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We study a system of random walks, known as the frog model, starting
from a profile of independent Poisson(A) particles per site, with one addi-
tional active particle planted at some vertex o of a finite connected simple
graph G = (V, E). Initially, only the particles occupying o are active. Active
particles perform ¢ € N U {oo} steps of the walk they picked before vanish-
ing and activate all inactive particles they hit. This system is often taken as a
model for the spread of an epidemic over a population. Let R; be the set of
vertices which are visited by the process, when active particles vanish after ¢
steps. We study the susceptibility of the process on the underlying graph, de-
fined as the random quantity S(G) := inf{r : R; = V'} (essentially, the short-
est particles’ lifespan required for the entire population to get infected). We
consider the cases that the underlying graph is either a regular expander or
a d-dimensional torus of side length n (for all d > 1) T4 (n) and determine
the asymptotic behavior of S up to a constant factor. In fact, throughout we
allow the particle density A to depend on n and for d > 2 we determine the
asymptotic behavior of S(Ty(n)) up to smaller order terms for a wide range

of L = A,.
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1. Introduction. We study a system of branching random walks known as the frog
model. The model is often interpreted as a model for a spread of an epidemic or a rumor.
The frog model on infinite graphs received much attention, for example, [4, 5, 25-27, 33, 38,
43]. As we soon explain in more detail, the focus of this work is to study a natural quantity
associated with the frog model on finite graphs, called the susceptibility, which in the afore-
mentioned interpretation of the model is meant to capture “how interesting should a rumor
be, so that eventually everybody will hear it.”

Most of the existing literature on the model is focused on the case that the underlying
graph on which the particles perform their random walks is Z¢ for some d > 1, for example,
[4, 5, 38, 40] (in [16, 17, 20, 21, 41] the case that the particles preform walks with a drift is
considered). Beyond the Euclidean setup, there has been much interest in understanding the
behavior of the model in the case that the underlying graph is an infinite d-ary tree, [25-27].
To the best of the authors’ knowledge, the only existing papers concerning the model on finite
graphs are [23, 26, 39], whose main concerns are the frog model on cycle graphs, complete
graphs and regular trees.

This paper is closely related to [23] (see Section 3.2) and also to a paper by the first
and third authors about the intimately related random walks social network model (see Sec-
tion 3.3). In this paper, we study the model in the case that the underlying graph G = (V, E)
is some finite connected simple undirected graph. More specifically, we focus mainly on the
cases that G is a d-dimensional torus (d > 1) of side length n or a regular expander.

The frog model on G with density A can be described as follows. Initially, there are Pois(})
particles at each vertex of G, independently (where Pois(A) is the Poisson distribution of
mean 1). A site of G is singled out and called its origin, denoted by 0. An additional particle,
denoted by wplant, is planted at o. This is done in order to ensure that the process does not
instantly die out. Initially, each particle independently “picks” an infinite trajectory, which
is distributed as a discrete-time simple random walk (SRW) on G started at the particle’s
initial position. All particles are inactive (sleeping) at time zero, except for those occupying
the origin. Each active particle performs the first 7 steps of the walk it picked (for some t €
N U {o0}) on the vertices of G (i.e., for T steps, at each step it moves to a random neighbor of
its current position, chosen from the uniform distribution over the neighbor set) after which it
cannot become reactivated (one may consider that they vanish). We refer to 7 as the particles’
lifetime. Up to the time a particle dies (i.e., during the t steps of its walk), it activates all
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sleeping particles it hits along its way. From the moment an inactive particle is activated, it
performs the same dynamics over its lifespan 7, independently of everything else (i.e., there
is no interaction between active particles). We denote the corresponding probability measure
by IP))L.

Note that (in contrast to the setup in which G is infinite) a.s. there exists a finite minimal
lifespan t (which is a function of the initial configuration of the particles and the walks they
pick) for which every vertex is visited by an active particle before the process “dies out.”
We define this lifespan as S(G), the susceptibility of G. A more explicit definition of the
susceptibility is given in (3.8).

The name frog model was coined in 1996 by Rick Durrett. It is a particular case of the
A 4+ B — 2B family of models (see Section 3.3). Like other models in this family (e.g., [30,
32, 34]), it is often motivated as a model for the spread of a rumor or infection. Keeping
this interpretation in mind, the susceptibility is indeed a natural quantity. It is essentially the
minimal lifespan 7 of a virus (more precisely, of an individual infected by a virus), sufficient
for wiping out the entire population. In this interpretation, the more likely S(G) is to be large,
the less susceptible the population is.

1.1. Organization of the paper. The paper is organized as follows. In Section 2, we
present our main results and some conjectures that we believe may drive future research
in this subject. In Section 3, we introduce some notation necessary for a formal construction
of the model, present a concise introduction to the topic of the frog model on finite graphs,
introduce some related models and examples and state some additional conjectures. In Sec-
tion 4, we prove Theorem 1. In Section 6, we prove results concerning the cover time by
multiple walks and explain how they imply lower bounds on the susceptibility. In Section 5,
we present some auxiliary results concerning percolation and simple random walks which
are handy for the proofs of the Theorems 2 and 3, which are delivered in Sections 7-8.

2. Main results and conjectures. Below we list our main results. In Theorems 1 and 3,
we present bounds on S with explicit estimates for the probability the bounds fail, which are
valid for fixed graph size n and particle density A. In particular, we allow both A = A, and A~
to diverge as n — oo. It is natural to allow the particle density to vary for multiple reasons.
One reason is that a priori it is plausible that the susceptibility exhibits a phase transition
when A is scaled in some appropriate manner. Another, is that in the our Theorem 2 we relate
the susceptibility of the frog model with density A, to the cover-time of the graph by [1,n¢]
independent particles, each starting at a vertex chosen uniformly at random, independently.
In the setup of the cover-time by multiple independent random walks, there is no particular
regime (of number of walks) that appears more interesting than others, and there is no reason
to restrict to the case the number of walks is comparable to the number of vertices.

It is interesting to note that for each family of graphs considered in this paper, the suscep-
tibility exhibits some fixed scaling as a function of the graph size and particle density (with a
polynomial dependence on logn and A~!) throughout the considered regimes (i.e., the sparse,
dense and “hyperdense” regimes: A, = o(1), A := ®(1) and A, > 1, resp.; see Section 3.4
for our (standard) usage of asymptotic notation). In particular, the susceptibility does not ex-
hibit a phase transition. This is in sharp contrast with the notion of the cover time for the
frog model, for which recently Hoffman, Johnson and Junge established a phase transition
for finite d-ary trees [26].

2.1. Tori. We denote the n-cycle graph by C,,. This is a graph on n vertices containing a
single cycle through all vertices. The next theorem asserts that as long as A,n > 1 the suscep-
tibility of C,, corresponding to particle density A, is w.h.p. (i.e., with probability tending to 1
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as n — 00, see Section 3.4 for a precise definition) ® (A, 2 log2 (Ann)) (equation (2.2) covers
only some of this range, but when valid offers a better bound than (2.3) on the probability
that S(C,) is unusually small).

THEOREM 1. Letty , = (% log()»n))z. There exist some positive absolute constants c,
co, €1, €2, C1, Ca such that the following hold:

(2.1) VA >2/n, Pi[S(C,) > Cityn] < Caexp[—colog?3(an)],
Vee (0,1, A>n""7",
(2.2)
P, [S(Cy) < c1e22 " log? n] < exp[—c28_2n€/3],
2
(2.3) VA >0, Pi[S(Cy) <ctin] < 4exp[— } + (an) "4,
’ 321‘)\,,,

We denote the d-dimensional torus of side length n by T4 (n). This is the Cayley graph of
(Z/nZ)? obtained by connecting each x, y € (Z/nZ)¢ which disagree only in one coordinate,
by £1 mod n. Let (5,)°°,, be SRW on Z¢. Let

(2.4) p(d) :=Py[T =00], where T, :=inf{n >0:S, =x}.

The following theorem essentially asserts that for particle density A which does not
vanish nor diverge too rapidly as a function of n, w.h.p. we have that S(T(n)) =
(1 £0))f(n, 1) and that S(Ty(n)) = (1 £ o(l))%logn for d > 3, where f(n,)) =

241 -1
=17 " lognlog(1~" logn).

THEOREM 2.

(i) Let A = A,. Assume that n=% <« A < logn for some 8, = o(1) such that 5, > @. Let
f(n, L) := %)ﬁl lognlog(k‘l logn). Then for every ¢ > 0

| S(T2(n)) ~
2 el
(2.6) Ey[S(T2(m))] = (1 £ o(1)) f(n, ).
Moreover, if logn < An’> < n*logn then for every fixed & > 0
. 1 S(Ta(n) ~

(ii) Letd > 3. Let > = A,. Assume that logn < An® <« nlogn. Then for every ¢ > 0,

_ S(Tq(n)) B
29 i B | et 1| 7#] =
(2.9) E,[S(Ta(m)] = (1+ 0(1))Ap(d) logn.

Let G = (V, E) be a finite connected graph. Consider the cover time of G by m particles
performing simultaneously independent SRWs, each starting at a random initial position cho-
sen uniformly at random independently, where the cover time is defined as the first time by
which every vertex is visited by at least one of the particles (see (6.1) for a formal definition).
Denote it by D(G, m). The bounds from Theorem 2 have a natural interpretation. Namely,
in Section 6.2 we show that for d > 2 if logn < m = m, < n? logn, then D(T;(n), m) is
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concentrated around f(n, m/n%) = 2” - logn log(” logn) for d =2 and around " logn
for d > 3.

It is not hard to show that this implies the corresponding lower bounds on the susceptibility
by substituting m = An? (this is done in Section 6.1). It is interesting to note that for d > 3

the cover time of a single particle is up to smaller order terms % logn. Hence for d > 3
the “speed-up” to the cover time by having m, particles (each starting from stationarity)
compared to the cover time by a single particle is (1 & o(1))m.

It is substantially harder to show that the susceptibility can be bounded from above in
terms of the cover time (by a corresponding number of particles). This is done in Section 7.
We conjecture that an analog of the above relation between the susceptibility and the cover
time by multiple random walks holds for all vertex-transitive graphs, and that both can be
understood in terms of the decay of the return probability SRW. See Conjecture 2.6 for a
precise statement, which also provide some insights about the dependence in our results of
the susceptibility on the particle density and the number of sites.

REMARK 2.1. Let G = (V, E) be a connected d-regular graph. It is not hard to verify
that P(14s)a10g|v|[S(G) > 1] < |V|_‘3 and also that for all § > 0 and d > 2 we have that
Poda+s)10gnlS(Ta(n)) > 1] < C n—%2. For details, see Section A.1. Thus there is little harm
in our assumption that A < logn in Theorem 2 and that A < % logn in Theorem 3 below.

2.2. Expanders. We denote by y (G) the spectral-gap of SRW on G, defined as the sec-
ond smallest eigenvalue of /I — P, where P is the transition matrix of SRW on G and [ is
the identity matrix. We say that a sequence of graphs G,, = (V,,, E,)) is an expander family if
inf, y(G,) > 0 and |V,| — oo. We say that a graph G is a y-expander if y(G) > y.

Our next theorem essentially states that the susceptibility of an n-vertex regular y-
expander in the Pois(1) frog model is w.h.p. O(log")

THEOREM 3. There exist absolute constants c,c’,C,C' > 0 and some 8, = o(1) such
that for every n > C' and y € (0, 2], for every regular n-vertex y -expander G = (V, E), we
have

1
—evloenif e [c “ogn, -1 }
(2.10) P.[S(G) > Ci~ 'y~ logn] < | 4 ORI RN
Sn if1/n < »<Cn 'logn),

where this holds uniformly for all possible choices of the origin o.

REMARK 2.2. Note that neither y nor A are assumed to be bounded away from 0. We
note that when y is bounded away from 0, Theorem A offers a lower bound on S(G), match-
ing up to constants.

REMARK 2.3. The term ! in (2.10) can easily be replaced by y ~'/2. The origin of
this term follows from the estimate ;2 (P; (x, x) — |V‘) < Z“/V (P} (x,x)— IVI) <2/y,
where P; = %(1 + P) is the transition matrix of lazy SRW. However, using the fact
that for regular graphs P} (x,x) — ‘i

V] ~
[1/v1 1 1
Zt:() (P[t,(xvx)_m)gﬁ

Note that in the statement of Theorem 3, the (common) degree of the vertices plays no
role. The argument which allows us to avoid degree dependence in (2.10) involves a use of
a maximal inequality. We believe the usage of maximal inequalities in the context of particle
systems to be novel.
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REMARK 2.4. Let R;(wplant) be the range of the length # walk performed by the planted
particle wpjant. Given |R;(wplant)| = i, the probability that R;(wplant) is not occupied at time
0 by any other particle apart from wpan¢ is ¢ . Hence when bounding P, [S(G) > t] from
above, it is necessary to argue that |R;(wplant)| is w.h.p. large. The error terms in our up-
per bounds on § are dominated by the contribution coming from the case |R;(Wplant)| 18
unusually small.

2.3. Giant components. Let R; be the set of vertices which are visited by the process,
when active particles vanish after ¢ steps. Consider a sequence of graphs G, := (V,,, E;)
with |V,| — oo. Another natural question is whether for some fixed ¢+ = #, we have that
Py[IR:(Gr)| = 8| Vy|] = 8 > 0. While this problem is interesting by itself, a related problem
will be central in proving an upper bound on S in all the examples considered in this note,
apart from the case of the n-cycle. Consider the case that wpan, the planted walker at o,
walks for t =1}y steps (for some #|y| tending to infinity as |V| — o0), while the rest of the
particles have lifespan M for some constant M = M (A) (which diverges as A — 0). Denote
the set of vertices which are visited by this modified process before it dies out by R; 3. In all
of the examples analyzed in this paper, other than the n-cycle, we show that |R; y| > §|V|
w.h.p. for some é > 0, provided that M = M (1) is sufficiently large and that t = #y| — oo
as | V| — oo. To be precise, when A — 0 then we need (1) t > 1/A for Ty(n) for d > 3, (2)
t > |logA|/A for To(n) and (3) £ > 1/(y A) for regular y -expanders. For precise statements,
see Theorems 7.7 and 8.1.

2.4. Conjectures. Recall that D(G, m) is the cover time by m independent particles, each
starting at a vertex chosen uniformly at random, independently.

DEFINITION 2.5. We say that a bijection ¢ : V — V is an automorphism of a graph
G = (V,E) if {u,v} € E iff {¢u), p(v)} € E. A graph G = (V, E) is said to be vertex-
transitive if for all u, v € V there exists an automorphism ¢ of G such that ¢(v) = u.

Denote the transition matrix of simple random walk (X;)>°, on G by P and its stationary
distribution by 7. For v € V, let T, := inf{¢ : X; = v} be the hitting time of v. Denote the law
of (X,)72, given Xo ~ m by P, Let

o0(e) i= inf{t min P [T, <1] 2 e], o(e) i= inf{t max P [T, < ]2 e],

t t
N i . i
Vy 1= max EOP (v,v), vy 1= min EOP (v, v).
1= 1=l

When G is vertex-transitive, the two quantities written in each row are equal to one another.
Let

£,(G) :=min{s : 25 /v; > 2" 'log |V},

CONIJECTURE 2.6 (Reiterated from [23]). Let G = (V, E) be a finite connected vertex-
transitive graph. If A|V| > 2log|V|, then

log |V
@.11) EA[S(G)] < E[D(G, [MV[])] = 1(G) = Q( og| '),

AV
Moreover, if 1| < m < |V|log|V| then

E[D(G, m)] = (1 :i:o(l))g(l - exp(—log|v|>).

m
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For a derivation of a lower bound on S(G) in terms of D(G, -), see Section 6.1. We note
that when m > 2log|V| we have that logmﬂ =1- exp(—lofnﬂ). We also note that (in the
vertex-transitive setup) the expected number of vertices which are not visited by any of the m
walks by time ¢ is given by |V|(1 — P,[T, <¢])". Hence t = o(1 — exp(—logmﬂ)) roughly
corresponds to the time at which this expectation is of order 1.

CONJECTURE 2.7 (Re-iterated from [23]). Let G, = (V,, E,) be a sequence of finite
connected vertex-transitive graphs of diverging sizes, A, > ”;_nl and m,, — oo. Then for all
& > 0, we have that

S(G) 1‘ y 8}

. H D(Gy,my) 1‘>8i|
E;, [S(Gn)] -0

=0= lim P —
E[D(Gn, mn)]

lim ]P))Ln|:
n—oo
The following proposition and remark summarize our knowledge about Conjecture 2.6.

PROPOSITION 2.8. Let G = (V, E) be a finite connected regular graph. Define
5,(G) :=inf{s e N: 1251 > vslog |V},
5,(G) :=inf{s € N:sx > 2D, log|V|}.

Let ) be such that %2V & 1. Then

6AV]
56) <o) =i =i=o( )
(2.12) 6AV| AV
<5(6) S (A og V).
Moreover,
(2.13) ]P’[’D(G, |—)»|V|-|)>f]§ 1/1V],
N < |V|2/3—0(1)
2.14 P|ID(G, [L|V t sy~ I
co A <nse( )
Finally,
R |V|2/3—0(1)
P}L[S(G) < t] § CXp(—W>
(2.15)

+m3xpv[|{x,- :0<i <t} >1|VvI]/2].

REMARK 2.9. For vertex-transitive graphs, one should typically expect that (in the no-
tation from (2.12)) 7 < 7 and that 5, (G) =< t,(G) = §,.(G).

The term max, P,[|{X; : 0 <i < f}| > |V|/2] from the right-hand side of (2.15) is meant
to treat the planted particle. In the vertex-transitive case one can treat, the planted particle
using symmetry, in the spirit of what is done in Section 6.1, in order to get rid of this term. In
any case, this probability is 0, unless X is very small.

The following conjecture is motivated by the results in [10] (see Section 3.3 for more
details).

CONIJECTURE 2.10. There exist some Cy 3, £ > 0, such that for every sequence of finite
connected graphs G, = (V,,, E,) with |V, | = oo of maximal degree at most d, we have that
limy 00 PA[S(G,) < Ca . log |Vall = 1.
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We suspect that one can take above £ =2 and C; 4 = C2~2d? for some absolute constant
C > 0. Moreover, we suspect that for regular or vertex-transitive G, one can even take above,
respectively, C, 4 = C 2 ~2d and C vd =C 22 for some absolute constant C > 0 (cf. [10],
Conjectures 1.9 and 8.3). If true, this suggests that up to a constant the n-cycle is extremal.
See Examples 3.2-3.3 for more about the dependence of the susceptibility on d.

The following conjecture concerns a strengthening of Conjecture 2.10 for the class of
“uniformly transient graphs.”

CONJECTURE 2.11. There exists some nondecreasing, diverging f : Ry — R, such
that for every connected d-regular n-vertex graph G = (V, E),

P1[S(G) = Ca f(Ri) log|VI] < 1/|V],

where Rl :=1/min,xyev Py[T, < Tv+] (i.e., the inverse of the minimum over all pairs of
distinct vertices (u, v) that a SRW started from v will reach u before returning to v).

The function f(x) = max{logx, 1} works in all examples that were studied in the litera-
ture.

CONJECTURE 2.12. All of our results for A = 1 hold also when initially we have exactly
one particle per site.

It is likely that one can give an affirmative answer to Conjecture 2.12 using ideas from
[29]. Alternatively, it is plausible that with some care all our arguments translate mutatis
mutandis to the case where there is one particle per site, where the main technical obstacle
appears to be that Poisson thinning no longer applies. Poisson thinning is used repeatedly in
our analysis; however, we strongly believe our arguments can be modified as to not rely on it.

3. Propaedeutics. The cover time CT(G) of a graph G w.r.t. the frog model is the first
time by which every vertex has been visited by an active particle. See Section 3.5 for a more
precise definition.

3.1. Review of general susceptibility lower bounds. Theorem A below seems to be espe-
cially useful when G is vertex-transitive (see Conjecture 2.6). The bound offered by (3.2) is
sharp up to a constant factor in all of the cases considered in this paper (at least when A does
not vanish too rapidly).

THEOREM A ([23] Theorem 3). For every finite regular simple graph G = (V, E) and
all Ay > 0 such that )., (log |V |)> < |V,
a.1) ]P)MV|[)‘|V|S(G)ZL(|V|’)‘\V|)]_> 1, as|V|— oo,
' where L(n, 1) :=logn — 4loglogn — log(max{1/x, 1}).
Moreover, for all § € (0, 1) and all Ayy| > |V |~ we have that
3.2) P)‘\VI[S(G) > I)LW‘,(S(G)] — 1, as|V|— oo,
where t) s(G) :=min{s : 2sA > (1 — §)vslog |V |} and v¢ := min, Zf.‘:() Pi(v,v).
REMARK 3.1. We note that #; o(G) < Cr2 log2 |V | for every regular graph G = (V, E)

(e.g., [12], Lemma 2.4). This is tight up to a constant factor as for the n-cycle C, we have
that #;1/2(Cp) > cA "2 log?|V|.
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THEOREM B ([23] Proposition 1.1). Let K, be the complete graph on n vertices. Let
(A)nenN be such that limy,_, oo Ayn = 0. Then

Ve € (0,1),

3.3
(33 Jim P [(1— )i, logn < S(Ky) < [(1+e)2, ' logn]] = 1.

Moreover, there exists some C > 1 such that for every (Ay)neN

(34)  lim P, [CT(K,) < C(1{A, <2}, ' logn + 1{, > 2}[log;, n])] = 1.

In light of Theorem B and (3.1), K, is the regular graph with asymptotically the smallest
susceptibility (at least when A > |V|—eM),

3.2. Frogs on trees. Beyond the Euclidean setup, there has been much interest in un-
derstanding the behavior of the model in the case that the underlying graph is a d-ary tree,
either finite of depth n or infinite, denoted by 75, and 74, respectively. In a sequence of
dramatic papers, Hoffman, Johnson and Junge [25-28] showed that the frog model on 7 in-
deed exhibits a phase transition w.r.t. . Namely, below a critical density of particles it is a.s.
transient, and above that density it is a.s. recurrent. Johnson and Junge [28] showed that the
critical density grows linearly in d. In an ingenious recent work together with Hoffman [26],
they showed that for A > Cd? the frog model on 7y is strongly recurrent (namely, that the
occupation measure of the origin at even times stochastically dominates some homogeneous
Poisson process). As an application, they showed that w.h.p. CT(75.,) < C4»"'nlogn for
A > Cod?, while CT(Ta.n) = exp(ca /n) for A <d/100. The main results in [23] are the
following.

THEOREM C ([23] Theorems 1-2). There exist some absolute constants C,c > 0 such
that for all d > 2, if d"n*logd < A, < clogn then

. n n n n

n n n n

1
lim Py, [CT(I”,) <Cn max{ 1, = log /\i }33«/105"%&"'} =1.

n n

Note that the bounds from [26] complement these bounds and match them up to a constant
factor for A > Cod? (as CT(G) > S(G)) and up to the value of the constant in the exponent
for A < d/100. Also, observe that combining the results from [26] with those from [23]
one can readily see that CT(7;,,) exhibits a phase transition w.r.t. .. We do not expect the
susceptibility to exhibit a phase transition in any natural family of graphs. We also see that
the cover time, which is always as large as the diameter, may be very large, in contrast to our
Conjecture 2.10 for the susceptibility.

We strongly believe that for A = 1 one has for all d > 2 that w.h.p. CT(Ty;) < Cdn (note
that the diameter of Ty is proportional to nd and so also CT(T;) > cdn). The intuition comes
from the fact that the frog model on Z¢ satisfies a shape theorem [5, 6, 40].

3.3. Related models. The A + B — 2B family of models are defined by the following
rule: there are type A and B particles occupying a graph G, say with densities A4, Ap > 0.
They perform independent either discrete-time SRWs with holding probabilities pa, pp €
[0, 1] or continuous-time SRWs with rates r4, rg > 0 (possibly depending on the type). When
a type B particle collides with a type A particle, the latter transforms into a type B particle.
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The frog model can be considered as a particular case of the above dynamics in which the
type A particles are immobile (p4 =1 or rg =0).

In a series of papers, Kesten and Sidoravicius [30-32] studied in the continuous-time setup
the set of sites visited by time ¢ by a type B particle in the A + B — 2B model when the
underlying graph is the d-dimensional Euclidean lattice Z¢, r4, rp > 0 and initially there are
B particles only at the origin. In particular, they proved a shape theorem for this set when
ra =rp and A4 = Ap [32] (and derived bounds on its growth in the general case [30]). An
analogous shape theorem for the frog model on Z¢ was proven by Alves, Machado, and
Popov in discrete-time [5, 6] and by Ramirez and Sidoravicius in continuous-time [40].

Even when p4 < 1 (or in continuous-time 4 > 0), one may consider the case in which the
B particles have lifespan ¢ and initially only the particles at some vertex o are of type B (and
we may plant a B particle at 0). One can then define the susceptibility in an analogous manner,
as the minimal lifespan of a B particle required so that all particles are transformed into B
particles before the process dies out. Similarly, one can define it as the minimal lifespan of a
B particle required so that all sites are visited by a B particle before the process dies out.

We strongly believe that all of the results presented in this paper can be transferred into
parallel results about the case of p4 < 1. Moreover, we also believe that the corresponding
versions of Conjectures 2.6-2.10 are true also in the case of pyg < 1.

In [10], the first and third authors study the following model for a social network, called the
random walks social network model, or for short, the SN model. Given a graph G = (V, E),
consider Poisson(|V|) walkers performing independent lazy simple random walks on G si-
multaneously, where the initial position of each walker is chosen independently w.p. pro-
portional to the degrees. When two walkers visit the same vertex at the same time they are
declared to be acquainted. The social connectivity time, SC(G), is defined as the first time in
which there is a path of acquaintances between every pair of walkers. The main result in [10]
is that when the maximal degree of G is d, then w.h.p.

(3.5) clog|V| <SC(G) < Cylog® |V].

Moreover, SC(G) is determined up to a constant factor in the case that G is a regular expander
and in the case it is the n-cycle.

Note that Conjecture 2.10 is the analog of (3.5) for the frog model (obtained by replacing
SC(G) above with S(G)). In many examples, E[SC(G)] and E[S(G)] are of the same order
(when A is fixed), and several techniques from [10] can be applied successfully to the frog
model. Namely, the same technique used in [10] to prove general lower bounds on SC(G) is
used in the proof of Theorem A. Moreover, the analysis of the two models on expanders and
on d-dimensional tori (d > 1) are similar (in all of these cases S(G) and SC(G) are w.h.p.
of the same order).

3.4. Notation. Let G = (V, E) be some finite graph. For SRW on a graph G, the hitting
time of aset A C V is T4 :=inf{t > 0: X; € A}. Similarly, TI :=inf{r > 1: X; € A}. When
A = {x} is a singleton, we instead write T and 7,". Let P be the transition kernel of SRW
on G. We denote by P'(u, v) the ¢-steps transition probability from u to v. We denote by P,
the law of the entire walk, started from vertex u. We denote the uniform distribution on V
(resp., U C V) by & (resp., my). When we want to emphasize the identity of the graph, we
write P5, PY and EC rather than P!, Py and E,. When certain expressions are independent
of the initial point of the walk we sometimes omit it from the notation. Similarly, when we
want to emphasize the identity of the base graph for the frog model, we write }P’f and Ef
When certain events involve only the planted particle wpjani, Wwe often omit the parameter A
from the subscript.

Consider the frog model on G with particle density A and lifespan 7. Recall that R, is the
collection of vertices which are visited by an active particle before the process corresponding
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to lifespan 7 dies out. Denote the collection of particles whose initial position belongs to a set
U CV (resp., is v € V) by Wy (resp., Wy). Then (|W,| — 1{v = 0}) ey are i.i.d. Pois(}).
Denote the collection of all particles by W = W(V). Denote the range of the length ¢ walk
picked (in the sense of Section 3.5) by a particle w by R¢(w). Denote the union of the ranges
of the length ¢ walks picked by the particles whose initial positions lie in U C V (resp., is
v) by Re(U) :=ReWy) (resp., Re(v) :="R¢(W,)). Denote the union of the ranges of the
length ¢ walks picked by the particles belonging to some set of particles &/ S W by Ry (U).

For every event A, we denote its complement by A€. For U C V, we denote U¢ : =V \ U.
For U C W, we denote the collection of particles which do not belong to U/ by U¢ := W \ U.

The distance dist(x, y) between vertices x and y is the minimal number of edges along
a path from x to y. Vertices are said to be neighbors if they belong to a common edge. We
write [k] :={1,2,...,k}and Jk[:= {0, 1, ..., k}. We denote the cardinality of a set A by |A|.
We write w.p. as a shorthand for “with probability.”

We use C, C’, Cy, Cy, ... (resp., 8, ¢, ¢, ¢, co, c1, . ..) to denote positive absolute constants
which are sufficiently large (resp., small) to ensure that a certain inequality holds. Similarly,
we use Cy, Cy, 4 (resp., cq, ¢y q) to refer to sufficiently large (resp., small) positive constants,
whose value depends on the parameters appearing in subscript. Different appearances of the
same constant at different places may refer to different numeric values.

We write o(1) for terms which vanish as n — oo (or as some other parameter, which is
clear from context, diverges). We write f,, = o(g,) or f, < gn if fn/gn = 0o(1). We write
fu=0(gy) and f, < g, (and also g, = Q(f,) and g, = f,) if there exists a constant C > 0
such that | f;,| < C|gn| for all n. We write f,, = ®(g,) or f, < g, if f, = O(g,) and g, =
O(fn)- If a(e) and b(e) are two functions from a certain class of finite graphs G to R, we
write a < b if for all G € G we have that 1/C < a(G)/b(G) < C for some C > 1.

We say that a sequence of events A,, defined with respect to some probabilistic model on
a sequence of graphs G, := (V,,, E,) with |V,;| = oo holds w.h.p. (“with high probability’’)
if the probability of A, tends to 1 as n — oo.

3.5. A formal construction of the model. In this section, we present a formal construc-
tion of the frog model. In particular, the susceptibility is defined explicitly in (3.8). In what
comes, we shall frequently refer to “the walk picked by a certain particle.” This notion is
explained in the below construction. We also recall the notion of Poisson thinning, which is
used repeatedly throughout the paper.

Clearly, in order for the susceptibility to be a random variable, the probability space should
support the model simultaneously for all particle lifetimes. In order to establish the fact that
the laws of susceptibility is stochastically decreasing in A, below we show that the probability
space can be taken to support the model simultaneously also for all particle densities. As this
is a fairly standard construction, most readers may wish to skim this subsection.

We denote the set of Pois(A) (or 1 4 Pois(A) for the origin) particles occupying vertex v at
time 0 by W, = {wf}, ..., w‘vwvl}, where W := (|W,| — 1{v = 0})yev are i.i.d. Pois(A). We
can assume that at time O there are infinitely many particles 7, := {w; : i € N} occupying
each site v (where w; is referred to as the ith particle at v), but only the first [WW,| of them
are actually involved in the dynamics of the model. We may think of each particle w} € 7,
as first picking an infinite SRW Svi .= (Stv’i),eZJr according to P,, where S := (Sv’i)vev,iEN
and W are jointly independent. However, only in the case that i < |W,| and v is visited by
some active particle, say the first such visit occurs at time s, does w? actually perform the
first T steps of the SRW it picked (i.e., its position at time s 4+ is S,"’i for all r € [7]).

Consider a collection of rate 1 Poisson processes M := (My,(e))ycy on Ry (i.e., for
(My(2))s>0 is a rate 1 Poisson process on R for each v € V), such that S and M are jointly
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independent. We can define above W = W?* := (M,(1))pey. From this construction, it is
clear that the law of S(G) is stochastically decreasing in A.

Let G = (V, E) be a graph. A walk of length k in G is a sequence of k + 1 vertices
(vo, v1, ..., vg) such that {v;,vi+1} € E for all 0 <i < k. Let 'y be the collection of all
walks of length k in G. We say that w! € W), picked the path y = (yo, ..., ») € ¢ if S =
y: for all ¢ € Jk[. For each y € I't, let W, be the collection of particles in W), \ {wplant}
which picked the walk y. For a walk y = (yo, ..., ¥x) € [y for some k > 1, we let p(y) :=
]_[f.‘;ol P(yi, vi+1). By Poisson thinning, we have that for every fixed k, the joint distribution
of (IWy|)yer, (under IP,) is that of independent Poisson random variables with E; [|W,,|] =
Ap(y) forall y € I'y.

For distinct x, y € V and 7 € NU {00}, let

(3.6) Cr(x,y) =inf{j <7:87" =y for some i < | W]}

(employing the convention that inf @ := 00). The activation time of x (and also of W)
w.r.t. lifespan 7 is

(3.7 AT (x) := inf{€r (xo, x1) + -+ + € (Xm—1, Xm) |,

where the infimum is taken over all finite sequences 0 = xg, X1, ..., X;—1, X,y = X where
x; € V. Then (for lifespan t) when finite, AT, (x) is precisely the first time at which x is
visited by an active particle, while AT (x) = oo iff site x is never visited by an active particle.
The susceptibility of G can now be rigorously defined as

(3.8) S(G) = inf{t : max AT (v) < oo].

The cover time of G is the first time by which every vertex has been visited by an active
particle. It can be defined as

3.9) CT(G) := mea]ii AT (v).

3.6. Examples. We now present a couple of examples with a large S, demonstrating that
S(G) may grow at least linearly as a function of the maximal degree of G, even if G is
regular.

EXAMPLE 3.2. Let G, be the graph obtained by attaching a distinct vertex to each site
: ; AS(Gn)
of the complete graph on n vertices. It is not hard to see that w.h.p. ¢ < Tlogn = C for all
fixed A > 0.

The following example is borrowed from [10].

EXAMPLE 3.3. Fix some 2 < d and n such that 2d < n. Let J; be a graph obtained from
the complete graph on k vertices by deleting a single edge. Consider [n/d] disjoint copies
of Jg: Iy, ..., Itn/a1—1, where for all 0 < j < [n/d], I; is connected to I; 1 (where j + 1
is defined mod[n/d]) by a single edge that connects two degree d — 1 vertices. This can be
done so that the obtained graph, denoted by Hy ;, is d-regular. We argue that

E[S(Ha.n)] > ¢ min{max{ds, s*}, n*}
(3.10)

1 An
where s =5y 4.5 1= 5 log )

We provide a sketch of proof of (3.10) in Section A.2.
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CONJECTURE 3.4. Letd >2and A > 0. Let &(n, d) be the collection of all n-vertex
d-regular connected graphs. Then

Ge@(rtrilfa}?);de) ES@] =1+ oMWES (Ha]:

Moreover, if (d;),en diverges and d,, < n for all n, then for all (A,,),en We have that

E =(1 D)E H .
Ge®(dyn)dn.dn) SO =1+ oD)Es,[5(Ha,.)]

4. The cycle—Proof of Theorem 1. In this section, we consider the case that G is the
n-cycle, C, = (V(C,), E,), and prove Theorem 1.

4.1. The lower bounds. To prove the lower bounds (2.2) and (2.3), we bound the suscep-
tibility from below by the cover time when initially all particles are activated. For (2.2), we
look at a collection J of ®(n/t) vertices of distance at least 2¢ 4+ 1 from one another, where
t < A7 2log? n and exploit the fact that the number of particles to visit site j € J by time ¢
are independent for different vertices in J. The proof of (2.3) requires a more subtle variance
estimate.

Proofs of (2.2) and (2.3): Let e € (0,1) and A > n=7%). Let 1 = 1, = c162A~2log?n for
some constant ¢ to be determined later. For a vertex v € V (C,), let

U (v) :=[{w e W\ W, :v e Ry (w)}]

be the number of particles with initial positions other than v that picked a walk (in the sense of
Section 3.5) that visits v in its first ¢ steps. Note that if J C V(C,) satisfies that dist(a, a’) >
2t for all a,a’ € J then (Us(a)),ey are jointly independent. Let V' := V(C,) \ {v: 1 <
dist(v, 0) < t}. By symmetry, (U;(v)),cy’ are identically distributed.

Consider a collection J C V' {0} of vertices, which are all of distance at least 27 + 1 from
one another, of size at least % — 1. We argue that in order to prove (2.2) it suffices to show
that c¢; can be chosen so that

(4.1 p=pn,t,1):=P[U0) =0]>n"*>

Indeed, {S < t} € Nyes{Us(a) # 0}. Hence if p > n=¢/? (which implies that |J|p >
c2e72n?/3) then (2.2) holds, as by independence and symmetry we have

PiS <11 < (1= )l <exp(—1J1p) < exp(—cae*n"7).
We now prove (4.1). Let v := Y!_q P'(v,v) < /1 + 1 and v (u,v) := 3t_y P! (u, v).

Observe that vy, (u, v) = 3’21 Py[Ty, = jlva,—;j for all u # v and so
t t
4.2) v Pu[T, <t]= Zpu[Tv =jlv < Z V2tiju[Tv =jl < vy (u,v).
j=1 j=1

By reversibility, >, cy (c, ) Pi(u,v)=1foralli and v € V(C,). This (used in the penultimate

inequality below to argue that }_,,., -, Z P '(u,v) < 2t) together with Poisson thinning
and (4.2) (used in the first inequality below) imply that for all v € V', U, (v) has a Poisson
distribution with mean

me=h Y PT, <1] <2 ZZP(H v) < \/_ - (21) < C'aV1

uu#v Vt wu#vi=1

Thus if ¢; is chosen so that t < (8218%" )2 we get that p; < 5 logn and so the probability that

U;(v) =0 s at least e"* > n—¢/2 as desired. This concludes the proof of (2.2).
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We now prove (2.3). We employ the same notation as above. Let r := cA~2log?(An)
for some ¢ > 0 to be determined later. We now show that P;[|R,(wplan)| > n/2] <

4exp(—n?/(32r)). Indeed, if S := Z;‘:l &, where &1, &, ... are i.i.d. which each equal to
=£1 with probability 1/2 and M} := max; <, S, then by the reflection principle and symmetry

P[| R (ptand)| > /2] < 2P[M, > n/4] < 4P[S, = n/4] < de™/CW),

where the last inequality follows by (5.14). Fix some A C V(C,) of size at least n/2. For
the remainder of the proof of (2.3), we condition on the event that V(C,,) \ R, (wplant) = A
(however, we shall not write this conditioning explicitly). Let Y, := 1{U,(a) =0} and Y :=
Y aca Ya. By Chebyshev’s inequality,
Va,¥ 1 2 a.beAazb COV(¥a, ¥p)

(ErlYD? ~ Eau[Y] (Er[Y])?
We will show that E;[Y] > 1 and that Za’beA:a?éb Cov(Y,, Yp) < (B, [Ya])2.

Let D, be the event that there exists some particle w ¢ W, U W, such that {a, b} C
R, (w) (note that @ and b need not be adjacent). It is not hard to see that by Poisson thinning,

conditioning on D¢, , can only increase the probability that U, (a) = 0. Moreover, this remains
true even if we condition further also on U, (b) > 0. That is,

P,[Ur(@) =0 U,(b) >0, DS ] =P5[U,(a) =0 D ;|
> Pu[Ur (@) = 0] = Ex[Y,l.
Since Ex[Y, | (1 — Yp)1{D ,} # 0] =P [U,(a) =0 | U, (b) > 0, DS, , 1, we get that
Ei[Ya(1 = ¥p)] =Ea[Ya(1 — Y)1{D§ ,}] = Ea[Ya]PA[Ur(b) > 0, D ,].

4.3) P,[Y =0] <

Thus
Cov(Y,, Yp) =—Cov(Y,, 1 —Yp)

< EAlYaIP.[U, (b) > 0] — Ex[Y,IP.[U,(b) > 0, D , ]
=< EA[Ya]PA[Da,b] = pPA[Da,b]-

By the proof of (2.2), the expected number of particles w ¢ W, such that a € R, (w) is at
most i, < C’A+/r. By Poisson thinning, the number of particles which reached b by time r
after reaching a has a Poisson distribution with mean p,—p < u,P,[7p <r]. By symmetry,
Ma—b = b—q and SO
44 P5[Dg.p] < min{1, 2(1 — exp(—u,Pul[Ty < r])}

' <min{2u,Pu[Tp <7, 1}.
Recall that P,[T}, < r] < exp[—c,(dist(a, b))z/r] for all a, b € V(C,,) (this follows from the
reflection principle). Hence

M :=max Z Py[Dgp] < Co\/r log(max{u,, e}) = éo\/r log(max{A/7, e}),
a€A L A(a)

which yields that
Var,Y <E[Y]1+ ) Cov(Ya,Yp)
a,beA:a#b
4.5) <E,[Y]+2|A|pM <3ME,[Y].

Van.Y _ 3M _ C{)\/r log(max{A/r, e})
ELYD? T Ep[Y] — nexp(—Cay/r)
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Substituting » = cA~2log?(An) and simplifying, we obtain (2.3), provided that c is taken to
be sufficiently small.

4.2. The upper bound. Let s =s, = Cir 2 logz(kn), where C; shall be determined
shortly. We now prove (2.1) that Py [S(Cp) < s,] < e—clog?Gn) provided that A > M/n,
for some large constant M (by picking C, to be sufficiently large, (2.1) trivially holds for
AE [%, %)). Let k, := [10A~! log(An)]. For a vertex v, let v, be the vertex which is of
distance k;, from v from its right. Denote the line segment of length %, to the right of v, by
R, (this is the segment consisting of all vertices of distance between k&, and 2k, — 1 from
v from its right). Let A, = A, (X, n) be the event that v € R;(R,) (i.e., there is at least one
particle whose starting position is in the interval R, which picked a walk that reaches v by
its sth step).

Let £ := |n/k,] + 1. Fix a collection of vertices u1, us, ..., ug such that for all i we have
that u; 1 is of distance k,, to the right of u;. Let A := ﬂle Ay, . Itis not hard to verify that if
C is taken to be sufficiently large, then for every u € R, the probability that a SRW starting
from u would reach v by time s, is at least 0.4 (in fact, we could have replaced 0.4 by any
fixed number smaller than 1). Fix such C;. By Poisson thinning, we have for all v,

PA[AS] < T e *PulTossl < o040k — =042 1og(m)] ﬁ‘
ueR,

Thus by a union bound P, [A€] < () ~% < ()2 Crucially, note that the union bound is
over £ < An/log(An) vertices and not over n vertices.

Note that the set R, = Ry must be an interval containing o (possibly the entire cycle).
Let B be the event that |Rg| > 2k,. Observe that on the event B there must be some i such
that R,; € R,. By the definition of the event A,,, if R,, € R, and A,; occurs, then also
Ry;,, C Ry (where i + 1 is defined modulus £). Since Ule Ry, = V(C,) we get that on
the event A N B, deterministically, Ry = V(C,) (i.e., every site is visited before the process
corresponding to lifespan s dies out).

Since P, [A€] < (An)_z, in order to conclude the proof it suffices to verify that P, [B€] <

e‘C1°g2/3(A”). Let D C B be the event that

|Rs (Rs (wplant)) | > 2kp

(where R (wplant) is the range of wplane by time s, and for a collection of vertices F, the
set R (F) is the union of the ranges of the length s walks picked by Wp, the collection of
particles which initially occupy J). Denote Z := [ R (wplant)|. Observe that for all F C V we
have that

1D} 1R Cwpan) = F} = 1] ma [Rs(w)] < 2k} - 1{Ra (pan) = F ).

Thus by conditioning on R (wplant) and applying Poisson thinning, symmetry (namely, that
(|Rs(w)|)wew are i.i.d. with the same law as Z) and Lemma 5.20 (third inequality) we get
that

]P))\[BC] =< IP))L[DC] = PA[|Rs(wplant)|
<27 og?3 ()] + exp[—A (A" 1og? 3 (An))Pi(Z < 2ky)]
< 2exp(—c’log?3(n)).
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5. Auxiliary results.
5.1. Percolation.

DEFINITION 5.1. Let G = (V, E) be some graph. Let o € [0, 1]. Let (X,)yey be
i.i.d. Bernoulli(ew) random variables. The random graph (V, {{u,v} € E: X, =1 = X,}) is
called Bernoulli site percolation on G with parameter «.

The following proposition is standard (e.g., [37]). Below, for each d the constants can be
chosen so that C(d, p), R(p,d) \\0,c(p) /' 1and B(d, p) > occasp /1.

PROPOSITION 5.2. Let d > 2. Then there exist some p.(d) € (0, 1) and some positive
constants C(d, p), R(d, p), B(d, p) and c(p) (for p € (pc(d), 1]) such that for all p €
(pc(d), 1], the largest connected component of the random graph obtained from Bernoulli
site percolation with parameter p on T (n), denoted by GC (“giant component”), satisfies
the following:

(1) It is the unique connected component of size at least R(d, p)(log n)ddTl w.p. at least
1—n"L
(2) With probability at least 1 — n™', in every box of side-length L = L(d, p) :=
1
[C(d, p)(logn)@-T17 there are at least c(p)Ld vertices belonging to GC.
(3) For every n and U C Ty(n), the probability that U N GC is empty is at most

exp(—B(d, p)|U|“T).

5.2. Markov chains. Generically, we shall denote the state space of a Markov chain
(X1)72, by 2 and its stationary distribution by 7. We denote such a chain by (2, P, ). We
say that the chain is finite, whenever €2 is finite. We say that P is reversible if 1 (x) P(x,y) =
w(y)P(y, x) for all x, y € Q. Throughout, we consider only finite reversible Markov chains,
even if this is not written explicitly. We say that P is lazy if P(x,x) > 1/2 for all x € Q.
We denote by P’ (resp., Py) the distribution of X, (resp., (X;);>0), given that the initial state
is x. Similarly, for a distribution 1 on 2 we denote by PZ (resp., P,,) the distribution of X,
(resp., (X;)2,), given that Xo ~ p.

The L, norm and variance of a function f € RS are Nfllp = EL[IFIPDYP for 1 <
p < oo (where Ex[h] := ), w(x)h(x) for h € R$), I flloo := maxy | f(x)| and Var, f :=
Nf— Enf||%. The L, norm of a signed measure o (on £2) is

lollpz == llo/mllp, where (o/7)(x)=0(x)/m(x).

We denote the worst case L, distance at time ¢ by d,(¢) := maxy dp (t), where d, x(t) :=
P — 7| p,z- Under reversibility for all x € 2 and k € N (e.g., (2.2) in [22]), we have that

d3 (k) = ho(x, x) — 1, where hy(x, y) := P*(x, y)/7(y), and

(5.1)
doo (2k) 1= rgf:lyX!hzk(x, y)—1]= myaxhzk(y, y)— L.

When P is also lazy, a standard argument (cf. [35], p. 135) shows that (5.1) holds also for
odd times. That is, forall x € Q and k € N,

(5.2) doo (k) 1= n)}ayx|hk(x, y)—1]|= mﬁlxhk(y, y) — 1.

The &-L ,-mixing-time of the chain (resp., for a fixed starting state x) is defined as
(5.3) T,(e) == Max T x (¢), where 1), «(¢) :==min{7 :d, () <&}.

When ¢ = 1/2, we omit it from the above notation.
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We identify P* with the operator on £2(2, ) ;= {f € R : | fll2 < oo} given by
Pkf(x) = Zy Pk (x, V) f(y) =Ei[f(Xr)]. If P is reversible, then it is self-adjoint, and
hence has |€2| real eigenvalues. Throughout, we shall denote them by 1 =y; > yp > --- >
YiQ@ = —1 (where y» < 1 since the chain is irreducible). The spectral gap and the absolute
spectral gap of P are given by y :=1 — y, and y := 1 — max{y», |y}, respectively. The
following fact (often referred to as the Poincaré inequality) is standard. It can be proved by
elementary linear-algebra using the spectral decomposition (e.g., [1], Lemma 3.26).

FACT 5.3. Let (2, P, ) be a finite irreducible reversible Markov chain. Let ;& be some
distribution on Q. Let f € R, Then for all € N, we have that

(5:4) P, =7y, <=9 —7llazr and Varg P'f < (1—7)* Var, f.

If P is reversible and lazy, we have that y|o > 0 and so y = y. If in addition 7 is the
uniform distribution, it follows from (5.2) in conjunction with (5.4) that for all k € N,

(5.5 max Pk(x y)—L maka(x x)—i<(1—y)k
' X,y ’ |€2] |€2]

We now state a particular case of Starr’s maximal inequality [42], Theorem 1 (cf. [7],
Theorem 2.3).

THEOREM D (Maximal inequality). Let (2, P,m) be a reversible irreducible Markov
chain. Let 1 < p < 00 and p* := p/(p — 1) be its conjugate exponent. Then for all f €
LP(R%, 1),

(5.6) LF512 < 2(p%)P 1 118,
where f* € R% is the corresponding maximal function, defined as

@)= sup [PXf0)]= sup [E.[f(Xp)]|-

0<k<oo 0<k<oo

5.3. Lazy simple random walk on expanders. A lazy SRW (LSRW) on G evolves accord-
ing to the following rule. At each step, it stays put in its current position w.p. 1/2. Otherwise,
it moves to a random neighbor as SRW. We denote its transition matrix by Py := %(I + P).
Note that the spectral gap of Py is precisely half the spectral gap of P. It follows from (5.5)
that LSRW on a regular y-expander G = (V, E) mixes rapidly in the following sense:

5.7 max Pi(x, y) — |V|_1 <1 —=y/2)", forallzt.
x,yeV

Let (X ,L);’io be a LSRW on a regular y-expander G = (V, E). Denote the hitting time of a
state y w.r.t. the LSRW by TyL :=inf{r > 0: XF = y}. It follows from (5.7) (by averaging
over TyL) that forall x,ye V and ¢t > 0,

t ) 2
(5.8) Y Pi(x.y) <P [T} <] ZPL(y y) <Py[T, _r](;+|tv|>.
i=0 i=0

Similarly, if the eigenvalues of P are —1 < yjy| <---<y»=1—y < y; =1 then by
the spectral decomposition (e.g., [35], Lemma 12.2), for every x € V there exist some
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ai,...,ayy €[0,1)suchthat) ;a; =1,a; =1/|V|andforall i € N we have that Pi(x,x)=
1/1V] +Z|V| ajyj’:. Thus

P2, x) + PP (x, x) —2/|V|
=Y ajy; '+

j>1

< Z 0(211+)/j)<)/2211+3/22i~
Jj>1y;j>0

2 t
ZPi(x,x) =14 ZPZi_l(x,x) + P%(x,x)

(5‘9) i=0 i=0
+Z _|_y21 Dy < 2_+l
v "2 Vi
2t 2t ¢
(5.10) Y P (x,y) <PuTy <211 Pl(y,y) <Pi[Ty <2t]< |V|>

i=0 i=0

LEMMA 5.4. Let G =(V, E) be a connected regular n-vertex y -expander. Then

yi e |
l—-— 8 1 <t < ,
Vi,yeV, Pi[T}f>1]< i if [8y~'logn] <t <y~'n

@G/Htnirr > 7,

PROOF. Let x,y € V. Let [8y"'logn] <t < y~'n. By (5.7), P} (x,y) > 5 for all
i > 4y~!logn. Consequently, >t_, P! (x,y) > 5-. Hence by (5.8) }P’X[TyL <t]> %. The
case t > y ~'n follows from the previous case by the Markov property. [J

The following corollary is an immediate consequence of Lemma 5.4, obtained by a union
bound over V, using Poisson thinning and independence.

COROLLARY 5.5. Let G = (V, E) be a connected regular n-vertex y -expander. Let { :=
[n/4]. Let (v,) _o be an arbitrary collection of distinct vertices. Assume that at each of these
vertices there are initially Pois(A) particles, independently, and that the particles perform
simultaneously independent LSRW on G. Assume that 4810% <A<l Lett:= (% logn].
Then

P[(The union of the first t steps performed by the particles) # V| < n=2.
Similarly, if4n~' < A < 48n~'logn and € := [n/32] then there exists some constant M such

that
. M
P[(The union of the first L\— log n—‘
v
G.1D) steps performed by the particles> #* V]
P[Pois(An/32) > An/64] +n~>

The following lemma is inspired by the techniques from [7].
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LEMMA 5.6. Let G = (V, E) be a connected d-regular n-vertex y-expander. Let A C 'V
and R > 0. Let s = sg := [y~ 'log(2” R)]. Consider the set

Hy=Hap:={veV: sup|P{(v,4) = w(A)| > 1/4],

tit=s

where 1 is the uniform distribution on V. Then

(5.12) m(Ha g) < %rr(A)rr(Ac).

PROOF. Consider f : V — R defined by
f0) = P{(14 —w(A))(x) = P§ (x, A) — m(A).
By the Poincaré inequality (5.4) and the choice of s,

1£113=Vary P{14 < (1 — y/2)*Vary 14 < e "*Var, 14 < (27R) 'm(A)7 (A°).

Consider fy(x) :=sup,~q | P f (x)| =sup,,, | P} (x, A) — w(A)|. By Starr’s maximal in-
equality (Theorem D),

| /13 < 8If1I3 < 16R) ™' 7 (A)7 (A°).
Finally, note that
Hy = {x: f7(x) = 1/16} € {x : f2(x) = R fill3/Varz 14},

and so by Markov’s inequality 7 (H4) < R™'Vary 14 = R~ 'n(A)m(A°). O

COROLLARY 5.7. Let G = (V, E) be a connected regular n-vertex y -expander. Let ). €
(0,1]. Let AC V. Let r := [2V707 1y "1 10g 2°1. Assume that |A| < %§. Let (X)), be SRW
on G. Let k :==min([161~1og2°7, 511)- Consider

Ga:={aeA:P[|{X;:telrl}\ A| = «] > 1/16}.

Then

|G al 3IAI
> — .
Al= Y

PROOF. Let Hj 4 be asin Lemma 5.6. Consider B := A \ Hy 4. By Lemma 5.6, in order
to conclude the proof it suffices to show that B C G 4. It is easy to see that we may replace
(X,)fio in the definition of G4 by (X ,L)?io, a LSRW on G, as this cannot increase G 4.
(Observe that SRW can be coupled with LSRW starting from the same initial position so that
they follow the same trajectory, with the LSRW spending at each site a random number of
steps, with a Geometric(1/2) distribution, before moving to the next site.) Hence it suffices to
show that for all b € B,

Pp[[{X[ 1 el \ Al = <] = 1/16.
Let b € B. By the definition of H4 4 we have forall > k := h/_l log(29ﬂ that Pi (b, A°) >
1— (44 1y>1/2. Hence
: 1
Ep[|[{k <t <r:XEeAl]]> S0 =
Since for any sum of indicators D :=}";_, 1p, we have that

(E[D])?

E[D?] < sE[D] < _
[D7] = sELDI = min; s P[D; ]
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by the Paley—Zygmund’s inequality we get that

1
Call time j € [k, r] good if the LSRW visits X JL at most 27 (2)/_1 + rn;k) times during the time
interval [k, r]. Otherwise, call time j bad. By (5.8), max,cy Zf;g P£ (v,v) < (2)/_1 + ’n;k).
Hence by Markov’s inequality each time j is bad w.p. at most 277, Let J be the event that

there are at least %(r — k) bad times between time k and r. Again by Markov’s inequality,
P,[J]1>8-2"7=1/16. Hence

[|{k<t<r xteA) >~ (r—k)] 1=1/8.

1
Pb[]{t isgood 1k <t<r XFe A} > g(r —k)}

ZPb[]{kftfr:XtL € A} > %(r—k)} —Py[J]
>1/8—1/16=1/16.

1
. L. <(r—k)
On this event, we have that |[{X[ :t € [r]} \ A| > W >k, as

UXE:telrl}\ A= Zl {X; ¢ A, time i is good,
i=k

X} # X% forall j € [k,i— 1]}

ANt
> (27<2y—1 + r_)) ZI{X,- ¢ A, time i is good}.
n i—k O

The third author learned the argument involving “good times” from Yuval Peres (private
communication). We thank him for allowing us to present this argument.

LEMMA 5.8.  Let (X;){2, be a SRW on some regular n-vertex y-expander G = (V, E).
Let R(t) = {X; : i € [t]} be the range of its first t steps. Ift <y ~'n, then forall x € V,

['R(m = 32 ] = %'

PROOF. Call time j <t bad if the walk visits X; at least 8(y~! + %) times between
time j and time ¢. By (5.9), the expected number of visits to X ; between time j and time ¢
is at most y ~! + #/n. By Markov’s inequality, each time is bad w.p. at most 1/8. Again, by
Markov’s inequality w.p. at least 3/4 there are at most % bad times. On this event, we have

1)/2
that |R(¢)| > 8((;-:)7{ ry z 3£y O

5.4. Range, hitting time and Green function estimates. Let us first recall the local CLT
and a standard large deviation estimate. We note that the log¢ term from the definition of
A(t) below can be replaced by any diverging function of ¢.

FACT 5.9. ForeveryteN,let A(t):={se€Z:t—sisevenand |s| < } Then

logt
Pf(o 5) . P’(O 5)

(5.13) lim sup =1= lim inf .

I=XseAw 2 exp(——) fmooseAn g /oL exp(——)
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Moreover, if ($;)72, is a SRW on Z then for every n, m > 1 we have

(5.14) Po[S, > m/n] < e™™ /2.

PROOF. For (5.13), apply Stirling’s approximation. For (5.14), we use the fact that
Eo[e?Si+1=50)] = %(e“ + e %) < e’ ? (as can be seen by comparing Taylor series co-

azn/Z m

efficients) and independence to get that Eo[e®Sr] < e . For a = e we have that

na®/2 —am./n = —m?>/2 and so by the above

Po[S, > my/n] = Py[e®®" > eamﬁ]

< Eo[eaSn]e—amﬁ < e—m2/2. ]

Let us now recall some heat kernel estimates for SRW on Zf’. Denote the origin by
0:=(0,....,0). Fora,b e Z¢ and i € NU {oo}, let v =¥ P,(0,0) and vV (a, b) :=
Yo Pja(a,b). Let lal| , == (0 1ai|P)!/P (resp., ||all oo := max;e(a) lai|) be the £, (resp.,
Loo)normofa = (ay,...,aq) € 74,

Recall that the Gamma function is ['(k) := [5°rk~1e™" dr. Recall that T'(k) = (k — 1)!

and T(k + 1) = 2‘—2’<ﬁ((2k"_—11)>!’ = (%)} for all k € N and that I['(}) = /7.

FacT 5.10. Foralld > 3,

(5.15) lim v (0,a)/ IIH—< ! )d/2r<d 1)
' lalmoo 2 ¢ Maly ™=\ 55 2 ’
(@)
v (0, a) 0
o _lal3 a2 / R (d )
5.16 lim ——2—— Q)= r % Tdr<T(=—1).
.10 lall,—~o0  |q2~¢ - 1 2

2

PROOF. The calculation is somewhat neater for the continuous-time SRW with jump rate
1, as for it the evolution of the walk in different coordinates is independent. The expectations
(Green’s functions) of both walks are the same via a standard coupling in which both walks
follow the same trajectory, where the continuous-time walk waits a random number of time
units between each jump, which is Exp(1) distributed (the Exponential distribution of param-
eter 1). Let H; (0, @) be the transition probability from 0 to a for time ¢ for the continuous-time
walk. Then the local CLT takes the form limjaj,— oo Hyj2(0, a)/llaly? = (&£)¥2e /1.
Thus

oo
VD0, a) = ||a||§/0 1,20, a)dt
00 1 dj/2
=(1+o(l 2—"/ (—) ~tar
(IEo(D)llall; , \2m) €

1 d/2 roo
—(1+o0(1 2—d(_> / @421 4
(I£oM)lal; 7 T e dr

=1+ o(l))(%)dﬂl“(g - 1) ||a||§—d.
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Similarly,

llall3 2

1 dj2 d rd

FACT 5.11. For all d > 2. Let ay,, b, € Z¢ be such that lim,_, llay]l» = oo and
v,(nd)(O,an)
v (0.b,)
diverge and satisfy ¢,, < /T, < L, and A,, C Z? are such that |A, N B(r)| > 8| B(r)| for all
r € [€y, Ly], where B(r) :={v € Z¢ : ||v]l2 < r}, then liminf, oo ;- 7 P10, A,) = 5.

1 d/2 o0
V@ (0,a) = (1 £0(1)) ||a||§—d(—> f rd=912e=r gy
1

1imy—s 0o Hb”; = 1. If 1, = |la,||3, then lim,_, o
n

= 1. Consequently, if #,, £,, L,

LEMMA 5.12. There exist some C, M(d) > 0 such that for all d > 2 and n > M(d), and
alla = (ay, ..., aq) € Z% such that |||l < n/2, if we identify 0 and a with a pair of vertices
of Ty(n), then for all t,

0= Pf,y(0.a) — Py(0,a) < Cn™.

PROOF. Let A(a) :={(b1,...,by) € Z% . b =a; mod n foralli € [d]}. Then Pﬁ‘d(n) 0,
a)= Péd (0, A(a)). The claim now follows from Fact 5.9. We leave the details as an exercise.
O

LEMMA 5.13. Let N;(a) be the number of visits to a by time i for some Markov chain.
Then for all a, b and t, s € N, we have that
Eq[N;(D)] <P,[T, <1] < Ea[Nt+s(b)].
Ep[N:(D)] Ep[Ns(b)]
PROOF. Note that 7 <t iff N;(b) > 0. Hence P,[T) < t] = P,[N;(b) > 0] and

Eo N _ Eal Nyt (0] :
E (=] = PalNi(b) > 01 = g7t G 507> from which we get

_ EalNi4s ()]
= Eu[Ny(b)] .

Eq[N;(b)]
vy el ) =0l

LEMMA 5.14. Let R(t) :={X; :i € [t]} be the range of the first t steps of SRW. Then
@)

. 2k 1 ) Yy 1
5.17) lim kPZz 0,0)=— andso lim — = —.
k— 00 T —00 10gt 4
. ZZ 1
(5.18) lim E* | —|R(?)|logt | = 7.
f—00 t

Moreover, if 1 < t, = o(n*logn) then E2[|R(1,)|] = Mﬁ)(g% and Z,t'”:o P{-Q(n)(x, X) =
(1 o(l))log?t”for all x e To(n).
PROOF. By the local CLT and (5.14),

lim kP4(0.0)= lim & 3" P (0,0)P; %/ (0,0)
Jil2j—k|<k?/3

. ko2l 2 1
= lim = (P, > =—.
kingoz( z (0.0) P
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Thus v” = Y170 P2E0,0) = (1 £ 0(1) 2175 L = (1 £ 0(1)'%". Hence also v =
(1 £0(1)) 107;‘;’, where s = s, := [t/ log2 t]. Observe that for every x, y we have that

PEIT, <t —sp@ < ZP’ (x.y) <PZIT, <@
i=0
Summing over all y, we get that E[|[R()[] <E[|R( — )1 +s < (¢t + D)/v® +5 = (1 £
o(1)) (& and that B[|R(1)[] > (1 + P =1+o o(1) k.

We now prove that for SRW on Ty (n), if ¢, = o(n? logn) then IETZ(”)[|R(tn)|] =(1=x

o(l))lggt’;n. By a straightforward coupling argument (in which we let both walks evolve ac-

cording to the same sequence of increments), for all # > 0 we have that

T (n) 72 _ R
ETRO[R@)|] <E [|R(t)|]_(lio(1))logt

Conversely, for t, = o(n? logn) by Lemma 5.12 (as t,n~% = o(logt,)) we have that

lo tn
ZPTz(n)(x x) = (1£0(1) = S
i=0
and so, as above, ER2W[|R(5,)[1 = (¢t + 1) /v, = (1 £ 0(1))1;7;;”.

LEMMA 5.15.  Consider SRW on Z?. Let a, € Z*. If ||an|l» > 1, then

(5.19) VC, > 1, Py[Ty, < Cpullanl3] = (1 +1logCy)/log(Cpllanl3).
cpexp(—1/cy)

(520)  Vlanly P <en <1, Po[T,, < enllanl3] = L)
log(c n”annz)

(5.21) For all fixed C,a >0, Po[T,, < Cllayl57*] = (1 0(1))a/(1 +a).

PROOF. For (5.19), use Lemma 5.13 with ¢t = (CnllanH%] and s = [t/logt]. Indeed for
this choice of parameters, in the notation of Lemma 5.13, by (5.17) we have that E,[ N (a)] =

v = (1 +o0(1)) logt/m =E4[N;(a)] < log(Cylla,|?) and by the local CLT,
Cn dr
Eo[N;(a)] = /1/2 — = (1+41og Cy) < Eo[Ni4s(a)].

For (5.20), use Lemma 5.13 with ¢ := [cn||an||%1 and s = [t/logt]. Indeed, as before by
(5.17) E4[Ng(a)] = log(cy ||lan ||%) =IE,[N;(a)] and by the local CLT (which is applicable by

the assumption that ¢,, > ||a, ||272/3 and so ||ay |2 K (cpllan ||%)3/4) we have that

_ [erdr o [T | VP
Eo[N:(a)] =< A y e "dr < cue < Eo[Nrys(a)].
Cn

r

For (5.21), use Lemma 5.13 with ¢t = (C||an||2+2“1 and s = [¢/logt]. Indeed for this

choice of parameters, as before by (5.17) E,[Ns(a)] = vs(z) =(lxo))logt/r=(14+a=x
o(1))log llay 13/7 =Eq[N;(a)] and

1 2
Eo[Ni(a)] = (1 & 0(1)); Y 1/i=(1+o(1)
i=[llanll3]
=Eo[Ni+s(a)].
Substituting these estimates in Lemma 5.13 yields (5.21). U

)Ollog llan 113
b4
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LEMMA 5.16. Letd > 2. Let a,, € 79 be such that ||ay | eo < n/2. Identify 0 and a, with

a pair of vertices of Tyg(n). Let t, be such that ||a,||1 <t, < dn? logd (the sole purpose of
the assumption t, > ||la, |1 is to ensure that Pozd[Tan <t,]>0). Then

(5.22) 0 <PYOT, <t,]1—PE[T,, <t,]=0Pa ™[I, <t,]).
In fact, if ||ay|l2 K n then
(5.23) 0<Pa [T, <t,] - PE[T,, < tal=o0(Pa [T, <t,]),

while if d =2 and s, < n*logn then
(5.24) 0 <Py2 [T, < sul = P§ [Tu, < sul =o0(1).

PROOF. Let a, = (an.1....,anq) € Z4 satisfy 1 < |ay |2 < n. Let A(ay) :={(b1, ...,
b)) eZ¢ b = ap,; mod n for all i € [d]}. Then (by the aforementioned coupling of SRW
on Ty(n) with SRW on Z? in which both walks follow the same sequence of increments)

Pgd(ﬂ)[Tan <t]= POZd[TA(a,,) <t]. Thus for all ¢

0<Py (T, <N—P§ [T, <1< Y PyIn,<t1= L@ n).
beAlam\fan]

Using |lan||1 <t, < dn? logd, we argue that

d>3: P%d[Tan <t,] 2 L(ty,n). To see this, use the fact that

Py T, <t =0\ P(0,a,) and Lt,my= Y v @0,6)=:J

beA(an)\{a}
together with a similar calculation to (5.16) in order to deduce that v,(nd) (0, a,) 2 J.Moreover,
if lanll2 < n then v\ (0, a,) > J and so PE' [T, <1,1>> L(ty, n).

d =2: Using (5.19)=(5.21) if [la,|l; < t, < 2n*log2, then POZZ[Tan < ty] Z L(ty,n).
Moreover, if |la,||2 < n then by (5.19)—(5.21) P%z[Tan <t,] > L(t,,n). This concludes the
proofs of (5.22)—(5.23) for d = 2.

We now prove (5.24). By (5.23), we may assume that s, > n?. Let M (k) := I{i € [(n2, k] :
X; = ay}|. We will show that POTZ(")[M (sy) > 0] = o(1). This concludes the proof, as

PoaM[T, <n®]—PE'[T,, <n?] < L(n® n)=o0(1),
where the last equality holds by (5.20).

At time n2, the Lo distance of SRW on T (n) from the uniform distribution is bounded
from above (this follows from Lemmas 5.12 and 5.14). Thus EEZ(")[M (Sn + /S S (50 +
@)/nz <« logn. However,

T,m) Lsnl
Eoz " [M(Sn + \/E) | M (sp) > 0] = Z P’]I'z(n)(ana an) Z logn.
i=0
TH (n)
]E() [M (sp~++/sn)] _0(1)' -

T»(n)
It follows that Py 2" [M (s,) > 0] < =
o [Mlsn)>0l< By 2" [M (5,4 /57) | M (5,)>0]

LEMMA 5.17. Letd > 3. Let R(t) :={X; :i €]t} be the range of the first t steps of
SRW on a graph G. If G =7, for then

t7YR(t)| — p(d) =P, [T =00] >0 as.andinL;.
Moreover, if 1 K t, = o(n?) then t7'ET4™[|R(1,)[1 = (1 £ 0(1))p(d).



232 BENJAMINI, FONTES, HERMON AND MACHADO

PROOF. The fact that for Z¢ we have that t~!|R(7)| — p(d) a.s. and in L is classical
(this can be proved using Birkohff’s ergodic theorem, applied to the sequence whose ith
element is the number of visits to X;). Now consider a SRW on Ty (n) for d > 3. As in the
proof of Lemma 5.14, we have that

limsuptn_lET”(”)HR(tn)H < limsuptn_lEdeR(tn)H = p(d).
n—oo n—oo

Conversely, let s = s, = [/, ]. Let v; := ;:0 quld(n)(ﬂ, 0) and v;(a, b) := 3-:0 P{;d(n)(a,
b). By Lemma 5.12, vyp(d) =1 £ o(1) = v;p(d). Thus

ETd(n) |R(t )| Z ZPTd(H) =]

v =0
h—s T
= (1—o()p(d) Y- Y Py [Ty =ilv,, -
v i=0

> (1—o(1)p(d) Y vi,—5(0, v)

= (1= o)) p(d)(ty — ) = (1 — o(1)) p(d)ty. O

LEMMA 5.18. Letd >2.Letn € N. Let r <n. Let s =2dr>. Let (Xi)ioiO be a SRW on
Ty(n). Let R(t) :={X; :i €t[} be the range of its first t steps. Let B be a ng in T4(n) whose
side lengths are between r and 2r. Let D C B be such that | D| < %lBl. Let R := R(s)NB\D.
There exist some absolute constants co(d), c1(d), c2, c3 > 0 such that for all x € By,

(5.25) Vd =3, P[|R|=ci(d)r’] = cod).

(5.26) Ford=2, P.[|R|>cyr?/logr]> cs.
REMARK 5.19. The assertion of the previous lemma is suboptimal.

PROOF.  We first consider the case that d > 3. Observe that maxy yep, [|x — y||% <dr?.
Let x € B,. Using the /}ocal CLT and the definition of s it is not hard to verify that E,[|R|] >
¢'(d)r?. Clearly E,[|R|*] < s°. Hence by the Paley—Zygmund inequality, we have

N 1 (E,[|IR|])?
Px[w L an ] 1 (BRI
4 52
We now consider the case d = 2. Using similar reasoning as in Lemma 5.14, we have that
EL[|R]|] = C3r2/logs > C4r2/logr. Similar reasoning also yields that b := max, E,[|R(s) N
By|] < Crz/log r. Let a(£) ;== max, Py[|R(s) N By| > £]. By general considerations,

Ve, b eN, a(ly+ L) <a(lat)

(this is left as an exercise). Thus a(k[2b]) < 2=k for all k € N. Hence max, E [|R(s) N
By|*1 < C’b2. The proof is now concluded using the Paley—Zygmund inequality. [

> co(d).

LEMMA 5.20. Let (X;)72, be a SRW on some graph G. Let R(t) = {X; : i €]t[} be the
range of its first t steps. Then for all s,t,r € N and x € V we have

(5.27) P.[|R(st)| <r] < (maxp [[R®)|<r])".
Consequently, for G = Z there exists ¢ > 0 such that for all t > 0 and a € (0, 1],

(5.28) P[R()| <avi]<e @
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PROOF. For (5.27), apply the Markov property s — 1 times at times i¢ for i € [s — 1]. For
@), apply (5.27) with s = [a™2]. O

6. Tori—Proof of the lower bounds.

6.1. Reducing the lower bounds from Theorem 2 to a cover time problem. Fix some
A>0,d>2and n e N. Let Us(v) := |[{fw € W: v € R¢(w)}| be the number of particles
that picked a walk that visits v in its first # steps. Let Y, (¢) := 1{U;(v) =0} and Y (¢) :=
Y vev Yu(?). Clearly, if Y (¢) > 0 then S(T4(n)) > ¢.

As Ty(n) is vertex-transitive, we may assume that o is random, chosen from 7, the uni-
form distribution on T;(n). When o ~ m, by Poisson thinning the distribution on the initial
configuration of particles can be described as follows. Conditioned on |W| = m, there are m
particles, whose initial positions are chosen independently, uniformly at random. Since the
probability that [W| > [An¢ + (An?)?*/3] decays exponentially in (An?)!/3, for the purpose
of bounding the probability that Y (¢) = 0 from above, we may assume that initially there
are precisely m = m(x, n, d) := [An? + (An?)?/3] particles (all of whom are active), each of
which starts from a vertex chosen independently uniformly at random.

By the following paragraph, in order to bound S(T;(n)) from below for a certain range
of A, all we have to do is to bound from below the cover time by m independent particles,
each starting from the uniform distribution, for a corresponding range of m. This is achieved
in Propositions 6.2-6.4.

6.2. Cover time by multiple random walks. Let G = (V, E) be some finite connected
graph. Let (X;)72, be a SRW on G. Let R(¢) = {X; :i €]t[} be the range of its first ¢ steps.
Denote the stationary distribution of the SRW by 7. The cover time is defined as 7.,y (G) :=
inf{z : R(t) = V}. Let tcov(G) 1= maxyey Ey[Tcov(G)], Hmax(G) := max, yev E[Ty] and
Hrﬁin(G) ‘=miny yea:x#y Ex[Ty]. Aldous [2] showed that for a sequence G, := (V, E,) of
finite connected graphs of diverging sizes if .oy (Gp) > Hmax(Gp) then for any sequence of
initial states x, € V,, we have that t.oy(G,) — Ex, [Tcov(Gn)] < Hmax(Gpn) <K teov(Gp) and
that tcov(Gn)/tcov(Gp) converges in distribution to 1.

We now recall the elegant Matthews’ bound [36] and a variant of it due to Zuckerman
[44], which provides the lower bound on f.o,y(G) below (see [35], Chapter 11, for a neat

presentation of both bounds). Let h(n) := 7", ll be the harmonic sum.

THEOREM E. For every graph G = (V, E) and every A C V, we have that
Hpin(GOR(|A]) < teov(G) < Hmax (G)R(IV)).

min
Let p(d) be as in (2.4). One can show that for d > 3 we have that Hyax(Tq(n)) = (1 +
o()E,[T]=(1 + 0(1))p”(—dd) and that for any set A of vertices whose distance from one

another is at least logn (there exists such a set of cardinality |A| > (n/logn)?) we have that
HIﬁin(']I‘d(n)) = (1 — 0(1)) Hpax(T4(n)). The term logn can be replaced by any diverging
r(n) satisfying r(n) < n°W.

For d =2, one can show that

Hmax(TZ(n)) = (1 + 0(1))En[Tx] = (1 + 0(1))7%’12 logn

and that for any set A consisting of vertices of distance at least \/n from one another (there ex-
ists such a set of cardinality |A| 2 n) we have that Hrﬁin(Td n)=(1- 0(1))%Hmax(Td (n)).
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By Theorem E, it follows that for d > 3 we have #.o,(Ts(n)) = (1 £ 0o(1))( (d)dlog n) and
that

(5- 0(1))f<n logn)? < feos (Ta(m)) < (1 + 0(1)) - (nlog ™.
4 T T

It follows that #.oy (T4 () > Hmax (T4(n)) for all d > 2. Hence by the aforementioned re-
sult of Aldous [2], we have that T.oy (T4 (1)) is concentrated around t.oy (T (n)) for all d > 2.
As described above, for d > 3 one can determine the asymptotic of #.oy (T4 (7)) (up to smaller
order terms) via Matthews’ bound. In this case, t.ov (T4 (7)) exhibits Gumbel fluctuations of
order n? around its mean [8]. The case d = 2 is much more involved. Dembo et al. [14]
showed that t.ov(T2(n)) = (1 £ 0(1)) % (nlog n)?. More refined results can be found at [9, 13,
15].

The cover time of a graph using many independent random walks was first studied in [3]
and later also in [18] and [19]. We now consider the cover time of Ty (n) (for d > 2) by mul-
tiple independent random walks starting from the uniform distribution. The analysis below is
used to derive the lower bound on S(T;(n)) from Theorem 2, as explained in Section 6.1.

Let G = (V, E) be a finite connected vertex-transitive graph. Let S! = (S1 0> S? =
(S2 m—o: - - - be independent SRWs on G such that Sé ~ g for all i (i.e., the initial position
of each walk is chosen from the uniform distribution). We think of S’ as the walk performed
by the ith particle from some collection of particles. For t € N, let R;(¢) := {Sé, ..., S be
the range of the first ¢ steps of the ith particle. We may consider the cover time when the
length of the walks of the particles is fixed and the number of walks varies or vice versa: For
s, t €N, let

C(G,1) ::inf{s v=J R,-(t)} and

i€ls]

(6.1)
D(G, s) :=inf{t v=J Ri(t)}.
i€ls]

While for our applications we are mostly interested in D(G, s) as a function of s, it is easier
to first analyze C(G, ) as a function of ¢, and then relate the two via the relation

(6.2) P[D(G, s) > ] [U Ri(t) # v} P[C(G, 1) > s].

i€[s]

Fix some v € V. By symmetry, we have that P[v € R(¢) | |R1(t)| = k] =k/|V|. Let R(¢)
be the range of a length # walk. By averaging over |R 1(2)], we get that

(6.3) pi:=Pr[T, <t1=Plve Ri(1)] = —E[|[Ri1)|] = |V| E[|R(®)|].

IVI
Observe that by a union bound on V, for all § > 0 we have that

1 1
IP’|:C(G, 1) >—(1 +8)10g|V|] <|V|(1 = pplor 1D loelVL)
Pr

(6.4) q

= T3
1 =polV|
Consequently,

o
PEIC(G,1)] _15/ P[ptc(G’t) >S} ds
log|V| 1 log|V|

</°° ds _ 1
—Nh A=p)lVETt (= p)log|VI
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Thus

1 )= |Villog |[VI+ (1= p)~"]
i E[IR(1)[] '

t

(6.5) E[C(G.1)] < pi(logm +

The following is a variant of Matthews’ argument (or more precisely, of Zuckerman’s refine-
ment of it) for multiple random walks. Similar variants appear in [3] and [18].

THEOREM 6.1. Let G = (V, E) be a vertex-transitive graph. Let A C V. Let a;(A) :=
maXy,yeA:x#£y Px[Ty <t]. Then

E[C(G, )] = (1 — oy (A))—h(|A)).

t

PROOF. Let o : [|A[] = A be a bijection chosen uniformly at random. Recall that
Ri(t) :={S;,...,8;} is the length ¢ walk performed by the ith particle. Let Ly = 0 and

for £ € [|A|] let L, be the first j such that {o (k) : k € [£]} C Ui:] R, (¢). We argue that

1
Vee[lAl], E[Le—Le-1]1=(1—a(A)—,
Zpt
where the expectation is taken jointly over the walks and the random labeling. This implies
the assertion of the theorem by summing over £ € [|Al].
We argue that P[L, — Ly #0] > %(1 — o4 (A)), which concludes the proof, as clearly

E[Lg—Leg—1|Le—Leg—1 #01=E[L1]= pi

t
Denote the hitting time of x by the ith particle by T} := inf{s : S| = x}. Let 7, := inf{j :
x € Rj(r)} be the index of the first particle to hit x if each particle walks for ¢ steps. Let
Ty 1= (ty — Dt + T™ be the total number of steps until x is hit (remember that each one of
the initial 7, particles involved, walks for ¢ steps; Imagine the first particle first performing
t steps, followed by the 7 steps of the second particle, etc.). As we labeled the set A using
a labeling chosen uniformly at random, P[74 () = max;ce] Toi)] = z Let us condition on
To(t) = max,e[g] rg(l) and on that o (¢) = y (for some y € A). Let us condition further on
max;ep¢—1] To (i) = To(r)> To(r) = M, that o (r) = x (for some x € A) and that T’"( Yttt The
conditional probability that 7, ) = 7o () (i.€., that Ly — Ly = 0) is by the Markov property
the same as the probability that a SRW of length ¢ — s starting from x hits y, which is at most
a;(A). O

PROPOSITION 6.2. Letd > 3. Let p(d) be as in (2.4). Then the following holds:

(1) If 1 K t, < nd, then E[C(Tq(n), tn)] = (1 £ (1))”’” logn 1 for every fixed & > 0

p(d)
we have that P[l% —1]>¢e]l=0Q).

2) Iflogn <5, K n? logn, then for every fixed ¢ > 0 we have that

dnlogn
snp(d)
3) Iflogn K Ann < n4 logn, then for every fixed ¢ > 0 we have that

IP’[D(']I‘d(n),sn) <(—¢ ]zo(l).

dl
Py, [S(Td(n)) <(1-e) ;f;)} —o(D).
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PROOF. We first prove part (1). Let 1 <€ ¢, K nd. By (6.3) in conjunction with
Lemma 5.17, p;, = (1 £ 0(1))%. By (6.4)-(6.5), we have that E[C(Ty(n), t,)] < (1 +

o(1)) d:::;](o dg)n and that for every fixed ¢ > O for all sufficiently large n we have that

dnd logl’l:| < n_gd/z.
thp(d)

Now pick some collection A of vertices at distance at least logn from one another such
that |A| > (n/logn)? (we could have replaced logn by any other diverging function which
is <n°M). By Fact 5.10 and Lemma 5.12, o, (A) = o(1).

Using Theorem 6.1, we have that E[C(T;(n), t,)] > (1 — 0(1))";‘;1(0;)”. Let

Y :=max{E[C(T4(n), t,)] — C(T4(n),1,),0} and
Z :=max{C(T4(n),t,) — E[C(T4(n), t,)], 0}.
Then E[Y] =E[Z] = o(E[C(Ty4(n), t,)]) (by (6.6)). Finally,
P[C(T4(n), t,) < (1 —&)E[C(Tq(n),t,)]] =P[Y = eE[C(Ta(n), t,)]]
E[Y]
<
~ eE[C(T4(n), tn)]

Part (2) follows from part (1) via (6.2). Part (3) follows in turn from part (2) via Section 6.1.
O

(6.6) P[C(Td(n), tn) > (1+¢)

=o(1).

PROPOSITION 6.3.
Lete > 0. Let @ & 8, =o(1). Let

2n’logn n’logn
Fulm) = g 10g< £ )

(1) If 1 K t, <n%, then E[C(T2(n), t,)] = (1 io(l))%zlof% and

PH C(Tan).tn)
EIC(T2(n). )]

(2) Ifn*>=% <5, < n’logn, then

P[D(T2(n), sx) < (1 — &) fu(sn)] = o(1).
(3) Ifn* % < r,n* < n’logn, then

P;, [S(T2(n)) < (1 — &) fu (Aan?)] = 0(1).

1‘ > 81| =o(1).

PROOF. The proof is analogous to that of Theorem 6.2. Let 1, > 1. We first prove part
(1). By (6.3) in conjunction with Lemma 5.14, p;, = (1 £ o(1)) T By (6.4)—(6.5), we

n2logt,
have that E[C(T2(n), t,)] < (1 + o(1)) 2”2105% and that for every fixed & > 0 for all suf-
ficiently large n we have that

2
2n lognlogtn} —
Tty B

(6.7) P[C(Tz(n), t) > (1 +¢)

Let ; oén & 8, = o(1). Assume that #, < n® . Pick some collection A of vertices at dis-
611

tance at least n

from one another such that |A| > n?>~2%_ By Theorem 6.1, we have that
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E[C(T2(n), ty)] > (1 — 8, — (1))M The proof of part (1) is concluded in an anal-
ogous manner to that of Theorem 6.2. Part (2) follows from part (1) via (6.2) together with
some algebra (namely, s, = (1 £ 0(1))%;“’% iff £, = (12 0(1)) £, (sp)). Part (3) follows
from part (2) via Section 6.1. [J

We now consider C(T»(n), t,) for 1 < t, < n? logn and D(T3(n), s,) for logn < s, K
n?logn. Observe that (6.7) is still valid. Besides that, by taking A to be a set of vertices at
distance at least 4/n from one another such that |[A| > n, from the proof of Proposition 6.3
we get that

nt, E[C(T2(n), 1)]

6.8 1/4 —o0(1) <
©8) /A—ol) = 2n2lognlogt,

<1l+o(l),

where we have used the estimate «,2; (A) < % + o(1) for k,, <« logn, which follows from
(5.21) in conjunction with Lemma 5.16. We strongly believe that C(T»(n), t,) is concen-

2
nZlognlogty g 1 « 1, « n?logn and that D(T(n), s,) is concentrated around

trated around h

o 2n210gn n logn 2
Jn(sn) = o, log( ) for logn < s, < n“logn. We note that it is not hard to deduce
from (6.7)—(6.8) that E[D(’]I‘z (n), sn)]1 2 fa(sn). However, one has to work harder in order to
show that for some ¢ € (0, 1) we have that P[D(T>(n), s,) < cfn(sn)] = 0o(1). For instance,

using Theorem 1 in [2] with some additional work one can show that C(T»(n), t,,) is concen-
trated around its mean. Below we take a different approach.

2 2
PROPOSITION 6.4. Let f,(m) := 21081 jog (102N

m

(1) Iflogn < s, < n®logn, then

IP’[D(Tz(n),sn) < fnl(gn):| =o(1).

() Iflogn <« A,n* < n*logn, then

P, [S(’]I‘z(n)) f”(lg” )} —o(1).

PROOF. Part (2) follows from part (1). To be precise, this follows formally from the fact
that in the proof below we actually get that for some € > 0,

1
P[D(Tz(m, ) < Mm%] —o(1),

We now prove part (1). Let 1, := [ f,(s,)/16], where logn < s, < n®logn. Then 1 «
t, < n*logn. Consider a walk on T»(n) which follows the following rule. At each step
W.p. i, it moves to a vertex chosen from the uniform distribution on the vertex set. Oth-
erwise, it makes a SRW step. An equivalent description is that this walk makes a random
number of steps of SRW, according a Geometric(1/2¢,) random variable (here and below,
Z ~ Geometric(p) means that P(Z = k) = p(1 — p)k_1 for all k¥ € N and thus its mean is %),
before moving to a vertex chosen from the uniform distribution on the vertex set. After doing
so, it repeats this rule. We call each such duration between two consecutive jumps to a vertex
chosen from the uniform distribution on the vertex set a mini-walk.

We argue that the cover time for this walk is w.h.p. at least r,, := (1 — 0(1))n2%.
This implies the assertion of part (1) as w.h.p. by time r,, the walk makes at least

zlogtnlogne_l/2 2logt,llogn 1 -
4ty arty, 2

(1- 0(1))2%%—‘/2 =(1—o()n
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mini-walks of length at least #, (where the last inequality follows from the definition
of t, after some algebra). To see this, observe that by time r, the walk makes w.h.p.
(I £o()5~ o= (1+ 0(1))n2% mini-walks and w.h.p. roughly a P[Geometric(i) >
=01 — 0(1))e‘1/ 2 1 fraction of them are of length at least #,,. Consequently, w.h.p. s,
walks of length #, do not cover T, (n) which is the assertlon of part (1).
Denote the new walk by X:= (X, )72~ Denote its law by P and its transition matrix by P.

Denote the corresponding expectation by [E. Let A be a set of vertices at distance at least N
from one another such that |[A| > n/4. We argue that for the new walk

g n . o~ o~
1—o(1 2! < E,[Tp] < E [T,
(6.9) (1—o()n 27 a,bgﬂﬂ al b]_a,lfrel%?(n) al 7]

< (14 o(1))n*logt,.

By Theorem E, this implies that the expectation of the cover time for X is indeed at least r,, =
(1- 0(1))n2w. As r, > maxy pet, ) EqlTp], by the aforementioned general result of
21 > beTr(n) y g

Aldous [2] the cover time of X is concentrated around its mean, which is larger than r, as
desired. It remains 0n11 to prove (6.9).
Let Zgp:= ) i>0(P'(a,b) — n—2). It is classical ([1], Lemma 2.12) that

(6.10) EdTy ) =n*(Zyy = Ze,y) =0 Y (P (v, y) = P'(x, )
i>0
(cf. [23], Section 6.2, for a proof that } ;- |ﬁi (u,v) —n~2| < oo for all u, v € To(n)).

Let p ~ Geometric(1/2t,) be the first time at which X moves to a random position chosen
uniformly at random (i.e., p is the duration of the first mini-walk). Consider a coupling of
X with SRW on T, (n) X:= (X;){2,, in which both walks agree up to time p — 1 and X is
independent of p. Now consider a coupling of X started from y with X started from x in
which both walks have the same duration p for their first mini-walk and at time p both walks
move to the same location, and from that moment on both walks are equal to each other.
Until time p, both walks are coupled with SRW on T;(n) as described above (for instance,
one can couple them with two independent SRWs started from y and x, resp.). Let N(y) be
the number of visits to y during a single mini-walk. It is easy to see from this coupling that

p—1
Y (P'(y.y) = Pl(x,y) = E[Z(Pl(y, y) — P'(x, y))}
i>0 i=0
Ey[ND] - E[ND)].
By the memoryless property of the Geometric distribution and the Markov property (used in
the second equality below to argue that E [NV (y)] =Py[Ty < ,O]IE [N ()], we get that
Y (Pi(y,y) = Pl (x,») =E,[N»)] - E:[N()]
(6.11) iz0
=P.[Ty = pIE, [N ()],
Finally, as 1 < t, < n?logn by (5.21) in conjunction with Lemma 5.16 we have that P, [Ty >

p]>1/2—o0(1) forall x # y € A and by Lemma 5.14 I@y[N(y)] =( :l:o(l))lof’;—t”. Thus by
(6.10)—(6.11)

= logt, logt,
(7)) zn2[1/2—0(1)]< Ojgr ”) = (1 - o(1))n? Ozgn” forall x £y € A,

and E,[Ty] < (1 + 0(1)n*' " for all x, y € T(n), as desired. [
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6.3. Proof of Proposition 2.8. The proof of Proposition 2.8 uses McDiarmid’s inequality,
which we now state. Let f : X" — R. Let ¢; :=sup|f(x) — f(y)|, where the supremum is
taken over all x = (x1,...,x,), Yy = (J1, ..., Yu) € X" such that x; = y; for all j #1i. Let

X1, ..., X, beiid. X valued random variables. Then for all £ > 0, we have that
262
(6.12) P[f(X1,....Xn) <E[f(X1,....Xn)] —¢] < exp(——2>.
2 ieln] €

PROOF OF PROPOSITION 2.8. We first prove (2.12). The rightmost inequality follows
from the fact that for regular graphs P’ (v, v) — |17| < ﬁ forallve V andallt (e.g., [12]).

Let Ni(x) be the number of visits to x by time k by the first walk. By Lemma 5.13,

k/IV| 2k/|V|
— <Py[T), <k] =< ,
Vi Vk

from which the rest of the inequalities in (2.12) follow.

Consider m := [A|V]] i.id. walks (X1, ...,X,,) started from stationarity (where X; =
(X;(1));2, for all i). Let f;((Xi, ..., X)) be the number of vertices not visited by any of
the walks in their first 7 steps. By the McDiarmid’s inequality with max; ¢; <t + 1, writing
ue :=E[f: (X1, ..., X)) we have that

2
(6.13) PLAi (X1, ..., X)) < 11e/2]] Sexp(—gittz)'

Using the independence of the walks together with the definitions of 7,  and m, we see

log |V _ .
that iz = [VI(1 — g’f"w')’" > |V |3/6=0() while

210g|V|>m< 1
AV 4

Thus (2.13) follows by Markov’s inequality and the bound on P[D(G, [A|V|]) < ] is ob-
tained by substituting the bound on w7 in (6.13). The corresponding bound on Py [S(G) < f]
follows by considering the event that the set A of vertices visited by the planted particle (by
time 7) is of size at most |V |/2, conditioning on this set, and then arguing that even if the rest
of the particles are all activated at time 0, some vertex in V \ A will not be visited by time
{ — 1. The probability of this failing can be controlled by conditioning on the total number of
particles, using the concentration of the Poisson distribution around its mean, and then using

the above argument (cf. the proof of (2.4) in [10] for a completely analogous calculation).
0

u;§|V|(1

7. Tori—Proof of upper bounds of Theorem 2. We start by introducing some notation.
We think of the vertices of Ty (n) as being labeled by the set [0,n — 1]¢ N Z¢. By abuse of
notation, we denote the vertex set of Ty (n) again by Tz(n). A box of side length r is a set of
the form

{(x1,...,xq) € Tg(n) : Vi, 3j; €{0,...,r — 1} such that x; = v; + j; mod n},

for some (vq, ..., vyq) € [0,n — 119 N Z4. We define the £, distance (p > 1) between x, y €
Tq(n), llx — yllp, as min||x” — y'|| ,, where the minimum is taken over all pairs x’, y’ in z4
such that x’ = x and y’ = y mod n (coordinatewise) and || - || p 1s the usual £, norm on R?. The
same convention is utilized when we consider a renormalized torus of the form Ty (|n/r])
(when we replace mod n by mod |n/r]). We write x ~ y whenever ||x — y||; = 1 (note that
for x, y € Ty(n), ||x — y|l; = 1 iff x and y are neighbors in Ty (n)).
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Let r € [n] and m := |n/r]. Below we often take a partition of T;(n) into boxes of
side length . What we actually mean by this is that we partition Ty(n) into m“ boxes
of side length r, apart from O (m?~1) boxes which may be of uneven side lengths, which
are between r and 2r. The boxes naturally inherit the structure of T,(m). Namely, for ev-
ery v = (vq,...,vq) € Tq(m) we denote by B, the unique box in the partition containing
rv:= (rvy,...,rvg) (more precisely, one can partition Ty (n) into m” boxes as above, such
that for each v € T4 (m) we have that rv belongs to precisely one of these boxes, which we
denote by B,). When r is clear from context, we omit it and write B,,.

7.1. Reducing the upper bound on S(T4(n)) to a spatial homogeneity condition.

DEFINITION 7.1. Let @ € (0,1). We say that A C Ty(n) is («, r)-dense if for every
v € Ty(m) we have that |A N B]| > «|B]| (where m := |n/r] and B] is as above). That is,
the density of A at each of the m? boxes of side length r of the partition is at least o.

DEFINITION 7.2. We denote the event that R, is («, r)-dense by Hom(z, «, r).

PROOF OF THEOREM 2. The lower bounds have been established in Section 6.2 via the
discussion in Section 6.1. Namely, part 3 of Proposition 6.2 for d > 3 and for d = 2, parts
3 and 2, respectively, of Propositions 6.3 and 6.4. We now turn the the upper bounds. Let
e, € (0, 1) where ¢ is arbitrary, and o will be determined later. We take the lifespan to be ¢
which we now define. The lifespan will depend on A, d and n (it has a different expressions
in the cases d > 3 and d = 2).

Ford > 3, 1let p(d) be asin (2.4). For d > 3, we consider A, > 0 such that logn <« Ann? &

n?logn.Lett =t(n, Ap,d, ) :=(1+ 38);1"12%;). Ford =2 wesett=t(n, Ay, d,e):=(1+

3¢) f(n, Ap), where f(n, ) := %k‘l lognlog(A~! x logn). For d = 2, we consider A, > 0
such that logn <« A,n? < n*logn.

We shall consider below boxes of size L,, where 1 <« L,, < n and for d = 2 we have that
L2 < x-'logn, while for d > 3 we have that L2 < A logn.

The cases d > 3 and d = 2 are analogous, with each ingredient from the proof of one
having a counterpart in the proof of the other. In both cases, we employ a three steps strategy.
We partition the particles into three independent sets of densities e, A, and (1 — 2¢)A,,
respectively. We include the planted particle wpjan in the first set.

First, consider the dynamics only w.r.t. the first set (as if the other two sets of particles do
not exist) in the case that the particle lifespan is ¢. Observe that these dynamics are exactly
the frog model with particle density €A, and lifespan ¢.

Let A; be the collection of vertices visited by the dynamics of the particles belonging
to the first set of particles. Let A; be the event that A; is (&, L,)-dense. Let W2 be the
collection of particles from the second set which initially occupy A. Let A; be the collection
of vertices visited by the particles from 2 during their length ¢ walks. Let .4, be the event
that A is (1 — 8, L,,)-dense for some 8, = o(1) to be determined later. Let W3 be the
collection of particles from the third set which initially occupy A;. Let A3 be the collection
of vertices visited by the particles from 3 during their length ¢ walks. Let .43 be the event
that A3 = T,4. Denoting the complement of the event A; by A{, we clearly have that

]P)ln [S(Td(l’l)) > t] 5 ]P))‘—n [Aﬁ'] + Pkn[ E | Al] + P)\n[ g | Al’ ./42]

Note that Py, [A{] =1 — Pg;,, [Hom(¢, a, L,,)]. Theorems 7.13 and 7.18 below ensure that
for d > 3 and d = 2, respectively, we have that P,; [Hom(z, o, L,)] =1 — o(1) for some
a € (0, 1). This is done via a renormalization argument in which T is partitioned into boxes
of size L,. A variant of this argument is later used to prove that it is sufficient that the lifespan
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is taken to be of order max{1~!, 1} for d > 3 and of order max{A~!|log x|, 1} for d =2 in
order for a fraction of the vertices to be visited by the process before it terminates. We include
this variant despite the fact that it is not be used in the proof of Theorem 2, since we believe
it is of interest in its own right and as its proof involves an elegant comparison with Bernoulli
site percolation.

Finally, we show that for some 8, = o(1) we have that I [AS | A1]=0(1) and P, [AS |
Ai, A2] = o(1) in Lemmas 7.4 and 7.3, respectively, for d > 3 (resp., in Lemmas 7.6 and
7.5, resp., ford =2). U

LEMMA 7.3. Letd > 3. Let p(d) be as in (2.4). Let ¢ > 0. Let A, > 0 be such that
logn < An? < nélogn. Let 1 < L, < n be such that L% < k;l logn. Let 8, = o(1). Let
A CTy(n) be (1 —6,, L,)-dense. Assume that at each vertex a € A there are Pois(\,,) par-
ticles performing t =t(n, Ay, d) := [%] steps of SRW, independently. Let D be the
collection of vertices which are not visited by a single particle. Then for all sufficiently large

n we have that E[|D|] < n—¢4/2.

PROOF. Let v € Ty(n). For i € N and a,b € Ty(n), let v; := Y, P/(a,a) and
vi(a,b) = 23:0 PJ(a,b). Recall that by Lemma 5.12 if 1 < i <« n? we have that v; =
(1+ 0(1))%. Let s := [+/t]. Note that for all @ we have that

1 t
(1—0(1))p<d)Z ZP Ta=tlvi—

>ZP Ty =ilvi—s—i =vi—s(v,a).

Summing over all a € A gives Y ,c4 PulT, <t]1> (1 —o(1))p(d) Zl’;f) Pi(v, A). By sym-
metry, Y ,ca PulTy <t] =73 ,caPulT, <t]. By Poisson thinning, the number of particles
which visited v from A in time ¢ has a Poisson distribution with mean p,,, where

to/hn =Y PalTy <t]=) Py[T, <1]

acA acA
t—s
> (1—o(D)p(d) Y P'(v, A) = (1 —o(1)p(d) (& — 5)
i=0

> 1114 £/2) logn?,

where th;‘f) Pi(v, A) > (1 —o(1))(t —s) =t (1 — o(1)) follows from the fact that A is (I —
én, L,)-dense and that L% < A;l logn using the local CLT (cf. Fact 5.11). Thus E[|D|] <

- _ed )
nde~Minv iy < n=7 a5 desired. [

LEMMA 7.4. Let d > 3. Let ¢,a,c € (0,1) be arbitrary. Let A, > 0 be such that
logn « Apn? < nélogn. Let 1 <« L, < n be such that L2 < A 'logn. Let A C Ty(n)
be (o, L,)-dense. Assume that at each vertex a € A there are Pois(\,) particles performing
t=tn, Ay, d):= (Offnlz%sﬂ steps of SRW, independently. Let D be the collection of vertices
which are visited by at least one of the particles. Then there exists some 8§, = o(1), depending

only on c, such that w.h.p. D is (1 — §,,, L,,)-dense.

PROOF. Fix some box BUL" of side length L, . Fix some (1/L,)" 2 « B, < 1 to be
determined later. Consider an arbitrary collection F C BEn of vertices of distance at least
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BnL,, from one another, such that |F| > 1/ ,Bff . We will show that for some §,, = 0o(1) we have
that

P[IDNF| < (1—8,)|F|]<n .

This clearly implies the assertion of the lemma via a union bound (as we may partition T4 (rn)
into O (n?) such sets as F). .

Let s := [/7]. Fix some u € F. As in the proof of Lemma 7.3, we have that Z;;f) P'(u,
A) > (1 —o(1))ta (here A is only assumed to be («, L, )-dense, not (1 — §,, L,)-dense as in
Lemma 7.3). Again, as in the proof of Lemma 7.3 the number of particles which visit u has
a Poisson distribution with mean

t—s
= (1—=0(1)Anp(d) ) P' (v, A)
(7.1) i=0
> (1 —o(1))App(d)ta > (1 —o(1))cd logn.

Given that a certain particle is at u at some time j € ]#[ the probability that it visited an-
other vertex from F during its length ¢ walk is by reversibility (used to explain the factor 2)
Fact 5.10 and Lemma 5.12 at most

t
23" P (s F\ {u}) < C@)|FI(BuLn)* ™ + Cnt|F| = 0(1),
i=1
where the last equality holds provided that 8, is taken to tend to O sufficiently slowly
(as t < n?, |F|(BpLn)*? < ,B,%_ZdL%_d and L, > 1, the last equality holds if ﬂn_z" <
min{n? /1, LZ ~2}). Thus (by summing over all j € ]¢[) the expected number of particles which
visit both u and at least one other vertex from F, denoted by i, is at most w, - o(1). Thus
the number of particles which visit # and no other vertex in F, denoted by Q,,, has a Poisson
distribution with mean fi,, where (by (7.1))

By =pu— lu=(1—0())py > (1 —o(1))cd logn.

By Poisson thinning, we have that (Q,)cF are independent and for all sufficiently large n
we have that

i T |
maxP[Q, = 0] < ¢ MNxer Ax < e zcdlogn _ —cd/2
xeF

Hence if §,, = o(1) is such that J := [§,|F|] > 16/c, the probability that at least J vertices
x € F satisfy that O, = 0 is at most

\FT\  —171ed/2 ~ |Fle J< ¢ J< b J<n—2d
J S\Tnearz) =\gpearz) =\jeara) =

for all sufficiently large n (where we have used (Z) < (%)b forallb<aeN,and J > 16/c
is used only in the last inequality). [J

We now state versions of the previous two lemmas for the case d = 2.

LEMMA 7.5. Let e > 0. Let f(n,A) := %k‘llognlog(k_llogn). Let X, > 0 be such
that logn < Ian? < nzlogn. Let 1 < L, < n be such that L*> < )1 logn. Let 6, = o(1).

n ~ n
Let A CTy(n) be (1 —6,, L,)-dense. Assume that at each vertex a € A there are Pois(A,,)
particles performing t = t(n, Ay, d, ) == [(1 + ¢) f(n, A,)]| steps of SRW, independently.
Let D be the collection of vertices which are not visited by a single particle. Then for all

sufficiently large n we have that E[|D|] <n~¢.
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PROOF. Let v € To(n). For i € N and a,b € Ta(n), let v; := Y OP '(a,a) and
vi(a,b) = 3-:0 PJ(a,b). Recall that by Lemma 5.14 if 1 € i K nzlogn we have that

v = (1% 0(1))1°7T—gi. Let s := [t/logt]. By Poisson thinning and symmetry, the number of
particles which visited v has a Poisson distribution with mean w, where

o/hn =Y Pal[Ty, <t]=) Py[T, <1]

acA acA

_ (o7
CETIOLES (1+ 0(1))71
" logr ;}P( A )= ———( —)

> 1114 £/2) logn?,

where the penultimate equality holds using the local CLT, the fact that A is (1 —§,, L, )-dense
and that L,Zl &« t (cf. Fact 5.11). Thus

E[|D|] <n 2o miny < =€ O
LEMMA 7.6. Lete,a,c € (0,1) be arbitrary. Let
f(n,A) = —A Mognlog(r~'logn).

Let A, > 0 be such that logn < Ian? &K nzlogn. Let L,% = k;llogn. Let A C Ty(n) be
(o, Ly)-dense. Assume that at each vertex a € A there are Pois(A,) particles performing t =
t(n, An,d) =T[5 f(n, Ay)] steps of SRW, independently. Let D be the collection of vertices
which are visited by at least one of the particles. Then there exists some &, = o(1), depending
only on c, such that w.h.p. D is (1 — §,, L,)-dense.

PROOF. Fix some box BUL" of side length L,,. Fix some /T1/logL, < B, < 1 to be
determined later. Consider an arbitrary collection F C BEn of vertices of distance at least
Bn Ly from one another, such that |F| = 1/ ,8,%. We will show that for some §,, = 0(1) we have
that P[|DNF| < (1 —8,)|F]|] < n—*. This clearly implies the assertion of the lemma via a
union bound (as we may partition T (n) via O (n?) such sets).

Let s := [4/t/logt]. Fix some u € F. As in the proof of Lemma 7.5, Z;;‘B Pi(u,A) >
(1 — o(1))ta (here A is only assumed to be (¢, L,)-dense, not (1 — §,, L,)-dense as in
Lemma 7.5). Again, as in the proof of Lemma 7.5, the number of particles which visit u has
a Poisson distribution with mean wu,, > %A Zﬁ;(s) Pi(v, A) > (1 — 0(1))clogn2.

Given that a certain particle is at # at some time i € ¢, the probability that it visited another
vertex from F during its length ¢ walk is o(1), by reversibility, (5.19), and Lemma 5.16,
provided that 8, tends to O sufficiently slowly. Thus the expected number of particles which
visit both u and at least one other vertex from F, denoted by i, is at must u, - 0o(1). Thus
the number of particles which visit # and no other vertex in F', denoted by Q,,, has a Poisson
distribution with mean fi,, where &, = (1 — o(1)) . From this point, the proof is concluded
in an analogous manner to the proof of Lemma 7.4. [

7.2. Giant component in constant lifespan for tori. The only missing ingredient in
the proof of Theorem 2 is verifying that, in the notation from that proof, we have that
P,;,[Hom(t, o, L,)] =1 — 0(1) for some « € (0, 1). This will be done in Theorems 7.13
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and 7.18. Before tending to that, we take a detour and establish the emergence of a “giant
component” in constant lifespan (when A 2 1), in a sense that will be made precise below.
Some of the ideas below will be useful for the proofs of Theorems 7.13 and 7.18.

Let d > 2. Let K(d) > 1 be some constants to be determined later. Throughout we take
A = A, such that logn <« an? « nd logn. Let K= min{l, A}, B := I/X,

(7.2) r=r(d,\) = [K@VP] 423
' T [K@yB +1ogp)] d=2,
(7.3) m=m(n,d,\):=|n/r] and s=s(d,A):=8dr2(d,A).

Consider the variant of the frog model in which the planted particle wpjane walks for £
steps while the rest of the particles walk for k steps. Denote the set of vertices visited by
the process before it dies out by R ¢. The following theorem asserts that if > s = s(d, 1),
then Ry ; is («, Cr(logn)l/(d_l))-dense w.h.p. for some « € (0, 1) and C > 0, where s is as
in (7.3). Note that when A, < 1 we have that s < 1 and so it follows that |R; | < n4 w.h.p.
provided that s is a sufficiently large constant (in terms of A and d) and that # > 1. Below we
write =<, to indicate that the implicit constant may depend on d.

THEOREM 7.7. Let d > 2. Let A = A, be such that logn < in¢ <« n¢logn. Let r =
r(d,\) and s = s(d, A) be as above. Let t =t(d, A,,) > s(d, \y,). Provided that the constant
K (d) is sufficiently large, there exist some o € (0, 1) and some L, 4 <q (logn)l/(d_l) such
that

]P’g:(n) [Rs@.o.e is (o0, 7(d, M) Ly q)-dense] =1 — o(1).

Observe that for d > 4 we have that r(d, An)(logn)l/(d_l) < \/A,Il logn, provided A, <
(logn)'=2/(@=D While this suffices to conclude the proof of Theorem 2 only for d > 4 when
An < (logn)'=2/@=1 we think this result is interesting in its own right. Moreover, its proof
contains some of the ideas that will be used to prove Theorems 7.13 and 7.18 (which are used
in order to conclude the proof of Theorem 2) in the following two subsections.

Let ¢; € Z¢ be the vector whose jth coordinate is 1{j = i}. We partition the parti-
cles into 2d + 2 independent sets, W9, Wb wEer  ywEed where WP, WP both have
density A/4 and each of the other sets has density A/(4d). We denote the collection
of all particles in W' whose initial position is u € Ty(n) (resp., B € T (n)) by Wb’,
(resp., Wg), where i € {a, b, +eq, ..., Feq}. Then (lW,,l;Duer(n),ie{a,b} are i.1.d. Pois(%) and
(|WL’; DueT (n),ic{+ey,.... +ey) are ii.d. Pois(%). We still denote the corresponding probability
by P;.. We note that the set W’ will play no role in the analysis in this subsection. The reason
we introduce it now is that it will be used in the following subsections.

DEFINITION 7.8. Consider a partition of Ty (n) into m? boxes (B})veT,(m) of side length
r, where m := [n/r]. Let v € Ty(m). We define the (r, s) a-dynamics on B] started from
B C B, to be the variation of the frog model with lifespan s in which:

(1) Initially only W is activated.
(2) Initially at each u € B there are W, ~ Pois(%) particles, and no planted particles.
(3) Initially there are no particles outside B; .

We denote the collection of vertices in B, that are visited by the (r, s) a-dynamics on B]
started from B before it dies out by Ap = Apg(r,s). We say that B C B, is (r, s)-good if
|Ag| > %|B;|. We say that x € B} is (r, s)-good if |A,| > %|B;|, where Ay := Ayy). Finally,
we define good, ;(v) := {x € B}, : x is (r, s)-good}. When r and s are clear from context, we
omit them from the aforementioned notation and terminology.
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Throughout this subsection r and s shall be as in (7.2)—(7.3). However, in the following
two subsections we shall use Definition 7.8 with different choices of r and s.

Recall that R (Uf) is the union of the ranges of the length s walks performed by the parti-
clesin /.

PROPOSITION 7.9. Letd = 2. Let r, m and s be as in (7.2)—(7.3). Let v € Ty(m) and
B C B;. Assume that |B| < %”l. Then there exist some constants c(d), C > 0 such that

3
(7.4) IP’X[|AB| < Zw;y] < Cexp[—c(@)1|BI],
(7.5) P, [good(v) N B = @] < Cexp[—c(d)A|B]].

REMARK 7.10. When A > C’d it is not hard to use Poisson thinning along with a com-
parison with Bernoulli site percolation with parameter 1 — e=* — e=*/¢  along with Proposi-
tion 5.2, in order to argue that a slightly weaker assertion than that of Proposition 7.9 holds
with s =r = 1. This observation can also be used to simplify the proof of Theorem 7.7 for

A > C'd. Below we take a different approach.

PROOF. Fix some B C B, (recall that B, is an abbreviation of B]). We first prove (7.4).
The proof of (7.5) is essentially identical, but requires slightly more care (the relevant details
will be provided later). Denote By := B. We may expose A g by first exposing Dy := R; (VYY)
for some x = xo € By. Continue in this fashion, by exposing in the ith stage D; := R (WVY,))
for some vertex

xieBi1\ X1,
where Xy :={x;:0< j < ¢}, Be:=BUH¢N By, He:=JD;

and x; is chosen according to some predetermined rule. Observe that as long as |B;| > i + 1
we can pick some x;11 € B; \ A; and continue the above exploration process by exposing
Dit1:=Rs ()/iji+ ] ). The exploration process is terminate at the first stage L at which |By | =
L + 1. At that stage L we have that 5; = Ap. Observe that for i < |B| — 1 we have that
|Bi| > |Bo| = |B| > i + 1, so the exploration process cannot be terminated by step |B| — 1.
Let U; be the event thati 4+ 1 < |B;| < %le|.

We first deal with the case d > 3. By (5.25) there exist co(d), c1(d) > 0 so that on U; we
have that E, [|B; 11 \ Bi| | Do, D1, ..., D;] stochastically dominates a random variable which
equals J := [y (d)r21 with probability at least p := (1 —exp[—Aco(d)]) and otherwise equals
0. We choose K (d) in the definition of r such that Jp > 6.

Let Z; be the indicator of the event that either U occurs, or that |B; 1 \ B;| > J. We get

that the joint law of Z, ..., Z,s stochastically dominates that of i.i.d. Bernoulli r.v.’s with
mean p (while they are not independent, by considering the two cases U; and U;, we see
that the probability that Zi. =1 is at least p, ;egardless of the values of Z;,...,Z;_1). Let

ni:=1—2;.Let Sj = Zz!=1 n; and §j = Z;:l Z;.

We first deal with the case that Acg(d) < 1. Recall that |[Ag| > %|BU| if foralli > |B|—1
we have that |B;| > i 4 2. This holds in particular if for all i > |B| — 1 we have that J :S'\, >
i + 2. Thus

3 .
IP’A[|AB| < Z|Bv|] <P;[3) €[I1B| - 1,7%] such that JS; < j +1].
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As 1/J < p/6, by the previous paragraph we have this probability decays exponentially in
p|B| < c(d)A|B| by (B.4).

We now consider the case Acg(d) > 1. Similar to Zy, Z;, ..., while ny, n2, ... are not
independent, by considering the two cases U} and U; we see that the probability that n; =1
is at most 1 — p = exp[—Aco(d)], regardless of the values of 11, ..., n;—1. Thus n1, 92, ... N

are stochastically dominated by i.i.d. Bernoulli random variables of mean 1 — p. By the above
discussion, and the fact that J S <j+1iff §;>j— m

1
IP’A[|AB| < Z|Bv|] S]P’A[Elj e[IB| —1,r%] such that §; > j — %]

As1— f“ >1—3/J > (1—p)(1+ce¢@*), by (B.3) the probability on the right-hand side

decays exponentlally in |B|(1 — p)czec(“’)A log(1 + c2e“@D*) < ¢(d)A| B|. This concludes the
proof of (7.4) when d > 3. We now prove (7.5) for d > 3. The only change is in the choice of
X;.

o If &; D H; and A&; D B, then the exploration process is terminated.

o If X; DH; and AX; 2 B, then we let x; 1 be an arbitrary vertex in B \ Aj.

o If H; \ X; # @ let k €]i[ be the maximal index such that Dy \ X; # @. In this case, we let
X;j+1 be some arbitrary vertex in Dy \ Aj.

As |B| <|By|/2 and 3/4 — 5 1= 1/4, if for all j € [|B| — 1, r¢], we have that J§j >j+1
(equiv. §j < j — m) then there must be some x € B which is good.

The proof for the case d = 2 is analogous with (5.26) replacing (5.25) above. [J

LEMMA 7.11. Letd>3. Let A=A, r=r({d, ), m=m@n,d, ) and s =s(d, L) be as
above. Let t =t(n,d, Ay) > s(d, Ay). We say that v € Ty(m) is nice if |R;(Wplant) N By| >
r2(d, )/ 16. Let Nice := {v € Ty(m) : v is nice}. Then w.h.p. |Nice| > 1.

LEMMA 7.12. LetA=A,, r =r(2,An), m =m(n,2,  ,) and s = s(2, A,) be as above.
Lett =t(n, Ay) > s. We say that v € Tr(m) is nice if |R;(wplant) N By| > r2/(16logr). Let
Nice :={v € Ta(m) : v is nice}. Then w.h.p. |Nice| > 1.

For our purposes, the constant 1/16 in the last two lemmas could have been replaced by
any positive constant c(d) (this would only result in a larger choice of the constants K (d) in
(7.2)). Let 7o := 0 and vp = 0. Let 71 :=inf{r > Cs : X; € B, for some v # o}. Let B,, be the
block at which the walk is at time X, and define inductively

Tip1 :=inf{t > ; + Cs: X, € B, for some v ¢ {vo, vi, ..., vi}}.

One way of proving the lemmas is by showing that w.h.p. for some k > 1 we have that 7y <t
and that on this event w.h.p. we have that |Nice| > 1. We omit the details.

PROOF OF THEOREM 7.7. Let r, m and s be as in (7.2)—(7.3). We take an arbitrary
ordering of T, (m). Let ¢ € (0, 1/4) be such that 1 — ¢ is greater than p.(d), the critical
density for Bernoulli site percolation for Z¢ (as pc(d) is nonincreasing in d, we may take
e <1 — pc(2)). While the particles walk on Ty (n), we define an auxiliary site percolation
process on the renormalized torus Ty (m). Let t > s and Nice C T4 (m) be as in Lemmas 7.11
and 7.12 (depending on whether d = 2 or d > 3). For every v € Nice, we say that v is fantastic
if R¢(wplant) N By is good, where as in Definition 7.8 B C B, is good if |Ag| > | By|/4.

By construction and Proposition 7.9, given that R;(wplant) = U and that Nice = F C
T4 (m) we have that (1{v is fantastic}),cFr are independent, and each indicator equals 0 with



ON AN EPIDEMIC MODEL ON FINITE GRAPHS 247

probability at most Ce=c@rr?@dxn) for g > 3 and at most Ce=crr*@dan)/10gr for g =2, By
the choice of r, if K(d) are sufficiently large, we have that these probabilities are at most
e. Let Fo:={v € F : v is fantastic} and N Fy := {v € F : v is not fantastic} (note that the
elements of Fy and N Fy lie in T;(m)). For each v € F, we set GC(v) := ARt(wplam)ﬂBv- By
construction, |GC(v)| > | By|/4 for every v € Fy.

We now describe an exploration process on Ty (m). Its initial input is (Fy, N'Fo). At the
beginning of stage i of the exploration process, we will have two sets F; and N F; of vertices
in Ty(m) and the vertices explored thus far will be F; U N F;. For each v € F;, there will
already be a set GC(v) C B, of size at least ard that are guaranteed to be activated from the
information exposed in the previous stages.

For A CTy(m),let 0A :={b € A°:3a € A such that ||a — b||; = 1} be the external vertex
boundary of A. The process is terminated at the first stage i at which d.F; C N F;. At the
ith, if 3F; ¢ N'F; we pick u € 3F; \ N'F; to be the smallest element of 3.F; \ N'F; in the
ordering. If good(u) = &, we set N F; 11 = NF; U{u} and F; 1| = F;. If good(u) # &, pick
some o, € good(u). We attempt to “recruit” u to JF;41 by finding some neighbor v of u in
JFi such that at least of the walkers whose initial location is in GC(v) reached o,,. This will
allow us to define GC(u) := Ao, and set F; 1 = F; U {u}.

We now describe this in more detail. Let v € F; be such that v + & = u for some & €
{£e1, ..., Ley}, where as above ¢y is the vector in Z¢ whose jth coordinate is 1{j = k}. We
pick this v to be minimal w.r.t. the ordering. If 0, € R (Wéc(v)) (i.e., if there is a particle

from the set W& whose initial position is in GC(v) which reached o, in its length s walk),
we set NFi11 = NF;, Fiy1 = Fi U{u} and GC(u) := A,,. Otherwise, we set N'F;y| =
NF;U{u}and Fiy = F;.

By Proposition 7.9, at each stage the probability that good(u) = @ is at most Ce @18l <
e/2 (apply Proposition 7.9 taking B to be an arbitrary set of size |B,|/2). Given that
good(u) # &, that GC(v) = A and that o, = y the number of particles from Wf‘ which
visit y in their length s walk has a Poisson distribution. Using Poisson thinning and the fact
that W& has density ﬁ, we argue that the mean of this random variable is at least log(2/¢),
provided that K (d) is sufficiently large. Indeed, by the choice of s, the fact that |A| > |B,|/4
and the local CLT, for d > 3 this mean is

4dZP[T— ZP[T_]>—ZZP<ya)

acA aeA aeAte[s]

=1d Z P'(y, A) = A (d)s = log(2/e),

i€ls]

while ford =2 it is

—ZP),[TaSS]>—ZP [T, <s/2]

aeA aeA
IOgS icls/2]
= — Z P'(y, A)
0gs acAie€[s] IG[T]

> Ac's/logs > log(2/e).

Finally, we get that u € N F; 1 w.p. at most ¢/2 + ¢/2 = €. Let i, be the stage at which
the process is terminated. By the above analysis, we can couple F; with Bernoulli site

Ly
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percolation on Ty(m) with parameter 1 — ¢ > p.(d), such that F; contains the union
of the connected components of the vertices in Nice. Since by Lemmas 7.11 and 7.12
we have that |Nice| > 1 w.h.p., the assertion of the theorem now follows from Propo-
sition 5.2. Indeed, parts (2)—(3) of Proposition 5.2 (with the set Nice here playing the
role of U in part (3) of Proposition 5.2) assert that conditioned on |Nice| > 1 we will
have that w.h.p. F;, is (a1, [C(d)(logm)'/@=D7)-dense, for some aj, C(d) > 0. On this
event, the set Uvefl.* GC(v), which by construction is contained in Rg(g,5,),:» must be

(o, r[C(d)(log m)l/(d_1)1 )-dense, for some fixed a > 0, as desired. [

7.3. d = 2. Throughout this subsection, we let A = X, be such that logn < n’A <
n’logn (even when this is not explicitly specified). Let § = §2(n, A, 8,,) := 16?22, where

1 1
(7.6) rh=ry(n,A,8,) = ’78,1\/% lognlog<x 1ogn)—‘,
for some §,, = o(1) such that 7, >> 1, to be determined later. Let iy = my(n, A) := [n/r2].

THEOREM 7.13. Let A = A, be such that logn < An?> < n*logn. There exists some
a € (0, 1) and 8, = o(1) such that for all t > §, = 52(n, A, 8,) we have that

qurj(n)[sz,z is (o, F2)-dense] = 1 — o(1).
Consider a partition of T (n) into 713 boxes (B?),cT, (i) Of side length 7.

PROPOSITION 7.14. Let B C B> for some v € Ty(i12). Assume that |B| < |B’2|/2.
Then there exist some constants ¢, C > 0 such that

3
(7.7) IPA[|AB(r2,s2)| < Z|BU2{] < Cexp[—cA|B|],

(7.8) P, [good;, 5, (v) N B = @] < Cexp[—cA|B].

72,8
PROOF. The proof is identical to that of Proposition 7.9. [J

DEFINITION 7.15. Let v € T, (7). As in Definition 7.8, consider the (72, 52) a-
dynamics on B)?. We say that x € B, is neat if R, (Wf) N good;, ; (v) # &. Let neat(v)

72,82
be the collection of all neat vertices in B;?. Let NEAT := [, e, (,) D€at(v).

PROPOSITION 7.16. Let { = |'C15n_1 %logn}. Provided that Cy is sufficiently large
and that 8, from the definition of 7, tends to 0 sufficiently slowly the following hold.:

e For > C28n_2, we have that NEAT is w.h.p. (c, @)-densefor some ¢ > 0.
o For A < C28n_2, we have that NEAT is w.h.p. (ckég, f)—densefor some ¢ > 0.

PROOF. We partition B{:Z into subboxes of side length £ :=[,/C’ % logn. We pick §, so
that £ < 7. By (7.8) we may pick C’ such that for each such subbox B (of side length ¢) we
have that I, [good;, 5, (v) N B = J] < n~*. By a union bound, the event that goody, 5 (v) N
B # @ for all subboxes B C B{:Z of side length ¢, for all v € T,(r,) holds w.h.p. Let us
condition on this event. We now argue that each particle in ng has probability p = 6,% of
visiting good;, . (v) (during its length §, walk).

72,52
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Consider an arbitrary set A which contains precisely one vertex from each subbox B of
side length £ of B2 from the aforementioned partition. In order to show (under the above con-
ditioning) each particle in ng has probability p = 82 of visiting good;, ;, (v). it is enough to
show that for such a set A, each particle in ng has probability g 2> 83 of visiting A (during
its length §, walk). Using results from Section 5.4 it is not hard to verify that provided that

8y tends to O sufficiently slowly we have that

(1) The expected number of visits to A by a SRW of length §, started from a vertex in
x € By, denoted by e(x), satisfies minyep, e(x) 2 $072 < 8,21 log(% logn), and

(2) conditioned on hitting A by time §,, the expected number of visits to A by time §»,
denoted by e(A), satisfies that e(A) <logsy < log(% logn).

We omit the proofs of the last two calculations. It follows that the probability that T4 < §5,

. §,072 .
denoted by ¢, satisfies g = % > 52, as desired.

Let ¢ := [C18, ! %logiﬂ. We pick §, so that it tends to O sufficiently slowly so
that £ < 7>. We now partition B,fz into subboxes of side length ‘. By the previous two
paragraphs together with Poisson thinning, it follows that the probability that for a sub-
box B in the last partition there are at most 0022(1 — exp[—clmﬁ]) vertices x such that
Rs, (Wb )Ngood;, ; (v) # & is at most n~* (the case that ¢ A8, < 1 follows straightforwardly
from (B.2), while the case that c; A8, > 1 follows from (B.1); We omit the details). Hence by a
union bound w.h.p. this does not occur for any such B C Biz for all v € T, (113). The proof is
concluded by noting that 1 —exp[—clké,zl] = M,% when )»83 < 1 andthat 1 —exp[—cl)LcS,Zl] =1
when A82 > 1. O

LEMMA 7.17. Let A = Ay, Ip, 12 and $p be as above. Let t =t (n, A ) > 5. We say that
v € Ta(my) is (72, §2)-nice if |R,(wp1am) N Br2| > r22/(1610g 72). Let Nlce ={v e Ty(m»):
v is (Fp, $3)-nice}. Then w.h.p. |Nlce| > 1.

PROOF OF THEOREM 7.13. Let > § and Nice C Ty (m12) be as in Lemma 7.17. For
every v € Nice, we say that v is fantastic if R;(wplany) N By? is (72, §2)-good, where as in

Definition 7.8 B C B2 is good if |Ag(F2, 52)| > |B4ﬁ. By Lemma 7.17, we may condition
on Nice # . We pick an arbitrary x = xp € Nice. By construction and Proposition 7.14, the

. . L — 32 loeF .
probability that x is not fantastic is at most Ce~*2/1°272 = 5(1). Hence we may condition

on x being fantastic. Let GC(xp) := A #, (F2, §2). By construction, we have that
Rt (Wplant) N BXO

|GC(xp)| = |B,€(2) |/4 (conditioned on xg being fantastic).
Let £ := [Clén_l‘/ % logn7] be as in Proposition 7.16. By Proposition 7.16, we may condi-

tion on the event that NEAT = D, where D is some (C)»(S,le{k < Czén_z} +c1l{A > C28n_2}, é)—
dense set for some ¢, Cp > 0.

Let x; be an arbitrary neighbor of xg. Then xg + & = x; € Ty(my) for some & €
{*ei, ..., xeq}. Observe that if R;, (Wéc( xo)) N neat(x;) # & then the particles in Wéc( o)
will activate some z € neat(x). By the definition of neat(x), the particles in Wb will acti-

vate some 7’ € good,2 5 (x 1)- We may then define GC(x) := A,/ (7, 52). By constructlon we
have that |GC(x1)| > |B |/4 (assuming R, (WGC(X )) Nneat(xy) # ).

It suffices to show that if x + & = y € Ty (#,) for some S € {xeq,...,xeg} and A C

2 is of size at least |Br2 |/4, then the probability that R, (VW A) N neat(y) & (under the

aforementloned conditionings) is <« (n/7,)~ 2,
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Pick some set B C neat(y) of cardinality [§, 37 such that each pair of vertices in B lie
within distance at least }‘8,3,/ 2?2 from one another. Since we conditioned on NEAT = D, the
set B is nonrandom. For b € B, let J, be the number of particles from Wi which reached

b in their length §; walks. Let Qj be the number of particles from Wi which reached b in
their length §, walk, which did not reach any other vertex in B in their length §, walk. As in
the proof of Lemma 7.6, we have that for b € B both J, and O} have Poisson distributions
and that E,[Qp] = (1 — o(1)Ex[Jp] 2 AS2/logsy = 6,% logn, provided that §, tends to 0O
sufficiently slowly. By independence, it follows that —logP,[Y e Qp = 0] > 8, ' logn.

O

7.4. d > 3. Throughout this subsection, we let d > 3 and A = A,, be such that logn <«
and <« n? logn (even when this is not explicitly specified). Let s = s(n, A, §,) := 8dk2,
where

(7.9) k=k(n, 1,6, := [(Sn‘/%logn—‘,

for some §, = o(1) such that k > 1, to be determined later. Let m =m(n, A, §,,) := |n/k].

THEOREM 7.18. Let d > 3. Let A = A, be such that logn < An? <« n?logn. There
exists some o € (0, 1) and 8, = o(1) such that for all t > s = s(n, A, 8,) we have that

Py [Ry is (. k(n, A, 8,))-dense] = 1 — o(1).
Consider a partition of Ty (n) into m boxes (B’,j)veqr ,(m) of side length k.

PROPOSITION 7.19. Let B C Bl’j for some v € Tj(m). Assume that |B| < |B’v‘|/2. Then
there exist some constants ¢, C > 0 such that

3
(7.10) P)L|:|AB(]€,S)| < Z}Bﬂ] < Cexp[—c(d)A|B]],
(7.11) Py [good; (v) N B = @] < Cexp[—c(d)A|B]].
PROOF. The proof is identical to that of Proposition 7.9. [

DEFINITION 7.20. Letd > 3. Let v € Ty(m). As in Definition 7.8, consider the (k, s)
a-dynamics on B{j. We say that x € B{j is neat if RS(W)’?) N good; ((v) # &. Let neat(v) be
the collection of all neat vertices in Bl’f. Let NEAT := U, e, () neat(v).

PROPOSITION 7.21. Let £ := [Cy (A_(ISZ logn)'/7. Provided that C\ is sufficiently large
and that &, from the definition of k tends 100 sufficiently slowly the following hold:

e For > C28n_2, we have that NEAT is w.h.p. (c, é)-densefor some ¢ > 0.
o For A < C28n_2, we have that NEAT is w.h.p. (ckéﬁ, f)-densefor some ¢ > 0.

PROOF. We partition Bff into subboxes of side length £ := [(C/% logn)!/47. We pick 6,
so that £ <« k. By (7.11) we may pick C’ such that for each such subbox B of side length £ we
have that P, [good; ;(v) N B =] < n~*. By a union bound, the event that good;, ;(v)N B #
&, for all such B C B’U‘, for all v € T;(m), holds w.h.p.. We condition on this event. We now
argue that each particle in WI};’J has probability at least p 2> 8,% of visiting goody, ;(v).
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By the last conditioning, it suffices to consider an arbitrary set A which contains precisely
one vertex from each subbox B of side length £ of B,’f from the aforementioned partition, and
show that each particle in Wg,g has probability at least ¢ = 8,2, of visiting good, ;(v). Using
results from Section 5.4, it is not hard to verify that provided that §, tends to O sufficiently
slowly we have that:

(1) the expected number of visits to A by a SRW of length s started from a vertex x € B{f,
denoted by e(x), satisfies min, gk e(x) 2 st~ = 8,22, and

(2) conditioned on hitting A lv)y time s, the expected number of visits to A by time s,
denoted by e(A), satisfies e(A) = O(1).

We omit the details of the last two calculations. It follows that the probability that T4 <'s,
denoted by ¢, satisﬁes g > 82, as desired.

~ “n°

Let £ := [C) (-5 Py logn)!/47. Assume that 8, tends to 0 sufficiently slowly so that (< k.

We now partition Bff into subboxes of side length ‘. By the previous two paragraphs together
with Poisson thinning, it follows that the probability that for a subbox B in the last partition
there are less than cofd(l — exp[—clmg]) vertices x such that R (Wf) N good; ((v) # T is
at most n~* (the case that ¢ 18, < 1 follows straightforwardly from (B.2), while the case that
c1Ad, > 1 follows from (B.1); this is left as an exercise). Hence by a union bound we may
condition that this does not occur for any such B C B,’j forallve Ty(m). O

LEMMA 7.22. Let A = A,, k,m and s be as above. Let t = t(n An,On) > 5. We say
that v € Ty(m) is (k,s)-nice if |Ry(Wptan) N BX| > k2/16. Let Nice := {v € Ty(m) :
v is (k, s)-nice}. Then w.h.p. |Nlce| > 1.

PROOF OF THEOREM 7.18. Lett > s and Nice c Td(m) be as in Lemma 7.22. For

every v € Nice, we say that v is fantastic if R;(Wplant) N B is (k, s)-good, where as in
Deﬁmtlon 7.8 B C Bk is good if |Ap(k,s)| > |Bk|/4 By Lemma 7.22, we may condition
on Nice # @. We pick an arbitrary x = xo € Nice. By construction and Proposition 7.19,

the probability that x is not fantastic is at most Ce™ cHEZ o(1). Hence we may condi-

tion on x being fantastic. Let GC(xp) := ARt(wplam)ﬂ BY, (k, s). By construction, we have that
IGC(x0)| = | xo|/4

Let { := [Cy ()\(32 logn)'/7 be as in Proposition 7.21. By Proposition 7.21, we may condi-
tion on the event that NEAT = D, where D is some (C)»5,211{k < Czén_z} +c1l{A > C28n_2}, é)—
dense for some ¢, Cp > 0.

Imitating the proof of Theorem 7.13, it suffices to show that if x +& =y € Ty(m) for
some & € {£eq,...,+ey} and A C B)]g is of size at least |B)]§|/4, then the probability p that

Rs (Wi) Nneat(y) = @ (under the aforementioned conditionings) satisfies p < (n/ k)=,
Pick some set B C neat(y) of cardinality [§, 31 such that each pair of vertices in B lie

within distance at least %82/ dk from one another. Since we conditioned on NEAT = D, the

set B is nonrandom. For b € B, let J, be the number of particles from Wi which reached b

in their length s walks. Let Qp be the number of particles from Wi which reached b in their
length s walk, which did not reach any other vertex in B in their length s walk. As in the
proof of Lemma 7.4, we have that for b € B both J, and O} have Poisson distributions and
that E,[Qp] = (1 — o(1)Es[Jp] = As 2 82 logn, provided that &, is tends to O sufficiently
slowly. By independence, it follows that — log Pul> pep O» =012 llogn O
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8. Expanders—Proof of Theorem 3. In this section, we study the case that G is a d-
regular expander. It is not difficult to extend the results to the case G is an expander of
maximal degree d. We note that the arguments presented in this section are inspired by tech-
niques from [10], Theorem 5, and [24], Theorem 3. However, the analysis below includes
some new ideas. In particular, the usage of a maximal inequality in the proof of Theorem 8.1
(through the application of Lemma 5.6) is novel. Moreover, the analysis of the case A >> 1
requires some new ideas.

Consider the case that wpjant, the planted walker at o, walks for # = f,y steps, while the rest
of the particles have lifespan M for some constant M. Recall that the set of vertices which
are visited by this modified process before it dies out is denoted by R; js. Similarly, consider
the variation of the model in which there is no planted particle and initially the collection of
particles occupying some set A C V are activated. In this variant, let the lifespan of all of the
particles be s. Denote the set of vertices which are visited in this variant of the model before
the process dies out by Rf.

THEOREM 8.1. There exist absolute constants ¢, C, C', M > 0 such that for every n >
C’, x> CnYogn and y € (0,21, for every regular n-vertex y-expander G = (V, E), we
have

A —cAlA
(8.1) VACV, PRy gt 1y 1 (G)| <n/4] < CemHAL

We now argue that Theorem 3 when A < 1 follows from Theorem 8.1 in conjunction with
Lemma 5.8 and Corollary 5.5.

8.1. Proof of Theorem 3 when 1/n < A <1 given Theorem 8.1.

PROOF. Let A € [Cn~'logn, 1], where C > 0 is as in Theorem 8.1. We first note that by
(5.27) with t = CA~ 1y~ /logn, s = |/Togn |, and r = A~ ! /Togn and by Lemma 5.8 with
the same choice for ¢ we have that

(82) P)‘HR[C)FIJ/*I logn] (wplant)‘ < )\’—1\/@] < 45 < e_c/ v logn‘

For the remainder of the proof, we fix some A C V of size at least A~ !/Iogn and condition
on the event R := R[C A=ly—llogn] (wplant) = A. We can partition the particles in W\ {wplant}
into two independent sets, each with density A/2. We refer to the particles belonging to the
first (resp., second) set as type 1 (resp., 2) particles. We can apply Theorem 8.1 to the dy-
namics associated with the type 1 particles (as if there are no type 2 particles) with lifespan
[M~'y~17. This dynamics is precisely the frog model with parameter /2 and the afore-
mentioned lifetime, where initially Wy is activated. Denote by B the collection of vertices
visited by the type 1 dynamics before it dies out. By Theorem 8.1 (and our conditioning on
R = A for |A| = A~'/Togn), we have that | B| > n/4 with probability at least 1 — ¢~covIogn,
By Corollary 5.5, given that |B| > n/4, with probability at least 1 — 1/n we have that V
equals the union of the ranges of the walks of length [CA ™'y ~!logn] performed by the type
2 particles initially occupying B.

Finally, when 1/n << A < Cn~'logn we first argue that w.h.p. the planted particle visits
by time k = [CA~ 'y ~llogn] at least n/32 distinct vertices where now we use (5.27) with
t=[Cny~",s=|k/t],and r =n/32 and Lemma 5.8 with the same choice for ¢. The proof
is concluded using (5.11). [J
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8.2. Proof of Theorem 8.1.

PROOF OF THEOREM 8.1. We use an exploration process due to Benjamini, Nachmias
and Peres [11]. Let y be the spectral gap of SRW on G = (V, E). Initially, the collection of
active particles is Wy for some A C V. Let Ag := min{A, 16} and

t=t:=[L/(op)],
where L > 0 is some absolute constant to be determined shortly. Recall that for a collection
of particles W C W we denote the union of the ranges of the length ¢ walks performed by
the particles in W by R, (V') (with the convention that R, (&) = @). Recall that W, is the

collection of particles whose initial position is v.
Denote « := [16A, ! log(2%)]. Note that for all A we have that

(8.3) P[Pois(1/16) # O]k > 2.
As in Corollary 5.7, fora set B C V let
Gp:={aeB:P,[|{Xs:5€lt]}\ B| >«]>1/16}.

By Corollary 5.7 for every B of size at most n/4, we have that |Gp| > %lB |, provided that L
is taken to be sufficiently large. For every B C V and b € B let

WE == {weW,:|Ri(w)\ B| > «}.
Observe that if b € G, then |Wf| has a Poisson distribution with parameter at least A /16,
and hence by (8.3) P, [[WE] # 0]k > 2.
Initially, set Ap := A and Uy = &. We now define inductively a collection of random sets

of vertices Aj, Ay, ... and U, U, .... For every i >0, let B; := A; UU;. Assume that we
have already defined Ay, Ay, ..., Aj and Uy, U1, ..., U; in the following manner:

(1) |Bj| <n/4 and for all 1 <i < j we have |B;| > %i and |U;| =i. Thus (using G, €
Bi = A; UlY; and |Gp,| > %lBil > i) it must be the case that G, N A; # @.

(2) For each 1 <i < j at stage i of the exploration process, we expose R; (Wsi -1y for

some vertex v; € A;—1 N Gp;_,. We then set

Ui =U_1 U{v;} and A=A UR, WS-\ U
The exploration process is terminated at the first stage j at which either |B;| > n/4 or |B;| <
% j. Let J be the stage at which the exploration process is terminated. It is not hard to see
that conditioned on i < J we have that |B; 41 \ B;| stochastically dominates a binary random
variable which equals ¥ w.p. 1 — e~*/16 and otherwise equals 0.

Consider a sequence &1, &, ... of i.i.d. Bernoulli(1 — e~*/16) random variables. Let us
first consider the case that A < 16. In this case, we have that x = [164"!log(2°)] and 1 —
e~*/16 > ) /32, By the previous paragraph, the probability that P, [|B ;| < n/4] is at most the
probability that for some i > %|A| we have that k le:l & < %i <ki(l —e 161 — %). By
(B.4) (with p=1—e /1% k=[2|A|] and § = 1), this probability decays exponentially in
AlA].

We now consider the case that A > 16. In this case, x = [16 10g(29)'| . Consider a sequence

ni, N2, ...of iid. Bernoulli(e_k/m) random variables. The probability that P [|B,| < n/4]
is at most the probability that for some i > %|A| we have that

i
4
E ni>i——i>ie "1(4e*/19/5).
st 3k

By (B.3) (with p = ¢ ™*/1% k = [3|A[] and § = 4¢*/16/5 — 1), this probability decays expo-
nentially in A|A|. O
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8.3. Proof of Theorem 3 when A > 1.

PROOF. Letl <A < %logn. Denote ¢ := [Cy_lk_llognW. Let H be the event that
IR (wplant)| < A~ /Togn. By (8.2) we have that P[H] < ¢~¢'v1°2" Thus by Theorem 8.1,

Py [Wzl < %] <P[H]+P; [IRzl < % | HC] <2e~¢VIoen,

As in the proof of the case A < 1, it suffices to consider the case that the particle density is
A/2 and initially there is some set A C V of size [n/4], which is activated (with no planted
particles). We partition the particles into 8 = |A] independent sets, W!, ..., W# each of
density at least % For all v e V and i € [B], we denote the particles from JA" which initially
occupy v by W{, Then (Wf))ve v,ie[g] stochastically dominate i.i.d. Pois(1/2). For a set B C
V and i € [B], let Wi := Upep W} be the collection of particles from the ith set initially
occupying B. Let Ao = A. We define inductively for alli € [ — 1]

Aif1:=A; U RZI(WX:_I)

That is, at stage i we use the particles from the (i + 1)th set which initially occupy the cur-
rently exposed set in order to reveal additional vertices. Our goal is to estimate the probability
that Ag # V. Our strategy is to show that

(8.4) E[|AS, | 1A;]] <n~* | AS

, forallie[B—1].
We first explain how the proof is concluded using (8.4). By (8.4), we have
—4).71 -2 -1
E[jAl] <Al ) <nonP=nl

Before we begin to prove (8.4), we need some preliminaries.
Let u be a distribution on V. Recall that the £, distance of u from uniform distribution 7
is defined as

M(U) 2\ 1/2 12 1/2
o=l i= (X x40 1)) = (0 S e =)
7 (v)
veV veV
Denote the distribution of the lazy SRW at time s (resp., of the entire lazy SRW) started from
initial distribution u by Py, (resp., P,). By the Poincaré inequality, we have that

I, — 7[“%,71 <1 -y/)¥|lu—nl3,, forals=>0.

Recall that wp is the uniform distribution on B. An easy calculation shows that for every

B C V we have that ||7g — 7|3, = ’;((%c)). Hence if s > ¢,

m(B°) ——C/i m(B°)

2 2 2 _
[Py =720 < A=/ s =7l < €77 T <™

Denote g := % §t=t+1 P} .. By convexity, also |[up — n||%,n < n_C/A%. Consider the
set

Jg:={veV:ugb)<1/2}.

Note that 77(Jp) /4 < |lug — 7|13 ;. Thus 7 (Jp) < 4n~C/+ZE).
We are now in the position to prove (8.4). First, recall that we may assume the parti-
cles are performing lazy SRW. Let 0 <i < B. Since m(Ap) > 1/4, we have that 7 (J,,) <

l6n_C/A7r(Al‘-'). Fix some x ¢ Ju,. Since g, (x) > 1/2, the expected number of visits to
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x (with multiplicities) by a particle from Wf:lfl (from time ¢ + 1 to time 2¢) is at least
Sm(A;) > 1/8.

By (5.8) Y7 Pi(x,x) <2y~' 4+ 2¢/n < 3y~!, provided that n is sufficiently large.
i+1

Again by (5.8) for each x ¢ J4,, the number of particles from W, which visit x in the first
2t steps of their walks has a Poisson distribution with parameter at least ;}//—g > 81" !logn

(provided that C 1is taken to be sufficiently large). It follows that the expected number of
x € A\ Jy, that do not belong to A;4 is at most |Af|e‘8r] logn — |Af|n_8rI. Finally,
using 7w (Jy4,;) < 16n_C*_171(Af), we get that

E[|AS, | 11Ai] <n= %7 |AS] + n(Ja,)

<n 4G 160~ R A <R A¢

9’

provided that C is sufficiently large. [

APPENDIX A: PROOFS OF SOME REMARKS

A.1. Sketch of proof of the assertion of Remark 2.1. Let G = (V, E) be a connected
d-regular graph. Let A > (1 4+ §)d log | V| for some constant § > 0. We argue that P, [S(G) >
11 < |V|7%. To see this, consider an arbitrary spanning tree of G, rooted at o, whose edges
are oriented away from 0. Let v € V \ {o}. Denote its parent by u. If u is activated before the
process dies out, then the probability that v is not activated (by some particle from u) is at
most |V |~(11+9) (by Poisson thinning).

Now consider the case G = Ty(n). We argue that if A > (2d + §) logn for some § > 0,
then P, [S(T4(n)) > 1] < Cn—%/2. To see this, observe that (by Poisson thinning) for every
v of distance at least 2 from o, the number of particles that move to v in their first step,
which initially occupy some neighbor of v which is closer to o, has a Poisson distribution
with parameter d - (%) =A/2.

A.2. Sketch of proof of (3.10). The term n> corresponds to the (expected) cover time
of S(Hy,,) by wplant (up to a constant factor). This is also roughly the time required for
Wplant tO Visit at least half of the copies of J;. We leave the details as an exercise (hint: the
walk typically spends =< d° time units at each copy of J,, and the time it takes SRW on the
[n/d]-cycle to visit half of the vertices is typically =< n?/d?).

We now briefly explain the remaining terms on the right-hand side of (3.10). Note that if
there are at least two edges, connecting distinct copies of J;, which were not crossed by a
single particle, then deterministically some vertices were not visited.

The term ds is obtained from the estimate that the number of particles which crossed
each edge connecting two copies of J; for lifespan ¢ and particle density A is stochastically
dominated by the Poisson distribution with parameter Az/d (so one needs to take ¢ =< ds to
ensure the expected number of such uncrossed edges is not large).

The term s> comes from the fact that for lifespan ¢ and particle density A, for each copy of
Ja, the number of particles initially not occupying it which visit it is stochastically dominated
by the Poisson distribution with parameter coA+/t (cf. the proof of Theorem 1). Again, to
ensure that the expected number of such unvisited copies of J; is not large one needs to take
t =< s%. The argument can be made precise via a second moment calculation similar to the one
from the proof of Theorem 1.
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APPENDIX B: LARGE DEVIATION ESTIMATES FOR SUMS OF BERNOULLI
RANDOM VARIABLES

FACT B.1. Let &, &,... be i.i.d. Bernoulli random variables of mean p € (0, 1). Let
Sy = Z?:l & . Then

B V=0, PlS,zap(+8)]= PO <_M>

— (1 +5)(1+8)np =& 4
(1—pd)"  _ nps’
= U —s=om =% (‘ 4 )
kpélog(1+8))
4

(B.2) Vs€(0,1), P[S,<np(1—8)]<

exp(
pdlog(1+4)+’

(B.3) V6> 1,keN P[ sup Sn/nZP(H—(S)]fl
nn>k — eXp

kps?
(B.4) V8e(0,1),keN P[ sup S,/n < p(1— 5)] <8572 exp(—pT).

n:n>k

PROOF. We first prove (B.1). Let r = log(1 4+ 8). Then E[¢'S"] = (pe' + (1 — p))* =
(1 + p&)". Thus

P[Sn Z I’lp(] +(S)] :P[etSn 2 etnp(1+8)] S e—l}’lp(1+8)E[elS,1]

(14"
- (1 +8)(1+8)np'

It is not hard to verify that % <exp(—

We now prove (B.2). Let r = log(1 — 8). Then E[e’5"] = (pe” + (1 — p))" = (1 — ps)".

Thus P[S, < np(1+8)] =P[5 > ¢P(1+9] < e-r"P<1+5>E[efS"1 = % With some
(1—pd)"

additional algebra, it is not hard to verify that Ty = ex p(— )
We now prove (B.3). Let ¢ € (0, /2). Then by (B.1),

npélog(1+35) )
—a )

0
P[ sup 8,/n = p(1 +5)] <3 P[Sy = np(1+5—¢)]
nn> n—k

exp(— kpd log(41+8—€) )

1 —exp
Sending ¢ to 0 concludes the proof of (B.3). We now prove (B.4). Let € € (0,6/2). Let
Ji={i>k:S5, <p(l—-35+¢)} Itiseasytoseethat E[J|J > 1]> 1/p. Thus by (B.2),

E[J]
P[J > 1]= m_ ZPSn<np(l—5+8)]

slog(1+8—e)+ "
(_p 0g(4+ 6))

pexp[— 28

—o2. "
[_p(848) ]

1 —exp
Sending ¢ to 0 and noting that 1 — e P8 /4 > p8?/8 concludes the proof. [
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