [ T e @CH @) €y, (@ dT + 00,
Note that the limiting constant
[ ca@Cu@-c @
in (57) is finite (see the proof of Proposition 4.12). [J
PROOF OF LEMMA 4.14. The proof is similar to the proof of Lemma 4.8. For

Ly,.... Ly €I%, ﬂgj < 1forevery j and T > max(1, M), from (79), we have

key..e,(T) - 2C(0)...Cr (0)
T2—-9Bp — T 1-qB¢
(e + 1) ( 1 )1—4ﬂe*>
<2Cy,(0)...Co (O)| M 1+ — .
<201, (0).... Cy,( )( (14
Finally for (¢1,...,€4) ¢ 1%, £; > 1, ,ng < 1 for every j and T > max(1, M), from (79)
(note that B¢, + - -+ Br, = Be~ + (g — 1) Ber > qPex), we have
ker..t,(T) _2C¢,(0)....Cy, (0)
T2—49Be — T 1—aBe

(M +(e+ 11 f[M T](l + 1) "9Pe dr)

(M + (e + 1)? / (1 4 1)~ BerHg=Dher) d‘r)
(M.T]

1
~(Bems g =DPpe)
gzcgl(O)...cgq(0)<M+(s+1)qm/[ (14 7)~Pemta=bPe dr).

M,T]
Now if Bp«+ + (g — 1)Ber < 1 then

1
T1-aBe

a1+ %)—(ﬁzuﬂq—l)ﬁv)ﬂ
—(Bew+ (g = DBe) +1°

/ a+ .[)—(/3@**+(q—1)/35*) dt <
[M.T] B
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if By + (@ — DBer = 1, then

1

1
1 “lar < —/ 1 “ldar <2 *),
F fyy 150 40 s [, (0 e < 2m )
where m (fB¢~) is a constant defined in Lemma 4.7. Finally if Bp 4 (¢ — 1) B¢x > 1 then

1
T1-qB¢

(M + 1)~ Bet@=Dfer=1)
B+ (g — D — 1

/ (1 + )~ BeHa=DBe) gp <
(M, T] B
and the proof is concluded. [

Funding. DM and AV acknowledge the MIUR Excellence Department Project awarded
to the Department of Mathematics, University of Rome “Tor Vergata”, CUP E§3C18000100006.
The research of MR has been supported by the INAAM-GNAMPA Project 2019 Proprieta
analitiche e geometriche di campi aleatori and the ANR-17-CE40-0008 Project Unirandom.

REFERENCES

[1] ADLER, R.J. and TAYLOR, J. E. (2007). Random Fields and Geometry. Springer Monographs in Mathe-
matics. Springer, New York. MR2319516

[2] AzAls, J.-M. and WSCHEBOR, M. (2009). Level Sets and Extrema of Random Processes and Fields. Wiley,
Hoboken, NJ. MR2478201 https://doi.org/10.1002/9780470434642

[3] BERG, C. and PORcCU, E. (2017). From Schoenberg coefficients to Schoenberg functions. Constr. Approx.
45 217-241. MR3619442 https://doi.org/10.1007/s00365-016-9323-9

[4] BERRY, M. V. (2002). Statistics of nodal lines and points in chaotic quantum billiards: Perimeter corrections,
fluctuations, curvature. J. Phys. A 35 3025-3038. MR1913853 https://doi.org/10.1088/0305-4470/35/
13/301

[5] BINGHAM, N. H. and SYMONS, T. L. (2021). Gaussian random fields on the sphere and sphere cross line.
Stochastic Process. Appl. https://doi.org/10.1016/j.spa.2019.08.007

[6] BREUER, P. and MAJOR, P. (1983). Central limit theorems for nonlinear functionals of Gaussian fields.
J. Multivariate Anal. 13 425-441. MR0716933 https://doi.org/10.1016/0047-259X(83)90019-2

[7] CAMMAROTA, V. (2019). Nodal area distribution for arithmetic random waves. Trans. Amer. Math. Soc. 372
3539-3564. MR3988618 https://doi.org/10.1090/tran/7779

[8] CAMMAROTA, V. and MARINUCCI, D. (2018). A quantitative central limit theorem for the Euler—
Poincaré characteristic of random spherical eigenfunctions. Ann. Probab. 46 3188-3228. MR3857854
https://doi.org/10.1214/17- AOP1245

[9] CAMMAROTA, V. and MARINUCCI, D. (2019). On the correlation of critical points and angular trispectrum
for random spherical harmonics. Preprint. Available at arXiv:1907.05810.

[10] CHILES, J.-P. and DELFINER, P. (2012). Geostatistics: Modeling Spatial Uncertainty, 2nd ed. Wi-
ley Series in Probability and Statistics. Wiley, Hoboken, NJ. MR2850475 https://doi.org/10.1002/
9781118136188

[11] CHRISTAKOS, G. (2005). Random Field Models in Earth Sciences. Academic Press, San Diego, CA.

[12] DEHLING, H. and TAQQU, M. S. (1989). The empirical process of some long-range dependent sequences
with an application to U-statistics. Ann. Statist. 17 1767-1783. MR1026312 https://doi.org/10.1214/
a0s/1176347394

[13] DOBRUSHIN, R. L. and MAJOR, P. (1979). Non-central limit theorems for nonlinear functionals of Gaus-
sian fields. Z. Wahrsch. Verw. Gebiete 50 27-52. MR0550122 https://doi.org/10.1007/BF00535673

[14] ESSEEN, C.-G. (1942). On the Liapounoff limit of error in the theory of probability. Ark. Mat. Astron. Fys.
28A 19. MR0011909

[15] IMKELLER, P., PEREZ-ABREU, V. and VIVES, J. (1995). Chaos expansions of double intersection local
time of Brownian motion in R and renormalization. Stochastic Process. Appl. 56 1-34. MR1324319
https://doi.org/10.1016/0304-4149(94)00041-Q

[16] IvANOV, A. V. and LEONENKO, N. N. (1989). Statistical Analysis of Random Fields. Mathematics and Its
Applications (Soviet Series) 28. Kluwer Academic, Dordrecht. MR1009786 https://doi.org/10.1007/
978-94-009-1183-3

[17] KRISHNAPUR, M., KURLBERG, P. and WIGMAN, I. (2013). Nodal length fluctuations for arithmetic ran-
dom waves. Ann. of Math. (2) 177 699-737. MR3010810 https://doi.org/10.4007/annals.2013.177.2.8


http://www.ams.org/mathscinet-getitem?mr=2319516
http://www.ams.org/mathscinet-getitem?mr=2478201
https://doi.org/10.1002/9780470434642
http://www.ams.org/mathscinet-getitem?mr=3619442
https://doi.org/10.1007/s00365-016-9323-9
http://www.ams.org/mathscinet-getitem?mr=1913853
https://doi.org/10.1088/0305-4470/35/13/301
https://doi.org/10.1016/j.spa.2019.08.007
http://www.ams.org/mathscinet-getitem?mr=0716933
https://doi.org/10.1016/0047-259X(83)90019-2
http://www.ams.org/mathscinet-getitem?mr=3988618
https://doi.org/10.1090/tran/7779
http://www.ams.org/mathscinet-getitem?mr=3857854
https://doi.org/10.1214/17-AOP1245
http://arxiv.org/abs/arXiv:1907.05810
http://www.ams.org/mathscinet-getitem?mr=2850475
https://doi.org/10.1002/9781118136188
http://www.ams.org/mathscinet-getitem?mr=1026312
https://doi.org/10.1214/aos/1176347394
http://www.ams.org/mathscinet-getitem?mr=0550122
https://doi.org/10.1007/BF00535673
http://www.ams.org/mathscinet-getitem?mr=0011909
http://www.ams.org/mathscinet-getitem?mr=1324319
https://doi.org/10.1016/0304-4149(94)00041-Q
http://www.ams.org/mathscinet-getitem?mr=1009786
https://doi.org/10.1007/978-94-009-1183-3
http://www.ams.org/mathscinet-getitem?mr=3010810
https://doi.org/10.4007/annals.2013.177.2.8
https://doi.org/10.1088/0305-4470/35/13/301
https://doi.org/10.1002/9781118136188
https://doi.org/10.1214/aos/1176347394
https://doi.org/10.1007/978-94-009-1183-3

(18]

[19]

[20]

(21]

[22]

(23]

(24]

[25]

[26]

(27]

(28]
[29]
(30]
(31]
(32]
[33]
(34]
(35]
(36]
(371
(38]

[39]

[40]
[41]

[42]

NON-UNIVERSAL FLUCTUATIONS ON §2 x R 2349

LEONENKO, N. and OLENKO, A. (2013). Tauberian and Abelian theorems for long-range dependent
random fields. Methodol. Comput. Appl. Probab. 15 715-742. MR3117624 https://doi.org/10.1007/
s11009-012-9276-9

LEONENKO, N. N. (1988). On the accuracy of the normal approximation of functionals of strongly corre-
lated Gaussian random fields. Math. Notes 43 161-171.

LEONENKO, N. N., RUIZ-MEDINA, M. D. and TAQQU, M. S. (2017). Rosenblatt distribution subordinated
to Gaussian random fields with long-range dependence. Stoch. Anal. Appl. 35 144-177. MR3581700
https://doi.org/10.1080/07362994.2016.1230723

LEONENKO, N. N., TAQQU, M. S. and TERDIK, G. H. (2018). Estimation of the covariance function
of Gaussian isotropic random fields on spheres, related Rosenblatt-type distributions and the cosmic
variance problem. Electron. J. Stat. 12 3114-3146. MR3857874 https://doi.org/10.1214/18-EJS1473

MA, C. and MALYARENKO, A. (2020). Time-varying isotropic vector random fields on compact two-
point homogeneous spaces. J. Theoret. Probab. 33 319-339. MR4064303 https://doi.org/10.1007/
$10959-018-0872-7

MARINUCCI, D. and PECCATI, G. (2011). Random Fields on the Sphere: Representation, Limit Theorems
and Cosmological Applications. London Mathematical Society Lecture Note Series 389. Cambridge
Univ. Press, Cambridge. MR2840154 https://doi.org/10.1017/CB0O9780511751677

MARINUCCI, D., PECCATI, G., ROSSI, M. and WIGMAN, I. (2016). Non-universality of nodal length distri-
bution for arithmetic random waves. Geom. Funct. Anal. 26 926-960. MR3540457 https://doi.org/10.
1007/s00039-016-0376-5

MARINUCCI, D. and RossI, M. (2015). Stein—Malliavin approximations for nonlinear functionals of ran-
dom eigenfunctions on S4. J. Funct. Anal. 268 2379-2420. MR3318653 https://doi.org/10.1016/j.jfa.
2015.02.004

MARINUCCI, D., Ross1, M. and WIGMAN, 1. (2020). The asymptotic equivalence of the sample trispec-
trum and the nodal length for random spherical harmonics. Ann. Inst. Henri Poincaré Probab. Stat. 56
374-390. MR4058991 https://doi.org/10.1214/19- AIHP964

MARINUCCI, D. and VADLAMANI, S. (2016). High-frequency asymptotics for Lipschitz—Killing curvatures
of excursion sets on the sphere. Ann. Appl. Probab. 26 462-506. MR3449324 https://doi.org/10.1214/
15-AAP1097

MARINUCCI, D. and WIGMAN, 1. (2011). On the area of excursion sets of spherical Gaussian eigenfunc-
tions. J. Math. Phys. 52 093301, 21. MR2867816 https://doi.org/10.1063/1.3624746

MARINUCCI, D. and WIGMAN, I. (2014). On nonlinear functionals of random spherical eigenfunctions.
Comm. Math. Phys. 327 849-872. MR3192051 https://doi.org/10.1007/s00220-014-1939-7

NORTH, G. R. and KM, K.-Y. (2017). Energy Balance Climate Models. Wiley, New York.

NOURDIN, I. and PECCATI, G. (2012). Normal Approximations with Malliavin Calculus: From Stein’s
Method to Universality. Cambridge Tracts in Mathematics 192. Cambridge Univ. Press, Cambridge.
MR2962301 https://doi.org/10.1017/CB09781139084659

NOURDIN, I., PECCATI, G. and ROSSI, M. (2019). Nodal statistics of planar random waves. Comm. Math.
Phys. 369 99-151. MR3959555 https://doi.org/10.1007/s00220-019-03432-5

NUALART, D. and PEccATI, G. (2005). Central limit theorems for sequences of multiple stochastic inte-
grals. Ann. Probab. 33 177-193. MR2118863 https://doi.org/10.1214/009117904000000621

PECCATI, G. and VIDOTTO, A. (2020). Gaussian random measures generated by Berry’s nodal sets. J. Stat.
Phys. 178 996-1027. MR4064212 https://doi.org/10.1007/s10955-019-02477-z

Rossi, M. (2019). Random nodal lengths and Wiener chaos. In Probabilistic Methods in Geometry,
Topology and Spectral Theory. Contemp. Math. 739 155-169. Amer. Math. Soc., Providence, RI.
MR4033918 https://doi.org/10.1090/conm/739/14898

SZEGO, G. (1975). Orthogonal Polynomials, 4th ed. Amer. Math. Soc., Providence, RI. MR0372517

TAQQU, M. S. (1974/75). Weak convergence to fractional Brownian motion and to the Rosenblatt process.
Z. Wahrsch. Verw. Gebiete 31 287-302. MR0400329 https://doi.org/10.1007/BF00532868

TAQQU, M. S. (1979). Convergence of integrated processes of arbitrary Hermite rank. Z. Wahrsch. Verw.
Gebiete 50 53-83. MR0550123 https://doi.org/10.1007/BF00535674

ToDINO, A. P. (2019). A quantitative central limit theorem for the excursion area of random spherical
harmonics over subdomains of S2. J. Math. Phys. 60 023505, 33. MR3916834 https://doi.org/10.1063/
1.5048976

VEILLETTE, M. S. and TAQQU, M. S. (2013). Properties and numerical evaluation of the Rosenblatt dis-
tribution. Bernoulli 19 982—1005. MR3079303 https://doi.org/10.3150/12-BEJ421

VIDOTTO, A. (2020). A Note on the Reduction Principle for the Nodal Length of Planar Random Waves.
Preprint. Available at arXiv:2007.04228.

WIGMAN, I. (2010). Fluctuations of the nodal length of random spherical harmonics. Comm. Math. Phys.
298 787-831. MR2670928 https://doi.org/10.1007/s00220-010-1078-8


http://www.ams.org/mathscinet-getitem?mr=3117624
https://doi.org/10.1007/s11009-012-9276-9
http://www.ams.org/mathscinet-getitem?mr=3581700
https://doi.org/10.1080/07362994.2016.1230723
http://www.ams.org/mathscinet-getitem?mr=3857874
https://doi.org/10.1214/18-EJS1473
http://www.ams.org/mathscinet-getitem?mr=4064303
https://doi.org/10.1007/s10959-018-0872-7
http://www.ams.org/mathscinet-getitem?mr=2840154
https://doi.org/10.1017/CBO9780511751677
http://www.ams.org/mathscinet-getitem?mr=3540457
https://doi.org/10.1007/s00039-016-0376-5
http://www.ams.org/mathscinet-getitem?mr=3318653
https://doi.org/10.1016/j.jfa.2015.02.004
http://www.ams.org/mathscinet-getitem?mr=4058991
https://doi.org/10.1214/19-AIHP964
http://www.ams.org/mathscinet-getitem?mr=3449324
https://doi.org/10.1214/15-AAP1097
http://www.ams.org/mathscinet-getitem?mr=2867816
https://doi.org/10.1063/1.3624746
http://www.ams.org/mathscinet-getitem?mr=3192051
https://doi.org/10.1007/s00220-014-1939-7
http://www.ams.org/mathscinet-getitem?mr=2962301
https://doi.org/10.1017/CBO9781139084659
http://www.ams.org/mathscinet-getitem?mr=3959555
https://doi.org/10.1007/s00220-019-03432-5
http://www.ams.org/mathscinet-getitem?mr=2118863
https://doi.org/10.1214/009117904000000621
http://www.ams.org/mathscinet-getitem?mr=4064212
https://doi.org/10.1007/s10955-019-02477-z
http://www.ams.org/mathscinet-getitem?mr=4033918
https://doi.org/10.1090/conm/739/14898
http://www.ams.org/mathscinet-getitem?mr=0372517
http://www.ams.org/mathscinet-getitem?mr=0400329
https://doi.org/10.1007/BF00532868
http://www.ams.org/mathscinet-getitem?mr=0550123
https://doi.org/10.1007/BF00535674
http://www.ams.org/mathscinet-getitem?mr=3916834
https://doi.org/10.1063/1.5048976
http://www.ams.org/mathscinet-getitem?mr=3079303
https://doi.org/10.3150/12-BEJ421
http://arxiv.org/abs/arXiv:2007.04228
http://www.ams.org/mathscinet-getitem?mr=2670928
https://doi.org/10.1007/s00220-010-1078-8
https://doi.org/10.1007/s11009-012-9276-9
https://doi.org/10.1007/s10959-018-0872-7
https://doi.org/10.1007/s00039-016-0376-5
https://doi.org/10.1016/j.jfa.2015.02.004
https://doi.org/10.1214/15-AAP1097
https://doi.org/10.1063/1.5048976

	Introduction
	Background and motivations
	Sphere-cross-time random ﬁelds
	Karhunen-Loève expansions
	Long and short range dependence


	Main results
	Long memory behavior
	Short memory behavior

	Outline of the paper
	Overview of the proofs
	Chaotic expansions
	Sharp asymptotics

	Discussion

	Stroock-Varadhan decompositions
	First order chaotic projections
	Second order chaotic projections
	Higher order chaotic projections

	Proofs of the main results
	Proof of Theorem 2.2
	Proof of Theorem 2.7
	Proof of Theorem 2.9
	Proof of Theorem 2.12
	Proof of Proposition 3.1

	Appendix: Proofs of technical lemmas
	Funding
	References

