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ASYMPTOTICS OF ROBUST UTILITY MAXIMIZATION

BY THOMAS KNISPEL!

Leibniz Universitdt Hannover

For a stochastic factor model we maximize the long-term growth rate of
robust expected power utility with parameter A € (0, 1). Using duality meth-
ods the problem is reformulated as an infinite time horizon, risk-sensitive
control problem. Our results characterize the optimal growth rate, an optimal
long-term trading strategy and an asymptotic worst-case model in terms of an
ergodic Bellman equation. With these results we propose a duality approach
to a “robust large deviations” criterion for optimal long-term investment.

1. Introduction. One of the basic tasks in mathematical finance is to choose
an “optimal” payoff among all available financial positions which are affordable
given an initial capital endowment. In mathematical terms, a payoff at a termi-
nal time corresponds to a real-valued random variable on some measurable space
(2, F) and an investor faces a set X of such financial positions. Any formulation of
optimality will involve the investor’s individual preferences > on X. The relation
X > Y means that the investor prefers the payoff X over Y. Under mild conditions
such preferences admit a numerical representation U : X — R (see, e.g., [17]); that
is, for X, Y € X it holds that

X>Y < UX)>U).

In this context, Savage [36] clarified the conditions which guarantee that a prefer-
ence order admits the specific numerical representation

) U(X)=EQ[M(X)]=/M(X(w))Q(dw), XeX,

in terms of an increasing continuous function # : R — R U {—oo} and a probabil-
ity measure Q on (2, F). Here Q appears as a “subjective” probability measure
which is implicit in the investor’s preferences, and which may differ from a given
“objective” probability measure. The function u in (1) will be concave if the in-
vestor is assumed to be risk averse. In that case, u is called a utility function.

The literature on optimal investment decisions in a financial market usually in-
volves the maximization of a utility functional (1) with respect to a given mea-
sure Q. Typically, Q is assumed to model the evolution of future stock prices and
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is thus viewed as the “objective” measure. But the price dynamics are not really
known accurately, and so the choice of the evaluation measure Q is itself subject
to model uncertainty or model ambiguity, also called Knightian uncertainty in the
economic literature. There is another reason to depart from the standard setting of
expected utility as formulated in (1): some very plausible preferences such as the
famous Ellsberg paradox are not consistent with (1) (see, e.g., [17], Example 2.75).
In order to overcome this limitation, Gilboa and Schmeidler [19] proposed a more
flexible set of axioms for preference orders which leads to a “robust” extension
of (1): instead of a single measure Q the numerical representation of the prefer-
ence order involves a whole class Q of probability measures and takes the form of
a “coherent” robust utility functional

2) UX) = QingEQ[u(X)]-

This representation suggests the following interpretation: the investor has in mind a
collection of possible probability distributions of market events and takes a worst-
case approach in evaluating the expected utility of a given payoff. In recent years,
there is an increasing interest in the maximization of the robust expected utility (2)

of wealth X ;0 % attainable at time T > 0 by investing in a financial market using
some self-financing trading strategies £ and the initial capital xg

3) maximize Quéfg Eglu(X )}O’E)] among all self-financing strategies &.

For general semimartingale models, this optimization problem can be solved
by a duality approach (sometimes also called martingale approach) (see, e.g.,
Quenez [35], Schied and Wu [39] or Follmer and Gundel [14]). Their results pro-
vide a robust extension of the seminal paper by Kramkov and Schachermayer [27]
for the classical utility maximization problem in incomplete markets. The main
advantage of the duality approach lies in the fact that the primal saddle-point prob-
lem is reduced to a minimization problem on the dual side. In many cases, the dual
problem is much simpler and can be tackled with another optimization technique
(dynamic programming, BSDE).

For a finite maturity, however, the optimal investment strategies for (3) will
typically be time dependent, and they are often difficult to compute. Instead we
propose an asymptotic approach: we consider a long-term investment model with
one riskless and one risky asset whose drift coefficients are affected by an external
stochastic factor process of diffusion type. Our model takes into account ambiguity
about the “true” drift terms of both the factor process and the risky asset. The class
Q of possible prior models corresponds to affine perturbations of the drift terms in
a given reference model and is parameterized by stochastic controls. In this paper
we focus on power utility u(x) = %xk with parameter A € (0, 1), but other utility
functions are also feasible (cf. Remark 2.1). In our model the robust expected
power utility will grow exponentially as time T 1 0o, and this suggests to

— 1
4 maximize 71’1Trgo T In érelfQ E Q[(X)}O’g))‘] among all strategies &.
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This asymptotic formulation has the advantage of allowing for stationary optimal
policies and may thus be more tractable. On the other hand, the asymptotic ansatz
provides useful insight for portfolio management with long but finite time horizon.

For the nonrobust case @ = {Q}, problem (4) is closely related to the maxi-
mization of the portfolio’s risk-sensitized expected growth rate,

. 2 0 X0.E
5) Ap(0,8):=1lim ——1InEp exp(——lnXT’ > , 6 #£0.
Ttoo 0T 2
In order to explain the nature of this criterion, let us consider the entropic monetary
utility functional Uy (X) = —% In EQ[exp(—%X)], where 0 is a positive constant.
The functional Uy is also well defined for # < 0, and it can be extended to 6 =0
vialp(X) :=1limg_,oUp(X) = Eg[X]. A Taylor expansion around 6 =0 (cf., e.g.,
[41], page 5) yields

(6) Uy (X) = EQIX] + | Vargl X1 + 0(6%).

Thus 6 can be interpreted as a “risk sensitivity” parameter that weights the impact
of variance. In particular, the Taylor expansion (6) suggests that

Ap(0.8) = lim lEQ[lnX)}O’é] L2 lim lVarQ[lnX)}o’é].
Ttroo I 41000 T

The first term at the right-hand side is the portfolio’s risk-neutral expected growth
rate. The second term provides a risk adjustment specified by the portfolio’s
asymptotic variance and the risk sensitivity parameter ¢, and so A (6, &) can in-
deed be seen as the risk-sensitized expected growth rate of wealth. On the other
hand, the long-run growth rates of expected power utility u(x) = (6/2)x%/? are,
up to constants, of the form Ay (0, §), and the limit & — O corresponds to the
growth rate of expected logarithmic utility. Such risk-sensitized portfolio optimiza-
tion problems on an infinite time horizon have received much attention (see, e.g.,
[3,4,9, 10, 28, 31, 33]). In those papers, the maximization of (5) among a class of
trading strategies, viewed as dynamic controls, is reformulated as an infinite time
horizon, risk-sensitive control problem of the kind studied in Fleming and McE-
neaney [8]. The rewritten problem leads to an auxiliary finite horizon “exponential
of integral criterion.” This is a standard problem in stochastic control theory, and
its value function can be described by an appropriate Hamilton—Jacobi—-Bellman
(HJB) equation. As time tends to infinity, a heuristic separation of time and space
variables in the HIB equation yields an ergodic Bellman equation. The optimal
growth rate and an optimal trading strategy are characterized by a specific solution
of this ergodic Bellman equation.

In contrast to (5), our robust problem (4) involves also the minimization among
the class Q, and this would lead to a stochastic differential game on an infinite
time horizon. Our main purpose, however, is to develop an alternative approach:
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the main idea consists of combining the duality approach in [39] with methods
from risk-sensitive control. Our main results characterize the optimal growth rate

A(}) := sup lim L nint E [(XT05) ]
T SpTTooT geg 9NT ’

an optimal long-term investment strategy and an asymptotic worst-case model

0O* € Q for robust expected power utility in terms of an appropriate ergodic Bell-

man equation.

Such asymptotic results on robust utility maximization are not only of intrinsic
interest but also relevant in connection to “robust large deviations” criteria to opti-
mal long term investment. Suppose that the investor takes into account a class Q of
prior models and wants to maximize the worst-case probability that the portfolio’s
growth rate L)}O’g = % InX )}O’s exceeds some threshold ¢ € R. In the spirit of large
deviations theory (see, e.g., [6]) the asymptotic problem then consists of

1
@) maximizing ThTIEO ?ln eréfg o[ L);o,é > ¢] among all £.

The solution can be derived by a duality approach similar to the Girtner—Ellis
theorem, but here the dual problem involves the optimal growth rates A(X), A €
(0, 1), of robust expected power utility.

The paper is organized as follows: the setup is introduced in Section 2. Section 3
contains a heuristic derivation of our main results that are verified in Section 4. In
Section 5 we discuss the existence of a solution to our ergodic Bellman equation.
Explicit case studies are given in Section 6. In Section 7 we describe the duality
approach to the robust outperformance criterion (7).

2. The model and problem formulation. Let (2, F, (F;);>0, Qo) be the
canonical path space of a two-dimensional Wiener process W = (th, Wtz),zo.
We shall consider a long-term horizon investment model with one locally riskless
asset S” and one risky asset S'. The performance of the market is determined by an
external “economic factor” Y, driven by the Wiener process W. The spectrum of
possible factors includes dividend yields, short-term interest rates, price-earning
ratios, yields on various bonds, the rate of inflation, etc.... Both the price pro-
cesses S, S! and the factor process ¥ will be subject to model ambiguity. This
will be described by a class Q of probabilistic models, viewed as perturbations of
the following reference model Qg. Under Qg the dynamics of the locally riskless
asset is given by

ds? =S (Yy)dt,  S)=1,
and the price process of the risky asset is governed by the SDE
(8) ds! = SHm(Y,)dt +odW}).
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Thus the market price of risk is defined by

©)) 0(y) =
The factor process evolves according to
(10) dY; =g(Y)dt + pdW, = g(Y)dt + p1dW, + ppdW/.

We suppose that the economic factor can be observed but cannot be traded directly.
Therefore the market model is typically incomplete. This class of market models
is widely used in mathematical finance and economics (see, e.g., [5, 7, 18] and the
references therein). Typically the diffusion Y is also assumed to be mean reverting
and ergodic with some invariant distribution p. A special example is the Ornstein—
Uhlenbeck (OU) process with dynamics

(11) dY; =no(y — Y dt + o dW)/, no > 0,0 #0,

: . e 52
and invariant distribution & = N(y, ;—no).

We shall use the following general assumptions on the coefficients of the diffu-
sions, summarized as

ASSUMPTION 2.1.  The functions g, m admit derivatives gy, my € Cg (R), and
r belongs to Cg (R), where Cg (R) denotes the class of all bounded functions with
bounded derivatives up to order k. Moreover, we assume that o and || p|| are posi-
tive and that the short-rate function r is bounded below by some constant a; > 0.

Here we use || - || to indicate the Euclidian norm in R?, and in the sequel (-, -)
will denote the corresponding inner product. In particular, our assumptions ensure
that the functions g and 6 satisfy the linear growth conditions

lgM <ax(1+|y|) and |0(y)| <asly|l+a4 for az, a3z, as > 0.

Note also that Assumption 2.1 is consistent with linear drift functions g and m.
In this paper, such a choice of the reference model will be particularly useful to
obtain explicit solutions (cf. Section 6).

In reality, however, the “true” price dynamics are not really known exactly. Here
we focus on model uncertainty with respect to the drift terms appearing in (8) and
(10). More precisely, we consider the parameterized class of possible probabilistic
models

Q:={Q"n=m)i=0 €C}

on (2, F), where C denotes the set of all progressively measurable processes
n = (n;)s>0 such that n;, = (n,”, n,lz, ntZI, ntzz) belongs dt ® Qp-a.e. to some fixed
compact and convex set I' € R* which contains the origin. For 1 € C and any fixed
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horizon T, the restriction of Q" to the o -field Fr is given by the Radon—Nikodym
D'? R er’

density,
dQolr; 0 T

with respect to the reference measure Qg. Here £(-) denotes the Itd6 exponential.
To see that Dg is indeed the density of a probability measure on (€2, F7), we can
argue as follows: by Assumption 2.1 the diffusion process Y satisfies the regular-
ity conditions required in Lemma A.1, and so there exists some & > 0 such that
supg, <7 E,[exp(8Y?)] < 0o. The compactness of T" thus ensures that

(12)

(13) sup Eg,lexp(elln Y, 4+ n¥ %] < oo
T

o<tr<
as soon as ¢ > 0 is chosen sufficiently small. According to [29], Example 3, Sec-
tion 6.2, this yields EQO[D% =1 as desired.
In view of (12) we have Q¢ = Q° € Q, and it follows as in [23], Lemma 3.1,
that Q is a convex set of locally equivalent measures on (€2, 7). By Girsanov’s
theorem,

W/ = (th — /Ot n Y, +n2tds, Wi — /Ol N2y, + n§2ds), t>0,
is a two-dimensional Wiener process under the measure Q", and the dynamics of
S, Y under Q" take the form
(14a) dY, =[g(Y) + (o, n} Yo +n{)1dt + pd WY,
(14b) ds! = SH(im(¥) + oMY, +n2Hdt + o dw").

Roughly speaking each element of Q corresponds to an affine perturbation of the
drifts in our reference model Qg. In particular, our “robust” market model includes
the following special cases (see Section 6):

EXAMPLE 2.1 (Black—Scholes model with uncertain drift).
r(y)=r, m(y) =m, I' ={(0,0)} x [a, b] x {0}.

EXAMPLE 2.2 (Geometric OU model with uncertain mean reversion). The
factor process Y is an OU process under Qg with rate of mean reversion 19 > 0,
mean reversion level y = 0 and volatility o > 0 [cf. (11)]. We also assume S,0 =
exp(rt), r > 0 and St1 :=exp(Y; + at), o € R. By Itd’s formula this corresponds
to

g(y) =—noy, p1 =0, 0 =0, m(y)z—noy—i—%az—l—a.

Moreover, we take the set " := [”0?_1’, =21 % {(0,0,0)} for 0 < a < b < co. For
any Q" € Q the process Y thus follows under Q7 € Q OU-type dynamics with
mean reversion process 1y — ant“, taking values in [a, b].
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Let us now formulate our main problem. We consider an investor with initial
capital xg > 0 who aims at optimizing his portfolio in the long run. A trading
strategy will be a predictable stochastic process & = (£°, £!) whose components
£9 and £! describe the successive amounts invested into the bond and into the risky
asset. The value of such a portfolio at time ¢ is given by X f =£050 1 £1s! We
also assume that £! is S!-integrable. Such a trading strategy £ is said to be self-
financing for the given initial capital xq if its wealth process X = (X )i>0 takes
the form

t t
(15) Xf=x0+f0 53d33+f0 glds).

Here the (stochastic) integrals can be interpreted as cumulative gains or losses,
that is, any change in the portfolio value equals the profit or loss due to changes
in the asset prices. For notational convenience we omit the explicit dependence of
X¢ on the initial capital xo, since it will be irrelevant for our purpose of long-term
investment.

DEFINITION 2.1. A self-financing trading strategy £ is called T -admissible if
X f > Qforall s € [0, T]. A strategy & will be called admissible if it is T-admissible
for any time horizon T' > 0. We denote by A7 the class of all T-admissible strate-
gies and by A the class of all admissible strategies.

Clearly, a self-financing trading strategy & can also be described by the fractions

1¢l
S
ﬂ,::gt St’ t >0,
X;
of the current wealth which should be invested into the risky asset. Throughout
this paper we identify a strategy & with the fractions = = (77;);>0. In terms of &
the wealth process defined in (15) takes the form

.6 1
X7 _x0+/ ( Xl =md) g0, / Tu s,
Sl
that is, the investor’s wealth X7 evolves according to the SDE
dsy? dS
dxry =Xf<(1 ) — 50 + 7 Sl )

(16)
= X7 (r(Y) dt + 0 [(0Y) + /'Y, +n?) dr +d W)

with initial condition X7 = xo.
In order to specify optimality, we assume that the investor’s preferences in the
face of model ambiguity are described by a power utility function

A

1
ulx)= xx with risk aversion parameter A € (0, 1),
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and the set of prior probabilistic models Q (cf. page 173). For a finite maturity 7,
his robust portfolio selection problem then consists of

(17) maximizing anf Egn [u(X )] among all 7 € Ar.

In a general semimartingale setting, this problem is well understood from a the-
oretical point of view, in particular due to the articles [14, 35, 39]. For robust
market models of the diffusion type described above and for power utility, prob-
lem (17) has been discussed recently by Schied [38]. Applying dynamic program-
ming methods to the dual problem, he determines the maximal robust expected
utility and a worst-case model in terms of a Hamilton—Jacobi—Bellman equation.
Here we do not limit the analysis to a fixed maturity. Instead the objective of our
investor consists of maximizing the long-term growth of robust expected power
utility. A priori estimates, as established in Lemma 3.1, suggest that the maximal
values

(18) UQ(xo) = sup Eolu(X7)], Ur(x0) := sup anf Eonlu(X7)]

JTG.AT JTG.AT

for the classical utility maximization problem under Q and for its robust extension
will grow exponentially as T 1 co. Thus it is natural to try to

1
(19) maximize lim — In inf EQn[(X )y ] among all 7 € A.
T1oo Qe
Our goal is to identify the optimal growth rate,
1
(20) A(A) :=sup lim —ln 1nf EQn[(X ) 1, A€ (0, 1),
reATtoo T

an optimal long term investment strategy 77 * and an asymptotic worst-case model
Q" e Q. Heuristically this means that, as T 1 oo,

21 Ur (x0) ~ —xget®T

(22) ~ innf Eon[u(XF)]

(23) ’VUT (xo)_ suAp E oo [u(X7)]
(24 ~E, ye (XFO1.

Here (22) corresponds to asymptotic optimality of the trading strategy 7*, (23) to
the property of Q" of being the asymptotic worst-case model, and (24) identifies
* also as the asymptotically optimal strategy for the model 0" . In particular,
Q" and 7* can be viewed as a saddle point for the problem of asymptotic ro-
bust utility maximization with control parameters n € C and = € .A. Moreover,
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(22) suggests that an optimal strategy 7 * of the asymptotic criterion (19) should
provide a good approximation of an optimal investment process 7* for the robust
power utility maximization problem with a large but finite time horizon T'.

REMARK 2.1. The asymptotic approach to robust utility maximization can be
extended to the following cases (see [26], Chapter 4):

e For power utility u(x) = %x)‘ with parameter A < 0 the distance between

1
U = — inf Eon[(XT)*
re0 =3 inf, sup Eorl (P
and its upper bound 0 will typically decrease exponentially as T 4 co. This
suggests that we should compute the optimal growth rate,

1
A(A) = inf lim —In sup Egn[(XF)*].
TeA TTOO T Q"EQ
e For logarithmic utility #(x) = In(x) the growth of robust expected utility will be
linear. Thus we want to

— 1
maximize ThTrgo T QinnefQ Egn[In(X 7)1 among all & € A.

3. Heuristic outline of the dynamic programming approach. We start with
a heuristic derivation of our main results. They provide a characterization of the
optimal growth rate A (A), of an asymptotic worst-case model O"", and of an op-
timal long-term investment strategy 7 * in terms of an ergodic Bellman equation
(EBE). Our method combines the duality approach to robust utility maximization
with dynamic programming methods for a varying time horizon. As a byproduct of
the duality approach, we also show that U7 (xp) grows exponentially at rate A(A)
as T 1 oo. A more direct, but not more tractable approach to the saddle-point prob-
lem (19) via stochastic differential games will be discussed in Remark 4.2.

First, we set up the duality approach based on the results of Schied and Wu [39]
for a utility function u on the positive halfline. This will allow us to transform the
primal saddle-point problem (19) to a simpler minimization problem on the dual
side. The dual value function at time 7 is defined by

25 Vr(y):= inf inf Eo[v(yY7/SD], >0,
(25) 7(y) Jnf, ot olv(yYr/S7)] y

where v(y) :=sup,.o{u(x) — xy}, y > 0, is the convex conjugate function of u.
This definition also involves the class of supermartingales

yTQ ={Y>0Yp=1and Vr € Ar: (Y,X;T/Slo)th is a Q-supermartingale}

as introduced by Kramkov and Schachermayer [27]. Note that y? contains the
density processes (taken with respect to Q and the numéraire S°) of the class Pr
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of all equivalent local martingale measures on (£2, F7). For power utility we have
v(y)=—-B"1yA, B = )L)LTI’ and this yields the scaling property V7 (y) = y# V7 (1).
Due to [39], Theorem 2.2, the primal value function (18) can then be obtained as

. 1 _
(26) Ur(xo) = inf (Vr () + 0y} = 3:25(=pVr (1)
Since power utility has asymptotic elasticity mmo“‘;‘('g) < 1, it follows from
[39], Theorem 2.5, also that
/ S(})]
Fr

We now parameterize the sets y? and Pr. Since Z; :=dP/dQolr,, t < T, is
a positive Qp-martingale for any P € Pr, the martingale representation theo-
rem yields the existence of an R?-valued progressively measurable process ¢ =
(@', %) with [] l¢sl>ds < 0o Qo-as. such that Z, = E(f; s dW),. By Gir-
sanov’s theorem, the discounted wealth process X” /S is a local martingale under
P if and only if ¢} = —0(Ys) ds ® Qp-a.e. Thus the Qg-density process of an
martingale measure P € Pr necessarily takes the form

dP
27 Vr(1) = inf inf E —
@ r(h)= jint int Eolv( o

(28) z’ ::5(— /O'Q(Ys)dW; _/(; wzwf)
t

for some progressively measurable process v such that fOT vs2 ds < oo Qp-a.s. Con-
versely, Z} corresponds to the Qo-density of an equivalent local martingale mea-
sure on (€2, Fr) as soon as the martingale condition E¢,[Z}] = 1 holds. This can
be verified if, for instance, the process v is assumed to be bounded. Thus our mar-
ket model admits a variety of equivalent local martingale measures up to any finite
horizon T'; that is, the restriction of our model to a finite horizon is arbitrage-free
but incomplete.

More generally, we will denote by M the set of all progressively measurable
processes v = (1;);>0 such that fOT v,2 dt <00 Qp-a.s.forall T > 0. Via (28) every
v € M gives rise to a positive Qg-supermartingale Z". Using Itd’s formula one
easily shows that (D")~! 2V X7 /S? is a positive local martingale under Q" for any
v e M and m € Ar, and hence a Q"-supermartingale. Thus

(672

In view of (25), (27) and (26) this inclusion and a change of measure yield

) _|perrf ez emc g
1/ 1=

BRIV b Q0N —INA /=)y /(=27 2
(29) Ur(xo) = - inf inf Egy[(25(Sp)~H» ¢~ DDHYI=2T)

In a second step, we derive an ergodic Bellman equation by applying dynamic
programming methods to the dual minimization problem. Since Z%., D; and the
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bond price S% depend on the factor process Y, the expectation at the right-hand
side of (29) is a function of the initial state Yy = y. For all processes 1 € C and
v € M we can thus define

(30) V@, v, y, T) := Eg,[(Zy(Sp)~H*= DD VI=H],
Inserting the definitions of Z%., D; and S% we then obtain the decomposition
31) V(0. v,y, T) = Egy[E1Velo tn-viYodi]

Here the function /:T" x R x R — R is defined by

1 A )
l(n,v,y):= —72[(9()7) + 7711)) + nzl) + v+ nlzy + 7722)2]
2(1—=2)
(32)
15O
and
1 . .
g;&”;:5<ﬁ</o AG(Y,)+n}1Y,+nt21dW,1+/()Avt+n,12Yt+n,22th2>> .
- T

To simplify the expression for V(n,v,y, T), we shall interpret the It6 expo-
nential as the density of a probability measure R™" on (2, Fr). This requires
Eg,[€F"] =1 which is satisfied, for example, if fOT v dt is bounded. For arbi-
trary v € M we may have Eg,[€7 "] < 1, but here we argue heuristically, and so
we postpone this technical problem to the proof of Theorem 4.1. In terms of the
measure R7" we can write

(33) Vin,v,y,T)= ERﬂ,U[efOTl(ntvvtth)dt].

Moreover, Girsanov’s theorem yields that the factor process (Y;);<r evolves under
R™" according to the SDE

(34) dY, = h(, vy, Yy)dt + pd W’

where W'V is a Wiener process under R7" and where # is defined by

. 1 11 21
B, v, 3) =80 + 5,1 200 + 1y +07)

(35)

22)‘

+ p2 (v 41"y 4

1—A
Putting (29), (30) and (33) together, we get
1 _
(36) Ur (xo0) = ~xgv(y, '™,
where

T
v(y,T):= Vien/a 717161(f: Egno [efo l(ﬁz,vz,Yz)dt]
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denotes the value function of the finite horizon optimization problem on the dual
side of (29). Such an “expected exponential of integral cost criterion” with a dy-
namics of the form (34) is standard in stochastic control theory (see, e.g., [11],
Remark IV.3.3). As a result, v can be described as the solution to the Hamilton—
Jacobi-Bellman (HIB) equation,

1
(BT ve=3lplPvyy + inf inf{Gr, v, v +h0 v, 90k w0 =1,

The following lemma establishes a priori bounds for the exponential growth of
robust expected power utility, and this justifies the scaling in (19).

LEMMA 3.1. Suppose in addition to Assumption 2.1 that one of the following
conditions is satisfied:

(1) The market price of risk function 6 in (9) is bounded.
(2) There exist constants K, My, M, > 0 such that

—Ky+M, <g(y) + p10(y) < —Ky+ My, 2 Ipll*a3 < K.

11— (1 —2)2
Then there are constants K1, K> > 0 such that for any initial capital xq > 0

1 — 1
38 Ki < lim —InU < lim —InU < K>.
(38) 1_T1T_I£10TH T(xo)_TlTrgoTn T(x0) < K>

PROOF. If at any time the whole capital is put into the money market account,
then the investor’s utility at time 7 is given by %xé exp(A fOT r(Y;) dt) which, by
Assumption 2.1, is bounded from below by %xé exp(AaiT). This implies the lower
bound

0< K|:=Aa; < lim lanT(xo).
Ttroo T

To obtain the upper bound, observe first that
(3. T) <V (0,0, y, T) < Eg[eV/20/ =2 [§ 6 () dr) G/ A=)l T

where R := R%0 is the probability measure defined by 5?’0. In view of (36) we
thus get the estimate

1
lim — 1
TITIEO T nUr (xo)
(39 1
< (1 =) im — In Eg[eV/PC/A=R R 02F0dt] 4y 1r .
Ttoo T

In particular, the upper bound in (38) holds with K; := %ﬁ |6 ||§o 4+ A7 |loo if the
market price of risk function 6 is bounded.
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Case (2) requires more effort. By (39) it is sufficient to show that

1 1
(40) hm ?lnER [exp(2 e / 6> (Yy) dt)] < 00.
To this end, recall from (34) that the dynamics of Y under R are given by

dY, =h(0,0,Y,)dt + pdW° Withh(O,O,y)=g(y)+1 Am@(y)-

Consider now the R-OU processes dZ;; = [—KZ;; + M;]dt + p thO’O, Zio=1Y,
i =1, 2. Then a comparison argument for the solutions of SDEs ensures that
41 R[Z; <Y; <Zy forallt >0]=1.

Take now ¢ > 0 satisfying 2# ||,o||2(a§ +¢) < K2 By Assumption 2.1 there
exist constants Cp, C depending on ¢ such that

£Y,2 2 , 2

7)Y +Ci=(a5+e)(y—Mi/K)"+C1+C2

for any y € R. Together with (41) and Holder’s inequality (applied in line 3) this
leads to

020 = (asly| +an)? < (a§ 4

Er [e<1/2><x/<1—x)2> o 02<Y,>dr]

< ER[6(1/2)(A/(l—x>2><a§+s/2>foT Y?dt]ea/z)(x/(l—mz)clT

<Ep [6(1/2)(A/(l—k)z)(a§+s/2) Iy 23,423, dt]eC3T

(42)

< max Eg[e"/ -7 @+e/D (] 7] i) 07

i=1,2

< max Eg [e)"/(lf)‘)z(angs) foT(Zit*Mi/K)2 dt]eC4T

i=1,2

= max E R[ex/<1—x)2||p||2<u§+s>foT v A1 CaT

Here we use the processes Zi, i = 1,2, defined by Zt = ||,0||*1(Zi, — M;/K).
Note that Z is an OU process with rate of mean reversion K, equilibrium level
0 and volatility 1, since B := f(]| o~ 'pd Wto’0 is a standard one-dimensional
R-Brownian motion, due to Lévy’s characterization. Applying Lemma 4.2 in [13]
[here with A =0, u = ﬁ llo ||2(a§ +¢) and 8y = — K| for the asymptotics of the

Laplace transform of the energy integral of a normalized OU process, we obtain

lim — In Eg [/ ol @ o) i 23 ary
Ttoo T

1 A
_r_ |g2_ 2,2
2([{ \/K 2(1—)»)2”'0” (a3 +s)>.
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In view of (42) we have thus shown (40). This completes the proof. [

Combining the discussion of (21) with (36), it is natural to expect that the optimal
growth rate A(A) in (20) satisfies

— 1 — 1
A(A) = Thfgofln Ur(xo) = TliTrglo?ln(v(y, 7).

As in Fleming and McEneaney [8] we now use a formal separation of time and
space variables and formulate the heuristic ansatz

(43) A=AMInvQy,T)=InUr(xo) ~ AMT + ¢(y).

Here the function ¢ : R — R incorporates the influence of the initial state Yy = y.
Inserting this ansatz into the HIB equation (37), we obtain a steady-state dynamic
programming equation for the pair (A(}), ¢)

1 2 1 2
AG) = 31010y + 4]
(44)
T inf inf{(1— A1, v, )+ gyh(, v, )
veRnell

An equation of this type is called an ergodic Bellman equation (EBE) (see, e.g., [1,
25, 30] and the references therein). For fixed n € " the minimizer v*(, y) among
all v € R can be computed explicitly as

(45) V5, y) = =%y — 0% — 020y ().

Thus the EBE (44) can be rewritten in condensed form that involves only an in-
fimum among the set I". Let us now assume that our EBE (44) admits a solution
A(L) € Ry, ¢ € C2(R). In addition, assume that 7*(y) is a minimizer in (44),
and let Q" € Q be the probabilistic model corresponding to the feedback control
n;y = n*(Y;). We are now going to give a heuristic argument to identify a candidate
for the optimal long-run investment process 7 *. To this end, we suppose that the
measure Q" is a worst-case model in the asymptotic sense that

— 1 — 1

(46) A = ThTrglo T InUr(x0) = ThTrglo T lnnseugr E [(XT)].

Later on we will show that this assumption is indeed justified. We are now going
to introduce a change of measure which will allow us to interpret the finite time
maximization problem at the right-hand side of (46) as an exponential of integral
criterion. For this purpose, note that an optimal wealth process should stay positive,
and this suggests that we should focus on those strategies = € A, where the unique
strong solution to (16) takes the form

* "
X7 — xpeld 7120 AW, 4[5 r (V) +om, O +ni* Yuti )= (1/2)0 w2 du_
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In this case the expectation at the right-hand side of (46) can be rewritten as
E g [(XP)M] = E e [0 T -T2,

Here we use the notation

@7 1w, y) =320 = Do’n® +20[00) +n'ly + 0!I+ Ar (),

and R™" denotes the probability measure on (€2, F7) defined by

dR™" :
::5(/ An,odW,l’"> .
dQ" |, 0 T

By Girsanov’s theorem, the dynamics of (¥;);<r under R™ " are described by

(49) dY; = h(m, ne, Yy dt + pdW]"

(48)

in terms of the function 4 defined by

(50) h(,n,y) =g + (p,n"y + 1)+ rprom

and the one-dimensional Wiener process W™, We have thus shown that the finite
horizon maximization problem appearing in the right-hand side of (46) can be
viewed as a finite horizon control problem with value function
T7 *
By, T) i= sup E g [(XF)*] = x§ Sup E oy [0 1o 1010 1]
reA reA

and with dynamics (49). In analogy to (37), we expect that v is the solution to the
HIB equation

~ 1 ~ ~ -~ ~ ~
(51) vz=§Ilp||2vyy+SUP{l(ﬂ,n*,-)v+h(mn*,-)vy}, v, 0 =1
reR

Our ansatz (43) combined with (46) for the worst-case measure Q”* now sug-
gests the heuristic separation of variables Inv(y, T) &~ A(A)T + ¢(y). Inserting
this asymptotic identity into (51), we finally obtain an alternative version of the
EBE,

1 ~ ~
(52 AW =loW ey + @31+ sup{lw, i, ) + ¢y, 0, ).

TeR

Note that the role played by the controls n and v in (44) is now taken over by the
“trading strategies” . We expect that the maximizing function

1 1
(53) 70 =5 (1) + ) 0 W)y 0 ()
in (52) provides an optimal feedback control ;* = 7*(Y;), t > 0, for the asymp-

totic maximization of power utility with respect to the specific model Q" and at
the same time for the original robust problem (19).
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4. Verification theorems. In this section we verify our heuristic results. For
this purpose, we first return to the heuristic change of measure in (33) which is
crucial to translate the dual problem (29) into a standard “exponential of integral
criterion.” From the technical point of view this requires the condition E g, [£]"] =
1 that can be violated if the supermartingale Z" is not a true Q¢-martingale. This
fact will create some technical difficulties. To overcome this obstacle, we shall
employ a localization argument.

LEMMA 4.1. Let n € C and v € M be arbitrary controls, and suppose that
(Tw)neN is a localizing sequence of stopping times for the local Qo-martingale Z".
Then V(n,v,y, T Aty) /' V(n,v,y,T) asn? oo, and the integrands in (30) even
converge in L'(Qo) ifV(in,v,y,T) < oo.

PROOF. The proof is given in [38], Lemma 3.2. The main idea consists of
applying the concept of extended martingale measures introduced in [14]. [

In a second step we are going to show that the value AN given by a specific
solution to the EBE (44) is actually the exponential growth rate of the maximal
robust power utility Ur (xp). For this purpose, we need

ASSUMPTION 4.1. Suppose that A € R, ¢ € C>(R) is a solution to

AQ) = 5||P|| Pyt 759
(54)
+ inf inf{(1 — ), v, ") + oyh(n, v, )},
veRnel’
which fulfills the following regularity conditions:

(a) Either the first derivative ¢, is bounded or ¢ is bounded below, and its
derivative ¢, has at most linear growth, that is,

oy = Ci(1+ 1y for some constant C; > 0.
(b) There exist Cy, C3 > 0 such that yx(n, y) < —ng2 + C3, where

K.3) =)+ =m0 +n'ly +7)

(35)

+(p,n1'y+n2‘)+[ pf+p§]soy(y)-

1—A

In full generality, we are unfortunately not able to clarify whether the EBE (54)
has such a solution (A()), ¢). In Section 5 we are going to state sufficient (but
rather restrictive) conditions under which the existence of a solution to our EBE
(54) is already known. Moreover, Section 6 contains two case studies with linear
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drift coefficients, where the solution can be derived even explicitly. But as illus-
trated in Section 6.2 in case of the geometric OU model, there may exist multiple
such pairs (A(A), @), even beyond the fact that ¢ is determined only except for an
additive constant. However, the verification theorems will require a certain “uni-
form ergodicity condition” such as Assumption 4.1(b) for the diffusion Y, and
this condition selects the “good candidate” for the optimal growth rate A(A) (cf.
Remark 6.2).

THEOREM 4.1. If Assumption 4.1 is satisfied, then we get the identity

1
(56) A(}\,) = hm — ln( inf mf Vn,v,yo, T)1 k) for any Yo = yg.
oo T veMneC

Moreover, the infima at the right-hand side are attained for feedback controls
(57) nfi=nt Yy, vii=vi(Y), 120,

defined in terms of a measurable T -valued function n* and the function

12 * 22,*(

My — y) — 2@y (y)

such that the infima in (54) are attained. Thus,

V() = (i (y), y) =

Y : 1 * ok 1-A
(58) AQ) = lim —In(V(n",v", y0,T) ).
Ttoo T
In particular, the duality relations for robust utility maximization yield that

~ 1 1 *
39 A= ThTrglo?ln Ur(xo) = ThTr(I)lo?ln UTQ” (x0) for any Xg = Xp.

REMARK 4.1. In view of (59), Q" can be seen as the asymptotic worst-case
measure for robust expected power utility with parameter A € (0, 1). On the other
hand, the probability measure P”" on (£2, F) with Radon-Nikodym density pro-
cess (Z/ *),Zo is a martingale measure which is equivalent to Qg on each o -algebra
Fi, t > 0. In view of (58) and the duality relation (26) it can be interpreted as the
asymptotic worst-case martingale measure.

PROOF OF THEOREM 4.1. (1) In order to show that the constant K(A) given
by the specific solution (A (%), @) to the EBE (54) coincides with the exponential
growth rate of the maximal robust power utility, we first prove that AN provides
a lower bound for the growth rate. To this end, we use the duality relation

1 Ao : 1-x
UT(-XO) = x-x() Ulen./{/[ 7172£ V(’?, v, y, T)

[cf. (29)] with V introduced in (30), derive suitable lower bounds for any fixed
horizon T and then pass to the limit.
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Let n € C, v € M be fixed controls, and let T be a given maturity. Then t, :=
inf{r > 0||Y;| > n or 0[1)52 ds >n} AT, n eN, is a localizing sequence for the
local Qo-martingale (Z});<r. This will allow us to apply the change of measure
(33) locally and to use the localization Lemma 4.1 for t, 1 T. In analogy to (31)
we obtain

V(n,v,y0, ) = Eg, [Sﬁr;vefgn lwveYod =y e N,

where [ is the auxiliary function defined in (32), and where

er'=e(15 ([ ro0mnit v+t awl+ a2 aw?))

Tn
To eliminate the Itd exponential £;", we pass to the new probability measure R,
on (2, Fr) with density process dR,""/d Qolz, = 5,"/’\';”, t € [0, T]. It remains
to justify this change of measure. For this purpose, note that the process n € C
takes its values in a compact subset I' C R* and that Qz(y) < (a3|y| + as)? <
2(a§ y2+ az), due to Assumption 2.1. Using the definition of 7, we can verify the
Novikov condition (see, e.g., [29], Theorem 6.1 and the note after it). This allows
us to write

(60) V0, v, y0, Tn) = Egro[e" 1000000 0y e N,
By Girsanov’s theorem, the dynamics of ¥ follow under R,"" the SDE
(61) dY; =h(ne, v, Yo)dt +pdW"  on {t < 7,}

for the drift function % given by (35) and for a two-dimensional R,""-Wiener pro-
cess WV, Note that (60) can be viewed as a cost functional of an “expected ex-
ponential of integral criterion” with dynamics (61) (cf. page 182).

Let us next introduce the auxiliary function y > 0 by

y(m,v,y) =0 -=M)ln,v,y)+ 90)()’)}1(77’ v, y)
— Inf{(1 = )i, v.y) + ¢y (MA@, v, y)}

(62)

Inserting the minimizer v*(#n, y) introduced in (45), we then see that y takes the
condensed form

1
(63) y(m,v,y)=3 (v —v*(, )’))2-

21—A
Later on this representation of y will be crucial to eliminate the control v in the
dynamics of Y. In terms of y our EBE (54) yields the inequality

AX) < §||/O|| Vyy + %

+ A =M, v, ) +oyh(m,v,-) —y®,v,-).

(64)
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By It&’s formula applied to ¢ € C>(R) and to the dynamics of Y in (61), this
estimate translates on {u < 7,,} into

o(Yy) —@(yo)

u 1 u
- / oy (TG, v, Yo+ S oIy (Y dr + / oy (Y pd W
(65) 0 0

u

~ 1 1
z/o AG) = 575 IeIPes(¥) = (1= Ml e, v, Yo)

u
+y (v Yo di +/0 oy (Y)pd W™

Dividing through 1 — A, rearranging the terms and taking the exponential on both
sides, we thus obtain from (60) that

V(’?, v, Yo, TI’L)

> Epo [e(1/<1—A))(K<A)rn+w<yo)—¢(n,,>+/;f" Y (nrovr, Yo) i)

: Y
< 5( @y( t)deln,v> ]
0 1—2 Tn

— Equo [/ 1= RGm+000) =0V )5 001 Y )],

(66)

Here the last expectation is taken with respect to the probability measure R, on
(2, Fr) with density process

— g(/ den,v> ,
F o I—A ! IATy

Indeed, since ¢, grows at most linearly according to Assumption 4.1(a), this
change of measure can be justified again by Novikov’s condition (cf., e.g., [29],
Theorem 6.1 and the note after it). By Girsanov’s theorem, the factor process Y
evolves under R)"¥ according to

dR)”

dR;”

1 _
4t = [ ve Y + ol (80 | de 4 pd W1 on it <),

where W'V denotes a two-dimensional R;""-Wiener process. But these dynamics
still depend on the irrepressible control v. To eliminate this dependence, we apply
once more a Girsanov transformation. Consider the probability measure R, on

(2, Fr) with density process
dk\n : A —
—w|_ = 5(f (v* (05, Y5) = vs)dW;"*”) :
dRy |7, ol—2 tATh
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Verifying once more Novikov’s condition, we see that R, is well defined, and so
the inequality (66) translates into

V(n’ vV, Yo, Tn)
67) _
Y n an’V
> Ewr [e(l/(l—}»))(A()»)tn—i—(p(yo)—v)(Yr,,)+f0 y(nevr Yoy dr) R
= TRy d]’é’l
n

ffni|

Moreover, Girsanov’s theorem yields that the dynamics of Y under R on {1 <1}
takes the form

1
dY, = I:h(m, v, ¥p) + m”puzfﬂy(Yt) + 1

A —
— )LPZ(V*O?[, Y;) — Ut):| dt + detn
in terms of the two-dimensional R -Wiener process w. Recalling from (35) and
(45) the definitions of the drift function 4 and of the minimizer v* (1, y), a straight-
forward computation shows that this SDE is equivalent to

(68) dY, =k, Yy)dt + pdW,,

where « denotes the auxiliary function introduced in Assumption 4.1(b). To elim-
inate the density dR}" /d R)! |7, » we define p := % < 0 and apply Holder’s in-
equality with 1/p + 1/q = 1 to (67) (see, e.g., [24], page 191, for an extension of

the classical result to p < 0, g € (0, 1)). This leads to

. Vv, y0, ) = Egy [e<q/<1—A))<K<A>rn+w(yo>—¢<n,,))]l/q
(69)

T pyl/p
e(l/(l—x»fo"y(m.v,,Yodr) ] _

d R\r(ln) ffn

But in view of (63) and our choice of p we see that

<d§2*”
dR)

- p
L1/A=) f; y(m,v,,mdt)
Fup

=g<\/0 lp_)\’(v*(nt,Y[)—V[)thz’n)

Since the 1t6 exponential of a local martingale is always a supermartingale, it fol-
lows that the expectation in (69) is less than 1. Raised to the power of 1/p < 0,
this estimate is reversed, and we obtain

Tn

(T0)  V(1, v, Y0, ) = E gn[e @/ A= E@mt000)—0¥e)) 10 neN.

In our next step, we shall extend the measures R F,» 1 € N, to a probability
measure R" on the o-field Fr whose restrictions to F7, are equal to Ry)| ¥, for
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all n € N. To this end, note that the sequence 7, increases to 7" and that the family
(R)! | 7, JneN is consistent in the sense that RZH (A) =R/ (A) forall A € F, since

dR}| _ dR}| dR}"| dR}
dQolr, dRy"|F, dRI" |7, dQo |7,
]
(71) :g</0 T XD + 0 Yy + oy (Ypr) AW,

+f0 Ly 42 +<py(Yu)pde3) ,

Tn
n € N, is a discrete-time Qp-martingale. Thus the existence of a unique exten-

sion R" to 0 (Upen Fr,) = Fr follows from [32], Theorem V4 2. More directly,
(71) suggests that we should define the probability measure R R" on (R, Fr) by

dR"
dQolF

=&( [ 750000+l oy ) aw
) |
-+A 2y, + 92 +¢y0}ﬂude)f

Since the functions 0, ¢ grow, at most, linearly, it follows similarly to page 177
that R" is well defined, that is, E oold R" /dQolF;]1= 1. In particular, the corre-
sponding It exponential is a Qg-martingale up to time 7', and in view of (71) this
yields R |7, = R |7, forall n € N. We thus see that estimate (70) is equivalent
to

V(n,v,y0, ) > Egpy [6(4/(1—?»))(IN\()»)Tn-‘v-w(yo)—tﬂ(an))]1/q for any n € N.

Now we are ready to replace the stopping times 7, by the deterministic time T
by passing to the limit n 1 oo. Indeed, as shown in Lemma 4.1, the left-hand side
increases to V(n, v, yo,T) as n 1 oo (cf. Lemma 4.1). Applying Fatou’s lemma
and then Jensen’s inequality to the rightmost expectation, we now obtain the lower
bound

V(.v.y0.T) > Eg, [e(l/(l—k))(IN\(}»)T+<p(yo)—¢(Yr))]
> (/A=) AW T +9(0)+E g [—9(YT)])
for any finite horizon 7 and for all controls n € C, v € M. Taking the scaling

%ln(-)l_’\ on both sides and passing to the limit 7' 1 oo, this yields

1 1
lim — In( inf inf V (7, ,T)'™)>A(0) + lim — inf E5 Y
Jim 7 In(_inf inf V1, v, 30, 7)) 09+ lim 7 inf Egy[—¢ (Y],

Thus the constant 1~\(k) provides a lower bound if

1
(73) ThTHOlOT inf Egy[—¢(Y7)]=0
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Indeed, Assumption 4.1(a) ensures that ¢ grows at most quadratically, that is, there
exists some constant K1 > 0 with |¢(y)| < K1(1 + yz). Therefore, we have the
bounds

(74) =K1 (14 sup Eg[¥71) < inf Ega[—o(Y7)] < K1 (14 sup Egy [¥71).
neC nec neC

Recall now from (68) that Y evolves under R ", n € C, according to the SDE
dY, =k (n;, Yo dt + p(Yy) dW,'.

Due to Assumption 4.1(b) there exist constants C», C3 > 0 such that the drift func-
tion « satisfies yk (1, y) < —Cay? + C3 for all 5 € I'. Therefore, Lemma A.2 en-
sures that

sup sup E@,[Y%] < y(% + const. < 00.
T>0neC

But in view of (74) this implies (73), and hence

. 1 . . 1—1p ~
(75) ThTTo 71n(v1€nﬁf4 inf V@, v, 50, 7) )= A,

(2) In the second part we identify controls n* € C and v* € M such that
~ 1
(76) A@) = lim —In(V(n*, v*, yo, T)' ).
Ttoo T

Together with (75) this implies (56). Indeed, by compactness of I and continuity
of the functions /, # and v*(-, y) with respect to 1, there exists

a7 n*(y)e argrrrlin{(l — VI, (v, ), y) + oy (MAhm, v (y, n), )}
ne

By a measurable selection argument 1*(-) can be chosen as a measurable function.
Set v*(y) :=v*(n*(y), y) [cf. (45)], and let n*, v* be the feedback controls defined
by nf :=n*(Y;), v :==v*(¥;), t > 0. In that case, we have n* € C, and one easily
proves that the process v* belongs to the class M.

In order to verify (76), we now proceed as in part (1). As in (60) we obtain

T k%
V(n*, U*, Y0, T) — ERU*")* [ef() 1(77; Vi 7Yf)dl:|.

The measure R"V" is defined on (2, Fr) in terms of the density 5;2*")*. Since
v*(n, -) grows at most linearly, this change of measure can be justified in analogy
to page 177. By Girsanov’s theorem, the dynamics of ¥ under R follow the
SDE

(78) dY, = h(gf, i Y de + pd W,
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where the drift function & is given by (35), and where (W,"*’”*),ST is a two-
dimensional Wiener process under RV (cf. page 189). Using the specific con-
trols n*, v*, the auxiliary function y in (62) satisfies y (n;, v/, Y;) =0, and we
also obtain equality in (64). Along the lines of part (1) this implies

Vn*, v yo, T)

= E gyeo» [e(l/u—A>><K<A>T+<o<yo>—¢<yr)>5</' ‘Py(Yt)detn*,v*) }
' o 1—2 T

in analogy to (66). Once more the Itd exponential is interpreted as the density of a
new probability measure R" on (2, Fr). Since the drift function 2(n*(-), v*(-), -)
of Y under R"" only depends on the control n* and satisfies the linear growth
condition |A(n*(¥), v*(y),y)| < K2(1 + |y|), we may proceed in analogy to
page 177 to justify this change of measure. Then we get

(79 V@t v, yo, T) = eV/A-DEDT+000) p o [o=(1/0=10e(D)],

Moreover, by Girsanov’s theorem, the dynamics of ¥ with respect to R are given
by

(80) dY, =}, Yoy di + pd W,

where (th* ):<T is a two-dimensional Wiener process, and where the drift function
Kk satisfies Assumption 4.1(b). In analogy to part (1), we now take the scaling
% In(-)'~* on both sides of (79) and then pass to the limit 7 1 oo. For this purpose,
note that

sup Epp* [Y%] < oo andthat sup Eg[exp(k|YT])] < 00 for any k € R,
T=0 T>0
due to Assumption 4.1(b) and Lemma A.2 applied to the SDE (80). If ¢, is
bounded and consequently |¢(y)| < K3(1 + |y]), then this implies the uniform
upper bound

IAK3<1+|YT|>)] < oo,

1
sup E gz [exp(— —go(YT)>:| < sup Epy> [exp(
>0 1—A T>0 1
This uniform boundedness among all T clearly also holds, if ¢ is bounded below.
In particular, the identity (79) translates into

lim l1n(V(n* V¥, y0, T ™) = AL
TTOO T b 9 b .

Thus we have shown (76). This ends the proof of (56).

(3) In our last step we return to the initial problem of robust utility maximiza-
tion. The finite horizon duality relation (26) holds for any (regular) convex class of
measures, and in particular for the one-point set {O"}. In analogy to (29) it thus
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follows that the maximal value for expected power utility in the specific model
Q" satisfies the duality formula

n* I-x
Up" (x0) = —xo(mf V@', v, 30, T))

Using this representation and the duality relation (29) for the whole set Q, we
obtain (59) immediately from (56) and (58). [

Theorem 4.1 shows that the solution (K(A), @) to the EBE (54) specified in
Assumption 4.1 describes the exponential growth of the maximal robust power
utility Ur (xp) as T 1 oco. We have also seen that the maximal utility in the specific
model Q”* grows at the same rate as Ut (xg). In the next step we shall use these
facts in order to identify an optimal long-term investment strategy 7* € A. For this
purpose, we introduce the additional regularity.

ASSUMPTION 4.2. Let (K (X), p) be the solution to the EBE (54) introduced
in Assumption 4.1, and let n* denote the corresponding minimizing function. Then
the function ¥ defined by

p1(0) + 'y + ()

K(n,y):=gQ)+
@0 1—a

+(p,n1’y+n2')+[ plz+p§]<py(y)

1—A
satisfies yk(n, y) < —C4y2 + Cs for all n € I" with constants Cg4, Cs > 0.

THEOREM 4.2. Under the regularity Assumptions 4.1 and 4.2 we have:

(1) The value [N\(A) given by the solution to the EBE (54) can be identified as
the optimal exponential growth rate

1
A(X) = sup lim ?ln anf Eon[(X7 N

reATtoo

for robust expected power utility. In particular, (59) implies
AG) = lim ~1nUr(ro) = lim =nU2" (xo)
T OTWO = A0 Y o),

where Q" € Q is defined in terms of the control n* in (57).
(i1) In the specific model O"", the maximal growth rate of power utility

Q"* A) = sug hﬁm —ln EQ,?*[(X ) ]
e

coincides with A()).
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(iii) Let m; =a*(Y;), t = 0, be the trading strategy defined in terms of the
function (53). Then w* belongs to class A, and it satisfies the optimality condition

82 A= hm lln 1nf EQn[(X = hm llnE *[(X’T’*)A].

In other words, the strategy w* and the measure 0" eQ form a saddle point for
the robust optimization problem (19).

PROOF. (1) Theorem 4.1 shows that the maximal power utility UTQU (xp) in
the specific model Q" grows exponentially with rate A (1), that is,

1 1
A(A) = hm —anT (xo) = hm —ln sup EQ,,*[(XT)

oo 7167'

Since A C Ay, this implies

1 1
A(A) > sup hm —lnEQ,, [(XT) 1> sup lim —ln 1nf EQn[(X ) 1=AM).
reATtoo reATtoo T
In order to verify that this chain of inequalities is indeed a series of equalities, it
suffices to show that 7* belongs to A, and that

(83) AV < lim 1 In inf EQn[(X” .
Troo I QM€
This yields the converse inequality A(A) < A(L), and hence the identity AN =
AN =A o (A). In particular, the strategy 7™ satisfies (82).
Let us first show that 7 * is admissible in the sense of Definition 2.1. For this
purpose, note that the adapted process 7, = 7w *(Y;), t > 0, admits continuous paths
and that the unique strong solution to (16) takes the form

84) X7 — xpelo mio dWa T J r(V) om0 t0y Yutn 1-(1/20% )2 du) - ()

for any ¢ > 0. Thus the processes defined by the number of shares,
X7 )

a* *
Xi (10 ) and st*,lz tl ’ 1>0,
Si Sy
are continuous and adapted to the Brownian filtration, hence predictable. More-
over, the integrals in (15) are well defined for £* = (£*9, £*1). In other words,
* associated with £* is an admissible long-term investment process.

To verify (83), we derive suitable lower bounds for infgneg E Qn[(Xf))‘] for
any finite horizon 7" and then pass to the limit. We first argue for a fixed con-
trol n € C and the corresponding model Q7 € Q. Representation (84) yields the
decomposition

85)  Egil(XE) 1 =x}Egr [5(/0 Aan,*dw,l’")

E*,O .
[ =

efOT T(ﬂ[*?ntsyt)dt}
T
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where we use, as in (47), the function I. In order to eliminate the It exponential,
we introduce a new probability measure Q" on (2, Fr) with density

dan L ’ * 1,n _ ’ * Ln

— =& rom dW; =& rom*(Yy)dW, .

dO" | F; 0 T 0 T

This requires us to verify Egn [dQ"/d Q"] 7] = 1. Indeed, the factor process Y

evolves under Q" according to the SDE (14a), and the drift function satisfies
18 + (0. n"y + 1) < Ki(1 4+,

due to Assumption 2.1 and compactness of I' C R*. Thus, by Lemma A.1, there
exists some constant K> > 0 such that supy_,~7 Eon [exp(K2Y?)] < oco. Since

(86)

[7*(y)| < K3(1 + |y]), this implies sup, .7 Egn [exp(8 (Ao *(¥;))?] < 0o as soon
as § > 0 is chosen sufficiently small. Therefore, [29], Example 3 of Section 6.2,
guarantees that (86) defines a probability measure on (€2, Fr). In particular, equa-
tion (85) becomes equivalent to

(87) Egil(XF )] = x§ Egy[el T m¥odr]

By Girsanov’s theorem, the factor process Y follows under Q" the SDE

(88) dY, =h(x} 0. Y)dt+pdW;, t<T,  Yy=y.

Here (W?) (<T 1s a two-dimensional O"-Wiener process and the drift function h
is defined by (50). Note that the right-hand side of (87) can be viewed as a cost
functional of an “exponential of integral criterion” with dynamics (88).

In terms of the functions [ and % the EBE (54) for the pair (1~\ (A), @) can be
rewritten as

~ 1 . ~
®9)  AG) = 1pW ey + eyl + I 0. + oyhGr.n. ).

For clarity of exposition the precise arguments are postponed to part (2) of this
proof. We now proceed in analogy to the proof of Theorem 4.1. Note that the roles

played by [, h are taken over by I, h.
Applying Itd’s formula to ¢ € C%(R) and to the dynamics (88) we obtain

T - 1 T _
oY1) =</>(yo)+/0 @y (Y)h (/' ny, Yt)+5||P||2‘pyy(Yt)dt+/0 oy (Y)pdW,.
The alternative version (89) of our EBE thus yields the inequality

T _ ~ : _
¢(YT)Z¢(yo)+f0 A(k)—l(n?‘,m,Yt)dtJrlnS(fo soy(Yz)de?>T-

Rearranging the terms and taking the exponential on both sides, (87) allows us to
deduce that

EQr] [(X¥*) —XO E_ [ [0 l(ﬂt R Y,)dl]

> AWV [ —w(Yr)5</ o (Yt),odW”) ]
T
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Applying once more a Girsanov transformation to eliminate the Itd exponential,
we obtain
(90) Eogi[(XEH)] > xhe AN TH00 5, [e=0 D],

where the expectation is taken with respect to the probability measure Q” on
(2, Fr) defined by

d_@ — ' —n>
ol =&([ erapawr) .

In particular, (90) means that

1 x ~ 1
91) lim —1In inf Egr[(XF)*1>A(W) + lim —1In inf Eg,[e#"7)].
OO lim n inf Eul(X7)"12 AG) + lim 71n inf Eg ]
Since |i7(7r*(y), n, y)|2 < K4(1 + yz), this second change of measure can be jus-
tified again by Lemma A.1 combined with [29], Example 3 of Section 6.2. By
Girsanov’s theorem, the dynamics of Y under the new probability measure Q7 is
given by

dY, = (R}, 0, Yo + 1p1Pey (YD) dt + pdW,!, ¢t <T,

where th is a two-dimensional Q"-Wiener process. Moreover, inserting the defi-
nition (53) of 7*(y), a straightforward computation yields the identity

R (y), 1, ¥) + llpllPey () =R (1, ).

Here the function ¥ introduced in Assumption 4.2 satisfies the inequality yx (1,
y) < —C4y? + Cs for all € I' with appropriate constants C4, C5 > 0. Thus, by
Lemma A 2, the quadratic moments E5,[Y %] are bounded above uniformly with
respect to all processes n € C and T > 0, that is,

sup sup EQ,,[Y%] < Ks(1+ y(%).

T>0neC
Note now that | (y)| < Ke¢(1+ yz) for some constant K¢ > 0, since the first deriva-
tive ¢y grows at most linearly [cf. Assumption 4.1(a)]. Using Jensen’s inequality,
we obtain the lower bound

In inf Eg,[e ?YD] > inf E5,[—@(Y7)] = —Ke( 1 Eg, Y3
n inf Egi[e "]z inf Egyl—p(¥1)] = —Ke( +sup E gl #)

> —Ke(1 + Ks(1+y))

for any finite horizon 7'. Thus the last term in (91) nonnegative, and so the desired
estimate (83) follows from (91).

(2) It remains to verify that the solution (1~\(A), @) to our EBE (54) also satisfies
(89) and vice versa. In other words, the EBE (89) is an alternative version of the
original equation (54). For this purpose, we use the minimizing functions n* and
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v* defined in Theorem 4.1 and write n*, v* and 7* instead of n*(y), v*(y) and
*(y) to simplify the notation. Then an easy but tedious computation yields the
identity

AQ) = 310119y () + 93D+ 1(T*, 0, y) + 9y (DA™ 0%, ).
Thus the pair (1~\(k), @) also solves the EBE (89) if and only if for all n € I’
92) 0<I(x*,n,y)+oyWMh@*,n,y) = @*, 0", y) + oM™, n*, )],

Inserting formula (53) for 7*, this inequality takes the explicit form

A
0= 10" ="y + @ =N G) + 0y 07

(93) +

1

eI =0y + o = 0]

+ o290y WL = 0?1y + (P2 = n*>)]
for all n € I'. To derive (93), we fix n € I' and define the convex combina-
tion 7y := n* + a(n — n*), « € (0, 1). Then 7, belongs to I', due to convex-
ity of this set. Moreover, using the minimizers n*, v* and the specific choice
VEY) = 0¥ (e, ¥) = =002y — 122 — p2(0)@y(y), we easily derive the inequal-
ity

0 < (1= Mo, g, ¥) + 0y (MA(Fa, vg(¥), ¥)
- [(1 - )\')l(n*v U*, y) + ‘Py(y)h(ﬂ*, V*v y)]

1 A " %
= afterms in (93)] + 5 ——« L™ =y + o — P12

Dividing finally by « and letting afterwards o tend to zero yields the desired esti-
mate (93) and equivalently (92). Thus we have shown that the solution (A (1), ¢)
to the EBE (54) also satisfies (89). This completes the proof. [J

REMARK 4.2. The duality approach used above requires two verification the-
orems. The first one characterizes the growth rate of Ur(xp) in terms of the
EBE (54), and the second one identifies an optimal long-term investment strategy
and the associated optimal growth rate A (). In this remark, we discuss heuris-
tically a more direct approach to (19) via stochastic differential game techniques
(see, e.g., [12] for an introduction). To this end, note that (if X" > O for all 7)

T 7
Eon[(XE)*] = x§ Egnx [elo [T Yo di],

where [ is defined in (47), the measure R™" is introduced in (48), and the dynamics
of Y under R™” is specified in (49). This suggests that

"
Ur (x0) = x{v" (v, T) :=x{ sup 1nf ERnn[ Jo l(””"”y’)d’], Yo=1y,

7T€AT
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where v" can be seen as the upper value function of a stochastic differential game
with maximizing “player” 7 and minimizing “player” 1. The function v* should
be determined by the HJB-Isaacs equation

1 o~ ~
v = loll*vy, o sup nf {fGr. n. " +hw i) VG0 =1

Using the heuristic transform Inv*(y, T) &~ In Ut (xg) & A(A)T + ¢(y), this trans-
lates into the following EBE of Isaacs type:

1 . -
AR = 1pIPLoyy + 931+ sup inf (TGr. 7. ) + gyl 1. ).
xeRNET

If this equation has a solution (A (L), ¢), then it is easy to show that sup and inf
can be interchanged and that the saddle point is attained by 7*(y) in (53) and
n*(y) defined in (57); that is, the EBE of Isaacs type is actually a version of (54).
We conjecture that the alternative approach via differential games is also feasible.
However, the detailed derivation would be a lenghty and technical exercise that is
beyond the scope of the present paper.

5. Existence of a solution to the ergodic Bellman equation. Our results rely
on the existence of a specific solution (A (L), ¢) € Ry x C?(R) to the EBE (54).
More generally, an EBE is given by

(94) A =Dg(x)+ H(x, Vo) + q(x), x e RY,

where ¢ maps from R? to R, D is a second order differential operator, and where
H is a real-valued nonlinear function of the gradient Vg, called the Hamiltonian.
A solution to (94) is a pair (A, ¢) of a constant A and a function ¢ : R — R. Such
equations have been analyzed by various authors (see, e.g., [8, 25, 30] for a dis-
cussion related to risk-sensitive control problems, or [1, 2]). Unfortunately their
existence results do not, in general, apply to our EBE (54). The main difficulty
relies on three facts: we consider a model with nonlinear coefficients r, g and m
appearing in the functions / and /; the cost function / may grow quadratically in y;
(54) exhibits a nonlinearity with respect to the first derivative ¢y. If the discus-
sion is limited to linear coefficients, then a quadratic ansatz may yield an explicit
solution to (54) (see, e.g., [9, 33], and also Section 6.2 for a case study).

Let us now turn to the existence problem for nonlinear coefficients. The EBE
(54) can be rewritten in the condensed form

~ 1 1
95 AQ)= EHPHZ‘Pyy(y) + E(ﬁsﬂy(y))z + glf,{n(n, y) + @y (y)m(n, y)},

where we use the notation p =,/ ﬁ ,012 + ,0%,

._ELQ 11 2142
n(n,y) =57 100G +n"y + 071+ Ar(y),

m(n, y) = g(y) + 1 (A0 + 'ty + 0 + pa(n'y + n*).

11—
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The following existence result is deduced from Fleming and McEneaney [8]. Their
construction of a solution involves a parameterized family of finite time horizon
stochastic differential games (see, e.g., Fleming and Souganidis [12]). The asso-
ciated value function is characterized in terms of a parabolic PDE, called Isaacs’
equation, and the existence of a solution (A (1), ¢) follows by taking appropriate
limits of the Isaacs’ PDE when both “time” tends to infinity and the underlying
parameter converges to zero.

LEMMA 5.1. In addition to Assumption 2.1 let us assume that 6 is bounded,
that T C {(0,0)} x R? and that

A
(96) 3K >0:g,(y) + ﬁpley(y) <—K  forallyeR.

Then there exist a pair K(A) eRy,peC 2(R) that solves the EBE (54). More-
over, we have |py| < maxycr |[ny(n, -) oo/ K, and so this solution also satisfies the
regularity Assumptions 4.1 and 4.2.

PROOF. Our assumptions ensure boundedness of n > 0, ny and my on I" x R.
Moreover, the mean value theorem combined with (96) gives

(x —y)(m@y,x) —m(n,y)) < —Klx —y|*>  forallx,yeR,neTl.

The functions n, m thus satisfy condition (7.2) in Fleming and McEneaney [8],
and applying [8], Theorem 7.1, for y := (+/29)~" and & := || p||?/p? the desired
existence result follows. [

6. Explicit results.

6.1. Black—Scholes model with uncertain drift. For constant coefficients
r(y) =r and m(y) = m, the reference model Qg in Section 2 becomes the Black—
Scholes model with price dynamics

ds? = S%rdt, ds! =S mdt +odw)).

In particular, the market price of risk function 6(y) = *= is constant. Taking the
specific set I' = {(0,0)} x [a, b] x {0}, a <0 < b, each measure Q" € Q corre-
sponds to a drift perturbation of the following type:

ds} = S/ (im +on?"1dt + o dW,"").

In this example the factor process Y plays no role. In particular, the maximal ex-
pected utility for a finite horizon does not depend on the initial state of the factor
process. Hence the function ¢ appearing in the heuristic separation of time and
space variables (43) is constant, and its derivatives ¢y, ¢y, vanish. The EBE (54)
thus reduces to

A(L) = inf inf{lL[(Q +n21)2+v2]+kr} _1

inf {(0 + n°H%} + Ar.
veRpel' |21 — A 1Iell"{( I )}+ "

21—An
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The number IN\(A) can be expressed in terms of the element 7721’* € [a, b] which
minimizes the absolute value |6 + n?!| among all »?! € [a, b]. Defining the con-
stant controls n; := (0, 0, 7721**, 0) and v/ :=0, t > 0, the verification theorems
can be transferred to our present example in a simplified form which does not not
require any additional conditions as in Assumptions 4.1 and 4.2. As a result we get
the following description of the aymptotics of robust expected power utility:

e The maximal robust utility U7 (xg) grows exponentially with rate

~ 1 A

Roy=57— @+ 22 + ar > 0.
o A(A) =sup,cy hmTToO 7 Ininfgneg Egn[(X7 Y1=AO).
e The optimal long-term strategy takes the form

1
nk = l——(9+ n21), t>0.
e The asymptotic worst-case model o is given by the constant control 7} =
0,0, n21 *.0), and it does not depend on the parameter A.

REMARK 6.1. Using methods from robust statistics, Schied [37] shows that
the measure Q" is actually least favorable in the following sense: for any finite
maturity, the robust utility maximization problem (17) is equivalent to the classical
problem for Q"", regardless of the choice of the underlying utility function .

6.2. Geometric Ornstein—-Uhlenbeck model with uncertain mean reversion.
As our second case study, we consider the case where the economic factor Y is
of OU type, and where there interest rate r is constant. In our reference model Qy,
the factor Y is assumed to be a classical OU process with constant rate of mean
reversion g > 0 and volatility o > 0, that is,

(97) dY, = —noY;dt + o dW], Yo = yo.

We assume that Stl :=exp(Y; +at), o € R, describes the price process of the risky
asset. By Ito’s formula, the dynamics of S! is governed by the SDE

ds! =S!(adt +ay, +1d(¥)) =S ((—noY: + 1o + &) dt + o dW})).

Hence this example corresponds to the general model of Section 2 for the choice
g(y)=—noy, p1=0,p2=0,m(y) =—noy+ %0’2 + «, and for the affine market
price of risk function

1 I 5
0(y) = —(—noy+ Y +a—r).
o 2

Let us suppose that the investor is uncertain about the “true” future rate of mean
reversion: instead of a constant rate we admit any rate process that is progressively
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measurable and that takes its values in some interval [a, ], 0 <a <ng < b < oo.
This uncertainty about the true rate of mean reversion can be embedded into our
general model by choosing the set

-b —a
F:[ﬂo ’no
o o

} x {(0,0,0)}.

Indeed, let Q" € Q denote the probabilistic model generated by a I'-valued, pro-
gressively measurable process n = (1;)s>0; cf. (12). In view of (14a), the factor
process Y then evolves under Q" according to

dYy =—(no— or]t”)Yt dt —i—GdW,l’n,

and the resulting mean reversion process (1o — (717,“),20 takes values in [a, b].
To prepare the analysis of the asymptotic robust utility maximization prob-
lem (19), we first solve its nonrobust version

— 1
(98) maximize lim — In EQO[(X7TT)A] among all w € A
Ttoo T

for the specific model Q¢. This problem has been studied, amongst others, by
Fleming and Sheu [9] and Pham [33]. By the following proposition we recover
their results as a special case of our general robust duality approach. To indicate
the nonrobust case, we denote the optimal growth rate for (98) by A g,(4). Note
that Q = {Qp} if we take the one-point set I' = {(0, 0,0, 0)}. Thus our general
EBE (54) takes the simplified form

KQOJ=10{¢ @)+—i—¢%w]+kr
‘ 27 [T =2

99)

N 1 A (—noy+(l/2)02+a—r)2
21—A o

+ ()[ ! + * (1 24 )}
oy | =gy + (307 7).

where the infimum among all v € R is attained for v*(y) = 0.

PROPOSITION 6.1. The EBE (99) has the solution

- 1 1 /1 2
(100a) AQO(A):5(1—«/l—k)ﬂ0+k(r+ﬁ(502+a—r> )

1 A1
1000) ¢ =3 (1-VT=D) By = 5 (o> a1y,
2 o o-\2

which satisfies our regularity Assumptions 4.1 and 4.2. Thus it holds that

~ 1 — 1
. 0 -
Ag,(A) = ThTrgo Tln UTO(xO) = Agy(A) = sup ThTrglo TlnEQO[(Xg)A].

reA
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Moreover, an optimal feedback strategy n;" = w*(Y;), t > 0, for our investment
problem (98) is given by the affine function

101 sz Mo (1
(101) T(y)=— —I—Apy—F; 50 +o—r).

PROOF. Following [9] and [33] we are looking for a quadratic solution ¢(y) =
%Ay2 + By. Inserting the derivatives in (99) and comparing the coefficients of the

terms in y2,in y, and the constants yields that the EBE (99) holds for every triple
(A, B, Ag, (1)) satisfying the system of equations

1 2 42 A 2

2 1 5 AL,
O0=0°AB+ XM 0"+a—r|A—Bny— —|z0"+ao—r|no,
2 o2\2
Ag,(V) ! 2<A4— ! BZ>4— * (1 24 )B—FA
=-0 — — |z ta—r r
Q=3 ) 1—x\2
1 A (U/mo?+a—r)2
21—1 '
The quadratic equation for A has the solutions A+ = (1 = 4/1 — )\)%. We choose

A = A_, and we shall explain in Remark 6.2 why the other solution is irrelevant.
A straightforward calculation gives B = —ﬁ(%az + o — r) and finally the ex-

o

pressions for KQO (A) and ¢ in (100). The parabola ¢ is bounded below, ¢, grows
linearly and the functions «, ¥ defined in Assumption 4.1(b) and 4.2 satisfy the
regularity condition

noy*.

k(0,y)=yk(0,y) =—
vk (0, y) = yk (0, y) —

Applying Theorems 4.1 and 4.2 completes the proof. [

REMARK 6.2. Using the other root A yields ¢(y) = lA+y2 + By and

2
Ag,(W) = %(1 + /1 =)o —i—)»(r + %(%02 +o— r) )
In particular, this example illustrates that the solution to an EBE is not necessarily
unique. On the other hand, the “ergodicity” Assumption 4.1(b) selects the good
candidate. Indeed, the proof of Theorem 4.1 requires that lim7 o %E anlY %] =0,
where Y follows the SDE (68). Given the geometric OU model and the solutions
@(y) = 1AL y? + By this SDE takes the form

70

VI—2a

dYt:ﬂ: Y[dt—*—o’dﬁ/\tl’n, YOZ)’O-
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The factor process Y is an “explosive” Gaussian process for the root A4 in the
sense that lim7 4o %E R [Y%] = 00. Thus the arguments used in the proof of The-
orem 4.1 fail and so the solution associated with A, is irrelevant. Conversely,
taking A_, Theorem A.2 applies to the ergodic process Y.

As a complement to Proposition 6.1 we look at the maximal robust utility

UTQ0 (xp) attainable at time 7 and the asymptotics of the optimal investment strat-
egy m*T as T 4 oo. The following proposition extends Propositions 5.6 and 5.7
in Follmer and Schachermayer [16] by including an interest rate » > O and the
additional drift component o for the price process S'.

PROPOSITION 6.2. For any initial condition Yo = yo, the maximal robust ex-
pected utility Uy Q0(x,) takes the form

(102) Ugo(xo) _xo[(A )~ 1/2 o Br (yo)+(/(A=2)rT+(Ap)™~ 1CT(yo)]

9’

where we use the notation
AF i=1-11 -1 =071 £exp(-2n0(1 — 1)7'/2T)),

1m0 - _ I x /1
Br(y) == 51(1=n)7"2 =1 -2) ‘]y2+;m(2oz+a—r)y

1 12— ! LL(E 24y ﬂ
e e el e I N L
Cr(y) =551 =072 = (1 =17 exp(~=2n0(1 = )7 2T)y

1 X 1
- — ( 02+oz—r> exp(—no(1 — 1) ~12T)y

o2 h—1\2
— —r —exp(— - .
402 (1—ap2\27 T Lo

The optimal proportion nt*’T is an affine function of the current state Y; of the
factor process given by JTt*’T =al[T —t1Y; + b[T —t], where

no _ _
alT = 1) := = 5(1-2) V2AT (A7 7Y

11, e Vo Ty
b[T—t]::;<§o —|—oz—r>|:l—|—(ATl) me no(1—2)~=( t)i|_
PROOF. Detailed computations can be found in [26], Chapter 4. [

Since A% and Cr(yp) converge to a finite limit as 7 1 oo, we thus obtain

1. 0 1 Y -
lim —InUZ° ={0—-Xx)1lim —(B T)=Ap,(A
Jim = InUF* (x0) = ( )T%‘OT( r(0) + T ) 00 (%),
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in accordance with Proposition 6.1. Moreover, we have

1 /1
i and lim b[T — 1] = —<§az+a —r),

lim a[T — 1] = ——1
TITTO“[ I 021 = A Thoo o?

due to lim7 4 AjTE = %(1 + (1 =2)"1"2). Thus the asymptotic form of the optimal
strategy 77 as T 4 oo is given by

1 Y + 1 (1 2 )

- —|z0c"+a—r),

2T T 52\2
and so it coincides with the optimal long-term strategy =* in (101). On the other
hand, Fleming and Sheu [9] observed that lim7 4 ; T does not provide an opti-
mal long-term strategy for power utility with parameter A < —3.

Let us now analyze the robust case. Since Ag,(A) is increasing in 1o, it is
natural to expect that the asymptotic worst-case measure o corresponds to the

probabilistic model, under which Y has the minimal rate of mean reversion a. The
following proposition confirms this conjecture.

1 lim 77
(103) Tlego T

PROPOSITION 6.3. For the geometric OU model with uncertain rate of mean
reversion, the optimal growth rate of robust power utility is given by

1 1 /1, 2
A} = 5(1 — /1 —A)a+)»(r+p(§a —i—a—r) ) >0,
and the maximal robust utility Ut (xo) grows exponentially at this rate. The asymp-
totic worst-case model Q”* is determined by n; = ('700—_“, 0,0, 0), and the optimal
long term strategy n; = w*(Y;) is specified by the affine function

() 1 a n 1 (1 2 )

T = —(z0"+a—r).

Y J1—ro? Y o2 \2

PROOF. Replacing ng in (100) by the minimal mean reversion a provides

~ 1 1 1 2
AO\):E(I—vl—k)a—l—k(r—kﬁ(iaz—ka—r) >>O,

1 a A1
e(y) = 5(1 - m);yz - p<502+0! —F)y
as a candidate for the solution to the EBE (54), and it is easy to verify that
(1~\(A), @) is indeed a solution. The corresponding minimizers are v*(y) = 0,
n*(y) = (’700_‘1,0, 0,0) e I'. It remains to verify that (A(M), @) satisfies our As-
sumptions 4.1 and 4.2: since ¢ € CX(R)isa parabola, it is bounded below and its
first derivative ¢, grows linearly. Moreover, the auxiliary functions «, k¥ appearing

in our Assumptions 4.1 and 4.2 satisfy forall n e I’

yi(n y)=[—;(no—a—on“)—#a}y%— : ay?
’ 1= Ny s
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and
1
1—A

1
R.) = [0 -0+ on' = ey < - —ay?
YR,y n R e y
due to p!! < 1024 and p'l* = =2 We thus derive Proposition 6.3 as a special
case of Theorems 4.1 and 4.2. [

7. Application to a robust outperformance criterion. Utility maximization
is conceptually related to specific numerical representations of the investor’s pref-
erences. The application requires us to know the utility function u# which is by
nature subjective. For institutional managers utility maximization thus creates se-
vere difficulties. On the one hand, the preferences of their customers and the cor-
responding numerical representations are not really known exactly. On the other
hand, the individual preferences of the managers and of the various customers with
shares in the same investment fund will typically be different. This suggests that
we should look for an “intersubjective” criterion for optimal portfolio management
which is acceptable for a large variety of investors. Such an alternative consists of
evaluating the performance of the portfolio relative to a given benchmark such as
a stock index. The investor aims at outperforming the benchmark with maximal
probability. If the benchmark is a contingent claim H at a terminal time 7, then
the outperformance problem reduces to maximizing the probability Q[ X7 > H] of
a successful hedge. This criterion, known as quantile hedging, has been developed
as a substitute for investors who are not willing or not able to raise the initial costs
required by a perfect hedging or superhedging strategy of H (see, e.g., Follmer
and Leukert [15] and the references therein).

Pham [33] proposed an asymptotic benchmark criterion for optimal long-term
investment. Here the investor has in mind a level of return ¢ and aims at maximiz-
ing the probability that the portfolio’s growth rate

1
LT := ?1nX’}

[or more generally %ln(X 7/1r) for an index process /] exceeds this threshold.
For finite T this corresponds to quantile hedging for H = exp(c7). But what
happens in the long run? If the growth rates L7 converge Q-a.s. as T 1 oo
and satisfy under Q a large deviations principle with rate function I, then
Q[LT > c]~exp(—I"(c)T) as T 1 oo; that is, the probability that L7 departs
from its limiting value decays to zero exponentially fast. Thus the long term view
amounts to minimizing the rates /™ (c), or equivalently to

— 1
(104) maximizing lim —In Q[L7 > ¢] among all .
Ttoo T

An asymptotic benchmark criterion of this form may be of particular interest for in-
stitutional managers with long-term horizon, such as mutual fund managers. Note,
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however, that this ansatz does not take into account the size of the shortfall if it
does occur. From a mathematical point of view, it leads to a large deviations con-
trol problem. On the other hand, standard results from the large deviations theory
(such as the Gértner—Ellis theorem; see, e.g., [6], Theorem 2.3.6) suggest that the
rate function /7 is a Fenchel-Legendre transform of the logarithmic moment gen-
erating function

1 1
Ao(h, ) = TliTrgoTlnEQ[exp(ATLj;)] :TliT?O?lnEQ[(XJ%))‘].

In this spirit, Pham developed a duality approach to (104). His Theorem 3.1, rely-
ing on large deviations arguments, but not on the specific structure of the underly-
ing market model, states that

(105) sup lim lln QILT >c]=— sup {Ac — AoV},
x Ttoo T 2e(0.1)
where A (X) :=sup, Ag(X, ) is the optimal growth rate of expected power util-
ity with respect to Q. Applications of Pham’s theorem to specific market models
can be found in [20, 22, 33, 34, 40].
However, the benchmark criterion (104) does not account for model ambiguity.
To overcome this limitation, it is natural to study its robust version,

— 1
(106) maximize ThTr(r)lO T In erelfQ Q[L7 > c] among all 7.
The solution is derived in [26], Chapter 6, for the robust stochastic factor model of
Section 2, and it is closely related to the asymptotics of robust utility maximization.
Under suitable regularity assumptions [e.g., A € C (0, 1))] and limy 45/ A=
oo for some A" < 1 we obtain the duality formula

— 1
(107) sup lim —1In inf Q"[L} >c]=— sup {ic— A(M)}.
neATtoo T Q7€Q T Ae(0,1')
This can be seen as a robust extension of (105), but here the duality formula in-
volves the optimal growth rates A (1), A € (0, 1), of robust power utility. Moreover,
the sequence of investment processes 7", n € N, defined by

~cn | (M + 1/n]), for c > A’(0),
r {n;‘(k[A’(O) + 1/nl), for c < A’(0),

in terms of the optimal long term strategies 7 * () for robust power utility, and in
terms of parameters A[c] € arg max; ¢(,5){Ac — A(A)} is nearly optimal for (106).
The proof is beyond the scope of this paper and therefore omitted.

EXAMPLE 7.1. For the geometric OU model with uncertain mean reversion
(see Section 6.2) Proposition 6.3 shows that:
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e A(L) = %(1 —«/1 —M)a + Ay with y :=r+20%(%02—|—a—r)2,
o (M) =— Y, + ﬁ(%oz—i—a—r),tzo.

«/ —A 02
We thus obtain from (107) the optimal rate of exponential decay
4 — 2
_u’ for C > g _|_ y’
sup lim — ln 1nf Q[L} >c]= c—v 4
00 a
weA 0, forcfz—l—y.

Since Alc] =1 — (LKC”T)/))Z, the nearly optimal strategies are given by

4 1 /1, a
—;(c-ﬁ-;—y Y,—I—;(EG +a—r), forc>z—|—y,
~c,n __
ro= 4 fa 1 1 /1, a
=) Z—I—; Y,—I—; 5 +a-—r), forc§Z+y.

REMARK 7.1. Another natural problem is to minimize the robust large devi-
ations probability of downside risk

(108) lim — In sup QILF <cl.
T1oo T 0eQ

Here the investor is interested in minimizing, in the long run, the worst-case prob-
ability that his portfolio underperforms a savings account with interest rate c. In
the nonrobust case, this large deviation criterion has been proposed by Pham [33],
but a rigorous solution was given first by Hata, Nagai and Sheu [21] for the special
case of a linear Gaussian factor model. The solution can be derived by a duality
approach which, in contrast to (105) and (107), involves the optimal growth rates
A (A) of power utility with negative parameter A (cf. Remark 2.1). For a detailed
discussion of problem (108) see [26].

APPENDIX

Let us finally summarize some technicalities.
LEMMA A.1. Let W be a two-dimensional Brownian motion on the stochastic
base (2,G,G, Q), and let n be a G-progressively measurable process taking its

values in a compact subset I" C R4, Moreover, let (Y1)i<t be a continuous process
that is a strong solution of the SDE

(109) dY;=h(n:, Y dt + o0 dWs, Yo = yo, lla|l >0,

where the drift function h:I" x R — R satisfies forallnel', y e R
R2(n,y) < K2(1 +y?) for some constant K .

Then there exists § = §(T) > O such that sup, - EQ[eXp(éYtz)] < 00.
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PROOF. The local martingale B; := loll~toW,, t € [0, T], satisfies (B), =1.
Thus, B is a one-dimensional Brownian motion, due to Lévy’s characterization. In
particular, the SDE (109) can be rewritten as

(110) dYy=h(n, Y)dr + ol dB;.

The proof now follows in two steps: first we argue for a constant function
h(y) = h. In that case, the solution to (110) is given by the Gaussian OU process
Y, = eh’(yo + fé e s lolldBs), t € [0, T], and the claim follows easily. In a sec-
ond step, we extend this result to the general case by a comparison argument. The
details are given in [29], Theorem 4.7, restricted to the special case h(n, y) = h(y).

O

LEMMA A.2. Let(2,G, G, Q) be a reference probability system supporting a
two-dimensional Brownian motion W = (W', W?), and let n be a G-progressively
measurable process with values in a compact subset T C R?. Furthermore, we
suppose that Y is a strong solution to the SDE (109), where h is real-valued func-
tion such that

3K, M >0,Yn e :yh(n,y) <—Ky*+ M,
and where the volatility vector satisfies ||o || > 0. Then it holds that:
(1) There exist constants C, C, > 0, n € N, such that

sup Eg[Y"1 < y§" +Cy and sup Eql|Y;[1< C(1+|yol).

t>0 >0
(i) Forall k € R, sup,~o Eglexp(k|Y:])] < oco.

In particular, these bounds are uniform among the class of all progressively mea-
surable " -valued processes 1.

PROOF. The proof is rather standard in ergodic control theory and appears in
single components under slight different assumptions in various papers (see, e.g.,
[8] or [21]). For a unifying version see [26], Lemma A.2. [
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