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CONNECTIVITY OF SOFT RANDOM GEOMETRIC GRAPHS

BY MATHEW D. PENROSE
University of Bath

Consider a graph on n uniform random points in the unit square, each
pair being connected by an edge with probability p if the inter-point distance
is at most ». We show that as n — oo the probability of full connectivity is
governed by that of having no isolated vertices, itself governed by a Pois-
son approximation for the number of isolated vertices, uniformly over all
choices of p, r. We determine the asymptotic probability of connectivity for
all (py, rp) subjecttor, = O(n~%), some ¢ > 0. We generalize the first result
to higher dimensions and to a larger class of connection probability functions.

1. Introduction. For certain random graph models, it is known that the main
obstacle to connectivity is the existence of isolated vertices. In particular, for the
Erd6s—Rényi random graph G (n, p,) the probability that the graph is disconnected
but free of isolated vertices tends to zero as n — oo, for any choice of (p,)n>1;
see [6] or [2], Theorem 7.3. Likewise for the geometric graph (Gilbert graph)
G (X, rp) with vertex set X, given by a set of n independently uniformly dis-
tributed points in [0, 1]¢ with d > 2, and with an edge included between each pair
of vertices at distance at most r,,, the probability that the graph is disconnected but
free of isolated vertices tends to zero as n — oo, for any choice of (r,),en; this
follows, for example, from the results in [14, 15].

Moreover, for both of these types of random graph (denoted G), the number of
isolated vertices [denoted No(G)] enjoys a Poisson approximation for large n, so
that with /C denoting the class of connected graphs, for large n we have

(1.1) P[G € K]~ P[No(G) = 0] ~ exp(—ENp).

These results have very different proofs for geometric graphs than they do for
Erd6s—Rényi graphs. In the present paper we prove results of this kind for a class of
random graph models which generalizes both G (n, p) and G (&, r); we connect
each pair of points of A&, with a probability that is a function ¢ of the distance
(or more generally, the displacement) between them. The function ¢ is called the
connection function, and we refer to the resulting graph as a soft random geometric
graph.
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We show that the second approximation in (1.1) holds for soft random geometric
graphs for large n, uniformly over connection functions that decay exponentially in
some fixed positive power of distance, while the first approximation in (1.1) holds
uniformly over connection functions that are zero beyond a given distance, with
distance measured on the characteristic length scale of the connection function.
For a more restricted class of connection functions, which amount to retaining
each edge of G(A&,,r) with probability p in d = 2, we determine the limiting
behavior of P[G € K] for any sequence (7, p,),>1 such that there exists ¢ > 0
withr, = O(m™°%).

We also show for general d that for any (p,),>1 with p, > (logn)/n, if we
place the vertices of G(n, p,) at the points of &}, and add the edges in order of
increasing Euclidean length, with high probability the threshold for connectivity
equals the threshold for having no isolated vertices. This was previously known
for p, =1[15].

There is substantial interest in these types of results in the engineering and com-
puter science communities. Connectivity of random geometric graphs is of inter-
est because of applications in wireless communications, for example, in obtaining
bounds for the capacity of wireless networks [7, 8]. The “hard” version of the ge-
ometric graph model (with ¢ the indicator of a ball centred at the origin) is not
always realistic; communication between two nodes may not be guaranteed even
when they are close to each other [5, 7, 10, 18]. Also, in some cases randomness
may be deliberately introduced into the connections between nearby nodes as a
means to make the network secure [9, 17, 18]. Among other things, our results
address a version of a conjecture of Gupta and Kumar [7], as discussed at the end
of Section 2.

2. Main results. Throughout this paper we assume d € N with d > 2. Given
a measurable function ¢:]Rd — [0, 1] that is symmetric [i.e., satisfies ¢ (x) =
¢(—x) for all x € R4], and given a locally finite set X' C R4, let Gy(X) be the
random graph with vertex set X, obtained when each potential edge {x, y} (with
x,y € X and x # y) is present in the graph with probability ¢ (x — y), indepen-
dently of all other possible edges.

Let I' := [0, 1]¢. For A > 0 let H; denote a homogeneous Poisson point process
in R? of intensity A, viewed as a random subset of R?, and let P, := H; NI". Given
¢ as above, let Gy (X)) and G4(P;) be the resulting graphs as just described. We
refer to ¢ as the connection function.

Soft random geometric graphs of this type are finite-space versions of the so-
called random connection model of continuum percolation; for further motivation,
see [11, 13]; see also [11], Section 1.5, for a formal construction.

We consider various classes of connection functions ¢. Let | - | denote the Eu-
clidean norm on RY. Let W, be the class of connection functions ¢ on R9 that
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satisfy
2.1 ¢(x)=¢(y)  whenever |x| < |y|.

In particular, every ¢ € W, is radially symmetric, that is, satisfies ¢ (x) = ¢ (y)
whenever |x| = |y|. Condition (2.1) is physically reasonable and is imposed on the
connection functions considered in [11], for example.

Given a connection function ¢ on R¢, define the maximum value of ¢ by

(@) := sup{ (x):x e R?}.

Given also n > 0, let

22) p(@) :=inf{|x]: x € RY, ¢ (x) < npu(¢)}

and also

po(¢) :==sup{[x|:x € RY, $(x) > 0},

which may be infinite.
Let @, , denote the set of connection functions ¢ on R? such that first pn(@) €
(0, 00), second

(2.3) () <307 @) exp(—n(Ixl/oy(@)"),  xeR?

and third, ¢ € W, if d > 3. Thus &4 ,, C W, for d > 3 but not for d = 2. Let CIDSJ;
be the class of connection functions ¢ € &4, that also satisfy

(2.4) p0(@) <17 py ().

Forn > n' > 0 we have &4, C &4, and q)o n C o9 e Condition (2.3) states that
if we view p,(¢) as the characteristic length scale of ¢, then the function ¢ (x)
decays exponentially in the nth power of the length of x, with length measured in
terms of the characteristic length scale of ¢.

Given d, define Wyep C DY | N Wy by

Wyiep == {¢rp:r >0, p € (0,11},

where for r > 0 and 0 < p < 1, we set ¢, ,(x) := pljo,(|x]). The graph
Gy, » (X)) may be viewed as the intersection of the (Gilbert) random geometric
graph G (A&}, r) and the Erd6s—Rényi random graph G (n, p).

Rayleigh fading functions are another class of connection functions, where
¢ (x) = exp(—pB(|x|/p)Y) for some fixed positive B, y, p > 0 (typically y = 2),
which is important in application; see [4, 16]. Such connection functions lie in
®, ;, for suitable n > 0, which depends on B and y but not on the length-scale p.

For any graph G let No(G) denote the number of isolated vertices in G. Also let
K denote the class of connected graphs. Our first two main results are as follows.
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THEOREM 2.1. Letne (0,1],keNy:={0,1,...}. Then
lim sup |P[No(Gg(Xy) =k]—e "D r,(p)k/k!| =0,
d.n

l’l—)OO¢€
where we put I,(¢) :==n [ exp(—n [p ¢ (y — x)dy)dx.

THEOREM 2.2. Letn € (0, 1]. Then

2.5) dim sup P[{No(Gy(X)) =0} \ {Gy(X,) e K] =0.
qbecI)dJ7

It is an immediate corollary of these two theorems that for any n € (0, 1],

(2.6) lim sup |P[Gg(Xyn) € K] —exp(—1,(¢))| =0.
n-)OquecI)syn

An essentially equivalent way to state the preceding results is the following.

THEOREM 2.3. Let @ € [0, 00] and n € (0, 1], and suppose (¢p,),eN is a se-
quence of connection functions in ®4 ,, satisfying

2.7 nﬁexp(—n/lldyl(y—x)dy) dx —> o

as n — 0o (possibly just along some subsequence). If a € (0, 00), then as n — 0o
(along the same subsequence if applicable), we have for k € Ny := {0, 1, ...} that

(2.8) P[No(Gg, (X)) =k] — e %k /k!.

If a =0, then P[No(Gy,(X,)) =0] — 1, and if « = 00, then P[No(Ggy,(X,)) =
k] — 0 for all k € Ng. Finally, if ¢, € CD?Lnfor all n, then

(29) PGy, (X)) eK]—e® as n — oo along the subsequence,

with e % interpreted as 0 for o = o0.

For an example of functions that are not covered by our results, consider taking
¢n(x) = min(1, g,/|x|) with &, some sequence tending to zero. Then there is no
n € (0, 1] such that ¢, € ®4 ; for all n. Another example would be if ¢ was the
indicator of an annulus centered at the origin; this would have p,(¢) = 0 and thus
not be in @ ;, for any n > 0.

Our definition of ®,; ; means we restrict attention to connection functions ¢ €
W, when d > 3. This is because to deal with all kinds of boundary regions of I" in
d > 3, we use the radial symmetry of ¢; see Lemma 3.1(b) below, and the result
from [15] or [12] used in its proof. When d = 2 the only kinds of boundary regions
are either near the corners of I" (a “small” region) or near the 1-dimensional edges
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[which can be dealt with using the condition ¢ (x) = ¢(—x); see Lemma 3.1(a)
below], so we do not require ¢ € W5 for the results above.

Given r > 0 and p € (0, 1] and finite X C I, write G,,,(X) for Go,, (X).
Given p, a natural coupling of all the graphs G, ,(X,),r > 0, goes as follows:
let G, (X)) be the subgraph of G V. p(X,,), with vertex set &, and edge set con-
sisting of all edges of Euclidean length at most r. With this coupling, G, ,(X},)
is a subgraph of Gy, ,(X},) whenever r <s < Jd. Given p, define the thresholds
7,(p) :=inf{r: G, ,(X,) € K}, and 0, (p) :=inf{r : No(G,, , (X)) = 0}, with the
infimum of the empty set interpreted as +oo. Clearly o, (p) < t,(p) almost surely.
Our next result gives an asymptotic equivalence of these two thresholds.

THEOREM 2.4. Given any [0, 1]-valued sequence (py),eN with np,,/logn —
00 as n — o090, it is the case that

Jim Pz, (pn) = 0n(pn)] = 1.

In the case where d =2 and ¢, € W, N &, for some n € (0, 1], we shall
make Theorem 2.3 more explicit, by characterizing those sequences ¢, which
satisfy (2.7). Setting p; := u(¢,), we find that the main contribution to the in-
tegral in (2.7) comes from x in the interior of I' when p,, > (1/logn), while the
main contribution comes from x near the boundary but not the corners of I' when
n~13(logn)~" « p, <« 1/logn, and the main contribution comes from x near the
corners of I' when p, < n_1/3(logn)_1.

We state this more precisely in Theorem 2.5 below, which requires further
notation. Given real-valued functions f, g, recall that f(n) = w(g(n)) means
gm) = o(f(n)) (as n — o0), f(n) = Q(gn)) means g(n) = O(f(n)) and
f(n) =0O(g(n)) means f(n) = 0(g(n)) and g(n) = O(f(n)). Finally f(n) ~
g(n) means f(n) = (14 o(1))g(n). For any connection function ¢ we set

(2.10) 1(¢) := A;qu(x)dx.
If n € (0,1] and ¢ € P, ;, then set

[0}
QI @)= h@on=u@) " [ o((en(@r.0)dr:
1 o0
2.12)  h(@) = h($.n) =) fo ¢((py (@)1, 0))27t dt.
For n € (0,1] and ¢ € W, N ®;;,, we have I(¢) = M((]ﬁ)pn(qﬁ)zh((b), and for
¢ € Wyep we have J1(¢) =1 and Jr(¢p) = 7.
The integrals J1(¢) and J>(¢) may be viewed as measures of the “shape” of ¢,
separate from . (¢) and p;(¢), which measure the vertical and horizontal “scale”
of ¢, respectively. Note that for n € (0, 1] and i =1, 2, we have

2.13 0< inf Ji(p,n) < su Ji (@, n) < oo.
(2.13) peisy i(¢,n) ¢ew2rg®2ﬂ i(@,n)
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THEOREM 2.5. . Letn e (0,1], a € (0,00). Suppose d =2 and ¢, € $3,, N
W, forn € N. Set ry, :=ry(¢n) and pp := u(Py). Then (2.7) holds under any of the
following conditions as n — 00:

(1) pp=w(/logn) and nl(¢,) —logn — —logw;
(2) ppn=o0(1/logn) and p, = a)(n_l/3(logn)_1) and

2.14)  nl(p,) = 10g(%) + 1og<pi> — loglog<pi> +o(1):

3) pn =03 ogn)™") and r, =n=2W and
nl(¢n) =4(log(1/p,) —loglog(1/ p,) + log(J2(¢n)/ (et i (¢n)2))) +o().

We also deal with the boundary cases p, = ©(1/logn) and p, =
@(n_1/3(logn)_1); see Theorems 8.1 and 8.2.

We now discuss related work and open problems. Note that (2.8) [but not (2.9)]
of Theorem 2.3 was already proved by Yi et al. [18] in the special case with d =2
and ¢, € Wsep under the condition p, = w(1/logn). Here we are considering a
much more general class of sequences of connection functions ¢,,.

For a discussion of these problems from a statistical physics viewpoint via for-
mal series expansions and for further discussion of motivation, see Coon et al. [4].
The methods of Krishnan et al. [9] (see Remark 3 of that paper) could be used to
give some limiting inequalities for the probability of connectivity in the special
case of connection functions in Wy, [whereas our (2.6) provides a limiting equal-
ity for a more general class of connection functions]. The main concern in [9] is
with a certain nonindependent randomization (random key graphs) to determine
which of the edges (below the threshold radius) are present, which is of interest
from an engineering perspective; see also [17]. It would be interesting to try to
extend our results to these random key graphs.

A related random graph model is the bluetooth graph; this is a subgraph of
the “hard” random geometric graph with edges selected at random according to
a restriction on vertex degrees. See [3] for results on connectivity of bluetooth
graphs.

Another related problem is that of Hamiltonicity. Analogously to (2.5), one
might speculate that for large n, the probability that G4 (X)) is non-Hamiltonian
while having minimum degree at least 2, might vanish uniformly over connection
functions in W), (or indeed, connection functions in QDCOL n)‘ For the more restricted
class of connection functions of “hard” random geometric graphs, this was proved
in [1]. Some of the ideas of proof in the present paper are related to methods used
in [3] and in [1].

Given k € N, and given a graph G, let N (G) be the number of vertices of G
of degree less than k, and let /Cy, be the class of k-connected graphs. In view of the
results from [15], one might expect (2.5) to hold with Ny replaced by N and XC
replaced by ICy, for any fixed k € N.
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In a much-cited paper, Gupta and Kumar [7] conjectured that if d =2, X}, con-
sists of n points uniformly distributed in a disk of unit area (rather than the unit
square considered here), and ¢, = ¢, p,, then P[Gy, (X)) € K] — 1 if and only if
nnr,fpn — logn — oo. Our results (Theorems 2.3, 2.5 and 8.1) address the corre-
sponding conjecture for points in the unit square, showing that under the additional
assumption that p, = Q(1/logn), the conjecture is true and also P[Gy, (X)) €
K]— 0if nnr,%p,, — logn — —o0. Our results also show that if p,, = w(1/logn)
and if nyrr,%pn —logn — B € R, then P[Gy, (X,) € K] — exp(—e‘ﬂ).

However, if one assumes instead that p, = o(l1/logn) and p, =
w13 logn)~") and (2.14) holds, then it is easily verified that nwr2p, —
logn — oo, but our results show that P[G, (X,) € K] tends to a limit strictly
between 0 and 1, so the conjecture fails. Essentially, this is because, in this case,
the mean number of isolated vertices in the interior of I" tends to zero, but the
mean number of isolated vertices near the boundary does not. In this regime the
corner effects are not the most important, and we would expect something similar
to hold in the unit disk, as considered in [7]. More generally, it would be of interest
to extend our results to the case of other shaped regions such as smoothly bounded
regions, but this would be a nontrivial task because the boundary effects can be
quite strong [essentially because of the exponential factor in the expression on the
left of (2.7)].

The remaining sections of the paper are organized as follows. In Section 3 we
prove Theorem 3.1, which is a Poissonized version of Theorem 2.1 (i.e., one with
the point process &;, replaced by P,), of interest in its own right. In Sections 4
and 5, we prove Theorem 5.1, which is (loosely speaking) a Poissonized version
of Theorem 2.2, also of interest in its own right.

In Section 6, we shall de-Poissonize, thereby completing the proof of Theo-
rems 2.1, 2.2 and 2.3. In Section 7 we prove Theorem 2.4. In Section 8, we prove
Theorems 2.5, 8.1 and 8.2.

We conclude this section with some remarks on the proofs. As we have men-
tioned, many of the results presented here might naturally be conjectured in view
of known results for random “hard” geometric graphs [14, 15], for Erd6s—Rényi
random graphs [2, 6] and a (slightly weaker) explicit conjecture along these lines
given in [7]. These references date back to the last century, but the conjectures
have not been proved before now, despite the considerable influence of Gupta and
Kumar [7] in the applied literature; see, for example, the discussion in [17].

We believe that there are two reasons for this. One is that different arguments
are used to prove these results depending on whether or not 1 (¢,) tends to zero
faster than a certain rate. The division between Sections 4 and 5 reflects this, and
Section 3 is also divided along these lines. The balance between geometrical and
combinatorial arguments is different in these different settings.

The other reason is that the proof is not just a matter of reassembling known ar-
guments. For example, a part of the argument is concerned with ruling out the pos-
sibility that there are two large disjoint components. For “hard” geometric graphs
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[14, 15], any two such components are separated by a connected region of empty
space, and one can use discretization, spatial independence and path-counting ar-
guments directly. In the present “soft” case, however, the physical separation of
components is not at all obvious. Instead, we proceed more indirectly via a notion
of local good behavior of our point process (the “blue cubes” of Section 5.2) with
finite-range dependence, after which we can use path-counting arguments to es-
tablish that there is a single giant region of “blue cubes” corresponding to a single
large component of our graph.

3. Poisson approximation. In this section we prove the following Pois-
sonized version of Theorem 2.1 (we shall de-Poissonize in Section 6).

THEOREM 3.1. Leta > 0andn € (0, 1]. Suppose (A(n)),eN is an increasing
(0, 00)-valued sequence that tends to 0o as n — 00, and (¢;.) >0 is a collection of
connection functions in ®q4 ;. Suppose that as A — oo along the sequence (A(n)),
we have

3.1 )»f exp(—k/ ¢A(y—x)dy) dx — a.

r r
Then for k € Ng we have as .. — 0o along the same sequence, that
(3.2) P[No(Gg, (Py)) =k] — e “a*/k!.

Our strategy of proof is as follows. When p; := u(¢;) is “small,” we use the
method of moments, the Mecke formula (3.5) and Bonferroni bounds. When p;, is
“big” we shall proceed by the Chen—Stein method for Poisson approximation of
No(Gg, (Pyr)), which may be approximated (via discretization of space) by a sum
of “mostly independent” indicator functions.

In proving (3.2), we shall use the following notation. We write with high prob-
ability or w.h.p. to mean with probability tending to 1 as A — oo. All asymp-
totic statements are taken to be as A — oo along the sequence A(n) mentioned
in Theorem 3.1. Also, for A, B C R¢ we write A @ B for {x + y:x €A,y € B}
(Minkowski addition of sets).

For any finite (deterministic) A C R4, and any ¢ € &g ), set

(3.3) he(A) := P[Gy(A) € K],
and for any y € R? with y ¢ A, set

gy A=1-T](1-¢(k—x)
xeA

= P[y is nonisolated in G (AU {y})].

The left-hand side of (3.1) equals ENo(Gy, ). This is a consequence of the fol-
lowing formula, which we shall use repeatedly. Suppose k € N and f is a mea-
surable nonnegative function defined on (R4)K x G where Gy is the space of all

(3.4)
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graphs on vertex set {1, ..., k}. Then given a connection function ¢, for A > 0 we
have
#
E Y f(X1 o Xk Go(P)xy e x ) IDy (X1 X )
X1, X €Py
(3.5) =)J<fr dxl---/r dx B[ (x1s -y %k Go({x1s -+ xi}))]

X exp(—)»/rg(p(y; {xl,...,xk})dy),

where the sum is over all ordered k-tuples of distinct points of P,, and
Gy (Pi)lx,,...x; 1s the subgraph of G4(P;) induced by vertex set {X1, ..., X}
with the vertex X; given the label i for each i, and Dy(X1, ..., Xi; Py) is the
event that there is no edge of G4(P;) between any vertex in {X1, ..., Xi} and any
vertex in Py \ {X1, ..., Xi}.

Formula (3.5) is related to the Slivnyak—Mecke formula in the theory of Poisson
processes; here we just call it the Mecke formula. It can be proved by conditioning
on the number of points of Py; see the proofs of [12], Theorem 1.6 and [13],
Proposition 1.

We shall use the following inequality more than once. Given connection func-
tion ¢ and given x, xy, ..., xx € [, by the Bonferroni bound

k
g¢(x;{x1,...,xk})z(qu(x—x»dx)— Y. plr—x)(x —xj),

i=1 I<i<j<k

so integrating over x € I', we obtain
£ 2
66 [ gpleitri . on)dr = (;frqb(x —x»dx) — @) (@),

Let H denote the half-space [0, c0) x R4=1 and let Q denote the orthant
[0, 00)?. For x € Qlet Q, :={y € Q:|lx|l1 < llyll1}, where || - || is the £; norm.

LEMMA 3.1. Let n € (0,1] and ¢ € ®g4 ;. Then: (a) if d =2, for any x =
(x1,x2) € H and y = (y1,y2) € H with x; < y1, and r € [py(¢), <], setting

¢ (x) := ¢ (x)10.,(|x]) we have
/H(g¢<r> (z. {x. ) = 67 (2 — 1)) dz = (/A () py (¢) min(|y — x1, oy (9)):
(b)ifd >3,and x € Q, y € Qy, then

/ (8¢(z, {x, ¥}) —#(z —x))dz
(3.7) Q
> 11 (@) oy (@) min(ly — x|, py()),

where n1 > 0 is a constant depending only on d and 7.
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PROOF. (a) Let us assume x» < y, (the other case may be treated similarly).
For any z € R?, since 8 (2, {x, yh) — P (z—x)=10 -0 (z—x)p"(z—y),

we have g, (2, {x, y}) =" (z —x) = (") (z — y) — ¢ (z — x))4.. Therefore it
suffices to prove

[ 6063 =6 =x), d:

(3.8)
> (n/H)(P) py(¢) min(|y — x|, py ().
Now
fH (V@ —y) — ¢z —x), dz > /{ y}@Q(qb(’)(z —y) = ¢z —x))dz
- / 6 (w) dw — / 6 (w) dw
Q {y—x}®Q

= ¢ (w) dw.
Q\({y—x}®Q)
If |y — x| < py(¢), then the region Q \ ({y — x} @ Q) contains either the rectangle
[0, Iy — x1/2] x [0, p,(¢)/2] or the rectangle [0, p,(¢)/2] x [0, [y — x[/2] (or
both), and the function ¢ exceeds nu(¢) on either of these rectangles, so that
fQ\({y_x}@Q) ") (w)dw > nly — x|y (@) () /4.

If |y — x| > p;(¢), then the region Q \ ({y — x} @ Q) contains the square
[o,g,gs) /217, 50 that [o\ (y—rjeq) @ (W) dw > np,(#)*1u(¢)/4. This gives
us (3.8).

(b) Now suppose d > 3 (so ¢ € W, by definition of ®4 ;). For x,y € Q, we
have by Fubini’s theorem and (2.2) that

1

/Q(gqa(z, {x,y})) —p(z—x))dz= /0 /(2(1{g¢(z,{x,y})zr} — L z—x)>1)) dzdt
nu(é)

(3.9) > /0 fQ(lwzy)zr} — Lp(z—x)=1)+ dzdt

n
=/0 QN B(; pu (@) \ B(x; pu(9))|14(9) du,

where | - | denotes Lebesgue measure or the Euclidean norm according to context.

For u < n, we have p,(¢) > p;(¢). Also, there is a constant 7, > 0 (dependent
on n and d) such that |QN B(y; 1)\ B(x; 1)| > no min(]y — x|, 1) forany x, y € Q
with ||x]|1 < |ly¥ll1; see [12], Proposition 5.16 or [15], Proposition 2.2. Hence for
x€Q,yeQ,andu € (0, n], by scaling

' . d . ly — x|
QN B(y: pu@®) \ B(x; pu(9))] = (0u() ’72“““( pu(®) ’1)

> n20n (@) min(|y — x|, py()).
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Putting this into (3.9) gives us result (3.7) with ny =non. U

Given n € (0, 1] and given (¢;)x~0 with each ¢, € @4 ,, for A > 0 we set

(3.10) P = 1(@p); ry = py(Pn).

Recall from (2.10) that 1 (¢) := [pa ¢ (x) dx for any connection function ¢. With-
out loss of generality for the purpose of proving Theorem 3.1, we can and do
assume for all A that pg(¢;) < J/d, so that also r; < +/d. Note that if (3.1) holds,
then

(3.11) M (¢y) = O(ogh),
and therefore by (3.10),
(3.12) Apird = O(log ).

Theorem 3.1 follows from the next two lemmas, dealing separately with the
case with py = o(1/logA) and the case with p; = w(1/(logA)?). In the first case,
we use the method of moments. For m, r € N we write (m), for the descending
factorial m(m — 1) ---(m —r + 1).

LEMMA 3.2. Let a € (0,00), n € (0, 1]. Suppose ¢, € ®q4, for all 1 and
(d)a>o0 satisfy (3.1), and that p; = o(1/logA). Then (3.2) holds.

PROOF. Set Ny := No(Gy, (P2)). Let k € N. For finite A C RY, let u; (A)
denote the probability that G, (A) has no edges. By the Mecke formula (3.5),

E[(No)k]:kk/---/u)\({xl,...,xk})

X exp(—k/gm(x, {x1, ..., xk}) dx> dxy - dxg,

where all integrals are over I', unless specified otherwise. By the union bound,

wp(x1, ., x60) = 1 — (5)pa, and also gy, (x, (x1, ..., xk}) < 2K dalx — xp).
Hence

E[(No)«]

k
(3.13)  >(1 —ksz))»kf--~/exp<—k/2¢k(x—xi)a’x) dxy - dxg
i=1

= (14 o(1))(ENp)*.
Also, by (3.6), we have
E[(No)«]

k
(3.14) f)uk/---'/exp<kk2pkl(¢x) —)»/Z%L(X —Xi)dX) dxi---dxg
i=1

= (1+0(1))(ENp)*,
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where the last line is due to the fact that Ap; I (¢,) = O(p; logl) — 0, by (3.11)
and our assumption on p;.

By (3.13), (3.14) and assumption (3.1), we have that E[(Ng)x] — ok, and there-
fore by the method of moments (see, e.g., Theorem 1.22 of [2]), we have Poisson
convergence (3.2). [

For the second case with p;, = w((log 1) ~2), we use the Poisson approximation
method from [14]. This method has the potential to provide error bounds, but this
is not our main focus here. For x € R? and r > 0 set B(x;r) to be the ball {y €
R?: |x — y| <r}. Given 5 € (0, 1], set

K() = /]Rd 30~ Lexp(—nlx|") dx.

Note that K(1) < K(n) < oo, and K(1) = 6 if d = 2, and that by (2.3)
and (2.10),

(3.15) 1(@) < (@) oy (@) K (). ¢ € Py y.

LEMMA 3.3.  Suppose for some n € (0, 1] and a € (0, 00) that ¢ € @4 for
all A > 0 and ¢, satisfy (3.1). Suppose p; = w(1/(log 1)2). Then (3.2) holds.

PROOF. Assume rj, < +/d. It follows from (3.1) that (3.11) and (3.12) hold.
Hence by our condition on p; we have

(3.16) ré = ©((logx)/(Apy)) = o((log1)>271).

By (3.12), we can (and do) choose § > 0 with )»pkrf > dlogh forall A. Lete > 0
be fixed with ¢ < n/(4K(n)) if d = 2, and with ¢ < min(Z*dndn/Kgn), n16)
if d > 3, where n; is as in Lemma 3.1(b). Truncate ¢, by setting ¢, (x) :=
$3(0) 1y 1 (|x]) for x € R9. Couple Gy, (P3) and G 4, (P2) in the following
natural way: starting with Gy, (p,), remove all edges of Euclidean length greater
than rklfg to obtain G5 (P2).

We claim next that (3.1) holds with ¢, replaced by ¢y, that is,

3.17) kﬁexp(—kﬁ@(y —x)dy) dx — «.

Indeed, by the Mecke formula (3.5) the absolute value of the difference between
the left-hand side of (3.17) and that of (3.1) is bounded by the mean number of
vertices having at least one incident edge in G4, (P,) of length at least rkl_g, and
hence by twice the expected number of such edges. However, by (2.3) the expected
number of such edges is O (1> exp(—nrk_gn)), which is O (A% exp(—naf"/ CDy)
by (3.16), and therefore tends to zero.
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Let I'j be the set of x € I' distant more than 4rxl_8 in the £, norm from the
corners of I". Let Ng(A) be the number of isolated vertices of G o (P;.) that are
located in I i Then we claim that

(3.18) E[|No(Gg, (P1)) — No(W)|[] =0 as » — oo.

To see this, observe first that K[| No(Gg, (P3)) — No(Gd;x (P))1] is bounded by

twice the expected number of edges in Gy, (P,) of Euclidean length greater than

rkl_g, which tends to zero as discussed above. Second, observe that for all x € I,

by (3.15) we have
fr 3y — x)dy = 2 dmrinps > 12 man/ K ().

and e M@ = O(1/n) by (3.1), so that exp(—A[rdi(y — x)dy) =
0()\*27‘17“1 n/K)) uniformly over x € I'. Hence the expected number of isolated
vertices of th (Py) lying in '\ T} is O(rf(l_g))\l_zfd”d”/K(”)) which tends to
zero by (3.16). Thus IE[|N0(G(];A (P)) — No|] — 0, and (3.18) follows. Note that
by (3.18) and Markov’s inequality, P[No(A) # No(Gg, (P))] — 0, so it suffices
to prove (3.2) for No(1).

Discretizing space into hypercubes of side 1/m, applying the Chen—Stein

method of Poisson approximation and taking the large-m limit as in (32) and (33)
of [14] (see also [12], Theorem 6.7), we have that

e~ ENoG) (B Ny (1))

il

<6(b1 +by),

(3.19) Z‘P[NO(A) =i]-
i=0
with

by := AZ/ f - eXp<—k/ ($r.(z —x) + oz — y))d2> dydx
) JB(x;3r 61 r

and

by = AZ/ f | exp(—k/ gqﬁ(z’ {x,y}) dZ) dydx
T JB(x;3r,75)NT; r

= 2)}/ f _ exp(—A/ gdgx(z,{x,y})dz) dydx,
T} JBe3r ) ~)nry r

where for x € I', if d =2, we let Fi’ . denote the set of y € I'} lying further from
the boundary of I" than x does, while if d > 3, we let Fi’ . denote the setof y € F;L
lying closer to the center of I in the £; norm than x.

By the union bound, g4, (z,{x,yD) =< G (z—x) + Pz — y), and therefore b; <
b>. Hence by (3.19) and (3.18), to prove (3.2) it suffices to prove that b, — 0.
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We write by = bél) + béz), where bgl) denotes the contribution to by from inte-
grating over (x, y) with y € B(x; ry), and b;z) denotes the contribution to b, from
integrating over (x, y) with y € B(x; 3rkl_8) \ B(x;r).

First suppose d = 2. Using Lemma 3.1, we have that

béz) < 9nk2rf(l_8)/ exp(<—)»/ $1(z — x) dZ) - )\(’7/4)19”%) dx.
I r

A

By (3.17), we have

(3.20) exp(—A1 (#)) <exp(—Al(d)) = 0.

By (3.15). we have exp(—Ap;r?) < exp(—Al (¢3)/K (1)), which is 0(3.~"/K()
by (3.20). Therefore, using also (3.17) and (3.12), followed by (3.16), yields

béz) — O(AI—'I/(‘*K(??)),,)%(I_S)) — 0()\8—77/(41((77))(10g )\)3(1—8)) - 0.

Now consider bél). Recall from (3.12) that )karf = ®(ogX). By Lemma 3.1,
then (3.17) and then (3.12),

by <222 /F /0” ex <<—A/F$A(z —x)dz) —Xp,\(n/4)rkt)2ntdtdx
= 0(%(%) /OOO exp(—(n/4)u) Apsry) " 2u du) = 0( ! )

palog

Therefore, if p, > 1/2, then bél) — 0. Conversely, if p, < 1/2, then since
85, @ {x, y) = da(z — x) + (1 = pp)a(z — y), and ¢, € Py, we have

b{" <212 /r/ (mr3) eXp((—A/F&x(Z —x)dz) —A(1l— px)ﬁpx(”rxz/z)> dx

= O (Arf exp(—w (/4 Apsry))

so that by (3.16), (3.15) and (3.20) we have by" = O((logr)3a=71/@K()) —
o(1). Hence bél) — 0, so that b — 0 as required when d = 2.
Now suppose d > 3. Let Fi={xel:|xlloc < 1/2}. Then by Lemma 3.1(b),

bél) < 2d+1k2/~ f exp(—k[/ bz —x)dz
r B(x;r;h)ﬂl";hx r
d—1
+mipary |y — XID dydx

< 2d+112/~ exp(—)»/ b (z —x)dz) fdexp(—nl)upkrf|w|)rf dwdx,
r r R
and hence using (3.17) followed by (3.12), we obtain that
—d _ _
b = 00 (0pird) ™) = 0(p; ' Qog ) 79),
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which tends to zero by our assumption on p;,. By Lemma 3.1(b) again,

béz) < 2d+1)»277drf(1_8) / CXP<—)~/ $1.(z —x)dZ> x exp(—mapard) dx,
i r

and hence using (3.17), (3.16) and (3.12), with § as given at the start of this proof,
we obtain that béz) = O (A*(logA)31~9 exp(—n;8log 1)). By our choice of ¢, this
shows that béz) tends to zero, completing the proof. [J

4. Connectivity: The case of small p,. For any graph G, let L7(G) denote
the order of its second-largest component, that is, the second largest of the orders of
its components: if G is connected, set L7 (G) = 0. Given the connection functions
(¢2)r>0, let py and r, be given by (3.10). In this section we prove the following
result:

PROPOSITION 4.1. Suppose (AL(n)),eN is an increasing (0, 00)-valued se-
quence that tends to 0o as n — 00, and for some n € (0,1] and « € (0, 00),
(¢2)a>0 is a collection of connection functions in ®q4 ; such that as A — oo along
the sequence (A(n)) we have (3.1). Assume for some & > 0 that p; = O(A7¢%).
Then as A — oo along the same sequence,

P[Lz(Gm (77)\)) > l] — 0.

It is immediate from Theorem 3.1 and Proposition 4.1 that under the hypotheses
of Proposition 4.1, we have a Poissonized version of (2.9), namely P[Gy, (P;) €
K1 — e™“. Our strategy of proof of Proposition 4.1 is as follows. First we shall
rule out “small components” of order between 2 and n°/? using the Mecke formula.
Then we shall rule out the possibility of more than one “large component” by a
“sprinkling” argument. That is, we add the edges in two stages, and even though
we make the number of edges added in the second stage rather small, with high
probability there are enough of them to connect together any two distinct large
components arising from the first stage.

Given n € N and p € [0, 1], let G(n, p) denote the Erd6s—Rényi random graph
on n vertices, that is, the random subgraph of the complete graph on n vertices,
obtained by including each possible edge independently with probability p. Our
proof of Proposition 4.1 uses a lemma on large deviations for the giant component
of G(n, p).

LEMMA 4.1. Suppose p = p(n) is such that np — oo as n — 0o. Let E,
be the event that G(n, p) has no component of order greater than 3n/4. Then
limsup,_, o, n~'log P[E,] < 0.

PROOF. Suppose E, occurs. Then by starting with the empty set and adding
components of G(n, p) in arbitrary order until we have at least n/8 vertices, we
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can find a set of between n/8 and 7n/8 vertices that is disconnected from the rest
of the vertices of G (n, p). Hence by the union bound and the fact that e* > k¥ / k!
for any &,

k k
n _ n*e
rids Y (F)a-prehs 3 B en-pa/ehn)
n/8<k<7n/8 n/8<k<7n/8
< n(8e)" exp(—np/10),
and the result follows. [J

For any graph G any k € N, let T;(G) denote the number of components of G
of order k.

LEMMA 4.2. Under the hypotheses of Proposition 4.1,

(4.1) P[ U {Tk(G¢A(PA))>0}}—>0.

2<k=<ae/3
PROOF. We may assume r; < +/d. By the Mecke formula (3.5), Cayley’s

formula (which says there are k*=2 trees on k vertices) and the union bound,
ETi (G, (Py)) is bounded by

Fkk 2 pk= 1/ /exp( )»[gm x; {xq, ... xk})a’x)dxl - dxy,

where all integrals are over I" in this proof. By (3.6), this is bounded by

(ekpx)k / / dx .-

X exp(—k / Zq&k(x - xi)dx> exp()\kzpkl(¢k)).
i=1

4.2)

By (3.11) the exponent in the last factor of (4.2) is O (k? py log ). If k < A*/3, this
exponent is O(1), so the last factor in (4.2) is O (1), uniformly over such k. Thus

E ) TGy (P)= 0<P;1 Z(EPAENO(GW(PA)))]{),

2<k=<re/3 k=2

which tends to zero. Then (4.1) follows by Markov’s inequality. [J

PROOF OF PROPOSITION 4.1.  Assume that r; < +/d. Set ¢} (x) = ¢, (x)(1 —

e/ 6) for x € R4, Note that (3.1) still holds using d)A instead of ¢, , since changing
¢x to ¢ gives an extra term in the exponent of o—¢/01 (¢5.)), which tends to
zero by (3.11). Also, ¢} € Py .
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Consider generating G 4, (Py) in two stages. In the first stage, generate G¢i (Py).
In the second stage, for each pair of vertices X, Y not already connected by an edge
in the first stage, add an edge between them with probability (¢, (Y — X) — ¢} (¥ —
X)/(1 =Y = X)).

By (3.12), krf = Q%) and r\, = QA= D/4) We now show that after the first
stage, there is a giant component with high probability. Partition I" into cubes of
side 1/[8d/ry|. The number of cubes in the partition is O(r, d) =0(\).

By a Chernoff bound (e.g., Lemma 1.2 of [12]), with high probability each
cube in the partition contains at least 9d)— krf vertices of P;. Since we assume
r. < /d, it is easily verified that 1/|8d/r,| < r,/7d. By (3.12), for each cube
in the partition, the restriction of Gy, (P;) to the vertices within that cube domi-
nates the Erdds-Rényi random graph G (n, p) with np = Q (A (logr)/(Ard)) =
Q(logA), so by Lemma 4.1, there is a giant component containing a proportion
of at least (3/4) of the vertices in that cube, except on an event of probability
exp(—S2 ()»rf)) = exp(—2(1?)). Hence by the union bound, with high probability
the restricted graph within each of these cubes contains a giant component.

Also by the same argument, with high probability, it is the case that for each
pair of neighboring cubes in the partition, the restriction of Gy, (P,) to vertices
in that pair of cubes has a giant component with a proportion of at least 3/4 of
the vertices in that pair of cubes, and therefore the two giant components within
these neighboring cubes are connected together. Note that for any § > 0, with high
probability, by the Chernoff bound, for each pair of cubes the ratio of the number
of vertices in one cube and the number of vertices in the other lies between 1 — §
and 1 +6.

Hence, after the first stage there is w.h.p. a giant component containing a pro-
portion at least 3/4 of all the vertices in each of the cubes in the partition. By
Lemma 4.2, also w.h.p. there is no component of order greater than 1 but less than
A£/3 . There may also be some isolated vertices and some medium-size components
of order between A¢/3 and A /2. Now we rule out existence of components of order
greater than 2°/3 besides the giant component, after the second stage.

After the first stage, w.h.p. the giant component contains more than
[(9d)_dkrf /2] vertices in each of the cubes in the partition. Therefore each ver-
tex not in the giant component has at least (9d)_dkrf /2 vertices from the giant
component within the distance of r, (viz., those which are in the same cube of the
partition as itself).

Now for each medium-sized component from the first stage, the probability that
it fails to get attached to the giant component in the second stage is bounded by

(1 — 1¢/Opp, ja) O

< exp(—(9d)_dn)»£/6krfp;h/4)
< exp(—i79),

where the last inequality holds for all large enough A, by (3.12). The number of
medium-sized components from the first stage is bounded by 21 w.h.p., so by the
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union bound, the probability that one or more of them fails to get attached to the
giant component tends to zero.

Also the number of isolated vertices from the first stage is asymptotically Pois-
son by Lemma 3.2, and the probability that any two of these get connected together
in the second stage is O (A~¢/®p;) and thus tends to zero. Hence w.h.p., after the
second stage there is no component of order greater than 1, besides the giant com-
ponent. []

5. Connectivity: The case of large p,. In this section we prove the following
result, which extends Proposition 4.1 by relaxing the restriction on p, that was
imposed there, subject to ¢, € CID?M.

THEOREM 5.1. Let a € (0, 00). Suppose that for some increasing sequence
(A(n))neN that tends to 0o as n — o0, (@) =0 satisfies (3.1) as .. — oo along the
sequence (A(n))neN, and that there exists n € (0, 1] such that ¢, € CDSW for all A.
Then as » — oo along the sequence (A(n)),eN,

(5.1) P[L2(Gg, (P)) > 1] — 0.

Throughout this section, we arbitrarily fix n € (0, 1] and assume ¢, € @2’,] for
all A > 0, and (¢)x>0 satisfy (3.1) for some o € (0, 0co) [all asymptotics being as
A — oo along the sequence (A(n)),en]. Define py := u(¢y) and r) := p,(¢n) as
in (3.10), and assume r) = O(1).

In view of Proposition 4.1, it suffices to prove the result in the case where
Py = (A7%) for some suitably chosen & > 0. Since the argument is long, we split
the section further by first showing there are no “small” components (other than
isolated vertices) and then showing there is not more than one “large” component.

5.1. Small components. This subsection contains several lemmas because we
sometimes need to distinguish the case with d = 2 (where we do not assume ¢, €
W,), and we also sometimes distinguish the case with p = O(1) from p = o(1).
Moreover, we distinguish “very small” components of (spatial) diameter at most
ér; and “moderately small” components of diameter between r; and (1/6)r;,
where § is a small (but fixed) constant.

To deal with “very small” components (in Lemmas 5.1, 5.2, 5.3 and 5.6) we use
the Mecke formula directly and sum over all possible cardinalities of the compo-
nent. To deal with “moderately small components” (in Lemmas 5.4, 5.5 and 5.7),
we discretize space into cubes (or strips) of side er;, for suitably small fixed ¢. For
x € I' and for each possible “moderately small” discretized region (i.e., union of
some of these cubes) containing x, we estimate the probability that the component
of Gy, (P, U {x}) containing x is moderately small and corresponds to that partic-
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ular region. To do this we show that there is enough “unexplored space” outside
the region but inside I', for the probability of there being no Poisson points in
the unexplored space connected to the cluster within the explored region, is small
compared to the probability of x being isolated.

We need some preliminaries. First we give a similar lemma to Lemma 6 of [14].
As before, let H denote the half-space [0, 0co) x R4~ and let Q denote the orthant
[0, 00)4. For A > 0 let HH := 7, N H, and let ’HQ :=H; N Q. Define

Y (x) := @y (rax), xeRe,

For any locally finite set X’ in R?, and any x € R?, and connection function
¢, let Cy(x, X) be the vertex set of the component of G4 (X U {x}) containing x.
Let Dy (x, X) :=diam(Cy (x, X)) := SUPy zeCy(x. ) |y — z|. For A a countable set
in R? and x € A, let Ly (x, A) denote the event that x is the left-most vertex of
Cy(x, A) (ie., the first vertex in the lexicographic ordering). Also, let Ly, (x, A)
denote the event that x is the vertex of Cy(x, .A) lying closest to the boundary of
the quadrant Q.

LEMMA 5.1. Suppose d =2 and p) > 1/2 forall . Then for 0 <6 <n/(8m)
we have

P[0 < Dy, (x, HI,) < 8; Ly, (x, H) )]
lim sup T - =0.
A—>0 yeH P[Dd/)h (x, ,HM)%) =0]

PROOF. Given x € H and § > 0, let As denote the right half of the disk of
radius § centered at x. Let q,f (x, 1) be the probability that Cy, (x, ’Hi{rz) has pre-
A

cisely k elements and is contained in A;. Clearly
P[0<D¢A(X’Hi{,)<5 Li/fxx H ZQk(x A).

By the Mecke formula, similarly to [13], Proposition 1, with iy and g4 defined
at (3.3) and (3.4), we have

qp(x, 3)
Ot
(k=1

5.2)
X/AB... Aahw({x,xl,...,xkq})

X exp(—)»r)%/l;gm(y, {x,x1, .., xk—1}) dy) dxy - dxg—q.
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Similarly qf(x, A) = exp(—)»rk2 Ja ¥r(y —x)dy). Since hy, (A) <1 for any A we
have

qp (x, »)
i (x, )
2\k—1
< (();:)L)l)'
(5.3) '
X ex —ArZ/ Ax,xr, oo, Xp—
/Aa /Aa P( iy H[gm()’ {x,x1 k—1})
= = ]dy ) dxi - i
If we restrict the integral in (5.3) to those (x1, ..., xx—1) with |x; — x| < |x] — x|
for 2 <i <k — 1, we reduce it by a factor of k — 1. Therefore
qp(x, 1)
THEWS
_ M Grim/2)F

= (k—2)!

x/ x| — x 262
As

X eXP(—MZ fH[gm (v, fx. x1}) = ¥ (y —x)] dy) dx;.

By Lemma 3.1 and the fact that p,(v;,) = 1, for x; € A1 we have

[ Tew, (. 1)) = v = 0]y = Ly = xlnpa /4,
so that for § < 1 we have
g (x, 1) - ArE(hrim2)k=2
@, T (k=2)
Summing over k > 2 and using the assumptions p; > 1/2 and § < n/(8m), yields

/A 1 — x P4 exp(—Ar2(/4) ps|x1 — x]) dox1.
)

o 8
qr(x, A)
kgz qué(x, » <arp /Aa exp(Ar2[(T/2)|x1 — x|* = (n/4) palx1 — x|]) dxi

< )»r%/ exp(—Arg|x; — x|n/16) dx; = O((Ar%)_l),
As
which tends to zero by (3.12). [J

In the case with p; < 1/2, we give a similar result to the last one, but for general
d > 2. Let m; denote the volume of the unit ball in d dimensions. Let Q denote the
orthant Q if d > 3, but denote the half-space H if d = 2.
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LEMMA 5.2. Suppose ¢, and vy, are as before (now for general d, d > 2).
Let0 <8 <n/8.If ps < 1/2 for all & but p;, = Q"2 then

P[0 < Dy, (x, Hgf) < 5]

lim sup(
A—>ooxeo

: >=0.
P[Dm(x,H?rf) =0

PROOF. Ford >0, x € Q and k € N, define

P[0 < Dy, (x, H,) < 8; card(Cy, (x. H ) =k + 1]
N

d
ATy

wy(k,§) =

9’

P[Dy, (x, ’Hgg) = 0]

where card(-) denotes the number of elements in a set. For k € N we have, similarly
to (5.2), that

d\k
wi (k. 5) < %
X BEEE B
(5.4) /;?(x;é)ﬂQ /B(x;8)ﬂQ
X exp(—/@krf[gw(y, {x,x1, ..., xk})
Yy — x)]dy) dxy - dox.
Now,
gy, (v, X, X, x2, o X)) — Y (y — x)
k
(5.5) > (1 —m)(l -T]a —m(y—x»))
i=1

k
>(1- PA)(l — exp(— Y - x»)).

i=l

First consider k < 1/p;. Since | —e™ > x/2 for 0 <x < 1, and we assume p; <
1/2, for such k we have

k
gy (v (. xx2, ) — Yy — x) = (1/4) Y (y — x0).

i=1
Now fQ . (y—xi)dy > I(tﬁx)/zd for each A and each x; because for d > 3 we as-
sume ¢, € Wy, and for d = 2 we assume Q =H, and ¢,, satisfies ¢, (x) = ¢, (—x)
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for all x. Therefore by (5.4), for k < 1/p; we have
(ari)k

1 k
ik, 8) = / . €X __/~)v’”d —x;))dy|d(xy,...,x
9= (B(x:)NQ)? p( 4 Jo A;‘ﬂk()’ i) y) (x1 3)

d d\k
< @Tmarri)” exp(—ikI (¢3)/2912).

- k!
Hence
L1/ps] d+2
(5.6) 3wk, 8) < exp[8dmgrrde M @D2TT] .
k=1

Since we assume (3.1) we have e /@) = 0 (A7), and using (3.12) we have that
log A
sl =M (/2472 _ 0( )
r.e pk)tl/2d+2 ’
which tends to zero, by our condition on p;. Therefore the expression in (5.6)
tends to zero.
Now consider k > 1/p,. For x1,...,xx € B(x;8) and y € B(x; 1/2) we have
|y — x;i| < 1 and hence ¥, (y — x;) = np, for 1 <i <k, so by (5.5) we have that
g, (v (x,x,x2, o) — Yo (v —x) = (1= pa) (1 — exp(—nkpy)
>(1—e)/2.
Therefore using (5.4) and the fact that 1 — e~ > /2, we have
> wik, 8) < exp(8?marrd) exp(—marrin/29%?),
k>1/px

and by the choice of §, this tends to zero. Combining these estimates gives the
result. [J

Combining Lemma 5.1 and the case d = 2 of Lemma 5.2 immediately gives us
the following.

LEMMA 5.3. Suppose d =2 and n, ¢, and ) are as before. Suppose also
that p), = QA"Y32). Let 0 < 8 < n/(87). Then

PI0 < Dy, (x, H}}2) < 8 Ly, (x; Hi‘&)]>
=0.
P[Dw(x,Hg%) =0]

lim sup
A—00 xeH

LEMMA 5.4. Given 0 < § < p < 00, it is the case (for general d > 2) that

P[§ < Dy, (x, ’Hilr%) < p; Ly, (x, Hilrf)]
=0.

lim sup
100 P[Dy, (x, H}1,) =0]
A
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PROOF. This can be proved along the lines of [13], Lemma 3; the argument
still works in the case with p, — 0, provided M% p» — 00, which is always the
case by (3.12). [

Similarly to [14], Lemma 7 (which is missing a factor of 7 in the exponent) we
have the following:

LEMMA 5.5. Suppose d =2. For any p > 0, as . — 0o we have

(5.7) sug P[Dy, (x; ’H?r%) < p]=o(exp{—AnI($:)/(BK(M)}).

PROOF. Fix p > 0. Divide Q into vertical strips of width 1/9, denoted S;,i €
N, where S; :=[({ — 1)/9,i/9) x [0,00). Let x € Q, and let ip = ip(x) be the
choice of i such that x € S;. Also leti; =ig+9[p].

Given A, for i € NN [ig, i1] let El/ be the event that the right-most point of
Cy, (x, ng}%) lies in S;. If Dy, (x; HS)%) < p, then one of the events E; , ..., E;,
occurs.

Now fixi e NN [ig,i1]. Set A; := Ujfi S; and Af := Uj>,- S ;. Consider gener-
ating Gy, ({x}U ng) in two stages. In the first stage, generate the Poisson process
”HM% N A;, and add Aedges between points of {x} U (erf N A;) with probabilities
determined by the connection function v, . Then in the second stage, add the points
of Hkrf N A{, and add edges between these added points, and between the added
points and the points from the first stage, again using the connection function ;.

The first stage generates a realization of the graph G, ({x} U (erf NA;)): let
E; 1 be the event that the resulting realization of Cy, (x, /HM% N A;) includes at
least one vertex in S;. Let E; » be the event that the second stage does not generate
any new Poisson points that are connected to vertices of Cy, (x, HM% N A;) arising
from the first stage. Then E; = E; | N E; 5.

Suppose E; 1 occurs. Let z be the right-most vertex of Cy, (x, H a2 N A;); then
z € S; by definition. Then in stage 2, a necessary condition for E; 7 to occur is that
there is no point of erf N A{ connected by an edge z. Since B(z; 1) N A{ has area
of at least (7 /4) — 1/9,

PE{|E; 1] < exp(=Arinpa((m/4) = 1/9)) < exp(—nrl (¢2)/(2K (1)),

where the last inequality comes from (3.15). This gives us (5.7). O

For x € I', let I'y be the set of y € I" such that y is closer to the center of I"
in the £; norm than x. For p > 0 and x € ', let E; , , be the event that there is
a nonempty set U of points of P, contained in B(x; p) N I'x, such that no other
point of P, \ U is connected to any point of {x} U U in Gy, ({x} U Py).
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LEMMA 5.6. Suppose d > 3 and p) = Q2(1). Then there exists § > O such that

lim sup P[E; 57, .x] /exp(—)\/rtﬁx(y —x)dy) =0.

A—>00 y e

PROOF. The proof resembles that of [15], Lemma 5.2 or [12], Lemma 13.15.
For j € N let u*(j, ) be the number of subsets U of P, with j elements, such
that U C I'y N B(x; dr;), and no element of U U {x} is connected to any element
of P, \ U in Gy, ({x} UP;). Then by the Mecke formula (3.5),

b
(j—D! /ran(x;am /<rm3<x;|y—x|>>f—1

Eup’ (x, 1) =

X exp(_)‘/g¢x(z’ {x’ Yy, X1, ---,.Xj_l})dz> d(x1, ...,.Xj_l)dy

A(Amy)/ ! .
5&/ 1y — x|dU-D
(= D! JrinBisr)

X eXP(—ngm(Z, {x, y})dz) dy.
Assume § < 1. By Lemma 3.1(b), the integrand in the last exponent is bounded
below by ¢, (z —x) + mpx,of_l |y — x|, and therefore
Eu/ (x, 4)
exp(—A [ ¢ (z — x)dz)

)»()»ﬂd)j_I/ d(—1 d—1
<— — X J )eX —NApAT —x|)dy.
S0 Jasny P p(=mapsrs |y —xl)dy

Summing over j and changing variable to w = (y — x)/r), we obtain

PLE) 57, x] / d d—1
e <A exp(Amgly — x| —mApar, |y —x|)dy
exp(—A [p ¢r(z — x)dz) B(x;8r) ( * )

=A ex Andrdwd— A Ardw rd dw.
B0:5) P( 5wl mapar; | |)x

Using our assumption on p;, we may choose § small enough so that 7,69 <
(n1/2) ;.8 for all A, and then there is a constant §’ so the last bound is at most

Arf]exp(—é/krflwl)dw, which is 0((Arf)l_d), and therefore tends to zero
by (3.12). O

In the next lemma we do not need to assume p; = 2(1).
LEMMA 5.7. Suppose d > 3. Then for 0 < § < p < oo we have

lim SupP[EA,pr;L,x \ EA,SrA,x]/eXp<_Aﬁ¢A(y _x)dy) =0.

A—>00 y T
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PROOF. Fix § and p, and assume § < 1. Let ¢ > 0 be a small constant to
be chosen later. Given A, divide R? into boxes [i.e., hypercubes of the form
]'[;lzl[a,-, a; + h)] of side h = er,. Let Aj be the set of centers of these boxes.
For z € A let B, be the box centered at z. Let x € I', and let z, be the z € A}
such that x lies in B]. Also, for all z € A] let B, := B, NT,.

For 0 C A}, let By :=J,c, B;. Let C(A,x) be the set of o C A} such that:
(1) zx €0,(il) o C B(x; (p+de)ry), (i) o \ B(x; (§ —de)r)) # < and (iv) | B;| >
0 for each z € o (where | - | denotes Lebesgue measure). In the sequel, we assume
& <8/(2d)sothat § —de > 6/2.

Foro € C(A,x),let E; (o) be the event that: (i) 0 = {z € A} : Cy, (x, PA)NB; #
@} and (i) Cg, (x, Py) C Tx. Then Ej pr; x \ Exsr.x C Usecinn) Ex(0).

Let o € C(A, x). Consider generating Cg, (x, Py) in two stages, similarly to the
proof of Lemma 5.5. In stage 1, add all points of P, in B, all edges involving
these points and x (using the connection function ¢, ). In stage 2, add the points
of P, in I' \ B, add connections between these new points and each other and
between the new points and the points from the stage 1, again using connection
function ¢, .

In stage 1, we generate a realization of Gy, ({x} U (P, N B,)), and hence a
realization of Cg, (x, Py N By). Let Ei,l(") be the event that this realization of
Cy, (x,P, N By) is contained in I'y and includes at least one point from each
B;,zeo.LetE 112 be the event that none of the new points created in stage 2 are
joined to any points of the realization of Cy, (x, P, N B,) generated in stage 1.
Then Ej (o) = Ei,l(") N E;’Z(a). Since the cardinality of C(A, x) is bounded
independently of x and A, it suffices to show that

. P[E; ,(0)I|E; 1(0)]
(5.8) lim sup sup . : =
=00 xel,oeC(n,x) eXP(—A [ 3 (y — x)dy)

Now,

P[E ,(0)|E} 1(0)] < eXp(—)» 96, (v: X) dy),

inf /
XCBeNTy: XNQ,#3 Vzeo JT\B,
and for each X C B, NIy with X N Q, # & for all z € o, we have

—1
D,
:X)dy = f 1 . dydu
/F 5 8¢, (y; X)dy = pa o Jr, EmO0ZP) y

1
> Px/o I (0 @ B(O: pu(ds) — dery)) \ Bo|du.,

where the last line arises because if y € o @ B(0; p, (¢,) — dery), then there exists
v e X with |y —v| < p,(¢hy) and therefore gg, (v; X) > ¢5.(y —v) > up; by (2.2).

For 0 <u <1, since ¢ € ®) | we have r;, < p,(¢) <n~'ry. Hence p, (1) —
der) > r; /2. Using [15], Proposition 2.1 or [12], Proposition 5.15 and writing
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V. (x) for |B(x; r) NT'|, we can find a constant 13 > 0, depending only on d and 7,
such that

1 1
;X)) dy > / \% _ X du—i—/ rddu).
/F\Bo 8¢, (v; X)dy PA( | Vouo) der, (X) ML

To estimate the first term in the expression above, note that since p,(¢)) <
n—lr,\, there is a constant K (depending on d and 7n) such that V, 4,)(x)du —
Vou(@)—der, (¥) = K 1rfe. Therefore

1
fr L s dy = m( /O Vo o () dut — Kirie + n3r§1>

- fr . — x)dy — Ki prie + napard,

and by choosing ¢ < 13/(2K1), we have that the ratio on the left-hand side of (5.8)
is bounded below by exp(—ng)\pkr)‘f /2), uniformly over x and o. Since krf D). —
oo by (3.12), this gives us (5.8) as required. [

Given A > 0, p > 0, define the event

E)'? = {Elx eP:0< Dm(x,'P)h) 5,0}.

PROPOSITION 5.1.  Let n € (0, 1], a € (0, 00) and 0 < ¢ <min(n/(7K (1)),
2=y Suppose ¢, € ‘Dg,n for all A, (3.1) holds, and p; = Q(A™°). Then for

any p > 0, we have limy_, o, P[Ef“] =0.

PROOF. First consider the case with d > 3. Assume first that p, = Q(1). Then
by the Mecke formula and the preceding two lemmas,

P[Ef“] S/FP[EA,WLX])»dx:o(l) X /Fexp<—)»/l;¢k(y—x)dy)kdx,

which is o(1) by (3.1).

Now suppose instead that p, — 0 but py = Q(A7%). Then r;, = o(1) by (3.12).
Let " denote the set of points in I" lying closer to the origin (in the Euclidean
norm) than to any other corner of I'. Choosing § € (0, /8) we have by the Mecke
formula and Lemma 5.2 that

P[EM] <245 / P[0 < Dy, (x, P;) < 8r;]dx
r
_ m/ﬁ P[0< Dy, (', H2,) <] dx

=o(1) x ,\/~ P[Dy, (r;'x. H2,) = 0] dx,
r T
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which tends to zero by (3.1). Also for any finite p > §, by the Mecke formula,

PIEP* \ EX] <2 fr PLE;.pr, x \ Es_5r, x]dx,

which tends to zero by Lemma 5.7 and (3.1). This gives us the result for the case
with d > 3.

Now consider the case with d = 2. Then r)% =0on* by (3.12). Let T (resp.,
1>, T3, Ty) be the set of points of [0, 117 that lie closer to the left (resp., top, right,
bottom) edge of I" than to any of the other edges of I' [so T is the triangle with
corners at (0, 0), (0, 1) and (1/2,1/2)].

For x € ', let Ly, (x, Py) be the event that x is the point of Cy, (x, P;) lying
closest to the boundary of [0, 1]2. Let M, be the number of x € P, such that
(1) Dy, (x,Py) < pry, and (ii) x is the point of Cy, (x, P;) nearest to the boundary
of I". Then by the Mecke equation,

4
PE{*|<EM) =) a;,
i=1
where we set

a; :=A/T P[0 < Dy, (x, P1) < pra; Ly, (x, Py)]dx.

We consider just a; (the other terms are treated similarly). Let 77 1 be the part of
T1 away from the corner of I', defined by

T =T\ ([0.2(0 4+ 7)) x ([0.2(0 + 0~ )ra] UL = 2(p + 07 rac 1]).

Let a;,1 be the contribution to a; from x € T3 ;. Using our assumption that ¢, €
CD?, np We have

apg < A/ P[0 < Dy, (x, Py) < pr; Lg, (x, Py)]dx
Ti

=\ i P[0 < Dw(rk_]x, Hilr%) < p; Ll/,k(r}h_lx,”;'{ilr%)]dx.
1,1

Now using Lemmas 5.3 and 5.4 we obtain that

ay;1=o(1) x/

Ti,)

AP[DW(r;‘x,’H?“Z) =0]dx

—o(1) x ,\/T P[Dg, (x, P;) = 0] dx,
1,1

which tends to zero by (3.1).
Let a;» be the contribution to a; from x € 73 N [0,2(p + n_l)rx]z. By
Lemma 5.5,

ayp =< )»(217_1m)2 exp(—=Anl(¢2)/(3K (n))) = 0(;}5—77/(31((71)))’
where for the last estimate we use (3.12) and (3.1). Thus P[E{"™*]— 0. O
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5.2. Large components. In this section we implement the strategy mentioned
in the final paragraph of Section 2. In the sequel, given A > 0 we couple the
graphs Gy, (PANA),AC R? in the following, natural way. For A ¢ R? we define
G¢, (PN A) to be the subgraph of G, (P,) induced by the vertex set P N A.

Given A, let my, := [2d/r,]. Set Ay :=1{0,1,...,my — 1}¢. For z € A, let Q.
denote the cube {mk_lz} @ [0,1/ mx)d , and let @Z denote the closure of Q.. The
cubes Q;,z € A, form a partition of [0, 1)¢ and have side 1/m; ~ry/(2d), as-
suming r; — 0, which holds by (3.12) if p; = Q(17¢) for some ¢ € (0, 1).

Given A, for z € A, let us say the cube Q; is blue if: (i) P, N Q, # @ and
(i1) all vertices of P, N B(mzlz; r)./n) lie in the same connected component of
Gy, (PN B(mzlz; 2ry/n)). If a cube is not blue, let us say it is green. If Q;
is blue (resp., green), we shall also say O, and z are blue (resp., green). More
prosaically we shall put Y, ; =1if z is blue and Y, ; = 0 if z is green.

LEMMA 5.8. Suppose p, = QLA™ *) with0 < e < (9d)_dn/K(77). Then
sup P[Y,,=0]1=0(1"°%).

ZEN),

PROOF. First note that card(P, N Q;) is Poisson with mean )L/mf ~
(2d)_dAr§1 > (2d)_d)»1(¢k)/l((n), where the inequality comes from (3.15).
Hence by (3.1) the probability that condition (i) (in the definition of blue) fails
is 0()»*(3”1)7‘1/ K (’7)), uniformly over z € A,. We need a similar bound for the
probability that condition (ii) fails.

Let &) be Poisson with parameter 24/ mf. We claim that the Erd6s—Rényi graph
G (&), np,) satisfies

(5.9) P[G (&, npy) ¢ K= 0(17°).

Indeed, by the Mecke formula followed by (3.12), (3.15) and (3.1), the expected
number of isolated vertices in G (&;, np,) is given by

O (A exp(—=(Bd) " arinp:)) = 0 (A% exp(—Bd) ~nrl (¢2)/ K (1))
— O (2= BT n/K )y,

which is O(A7%) by the condition on &. Thus the probability that G (&, px)
has an isolated vertex is O(A7¢), and by the proof of [2], Theorem 7.2, we
have (5.9). Hence, for each pair of neighboring sites z’,z” € A;, the graph
Gy, (P, N (Qy U Q,r)) is connected with probability 1 — O(A1~°). Condition (ii)
holds if Gy, (P,. N (Q U Q.»)) is connected for each pair of neighboring sites
7/, 7" lying in B(z, 2m;r;/n) N A,, and the number of such pairs is bounded in-
dependently of z and A. Therefore by the union bound, condition (ii) holds with
probability 1 — O(A7?), as claimed. [
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We say a set S C A, is x-connected if for any x,y € §, there is a path
(x0,X1,...,xp) withxg=x,xy =yand x; € Sand ||x; —x;_1|lcc =1for1 <i <k
(so diagonal steps in the path are allowed). For bounded nonempty U C R?, we
define the {oo-diameter of U to be sup, ycy Iy — X|loo. Given 2, p > 0, let Hf
be the event that there is a x-connected set of green sites in A, of £,,-diameter at
least p.

LEMMA 5.9. Suppose for some ¢ € (0, (9d)%n/K (n)) that p; = Q(A7F).
Then there exists p > 0 such that P[Hf] — 0as A — oo.

PROOF. For A > 0,n € N, let 7 , denote the set of x-connected sets y C Ay
with n elements. Then there exists a constant A such that for all A and n, we have
card(7,. ,) < m‘fA”; see, for example, [12], Lemma 9.3. Also r;d = O(Apy/logh)
by (3.12), and hence there exists Ag € (0, c0) such that for A > A9 we have that
mi < A so that card(7, ,) <AA" foralln € N.

The random field (Y, ;,z € Aj) has finite range dependency: there exists
A1 € [Xg, 00) such that the range may be taken to be 11d/n, for all A > A;. For
example, if |z — /| > 11d /1, then |m; 'z —m; '’| > 5r;/n, and therefore ¥; . is
independent of Y, .. Therefore there is a constant M := M (d, ) such that for any
A> X and any S C A;, we can find S’ C S with card(S") = [card(S)/M1, such
that the variables (Y} ;),cs are mutually independent. Hence by Lemma 5.8 there
is a further constant C such that for all such S we have

P[m{y}»,z = ()}:| < (C)\—a)(cardS)/M.

zeS

Let p e N. If Hf occurs, then there exists S € 7, , such that Y; ; = 0 for all
z € S. Hence for p € N and A > max (i1, (CAM)?/¢), we have

P[H{] < P[ U Nivi.= 0}] < AAP(CAE)PIM <\ 1-en/@M),
S€T).,p €S

Taking p > 2M /e, we have the result. [

Given disjoint nonempty connected subsets U and V of I', we define the exte-
rior boundary of U relative to V as follows. Let V' be the connected component
of I' \ U that contains V, and let U" :=T \ V'. Loosely speaking, U’ is obtained
from U by filling in all the holes in U, except the one containing V. Define the
exterior boundary of U relative to V to be the intersection of the closure of U’
with that of V.

The exterior boundary of U relative to V is a subset of the boundary of U.
Moreover it is a connected set, by a unicoherence argument (see [12]), because the
closures of U’ and V' are connected sets whose union is I.
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We claim that for 0 < a < 1, if both U and V have £,.-diameter greater than a,
then so does the exterior boundary of U relative to V. Indeed, if not, then there ex-
ists a rectilinear cube C of side a that contains the exterior boundary of U relative
to V, but then we could pick u € U \ C and v € V \ C, and a continuous path from
u to v in I' avoiding C. Somewhere on this path would lie a point in the exterior
boundary of U relative to V, a contradiction.

LEMMA 5.10. Let X > 0, p € Nwith p < m;, and suppose Hf does not occur.
Then there exists a x-connected component of the set of blue sites in Aj of €oo-
diameter m; — 1. This component is unique, and there is no other x-connected
component of the set of blue sites in A, of {~o-diameter p or more.

PROOF. Let B; denote the union of all the cubes Q,,z € A, that are blue,
and let G, denote the union of all the cubes Q., z € A, that are green. Let U be
the component of G, U ({0} x [0, 119~y that contains {0} x [0, 11", and let V
be the component of B, U ({1} x [0, 119-1) that contains {1} x [0, 119-1. Then U
and V are disjoint connected subsets of I". Assuming Hf does not occur, U does
not extend to {1} x [0, 119~ !. Hence the union of blue cubes Q. having nonempty
intersection with the exterior boundary of U relative to V is connected and has
{oo-diameter 1, and the first assertion (existence) in the statement of the lemma
follows.

Suppose there were two x-connected components of the set of blue sites of
{o-diameter at least p, denoted U and V, say. Let U* be the union of the cubes
Q.,z € U,and define V* similarly. Then U* and V* are connected disjoint regions
of I', of {so-diameter at least (o + 1)/m,. The union of green cubes Ey having
nonempty intersection with the exterior boundary of U* relative to V* would be
a connected region of {,,-diameter at least (o + 1)/m;, and the corresponding
set of sites in A, would be a x-connected set of green sites of diameter at least
0, contradicting the assumed nonoccurrence of event Hf . This demonstrates the
second assertion (uniqueness) in the statement of the lemma. [J

We shall refer to the unique x-connected blue component of £,.-diameter
m; — 1, identified in Lemma 5.10, as the sea. All vertices of P, lying in cubes
Q, with z in the sea lie in the same component of Gy, (P;), which we call the
sea-component.

Given A > 0, p > 0, define the event

F ={3x,y € P, :min(Dy, (x, Ps), Dg, (v, P1)) > p,
Cy, (x, Pr) # Co, (v, PL)}-
LEMMA 5.11. Let 0 <& < (9d)~%n/K (n). There exists a constant p € N,

such that if for some a > 0, we have (3.1) and also p) = Q(L7¢), then P[Ffr’\] —
0as A — oo.
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PROOF. Let p € N. Suppose that F,"* occurs and H{ does not. Then there
exists U C Py, such that U is the vertex-set of a component of Gy, (P,) that is
disjoint from the sea-component, but has diameter greater than pr;, and hence has
{so-diameter greater than pr; / V.

Let U denote the union of closed Euclidean balls of radius r; /(2n) centered
on the vertices of U. This is a connected subset of R? because po(¢;) < n~'r;
by (2.4), and therefore for each pair of vertices y, y’ connected by an edge of

Gy, (Py), we have |y — y'| <ry/n. Also U has £n-diameter of at least pr; /+/d.

We claim there is no x € U and z in the sea such that |x — mk_lzl < n~!r,. For

if there were such a pair, then by the definition of blue, x would lie in the same
component as the vertices of P, in Q,, so U would be part of the sea-component,
a contradiction.

Let S be the union of cubes Q. with z in the sea. The set S is connected, and
disjoint from U by the preceding claim, since the cubes have diameter at most
r./ (2\/g ); let aextﬁ denote the exterior boundary of U relative to S. This has £oo-
diameter at least pra/ Jd.

Now let AextU be the set of sites z € A, such that the corresponding cubes QZ
have nonempty intersection with aextU Since aextU is connected, the set AextU is
s-connected. Also card(AextU) > (prk/f)mk —1=>p.

We claim that none of the squares O,z € AcxtU, is blue. This is because by
definition, each such Q. intersects with aextﬁ , and therefore lies at a distance of at
most 7, /(2n) from some vertex of U (at X, say). Then by the triangle inequality
| X — mxlz| <ry/@2n) +r,/(2V/d) < ry/n, and if Q. were blue, it would contain
at least one vertex of Py, and this would be in the same component of Gy, (P,)
as all the vertices within distance r; /n of mk_]z, including X. Hence Q, would
include a vertex of U, but then it would be contained in the interior of U, and so
would have empty intersection with dexcU, a contradiction.

Thus Aextl} is a x-connected set of cardinality at least p, all of whose elements
are green. This contradicts the assumed nonoccurrence of H f . Thus F. A'O " c HY,
and the result follows from Lemma 5.9. [

PROOF OF THEOREM 5.1.  Set & = £ min((9d)~%n/K (n),27¢73). Given p >
0, if L2(Gy, (Py)) > 1, then either Ef™ or F/™ occurs. If p; = Q(A7%), re-
sult (5.1) follows from Proposition 5.1 and Lemma 5.11. If p, = O(A7%), (5.1)
follows from Proposition 4.1. [

6. De-Poissonization. In this section we shall complete the proof of Theo-
rems 2.1, 2.2 and 2.3. We start with the case o € (0, c0) of Theorem 2.3. All
integrals in this section are over I" unless specified otherwise.

PROPOSITION 6.1. Suppose o € (0,00) and (¢,) satisfy (2.7) as n — 00
along some subsequence of N, and for some n € (0, 1] we have ¢, € &g, for
all n. Then for k € Ny, (2.8) holds as n — oo along the same subsequence.
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If also ¢, € <I>2’n for all n, then along the same subsequence we have

6.1) 1lim P[L2(Gg, (X)) <1]=1.

PROOF. Let A(n) =n — n’/* and un) :=n+ n3/*. Let Prnys Xns Pum) be
coupled as follows. Let X1, X»,... be a sequence of independent random vec-
tors uniformly distributed over I'. Independently, let Z and Z’ be Poisson dis-
tributed random variables with parameter A(n) and w(n) — A(n), respectively, in-
dependently of each other and of (X1, X2, ...); set Py :={X1,..., Xz}, and set
Pumy =1{X1,..., X747} and &, := {X1, ..., X,;}. By Chebyshev’s inequality,
w.h.p. Pyny C X CPuwmy-

Without loss of generality, assume o, (¢,) < Vd. By (3.11),

exp(n3/4/ On(y — x) dy) = exp(n_l/4 x @(logn)) =1+ o(1),
r

uniformly over x € I', and therefore the sequence (¢, ),eN satisfies

(6.2) A(n) /F exp(—k(n) /F dn(y — x) dy) dx — a.

Let A, be the union of the event that at least one of the added vertices of Py, \
Py 1s not connected to any of the vertices of P (,), and the event that at least one
of the added vertices of P ;) \ Py is connected to one of the isolated vertices
of G, (Prw))-

By the Mecke equation, the expected number of added vertices that are isolated
from all the vertices of Py ,) equals 2n3/4 [ exp(—=A(n) [ ¢n(y — x)dy)dx, which
tends to zero by (6.2). Also, the expected number of isolated vertices in G g, (P.(n))
that are connected to at least one of the added vertices is bounded by

(n =) fr exp(—(n —n'%) fr Bn(y —x>dy) x 23 (¢y) dx,

and by (6.2) and (3.11) this tends to zero. Hence P[A,] = o(1). By Theorem 3.1
we have that

P[N()(G¢n (Pk(n))) = k] — e_aak/k!, k € Np.

Also P[No(Gg,(Xn)) # No(Gg, (Pam))] < P[AL] + P{Z <n < Z + Z'}],
which tends to 0, and (2.8) follows.
Now suppose ¢, € cD?l,n for all n. If L2(Gg, (X)) > 1, then either Z > n, or

Z+Z <n, Ly(Gy,(Pr))) > 1, or A, occurs. By Theorem 5.1, all of these
events have vanishing probability, and (6.1) follows. [

Next we consider the case with « € {0, co}.
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PROPOSITION 6.2. Suppose o € {0, 00}, n € (0, 1] and (¢,,) satisfy (2.7) as
n — 00 along some subsequence of N, and ¢, € @4y for all n. If a =0, then
P[No(G¢, (X)) =0] = 1, and if @ = oo, then for all k € Ng, P[No(G¢, (X)) =
k] — 0, as n — oo along the same subsequence.

PROOF. (i) Let I,(¢;) denote the left-hand side of (2.7). Then

ENo(Gg, (Xn)) :n/ dx<1 —/¢n(y —x)dy)n_]

Sn/ dX<eXp<—(n— 1)/¢n(y—X)dy)> < ely(¢n).

Therefore, by Markov’s inequality, if « = 0, we have P[Ny(Gg,(X,)) > 1] — 0.

Now suppose o = 0o. We seek to interpolate a “larger” connection function than
¢n thatis stillin @4 . For s > 1 and ¢ € @4 ,,, define ¢*) as follows. Let so(¢) =
1/u(¢). For 1 <s < s0(¢), set ) (x) := s (x), for x € R?. Note u(¢p0@)) =1,
For s > so(¢), define

1, if |x| <5 — s50(p),

(s) .

Pr)= {%(x), if x| > 5 — 50(6).

Let s1(¢) := Vd + s0(¢). If ¢ € By y, then for each s € [1, 51(¢)] the connection

function ¢ is also in @y .
For each n € N define the function

Fu(s) :=n/exp<—n/¢fls)(y —x)dy) dx,

which is continuous and nonincreasing on 1 < s < s1(¢,,). By assumption fu(1) —
00 as n — 0o, while f,,(sl (¢n)) = ne™". Therefore by the intermediate value the-
orem, given any finite 8 > 0, for large enough n we can pick s(n) € [1, s1(¢y)]
with ﬁl(s (n)) = B. Then by Proposition 6.1, for k € Ny we have

k
P[No(Gd),(ir(n)) (X)) <k]—e P> plyjL.
=0

By an obvious coupling, P[No(G ) (X)) < k] is nondecreasing in s, and there-
fore since B > 0 is arbitrary, we have P[No(G¢,(X,)) <k]— 0. O

PROOF OF THEOREM 2.2. Let 5 € (0, 1]. To prove (2.5), it suffices to prove
that for any sequence (¢y,),en of connection functions in CDO’U, we have

(6.3) nlgrolo P[{No(Gg, (X)) =0} \ {Gg, (X)) € K}]=0.

Define I, := I,,(¢,) := n [exp(— [ ¢n(y — x)dy)dx. Consider the three cases
where: (i) I, tends to a finite limit as n — oo along some infinite subsequence
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of N; (ii) I, — oo as n — oo along some infinite subsequence of N; (iii) I, — 0
as n — oo along some infinite subsequence of N. At least one of these cases holds,
and it suffices to show that in each case (6.3) holds along the same subsequence.
In case (i), we have (6.3) at once because of (6.1). In case (ii), with I, — oo, by
Proposition 6.2 we have P[Ny(Gg, (X)) = 0] — 0, and hence (6.3) holds.
Consider case (iii) with I, — 0 along a subsequence. For n € N, define

fut@i=n [ exp(—an [ons - x)dy) dx.

which is a continuous and nonincreasing function on 0 <a < 1. Foreach a € [0, 1]
the connection function a¢, is in ®g ;.

By assumption f,,(1) — 0 as n — oo, while f;,(0) = n. Therefore given ¢ > 0,
by the intermediate value theorem, for all large enough » in the subsequence we
can choose a,, € [0, 1] such that f,(a,) = €. Then by Proposition 6.1 we have

P[No(Ga,p,(Xn)) =0] = ™% P[Gg,4,(Xn) € K] — 7%,

By an obvious coupling, P[G.¢,(X,) € K] is nondecreasing in a, and therefore
since ¢ is arbitrary, we have P[Gg,(X,;) € K] — 1,50 (6.3) holds. [J

PROOF OF THEOREM 2.3. Equation (2.8) follows from Proposition 6.1, and
the next sentence follows from Proposition 6.2. Then (2.9) follows from Theo-
rem2.2. [

PROOF OF THEOREM 2.1. The result follows from Theorem 2.3. [

7. Equivalence of thresholds. In this section we prove Theorem 2.4; that is,
we prove that for any [0, 1]-valued sequence (py)nen With p, = w((logn)/n), we
have

lim P[r,(pn) = 0n(pn)] = 1.
where for p € [0, 1], as described in Section 2 we set
7, (p) :=inf{r: G, ,(X,) € K}; on(p) :=inf{r: No(G,, ,(X,)) = 0}.

Clearly oy, (pn) < 14,(pn), so we need to show that Plo,(p,) < 1,(pn)] tends
to zero. Given p, and given o > 0, define r,(a) by I;,(¢r,(«),p,) = €~ *, where
I,(¢) :=n [pexp(—n [ ¢(y — x)dy) dx. For each & we have from (2.5) that

(1.1) Plow(pn) < rn(@) < Tu(pn)] — 0.

Note that r, () is nondecreasing in «. Let o < 8. Suppose

ru(a) < on(pn) < Tu(pn) <ru(B).
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Assume the inter-point distances are all distinct. Consider adding the edges of
G Jad.p (&) one by one (starting from the graph with no edges) in order of increas-
ing Euclidean length.

Then precisely one pair of points of X, say X and Y, satisfies | X — Y| =
7,(pn), and by the definition of 7,(p,), X and Y lie in different components
just before adding the edge between them, so they lie in different components
of Gy, (), p, (Xn). Assuming L1(Gy,(q),p, (X)) < 1 [which has high probability
by (6.1)], either X or Y (say X) is isolated in G, (), p, (X»), but X is nonisolated
in Gg,(p,), p. (Xn) by the definition of o, (py). Therefore since we are assuming
T, (pn) < ry,(B), we have that X is connected to at least two points of &;,, at dis-
tances between r,, () and r,(B). Thus Ny g(n) > 0, where Ny g(n) denotes the
number of vertices of &}, having no incident edge in G V.o, (X,) of (Euclidean)
length at most r,, (@) but at least two incident edges of lengtﬁ at most r, (B).

Let A(n) and w(n), and the coupling of Py ), X, and P, (,) be as in the pre-
ceding section. Let N, 4(n) be the number of vertices of P(,) having no inci-
dent edge [in G a.pn (Pum))] of length at most r, («) with the other endpoint in
Pan), but at least two incident edges of length at most r,,(8) (with the other end-
pointin Py ). If Py ny C Xy C Ppu(ny (Which happens with high probability), then
N(;,ﬂ(n) > Ng,g(n). Thus

(7.2) limsup P[rp(a) < 04(pn) < Tu(pn) <rn(B)] <limsup P[N(;’ﬂ(n) > 0].
n—o0 n—>oo
With | - | denoting Lebesgue measure, by the Mecke formula we have
E[N, 5] = (n+ n3/4)/ e~HMPIBOST @I 5 (1 _ =0 (1 4 4, (x))) dx,
’ r
where w,(x) denotes the mean number of edges of length in the range (7, (x),
rn(B)] incident to a point at x. Now, eV — 1 —w < w2e® for any w > 0. Hence

o

(73) ]E[N/’ﬂ] < (n +n3/4)/e—)\(ﬂ)]’nlB()ﬁrn(Ol))ﬁF| X wn(.X)zdx.

By (3.12) and the condition p, = w((logn)/n), we have r,(8) — 0. Writing
Vo (x) for |B(x; r,(a)) N T'| we have

e %= lim <n /F exp(—npp Vg (x) +np,(Vg(x) — Vo (x))) dx)

n—oo

> limsup<n fr exp(—npn Vg (x) 4+ npura(rn(B)? — rn(a)d)/Zd)dx)

n—oo

—e P eXp(lim Sup[npnﬂd(rn (IB)d —Tn (a)d)/de

n—oo

so that

limsupnpn(rn(ﬁ)d — I”n(Ol)d) <298 — a)/ma.

n—oo
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Therefore, since

Wy (X) < 1 () purta (ra () = ra(@)?),

we have limsup,,_, ., sup,.r w,(x) < Zd(ﬁ — a), so that by (7.3) and a similar
argument to (6.2), limsup,,_, o, ]E[N(;ﬂ] < 22d(ﬁ —a)%e™?, so that by (7.2),

(7.4)  limsup P[ry (@) < 0 (pn) < Ta(pn) < ra(B)] <22 (B — a)?e ™.

A—>00

Now we argue as in [15], pages 163-164 or [12], pages 304-305. Let ¢ > 0.
Choose g < a1 < --+ < ay such that exp(—e™ %) < ¢, and 1 —exp(—e %) < ¢,
and also

I
2 Z(rn (aj) — 1y (oz,-_l))ze_o"'*l <e.
i=1

Then by the union bound,

Plo, <tp] < P[Un =< rn(“O)] + P[on > rn(al)]

1
+Z(P[Un < () < Tn] + P[rn(ai—l) <op <7y = I"n(Oli)]).

i=l

Since o, < r if and only if No(G (X}, r)) = 0, it follows from (2.8) of Theorem 2.3,
along with (7.1) and (7.4), that limsup,,_, o, Plo, < 1] < 3¢, and since ¢ > 0 is
arbitrary, this completes the proof.

8. The choice of ¢. In this section, we prove Theorem 2.5 (among other
things). That is, we identify conditions for a sequence of connection functions
¢n to satisty (2.7) for some « € (0, 0c0). We consider only the case with d =2 and
¢n € Py N W3 for some n € (0, 1], where W is defined by (2.1).

Assume d = 2. Fix n > 0, and choose ¢, € ®, , N W, for each n > 0. Set

r=pg@n); pai=p(@n); @ i=nrpa.
Since we assume d = 2, it follows from definitions (2.10) and (2.12) that

8.1 nl(¢n) = anJa(¢n), neN.

In this section we assume r,, = n~ M 50 in particular r, = o(1).
Set No(n) := No(Gg, (Pr)). By the Mecke formula, ENo(G g, (Py)) = 1I,(¢n),
where we set I,,(¢) :=n [ exp(—n [ ¢ (y — x) dy) dx, so I,(¢y) is the left-hand

side of (2.7). ~
Given ¢ > 0, truncate ¢, by setting ¢, (x) := ¢>n(x)1[0 rH](IxI) for x € R2.
Couple Gy, (P,) and Gq;n (P,) as in the proof of Lemma 3.3. Let No(n) :=

No(Gg (Pn)). Let N(i)Ilt = N(i)m(n) denote the number of isolated vertices of
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G b (P,) lying in [r,i_g, 1 — r,i_s]z. Let Ngide = Ngide(n) denote the number

of isolated vertices of G e (P,) lying within Euclidean distance r!=¢ of pre-

cisely one edge of I'. Let Ny := N;j*(n) denote the number of isolated ver-
tices of G b (P,) lying within £+, distance 7! ~¢ of one of the corners of T'. Then

No(n) = Nl + N5l + NE°T (with probability 1), so
Li(¢n) = ENG™ + ENG + EN§®".
Also, if r, = n~ %W then
(82) 0 <ENy(n) —ENo(n) <n’¢,(r) =) < 3n?exp(—nr, ") = 0

and

. ¢Gn(rpx)dx

xl=r Y

n(1(@n) = 1) = nr? /{
X
(8.3)
< 3nr3/ n~ L exp(—nlx|)dx — 0.
{x:lx|>ry ¥}
As with (3.12), a necessary condition for (2.7) is that
(8.4) npar? = ©(logn).
Recall from (2.11) that Ji(¢p,,) := J1(¢n, 1) := pn_1 f0°° Gn((ryt,0))dt.

LEMMA 8.1. Suppose (8.4) holds, and r, = n=*W asn — oo. Then provided
e > 0 is chosen sufficiently small (but fixed), as n — 0o we have

1/2
(8.5) ENG ~ — ( - ) F enionr2
J1(¢n) \anpy
and
4 _n1(¢n)/4
(8.6) ENS ~ —— .
anpnJ1(9y)
PrROOF. Foru > 0, let
fowyi=p;" | G () dx.
[0,00) x[0,u]

Then we claim that for 6,, = a,, or 6, = 2a,,

(8.7) /Orn exp(—6n fn(w)) du ~ 1/(6,J1(¢n)) asn — 0o.

To see this, note first that J; (an) ~ J1(¢,) as n — 00, by (2.13). Also, since ¢3n (x)
is nonincreasing in |x| (because ¢, € @, ;, N ¥;) we have

(8.8) fu(w) <udy(¢n),
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so that using (2.13) we have
ry ¢
| exp(=6n () du

—&

8.9) > [" exp(-0usi @) du

OnJ1(Pn)ry

= (O 1 @) " /0 e~ dt ~ (6 B) .

Also given § > 0, for (s,t) € [0, 00) x (0, 6r,), we have ¢, ((s,1)) > ¢ ((s +
éry, 0)), and hence

/08 exp(—6n f () du

(8.10) </6exp(—9 up;! /ooé ((ra(s +8) O))ds) du
. = 0 n n 0 n n )

1

) - -
< /0 exp(—6,tt (J1 () — 8)) it ~ (6 (J1(B) — 8)) ™",

and provided § < 1/2, we also have for u > § that

@.11) Folw) = f2(8) = p;! f Gn(rax) dx = 57/2,
[0,1/2]%0,8]
so that
1
(8.12) / exp(—6, fn () du < exp(—8n6,/2) = 0(6,71).
)

For u > 1 we have f,(u) > f,(1/2) > n/4, and for n large enough rn_2 <n by
(8.4), so

—&

rn
/ e Ontn gy < r, S exp(—nb,/4) < nt/? exp(—nb,/4).
1

Provided ¢ is small enough, using (8.4) again we have that the last expression is
less than exp(—n#6,/8), which is 0(9,71). Combining this with (8.9), (8.10) and
(8.12) and using the fact that § can be arbitrarily small, we have (8.7).

Since ¢, has range r) ~¢ we have

—&

EN§% = (4 + o(1))nexp(—nl ($n)/2) / " exp(—2nr2 py fo))rn du.
0
By (8.3) and (8.7) we obtain

[ N side dnrye” " @02 2 ( n )1/2 —nl(pn)/2
~ = (4 n .
O 20 (nrEpn  J1(Bn) \anpn
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Now consider EN®". For u, v > 0, set

—1 ~
u,v) = rp(x — (u,v)))dx
=o' [ G~ )
Then since ¢, has range r) ¢,
(8.13) ENS = (14 o(1))4r2ne n1(¢n)/41
with

I, :=f()n /On exp(—npnr,f[fn(u)—l-fn(v)—l-gn(u,v)])dudv.

For u, v > 0 we have 0 < g,,(«, v) <uv. Hence by (8.8) we have

I, > /Or"_ /(;rn_ exp(—an (uJ1 (@n) + vJ1($n) + uv)) du dv

anvJ1(¢n) -
- / <an<11 <¢nl) n v>> A w1 @)

On the other hand, given § € (0, ), similarly to (8.10), the contribution to fn from
max(u, v) <4 is bounded above by

[ [ explanfut@n —8) + 0160 —0)) dudv~ (an (o —8) >

while by (8.11) the contribution to I, from 1 > max(u, v) > § is bounded above
by exp(—a,né/2), which is o(a, 2) by (8.4), and the contribution to I, from
max(u, v) > 1 is bounded above by exp(—a,n /4)r , and hence [using (8.4)],
by nf exp(— an? /4), which is o(a, 2) provided ¢ is taken sufficiently small. There-
fore we have I ~ (anJ1(Pn))~ ~2. Then by (8.13) we get (8.6).

LEMMA 8.2. Fixe € (0, 1). Suppose r, =n~%WD  Then IEN(i)nt ~ne ") gg
n— oo.

PROOF. The result follows from (8.3). [l

PROPOSITION 8.1. Suppose d =2. Let o € (0, 00). Suppose for some n €
(0, 1] that ¢, € @2, NV for all n, and p, = w(1/logn) as n — oo. Then (2.7)
holds if

(8.14) nl(¢,) —logn - —loga.
PROOF. Assume (8.14) holds, which implies a fortiori that (8.4) also holds,

so in particular r,% = 0((logn)2/n). Then by Lemma 8.2 and (8.14) we have
EN™ — a.
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Using (8.4), (8.14) and Lemma 8.1, we obtain (for a sufficiently small choice
of ¢) that EN; side — = O((pnlogn)~ 172y which tends to zero by the assumption on
Pn. Similarly, by (8.6) and (8.14), EN® = O (n~'/4/(p, logn)) = o(1). Applying
(8.2) completes the proof. [J

When p, = O(1/logn), boundary effects become important in the asymptotics
for the mean number of isolated points.

PROPOSITION 8.2. Suppose d = 2, and for some n € (0, 1] we have ¢, €
&y, N, for all n. Suppose p, = o(1/logn) and also p, = w((logn)~n=173),
as n — oo. Fix a € (0, 00), and assume

8.15) nl(¢y) = log<%> + log(pl) — loglog(pi) +o0(1).

Then (2.7) holds.

PROOF. Under the assumptions given, using Lemma 8.2 we have

(8.16) ENM = (14 o(1))ne™ @) = O<pn 1og(l>) — 0.
Pn

Also by (8.5), (8.15) and (8.1), we have
1/2 1/2
n Pn 1/2
(8.17)  EN§ ~ (;) (—) log(n/py))"* — a.
J2(Pn)an pn n ( g1/ pn )

Using (8.5) again along with (2.13), we obtain that e M ($n)/4 — O(anpn/
n)1/4) so that (8.6) yields ENS" = O(((an pn)’n)~1/*), and by (8.4) [which fol-
lows from (8.15)] and the assumption p, = w(n_1/3(1ogn)_1), this shows that
ENG®" — 0. Combined with (8.16), (8.17) and (8.2), we have the result. []

Consider the intermediate case with p, = ®(1/logn).

THEOREM 8.1. Let a € (0,00),n € (0, 1]. Suppose that ¢, € & , NV, for
all n, p, = ©(1/logn) and nl(¢,) =logn — 2logy, + o(1), where vy, denotes
the solution in (0, 00) to

(8.18) Vit + 27n(J2(dn) "2/ J1 (¢n)) (pu logn) ™ /* = .
Then (2.7) holds.

PROOF. By (2.13) and the assumption on p,, limsup,_, . (y4) < oo and
liminf,_ 5 (y,) > 0. By Lemma 8.2,

ENmt _ ( + 0(1))neinl(¢") — (1 + 0(1)))/”2,
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while by (8.5) and (8.1),

2 n 172 ~1/2 2J2(¢n)1/2yn
‘)/nn / ~ .

J1(dn) \anpn J1(dn) (pn logn)1/2

Also by (8.6), EN*" = O(m~"*/(pylogn)) = o(1). Combining these results and
using (8.18) and (8.2) we have (2.7). U

side
EN}

In the case p, = o((log n)~'n~1/3) the main contribution to ENy comes from
near the corners of I.

PROPOSITION 8.3. Suppose d =2. Let o € (0,00),n € (0, 1], and suppose
(@n)n>0 are such that ¢, € @, , NV, for all n and p, = 0((10gn)_1n_1/3) and

nl (¢n) = 4(log(1/ pn) — loglog(1/ pu) +log(J2(¢n)/ (@ J1 (¢0)?)))
+o(1)

(8.19)

as n — 0o. Assume also that r, =n~%W_ Then (2.7) holds.

PROOF. Note that p, = Q((logn)/n) since otherwise (8.19) cannot be sat-
isfied by bounded r,. Then log(1/p,) = ®(logn) and (8.4) holds. By (8.6) and
(8.1),

4pplog(1/ pp)adi (@n)?/ J2(dn) L
J1(¢n)%an pn

Also e @/% = @(p, log(1/p,)) = O(p,logn). Therefore by (8.5) and (8.4),
we obtain that I[I,Ngide = 0n'/%( pn log n)3/2), which tends to zero since we as-
sume p, = o(n_1/3(logn)_1).

Finally, since p, = Q2 ((logn)/n), using Lemma 8.2 and (8.19) we have

ENI™ = O(ne @)Y = O(nptog 1/ pn)*) = 0(n™?),
so ENM" — 0, and (3.1) then follows by (8.2). [

(8.20) ENS ~

PROOF OF THEOREM 2.5. The proof follows immediately from Proposi-
tions 8.1, 8.2 and 8.3. [

Our final result deals with the intermediate case with p, = On-1/3 (log n)~hH.

THEOREM 8.2. Let o € (0,00), and suppose (¢pp)n~0 are such that p, =
O~ 31ogn)™") and

nl (¢n) = 4(log(1/ pn) — loglog(1/ pa) +1og(J2(¢n)/ (BnJ1(¢n)?)))
+o(1)

(8.21)
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as n — 0o, with B, denoting the solution in (0, c0) to

(8.22) (3J2(¢n)) 21 (d)? (0" prlogn)** B2 + B. =a.
Then (2.7) holds.

PROOF. Note that (8.21) is the same as (8.19) but with « replaced by §,,. As
with (8.20) we have EN;® = B, + o(1). Then by (8.5) and (8.21) we have

ENG ~ (2/11(gn)) (n/an)'/ p;/* (Gog 1/ pu) B J1 ()" T () 2.

By (8.1) and (8.21), ap = nl(¢n)/J2(¢n) ~ (4/J2(¢n))10g(1/py), and our as-
sumption on p, implies log 1/p, ~ (1/3)logn, so that

EN§ ~ B2J1 ()3 Jo () >0 p3/? ((log n) /3) .

Hence by (8.22), E[N§® + N — «. Also by Lemma 82, ENI™ =

O (ne ™ @n)y = O(npﬁ(logl/pn)4), which tends to zero, and (2.7) follows
by (8.2). O
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