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UNIFORM CONVERGENCE FOR COMPLEX [0,1]-MARTINGALES

BY JULIEN BARRAL, XIONG JIN AND BENOiT MANDELBROT
Université Paris 13, INRIA and Yale University

Positive T-martingales were developed as a general framework that ex-
tends the positive measure-valued martingales and are meant to model in-
termittent turbulence. We extend their scope by allowing the martingale to
take complex values. We focus on martingales constructed on the interval
T =10, 1] and replace random measures by random functions. We specify
a large class of such martingales for which we provide a general sufficient
condition for almost sure uniform convergence to a nontrivial limit. Such a
limit yields new examples of naturally generated multifractal processes that
may be of use in multifractal signals modeling.

1. Introduction.

1.1. Foreword about multifractal functions. Multifractal analysis is a natural
framework to describe the heterogeneity that is reflected in the distribution at small
scales of the Holder singularities of a given locally bounded function or signal
F: I+ C where [ is an interval. The Holder singularity of F can be defined, at
every point ¢, by
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where [,(¢) is the dyadic interval of length 27" containing ¢ and Oscp(J) =
sup; ;e | F () — F(s)|. The multifractal analysis of F classifies points according
to hr. It may compute the singularity spectrum of F, that is, the Hausdorff di-
mension of the sets h;l ({h}) for h > 0 or, more roughly, measure the asymptotic
number of dyadic intervals of generation n needed to cover the sets h;l({h}) by
estimating the large deviation spectrum
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where G, is the set of dyadic intervals of generation n. One says that F is
monofractal if there exists a unique # > 0 such that Er(h) # & or Lr(h) # —o0.
Otherwise, F is multifractal (see [13, 25] for more details).

1.2. Motivations and methods to build multifractal processes. The main moti-
vation for constructing and studying multifractal functions or stochastic processes
comes from the need to model empirical signals for which the estimation of L
and related quantities reveals striking scaling invariance properties. These signals
concern physical or social intermittent phenomena like energy dissipation in turbu-
lence [11, 19, 20], spatial rainfall [12], human heart rate [29], internet traffic [26]
and stock exchange prices [22]. Models of these phenomena are the statistically
self-similar measures constructed in [2, 5, 17, 20]. These objects are special ex-
amples of limit of “7’-martingales,” which consist in a class of random measures
developed in [14, 15] after the seminal work [19] about Gaussian multiplicative
chaos (see also [10, 30]). When T = [0, 1], these martingales and their limit are
also used to build models of nonmonotonic scaling invariant signals as follows:
By performing a multifractal time change in Fractional Brownian motions or sta-
ble Lévy processes [2, 22, 25], by integrating a positive [0, 1]-martingale with
respect to the Brownian motion or using such a martingale to specify the covari-
ance of some Gaussian processes to get new types of multifractal random walks
[2, 18], or by considering random wavelet series whose coefficients are built from
a multifractal measure [1, 8].

1.3. A natural alternative construction. This paper considers the natural alter-
native to these constructions which allows the multiplicative processes involved in
[0, 1]-martingales to take complex values.

Let us now recall what are [0, 1]-martingales. Let (2, B, P) be a probability
space, endow the interval [0, 1] with the Borel o -algebra 5([0, 1]) and the prod-
uct space [0, 1] x @ with the product o-algebra B([0, 1]) ® B. Let (B3,),>1 be
a nondecreasing sequence of o-algebras in B. Also let (Q,),>1 be a sequence
of complex-valued measurable functions defined on [0, 1] x €2 such that for each
t €[0, 11, {Qn(t,-), B,}n>1 is a martingale of expectation 1. Such a sequence of
functions is called a [0, 1]-martingale. Given a Radon measure A on [0, 1], for
every n > 1 we can define the random complex measure w, whose density with
respect to A is equal to Q.

If the functions Q, take nonnegative values, then, with probability 1, the se-
quence of Radon measures (u,),>1 weakly converges to a measure p ([14, 15]).
This property is an almost straightforward consequence of the positive martingale
convergence theorem and Riesz’s representation theorem. When the random func-
tions O, cease to be nonnegative, the martingales Q,(¢) need not be bounded
in L' norm; hence the total variations of the complex measures j,, may diverge,
and (un)n>1 need not converge almost surely weakly to an element of the dual
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of C([0, 1]), the space of continuous complex-valued functions over [0, 1]. In this
paper we rather consider the sequence of random continuous functions

t
Fpit €10, 1] pn([0, 1) = /0 O (1) dA (1)

Then the following questions arise naturally:

QUESTION 1. Does there exist a general necessary and sufficient condition
under which (F;),>1 converges almost surely uniformly to a limit which is non-
trivial (i.e., different from 0) with positive probability?

QUESTION 2. When the sequence (Fy),>1 diverges, or converges to 0 in
C([0, 1]), can a natural normalization of F, make it converge to a nontrivial multi-
fractal limit F, at least in distribution?

QUESTION 3. Consider the case of strong or weak convergence to a limit
process F or F having scaling invariance properties. What is the multifractal na-
ture of F (or F), and does F or F possess the remarkable property to be naturally
decomposed as a monofractal function in multifractal time, like for some other
classes of multifractal functions [2, 21, 22, 27]?

We will introduce a subclass of complex [0, 1]-martingales, namely M, such
that for (Q,),>1 € M, we have a general sufficient condition for the almost sure
uniform convergence of (F,),>] to a nontrivial limit, as well as a result of global
Holder regularity for the limit function (Theorem 2.1). Our result makes it possible
to construct the complex extensions of some fundamental examples of statistically
self-similar positive multiplicative cascades mentioned above (see Section 2.3 and
an illustration in Figure 1).

Companion papers [3] and [4] provide further results and answers to the previ-
ous questions in the particular case of complex b-adic independent cascades (it is
worth noting that these objects also play a role in the study of directed polymers
in a random medium [9]).

Section 2 introduces the class M, states Theorem 2.1 and provides fundamental
examples in M. Section 3 provides the proof of Theorem 2.1. We end this section
with some definitions.

1.4. Definitions. Given an integer b > 2, we denote by o/ the alphabet
{0,...,b — 1} and define &7* = {J,>0 2" (by convention /Y is the set re-
duced to the empty word denoted &). For every n > 0, the length of an ele-
ment of 27" is by definition equal to n, and we denote it by |w|. For w € &%,
we define 1, = Zl"”l w;b~" and I, = [ty,ty + b~™![. For n > 1 we define

Ty ={ty:we"}U{l} and then T, = U, > Tn.
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F1G. 1. A complex valued canonical dyadic cascade Fy, forn =9, 11, 15,16, 17, 18.

For any ¢ € [0, 1) and n > 1, we denote by #|n the unique word in 27" such that
t € I;),. We also denote by 7|0 the empty word.

If f € C([0, 1]) we denote by || f |l the norm sup;epo.17 |/ (@)1

We denote by (2, B, P) the probability space on which the random variables
considered in this paper are defined.

2. A class of complex [0, 1]-martingales.

2.1. Definition. Consider a sequence of measurable complex functions
P, ([0, 11 x , B([0, 1]) ® B) — (C, B(C)), n>1.

For n > 1 and I, a subinterval of [0, 1], let .7-“”1 be the o-field generated in 55
by the family of random variables { P, (¢, ) }ser.1<m=<n- Also let .7,’1 be the o-field
generated in B by the family of random variables { Py, (¢, -)};er.m>n. The o-fields
FI0-1 and F10-11 are simply denoted by F, and F,,.

(P1) Forallr € [0, 1], P,(t, -) is integrable, and E(P,(¢,-)) = 1.

(P2) Foreveryn > 1, F, and F, are independent.

(P3) There exist two integers b > 2 and N > 1 such that for every n > 1 and
every family G of b-adic subintervals of [0, 1] of generation n such that d(1, J) >
Nb™" for every I # J € G, the o-algebra’s .75, I € G, are mutually independent,
where d(I,J) =inf{|t —s|:se€l,t € J}.
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Under the properties (P1) and (P2), for each ¢ € (0, 1) the sequence

n
On(t,) =[] P,
k=1

is a martingale of expectation 1 with respect to the filtration {F, },>1.

We denote by M the class of martingales (Q,),>1 obtained as above and which
satisfy properties (P1)-(P3).

We denote by M’ the subclass of M of those (Q,),>1 which, in addition to
(P1)—(P3), satisfy the statistical self-similarity property:

(P4) Let b be as in (P3). For every closed b-adic subinterval I of [0, 1], let n(/)
and §j, respectively, stand for the generation of / and the canonical affine map
from [0, 1] onto /. The processes (Py(1)+n © S1)n>1 and (Py),>1 have the same
distributions.

Let A be a Radon measure on [0, 1]. If (Q,),>1 € M, for n > 1, we define
!
@.1) Fa0) = [ Qa0 diiw).

2.2. Convergence theorem for (F,),>1. Theorem 2.1 provides a sufficient
condition for the almost sure uniform convergence of Fj, as n tends to oo, to a
limit F such that P(F # 0) > 0. This condition is the extension of the condition
introduced in Part II of [6] to show that when (Q}),>1 is nonnegative, the sequence
of measures F, converge almost surely weakly to a random measure i such that
P(u #0) > 0. When (Q,),>1 is not nonnegative, the uniform convergence of F,
is a more delicate issue.

For p e Ry and n > 1 we define

22) S p)= 3 200" [ BN k) and
weg/" Ly
(2.3) #(p) = Timint(— log, S, ).

We notice that ¢ is a concave function of p, ¢(0) < 0 by construction, and that due
to our assumption that E(Q, (1)) = 1, we also have ¢(1) <0.

THEOREM 2.1.

(1) Suppose that ¢(p) > 0 for some p € (0, 1), and that there exists a func-
tion Y : Ny — Ry such that y (n) = o(n) and E(sup,¢; |On ®)|P) <exp(y¥(n)) x
E(Qn®)|P) foralln > 1, w e &" and t € I,,. Then, with probability 1, F, con-
verge uniformly to 0 as n — 00.

(2) Let p € (1, 2]. Suppose that ¢(p) > 0. The functions F, converge uniformly,
almost surely and in L' norm, to a limit F, as n — oo. The function F is y-Holder
continuous for all y € (0, maxge(1,p)9(q)/q). Moreover, E(|F|5) < oc.
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REMARK 2.1. (1) The proof of Theorem 2.1(1) will show that this result does
not require (P1), (P2) or (P3). The existence of the function ¥ corresponds to a
kind of bounded distortion principle.

(2) Under the assumptions of Theorem 2.1(2), let 8 = min{p € [1,2):¢(p) =
0}. The nonnegative sequence (Qi,ﬂ))nzl = (|0 |ﬁ)n21 is an element of M, and by
construction, the corresponding function ¢ is positive near 1*. Consequently, the
sequence Fn(ﬁ ) defined by fo Qf[3 )(u) du converges uniformly to a nondecreasing
function F® . Inspired by the results obtained in [4], it is natural to ask under
which additional assumptions it is possible to write F' = Bj/g o F #) where B /B
is a monofractal function of exponent 1/8.

(3) Suppose that ¢ is not positive over [0, 2]. In the case where the martingale
(F,(1)),>1 is not bounded in L? norm, inspired again by what is done in [4], it is
natural to look at the process F,/v/E(F, (1)2) and seek for conditions under which
it converges in distribution, as n — oo.

2.3. Examples.

Homogeneous b-adic independent cascades. We consider the complex exten-
sion of the nonnegative [0, 1]-martingales introduced in [20]. Let b be an integer
> 2 and for every k > 0 let w® = (Wo(k) e ngli)l) be a vector such that each of
its components is complex, integrable and has an expectation equal to 1. Then, con-
sider {W D (w)},cors, a family of independent vectors such that for each k£ > 0
and w € X the vector W) (w) is a copy of W),

An element of M is obtained as follows. For fr € [0,1) and n > 1 let
Po(t) = W V(¢ln — 1) and then Q,,(t) = [T}_, P(t). If A is the inhomoge-
neous Bernoulli measure associated with a sequence of probability vectors (A% =
k(k), e, )»(k_) )k>0, then

0 bh—1k=

R = (S PRI

o(p) =1’111’210%f<—; kg(:)long(;:)(ki (W) ))
If all the vectors W) have the same distribution as a vector W, then (Qn)n>1
belongs to M’. Canonical cascades correspond to W whose components are i.i.d.
and X equal to the Lebesgue measure. Then a necessary and sufficient condition
for the almost sure uniform convergence of F), to a nontrivial limit is ¢’(17) > 0
if W >01[16, 17] and ¢(p) > 0 for some p € (1, 2] for the special “monofractal”
examples considered in [7].

Compound Poisson cascades. We consider the complex extension of the non-
negative [0, 1]-martingales introduced in [5]. Let v be a positive Radon mea-
sure over (0, 1] and denote by A the measure Leb ® v where Leb stands for the
Lebesgue measure over R. We consider a Poisson point process S of intensity A.
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To each point M of S, we associate a random variable W), picked in a collection
of random variables that are independent, independent of S, and are identically
distributed with an integrable complex random variable W. We fix g > 0, and for
n>1and ¢ € [0, 1] we define the truncated cone

AC,(1) ={{',r): b <r<b'™" 1t —Br/2<t <t+pr/2}.
We obtain an element of M as follows. For ¢t € [0, 1) and n > 1 we define

Pn(t) = e_A(ACn(t))(E(W)—l) 1—[ W
MeSNAC,(1)

and then

On(1) =[] P(o).

k=1
If A is the Lebesgue measure and f stands for lim SUp,_s 00 n~! log, A(Uj—| ACy),
¢(p)=p—1+B(p(EGW) —1) = (E(W|") — 1)).

If, moreover, there exists § > 0 such that v(dr) = ddr/ r?, that is, if A possesses
scaling invariance properties, we have 8 = 86, and (Q,),>1 belongs to M.

Log-infinitely divisible cascades. This example is an extension of compound
Poisson cascades when the weights Wy, take the form exp(L ), and, in particular,
the W), do not vanish. We use the notations of the previous section and take § =
8 = 1. Let ¢ be a characteristic Lévy exponent v defined on R, that is,

Q4 Y:EeR > illa) - Q(E)/2+/Rz(1 — M i g )1y <) (d),

where a € R?, Q is a nonnegative quadratic form and 7 is a Radon measure on
RR? \ {0} such that [(1 A |x|?)7(dx) < oo.

Then let p = (p1, p2) be an independently scattered infinitely divisible random
R?-valued measure on R x R* with A as control measure and ¥ as Lévy exponent
(see [24] for the definition). In particular, for every Borel set B € R x R% and
£ € R? we have

E(e' &1 BNy = exp(y(£) A(B)),

and for every finite family {B;} of pairwise disjoint Borel subsets of R x R% such
that A (B;) < oo, the random variables p(B;) are independent.

Let I; be the interval of those & € R such that flxlzleélxln(dx) < 00. The
function ¥ has a natural extension ¥ to D =R2 U (—il; x R) given by the same

expression as in (2.4) if we extend Q to an Hermitian form on C2. Thgn for every
& € D and every Borel subset of R x R” we have E(e! €1PB))y = exp(y (£) A(B)).



1212 J. BARRAL, X. JIN AND B. MANDELBROT

Now, we assume that £y = (—i, 1) € D, and without loss of generality we set
V=9 — ¥ ().

Then, with the same definition of cones as in the previous section, if n > 1 and
t €10, 1], we define

P (1) = expl{§olp (AC, (1)))] = explp1 (AC, (1)) + ip2(AC,(1))]

and Q,(t) =[1;_; P.(?).If we take A equal to the Lebesgue measure, and if p € R
is such that (—ip, 0) € D, then

(2.5) o(p)=p—1—BY(~ip,0).

In the positive case, this construction that has been proposed has an extension
of compound Poisson cascades in [2]. If v(dr) =dr/ r2, then (On)n>1 belongs
to M’. In [2], a modification of Pj(¢) is introduced, which yields a nice exact
statistical scaling invariance property for the increments of the limit measure. It
can be easily checked that this property, which is different from the statistical self-
similarity imposed by (P4), also holds for the complex extension.

3. Proof of Theorem 2.1.
PROOF OF THEOREM 2.1(1). For any w € o/* and n > 1, define
(3-1) AFn(lw) = Fn(tw +b_n) - Fn(tw) ='/1 Qn(t) dk(t)-

We have E(|Fll5) < E(XCyewn |AF(In)D?) < E(X yemn |AF(In)|P),
where we have used the subadditivity of x > 0+ x? (p € (0, 1]). Thus

)

< Y U)PE(sup1Qa(0)I7)

E(RIZ) < E(\ [ emaw

we"

we" telhy
< Y exp(Y(m)ALy)"! / E(1Qa()1P) dA(1)
wea/" T

=exp(¥ (n))S(n, p).

Due to the property of ¥ (n), we have limsup,,_, . log, (E(|| F3, || P /n < —e(p) <0.
This implies the result. [

PROOF OF THEOREM 2.1(2). The two following crucial statements, which
take natural and classical forms, will be proved at the end of the section.
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PROPOSITION 3.1.  There exists a constant C, > 0 such that
(32) (n=z2)  E(max|F() — Fasi (1) < CpS(n, p).
teT,

Consequently, for every b-adic number t € Ty, F, (t) converges almost surely and
in L? norm as n — oo.

PROPOSITION 3.2.  Let y € (0, maxyc(1,p)19(q)/q). With probability 1, there
exists 11, > 0 such that for any t, s € Ty such that |t — s| < n, we have
(3.3) sup | Fy (1) — Fu(s)| < Cylt — 5],

n>1

where C,, is a constant depending on y only.

Since F,(0) = 0 almost surely for all n > 1, it follows from Propositions 3.2
and Ascoli—Arzela’s theorem that, with probability 1, the sequence of continuous
functions (F;),>1 is relatively compact, and all the limits of subsequences of Fj,
are y-Holder continuous for all 0 < y < maxy¢(1,p) ¢(¢q)/q. Moreover, Proposi-
tion 3.1 tells us that, with probability 1, F,, is convergent over the dense countable
subset T, of [0, 1]. This yields the uniform convergence of F, and the Holder
regularity of the limit F.

We then prove that ||| F(#) |||l p < 00. Forn > 1, let M), = max;er, | F,(t)|. We
have

(34) My =My +max |Fpp (1) — Fp(D)| + b+ max [AF,1(w)].
teT” an+tl

we

Then Minkowski’s inequality yields
IMaiillp < IMallp + | max | Fyr () — Fa)l| 45| max |AF | .
teT, p weg/ntl p

Also, due to Proposition 3.1 we have ), - || max;er, | Fut1(2) — Fu(®)!llp < 00.
Moreover,

1/p
| max aF@i] <( X EQARm@I)) =S@ 1

n+1
wes weg/ntl

$0 D, [Imax,,c oynit [AF,11(w)]llp < oo. This implies sup,>; [[Myll, < oo,
and since, with probability 1, F,, converges uniformly to F,,, and T is dense in
[0, 1], we get || sup, (o, 17 [ F(DIllp < liminf,— o [[ My p < 00. In particular, F' be-
longs to L' and for every n > 1, the conditional expectation of F with respect
to F, is well defined, and it converges almost surely and in L' norm to F (see
Proposition V-2-6 in [23]). It remains to prove that F,, = E(F|F,) almost surely.
For every t € T, we have shown that the martingale (F;, (), F;),>1 is uniformly
integrable, so F, (t) = E(F(t)|F,) almost surely. Consequently, since T is count-
able, with probability 1, the restriction of E(F'|.F;) coincides with the function F,
over T,. Moreover, these two random functions are continuous and 7 is dense in
[0, 1], so, with probability 1, they are equal.
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PROOF OF PROPOSITION 3.1. Fix n > 2 and denote the elements of 7, by 7;,
0<j<b' where 0=1) <t <--- <tpn = 1. Also define J; = [tj, ;4] for
0 < j < b". We can write

i1
Fat) = Bt =3 [ UOV@O a0
k=07 k

with U(t) = Qp,—1(¢) and V (t) = P, (t) — 1. Then we divide the family {J; }o<;<p»
into bN sub-families, namely the {Jpnk+i}k>0.0<bNk+i<bn, for 0 <i <bN — 1.
Also we define M,, = maxo<j<pn |F,(tj) — Fy—1(t;)| and remark that

> f U@v() dk(t)’.
k>0 JoNk+i
0<bNk+i<j

M, <bN max
0<j<b"
0<i<bN-1

By raising both sides of the previous inequality to the power p we can get

p
MP < (bN)?  max / U@V () dr(t)
0=j<b" 1 JJpNi+i
0<i<bN-1
(3.5)
bN—1 p
< (bN)? Y  max > / U@)V () dr@)| .
i—p 0=j=0b" =0 JbNk+i

0<bNk+i<j

We are going to use the following lemma. It is proved for real valued random
variables in [28], and its extension to the complex case is immediate.

LEMMA 3.1.  Let p € (1, 2]. There exists a constant C, > 0 such that for every
n > 1 and every sequence {V}i<j<n of independent and centered complex random
variables we have

p n
)scpZEuij).

j=1

k
2V
j=1

E( max
1<k<n

Due to (P3), for each 0 <i < bN — 1, the restrictions of the function V (¢) to
the intervals Jpnk+i, 0 < bNk +i < b", are centered and independent. Also, due
to (P2), the functions U (¢) and V (¢) are independent. Consequently, by taking the
conditional expectation with respect to F;,,_; in (3.5) and using Lemma 3.1 we get
foreachO0<i <bN —1

p
E( max / U@V () dr(t) ‘]—",1_1)
0<j=b" k=0 JoNk+i
0<bNk+i<j
p
<C, Y. IE(/ UV (1) dr(r) fn_l).
k>0 JoNk+i

0<bNk+i<b"
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14
fn—l)

with C »=Cp(bN )P*1. Now, since p > 1, the Jensen inequality yields

This implies

6o BMIF0=C, Y
‘IJ

O=<j=b"

U U(t)V(t)dk(t)’p 5,\(1‘,)1’—1[ U@V (1)|P dr(t).
1 1

Moreover, since E(| P,(¢)|) > 1 and p > 1, we have
(3.7 E(V©)[?) <277 1+ E( Py (0)|7)) < 2PE(| P (1))
Thus, taking the expectation in (3.6) yields

— p rc
E(max |Fa(0) = a1 (017) <27C, S0, p),

that is, (3.2). If ¢(p) > 0, by definition of ¢, S(n, p) converges exponentially fast
to 0; hence the series > S(n, p)'/P converge and, due to (3.2) and the fact that
T = U0 Tns Fu(t) converges almost surely and in L? norm as n — oo for all
teT,. O

PROOF OF PROPOSITION 3.2. Recall (3.1). Let g € (1, p] such that p(g) > 0.
It follows from (P1) that (AF,(ly)),>1 is a martingale, so Doob’s and then
Jensen’s inequalities yield a constant Cy such that for n > 1

E( max [AF(Iy)|?) < CuE(AF, (1)) < Corly)!™! / E(1Qu()]%) dA(0).
1<k<n Iy

Consequently

(3:8) > E( max [AF(Tw)IY) < CyS(n.q).

weA"

By using Markov’s inequality as well as (3.8) and Proposition 3.1, we get

P(max max |AF(ly)| > b~" or max|F &) — F,—1(0)| > b~ ”V)

weA" 0<k<n teTy

< Y P(max [AR()] = 677) +B(max | Fy(0) — Fact (0] > 57

weA”"

< > pe. IE( max IAFk(lw)lq)+bnyq ]E(maxlF(t)— n-— ‘(mq)

weA"

< Ceb"1S(n, q),



1216 J. BARRAL, X. JIN AND B. MANDELBROT

where C; is another constant depending only on g. Since y € (0, ¢(q)/q), by de-
finition of ¢(g) the series ), - b"V9S8(n, q) converges, and by the Borel-Cantelli
lemma, with probability 1, there exists n| such that for all n > n,

(3.9) max max |AF.(I,)|<b™ and max|F,(t)— F,_1(t)|<b"".
weA”" 0<k<n teT,

Now fix n > n1. We are going to prove by induction that for all M > n 4 1 and
t,s € Tyy suchthat 0 <t — s < b™" we have

M
Ap(t,s)<2b > b™™  where

=n+1
(3.10) "

Ap(t,s) = max [Fi(t) — Fr(s)]|.
0<k<M

If M =n + 1, then there exist i and i’ with 0 <i —i’ < 2b such that t = ib~ "D
and s = i’b~ "1 so due to (3.9) applied at generation n + 1,

Apgi1(t,s) < (i —iYb~ DY <2p . p=(+Dy,

Now let M > n + 1 and suppose that (3.10) holds for all n + 1 <m < M. Let
t,s € Tyy41 such that 0 <t —s < b™". If there is no element of Tj; between s
and ¢, then (3.9) yields Apr41(f,5) < (b — Db~ M+Dy  Otherwise, consider 7 =
max{u € Tyy :u <t}and s = min{u € Ty; :u > s}. We have

s<s<i<t, t—i<(b-—1)b" M+
§—s<(b-—1b- M+, i—5<b"
Since § and 7 belong to Ty C Typ41, we deduce from (3.9) that

{max{AM+1(t, ), A1 (5, 8)) < (b— )b~ M+Dy,
max{| Fiy+1(5) = Fu &), [Fay1 (1) — Fy (D]} < b=MHDY.

Also, due to (3.10) we have Ay (f,5) <2b Znﬂf:n 1 b7 Consequently,
Api1(t,s) < Ay, ) + Ay 15, 8) + Ay (E,5)

+ 1 Fu+16) = Fu )|+ [ Fp41(0) — Fu (D)
M
<2 — Db~ MHDY L op 3 pTIv oMLY,
m=n+1

so (3.10) holds form =M + 1. Let C,, =2b/(1 — b™7). Letting M tend to infin-
ity in (3.10) yields that maxg>1 | Fx(t) — Fx(s)| < C,b="TD7 for all n > n; and
t,s € Ty such that |t — s| < b™"". Now, for t,s € T, with |t —s| < b™"1, there is
a unique n > np such that b~"*D < | — 5| <b™" and maxg>1 | Fi(t) — Fir(s)] <
Cyb_("“))’ < Cy|t —s|”. The conclusion comes from the density of T in [0, 1]
and the continuity of the Fy. [
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