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ON A NONLINEAR STOCHASTIC WAVE EQUATION IN THE
PLANE: EXISTENCE AND UNIQUENESS OF THE SOLUTION

BY ANNIE MILLET AND PIERRE-LUC MORIEN

Université Paris 6 and Université Paris 10

In this paper, we investigate the existence and uniqueness of the solu-
tion for a class of stochastic wave equations in two space-dimensions con-
taining a non-linearity of polynomial type. The method used in the proofs
combines functional analysis arguments with probabilistic tools, and fur-
ther estimates for the Green function associated with the classical wave
equation.

1. Introduction. Let ® be a bounded open subset of R*, T' > 0, p > 0.
The following nonlinear PDE defined on [0; T'] x O:

fTLzL(t’ x) = Au(t, x) + [u(t, x)|” - ult, ) = $(¢, %),
(11) u(O, .’X,') = uo(x)’

220,%) = vo(a),

which appears in relativistic quantum mechanics, has been extensively stud-
ied (see [7] and the references therein for a detailed account on the subject).
If uy € HY(®)N LP*%(0), vy € L%(®) and ¢ € L?(]0, T[x®), it is known that
the Cauchy problem (1.1) admits a unique solution

u e L™ ([0, T]; Hy(®)( LF™2(®)) N C([0, T]; L*(©)).

When the forcing term ¢ (¢, x) is random and p = 0, (1.1) reduces to a linear
or semi-linear SPDE and has been studied by several authors. More precisely,
consider the following stochastic real-valued wave equation:

Pu .
(9—1:2(15, x) — Au(t, x) = o(u(t, x))F(t, x) + b(u(t, x)),

(12) u(oa x) = uO(x)a

220, 2) = vo(x),

where o, b : R —> R are globally Lipschitz functions. When n = 1, R. Carmona
and D. Nualart have shown in [2] that (1.2) has a unique solution when F is
the space-time white noise.

Received January 2000; revised October 2000.

AMS 2000 subject classifications. Primary 60H15; secondary 35J60.

Key words and phrases. Stochastic partial differential equations, wave equation, Gaussian
noise.

922



NONLINEAR STOCHASTIC WAVE EQUATION 923

For n = 2, the fundamental solution S(¢, x) to the wave equation

S
—2 (6 %) —AS(E x) = 5,0

is still a function (while in dimension n > 3 it is only a distribution) but lacks
L? integrability properties, which forbids to consider equation (1.2) when F
is the space-time white noise. On the other hand, physical models of wave
propagation in a random environment have led to Gaussian perturbations
which are white in time but correlated in space (see, e.g., [1] and [8]). Thus
Mueller [11], Dalang and Frangos [4], Millet and Sanz-Solé [10] have studied
existence and uniqueness of the solution of (1.2) when F is a generalized
Gaussian noise (F(¢), ¢ € 2(R* x R?)) with covariance

T
3)  EHF@FWI=[ [ [ o(t.x)-w(t.y)- (=~ yl)dxdyd,

where f is the Fourier transform of some positive measure u on R2. In [10],
it is shown that the following integrability condition

(1.4) / 7f(r)In (1 n 1) dr < oo
0+ r

is necessary and sufficient to obtain existence of a unique L2- bounded solution
u(t, x) for (1.2). (A similar result was proved in [11] when f is bounded and,
in [4], in the linear case or for “small time” in the semi-linear case.)

We remark that in dimension 1 and 2 equation (1.2) is to be considered in a
weak form, with stochastic integrals with respect to the martingale measure
M,(A) = F([0,t] x A), t € [0, T], A € #(R?), associated with the noise F.
Equivalently, one can consider the following evolution formulation:

J
u(t,x)= [ S(t,x—y)vo(y)dy + — S(t, x — y)uo(y)dy
w5 /Rz 0 at (/Rz 0 )

+ /Ot/ S(t—s,x—y)[o(u(s, y)F(ds, dy)+ b(u(s, y)dyds].
Rz

Peszat and Zabczyk [13], Dalang [3] and Peszat [12] have recently studied the
existence and uniqueness of the solution to (1.2) in dimension n > 3 by using
Fourier transform methods and a characterization of the space covariance
structure of the noise F. In [13], the authors show the existence of a unique
solution u in C([0, T']; L?(x)) where u is a positive finite measure on R”. In
[3], a theory of distribution-valued martingale measures is developed, which
enables the author to solve the Cauchy problem (1.2) in non-Hilbert spaces.
In the present paper, we study the following nonlinear stochastic wave equa-
tion, deduced from (1.1) by replacing ¢(t, x) by a random forcing term and
from (1.2) by replacing b(r) by the non-globally Lipschitz function —|r|°r for



924 A. MILLET AND P.-L. MORIEN

fTZ(t, x) — Au(t, x) + |u(t, x)|° u(t, x) = o(u(t, x))F(t, x),

(16) u(oa JC) = uO(x)a

220, %) = vo(x).

For this problem, when o is bounded and u, and v, have compact support, we
prove an existence and uniqueness result in the case of a general Gaussian
noise F' with covariance defined by (1.3) and satisfying certain integrability
properties. We also obtain a sharper result in the particular case where the
function f appearing in (1.3) is x~® with « €]0;2[ (or is dominated by this
function). The proofs are based on a combination of classical functional anal-
ysis and probability theory, as it can be found, for instance, in a recent paper
by I. Gyongy (see [5]) for the study of a stochastic Burgers-type equation. The
solution of (1.6) is obtained by an approximation procedure via regularized
versions of equation (1.6) and suitable a priori estimates. To this end, new
regularity properties for the Green function S are proved.

The paper is organized as follows: the framework and the results are pre-
sented in the next section; in section 3, we prove the uniqueness of a solution
to (1.6), while the existence is established in section 4. Finally, some technical
estimates of integrals involving S are proved in the Appendix.

2. General framework and statements of the results. Let F(¢, x) be
a Gaussian centered noise on R, x R? with covariance given by (1.3). We
assume that the function f :]0, +-0o[—> R, is continuous and satisfies (1.4).

Let & denote the inner product space of measurable functions ¢ : R — R
such that

/RZ dx /Rg dy|e(x) f(|x = y]) le(y)] < o0

endowed with the inner product

(e w)s = [ dx [ dye(x) F(Ix = y) ().

and let -# denote the completion of &.
We shall say that condition (Hg) holds if there exists a constant C such
that

1-8 .
(Hp) /0+ r- P f(r)ydr < oo;
it clearly implies that (1.4) is satisfied. Consider the nonlinear stochastic wave

equation defined in (1.6). Following the method of Walsh [15], a natural way
to give it a rigorous meaning is in terms of the following weak formulation:
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given any function ¢ € 2([0, T x R?),

/OT fRz <(9—¢ - A¢> (t, x)u(t, x)dtdx

at2
+/OT /Rz lu(t, x)|Pu(t, x)o(t, x)dtdx
= ‘/[;&2 @(0, x)vo(x) — i—f(o, x)uo(x)) dx
+f0 /Rz o(t, x)o(u(t, x))F(dt, dx).

As is classical, (2.1) can be stated equivalently in terms of the associated
evolution equation

u(t, x) = SO(t, x) — [§ fae St — s, 2 — y)|u(s, y)|Pu(s, y)dyds
[ [ St 5.5~ y)o(uls. y)F(ds, dy).
0 JR2

(2.1

(2.2)

where
) _ 9
2.3) u'%t, x)= / S(t, x — y)vo(y)dy + — (/ S(¢, x — y)uo(y)dy>
R2 Jt \Jr2

and S is the fundamental solution of the deterministic wave equation associ-
ated to (1.6), that is,

1 1
(2.4) S(t, ) = o (8 = [2*) 7> Laizp.

We assume the following hypotheses:

(Cy)  ug, vg: R? — R have compact support K.
(Cy)  uyis of class C1, vy € L%(R?) for some g, €]2, +ol.
(C3) o0:R+—— R is globally Lipschitz and bounded such that ¢(0)=0.

For any ¢ € [0, T'], set
D(t)y={xeR*:3ye K, |x—y| <t}.

Because of the definition of S, it is easy to see that if u, and v, satisfy (C;)
and (Cy), then

(2.5) u®(t,x) =0 for x ¢ D(¢).

Besides, consider for the time being the “Lipschitz” version of equation (1.6)
[or (2.2)], that is,

u(t, x) = u®(t, x) + fot /R S(t — s, x — y)b(u(s, y))dyds
e[ [ St = s.x = yyotuts. y) F(ds, dy).
0 JR2

where b is globally Lipschitz and 5(0) = 0. It is well-known that the unique so-
lution of (2.6) can be obtained by means of the following Picard approximation

(2.6)
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procedure:

uO(t, x) = uO(t, %),
t
k1 _ (0 _ — k
@n | @D =uOt )+ [ [ S0 sx - ybut(s. y)dyds

* /Ot [, 8 = 5. x = y)a(ut(s, )F(ds. dy).

Then, by induction, one easily sees that if u, and v, satisfy (C;) and (C,),
then, for all &,

(2.8) ub(t,x)=0 ifx ¢ D(¢).

Indeed, assume (2.8) for some % and for all ¢ € [0, T'], then for a fixed time
t € [0,T] and x ¢ D(t), one has: for every s € [0, ¢] and every y such that
|x —y| <t—s,

Vze K lz—y|=|z—x|— |y —x| = s.

The induction assumption implies that u*(s, y) = 0 for all s € [0, ¢] and
y ¢ D(s); since b(0) = o(0) = 0, we deduce u*+!(t,x) = 0 for x ¢ D(¢),
which yields (2.8) for & + 1.

Of course, (2.8) yields the same support property for the solution u itself.
This property of “propagation of the support”, which will also be proved for
the solution to (1.6), is very important because, by only assuming (C;) and
(Cy), all the integrals on R? involved in (2.2) can be considered as integrals on
the bounded region © := D(T') of R?, and thus one can work in spaces based
on 0. More precisely, we prove the following result:

THEOREM 2.1. Let p €]0, 2], uy, vy satisfy (Cy) and (Cy), and o satisfy (Cs).
Then:

(a) If the function f in (1.3) satisfies (Hp) for some B €]0, 2[, then equation
(1.6) has a unique solution u € C([0, T]; L?(®)) for 8 < p < w.

(b) If f(x) = x=* with « €]0, 2[, then equation (1.6) has a unique solution
u e C([0; T} LP(0)) for 2V (p+ 1) v (55;) < p < 222,

The next sections are devoted to the proof of this theorem. In the sequel, || - ||,
will denote the usual norm in L?(0).

3. Uniqueness and local existence of the solution. The main result
of this section is the following:

PROPOSITION 3.1.  Suppose that the assumptions of Theorem 2.1 hold and
that either condition (a) or (b) is satisfied:

(a) f satisfies (Hp) for some B €]0, 2[ and p €]8, +oo[.
() f(r)=r=< for some a €]0,2[ and p €]2 Vv (5_%) , +00].
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Then the Cauchy problem (1.6) has at most one solution in C([0, T']; L?(0))
such that for all t € [0, T'] the support of u(t, -) is contained in D(t).

Notice that the property of “propagation of support” is postulated because at
this stage, we have no way to obtain it a priori. We will prove later on that the
solution we construct possesses this property; this yields a more satisfactory
uniqueness result.

PROOF OF PROPOSITION 3.1. The method used is adapted from that of
Proposition 4.7 in [5]. Given R > 0, let gz : R — R be a C! function such
that xr(x) = 1 for [x] < R, xg(x) =0 for [x| > R+ 1, and ||xz[l < 2. We
consider the following “truncated” problem:

Fu
W(t’ x) — Au(t, x)

+|u(t’ x)|pu(ta x) XR(”u(ta )“p) = O'(Z,L(t, x)) F(ta x),
u(07 x) = uO(x)>

Z—l:(o, x) = vy(x).

(3.1)

Set b(r) = —|r|” r. Let u and v be solutions to (3.1) such that, for all ¢ € [0, T'],
the functions u(t, -) and v(¢, -) vanish outside D(¢). Writing the evolution for-
mula for (3.1) and using the support property for u and v, one obtains

u(t, x) — v(t, x) = A(¢, x) + B(t, x),
where
A= [ [ (=52 9) Den(luts, )], blucs. 3)
~xa(le(s, )l ,)bo(s, )] dyds,
Blt.x)= [ [ S(t=s.5= ) [ou(s. ) = o(0(s. 9)IF(dy. d)
Burkholder’s and Hélder’s inequalities yield

E (||B(t, ~)||§p(p<t>>)

5
dx ).

Because of the hypotheses on p and the Lipschitz property of o, Lemma A4
implies the existence of y > —1 such that

| ot
=C o © (i/o I8(t = 5.2 =) [ou(s, )) = o(v(s. )]|% ds

t
3.2 E(IBE M Erpey) < Cp [ =) luls.) = v(s. M Eupieyds.
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On the other hand, suppose for instance that ||u(s,-)|, < [v(s,")|l,. Then,
setting q = p—_‘il and using the definition of x5, we have

Ixr(lle(s, )l )b(uls, ) — xr(llv(s, )l ,)o(v(s, ))lq
< [xr(lu(s, ) = xr(llv(s, )l )| 15(u(s, )Nl
+xr([[v(s: ) p)IIb(uls, ) = b(v(s, ))lq
< 2fu(s, ) = v(s, M p Nluls, MG Ljos,yy,<r41)
+C, xr(Iv(s, ) p) Nlluls, ) — v(s, )l sup(uls, )I”, [v(s, )",
< C(B)|lu(s,-) = v(s, ),
+C, xr(v(s, Il p)luls, ) = v(s, ), (luls, G+ lvls, )5)
< C(R) [lu(s, ) = v(s, )l p,

by means of Holder’s inequality used in the following way:
If hy € LP, hy € L7, then ||y gz < |2yllzs 7oll 2

Hence, since p > 2 > p, inequality (A.9) in Lemma A2 applied with « =
1+ % — % =1- % > 0 and Holder’s inequality imply that for ¢ € [0, T'],

t
(3.3) A, 5 =< C(R)/0 (t — 8> Hu(s, ) — v(s, )| 5 ds.
Thus (3.2) and (3.3) together with Gronwall’s lemma yield
(3.4) sup E(|Ju(¢, ) — v(t, ')||§) =0,
0<t<T

which means that uniqueness holds for the truncated problem (3.1). Now, let
uq,ug € C([0, T); LP(O)) be solutions to (1.6) such that for all ¢ € [0, T'] the
support of (¢, -) and uy(¢, -) is included in D(t). For every R > 0 and i = 1, 2,
define

rio =inf{t > 0: Ju;(¢, )], = R} A T.

Then limp_, , P(7h A 7% < T) = 0 while (3.4) shows that u(¢, x) = uy(t, x)
a.s. for every ¢ € [0, 7 A 7%] and almost every x € O; this concludes the
proof. O

Using arguments similar to those of the proof of Proposition 3.1, one can
also show a local existence theorem for the solution to (1.6). Indeed, let .#
denote the Banach space of L?(0®)-valued random processes v(?), t € [0, T,
endowed with the norm

V]l == sup {E (wllv()]2)}? < oo,

t<T
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where w := exp(—([uol|, +[[voll , + [ Vgl »). In this argument, we may suppose
that the initial conditions u,(.) and v,(.) are random processes indexed by R?
and independent of the noise F.

Define the operator .27 on # by

"Q/(U)(t’ x) = i Ai(t’ x)’

i=1

where

Ayt x) = [ S(t.x = )ve(y)dy,
Aty i= ([ St~ Dua()dy )
At=[ | o S =58 = xr(lu(s, )]0, ) dyds,

Ayt x) = /O t /D(s) S(t — s, x — y)o(v(s, y)F(dy, ds).

Clearly,

4
E(wl o7 (v)(t, )I5) < 4771 3 Ti(2),
i=1

where T;(t) = E(w||A;(v)(¢, -)||5). Using Young’s inequality (with ¢ = 1), we
have

35 Al =supTio) = CF (w [ ln)Pdy) =C, < +ox.
t<T 2
We have
1 g1
At x) = [ (L= |eP) Fug(x + t)dé+ [ St x — y)Vuo(y)dy
le|<1 27T R?
= A} + A2

and, using Holder’s inequality with respect to the measure %(1 —|& |2)‘%dx
and Fubini’s theorem, we obtain:

1 _1
4315 < CysopE | [ [ oo (1 16P) Huoe + )P deds |
1 1
E —(1— &)z p .
< cpmupt[w([ o -l ide) luolp] <,

On the other hand, Young’s inequality yields
(3.7) 1AZIS < CpwllVullh < C,,.

(3.6)

Finally, again using (A.9), Lemma A4 and the fact that o is bounded, compu-
tations similar to that proving (3.2) and (3.3) show that | A3||, and ||A4|| 4, are
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also bounded by a constant only depending on p and R. Hence the operator
o/ maps the Banach space % into itself.

Furthermore, let © and v belong to #; using arguments similar to the pre-
vious ones, one proves the existence of 8 > —1 such that

E(wll o/ (u)(t, ) — o/ (0)(E, )
3.8) < Cpnsupk (w [ (6= 9)lluts, )~ o(s, ~>||:ds)

< Cprp TP sup Ewllu(t, ) — vt I}

1
hence &/ is a contraction on % provided T < t, :== C ” b R B Consequently, there

exists a unique solution to (3.1) on [0, £;/2]; notice that the constant C, g ¢
does not depend on the initial conditions u, and v,. Considering next the
initial conditions w(¢,/2,-) and 2%(¢,/2,-) at time ¢,/2, we get a solution to
(3.1) on the interval [¢;/2, ¢;] in the same way, with the obvious modification
of the Banach space # and the operator /. Iterating this procedure, we thus
construct a solution to (3.1) on the whole interval [0, T']. Finally, if 7z = inf{¢ >
0:lu(¢, )ll, = R} AT and 7, = limp_, ., Tp, we deduce the local existence
(on the interval [0, 7..[) of a solution to equation (1.6). O

The problem of global existence is addressed in the next section.

4. Global existence of a solution. The purpose of this section is to prove
the following result:

PROPOSITION 4.1.  Under assumptions (a) or (b) of Theorem 2.1, equation
(1.6) admits a solution u € C([0, T']; LP(®)) for p satisfying the requirements
stated in Theorem 2.1. Moreover, for all t € [0, T], the function u(t, -) vanishes
outside D(t).

The proof is divided into several steps.

Step 1. We first “regularize” equation (1.6). For every n > 1, let b, and B,,
be defined as follows:

—|r|P-r, if |[r| < n,
(4.1 b,(r):=1{ -n"1 —(p+1n*(r—n), ifr=>n,
nPtt — (p+ D)nP(r +n), if r < —n,

and

4.2) B,(r) = [O b, (u)du.
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Then —B, is a non-negative even function. Let us introduce the following
SPDE:

P u,

It2 (t! x) - Aun(ta x) - bn(un(t’ x)) = U(un(t5 x))F(t’ .?C),
(4.3) u, (0, x) = ug(x),
2.0, ) = ().

The properties of b, and its anti-derivative B, are proved in Lemma Al in
the Appendix. Since in particular b, is globally Lipschitz on R, Theorem 1.2.
of [10] provides a unique weak solution to this equation, which is also the
unique solution to the following evolution equation:

4.4) u,(t, x) = uO(t, x) + 0, (¢ x) + /0 t fR St = 5, % = y)by(uy(s, ¥))dyds,

where

t

(4.5) n,(t, x) = / / S(t— s, x — y)o(u,(s, v)F(dy, ds).
0 JRe

We remark that, as the solution to (2.6), u, satisfies

(4.6) u,(t,x) =0 if x & D(¢).

We shall prove that {u,}, admits a subsequence which converges in distri-
bution to a solution u to (1.6) [or (2.2)]. We at first study the behavior of the
stochastic integrals:

LEMMA 4.1.  Let o satisfy (Cs), F satisfy Hg, {, be a predictable random
field on [0, T'] x O such that, for all t € [0, T, the support of {,(t,-) is included
in D(t). Then the sequence of processes

t
Lt %)= [ [ S(t—s 2 y)a(Zu(s y)F(dy, ds)
0 Jre
is uniformly tight in C([0, T'] x ©), and hence in C([0, T']; L?(®)) for any p €
[1, +o00[. Moreover, for all t € [0, T'], the support of I,(t, ) is included in D(t).

PrROOF. The support property of I, is clear. Given 0 <¢ < < T x,x' €0,
the boundedness of o, Burkholder’s inequality and (A.15) imply that for 0 <
S < %(B A1),

[E[|In(t> x) - In(t/> x/)lp)

T
(4.7 <C (/0 | o(u(s, ) [S(t—s,x—.)— 8t —s,x —)]|% ds)
< Clal2 (|t —#]+]x— ™.
Set
D:= | ({t}xm);

0<t<T
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for
o )
and on
(G s veter-ieo-

the Garsia-Rodemich-Rumsey lemma (see, e.g., [14], page 60) yields
1 —
I1,(» )llcsspy < A7. Hence, given p > 2 and 0 < § < 6 — %,

supP (|| 1,(-, Ml csspy = A) < CA™7,
so that by Ascoli’s theorem I,, is uniformly tight in C(D). O

Define 7}, := sup(; ep [1.(¢, x)| Vv 1. Applying Lemma 4.1 to u, yields in
particular

(4.8) sup E(7n}) < o0
and
(4.9) lim supP(n; >C)=

—)00 n

Set &,(¢t, x) = u,(t, x) — 1,,(¢, x); then &, is the unique (weak) solution to the
following semi-linear wave equation (defined w by w):

‘?2§n (t x) Afn(t7 x) - bn(é:n(t7 x) + nn(t’ x)) =0
(4.10) fn(o x) = uo(x),
= vg(x).

Step 2. We now prove a suitable a priori estimate for the sequence {¢,},
and follow here the method of Lions [7]. Let H'(0) = {v € L*(©) : & €

L?(0®),i =1, 2}, endowed with the norm
2 Jv 2) 2
1 19%i iz

i

(4.11) lwll g0y = <||U||§

and let H} be the closure of 2(0) in H'(0). Let v; be a sequence of elements
of L"+2(®) N H{(®) which is total in this set. leen u,v e Hi(®), set

Ju &u

(4.12) a(u,v) = o 71, §x
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Then \/a(u, u) is a norm on H}(®) equivalent with «ll 2oy For each n > 1,
we approximate ¢, by the sequence (¢%, k > 1) defined by

k
(4.13) =3 gk (Hvi(x),
i=1

where the functions (gfe .» 1 <1 < k) are determined by the conditions

(€Y' (8, ), v)) +a (E-(E, ), v)) — (b, (E5(E, )+ ma(2,2)) s v;) = 0,
(4.14)] €400, x) = uf(x),

ok

210, x) = v (),

where the first equations hold for 1 < j < k, (-, -) denotes the usual scalar
product on L?(®) and

k
ub(x)=>Y a; ,v; — uy  inLP*%(0)(N Hy(O) when k£ — +oo,
(4.15) i~
vE(x) =Y Binvi — vy in L%(©) when k& — +cc.
i=1

For a.e. w, the system (4.14)—(4.15) of ordinary differential equations has a
unique solution on the time interval [0, t*(w)] with ¢*(w) < T. This is due
to the linear independence of the functions v;, which yields det((v;,v;),1 <
i, j < k) # 0. In the sequel, we shall prove that t* = T.

Multiplying the first line of (4.14) by ( g];-’n)/(t) and summing up for 1 < j <
k, we deduce

16 33z LIED @I +a (gbe . €he )] - 5 ([ Butedie wyds)

= D} (t),
where

D) = [ [Baléh(t. )+ ma(t 2)) = Ba(Eh(E =) | (€Y (8, ) dx.

Schwarz’s inequality and the Taylor formula yield

DA = 30 ENE+ 3 [ [ (BhEh )+ rn(e 0 w2t x)drd.

Inequality (A.4) in Lemma A1 yields
, 2
IDi(®)] < 5 [(€0)(2, )],

(4.17)
+C [ [=Ba(&htt, 0)) + [mu(t 0P +1] m2(t, x)dx.
(€]
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Thus, for 0 < ¢ < tk (4.16) and (4.17) imply that for any % > 1:

L&) 0] + Crett Mo, — [ Ba (et ) ax

/0 (fk) (s, )szs— Cnff /@ B, (gﬁ(s, x)) dxds

+Cn2) 4 o2 + C(n, k),

D=

where
Cn. k) = 1 |(£4)(0. )" + C ko, M i0) —/ B,(£4(0, x))dx
=3 HUO|2 +C |u§||H +/ lub(x)Pt2dx < C

for some constant C which does not depend on % and n; hence Gronwall’s
lemma implies

l 2 2
Oi]:g;ﬁ <H(§S) (t, )H2 + H fﬁ(t, )HHI() - Bn(fﬁ(ta x))dx>
<C [1 + n:?(pﬂ)] exp (Cn}?).

(4.18)

Step 3. We now extract converging subsequences. Since — B, is nonnegative,
(4.18) implies that for every n

sup sup [ E4(, )20, < o,

k>1 0<t<tk
which means that ¢ = T for all k. Recall that an Orlicz function ® satisfies
the condition (A2) if for any a > 1, limsup,_, % < +oo (see [6] for de-
tails). According to (A.3), |B,| is an Orlicz function which satisfies (A2) and
its conjugate function |B,| also satisfies (A2); therefore L([0, T],|B,|) ~
L>([0, T], |B,|). Then (4.18) implies that there exists a subsequence (&),
which converges to £, in L=([0, T], H}(®)N Ly (©)) weak-star and (f;f"‘) con-
verges to & in L>([0, T], L%(®)) weak-star (see, e.g., [7]).

Since the inclusion H'(]0, T[x®) — L2(]0, T[x0) is compact, we can ex-

tract a further subsequence, still denoted by (£;), such that &' converges to
&, in L?(]0, T[x0) and dt ® dx a.s. on ]0, T[x©. Hence,

bu(EF +m,) —> bu(En + M), dt®dx as.
Furthermore, (4.18) and (A.3) imply that (b,(&) + m,), B > 1) is uniformly

integrable, since

sup sup / 15, (£54(L, %) + m, (L, %)) 71 dax < o0.
k 0<t<T

Therefore, extracting a further subsequence, we obtain that (b (ExF + M),
k > 1) converges to b,(¢, + m,) in L1(]0, T[x®) and to some limit [, in
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L*>([0, T1], L%((@)) weak-star. This yields that [, = b,(£,+m,). Letting & —
400 in (4.14), we obtain
(&) vy) +a (&t ) v)) = (B (£t ) +1a(8)) ;) =0,
én(()’ x) = uO(x)a

%0, ) = op(a).

Since {v;} is total in H}(©), we conclude that &, satisfies (4.10), which by
uniqueness yields &, = £,.

Therefore, letting £ — 400 in (4.18) and using Fatou’s lemma, we deduce
that

T
/ f\Bn(gn(t, x))| dxdt < T sup hminf/ | B, (£5:(¢, x))| dxdt
0 /o 0<t<T k 0

<C [1 + 7):12(’)“)] exp (Cn}?).

Since u, = ¢, + 7, and |7n,| is bounded by 7}, using (A.3) and (A.5) in Lemma

+2
Al, we deduce that for q = ﬁ,

T
419) [ [ 1bu(un(t, x)|*dxdt < |C1 + Comi” |exp (Cmi?).

The following result gives a tightness criterion for a sequence of convolution
of random fields with the Green function.

LEMMA 4.2. Let q €]1, +oo[; for v € L*([0, T']; L1(0)), set

J(v)(t, x) i= [Ot/@sa — s, % — y)u(s, y)dyds.

Let (£,(¢, x), n > 1) be a sequence of random fields on [0, T'|x O such that for all
t €[0,T], {(t,-) vanishes outside D(t) and such that there exists y €]1, +oo[
and a sequence of finite random variables (M ,;n > 1) which satisfies the
following conditions:

(4.20) I &allzy (o, 71200y < My,

(4.21) lim supP(M,>C)=0.

C—+o0 pn

Then, if p satisfies 0 < é % < %, the sequence of processes (J({,);n > 1) is
uniformly tight in C([0, T']; L?(0O)).

PrOOF. Given R > 0, set

Ig ={J(v):veL([0,T];LYO)), [ ViL:o r:Le0)) < R}
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Lemma A2 shows that if 0 < é -1 %, then

hS]

(4.22) sup sup [J(v(Z, )|, =C(R) < oo,
J(v)el'y te[0,T]

(4.23) limsup sup sup sup [J(v(,-)— J(v(s, ), =0,
h—0 |t—s|<h,s,t<T J(v)el'g t€[0,T]

(4.24) limsup sup sup|J(v(,-)) — J(v(t, -+ 2))l, =
|z2|—0 J(v)el'g t<T

Therefore Ascoli-Arzela’s and Kolmogorov’s theorems (see [5], Lemma 3.3) im-
ply that the set I'p is relatively compact in C([0, T'], L?(0®)). Furthermore,
given ¢ > 0, assumptions (4.20) and (4.21) imply the existence of some R > 0
such that

l—e<infP(M, > R) <inf P(J({,) €T,);
this concludes the proof. O

From (4.19) and Lemma 4.2 (applied with y = ¢ = p+2) we deduce that the
sequence of processes

t
| [ 8@ = 5,5 = 9)bu(un(s, y)dyds
0
is uniformly tight in C([0, T']; L?(®)) for ¢ < p < T that is, for

6}p+2 2(p+2)[
p+1" p

On the other hand, Lemma 4.1 implies that the sequence (7,) is uniformly
tight in the same space. Hence, (4.4) implies that the sequence (u,) itself is
uniformly tight in C([0, T']; L?(®)). Thus, by Skorohod’s theorem, given subse-
quences (u,,) and (ul) there exist further subsequences (m(k), (%)), a prob-
ability space (2, %, P) and a sequence of random elements zj, := (i, iy, F})
in C([O TJ; LI”(.))2 x C([0, T]; 2'(®)) such that z, converges P-a.s. to z :=
(i1, @, F') when k — +oo, and the laws of z, and (Um(r)> Uir), F) are the same.

Hence (F',, ) is a Gaussian random field such that for every i > 1:

(4.25) lim sup |(F), — F,e;))(t)| =0, P-a.s.
k. te[0,T]

where (e;;i > 1) is a complete orthonormal system of -# made of elements
of &. Using Proposition 3.1, we will prove that & = @ by checking that both
satisfy (2.1) with F' instead of F. Thus, for any ¢ € (R, x R?) with compact
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support included in [0, T'] x O,
T 072‘10
/ f ( . A¢) (t, 2)ii5(t, x)dtdx
0 Je

2

= /0 <€0(0, x)vo(x) — (;—q:((), x)uo(x)) dx
T A
+/0 f(ﬁ(t, x)o (it (t, x)) Fy(dt, dx)

T
+f0 /® @(t, )by (U (E, x))dtdx.

Since p > 1 and (&) is bounded in €([0, T'], L?(®)), the dominated conver-
gence theorem implies that the left hand-side of (4.26) converges P-a.s. to the
left hand-side of (2.1) with @ instead of .

We now need the following technical results to study the right hand side of
(4.26):

(4.26)

LEMMA 4.3. Let
) T
(4.27) Wi(t) = / / 110./(s) ® e;(x) F(dx, ds),
0 JR2

(F,,n > 1) be Gaussian processes with the same covariance as F, W' be
defined like W' (with F, instead of F), h,(t,x);n > 1) [resp. h(t, x)] be a
sequence of (Z;")- adapted (resp. an F;-adapted) random fields. Suppose that
for every i > 1,

(4.28) lim sup |W(¢)— W'(¢)| =0 in probability,
n te[0,T]

(4.29) E (||h||%2([O’T];%) < 0,

(4.30) lim £ (||hn - h||%2([07T];%)> —0.

Then, for any ¢ > 0,

T T
(4.31) limP (l /0 /R ha(s, Y)F (dy, ds) - /0 /R h(s, y)F(dy, ds)

>8>=0.

LEMMA 4.4. Let (v,) and v be random fields satisfying, for some p € [p +
1, +oo[ the following properties:

T
(4.32) //|u(t,x)|dedt<oo as.,
0 J0

T
(4.33) 1im/f lu,(t, %) — u(t, x)|Pdxdt =0  a.s.
n Jole
Then for any ¢ € C?([0, T] x ©®) with compact support

T
(434  lim /0 /0 b(t, 2)[b, (1w, (t, x)) — b(u(t, x))]dxdt =0 a.s.
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Suppose that these two results hold. Then Lemma 4.4 implies that for P-
almost every o,

T
(4.35) lim /O /0 b (t, ) By (@4(t, X)) — b(a(2, x))]dxdt = 0

On the other hand, Lemma 4.3 applied with A,(¢,x) = ¢(¢, x) o(@,(¢, x))
shows that in [lﬁ’—probability,

T A
lim (/O/R o(t, x) o(iiy(t, x)) Fo(dx, ds)
(4.36)

_ /()T /RZ o(t, x) o(i(t, x))F(dx, ds)) =0.

Therefore, letting k¥ —> 400 in (4.26) yields that & solves (2.1) with F instead
of F'. A similar argument shows that & solves the same equation. Therefore, by
Proposition 3.1, we deduce that & = @ [P-almost surely; hence the subsequences
of C[0, T']; L?(®))-valued random variable (u,,)) and () converge weakly
to the same limit. Using a result of Gyongy and Krylov (see [5], Lemma 4.1),
we conclude that u, converges in P-probability to some random variable u €
C[0, T]; L?(0)).

Applying again the dominated convergence theorem, Lemma 4.3 with F,, =
F and h,(t, x) = ¢o(t, x)o(u,(¢, x)), Lemma 4.4 and letting n — +o00 in the
weak formulation of (4.3), that is,

/OT/@ <(72g0 — A¢> (t, x)u,(t, x)dtdx

982
= /@ <¢(0, x)vo(x) — [;—():(0, x)uo(x)) dx
T
+f0 fo o(t, x)o(u,(t, x))F(dt, dx)

+ /OT /0 @(t, )b, (u,(t, x))dtdx

we finally conclude that u solves (2.1), which concludes the proof of existence.
It only remains to prove Lemmas 4.3 and 4.4.

(4.37)

PROOF OF LEMMA 4.3. Note first that by definition (W¢,i > 1) [resp.
(Wi,i > 1)] are sequences of independent standard Brownian motions. Fur-
thermore, recall that #; := L?([0, T]; #) is isomorphic to the reproducing
kernel space of F (resp. F,)) and that F can be identified with the Gaussian
process {W(h), h € #7} defined by

T .
W(h) =Y [ {h(s).e;)5dW(s).
Jj=0
Given ¢ > 0, using (4.29), we choose i, such that

T .
[E(Z / ||h‘<s>||§,ds) <e

>0
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where hi(s) = (h(s, ), e;) . Then using (4.30), we choose n, such that for
n = nO’

o 2
El X /0 17 (s)]I%,ds | < 2e.

The proof of (4.31) then reduces to checking that for any & > 0,
iy c
(4.38) LimP (> >3)= 0.

i=1

T . . T . .
| B(£)dWi(s) = [ R (s)dW(s)
0 0

Clearly, (4.30) implies that for every i > 1,
A :
lim E (/ |hi(s) — hi(s)[ ds) —0.
n 0

Using (4.28), a generalization of Skorohod’s argument (see, e.g., [5], page 282)
yields that for every i > 1 and & > 0,

lim P <' /O ' R (s)d W (s) — /O " his)dWi(s)

&
- -
3(ig+1)
This concludes the proof of (4.31). O

PROOF OF LEMMA 4.4. To prove (4.34), it clearly suffices to check that for
¢ € CX([0, T] x ©),

T
(4.39) 11331/0/@) &(t, x)[b, (u, (L, x)) — b, (u(t, x))]dxdt =0 a.s.
and
T
(4.40) lir{n/O/@ o(t, x)[b,(u(t, x)) — b(u(t, x))|[dxdt =0 a.s.

Using the Taylor formula, (A.1) in Lemma A1, then Hoélder’s inequality with
the conjugate exponents p and p’ = ﬁ, (4.32) and (4.33) we obtain

I/T/ (8, )b, (u, (£, 2)) — by (u(t, 2))]dxds]
IO ® ’ n\%n\% n ’ I
T
<ClDl [ [ lun(t, ) =t )] (uen (8, )P + ult, )|°) davds
r ;
<Clol ([ [, hentts )~ u wlPdxae)

X (“unH’Zp’n([o,T]x@) + ”u”ZP’P([O,T]xG)))

< Cldllun — ulLrqo,rix0)>
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since p > p+1 and p €]0, 2[, so that p’p < p; this proves (4.39). Furthermore,
(4.32) implies that for any p < p we have

lu(t, x)|” € L7([0, T] x ©);

hence |u(t, x)|? is uniformly integrable. Therefore, since p > p+1, given & > 0,
we can choose M > 1 such that

/[ lu(t, x)|P*tdxdt < e.
|u(t,x)|=M

Hence, using the fact b,(r) = b(r) when |r| < n and (A.2) in Lemma Al, we
conclude that for n > M,

I/OT/@qb(t, x)[b, (u(t, x)) — b(u(t, x))|dxdt

p+1
<Clole [ [, 0P dzdt < C gl e

This concludes the proof of (4.40). O

APPENDIX

We begin this section by a technical result concerning the approximation b,
of —|r|?r defined in Section 4.

LEMMA Al. For each n > 1, let b, and B, be defined by (4.1) and (4.2)
respectively. Then b, is a C', globally Lipschitz function on R, B, is an even
function and |B,| is an Orlicz function which satisfies (A2). Furthermore:

(i) There exists a constant C such that, for every r € R,

(A1) sup |b,(r)| < C|r|”,
(A.2) sup [b,(r)] < C|r|"*.
(i1) There exists a constant C such that, for q = % and for every n > 1
and r € R,
(A3) 6,(1)|? < C (14 |B,(r)]) < CA+ [r|*?).

(ii1) There exists a constant C such that, for every n > 1, ry, ro € R,
(A.4) |B),(r1 4+ 79)? < C (14 |B,(r)| +|raf*) .
(iv) There exists a constant C such that, for every n > 1, ri, ry € R,

(A.5) |B,(ry +r3)l < C(IB(ry)l + [ra)"*?).
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ProoF. Itis clear that b, is odd, so that b/, and B,, are even [since B,(0) =
0]. On |0, +oof, the function b(r) = —|r|°r is negative, decreasing, so that b,
is clearly decreasing on R, negative on ]0, +oo[ (resp. positive on ] — oo, 0[).
Furthermore, sup),.,[b,(r)| = [0'(n)| = (p + 1)n?, which yields (A.1) and
the fact that b, is globally Lipschitz. As for (A.2), it is simply obtained by
integration of (A.1).

Now, as B,, is even and b, is negative on ]0, +oo[, —B,, is non-negative on
R and its restriction to [0 + oo is clearly an Orlicz function which satisfies
(A2) (see [6] for basic results on Orlicz functions). If |r| < n, inequality (A.3)
reduces to

|r|q(p+1) <C (1 + |r|"+2) ,
which is clear given the value of q. If |r| > n, (A.3) can be deduced from
("™t + (p + L)n*(|r| — n))q < C(n**2 + n?*Yr| + nfr?),

which again is clear, given the value of ¢ and the fact that n < |r|.
We now prove (A.4). We remark that the corresponding inequality for b,

(A.6) b/ (ry +r9)* < C(1+ |B(ry)| + |ro[*),

is satisfied insofar as p < 2 (B being the anti-derivative of & which is zero at
r = 0). This fact will be used in the sequel.

e If |r; 4+ ry| < n, then there are three sub-cases:

(a) If |ry| < n, then (A.6) yields

17,(r1 + o) P = [6'(ry + 1) < C(1+[B(ry)| + 7o),

and, as |r{| < n, |B(ry)| = [B,(r1)l.
(b) If r; > n, since ry + ry < n, we have 0 < r; — n < —ry, which means in
particular that r, < 0. Furthermore, |B,,| increases on [0, +0o0[, so that

b (r1 +r9)|* = |0/ (ry + 1y — n+ 1)l
< C(1+[BM)+|ri+r:—nl*)
=C(1+|B,(n)| +|r + 19— n|*)
< C(1+|B,(ry)l + 2% Y rof? + 227 Yry — n|?),,
and since |r; — n| < |rg|, we have
|6, (r1 + 79)|? = C (14 By (ry)] +|rl*).

(¢) If ry < —n, since —n < ry + ry, we clearly have ro > —n —r; = |r; + n|.
This implies

|6, (ry + 72) 2 = [0/ ((ry + 73 + 1) + (=n))?
< C(1+|B(=n)| +|ri +ry+n|*)
< C(1+B,(r)) + 2% rg 0 + 2% ry + 1),

and we conclude as in case (b).
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o If r{ + ry > n, then we have
|6,,(r1 + o) [* = [6'(n) 2.
(@) If |[ry| < n, we have 0 < n—r; <ry and (A.6) used with ry = n —r;
yields
B'(n)[* < C(1+|B(ry)| + |n = r1|*) = C (1 +|B,(ry)l + [n — r4|*)
< C (L4 |By(ry)| + |rof*).

(b) If r; > n, since |B,| increases on [0, +o0[, using (A.6) with ry = 0 we
obtain:
6'(n)]> < C(1+|B(n)]) < C (1+|Bu(ry)] +|rof*).
(c) Finally, if r; < —n, we have ry > n — r; > 2n; (A.6) used with r; = —n
and ry = 2n yields
6'(n)|* < C (1 + |B(=n)| +2n|*) < C (1 +|B,(=n)| +|ro|*),
which gives the required result.
The case r; + ry < —n, which is similar, is omitted.
We finally prove (A.5). We remark that the same inequality holds trivially
for B instead of B,,. As before, we divide the proof into several cases.
o If |r; + ry| < n, then:
(a) If |ry| < n, we deduce
|Bp(r1+rg)| = |B(ry + 1)l
< C(IB(ry)| + |r5]"*?) = C(IB,(ry)| + [r5"*?).
(b) If ry > n, we have 0 < r; —n < —ry, that is |[r; — n| < |ry|. Hence
B, (ry +19)l = [B(ry +19)| < C[|B(n)| + |ry + 1y — n|"*?]
< ClIB,(n)| + 277 (|ro|**? + |1y — n|P*?]
< C[B,(r)] + 22 |ry|"*?]
(since |B, | increases on [0, +o0[).
(c) The case ry < —n is similarly dealt with.
e If r{ + ry > n, then there exists a constant C (which does not depend on
n) such that

p+2
(A7) |B,(r1 +19)| = _p+2

< C|ry+ry ™2

p+1

—n? Y (ri+ry—n) - nf(ry +ry —n)?

|ry|ot2
pt2

B, (r1+12)| < C(IB,(ry)| + [rol).
(b) If r; > n, then

(a) If |r{] < n, then |B,(r)| = and we have

1
Bn(r1+r2)=Bn(r1)—np+lr2_p;— n?ryl[2(ry —n)+ry).
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Since |B, | increases on [0, +oc|, if |ry| < n, we clearly obtain
net? +1
Balrs )] = By (o)l 4 C (2 07 (ry =)
p+2
< C|B,(ry)| = C(IB,(r1)| + [ra|"*).
If on the contrary |ry| > n, using Schwarz’s inequality, we obtain
B, (r1+ 7o)l < |B,(r)| + Clryl™ + 2n°|ry| |1y — 1|
< |B,(r1)| + C|ry|”™ + Cn® (Iry — n|* + r})
< C(IB,(ry)| + |ra]"*?).

(c) Finally, if r; < —n, then r, > 2n and

np+2 + 1
B,(r) = —— + 0 (ry+n) - P2 nr(ry 4+ )2

p+2

Hence, we have
|B,(r1 4+ r2)| < |B,(r1)| + Cnf*t |ry — 20| 4+ Cnf (ry — 2n)?
< C(IB,(ry)| + |ral™).

The last case r; +ry < —n is similarly dealt with. This concludes the proof. O

We now prove a series of technical results on the fundamental solution S
of the classical wave equation in the plane. Let ¢ > 1, V be an open subset of
R? (not necessarily bounded), let v € L>([0, T']; L(V)) and set

(A.8) J(v)(¢, x) == /0 t /v S(t— s, x — y)u(s, y)dyds.

To lighten the notation, we shall denote by || - ||, the usual norm in L?(V).
The following lemma provides continuity properties for the operator /.

LEMMA A2. Let p, q € [1,+oo[ be such that k =1+ 4 -2 €]}, 1[, T > 0,
v €[1,+oo[and v € LY([0, T'); L4(V)). Then there exist constants C;, 1 <i <5,
which do not depend on V and such that:
() For t € [0, T] and vy > (2k)71,

I (v)(t, ), < C4 /Ot(t — S)ZK_1||v(S, Mg ds
< o3 ([ 1ot as)

(ii) For k €]0, k — [ and z € R?,

(A.9)

17 ()(E, ) = J(@)(, - + 2), < Csl2[* /Ot(t = 8) [lu(s, -l ds

(A.10) L 3
< ol ([ et iyas)
0
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(iii) For & €]0, k — 3[ and y €]1, oo,

I/ (@)(E, ) = T ()5 )l

(A11) o s :
< Colt = ([ ot tyar )

REMARK Al. If y = +oo, p > 2p and ¢ = ﬁ, we have « > 1. Thus (A.11)

yields the existence of § > 0 such that J is a bounded linear operator from
L([0, T}; LY(V)) into C*([0, T}; L?(V)).

PrOOF OF LEMMA A2. (i) We first remark that ||S(Z, )|, is convergent if
and only if r < 2 and that

(A.12) I1S(t, )| < C2

where the constant C does not depend on V. Using Minkovski’s inequality,

then Young’s inequality for % = % + % -1, k= %, we deduce

96 My = € [ 18 =5, w065, pds = C [ 18— 5., (s, )lgds

! 2k—1
< C [t =7 lu(s, )l ds.

Then Holder’s inequality concludes the proof of (A.9).
(ii) A similar computation yields

I (W)(2, ) = J ()£, -+ 2], < C/Ot IS(t=s,-) =S —=s,-+2), [v(s, )lds.

Using the proof of Lemma A.4 in [10], we conclude that for 1 < r < 2 and
0<r<1l-3,
1 1 ' o
(A.13) A= - l dy <Clz|" §".
/I;v+2|<|y\<s V2 =yl Vs —|y+ 22|

On the other hand, the triangular inequality implies that if |y + z| > s and
|y| < s, we have (s —|z|)t < |y| < s, so that

A, = 2 —|y|?)2dy < C ’ s —v?)2vdv
2 [\y\<s<|y+z|( ) /(s,|z|)+( )

< Cs'3 |z|t7s.
Inequalities (A.13) and (A.14) imply that for 0 < k < % — % =K —
IS(s,.) = S(s, .+ 2)|, < C(A; + Ay) < Clz|* s*

(A.14)

’

DO =

and hence
[J ()&, ) = ()& -+ 2|, < Cfot |2 (£ = 8) [|v(s, )4 ds.

Again, Holder’s inequality concludes the proof of (A.10).
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(iii) Similar computations yield, for 0 <s<¢ < T,
()£, ) = J(v)(s, ), < fo IS¢ —u, )= S(s—u, ), llv(u, )|, du

+ [ 18 = ) ot )l

Fix A €]0, k — %[; then, for 0 <t <t < T, we have

v/|z|<t’

r

1 1
VO—P PP

C ‘ tz t,2 AT
=<k ((t'2 — U)E (2 — V)3 [(£2 - v?) + (12 - v2>1%>

a-Mr
1 1
X -+ - vdv
(t/2 _ UZ)§ (t2 _ U2)§

;

<Clt-t|" vdv

- ’ 3Aar , (-Mr
0 (t2—v2)2t 7

< C |t _ t/|/\r t’2—r—2/\r.

Hence, using (A.12) for the second term, we deduce
[ (©)(£, ) = J(v)(s, )l
s t
e { [ (= (s — PP o, Yodu + [ w? o, ), du} .
0 s

Thus, Holder’s inequality implies that for y €]1, +o0[,
()£, ) = J(V)(s, )l

A S % -1 t %
<l e- o ([ e yds) + - 97 ([ ot yds)
0 s
This completes the proof of (A.11). O
The following upper estimate for the increments of the Green function S
has been proved in [9], Lemmas A.2 and A.6. Suppose that f satisfies (Hp);
then for 6 €]0,BA1[,0<t<¢ <T, x,x' € R?,

T
(A.15)/0 IS(t—s,6—)— St — s, — )% ds < C(|t — | + |x — x'|)°.

The following lemma provides an upper estimate of an integral generalizing
the function J(s) introduced in [10], identity (A.1).
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LEMMA A3. Forse[0,T], A >0and p € [1, +oo|, set
I(s):= [ [ S(s,9)7f(ly - 21)*S(s, 2)dydz.
Rr2 JRe2

(a) Suppose that f(r) = r=® for some «a €]0,2[. Then for 1 < p <2A (3 —
Aa) A (4 — 2Aa), one has
(A.16) I(s) < Cs*2p7a,

(b) Suppose that the function f satisfies (Hpg) for B €0, 2[. If A €]0, 1[ and
1<p <2/\(3—2)\)/\[4—2)\(2—B)]/\(g—A), then one has
(A.17) I(s) < Cs172P722-B)

PrOOF. The change of variables x = (u cos(6,), usin(6y)), z = (vcos(0 +

6y), vsin(0 + 6,)) and r = cos(0) used in the proof of Lemma A1l in [10] and
Fubini’s theorem yield

Isy<c [ —Hd |  oF ()Y d / dr

1
0 (s2—u2)% o £ (1—r)2(s? — u? — v2 + 2uvr)?

< C(I11(s) + I5(9)),

where
2s s u%du 3(1+5) dr
I,(s)= of (v)*dv )
1(s) ]0 f(v) /E (32—u2)§(u—%)% fﬂ (s2 — u? — v2 + 2uvr)?
25 s udu 1 dr
— A - -
Ia(s) = [0 of (v) dv/ﬁ 2 _ 12)% [(s2 — y2 AN /1(1+L) 1-r)
i (s2—u?)2 [(s2—u?)+v(u—%)]* 20+ (1—7)

Since p < 2, for r < 1(1+ %) one has

2 _ 2 _ 2 1-2 2 v\z 2] 2—
(s*—u”—v"+2uvr)y "2 <|s —(u—§> vy <s7P

and hence, since In(1 + x) < Cx® for x > 0 and b €]0, 1 — £],

2s s urdu
I(s) < rd
1(s) < /0 vf (v) U/% (s2 —u?)f(u— g)%
215 s2~Pdr
X/ﬁ s2 —u? —v? + 2uvr
2s S %
<527 [ f(v)do .
(A18) ! A (52— u)i(u - 5):

v(u —3)
x In (1+ m) du
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In the last inequality, we have used the fact that for x; < xo,
(x =) (- 2)2dx
(A.19) B {Crl,rz (x9 —x)1472 if r; > —1land ry > —1,

+00, otherwise.

On the other hand, let p — 1 <y < %; using again (A.19), we obtain

w20 C/OZS vf(v);dv / wh (u- §>(f2 —u?y P o= )] du
= Cs%_P'H"/O Ul—yf(v))\ (S _ g)Z p .

We then consider separately the two cases:

(a) If f(r) = r=*, from (A.19) we deduce that the right hand side of (A.18)
converges if and only if b — Aa > —1 and % — £ > —1; then it is equal to
C s*~2P=A* The constraints on b: 0V (Aa —1) < b < 1— £ and p < 3 are
compatible if and only if p < 2 A (4 —2Aa@). On the other hand, the right hand
side of (A.20) converges if and only if 1 — y — Aa > —1, % — p > —1. The
constraintson y: p—1< vy < %, l1-y—Aa>—-1and p < g are compatible if
and only if p < % A (3 — Aa). This concludes the proof of (A.16).

(b) If (Hg) holds and 0 < A < 1, Hélder’s inequality implies that

p
2

/Ozs o F(v)* (s - g)%f dv

= (o erwao) ([0 (- 5) 7 a0)

Thus (A.19) implies that the last integral converges if and only if b6 — A(1 —
B)>—-1+Xrand 1—-p > —2+2), for 0 < b < 1— &; then it is equal to
Csb~*1-P)+5"+1-1_ The constraints on b, p, B are compatible if and only if
p < (83—=2A) A (4—2A2 - B)), and I(s) is dominated by C s*27-*2-8) On
the other hand, using again Hélder’s inequality, we obtain for p — 1 <y < 2

3
/023 oIV F(v)t (s — %)g_p dv

” M 3-2p 1-A
S(/O vl—,Bf(v)ah)) </0 vw (S_g)zum dv)

The last integral converges if and only if 1 — y — A(1 — B8) > -1+ A and
35— p>—1+), and is equal to C st~7~*1-B)+3-p+1-A_ The constraints on p,
v, A are compatible for A €]0,1[if p <2A B —-A2-B)) A (g — A) and yield
I,(s) < C s*~2P=A(2-F) Finally, in order to obtain (A.17), we need A €]0, 1[ and
1<p<2AB-A2-B)A(E-A)A(4-202-p)). O

1-A
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Finally, the following lemma provides a useful tool to estimate the moments
of stochastic integrals with respect to F":

LEMMA A4. Let (A(s, x);s € [0; T, x € R?) be a continuous random process
such that supp(A(s, -)) C D(s) for every s € [0, T']. For p € [2, +o0], set
g

[ 1 = 5, =98G5, Py ds

I .= dx
D(t)

Then:
DIff(ry=r*0<a<2and 2V (5_%) < p < 4oo, then there exists
some & > —1 such that

t
(A.21) I<cC /0 (t —s)° < /D( 1AG, x)|de) ds.

(i) If (Hp) holds for some B €10, 2[, then for p €]8, +-oo[, (A.21) holds for
some 6 > —1.

PrOOF. Let p; €]1,+oo[ and py €]1, p[ be conjugate exponents, and let
A €]0, 1[. Holder’s inequality implies

t . Lz
(A.22) I< '/ Ii(s, x)r1 Iy(s,x)P2ds| dx,
@) /o

where

I,(s,x)= f/S(t —s,x— )P f(Jx — yD*?1S(t — s, x — 2)Prdydz,

Is, )= [ [ |A(s, »)IPF(|ly = 2D PP ACs, 2)| e dydz.
D(s) Y D(s)

Let a := p% €]1, +oc[ and b €]1, +oo[ be such that 1 + 3 —1=1— 1. Hélder’s
and Young’s inequalities imply that for s € [0, T'] and x € K,

L) = ([ 186 idy)
Ly = 201G, 2z

(A.23) x ( /D(s) -

=t o
dy
2 _
< ||A(S, )”L’;Z(D(s)) Hf(| : |)(1 NP2 HLb(K) 5

where K = {x — y : x,y € D(T)} is a compact subset of R?> depending on T
and K.

(1) If f(r) = r=*, the right hand side of (A.23) converges if and only if
Jor F(r)3=0Pbdr < 400, ie., (1 — A)bpy < 2. Furthermore, if 1 < p; <
2A (3= Apia) A(4—2Ap;a), (A.16) implies that

(A.24) [1(3, x) < C(t _ 3)4—2p1—/\p1a'
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Therefore, using (A.22)-(A.24) we deduce that if & := pi —2—)a > —1and

1
the previous constraints on A, p; and p, are satisfied, then (A.21) holds. The
requirements on p, and A are gathered in the following system:

2 < pg < p < 400,

These inequalities on A« €]0, of are compatible if and only if

2 < py < p < +00,

4
—<2—a+—,
p P2
4 3 2
—<-—-—a+—,
p 2 P2

which in turn are compatible if and only if 2 v (ﬁ) < p < +oo.
(ii) Suppose that (Hz) holds for some B €]0, 2[; then if (1 — A)bpy < 1,
Holder’s inequalities implies that for every R > 0,

/R r f(r)(lf)‘)bpzdr
0

R (1-1)bps R 1-(1-p)(1-Npgb 1-(1-A)pb,
5(/ rl-p f(r)dr) (/ g dr> ;
0 0

this last integral converges since (1 — A)psb(2 — 1) <2 — A < 2. On the other
hand, if Ap; < 1, p; < 2A(3—2Ap;) A[4—2Apy(2 — B)] A (3 — Apy), then
(A.17) implies that

(A.25) I(s, x) < C(t — s)*2P1=AP1(2-B),

Therefore, using (A.22), (A.23) and (A.25), we see that if the previous require-
ments on A, p;, p, and B are satisfied, then (A.21) holds if § ;== %+ — 2 —

1
A(2 — B) > —1. The constraints on A and p; are summarized in the following
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system:

2 < py < p < +00,

0</\<1—i,
2 py

1 1
)\>1+2<———>,
P D2
3 2 1

A - L=,
“22-8) 2-8 ps

Since for py; > 2 one has 1 — Tp; < % — %, these inequalities are compatible
if and only if

2 < pg < p < +o00,
1

2
—_— < _’
P 2ps
-1 1—
2 _28-1 21-8)
P 22-B) (2-B)p:
This system is equivalent to 2 < psy, 4py < p < +00 and
4(2-B)py
> >
p2(2B-1)+4(1-p)
If 2 < B <2, py(28—1)+4(1— p) > 0 always holds, while if 0 < g < 1, this

4(1-B) 4(1—B))
1-28 1-2p 7~

0.

inequality is equivalent with py < (note that in this case 2 <

e If 0 < B <1, the map

4(2 - B)py
pa(28—1)+4(1-B)
is increasing and the system is compatible (for ps; ~ 2) if p > 8.

o If 1 < B < 2, the same map is decreasing and (for p, ~ £ and p > 8) the
system is compatible if p > 8 and

Po —>

. 4P
p(2B—1)+16(1-p)’
that is
438—-2)\ _

This concludes the proof of the lemma. O
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REMARK A2, If f(r)=r*with0 < a < %, (A.21) holds for p > 2, and if
% < a < 2,(A.21) holds for p > %. Finally,

8
_° _3
0?582 5 —2a

gives the lower limit of p in case (ii).

REFERENCES

Biswas, S. K. and AHMED, N. U. (1985). Stabilization of systems governed by the wave equa-
tion in the presence of distributed white noise. IEEE Trans. Automat. Control AC-30
1043-1045.

CARMONA, R. and NUALART, D. (1998). Random nonlinear wave equations: smoothness of the
solution. Probab. Theory Related Fields 79 469-508.

DALANG, R. (1999). Extending the martingale measure stochastic integrals to spatially ho-
mogeneous spde’s. Electronic J. Probab. 4. Available at www.math.washington.edu/
~ejpecp/EjpVold/paper6.abs.html.

DALANG, R. and FRANGOS, N. E. (1998). The stochastic wave equation in two spatial dimensions.
Ann. Probab. 26 187-212.

GYONGY, 1. (1998). Existence and uniqueness results for semi-linear stochastic partial differential
equations. Stochastic Processes Appl. 73 271-299.

KRASNOSEL’SKII, M. A. and RUSTICKII, Ya. B. (1961). Convex Functions and Orlicz Spaces. Noor-
dorff, Groningen.

LioNs, dJ. L. (1969). Quelques méthodes de résolution des problémes aux limites non linéaires.
Gauthier Villars, Dunod.

MILLER, R. N. (1990). Tropical data assimilation with simulated data: the impact of the tropi-
cal ocean and global atmosphere thermal array for the ocean. J. Geophysical Res. 95
11,461-11,482.

MILLET, A. and MORIEN, P. L. (2000). A stochastic wave equation in two space dimensions: regu-
larity of the solution and its density. Stochastic Processes Appl. 86 141-162.

MILLET, A. and SANZ-SOLE, M. (1999). A stochastic wave equation in two space dimensions:
smoothness of the law. Ann. Probab. 27 803—-844.

MUELLER, C. (1997). Long-time existence for the wave equation with a noise term. Ann. Probab.
25 133-151.

PESZAT, S. (1999). The Cauchy problem for a nonlinear stochastic wave equation in any dimension.
Unpublished manuscript.

PESZAT, S. and ZABCZYK, J. (1998). Nonlinear stochastic wave and heat equations. Probab. Theory
Related Fields 116 421-443.

STROOCK, D. W. and VARADHAN, S. R. S. (1979). Multidimensional Diffusion Processes. Springer,
Berlin.

WALSH, J. B. (1986). An introduction to stochastic partial differential equations. Ecole d’été de
Probabilités de Saint- Flour. Lecture Notes in Math. 1180 266—437. Springer, Berlin.

MODALX AND LABORATOIRE DE MODALX
PROBABILITES ET MODELES ALEATOIRES UNIVERSITE PARIS 10
UNIVERSITE PARIS 6 200, AVENUE DE LA REPUBLIQUE
4, PLACE JUSSIEU 92001 NANTERRE CEDEX
75252 PARIS CEDEX 05 FRANCE
FRANCE E-MAIL: morien@modalx.u-paris10.fr

E-MAIL: amil@ccr.jussieu.fr



