The Annals of Applied Probability

2020, Vol. 30, No. 6, 2846-2879
https://doi.org/10.1214/20-AAP1575

© Institute of Mathematical Statistics, 2020

BULK EIGENVALUE FLUCTUATIONS OF SPARSE RANDOM MATRICES
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We consider a class of sparse random matrices, which includes the ad-
jacency matrix of Erd6s—Rényi graphs G(N, p) for p € [N®~1, N~¢]. We
identify the joint limiting distributions of the eigenvalues away from 0 and the
spectral edges. Our result indicates that unlike Wigner matrices, the eigen-
values of sparse matrices satisfy central limit theorems with normalization
N ./p. In addition, the eigenvalues fluctuate simultaneously: the correlation
of two eigenvalues of the same/different sign is asymptotically 1/-1. We also
prove CLTs for the eigenvalue counting function and trace of the resolvent at
mesoscopic scales.

1. Introduction and statements of results. Let .A be the adjacency matrix of a sparse
Erd6s—Rényi graph G(N, p). That is, A is a symmetric N x N matrix with independent upper
triangular entries satisfying

A= 1 with probability p,
Y710 with probability 1 — p.
Note that each row and column of A has typically Np nonzero entries, and we are interested

in the case when A is sparse; more precisely, we set p € [N ™14, N~¢] for some fixed & > 0.
It is convenient to introduce the normalized matrix

1
1.1 A= | —— A
(D Vpa—pN

so that the typical eigenvalue spacing of A is of order N~!. We also introduce the new vari-
able

q:=+Np.

In this paper, we consider random matrices of the following class; it is an easy exercise to
check that A defined in (1.1) in terms of G(N, p) satisfies the following conditions.

DEFINITION 1.1 (Sparse matrix). Fix g € (0,1/2) and set ¢ := N?. A sparse matrix is
a real symmetric N x N matrix H = H* € RV*N whose entries H; ; satisfy the following
conditions.

(i) The upper-triangular entries (H;; : 1 <i < j < N) are independent.
(ii) The off-diagonal entries (H;; :i # j) are identically distributed.
(iii) We have EH;; =0 and IEHizj =1+ 0(;))/N forall i, j.
(iv) For any k > 3, we have E|H;;|* < Cy/(Ng*=?) for all i, j.
We define the adjacency matrix A by
A=H + fee*,
where e := N~1/2(1,1,...,1)*, and f > 0.
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A special case of the above model is the Wigner matrix. Recall that Wigner matrix is an
N x N real symmetric matrix W satisfying the assumptions (i)—(iii) in Definition 1.1, and
Wijllx < |Wijll2 for all k > 3. W is the Gaussian orthogonal ensemble (GOE) if we further
assume that W;; have Gaussian distributions.

The celebrated Wigner—-Dyson—Mehta (WDM) universality conjecture asserts that the lo-
cal spectral properties of a random matrix do not depend on the explicit distribution of the
matrix entries, and they are only determined by the symmetry class of the matrix. During the
past decade, the universality conjecture for Wigner matrices has been established in a series
of papers [8—11, 24, 25] in great generality. In particular, it has been shown that for a sym-
metric Wigner matrix, the averaged n-point correlation functions and distribution of a single
eigenvalue gap coincide with those of the GOE.

The study of universality for sparse matrices was initiated in [6, 7], where the authors
proved local semicircle law on optimal scales, and established bulk universality for g > N!/3,
Later in [17], the result was extended to all ¢ > N¥. In particular, it was proved that for the
eigenvalues A; <--- <Ay of A and the eigenvalues p; <--- < uy of GOE, one has

(1.2) ZJEHOOE[JC(NQ(%)(M —Ait1) — fF(No(y) (i — piv1))] =0

whenever i € [eN, (1 —e)N]. Here f € CX°(R), o and y; are the semicircle density and its
ith N-quantile y; respectively, that is,

o(x):= %‘/(4 — x2) andN /;)Z o(x)dx =i —1/2.

Unlike the averaged n-point correlation functions and single eigenvalue gaps, the fluctua-
tions of single eigenvalues are understood much later. The single eigenvalue fluctuation was
first considered in [12] for Gaussian unitary ensembles (GUE), where the author proved that

Hi —Yi
2log N
@-y})N?

(13) 4 N, 1)

as N — oo, for all bulk eigenvalues u; of GUE. In [22], the result was extended to GOE and
a special class of Wigner matrices. Recently in [3, 19], it was showed that (1.3) remains valid
for all Wigner matrices.

In this paper, we study the single eigenvalue fluctuation of the sparse matrices. For the
remaining of this paper we replace the assumption (iv) in Definition 1.1 by

(iv)’. For any k > 3, we have E|Hij|k =1/(Ng*=2?) forall i, j,

so that H and A are strictly sparse. Let us denote

1
(1.4) §:=min{§—ﬂ,,8} > 0.
We may now state our main result.

THEOREM 1.2 (Main result). Fix 7 > 0. Let .| < Ay < --- < An be the eigenvalues of
A. Set
A —EA;

Yiy %EH142
forall i € {1,2,...,N}. We denote the index set T := ([tN,N/2 — N!=¢/11y [N/2 +
N'=¢/V7 (1 —tN)]) NN. Then for any fixed k and iy, ..., ix € L,

Xl' =

d
(15) (Xllv’Xlk)—>Nk(07j)a
where J € R¥*k is the matrix of ones, thatis, J;ij =1 forall i, j € {1,2, ..., k}.
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Forlimy_, o i/N =1/2, we have
A —EA; 4

EH142 — 0.

By assumption (iv)’, we have y[,/%EHfZ = |y,-|N_1/2_’3. Thus (1.5) implies that, when
y; is away from O, the corresponding A; fluctuates on a much larger scale than the bulk
eigenvalues of a Wigner matrix. Since the limiting covariance matrix J is the matrix of
ones, we see that all the eigenvalues fluctuate simultaneously. Note the phenomenon of the
co-existence of Theorem 1.2 and the gap universality (1.2): although the eigenvalues of A
fluctuate on large scales, the fluctuations of consecutive eigenvalues are almost identical, and
hence the fluctuations make little impact on the gap distribution.

We also remark on the fluctuation near the edge. For ¢ > N '/®, the extreme eigenvalues
of A are known to exhibit Tracy—Widom fluctuations [6, 20]. When N 19 « g <N 1/6 it
was proved in [18] that

B 2 4
(1.6) An—1— Q4+ 1/g°—5/(4q ))i>./\/'(0,1).

V2EH,

1/6

Note that
An—1 —Ein_
Xy =ML 22N 4 o (v,
2EH},

thus for N9 « g <N 176 the bulk fluctuation (1.5) exhibits exactly the same behavior
as the edge fluctuation (1.6). In fact, in both cases the fluctuations come from the sparsity
of A. We believe that the source of the edge fluctuation remains the same for small ¢, and
Theorem 1.2 can be extended to the edge for all N¢ < g <« N'/6.

We also have the following central limit theorem for the eigenvalue counting function of
A.

THEOREM 1.3. Fix t > 0. Let X(E) :=|{i : A; < E}| denote the eigenvalue counting
function of A. For E € [-2 4+ T, —N=YTU N7 2 — 1], we have

Y(E)—EX(E) 4
@ — N, 1),

]EH4 1/2
U(E) = E\/4—E2<F122> N

Forlimpy_, o0 E =0, we have

where

VN

T;{z@»—Ezum)lbo

Let F be a smooth test function independent of N. Recall that for a Wigner matrix W, the
macroscopic linear statistic Tr F (W) fluctuates on the scale 1 (see [21]), while [19] shows
2w (E) fluctuates on the scale /log N > 1. This is due to the fact that as the derivative
of the test function becomes more singular, the leading contribution of the fluctuation will
start to come from the fluctuations of individual eigenvalues, which are much larger than the
averaging fluctuation from linear statistics.
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Our observation is that for a sparse matrix, X (E) should fluctuate on the same scale as
Tr F(H). From [23] we know that Tr F'(H) fluctuates on the scale «/N/CI > J/log N. The
source of this is the fourth moment assumption E(\/N Hip)* =< N / q2 >> 1, which gives rise to
large, but simultaneous fluctuations for all eigenvalues. When we switch from continuous to a
jump test function, the result remains the same, as the source of the fluctuation is unchanged.

To study X; and X (E), the main step is obtaining good estimates for linear statistics of
Green functions at small scales. Let us define the spectral domain

D, :={E+in:[4—E*|+n=1,|E|<4 N " <pn<4).

We denote the resolvent of H by G(z) := (H — z)~!, where Imz # 0. The key step of our
proof is a result on centered moments of mesoscopic linear statistics of the Green functions
(see Proposition 3.1 below), which in particular implies the optimal estimate
1TG() 1IETG() 1-i- !
—TrG(z) — =ETrG(z) < — + —
N N Ny JNg

for all z = E + in € D;. Here “<” is the notion of stochastic domination given in Defini-
tion 2.5 below.

By computing the high moments of N™'TrG — N"!ETrG using cumulant expan-
sion/Schur complement formula, it can be proven, as previously in [7] that

1 1 1 1
N TrG(z) NIETrG(z) < Nn + 2
In order to improve the second term 1/¢> to the optimal scale 1/(v/Ng), we need more ex-
pansions. However, each additional expansion, in the worst case, only results in an improve-
ment of factor 1/¢%. When ¢ = N?, it is impossible to write down each expansion explicitly,
and one has to introduce general formulas that allows recursive expansions. In order to do so,
we implement the ideas in [14], to construct a hierarchy of Schwinger—Dyson equations for a
sufficiently large class of polynomials in the entries of the Green function. As [14] deals with
the covariance of two Green functions of Wigner matrices, we also need to adapt the method
to our current setting, which deals with high-moment estimates of Green functions of sparse
matrices. See Section 4.2 for more details.

We also apply Proposition 3.1 to prove the following CLT for mesoscopic linear statistics
of Green functions.

THEOREM 1.4. Letz=E +ineDy.

(i) When n>> q/~/N,

(1.7) ! (TrG(z) — ETrG(2)) - N (0, 1),

m(z)m’(z) 2EH142N

where m is the Stieltjes transform of the Wigner semicircle law.
(ii) When n < q/~/'N,

(1.8) V2i(TrG(z) — ETr G(2)) -5 N (0, 1).

Here N¢(0, 1) denotes the distribution of the standard complex Gaussian random variable.

Note that (1.8) coincides with the mesoscopic linear statistics for GOE [4], whose source
is the extrapolation of WDM (or sine-kernel) statistics to mesoscopic scales. On the other
hand, (1.7) comes from the sparsity of H. Thus our result shows that, although the eigen-
value statistics for sparse matrices are different from WDM statistics on large scales, WDM
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statistics remain valid on small enough mesoscopic scales. This bridges the results on micro-
scopic [6, 17] and macroscopic [1, 23] statistics of H.

The rest of the paper is organized as follows. In Section 2 we introduce the notations and
previous results that we use in this paper. In Section 3 we prove our main results, Theorems
1.2— 1.4, assuming a key result on centered moments of mesoscopic linear statistics, Proposi-
tion 3.1. In Section 4 we introduce a class of polynomials in the entries of the Green function,
and construct a hierarchy of its Schwinger-Dyson equations. We then use this construction
to prove Proposition 3.1. Finally in Section 5 we prove the general estimates for the class of
polynomials of Green function that we used in Section 4.

Conventions. Throughout this paper, we regard N as our fundamental large parameter.
Any quantities that are not explicitly constant or fixed may depend on N; we almost always
omit the argument N from our notation. We use 7 to denote some generic (small) positive
constant, whose value may change from one expression to the next. Similarly, we use C to
denote some generic (large) positive constant. For A, B > 0, we use A = O(B) to denote
A<CB and A < B to denote C™'B < A < CB. When we write A < B and A > B, we
mean A <CN "B and A > C~!'N™ B for some constants C, t > 0 respectively.

2. Preliminaries. In this section we collect notations and tools that are used in the paper.

Let M be an N x N matrix. We denote M*™" := (M*)", M} := (M*);j = M ji, M]; :=

(M;;)", and the normalized trace of M by M := %Tr M. We abbreviate (X) := X — EX
for any random variable X with finite expectation. For the Green function G, we have the
differential rule

0G;; _
2.1) L= —(GuGij+ GuGr) (1 + )~
Let w be the empirical spectral measure of H. Its Stieltjes transform is denoted by
1 X
GQR) = —TrG(z) :/ A e
N X —z
We also have
2.2) I(H?—1) 4H (148! 1 d 0*(H2—1) 4(1+8 )1
. ——=—H;; i) <— and ——=— T
dHj N Y Ng OH? N Y

For z € C with Im z # 0, the Stieltjes transform of the Wigner semicircle law is defined by

m(z) :=[ e 4.

X —Z

One elementary fact is that m is the unique solution of
(2.3) 14 zm(z) +m(z)> =0
satisfying Imm (z) Imz > 0. Let us define the spectral domains
S={E+in:|E|<4,0<n<4} and S,={E+in:|E|<4 N " <p<4).
We denote the distance to spectral edge by
k =kg:=min{|2— E|, |2+ E|}.

LEMMA 2.1 (Basic properties of m). We have

o
Im(z)| <1 and |m(z)’Am

for all z € S. In particular, |m'(z)| < 1 for all 7 € D;.
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PROOF. The proof is an elementary exercise using (2.3). [

If h is a real-valued random variable with finite moments of all order, we denote by Cy (k)
the kth cumulant of /4, that is,

Ci(h) == (=)F - (8% log Ee™™) |5 —0.

We state the cumulant expansion formula, whose proof is given in, for example, [16],
Appendix A.

LEMMA 2.2 (Cumulant expansion). Let f : R — C be a smooth function, and denote by
£ its kth derivative. Then, for every fixed £ € N, we have

Y4
1
(2.4) Elh-f(0)]=)_ G WE[f®Rm)] +Res1,
k=0 """

assuming that all expectations in (2.4) exist, where Ry is a remainder term (depending on
f and h), such that for any t > 0,

1/2
sup |f“+‘)(x)|2-E|h2‘+41|h|>,|) +0(1)-E[n[% - sup | f“TD ).

x|<l|hl| Ix|=<t

Res1= 0<1>-(E‘

The following result gives bounds on the cumulants of the entries of H, whose proof
follows by the homogeneity of the cumulants.

LEMMA 2.3.  For every k € N we have

Cr(Hij) = Ok(1/(Ng*=2))

uniformly for all i, j.
The following is a standard complex analysis result from [5].

LEMMA 2.4 (Helffer-Sjostrand formula). Let f € C 2(R), and let f be the almost ana-
lytic extension of f defined by

fx+iy) = f(x) +iyf'(x).

Let x € C2°(R) be a cutoff function satisfying x(0) = 1, and by a slight abuse of notation
write x(z) = x (Imz). Then for any A € R we have

’

(@@
foy=— [ L

where 0z := %(ax +10y) is the antiholomorphic derivative and d?z the Lebesgue measure on

C.

The following definition introduces a (conventional) notion of a high-probability bound
that is used commonly in random matrix theory.

DEFINITION 2.5 (Stochastic domination). Let

X=XMu:NeNuetu®™), v=rMw:NeNueU®™)
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be two families of random variables, where ¥ (1) are nonnegative and U™ is a possibly
N-dependent parameter set. We say that X is stochastically dominated by Y, uniformly in u,
if for all (small) & > 0 and (large) D > 0 we have

sup P[|XM )| > N YN ()] < NP
uetUm)

for large enough N > Ny(¢e, D). If X is stochastically dominated by Y, uniformly in u, we
use the notation X < Y, or equivalently X = O (Y). (Note that for deterministic X and Y,
X = 0<(Y) means X = O, (N?Y) forany ¢ > 0.)

Next we recall the local semicircle law for Erd6s—Rényi graphs in [7].

THEOREM 2.6 (Theorem 2.8, [7]). Let H be a sparse matrix defined as in Definition 1.1.
We have

Imm(z) 1

Nn Nn

1
max|Gij(z) — 8;jm(2)| < = +
i,J q
and

1 1 1
G=ml <~ A5 —
g q*(n+xg) Nng

uniformly in z = E +1in € S.
REMARK 2.7. Theorem 2.6 was proved in [7] under the additional assumption EHl-zi =
1/N for all i. However, the proof is insensitive to the variance of the diagonal entries, and

one can easily repeat the steps in [7] under the general assumption IEHI%. =C;/N. A weak
local law for H with general variances on the diagonal can also be found in [15].

We also need the following result from [7] concerning the density of states of A.

LEMMA 2.8 (Theorem 2.10, [7]). Let i be the empirical eigenvalue density of A. For
any interval I C R, we have

A -] <~ + 1
— <=+ —.
M o N g
We recall the magical Ward identity.
LEMMA 2.9 (Ward identity). We have
Gy =
] n

forallz=FE +in €eS.

Finally, we collect some estimates in the following lemma, whose proof is postponed to
Appendix 5.2.

LEMMA 2.10. (i) For any fixed m,n € N such that m +n > 1, we have

1 1
(2‘5) G"G*™) < nl—(m—i—n)(_ + _)
(c"G™) R
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as well as

— p! ifi =J,
qg ~Nn
uniformly ini, j and z=E +1in € S:.
(ii) For any fixed m, n € N such that m +n > 1, we have

Z‘ (GmG*n)ij |2 < 771—2(m—|—n)

uniformly in j and z = E +1in € S..
(iii) For k =2, 3, we have

uniformly for all z = E +in € D;.
(iv) For any fixed n € N,
1 q ) i
- — if nis even,
. (VNg)' ~N
q e
0(—-— ifn is odd.
(VNg)" ~N

3. Proof of main results. For z = F + in € D, we write

i (n — DNQREH}H)"* + 0(
2.7) E(H”—1)" =

a:=—logyn

sothat n = N7, a € [0, 1 — t]. We define

3.1) BEa(z)::min{ﬂ,%—ﬂ,lga}>O,
and

1l | ([«
3.2) Szf(z):§mm{§,5}20.

‘We define the linear statistics with a random shift
1 1
[G1=[6@)]:= 4 TrGR) - SETrG() — (H? — Dm(z)m'(2).
Note that (2.7) implies

1
—(H* 1) i>./\/'(0, 1) and H?>—1<N"'27F,
JV2EH},

The term H2 — 1 was introduced in [18] to study the eigenvalue fluctuations of A near the
edge.

In this section we shall prove Theorems 1.2—-1.4 assuming the following proposition,
whose proof is postponed to Section 4.

(3.3)

PROPOSITION 3.1. Letm,n € N;. We have

! 1 \2n N—é N—5/4 2n
3.4 E|[G 2”:”—(—) +0<( +< ) )
GH "=\ ez T\ Ny
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and

3.5 E(G G [0 N~ Ny
) *n m_o. +
(35) [e"T16) ((Nn)’"+” (ﬁq) )

for m # n, uniformly for all 7 € Dy.

We observe that Theorem 1.4 is an immediate consequence of Lemma 2.1, Lemma 2.10(iv)
and Proposition 3.1. One can follow, for example, the steps in [13], to show Theorem 1.4 for
general test functions. We do not pursue it here.

3.1. Proof of Theorem 1.3. In this section, we prove the following result, which trivially
implies Theorem 1.3 by (3.3).

PROPOSITION 3.2. Let E€[-2+ 1,2 — t]. We have

Y(E) —EX(E) — E”4 E( 2 _ )N < NV/2-B=¢/16,

PROOF. Let f € C*°(R) suchthat f =1in (-3 + %, E— %] and f =0in (—o0, =3 —
%] U[E + %, +00). We further assume | f'| = O(N) and | f”| = O(N?). Let us write z =
x + iy and choose x = x(y) such that y(y) =1 for |y| < 1 and x(y) =0 for |y| > 2. Note
that by Green’s theorem we have

—x?  EJ4-E2

[Lo(F@x@)mem <z)d2z—2/ f(x)\/__xzz o,

and Lemma 2.4 implies

N ~
Te f(H) ~ETe f(H) = - [ (o) (@) ¢
Combining the above two relations, and together with (3.3), we have

E4 — E?
4

N ~
=5 /C 3 (F ) x()[G(2)]d*z + O (N~1/27F),
Recall the definition of ¢ > 0 from (1.4). By (3.4) we have

Tr f(H) —ETr f(H) — (H> = 1)N

(3.6)

1 N—¢/16
[G(2)] <7 + g
uniformly for z =x +1iy € D¢ /2, and an N _3—net argument [2], Remark 2.7, shows
1 N
(3.7) :ggzuc;(z)u( e ) <1

Fix & > 0. By Theorem 2.6, (3.3) and an N ~3-net argument, we see that

1 1 1
(3.8) sup MGl < X Ny(— TR —> <.
Z€S,N-1He<y<N—1+¢/2 N-l+e<y<N-1+¢/2 q

From Theorem 2.6, |m(z)| < C, and an N 3-net argument, we have

sup max|G;;(x +iN ")) < 1,
<4 Do)
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and a deterministic monotonicity result [2], Lemma 10.2, shows

sup max]NyGl] (2)| < N°.
z=x+iyeS,y<N-I+e b

Using the above relation, together with (3.3), (3.8) and the arbitrarity of ¢, we have

(3.9) sup INy[G(2)]] < 1.
z€S,y<N~1+¢/2

We split
‘— :(f(@)x@)[G()]d*z
= C‘N @+ @) WGk +in]d
(3.10) ==
Vi 2
sV [ @n 6]
+ c\N F Oy x WG]
N 4+¢/2<y<2

By 3.7) and || fll1 + | f'lli < C we have

‘N - (f(x) +iyf () x' M[G(x +iy)]d*z
=y=
(3.11) | N /16 -
< N( ) <N £/16
VNg
By (3.9) and || f”|l1 = O(N) we have
N 4 G(z)]d?
‘ oy F")yxM[G(2)]d*z
(3.12) e
<N~/ 1dy = N¢/2 < NV/2=B=¢/2,
0

For the last term on RHS of (3.10), we do integration by parts, first in x and then in y, and
get

1 )
‘N/N1+;/2<y52f (X)YX()’)[G(z)]d z

‘N N-1+E/2< f/(x)X()’)[G(Z)]dzz

+‘N 1 Zf’(X)yx/(y)[G(z)]dzz
<y=<

+ ‘N/f/(x)N—lﬂ/Zx(N—1+§/2)[G(x+1N—1+€/2)]dx :
and again by (3.7) we have
(3.13) ’N/ @y x[G()]d*z
N—1+§/2§y52

From (3.6), (3.10)—(3.13) we have

< N1/2-B=¢/16

EN4— E?

1 (H*> = 1)N = O (N'/>7P=¢/16),
T

(3.14) Tr f(H) —ETr f(H) —
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Let £ be the eigenvalue counting function of H. Note that |H| < 5/2 with overwhelming
probability. Thus

Tr f(H) — S(E)| < C(E(E+N"") -

From Theorem 2.6 we know

MR

(E-NH+Z(=3+N1)
(E— N7+ 0<(D).

MR
MR

(E+N"!

~

SE+N)-Z(E-NT)< Z NG _ZE)z = 2ImG(E +iN7') <1,
and thus
(3.15) Tr f(H) — £(E) < 1.
Note that (3.15) also implies
(3.16) ETr f(H) —EZ(E) < 1.
By Cauchy interlacing theorem (e.g., [6], Lemma 6.1) we have
(3.17) S(E)—1<X(E) < $(E).
By (3.15)—(3.17) we have
(3.18) Trf(H)—ETr f(H)— (Z(E) —EX(E)) < 1.

Combining (3.14) and (3.18) completes the proof. [

3.2. Proof of Theorem 1.2. We shall prove the following result, and Theorem 1.2 then
follows by Lemma 2.10(iv).

PROPOSITION 3.3. Fix © > 0. We denote the eigenvalues of A by A <Xy <--- <Apn.
Foralli € [tN, (1 — t)N], we have

i —EAi — g(ﬁ — 1) < N™\/2=B=esie,

PROOF. Let fi be the empirical eigenvalue density of A. Let us define the function g :
R — R by

g@=E f_ ; A (x)dx.

We claim that for any fixed (small) & > 0, g has no jumps of size larger than N ~'+¢_ In fact,
by Lemma 2.8 we have
g(a—i—N_HS/z) — g(a)=Efi((a,a +N—1+a/2])
=o((@,a+ N2 + 0 (N7') <N~
Picki € [t N, (1 — 1) N]. We can then choose deterministic 8; € R satisfying

0; /
‘E/ f(x)dx — i < N~ 12=P=¢/2
00 N

so that [EX(6;) — i| < NY27P=¢/2 Fix ¢ € (0,¢/16). Let us abbreviate w; = 6; —
N—V/2=B=/164¢ e have

P(r; — 6; — (H> = 1)yi/2 < =N~ 1/27P=¢/10e)
(3.19) =P(Z(w; + (H2— 1)y1/2) > i)
=P(Z(w; + (H> — 1)y;/2) —EZ(w;) = EX(6) — EX(wi) + O(N/27F7¢/2)),
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By Lemma 2.8 we know that
(3.20) fi(I)—o(I) < N~1/27F~L
for any I satisfying |I| < N~1/278_ Together with (3.3) we have

(i + (H2 = 1)71/2) — (@)
= No([wi, i + (H> — 1)y:/2]) + O<(N'/*7F~¢)

(3.21)
4 — @?
=~ N(H2 - )y + O(N'/>7F7)
4r
-
= EN(H? — Dw; + O<(NVFF5),
T

2857

In the last step of (3.21) we used |f; — y;| < N, which also can be deduced from

Lemma 2.8. By (3.20),

EX (%) —EX(w;) = No(lw;, 6]) + O<(N'/*F~F)
(3.22) 2
= QNUZ—IS—C/IGFS + 0. (NI/Z—/S—C).
2
A combination of (3.19), (3.21), and (3.22) shows that

P(h; — 6; — (H> = 1)y; /2 < —N~'/27F=¢/10%e)

,/4—a>-2
— IP(E(a),-) —ES(w;) — 47’1\7(11!_2 — 1o,
T
,/4—a).2
>V NI2-B/16ke | g (NI/Z—ﬂ—{/Z)).

21

Since ¢ is arbitrary, by Proposition 2.10 we see that

(Ai —6; — (H> = 1)y;/2)_ < N™V/2=F=¢/16,
Repeating the above process for

P(r; — 6 — (H2 — 1)y;/2 > N~ '/27F=¢/16%¢)

we can also show that

(A — 6 — (H2 — 1)y;/2), < N~1/27A=¢/16,
Thus
(3.23) A —6; — (H> — 1)y, /2 < N~V/2=A=¢/16
which also implies
(3.24) Ex; — 6; < N~1/27P=¢/16,

The proof then follows from (3.23) and (3.24). O
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4. Proof of Proposition 3.1. In this section we prove (3.4); the proof of (3.5) is similar,
and we omit the details. Throughout this section let us pick n € N and

“4.1) z=FE+1ineD;.
Let us define
1
M= (G|, = E[IGI[") .
and we split
M =E[G*]"[GI""1(G) — E[G*]"[GT" (H> — l)mm.
The proof of (3.4) is immediate from the next lemma.
LEMMA 4.1. We have
E[G*]n[G]n—l <G>

4.2) 2N2 S EIGI 2 + 0 (N )M
2n N—¢ N—8/4\ T
+Y 0 ( +( ) )MZ’H,
; N \VNg

and

2 _ _

n N-E N=8/4\r
43 E[G*"[GT" Y (H? = 1)mm’ = 0<< +( ) )MZ"—’.

In fact, Lemma 4.1 shows
M = 2N2 ——E[[GI" % + 0L (N )M

(4.4) 2n

N—E N—5/4 r
0< M2n—r’
+r§ ((NTI)’—F(«/Nq))

and together with E|[G]|?*~? < M?"~2 we have

i Z((Nn)’ (Zyﬁsj))w_

1 N—5/4 2n
e ()
(Nn)?" VNg

which implies

Since n is arbitrary, we have

4.5 G ! N—A
4.5) []<N—77+\/ﬁq

Inserting (4.5) back into (4.4), we have

. N*?;' N78/4 2n
o (o (o))

E[[G][*" = M*" = 2N2 5

and (3.4) follows by iteration.
In Sections 4.1-4.5 we shall prove (4.2), and in Section 4.6 we prove (4.3).
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4.1. First estimates. By the resolvent identity zG = GH — I we have

@46)  E[GTIGI"NG) =E([G*]' G IGH_ ZE "G NG Hji.

We calculate the RHS of (4.6) using the cumulant formula (2.4) with f = fi;(H) :=
(IG*1"[G1"~")G;j and h = H;, and get

zﬂ»z[G*]”[G]"—1 (G)

aG;;
—1
- Tele e s

(G* "G
4.7 ZE P Gij(1+4;i) +EK

1 .
Y EL o+ LT ERY)
k=2 i,j

l
1 i
=: (a)+(b)+K+ZLk+NZERl(—J|—1)’

k=2 i,j
where
>x< n n—1
(4.8) K=N" ZZ & [G] )G )(NCz(Hii)—2),
and
_ UG 1GI1Gyj)
(4.9) Ly=N ! Z(k'ck+l( jl) aHk J)

LJ

Here [ is a fixed positive integer to be chosen later, and 72(] ") is a remainder term defined
analogously to R4 in (2.4). Using the differential rule (2. 1) we get

(@) = —22E I"[G1"')(=Gi;Gij — GiiG )

= —N—IE[G '161"1G*) - E[G*]"IG1"71(G)?
— 2E[G*]"[G]""(G)EG + E[G*]"[G]"'E(G)>.

Similarly,
2 _
(b) =~ (nE[G"]" NG (GG +2H G mim')

+ (n — DE[G*]"[G1""%(G> + 2HGmm')).
Altogether we obtain
E[G*]"[GT"~(G)
1
(4.10)
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2n —2 s !
e E[G*]"[G]"*(G’ +2HGmm') — EK — ;EL,(
2n 1 1 2 (ji)
+ WE[ "G Y (GG + 2H G i) ZEle’l ,
where T := —z — 2EG. Note that by (2.3) and Theorem 2.6 we have
@.11) L= vo (e )=o)
' T —z—2m “\g Np) "
uniformly for all z € D;. Let us look at the terms in (4.10). By (3.3) we have
(4.12) (G) =[G1+ O(N™'/>7F).
Together with Lemma 2.10(i) and Holder’s inequality we get
1 1 1 1 1
(4.13) E[G*]"[GT"~"(G)? < (— + —)MZ" + (— + —) — M
] g Nn q Nn)JNg
and
(4.14) E[G*]"[G]"'E(G)* < (1 + L)/\/12” + (1 + L) L e
B g Nn Nn/)«/Ng
Similarly, by Lemma 2.10(i), (ii1) and Holder’s inequality we have
1 1 1 1
4.15 —E[G*]'[GT"(G? ( —) — M
@15 VEGTGr e < (24 5 )5
and
2n —2 2.3
TE[G*]n[G]n G_
(.16 2n —2 11 1\?
n —
_ E GT2(G3) + EG? (_ I )(_) 22
Note that
4.17) HG=1+zG and |z|<6,
hence
4n —4
(4.18)
dn — 4

_ U e
= —7 BGTIGI (1 + 2Gymm’ < 5 M2,

From resolvent identity, Theorem 2.6 and Lemma 2.10(iii) we have

. EG-EG* EG*? m—m 11 L
g Nn

(2in)? 2in 4n?
Thus
2
2
(4.19) —N”ZE[ TGN (GG + EGGH)

n(m —m*) m—2 (1 1 )( 1 )2 m—2
MM e o=+ — — ) 2,
NI I[G]]"" "+ O« q+N17+n N7
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Similarly, by NC>(H;;) =< 1 and the differential rule (2.1) one can easily check that

1 1
4.20 EK < —M>~ 14— M?272,
(4.20) N + N7
The estimate for the remainder term can be done routinely. One can follow, for example, the
proof of Lemma 3.4 (iii) in [16], and readily check that

o5
(4.21) N ZERI—H N2n
for [ large enough. From now on, we shall always assume the remainder term in cumulant
expansion is negligible. Inserting the above estimates (4.11), (4.13)—(4.16), (4.18)-(4.21) into
(4.10), we have

1 l
E[G*]'[GI"™(G) = 575 ElIGI" ™ — — 3 ELy

2N2 2
+O(NIM™+ > 0 (N_E + ( N )r>M2"—’
) r=1,2 N \Ng ’

where we recall the definitions of 8, & from (3.1), (3.2). What is left, therefore, is the analysis
of ELy, k > 2.

(4.22)

4.2. Abstract polynomials and the recursive estimates. We now introduce some addi-
tional notations that will be used frequently in the analysis of Li. To motivate them, we note
that the proof relies on a calculus of products of expectations of random variables of the type
(G™)ij, (G*™);j, [G], [G*] evaluated at z € D, for example,

a(z, Z)NPEIGIGY],  aiiisiy(z, )N TPE(GP),,, Gt E[G™T,

iia
where a(z, z*) and a;,;yi,i, (2, 2*) are uniformly bounded functions that may depend on N.
It is convenient to classify such expressions depending on the exponent v; € R and on the
number v of indices ix. Below, we introduce the notations Z/"0-1) (), V0:v1)())) for the set
of such expressions, where ) is the set of matrices appearing in them, in the above examples
Y ={G,G"}.

To that end, we define a set of formal monomials in a set of formal variables. Here the
word formal refers to the fact that these definitions are purely algebraic and we do not assign
any values to variables or monomials. The formal variables are constructed from a finite set
of formal matrices )’ and the infinite set of formal indices {i{, io, ...}.

e For vy € N, v; € R, denote by 2/"0:")())) the set of monomials with coefficient

ai,,..., iuoN_Ul in the variables (Y™)y, and [Y]. Here Y € Y, m € N, x,y € {i1,..., 1y},
and (a;,,..., iVO) 1<) e <N is some family of complex numbers that is uniformly bounded in
I, .0 lyge

o Set U(Y) = U,y U ().
We also define the following subset of /().

e We denote by V™" ()) the subset of /(") (), where we further require m €
{1, 2} for all variables (Y),,.

o Set V() = Uy, VO Q) CUD).
Next, we define the following maps vg, vi, va, v3, V3, v4: U(Y) — N.

(i) For U e U™V (), (vo(U), vi(U)) = (vo, v1).
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(ii) v(U) =sumof m — 1 of all (Y""),yin U withY € ).
(iii) v3(U) = 2A (number of (Y™),y in U withx # yand Y € )). Set v3(U) =2 —v3(U).
(iv) v4(U) = number of [Y]in U with Y € ).

Next, we assign to each monomial U € U (”0’”')(3/) a value U;, . ;, as follows. Suppose
that the set ) consists of N x N random matrices. Then for any vo-tuple (iy,...,i,,) €
{1,2,..., N}'* we define the number U;, . ; ~as the one obtained by taking the formal ex-
pression U and evaluating it with the laws of the matrices in )’ and the numerical values of
i1, ..., 1y In the following arguments, the set )/ will consist of Green functions of H for the
spectral parameter z defined in (4.1), and the indices iy, ..., iy, will be summed over.

The next result is a straightforward consequence of Lemma 2.10(i), (iii) and Holder’s

inequality whose proof we omit.

LEMMA 4.2. LetY ={G, G*}, and fix U € UV0"D(Y). Then
(4.23) | Z EUil ’’’’’ iy = O<(NbO(U)) .Mv4(U),

where bo(U) = vo(U) — vi(U) +av(U) + (/2 — 1/2)v3(U).

Our first estimate is the following improved bound for the LHS of (4.23), whose proof is
postponed to Section 5.1. The necessity of this result is explained in Remark 4.10 below.

LEMMA 4.3. Let us adopt the assumptions in Lemma 4.2. Let V € V0:VD (Y)Y satisfying
(V) > 1, we have

where

vg (V)

1
= N pqra(VI+1 bo(V) L MUa(V)—k
B(V)=N"VI M 2: N (Nmk (n+ (Nn)%(V)/z) M .

EXAMPLE 4.4. Let)Y ={G, G*} and set
1 1 —1 (2
U =Ujj = 35CaH)EIGT [G™]"(G™);,G5;Gii G -

Note that Ng*Cs4(H;;) < 1, and thus U € V") (V) ¢ UMD (Y), with vg = 2 and v =
2+ (142logyg)=3+28. Wealsohave 1,(U) =2 —1=1,13(U)=2A0=0,T3(U) =
2—-0=2,1U)=2n—2,and bg(U) = —1 — 2B +«.

By Lemma 2.10, we have
11

ZU,,< S NP MR

M2 — b)) | p 202
n Nq n

which agrees with Lemma 4.2. On the other hand, Lemma 4.3 implies the improved estimate

S 1 _ +2"Z_:2 1 1 ( n 1 ) -2k
y B R _
— 7 Ng™n = NgPn (Npk " Ny

In order to handle all terms in L, we also need the following formal polynomials.



BULK EIGENVALUE FLUCTUATIONS OF SPARSE RANDOM MATRICES 2863

e For vp € N, v; € R, denote by W®0-*1)())) the set of monomials with coefficient

iy....iy, N7"!in the variable [Y] and also contain exactly one factor of (Y;§11 il .Y ,Sf}g Here
Y, YD . vyPey ke Ny, x,yeli,..., iy} and (a;,,.., iUO)ISil,...,iUOSN is some family
of complex numbers that is uniformly bounded inip, ... 0y

o Set W) = U,y WO ().
Next, we define the following maps vg, vi, v3, 93, v4: W()) — N.

(i) For W € WD (), (ug(W), vi(W)) = (vo, v1).
(ii) v3(W) = 2A (number of Yy, in W with x #y and Y € )). Set V3(W) =2 — v3(W).
(iii)) v4(W) = number of [Y]in W with Y € ).

The following is a trivial result from Lemma 2.9.
LEMMA 4.5. LetY ={G, G*}, and fix W € W0V ()). Then
> EWiiyy = O<(N7 ) g,
where bi(W) =vo(W) —vi(W) + (/2 — 1/2)v3(W).

We have the following improved estimate for Lemma 4.5, whose proof is postponed to
Section 5.2. The necessity of this result is explained in Remark 4.10 below.

LEMMA 4.6. Let us adopt the assumptions in Lemma 4.5. We have

Yo EWi..i, <BOW),

where

1 1
6] — N1 (W)
B ) = N St T
vy (V)

b (W) n 1 W)=k
I (Nn)k( +<Nn>%<W>/2> M

) A

We close this section with the following estimate.

LEMMA 4.7. LetY ={G, G*}, and fix U e UV0VD (V). Fori, j € {iy, . ..l }, we have

v4(U)
1
(4.24) Y EH;jUi...i,, = O<(N?W) . Y~ —— Mk,
iy ’ = (Nm)

where bo(U) = vo(U) —vi(U) +ava(U) — 1.

PROOF. The proof follows by applying Lemma 2.2 on LHS of (4.24) with h = H;;, and
then estimating the result by Lemma 4.2. We omit the details here. [J

In the next two sections we shall estimate [EL, and EL3 using the above lemmas.



2864 Y. HE

4.3. The estimate of EL,. In this section we prove the following result.

LEMMA 4.8. Let Ly be as in (4.22). Let §, & be as in (3.1), (3.2). We have

£ —8/4~\ r
(4.25) ELy < N°M™ + Z((xn)r (I:J/N ) )MZ’H.
q

PROOF. The differential 8Hl% gives rise to terms of three types depending on how many
derivatives act on G;;. We deal with each type separately.
Step 1. Let us look at the case when both derivatives in L; act on G;;, namely the term

azGiji|

1 Mo un—
ELy:= N7 E [5C3(Hji)E([G*] [G] 1) SH2
! f

ij
By Lemma 2.3 and the identity E(X)Y =[EX(Y), we see that the worst term in L 1 is

(4.26) N2 > CE[G ]G (GiiGj;Gij) = Y EW; ;.

i —
where C;; are constants uniformly bounded in i, j,and W € W({G, G*}). Note that vo(W) =
2, viW) =24+ 8, vs(W)=1, (W) =2n -1, and by(W) = - — (1/2 — «/2). Thus
Lemma 4.6 shows

1 1 1 1
EW;j < ——M>" + ( + ) - Ml
Z] Y VNng VNng \/Nn ~ V/Ng
2n—1 1

n
Z J_q(Nn)k( +\/_77

1 1
VNg

)Mank

+Z(N_ﬂ N—oz/2 + N_'B ) 2n—r
Z\VNg (Npr=t — (Nn)
which is bounded by the RHS of (4.25). Similarly, one can show that the other terms in L5 i

satisfy the same bound.
Step 2. Let us look at the case when only one derivative in L; acts on G;;, namely the term

GG 8Gij:|
0Hj; 0H;; '

(4.27) ELy,:=N"'. Z[Cg(Hji)IE
ij

By (2.1), we see that the worst terms above will contain no off-diagonal terms of G from the

second differential. Let us pick a representative of these, which is

_1 n— n—
N3q ZCUE[G*] HGT((G™);; +2Hy)GiiG

-1 -1 2
N3 ZC,,E ]n [G]" (G* )ijGiiij
(4.28) "

- 0<(N—2q) k;:) (Nn)kM

2n—2—k
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EV;; + O M2k
N3 Xj: iyt <(N2 ),g) (Nt

Here C;; are constants uniformly bounded in i, j, and in the first step of (4.28) we used
Lemma 4.7. Note that V € V satisfies vg(V) =2, vi(V) =3+ 8, np(V) =1, v3(V) =1,
v4(V)=2n —2,and bg(V) =3(a — 1)/2 — B. Thus Lemma 4.3 shows

N3 ZEVI}
i,j
(4.29) 1 MZ"*‘JrZHZ_2 1 < 1 )k( +— ) M2
. < ——|— ) I+ —=)
(Nn)3/2q = (Nm32g \ Ny VN1

N, 2n 1 NP
< M n—1 + ( + )MZn—r'
Nn ,; (N =3/2Ngq ~ (Nn)"

By (4.29) and

1 1 (q )1/4 (N 5/8 N §/4
= —_ < + ) s
(Nn)'312Ng  (Np)—3/2(J/Ng)3/2\ N (Nn)"™  /Ng
we see that (4.28) is bounded by the RHS of (4.25). Similarly, the other terms in L, | can be

shown to satisfy the same bound.
Step 3. Let us look at the case when no derivatives in L, act on G;;, namely the term

F(G "G
OH?, Y]

B 1
ELy3:=N""') :[563(Hﬁ)1€
ij-

Similarly as in Step 2, one can use Lemma 4.3 to show that

N 5 N78/4 " 2n—r
s Z<(N17)’ <ﬁq> >M ‘

From Steps 1-3 we conclude the proof. [

4.4. The estimate of EL3. Now let us look at the case k = 3. This is the crucial case
where we see the cancellation between (G) and (H2 — 1)mm’. We shall prove the following
lemma.

LEMMA 4.9. Let L3 be as in (4.22). Let §, & be as in (3.1), (3.2). We have

£ —8/4N 1
(4.30) EL3 < N M + Z( (11\\lfn)r (iv/ﬁ ) )MZ”".
q

PROOF. We still split the estimates basing on how many derivatives hit G;;.
Step 1. We investigate the case when all derivatives in L3 act on G;;, namely the term

33G;
EL3;:=N"1. E:[ C4(H;)E([G ]”[G]”—l)—”].
3! IH3;

From Lemma 2.3 we see that the worst term in L3 1 is

B
CyE[G "G} G;) = EWi;
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where W € W. Note that vg(W) =2, vi(W) =2+ 28, v3(W) =0, vy(W) =2n — 1, and
b1 (W) = —28. Thus Lemma 4.6 shows

1 1 1/ 1 1
— EW~-<—M2”+—(
N2g2 IX]: ) 72

—+
Nn  /Ng

F Y () M
2 q* (Nm*¥\g = Nn

k=1

)M2n1

1 1
<N72P. M2"+N‘2ﬁ<—+ )-MZ”‘I
VNgq

N-B2 N—B2  N-28
Ng= (Nn)" (Nn)”

which is bounded by RHS of (4.30).
Step 2. Let us look at the case when only one derivative in L3 acts on G;;, namely the term
*([G*1"[G]" ) 3Gij}
IH?, dH;; |

1
EL3:= =N [C4(Hji)E
i,J

We see that one of the worst terms is

n 1 _ .
~anagr 2o+ s E[GT] T IGT T (4(G™),, G — i) GG
L]

n — _ _ _
(4.31) = _W ZS4E[G*]n I[G]n 1(4(G*2),‘,‘G7j — 4mml)Giiij
i,j

1 1
0 21’1—2’
+0( oy )M

where s4 = N q264(H12) = 1, and C; are constants uniformly bounded in i. Now let us look
at the first term on RHS of (4.31), which is

quz Y saE[G] G (67),,G51Gi Gy = ZEVU»
Y —
where V € V({G, G*}) By the resolvent identity zG* = HG* — [ and Lemma 2.2, we have
2s4n n 1 1
2BV = s G g ZE[ (1" G},GiiG
iJ

x (GHG* +(G*),;(G*) + 2N~ (G¥),)

1 n—1 n—
+N[G*] [G1"' - (2(G*),;G1GiiG jj +2(G**G);,G%,GiiG
+2(G*G),;G%;GiiGy))

+[G*]"‘I[G]”—lG;‘iijGiiG” K — ZZL,{—ZR}Q},

i k=2

where K , Zk, and 72,( +)1 are defined similarly as K, Ly, Rl(fﬁ in (4.7). By (2.2) and Lemmas
4.2.4.3, one can check that

1 2s4n 1~ * 2
ZJ;EVU:@NHZE [G]""'G;GiiG;GHG*
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(4.32) +[G6* "G G656 Gy))

2n N—S N—5/4 r 5
O n=r,
+2 ((Nn)’+(ﬁq> )M

r=1

Similarly, for the first term on RHS of (4.32), we have

2s4n n 1 1 2
Z+EG* N3g? Z (GG} GG GG
1 1 2
“33) = = Z 1" 1GI16,GiiG ;G5 G

-z —2EG* 7+ EG* N3¢

2n N—{-‘ N—5/4 r
O~ M
t2 <(Nn)” * ( JNg ) )

r=1

By (4.32), (4.33) and Theorem 2.6, we have

2s4n 1 m3 1 _
EV;; = E[G*]" ' [G1"'G;;G i
v, e Z_M+m)§ (677161 GiG

2n N—S N—5/4 r
0< MZn—r.
+2 ((Nn)r+(ﬁq>>

r=1

(4.34)

By m/(—Zz — 2m) = m’ we have

(4.35) : ( a + 2) nm'
. m —mm .
Z4+m\—7—2m

Combining (4.31), (4.34) and (4.35), we see the crucial cancellation of the first two terms on
RHS of (4.31). As a result, we obtain

2n N—¢ N—8/4NT
4.31) < n=r
(3D ;((Nn)’ +<ﬁq) )
as desired. The other terms in EL3 » can be directly estimated by (2.1) and Lemma 4.3, and
one readily checks that they satisfy the bound on RHS of (4.30).
Step 3. The remaining two cases, that is, when two derivatives or no derivative act on G,;,
can be analyzed similarly using (2.1) and Lemma 4.3. Note that the estimate is easier than
those in Steps 1 and 2: by (2.1), every term now contains either at least two off diagonal

entries of the Green function or derivatives of H2 — 1. We omit the details.
From Steps 1-3 we conclude the proof of Lemma 4.9. [J

4.5. Put things together. Up to now, what is left, is the estimate of Ly for k > 4. This is
similar but easier than the cases when k = 2, 3. In fact, by Lemma 2.3 we see that there will be
additional factors of 1/¢g in Ly when k > 4. By a direct estimate using (2.1) and Lemma 4.3,
we have

5.0 N & N—5/4 r )
(4.36) ZELk <NOM" +Z((Nn)’ (Wq) )M "

for any fixed / € N.
By (4.22), (4.36), Lemmas 4.8 and 4.9, we conclude the proof of (4.2).
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REMARK 4.10. The input of Lemmas 4.3 and 4.6 are essential in finishing the proof.
For example, in the estimate of (4.26), the bound from Lemma 4.2 only implies

1 1
‘M2n—l — MZn—l,
VN1 v Nng

which is not enough to deduce (4.25). Also, in the estimate of (4.28), the trivial bound from
Lemma 4.5 only implies

1 2
(4.26) < —— - N2
N2g

1 2n—2
Z Vij < N M2

which is not enough to deduce (4.25).

4.6. Proof of (4.3). The proof of (4.3) is similar to that of (4.2). We only sketch the main

steps.
Step 1. By Lemma 2.2, we have
[ ] [G]n 1 Z]E n—1 _E[G*]H[G]n—l
—E[G*]'[GI"! — ZE[G*]" ' (GI" ' 2HG? + 4H mm)
N
(4.37)
n—1 *n n—2 *2 2=~/
+EK + Z ELi1+ ZELk 2+ Y R —E[GTIGr !,
k=2 k=2 i,j
where
7 _ d(H; [G*] [G]"™h
ZZ L (NC(Hii) —2),
N (GG h
_ a1
Lk,l—N Z(k[ck+1(H]l)Hlj aH]]% )
and

Bk‘l([G*]"[G]”‘l))

Zk,Z = ]\7_1 Z((k 1! Ck—H( ) aHk,l

Here [ is a fixed positive integer to be chosen later, and R<] " is a remainder term defined
analogously to R;41 in (2.4). Notice the cancellation between the first and last terms on RHS
of (4.37). By (3.3) and (4.17) we have

E[G*]n[G]n—l(H_Z _ 1)

(4.38) 1N o
(gl

)MZn 2+ZELI< 1 +ZEL1<2

2
N k=2 k=2

Step 2. Let us estimate Zi:z Eik,l. By Lemma 2.2 we have

8k+s G*1' G n—1
ZELk 1= Z Z N_ Z(Fck-Fl(H]l)CS-F](Hlj)E ([aH]k_L ] ))a
Jji

k=2s=1
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assuming the remainder term is small enough for large /. By Lemma 2.3 and

a"[G] 1
[ < _’
8H{;’ Nn

we have
2n—r —1/4 —1/4\r
N N
ELk 1< MZn—r < ( + ( > >M2n—r.
Z ZN (Nn)r 1 r; (Nn)r /Nq

Step 3. Now let us estimate at 2222 EZk,z. Note that in Section 4.3, we have estimated
EL5 > defined in (4.27). In particular, we have estimated the term

G TG n—1
N~ Z[Cs(Hﬁ)E : 3]1;] >Giiij}’
ij Ji

where the method used can be applied almost exactly in estimating Ezz,z. Similarly, we have

estimated

1
2N

G*1'IG n—1
[C4(Hj,)IE 2 8]H[2 g ij]

Jji

in Section 4.4, and this method can be applied in estimating EZg,, 2. Additionally, we can also
estimate [ELy 7, k > 4 using Lemmas 4.3 and 4.7. One can check that

(4.39) Z]ELk 2 < Z((Nn)r (%§>r>Mzn_r-

Step 4. Combining (4.38)-(4.39) we conclude the proof of (4.3).

5. Estimates of general polynomials of Green functions. In this section we prove
Lemmas 4.3 and 4.6.

5.1. Proof of Lemma 4.3. To simplify notations, we shall prove the lemma for Y = {G},
and one easily checks that the proof is the same for ) = {G, G*}. Let us take a general term
V e YYD ({GY), and consider

Z ]E‘/il,...,ivo

il,...,ivo
(5.1) 1 , ,
—_— . . ... .. V4
- NVI Z allsw’lvOEleyl kayk (G )lel (G )szwU2 [G] ’
[5enes ivo
where X1, Y1, ..., Xk, Yks 215 Wiy« ooy Ty, Wyy € {T1, ..., 0y}, and a;,., iy, are complex num-
bers uniformly bounded in iy, ..., i,,. We break the proof into four steps.

Step 1. Since vy > 1, we can use resolvent identity z(Gz)lel = (HGZ)lel — Gy w, and
Lemma 2.2 to get

EGaiy -+ G (G)zp, -+ (G7)z, 0, [G1

J— a; .
,,,,, lv() Nvl lly...,l\)()

1 _
- —Z— EQE[Vil """ 1“0/(G2)21w1 ) (GZ'””G—2+ (G2)11w1 (G) +2N 1(G3)21w1)
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1 k
+ N X:l ‘/il,..,,iuo/((Gz)zlwlGXm)’m) : ((G3)xmleZl)’m + GXle(G3)w1ym)
m=
1 < 2 2
+ N 2:2‘/1'1""’1'”0/(((; )lel(G )zmwm)
2 . —
X ((G )mel Glem + (G )Zmzl (G )wlwm
+ (G4)w1wm GZ1Zm + (GZ)ZIWm (G3)me1)
2v4
27 Vit oing /(G721 [G) - ((GY). ., +2(HG),,, )
1 1,211
+Viying/ (G?), 1y - Gy — K = ZZU ! ZR}H“”},
i k=2
where
Giy..ivg Gy Gy (G 2wy -+ (G, [G1™)
O _ ILseeeslyg X1Y1 Xk Yk 1wl Zvy Wiy _
K - N1+v1 8HZ]Zl (NCZ(HZIZI) 2)’
and

*(Guyyr - Gy (GHiwy (GP g+ (G, [G17)
dH* . '

z1i

Here / is a fixed positive integer to be chosen later, and Rl(_lir’fll) is a remainder term defined

analogously to R;4 in (2.4). Again by a routine verification, the remainder term is negligible
for large /. Note that by Theorem 2.6 we have
1
—7z—EG

(1,1) aiy,...0,
Lk ! :Nivlok;ck"'l( lzl)

=0()
uniformly for z € D;. Also note that

1 1
5.3 G)=[G]+ 0O (—)=G+O(+—).

Inserting (5.2) into (5.1), and by using (4.17), (5.3) and Lemma 4.2, we have

1] l\)O
5.4 1 b
( ) = Z mE[%l ..... iuo/(G2)21w1 ) lelG2 ZZL( )]
ismivg =z i k=2
+ 0<(B(V)).

Step 2. Now let us look closely at L(1 " When none of the derivatives E)szl ; hit [G]™,
(2.1) shows that all the resulting terms are still in ). When at least one derivative hits [G]™,
we expand the factors [G] that were differentiated, and split the terms according to whether

(H? — 1) is differentiated or not. For example, when k = 2, let us take the term
diy,...

N"1

—cz+1<H,zl)ley1 ++- Gy (G?);,,(G?)

w)
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I[G]\?
(55) X (GZ)ZU wv [G]V4 ZV4(V4 B 1)<8£IZI]I)
0H;,;

from Lél’i). Since

oG _ —2N"1(G?)

—1 1 )
OH.,; ai — AN By,

we can split (5.5) into
56)  X(=2N"Y(G?),;)* + X(8N 2mm H,i(G?), ; + 16N~ (mm'Hz,;)?),

and note that the first term in (5.6) is in V({G}), and the second term in (5.6) contains at least
one derivative of H2 — 1. In this way, we split

5.7 L(l D) L(l Ji,1) (1,i, 2)’

+ L

where L(1 1) are all the terms in L(1 ) that do not contain the derivatives of (H>—1). By

the above reasoning, we see that L,(Cl D) i5 a finite linear combination of elements in V. Also
observe from (2.2) that when the derivatives hit (H2 — 1), it gives us something small.
By Lemma 4.2, (2.2) and (5.4), one readily checks that

0150
5.8 1 141
oY B Z mE[WI """ ’VO/(GQ) jwp le1G2 ZZL( | )}
150005y = i k=2
+ 0~ (B(V)).

Step 3. Now let us handle the first term on RHS of (5.8). Define

1 . 2
Vil,...in =Vi,. luo/(G )lel “Gzw
_ ail,...,ivo G G G2 G2 G V4G
- NI xiyr©o xkyk( )zng ( )Z"szZ[ ] 1wy
and we look at
1 ap,..., iy
(59) BV, ;6= =BGy Gy (67,0, (GO, [G17 Gy G2

Similarly as in (5.2), we use zG* = HG? — G and Lemma 2.2 to expand (5.9). We get

1
I 2 (1) 2 | (1) 4
E‘/il,minG—z ? |:‘/11 ..... ipo ' (2G <G> +2N G Z V ~~~~~ /meym ) (G )xm)’m

4 ) 2 5

+ m Z Vll ..... ivO/(G )mem ( )z,,,wm
m=2

2v.

(5.10) + 3 Vil i /G- (G2 + 2HG?mm)

[
2 4 @) 2,ji)
i1y.ee, iv() ’ Q+ _2v11 ..... ivO/Gzlml(G )zmym - K - Z];;Lk
i,j k=
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1 R
- N Z 1+1 ’
LJ

where Rz( HJ D is the remainder term,

@ _ Gitnivg = 9Griy Gy (GHzyun -+ (G2, [G1" Gy (GPii)
N2+v1 - 0 H;;

1

x (NC2(H;j) —2),

and
L](Czsﬂ)
ity 1, *(Gayyy Gy (GH gy - <G2>zvzwvz[G]MGW(GQ),,)
= N1+V1 k! k+1(lel) aHk

Recall that T = —z — 2EG satisfies (4.11). Similarly as in (5.7), we can split
L(2 J0 _ L(2 i1 + L}((Z,ji,Z)’

where L( /D)4 a finite linear combination of elements in V. By inserting (5.10) into (5.8),
applymg (2.2) and Lemma 4.2, we have

o L @i
2 BV, Z Z <z+EG>TELk

[T i“O k=2iy,..

+ ELMD + 0 (B(V)).
I<X:21|Xz: z+IEG «(B(V)
‘)0

Step 4. Now let us see how to further (recursively) expand (5.11) and why the expansion
ends in finitely many steps. Let V be as in (5.1). For any V, € V satisfying v4(V,) < wa(V),
let us define the ratio

Nbo(Vi)

I(V*) = (Nn)—v4(v)+V4(V*)NbO(V)_l )

From Lemma 4.2 we know that

(5.12) Y EVe < NOYIMRYD < [(V)B(Y).
i1,...,iv0(v*)

By construction, L(1 “D and L,((z’j D) are finite linear combinations of the elements in V. Let

us collect these elements in the set V(1. Pick arbitrary VD ey We see that v, (VD) > 1,

v3 (VD) > p3(V), and va (VD) < vy (V). By Lemmas 2.3 and 4.2 one readily check that

(5.13) (VD) <1(v)- (N3N IN2 =B _ 1y (N BV D=TV/2 5B
which together with (5.12) implies

Z EV(U<1(V)(Nn)@W“’)—W"))/zN‘ﬂ-B(V).
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Here we abbreviate vg 1 := vo(V(l)). Repeat (5.11) we have

<1) 1 ~(2,ji,1)
Z EV, l"Ol - Z Z (Z+EG)T]ELk

il""’i"Ol k=2iy,..., iv

~(1,i,1) (1
+> ) Z+EGELk +0-(B(vD)).

Note that (5.13) implies

BV D) := NV pgraV 1

m) my 1 M
NV < ) CAqva(V D)y —k
' 1;) O AGMRTETTE

< N—ﬂ(Nn)(vs(v(”)—vg(V))/z—V4(V)+v4<v<1>>(Nbo(V>Mv4(v<'>)+1

v (VD)

1
Ao (
> W T (N r 2

) -M““(V(”)") < N7PBW).

By construction, L(1 “D and L(2 11 are finite linear combinations of the elements in V. Let
us collect these elements in the set V. Pick arbitrary V® € V@ We see that v,(V®) > 1,
p3(V®) > p3(VID) > 13(V) and vg(VP) < vg(VID) < 1y(V). By Lemmas 2.3, 4.2 and
(5.13) we have

(V@) < 1(VD) . (N BTN < [(v) . (N BV D=T00)/2 =28,
which together with (5.12) implies

3 EVO <1 (v)(Np BI85y,

Here we abbreviate vg 7 := vo(V @), Repeating the above steps we get

Yo BV, = D S EV® 4 0L(B(V))

i1, in v ) epn) il""’ivo(V("))
for any n € N. Here |V | < C,,, and each V™ € V™ satisfies

Z Ev® < 1(V)(Nn)(Vs(V("))—%(V))/ZN—"ﬁ -B(V).

as desired.
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5.2. Proof of Lemma 4.6. Again, to simplify notations, we shall prove the lemma for

= {G}, and one easily checks that the proof is the same for } = {G, G*}. Let us take a
general term W € W0-"D({G}), and consider

(5.14) Z EWi....ivy = 3o Y iy B(Gryyy - Gy ) IGT™,

where x1, y1, ..., Xk, Yk € {i1, ..., iy}, and a;, . iy, are complex numbers uniformly bounded
iniy,...,1iy.Resolventidentity zGy, y, = (HG)y,y, — Iyy, and E(X)Y =EX(Y) gives

ZE(Gyyyy - kayk)[G]v4
= E(HG)X1Y1 zeYz T ka)’k<[G]V4> - E(le)’l GX2Y2 T ka)’k<[G]v4>'

Similarly as in the proof of Lemma 4.3, we apply Lemma 2.2 to the above and get

ajy,..i,
IEVVZ""""'VO - NV1 OE(leyl' ’kayk>[G]v4

_ v E L(g G .G MG]™
- G NI x1y17x2y2 Xk Yk

1 _

NVi ((<Q>wa1 +N ! (Gz)xlyl)G«Qyz T GXkyk>[GJV4
1 ‘ 2 2

(515) * W Z(((G )xlym G)’lxm + (G )Xl-xm Gylym)

V4
X zeyz T me—l)’m—l me+1ym+| T kayk)[G]

204 3 ) 3
+ N N2+ Gy, Gy ((G )ym +2(HG)y,x,mm’)[G]*™ 1_g®
3,i 3,
Sw i W
i k=2 i
where
I g9Gay - Guy (G1™)
K(3) — E X1Y1 Xk Vk NC>(H _a)
N1+v1 aHx1x1 ( 2( x1x1) )
and
k V.
(3.0) _ 1 " ((Giy, *++ Gy ([G1™))
Le ~ NV k!ck+1(Hlx1)E aH}fll .

Now we insert (5.15) into (5.14), and by using (4.17), (5.3) and Lemma 4.2, we have

1 1 3,
=' Z aj,..., ivomE[memen ka)k [G ZZL( l):|

i k=2
+ 0~ (BD (w)).
Similarly as in (5.7), we split
(3.1 (3,i,1) (3,i,2)
Lk i :Lk i +Lk i ’
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L(3,i,l) L(3,i)

that do not contain the derivatives of (H2 — 1). By
L(3 i.2)

where are all the terms in

(2.2) and Lemma 4.2, we see that the terms associated with are negligible, thus

1 1 .
(5.16) = Z diy,..., ivomE[W((leylzeyz Gy ) [GT™ — ZZLG t,l):|

i k=2

Now let us look at the terms in (5.16) carefully. For any W, € W satisfying v4(W,.) = va(W),
we define the ratio

Nbl(W*

M

where W is defined as in (5.14). By Lemma 4.5, > EW, < IOWHBD(W). For L,(S”"]),
we can apply all the differentials aHf]i and write L,(f’l’ Y'in the form of linear combinations

n n'
LV =3 e Vi+ YW,

where Vy € V, W, € W, and ¢, ¢, are constants. Each Vj is formed by requiring at least one
differential hit [G]"4, and we can use Lemma 4.3 to show that

1
2 ail""’ivomﬂﬂ(_cs Vi) = 0-(BD(w)).

il i

Each W; is formed by requiring none of the differentials hit [G]™, thus v4(W;) = v4(W). By
Ci+1(Hy,i) < C/(Ngq) we find that

I(l)(Wz) < I(l)(W) . (Nn)(%(Wr))—%(W))/ZN—ﬂ’
which implies
GI7) Y i, S o E(—e W) < IO W) (N ) W=D N =P RO (),
i1yl i =

As for the first term on RHS of (5.16), one easily sees that it is small enough when x| = y;.
When x; = y; foralli =1, ..., k, we rewrite (5.16) into

= > EW+ > a.. ivomE[—ZZc;Wt]+O<(B(1)(W)),

i t=1

where

G ) [GT™
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and each W, in (5.18) satisfies (5.17). Note that IV (W) = 1D(W"), and v; (W) = v; (W’) for
i =0,1,3,4, thus we can repeat (5.18) with W replaced by W’. By doing this k times, we
have

)
1 n
= Y EWP+ 3 a.. ivomE[_ZZC;Wt]+0<(B(1)(W))

i1, iy [T iy i t=1

2@

1
= ) di. ivomE[—ZZc;Wt}+0<(B<”<w>),

i t=1

(DIG]™ =0.

1 a
(519) >0 EWiiy= 2 @i ivomE[—ZZc;Wt}+o<(8<”<W>)

i t=1

for some n’ € N, where each W, in (5.19) satisfies (5.17). In addition, note that /‘D(W) = N,
73 €{0,1,2},and 8 > 0.

The above argument shows that, similarly as in Section 5.1, we can repeatably use (5.19)
finitely many times, and eventually get

as desired.

APPENDIX: PROOF OF LEMMA 2.10

(i) From Theorem 2.6 we have
1 1
(G =1G —m|+ [EG —m| < — + ——
g Nn

uniformly for z = E + in € S, and this proves (2.5) for the case m + n = 1. In addition, by
an N ~3-net argument and a deterministic monotonivity result [2], Remark 2.7, Lemma 10.2,
we have

(A.1) sup|(G( )>|(1 + : >_1<1
. Z — —_— .
zeg o q Nn

For m + n > 2, note that

H—E
GG = n—(m—l—n)f( ; )’

f== (xziil)m<x);:ui1)n'

where
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Writing f,(x) = f (%) and applying Lemma 2.4, we have

(G"G*") =

1 i
P /(C3z(fn(z)x(y/n))(Q(z))d2z

(A.2) = #/ (iyf”(X)x(y/n) + if ) x' /) — Xf/(x)x/(y/n))
: 2rpmtn Jg2 n n’" "
x (G(x +iy))dx dy,

where we set x(y) =1 for |y| <1 and x(y) =0 for |y| > 2. Note that for m +n > 2, f and
its derivatives are in L' (R). The proof of (2.5) then finishes by inserting (A.1) into (A.2).
The proof of (2.6) is similar. We omit the details.
(i1) The proof follows by

m ~¥n 2 Wt Wl Wt
Z|(G G*"),; I =(G"G™"G"G™)

and (2.6).
(iii) Let us first look at the case k = 2. By the resolvent identity zG = HG — I and
Lemma 2.2, we have

1 1 4
(A3) EG? = - (EQ +2E(G)(G?) + NIEG_3 ~EK® —EL® - R gl),

where T = —z — 2EG, Rl 1 is the remainder term,
3(G?);
S LT
l' 121
and
1 NG,
L® = — C g .

The proof then follows by estimating the RHS of (A.3) by parts (i) and (ii).
The proof of the case k = 3 is similar, and we omit the details.
(iv) The proof is an elementary computation. One possible way is to write

E(H? - 1)" —ZE<H2 _ _) (B2 — 1)

and apply Lemma 2.2 with & = Hl%-. We omit the details.
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