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Abstract. We consider N by N deformed Wigner random matrices of the form Xy = Hy + Ay, where Hy is a real symmetric
or complex Hermitian Wigner matrix and Ay is a deterministic real bounded diagonal matrix. We prove a universal Central Limit
Theorem for the linear eigenvalue statistics of X for all mesoscopic scales both in the spectral bulk and at regular edges where the
global eigenvalue density vanishes as a square root. The method relies on studying the characteristic function of the linear statistics
(Landon and Sosoe (2018)) by using the cumulant expansion method, along with local laws for the Green function of X v (Ann. Probab.
48 (2020) 963—-1001; Probab. Theory Related Fields 169 (2017) 257-352; J. Math. Phys. 54 (2013) 103504) and analytic subordination
properties of the free additive convolution (Dallaporta and Fevrier (2019); Random Matrices Theory Appl. 9 (2020) 2050011). We also
prove the analogous results for high-dimensional sample covariance matrices.

Résumé. Nous considérons des matrices aléatoires de Wigner déformées de taille N de la forme Xy = Hy + Ay, ol Hy est une
matrice hermitienne de Wigner symétrique ou complexe réelle, et Ay est une matrice diagonale déterministe avec des entrées réelles et
bornées. Nous prouvons un théoreme de limite centrale universel pour les statistiques linéaires des valeurs propres de Xy pour toutes
les échelles mésoscopiques a la fois dans le centre de spectre et aux bords réguliers ou la densité globale des valeurs propres disparait
sous forme de racine carrée. La méthode repose sur 1’étude de la fonction caractéristique des statistiques linéaires (Landon and Sosoe
(2018)) en utilisant la méthode des cumulants, ainsi que les lois locales pour la fonction de Green de X (Ann. Probab. 48 (2020)
963-1001; Probab. Theory Related Fields 169 (2017) 257-352; J. Math. Phys. 54 (2013) 103504) et les propriétés de subordination
analytique de la convolution libre additive (Dallaporta and Fevrier (2019); Random Matrices Theory Appl. 9 (2020) 2050011). Nous
prouvons également les résultats analogues pour des matrices de corrélation empirique de haute dimension.
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1. Introduction
1.1. Linear eigenvalue statistics of Wigner matrices

A Wigner matrix Hy is an N x N real symmetric or complex Hermitian random matrix with independent entries up to
the constraint Hy = H ;{, In the case the entries are Gaussian random variables, these matrices belong to the Gaussian
Orthogonal Ensemble (GOE), Gaussian Unitary Ensemble (GUE), respectively. Wigner [70] proved the semicircle law
stating that the empirical eigenvalue distribution of Hy converges to the semicircle distribution with density pg.(x) =
ﬁ\/4 — x21j_22]. That is, for any test function f € C.(R),

1 N
ﬁZf(li)%/Rf(x)psc(x)dx as N — oo,

i=1

in probability, which can be understood as a Law of Large Numbers.
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Johansson [40] obtained the corresponding Central Limit Theorem (CLT) for such linear eigenvalue statistics of the
GUE, i.e.,

N
> fow - NfRﬂx)psc(x)dx (1.1)
i=1

converges in distribution to a centered Gaussian random variable. Strikingly different from the classical CLT, the linear

statistics need not be normalized by N~ 2 , which is a manifestation of the strong eigenvalue correlations. Bai and Yao [7]
used a martingale method to prove such CLTs for Wigner matrices and analytic test functions. Lytova and Pastur [54], and
Shcherbina [61] improved these results by weakening the regularity conditions on the test functions. More recently, Sosoe
and Wong [65] obtained CLTs for Wigner matrices with H'*¢ test functions using Littlewood—Paley decompositions.

Boutet de Monvel and Khorunzhy initiated the study of mesoscopic linear eigenvalue statistics, i.e., the derivation of
Gaussian fluctuations for the random variable

N Ai — Ep al ri —Ep
§ : LI I ) 2 e Y 1.2
im f( no ) im f( 1o ) (-2

with fixed Eg € (—2,2) on mesoscopic scales N~! « 9 < 1. In [18,19], they obtained CLTs for the test function

(x —1)~! on all mesoscopic scales for the GOE, and N -3 <& 1o K 1 for symmetric Wigner matrices, respectively. Lodhia
and Simm [53] extended the CLT for complex Wigner matrices and general test functions on scales N~!/3 « 59 < 1. He
and Knowles [36] used moment estimates for Green functions to prove the CLTs for all arbitrary Wigner matrices on the
optimal scales N ™! « 19 < 1. More recently, Landon and Sosoe [44] obtained similar CLT by means of the characteristic
function.

Mesoscopic central limit theorems are important tools in the theory of homogenization of Dyson Brownian motion
(DBM) introduced by Bourgade, Erdds, Yau and Yin [16] to prove fixed energy universality of local eigenvalue statistics of
Wigner matrices. Landon, Sosoe and Yau [45] subsequently derived a mesoscopic CLT to show fixed energy universality
of the DBM. The dynamical approach using Dyson Brownian motion to prove the universality of the eigenvalue statistics
on microscopic scale for all symmetry classes was initiated by Erds, Schlein and Yau in [30]; we refer to the surveys
[32,33] for further details. Mesoscopic central limit theorems combined with DBM were used by Landon and Sosoe [44]
and by Bourgade and Mody [17] to derive Gaussian fluctuations of single eigenvalues, and in [15,17] to show Gaussian
fluctuations of the determinant of Wigner matrices.

Mesoscopic CLTs can also be studied at the spectral edges, where the mesoscopic scales are N -3 <« no < 1. For the
GUE, Basor and Widom [9] used asymptotics of the Airy kernel to prove mesoscopic CLTs at the edges. Min and Chen
[56] subsequently considered edge CLTs for the GOE. Recently, Adhikari and Huang [1] obtained the mesoscopic CLT

at the edges down to the optimal scale 19 > N -3 for the DBM.
1.2. Deformed Wigner matrices

In the present paper we are interested in deformed Wigner matrices. A deformed Wigner matrix is an N x N random
matrix of the form

Xy =Hy+ Ay, (1.3)

where Hy is a real symmetric or complex Hermitian Wigner matrix and Ay is a real deterministic diagonal matrix. It is
also known as the Rosenzweig—Porter model in the physics literature. Suppose the empirical eigenvalue distribution of Ay
has a deterministic limiting measure, denoted by 1. It was shown by Pastur [60] that the empirical eigenvalue distribution
of Xy converges weakly in probability to the free additive convolution of g and py, denoted by pge = pse B y; see
also [66].

A CLT for the linear eigenvalue statistics with test functions in CC2 (R) was obtained by Ji and Lee [39] under a one-cut
assumption on uf.. They also computed the expectation and variance in terms of i, . Dallaporta and Fevrier [22] obtained
the CLT for general pg.. Their results are summarized in Theorem 2.6 below.

In the present paper, we study the fluctuations of the linear eigenvalue statistics (1.2) in the mesoscopic regime. We
choose 1, properly such that the free additive convolution u. is supported on a single interval and vanishes as a square
root at the end-points. This edge behavior of the limiting eigenvalue distribution is quite common in random matrix theory,
and sometimes referred to as regular edge. Denoting kg = xo(Eo) the distance from E to the closest edge of the free
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convolution measure, we derive a CLT at energy E( on scales 79 with N™! < 19+/no + ko < 1; see Theorem 2.8. This
range of ng covers the global scale as well as all mesoscopic scales up to the spectral edges. For energies Eq in the bulk
and at the edges respectively, we compute the variances and biases explicitly on the mesoscopic scales, where we recover
the formulas for the Gaussian ensembles. This shows the expected universality of the linear eigenvalue fluctuations on
mesoscopic scales. The universality of the eigenvalue statistics on the microscopic scale was derived for the deformed
GUE in the bulk [62] and at the edge [63]. For deformed Wigner matrices, the local bulk universality was obtained in
[59] for a special class of Ay using moment matching, under a one cut assumption in [52] and in [31,46] for the general
case using the DBM methods. The edge universality was derived in [49] using a Green function comparison method, and
in [47,52] using DBM. More recently, quantum unique ergodicity for deformed Wigner matrices was derived in [11].

In the proof of the main results, we follow the idea of [44] to compute the characteristic function of (1.2) in combination
with the Helffer-Sjostrand formula and cumulant expansions; see (3.3) below. Cumulant expansions were used in e.g. [19,
36,44] to study the linear eigenvalue statistics of random matrices. We also rely on local laws for Green functions [3,43,
48] and analytic subordination for the free convolution measure, as used in [22,39,48].

On the global scale, the method used to derive the CLT for deformed Wigner matrices [22] is insensitive to the behavior
of the free convolution measure pf.. An interesting aspect of the free additive convolution and deformed Wigner matrices
is that the densities may show other edge behaviors than square roots. For such setups, one expects mesoscopic CLTs at
the edges with different scalings, variances and biases. This is a main motivation for us to study linear eigenvalue statistics
at spectral edges. The local eigenvalue statistics at such critical edges are only partly understood, see e.g. [41,50] for some
results. At cusp points in the interior of the bulk spectrum the universality of the local eigenvalue fluctuations was recently
proved in [21,28].

1.3. Sample covariance matrix

Sample covariance matrices form another class of archetypal random matrix models, with applications in multivariate
statistical analysis. We consider the separable sample covariance matrices of the form H = £/2XX*21/2 where X is
a M x N matrix with independent random variables, and £'/2 is the square root of the M x M diagonal and positive
definite matrix X. The dimensionality M is chosen to be proportional to the sample size N. Assuming that the eigenvalue
distribution of ¥ has a deterministic limit p., it was proved by Marchenko and Pastur [55] that the spectral measure of
H approaches a deterministic probability measure. In the null case £ = I, the limiting measure is called the Marchenko—
Pastur distribution, pyp. For the non-null case X ## I, the limiting measure is given by the free multiplicative convolution
of ump and gy, denoted by ump X 1y, see [5,67,69]. A CLT for the fluctuations of the linear eigenvalue statistics was
first studied by Jonsson [42] for Wishart matrices where X has Gaussian entries. CLTs for linear eigenvalue statistics
with analytic test functions for general sample covariance matrices were then studied by Bai and Silverstein in [4]. The
regularity condition on the test functions was weakened by [6,54,61] for the null case and [58] for the non-null case.
In the second part of this paper, we extend the techniques to derive corresponding CLTs for the mesoscopic eigenvalue
statistics of sample covariance matrices; see Theorem 8.7.

1.4. Related models

Deformed Wigner matrices are closely related to Dyson Brownian motion, for which mesoscopic CLTs were obtained
inside the bulk [23,38,45] and at the regular edges [1]. The mesoscopic linear statistics were also studied for random
band matrices [25,26], sparse Wigner matrices [35], mesoscopic eigenvalue density correlations for Wigner matrices
[37], invariant S-ensembles [10] and orthogonal polynomial ensembles [20]. The global fluctuations of the deformed
GOE/GUE can also be studied using the framework of second order freeness [57].

1.5. Structure of this paper

Section 2 contains the precise definitions, assumptions and the main results. The proof the main theorem is carried out
in Section 3-5. In Sections 6 and 7, we compute the variances and the biases in the bulk and at the edges. In Section 8§,
we consider sample covariance matrices and obtain the corresponding results. Some auxiliary results are proved in the
Appendices.

1.6. Notation

We denote the upper half-plane by C* := {7z € C: Imz > 0} and the positive real line by R* := {x € R : x > 0}. For any
vector v € CV, we use ||v|» to denote the Euclidean norm. For a matrix A € C¥*V | we denote by || A llop its operator norm
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induced by the Euclidean vector norm. We use ¢, k and C, K to denote strictly positive constants that are independent
of N. Their values may change from line to line. We use standard big O and small o notations. For X, Y € R, we write
X ~ Y if there exist constants ¢, C > 0 such that c|Y| < |X| < C|Y|. We write X < Y if there exists a small T > 0 such
that | X| < N~77|Y| for large N. We will use the following definition on high-probability estimates from [27].

Definition 1.1. Let X = X™) and Y = Y™ be two sequences of nonnegative random variables. We say ) stochastically
dominates X’ if, for all (small) € > 0 and (large) D > 0,

P(x™M > N YN < NP, (1.4)
for sufficiently large N > Ny(e€, D), and we write X < ) or X = O<(}).

We often use the notation < also for deterministic quantities, then (1.4) holds with probability one. Stochastic domi-
nation has the following properties.
Lemma 1.2 (Proposition 6.5 in [33]).

(1) X<YandY < Z imply X < Z;
Q) If X1 <Yrand Xo <Yy, then X1+ Xo <Y1+ Y2 and X1X2 < Y1Y2;
3) If X <Y, EY > N~ and | X| < N2 almost surely with fixed constants c| and c;, then we have EX <EY.

2. Model and main results
2.1. Model and assumptions
Let H= Hy be an N x N real or complex Wigner matrix satisfying the following assumption.

Assumption 2.1. For areal (8 = 1) symmetric Wigner matrix H we assume that:

(1) {H;;li < j} are independent real-valued centered random variables with H;; = Hj;.

(2) Fori # j, E[(W/'NH;;)?1 = 1; E[(v/'N H;;)*] = m; for some constant m, > 0. In addition, E[(+/N H;;)*] = W4 for
some constant W4 > 0.

(3) All entries have uniform sub-exponential decay, that is, there exist Co > 0 and 6 > 1 such that

1
P(IWNH;j| > x) < Coe™", Vi, j. 2.1)
In particular, we have
E[|VNH;;1”] < C6p)"”  (p=3). 22)

For complex (8 = 2) Hermitian Wigner matrix we assume that:

(1) {Re H;j,Im H;;|i < j} are independent centered real-valued random variables with H;; = H—],

(2) For i # j, E[Hl%] =0 and IE[(«/NIH,-J-Dz] = 1; E[(v/N|Hj;|)*] = my for some constant m, > 0. In addition,
]E[(\/N|H,~j |)4] = Wy for some constant W4 > 0.

(3) The sub-exponential tail assumption in (2.1) holds.

Let {Ay} = Diag(a;) be a sequence of real deterministic diagonal N x N matrices with ||A]|op uniformly bounded

in N. The empirical spectral measure of Ay is defined by p4 1= % Zf\;l 8q; -
For a probability measure v on R denote by m,, its Stieltjes transform, i.e.

my(2) :=f dv(x), z7eC™T. (2.3)
R

X —Z

Note that m, : C* — C7 is analytic and can be analytically continued to the real line outside the support of v. Moreover,
m, satisfies lim, ~oinm, (in) = —1. Conversely, if m : C* — CT is an analytic function with limy) 7o inm(in) = —1,
then m is the Stieltjes transform of a probability measure v, i.e., m(z) =m,(z), forall z € C*;seeeg., [2].

The following assumption ensures the existence of the weak limiting measure of (1 4.
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Assumption 2.2. There exists a deterministic and compactly supported probability measure denoted as u, such that
14 converges weakly to 1. In addition, there exists ag > O such that for any fixed compact set Dy C CT UR with

Do N supp(ite) = &

i} / dpato) / djta ()
R X¥—2 R X¥—2Z

z€Dy

=O0(N™), (2.4)

for sufficiently large N.

Define the deformed Wigner matrix as
XN :=AN+ Hy.

The eigenvalues of Xy are denoted as A; € R. The empirical spectral measure of Xy is defined by uy (x) = % ZlN: 102+
For z € Ct, we introduce the Green function, G(z), and its normalized trace as
dun(X)

1
G(z) =Xy —zD7", mpy(z) :=NTrG(z)=/H;{ 2

i.e., m(z) =mpy(z) is the Stieltjes transform of wy.

The empirical spectral distribution py converges as N tends to infinity to the free additive convolution of 1, and
the standard semicircle law, denoted by jif. := py B . The free convolution measure can be described by analytic
subordination [13,68]: Its Stieltjes transform, miy, is the unique solution to the Pastur equation

1
mee(2) = / —————dpala), (2.5)
R @ — 22— m(2)

subject to the constraint Imsig.(z) > 0,z € CT.
Since the convergence speed in (2.4) can be very slow, we work with a finite N version of the free convolution measure.
Let pfe := pa B pg. The Stieltjes transform of pg., denoted by my, is hence the unique solution to

N 1

1
mie(@) =4 ) ————— . (2.6)

= ai —z—mp(2)

such that Immg(z) > 0, z € C*. Note that g depends on N, but is deterministic.

Biane [12] proved that fig. and g are absolutely continuous probability measures whose densities, are analytic wher-
ever positive. We denote the density functions by pg. and pg. In general the measures pg. and o are supported on several
disjoint intervals and may have irregular edges where the densities do not vanish as a square root or have cusp points
inside the support. The following assumption will rule out such scenarios.

Assumption 2.3. Let 7 be the smallest interval that contains the support of 1., and assume that

d
inf[ duol@
xeZ Jp (a —x)?

for some constant w > 0 (the left side may be infinite). Similarly, let 7 be the smallest interval that contains the support
of 14, and assume that

inf/m>l+w

xeZ (a _x)2 N

for sufficiently large N.

The above assumption ensures that the density functions pg. and pf. are supported on a single interval (for N suffi-
ciently large) and vanish as square roots at the endpoints of the support.

Lemma 2.4 (Lemma 2.4, 3.2 and 3.5 in [52]). Under Assumption 2.3, there exists L_and L €R, such that supp pr. =
[L,, L+] and pg. is strictly positive in (L,, L+) Moreover, there exists C > 1 such that

C Wk <p(E)y<CVk, EellL_, L]
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where K := min{|E — L_ |, |E — i+|}. The endpoints L+ are the two real solutions to the equation

dug(a) _
/n; @ Le—mu@oy @7)

The same holds true, for sufficiently large N, if we replace Ly, Ptc, Zi and k by jua, pge, L+ and k, respectively. Here
[L_, L4] is the support of ptc and k :=min{|E — L_|, |E — L4|}.

2.2. Local law for the deformed Wigner matrices
We introduce the spectral domain,
D' :={z=E+in:|E| <M, N " <=3}, (2.8)

where M > 1 4+ max{|L_|, |Z+|} and ¢ > 0 is small. Define the deterministic control parameters

Immg.(2) 1 1 .
V(z) = + , O(z) = ——, z=E+ineC\R. (2.9)
V' Ninl Nin| Nin|

Using (4.1), (4.2) in Lemma 4.1 below, we have

CN2<V¥()«l, zeD.

The following local law for the Green function was proved in [48].

Theorem 2.5 (Local law for the deformed Wigner matrix, Theorem 2.10 in [48]). Under Assumptions 2.1-2.3, the
following holds

max|Gij () — 8j——— | < W@, NG (@) - me@)] < 0, (2.10)
ij ai —z —mge(2)

uniformly for z € D'.

The local law gives strong rigidity estimates for the eigenvalues of X . It also gives an upper bound, up to factors of
N¢€, on the size of the fluctuations Tr G (z) — E Tr G (z). It is hence natural to study the fluctuations of Tr G(z) — ETr G(z).
The CLT for the linear eigenvalue statistics for general test functions is proved in [22] and [39] on global scale when Im z
is order one. Via the Helffer-Sjostrand functional calculus, a CLT for the resolvent can be translated to a CLT for the
linear statistics.

Theorem 2.6 (Theorem 2.15 of [39]). Under Assumptions 2.1-2.3, for any ¢ € C.(R) which is analytic on a neigh-

borhood of [li,, Z+], the random variable ZlN: 1) =N fR @(x)pic(x) dx converges in distribution to the Gaussian

random variable with mean M (¢) = _2%1 Ir ¢(2)b(z) dz, and variance V () = ﬁ IrJr 0(z)e(2)K (z1,22) dz1 dza,

where

s (@) o ()
b(z):= 2+ @) ((fm 1) + m (2) + (Wy 3)7)

14 (2)

and R (z1,22) = (my = 2) gl 4 Wa = ) s + 3000 4 -2 (AT 4 (1 = D32, with

921922 921822 1 9z1 8227 T (1-1)2 “9z1 922 9z

- 1
I@2) ':A O a1 @) = 2 — (e e -

Here T is a rectangular contour with vertices (a4 % ivy) so that +(ay — Ly) > 0andT lies within the analytic domain
of .

Using ideas of M. Shcherbina [61], the above result can be extended to CS(R) test functions. In [22], the corresponding
result was obtained for the multi-cut regime.
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2.3. Main results

Choose Eg € [—1 + L 1+ Z+] and N7 « no < 1. Consider a test function g € CCZ(R) and set

—E
F ) :=g<x °>. @11
1o

We will write fy as f for notational simplicity. Define
Ko _dlst(supp(f) {Ly,L _}). 2.12)
Following [44,54], we study the characteristic function
¢(A) :=E[e())], where e(h):=exp{ir(Tr f(Xy) —ETr f(Xn))}, A€eR. (2.13)
Let 7 > 0 be an arbitrary small constant and define
Qo:={x+iyeC:|y|=N "no}. (2.14)

A key observation in [44] is that working on 2o instead of all C, effectively removes the ultra-local scales without
affecting the mesoscopic linear statistics.

Proposition 2.7. Let X be a deformed Wigner matrix satisfying Assumptions 2.1-2.3. Let no/ko + no = N~11 for
some co > 0. Then there exists a small 0 < 7 < 1 6’ such that the characteristic function (2.13) satisfies

') ==V (f)+E, V(f)= [ / a_f(Zl)—f(Zz)K(Zl,Zz)d 21 dz, (2.15)
Qo JQp 921

where f is an almost analytic extension of f given in (3.2) below and B = 1, 2 is the symmetry parameter. The kernel K
is given by

52 2 Wa=1=2) N 29 ( 1 @l
P - A TS A e ) D S LSS 2.1
@122 3Z1822<<m2 ﬁ) T )+ﬂam<1—lazz>’ @10
with
1
1(z1,20) := d , 2.17
@122) /R(x—m—mfc(m)(x—zz—mfc(zz)) Hato) @17

and the error & is bounded by

(1+|x|4)N3f> o ( (14 [AYHNZT )

1€l = O (IA|logNN~T) + O (7
<( ) “\ Nnov/xo + 1o Nno+/Ko + 0o

provided that V(f) = O(1).
Proposition 2.7 implies the following result.

Theorem 2.8. Under the same assumptions as in Proposition 2.7, if we further assume that there exist ¢, C > 0 such that

c < V(f) < C for sufficiently large N, then s (XN\)/;]?—fT)rf (Xy) converges in distribution to a standard Gaussian random

variable.

We remark that Theorem 2.8 applies to the global scale as well as the mesoscopic scales. The expectation of Tr f (X )
has the following asymptotic expansion, which matches the result in [22,39] on the global scale.

Proposition 2.9. Under the same assumptions as in Proposition 2.7, the so-called bias is given by

NZ‘[
ETr f(X N () dx=— | —Ff(b(z)d®z+O(N* +0<<—>, 2.18
rF(Xn) — f F()pre(x) dx / | Fb) P2+ O(N) ——— 2.18)
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where f is given in (3.2) below, and

(%2 1 dLi(2) _ 2\ dis(z) _ 2 di (z)
b(z) = (ﬂ 1>71 0 + (mz ﬁ) & + <W4 1— ﬂ)l (@) (2.19)
with
1

Note that the variance V (f) in (2.15) and the bias in (2.18) are N-dependent and their formulas depend explicitly on
the free convolution measures. We will compute their limits on the mesoscopic scales as N goes to infinity in order to
obtain the following universal CLTs in the bulk and at the regular edges respectively.

Theorem 2.10 (Mesoscoplc CLT in the bulk). Let Xy be a deformed Wigner matrix satisfying Assumptions 2.1-2.3.

Let N~1+e < no < N~¢ with some small ¢ > 0, fix Eq € (L,, L+) such that ko > cg, for some co > 0 and large N. Then,
for any test function g € CCZ(R), the linear statistics

Yot - f o5

converges in distribution to a Gaussian random variable with mean zero and variance

1 / (g(x1) — g(x2))*
R

2Bn? (x1 — x2)?

Eo)pfcoc) dx 221)

1
dx dxy = —— / £1|26)) de, 222)
B Jr

where g(§) .= m)~1/2 fR g(x)e_ig" dx. In particular, the bias vanishes in the bulk regime.

Theorem 2.11 (Mesoscopic CLT at the edge). Let Xy be a deformed Wigner matrix satisfying Assumptions 2.1-2.3.
2
Let N™37¢ < g < N~€ with some small ¢ > 0. For any function g € CCZ(R), the linear statistics (2.21) with Ey = L4

(V)
&>

converges in distribution to a Gaussian random variable with mean (% - and variance

g(= x2)—g( ) 1 -
4/;,,sz< ) da dy—%/ﬂgsuh@)\ dg, (2.23)

where h(x) = g(—x2) and I;(S) = (27)"1/2 th(x)e_is" dx. At the left edge Eg = L_, we obtain a similar CLT with
h(x) = g(x?).

Remark. The bulk variance (2.22) agrees with the GOE/GUE. For the edges, the bias and variance in (2.23) coincide
with those of the GUE/GOE obtained in [9,56] and the Dyson Brownian motion in [1].

Remark. We remark that our assumption that the fourth moments of the off-diagonal entries are identical can easily be
relaxed in the above theorems. The regularity condition we impose on the test function g is clearly not optimal, and we
expect results can be extended to CL75(R) functions; see [36]. The CLTs also hold true if we consider the resolvent test

function g(x) = %1

Finally, for test functions in Cf (R), we can relax the single support condition for pf; by assuming instead that the cuts
of the support of . are separated by order one and the density pg. has square-root decay near the edges.

3. Proof of Proposition 2.7

In this section, we prove Proposition 2.7 by reducing it to the main technical result Lemma 3.4. Recall the scaled test
function f on scale 19 from (2.11). There are constants such that

C//
Ifllh<Cnos | f],=C" ||f”||1—%- 3.1)

We use the Helffer—Sjostrand formula to link f(Xu) to the Green function of Xy .
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Lemma 3.1 (Helffer-Sjostrand formula). Ler f € Cc2 (R) and x (y) be a smooth cutoff function with support in [—2, 2],
with x (y) = 1 for |y| < 1. Define its almost-analytic extension

Flx+1iy) = () +ivf () x ). (3.2)

Then we have

foy=1t / =/ @ 2oL / "X Q) HIS @ FF D) o 3.3)
Cc A—2Z 2 A—x—iy
where 7 = x + iy, == 2(ax +ig; ) and d°z is the Lebesgue measure on C.
Therefore, we write
Tr f(Xy) —ETr f(Xn) = <) a—zf(z)(Tr(G(z)) —ETrG(z)) d*z. (3.4)
Plugging the above equation in e(1) given by (2.13), we have
O )
e(M) = exp{ = / 9 f@)(Tr(G(2)) —ETrG(2)) dzz}. (3.5)
w Jc 0z

Taking the derivative of the characteristic function given in (2.13), and applying (3.5), we get

o'(n) = 1 / 9 F@E[e()(Tr(G(2)) —ETrG(2))] d%z. (3.6)
7w Jc 02

Following [44], we restrict the domain of the spectral parameter to €2¢, as the very local scales do not contribute to
¢ (). We write

Trf(XN)—IETrf(XN)——</ /)af@ H(G(2) - ETrG(2)) . 3.7)
Qo 4

Recall f in (3.2) and the definition of ¢ in (2.14). Since x (y) = 1 for |y| < 1, we can write the second integral in (3.7)
with z =x +1iy as

N oR N[
ad / / "y ) (my () — Emy (2)) dr dy = —— f / "y @) Im(my () — Emy (2)) dx dy, (3.8)
T Jr Jo T JRJO

where we used the fact that my (Z) = my (z). We now choose a small T > 0 such that N1« yo:=,/~1= <N"Tno.In

Nl+r —
the regime y € [yg, N~ " nol, the integral can be estimated using the local law (2.10), (3.1) and Lemma 1.2, i.e.,

N~""no

N N7"no
_/ / yf”(x)lm(mN(Z) —EmN(z)) dx dy' < ’/ f”(x)dx/
T JRJyg R »

In the regime y € [0, yo], the local law is not sharp but instead we use the fact that y — Immy (x + iy)y is increasing.
That is,

dy' =O0-(N77). (3.9

0

hl N 2
al f / 30 Tm(my () — Emy () dx dy‘ - 0<<ﬂ> =0 (N7Y). (3.10)
T JrRJO 1o
Therefore, we have from (3.7) that
1 ~
Trf(Xy) —ETr f(Xy) = ;/ %f(z)(Tr(G(z)) —ETrG(z))d*z+ O (N 7). (3.11)
Qo

Using the same argument, since |e(A)| = 1, we have

(1) = %fg %f(z)]E[e(x)(Tr(G(z)) —ETrG(2))]d*z+ O<(N 7). (3.12)
0
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Similarly, we restrict the integration domain of e¢(X) in (3.5) to 2. Let
ix 0 = 5
eo(X) :==exp —/ —_f(z)(Tr(G(z)) — ETrG(z))d Z¢- (3.13)
T JQo 0z

In addition, (3.11) implies that |e(A) — eg(X)| = O<(|]A|N~T). We also have |eg(1)| = 1, using |e(A)| =1 and Tr G (z) =
Tr G(z). If we further replace e(X) by ep(}) in (3.12), then we get

)= %/Q %f(z)IE[(eo(k)(Tr(G(z)) —ETrG(2))]d*z + O<(|x|logNN~T). (3.14)
0

The last error term on the right side, and many error terms below, are estimated using the following lemma, which is a
variant of Lemma 4.4 in [44]. The proof is provided in Appendix B.

Lemma 3.2. Suppose h(z) is a holomorphic function on Q2 and |h(z)| < ﬁ for some constants s, K > 0, then there
exists some constant C such that

0 -
f 2 [@h@d*z| < CKN™".
Qo 92

For 1 <s <2, the bound is sharpened to CK 10g(N)r;é_S.

Thus, in order to study ¢’(1), it is sufficient to estimate E[eq (L) (Tr(G (z)) — E Tr G(z))]. The key input is the following
cumulant expansion formula.

Lemma 3.3 (Cumulant expansion formula). Ler i be a real-valued random variable with finite moments, and f is
a complex-valued smooth function on R with bounded derivatives. Let ci be the k-th cumulant of h, given by ci(h) :=
(—i)k% log Ee''"|;—q. Then for any fixed | € N, we have
L
E[hf ()] =) =cxstWE[f® (W] + Riv1,

k!
k=0

where the error term satisfies

|Riw1] < CEIRI™? sup [FD @]+ CE[IA 2 = a] | £V
lx|<M

and M > 0 is an arbitrary fixed cutoff.
For reference, we refer e.g. to Lemma 3.1 in [36]. We give the proof the following lemma in Section 5.

Lemma 3.4. Forany z:=E +in € QyN D’, see (2.8), and k :=min{|E — L_|, |E — L |}. we have
i 0 ~
EleoW)(TrG(z) —ETrG(2))] = ;E[eo(k)]/ ﬁf(z’)l((z, )& + £,
Qp 02

where K is given in (2.16) and £(z) is analytic in Qo and satisfies

LA (! 1 1 1 1
E(x)=0 ( + + + + . (3.15)
\Ve+n )\ UNp® N2 Nnon  Nnon - Np?

Admitting Lemma 3.4 and plugging in (3.14), we have

¢'(h) = —AE[eoM) ]V (/) + O< (1A log NN™7) + €,

where

1 R R , L i s
V(f)=;/QO/QOB—Z.IC(Z)E)—?.}”(Z)K(Z,Z)dZZ a2z, 5:;/9 — f(2)€(2) d%z.

) 02
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By the definition of «q in (2.12), ¥ > k9. Moreover |n| > N~"ng, for z € Qp. Using Lemma 3.2, we hence obtain the
estimate

5 1 )\.4 N3‘L’ 1 )\4 N2‘L’
5=0<<(+||) >+0<<<+||> )
Nno+/xo+ no Nno ko + no

Assuming V(f) < O(1), we can replace e¢p(A) by e(A) with error O (JA|N 7). Thus we have completed the proof of
Proposition 2.7.

4. Properties of the free convolution
4.1. Properties of mg. and mg;

In this subsection, we recall some properties of the Stieltjes transforms m¢. and mig. of the free convolution measures. Let
k =k (E) be the distance from E to the closest spectral edge, i.e.,

k:=min{|E — L_|,|E — Ll|}.
Similarly define k := min{|E — L_|,|E— £+|}. Define the spectral domain
D:={z=E+in:|E|<M,0<n=<3}.

Lemma 4.1 (Lemma 3.5, Lemma A.1 in [52]).
(1) Forall z € D, there exists C > 1 such that

C i +n < |Imig(2)| < CV&E+n, 4.1
ifEel[L_,L 1.IfE€[L_, Ly, then

C*]

n ~ N
<|I <C .
Teay < Mmi@] =€ 7

(2) (Stability bound) There exists C > 1, such that

4.2)

C'<|a—z—mw@|=C, 4.3)

uniformly for z € D and a € supp(iLy).
(3) Forall z € D, there exist k, K > 0 such that

1
k+/Kk 1— _—
RE fR(x—z—rhfc(z))z

(4) There exist C > 0 and co > 0 such that for all z € D satisfying k + n < co,

due(x)| < Kk +n. 4.4)

c'< dpe(x)| < C; (4.5)

1
/R (x —z— e (2)3

moreover, there exists C > 1 such that for all z € D,

dug(x)| < C.

1
/R (x — z — e (2)?
The following lemma implies that my. behaves similarly as my., for sufficiently large N.
Lemma 4.2 (Lemma 3.6 in [52]). Under Assumptions 2.2 and 2.3, for sufficiently large N, statements 1-4 in Lemma 4.1
hold true with my, k, [Le and Ly replaced by ms., k, ua and L4 respectively. Moreover, the constants in these inequali-
ties can be chosen uniformly in N for sufficiently large N . Furthermore, there exists ¢ > 0 such that

~ _ o = e
maDX|mfc(Z) —me@|<N~72,  |Ly—Li| <N, (4.6)
zZ€

for sufficiently large N.
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Recall the function 7(z1, z2) given in (2.17) and I(z) in (2.20). By direct computation, one proves the following
lemma.

Lemma 4.3. For 71 # z2, we have

_ mge(z1) — mee(22) ) o omg (2)
fano) = @) 2 —meGd’ O T m

4.7

As a result of Lemmas 4.1, 4.2 and 4.3, we have the following lemma.

Lemma 4.4. There exists C > 1 such that

|1(z1,22)] < C; |I(2)| < 1; C'Wk+n<|1-L@|<CVk+n;

Imee(2)| <C: |mi(2)] <

C ” C
Kk +1n N | fc } /7(16 T 77)3
uniformly for z, z1,22 € D.
The proof of the above two lemmas can be found in Appendix B.

4.2. Properties of the Green function

As a more general version of the local law in Theorem 2.5, we introduce the anisotropic local law. Recall the control
parameters W and ©® from (2.9).

Theorem 4.5 (Theorem 12.2, 12.4 in [43]; Theorem 2.1, 2.2 in [29]; Theorem 2.6 in [3]). For any deterministic vector
v, w € CN and matrix B € CVN*N ywe have

(v, G@w) - (v, G@w)| < lallwl¥ @), [N T(B(G@) - G@))| < I1Blop® (),

uniformly in z € {z=E +in: |E| < p~!, N"1%P <y < p~ 1}, where p is small so that p~' > |Allop, and G =
Diag(

ai—2— mtc(z))

5. Proof of Lemma 3.4

For the simplicity of the presentation, we consider only the real symmetric case here. The complex case being similar is
proved in Appendix A. For notational simplicity, let

1
gi(@)i=——, z7eC\ supp(sc)- 5.1
aj — 7 — mse(2)

Before we proceed the proof of Lemma 3.4, we state a useful lemma.

Lemma 5.1. Foranyi, j, we have

deo(h) (2= ;)1

oH, = - eo()) QOFf(Z) G,,d Z; 5.2)
9%eo(h) 12 —5;j)A ) (1+ )2
0H, - ep(2) o Ff(Z) (gz (2)gj(2))d°z + 0<(W>- (5.3)
In general, for any integer k € N, we have
akG deo(n
< 0(1); 82’;_.) o((1+1A)"). (5.4)
ij

ij



518 Y. Li, K. Schnelli and Y. Xu

The above lemma follows from the relation
0G;j _ GiaGpj + GipGaj

= (5.5)
dHap 1+ 8ap
The details are provided in Appendix B. Now we are ready to prove Lemma 3.4.
Proof of Lemma 3.4. By the definition of the resolvent function, we have
(z—ai)Gii=(HG)ii —1
Thus we obtain that
N
(z — a))E[eo(M)(Gii —EGji)] = Z(E[HijGjieo()\)] —E[H;;G ji]E[eo(V)]).
j=1
Using the cumulant expansion Theorem 3.3, we obtain
_3 4
(z— a)E[eoM)(Gii —EGi)| =1+ L+ I+ O(N"2(1+ |A[%)), (5.6)
where
1 deo(L) G j; G j;
(@) 0 J J
L =— E| —Gj; El{ — —-E M)
! 1v§:'f< [8Hﬁ ”}+ [(8Hﬁ [aHu}>““)])

J=1

3%en(L) deo(L) 3G j; 3°G;
Gi 2K E|(1-E A
2!N% Z < |: aszj jl:| * |: aI'Iij a[{ij * a )<82Hl]>60( ) )
N 3 2 2
0”eg(L) 0%eg(A) 3G i dep(L) 9°G i
= i 3E 3E| ———
ST Z < [ : ”]Jr |:82Hij BHU}JF [3Hij 92 Hjj

Hij
gl (G ]Ea3G,- N
(G -o{25e )

Here cg.c) denotes the k-th cumulant of ~/N H; - In particular,

N

o) =01 P =1+0m—Doj ) =Wa=3 (i #)).

The last term on the right side of (5.6) is estimated by (5.4), (2.2) and Lemma 1.2. Note that for z € Q¢ N D’, we have the
deterministic bound |G;;| < [|Glop < (Im 2~ = O(NY). Combining with |eg(A)| = 1, we can use the last statement of
Lemma 1.2. We will use this argument throughout the proof. The error terms in this section are all uniformin z € QyN D’.
In the following, we estimate I1, I and I3 respectively.

5.1. Estimate on I

Using (5.5), we have for each i,

I = —%]E[eo(k)((Gz)ii —-E(G?),)] - %E[eo(k)(Tr GGii —ETrGG))|

N
my —2 1 deg(A
— 2N E[e()()»)(GiiGi,‘ — EG,‘,‘G,‘,‘)] + —N jgl(l + (m2 — I)Sij)E[—ao ij) Gj,']

=:A1() + A2(0) + A3() + A4().

The first term can be written as

W(z)
NImz’

. 1 d
A1) = —NE[eo()»)(l - E)d_Z(G(Z))n} =
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with W (z) as in (2.9). The last step follows from the local law and the Cauchy integral formula. Similarly using the local
law, the second term A, (i) can be written as

1
As(i) = —N]E[eo(k)(TrG(Gii —EGi;) +EGii(TrG — ETrG) + ETrGEG;; — ETr GG, )]

1
= —mie(@E[eo(1)(Gii —EGin)] = 18 E[e0()(TrG —ETr6)] + 0 (0() ¥ (2)).

with ©(z) as in (2.9) and g;(z) in (5.1). Here the first term of A, will be moved to the left side of the equation (5.6). In
addition, the local law also implies that A3(i) = O« (%).
Note that Ay is a leading term of /7. Using the local law, (5.2) and Lemma 5.4, we write

A4(i) = Ag1 (i) + A (i) + O (1 + M) N1 (2)),

where

0 —2_[deg(r
An() = — ZJE[ ;3;”)(1+8U>Gﬁ], and A ="2 E[ ;(;;H)gi(z)]. 57)

We compute these two terms below in Section 5.4.
5.2. Estimate on I

In this subsection, we will show that I is negligible, which can be written as

N 2 2 2
1 0°eg(A deg(L) 0G i; 0°G ;; 0°G ;;
— Zcfj)(E[ 20( )Gj,-]—i-ZE[ 0(4) "']—HE[eo(k)( —L —E— f)D
IN2 et 0“H,; 0H;; 0H;; 0“H,j 0<H,;

=: B1(i) + B2(i) + B3(i).

First, we study the last term B3(i). Using (5.5) and the local law, we have

Bi(i)=— 26(3)1[*: e()()») 6Gl‘,‘ijG,‘j + 2(Gij)3 —6E[G;;G};Gi;] — 2]E(G,‘j)3)]

2N2 =1

Z_N— Z]E eO(A)CU gz(Z)gj(Z)(Gz] EGI])]+O<(N_EW (Z))
74

Next, we estimate fz = 1Cz ¥ g 7(2)Gij, using the anisotropic local law Theorem 4.5. Let v; = §;; and w; =

\/Lﬁcl(j) gj(z). And ||wl|2 is bounded because of the stability bound (4.3) and the moment condition (2.2).

Note that Theorem 4.5 holds for vector entries w; and v; that are deterministic constants. As in our setting w; depend
on z, we use a continuity argument to show that

< W¥(z), (5.8)

‘«/— 26(3)81 (2)Gij(z) — ch?) (gi(z))z

uniformly in z € D’. Indeed, choose a lattice A of the domain D’ in (2.8), with |A| = N0 Then for any z € D’, there
exists some point p € A, such that |z — p| < N!0, The anisotropic local law (4.5) combined with a union bound implies

N
—Z g,(p)Gl](p)——c e ()’

P(ElpeA \/_ N p

> Nﬂy(p)) < N~D+100, (5.9)

Recall that g;(z) = Using (4.3), Lemma 4.4 and the fact that |G;;(2)| < the function f Z] | c g] (z) x

aj—z— rnr ()"

Gij(z) — LN f?(g, (z))2 as well as W (z) are Lipschitz continuous on D’ with LlpSChltZ constant at most N-. 3 Thus we
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obtain from (5.9) that

N

Z gj<z>Gl,<z)—7c,, (8i(2)

> 2fo11(z)) < N~DF100, (5.10)

]P’(Elz eD:

which implies (5.8).
Next, using (4.3) and W (z) > CN~ 2 we have |J— Z] 1€ U g, (2)Gij(2)] < ¥(z). Therefore, we obtain the upper

bound
B3(i) = O-(N"'W(2)) + O (N"292(2)) = O (N2 92(2)).

For the second term, by (5.5), (5.2), and the local law we have

. 1 o G| 9e0()

BQ(I)Z—E;CU E[ 9y (G],GJZ+G,ZGJ,)}
LK mp ey (1+ DY)
__E Zcij E[ oH;; g,(z)g,,(z)} +0<<N—x/'7_0>

_ 20 o [0 s N 1+ DY)
= 3E|:30()¥)¥CU /Qoﬁf(z)d_z/(c(z))jidZgl(Z)gj(Z) +0<( N«/% )

By the same argument as in (5.8) and the Cauchy integral formula, we have

41 (v _ (“Z”)
dz/\/ﬁ(j gJ(Z)( ( ))ji)‘_0'< |Imz’| )’

Using the stability bound (4.3) and Lemma 3.2, we have

B2 < LB AHRDY@ _ ) ((l-l-l)»l)\l’(z))
N/Nng N0 “\ Nym )

Similarly, by plugging (5.3) in the expression of B, we have

- © KN 2/> ] ((1+IAI2)\IJ(z))
B = — Zc [0 ()»)(/QOa?f(z)dz,(g:(z)g,(z))dz 6|+ 0 (FHEED).

Using the anisotropic local law, we have

(1+ |k|2)\ll(z)> _o ((1 + |x|2)w(z>)_

Bi(i)=0-((1+ A*)N"'w 0<<
10) (1+ %) )+ N N

5.3. Estimate on I

It is not hard to show that the diagonal terms for i = j are negligible. Thus we can replace the fourth cumulants by W4 — 3.

There are four terms in /3 and we denote them as D1 (i), D2 (i), D3(i) and D4 (i) respectively.
First, we look at Dj. By the local law and (5.4), we have |D1(i)| < (1 + |A|3)N_1\D(z). Similarly, using (5.5), (5.2)
and the local law, we have | D3(i)| < % For the last term Dg, using (5.5) and the local law, we obtain that

1 N
Da(i) = 5 Y E[eo) (1 = E)(36Gii G ;(Gij)* +6(Gi)*(G jj)* +6(Gij)") | < N™' W ().
j=1
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Finally, we look at the leading term D;(i). Using the local law and (5.4), we have

3%eo(2
Dai) =~ 2N2 Z [ ) (Gﬂ)2+Giiij)]

02 Hjj
Wy —3 d%e
== 24N2 ZE[ az%?&(z)gj(z)}+0<((1+|x|2)1v‘\y(z)). (5.11)
j=1 i

5.4. Adding up the contributions to (5.6)

Summing up the contributions from the previous subsections, we write (5.6) as

1
(z — ai + m)E[eo(M)(Gii —EGi)]| = N8 (2E[eo(W)(TrG —ETrG)] 4+ A41(i) + Asa (i) + Da(i) + € (i),

where D; is given in (5.11) and A4;, A4p in (5.7), and €(7) is the error term obtained in the previous subsections. Thanks
to the stability bound (4.3), we can divide both sides by z — a; + my. to get

1
E[eo(M)(Gii —EG;)] = ﬁ(g,- @) E[eo(0)(Tr G —ETrG)] — £ (2)(A41() + Aaa(i) + Da(i) + €(i)).

Summing over i and rearranging, we find

N

(1 - I;(2)E[eo()(TrG —ETrG)] = Zgz(z) (A41() 4+ Ag2(i) + Da(i)) + &1, (5.12)
i=1

where £ is the linear statistics of € (i). By the argument in Sections 5.1-5.3, we get

1+ |A|4)W(z)>
NAD) '

Next, we study the leading terms of the right side of (5.12). Plugging (5.2) in (5.7), we have

N AgG 2in 9 <, .0
yoAuD Ak gz(z)E[eo(A) [ Zi@)56E@)6w), ¢ }
p Q 07/ a7/

- z—a; +myg TL’N

E1=0-((1+ MYN¥(@)O@) + 0 ((1+ IA)VNY(2) + 0<<

By the resolvent identity,

G(z)G(z’)Z%, 7#7, (5.13)
we can write

N

1 1
Z&@ N6@); =527

i=1

p 1(2)(Gii (') — Gii(2)).

We separate into two cases:
Case 1: If z and 7’ belong to different half-planes, then we have
have

=71 = Tzl Thus by the anisotropic local law, we

F(z,2)

1(2)(gi(2') — 5i(2)

1

Zgl(z) Gzz gl( ))""',—

7 —z|
_ 0<<®(Z)+®(Z)).

[Imz|

1 N
5 28 @(Gii@) — &)
i=1
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Case 2: If z and 7’ are in the same half-plane, without loss of generality, we can assume they both belong to the upper
half plane. If |[Imz —Imz7’| > % Im z, then we can use the same argument as in Case 1. Thus it is sufficient to study when
[Imz —Im7/| < % Im z, which means % Imz <Imz <2Imz’. Note that

1 1Y
F(z.7) - TN > ei(@)(gi(2) - gi(2)
i=1

L3N (8@ — g (@)N(Gii(2) — g @) '

z—7

Nz, 181 (Gii(@) — gi(@)) — ZLgﬂz)(Gﬁ(z)—gi(z))’

z2—7

Next, we look at the first term on the right side. By direct computation, we get

gi(Z) - gi(Z/) < |g(z)||g(z/)|<l 4 ’me(Z) — mfc(Z/) ‘)

z—7 z—7

When z, 7’ are in the same half plane, my. is analytic in the neighborhood of the segment connecting z and 7/, denoted as
L(z, 7). Thus

, C
sup |mfc(a))| < —.

weL(z,7') Imz

‘ mie(z) —mie(@) | _
z2—7

Combining with (4.3), we have

50— 5| _ ¢
7—7 ~Imz’

Using the second statement of the anisotropic local law by letting B = Diag(w) and the continuity argument as

in (5.8), we obtain that the first term is bounded as O( o ))
h(z) h(z )
-7/

Im

For the second term, we write it as , Where

1 N
h() =D 8i@)(Gii (@) — g1 (2).

i=1

Since & is analytic in the neighborhood of L(z, z’), we have

sup
wEL(z 7)

z—7 dw

‘h(z)

h(w) ‘

The anisotropic local law implies that sup,,c; . . [A(w)| < ©(z). Using the Cauchy integral formula, the second term is

o0-( ®(Z)) Then we obtain the same upper bound as in Case 1.
Therefore in both cases, we have

L1y @) O
Z,_Z(ﬁiz_;gz(Z)gl __Zgl())+0<<lmz)+0<<lmz )

Taking the derivative and using the Cauchy integral formula, we have

3 N0 1 3l (z,7) 0(z) 0()
_— = — 1_ Ky 0< - -, 0< T o+ .
Bz/F(Z’Z) 8z’(1—1(z,z’) 3z )( @)+ (Imzllmz/l)Jr (Imz|1m2’|>

F(z.2)=
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Then by using Lemma 3.2, we have

N .
Ag()  2in 9 1 @), 2.
Y = Zla] [ )5 (e (- b)) ¢

pry Z—a; +mg T

O(2) 1
ol — ol ———).
+ (Imz>+ <Nn01mz)

Similarly, plugging (5.2) in (5.7), we have

N .
Ag (i) _ (my — 2)ik i ~ i al(z,7) _ 2, ( 1 )
Z o —— - E[eo(M)] /520 a?f(z ) 7 <7Z)z (1 k(z))) d*7 + O« )

=

—

Finally, plugging (5.3) in the leading term of (5.11) we have

N .
Da(i)  (Ws—3)id D qon 0 (31D N 2 <1+|A|2>
> - E[eo(/\)]/QO a?f(z)az/< s (1 Is(z))l(z,z)>dz + 0. e )

izl Z—aq +mfc

Therefore, we have
(1 - I;(2)E[eo()(TrG —ETrG)] = (1 — Is(z))%ﬂz[eo(x)] : / %f(z’)l((z, )&+ &,
Qp 02

where K (z, 7') is given by (2.16) and

=1+ |A|4)[O<(N\IJ(Z)O(Z)) + 0 ((VNV* () + 0<(\D(Z)) + 0<(%> + 0<<®7§Z)>}. (5.14)

/10 1o
Dividing both sides by 1 — Is(z), recalling from Lemma 4.4 that |1— T (z)| JK—T’ and using (4.1), (4.2), we have
completed the proof of Lemma 3.4. ]

6. Proof of Theorem 2.10 and Theorem 2.11

In this section, we compute the variances of the mesoscopic CLT in the bulk and at the edges.
6.1. In the bulk

We compute the variance V () defined in (2.15) with f given in (2.11).

Lemma 6.1. Under the assumptions and notations of Theorem 2.8, we have

. 1 (g(x1) — g(x2))*
S V0= g [ [ e

Assuming that we have proved the above lemma, V (f) converges to some positive constant since g € CC2 (R). Theo-
rem 2.10 is a direct result of Proposition 2.7 after integrating ¢’ (1) and using the Arzeld-Ascoli theorem and the Lévy
continuity theorem.

Proof of Lemma 6.1. Recall that

V(f)=— //—f(Zl)—f(Zz)(Kl+K2+K3)d2Z1d2Z2,
Qo J Qo

0z1
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where

2\ 92 2 92 9 9
Ki=(m—=)——I: Ko=(Wa—=1=-Z)(I——T+—1—1); 6.1)
B ) 0z1022 B 071022 d0z1 022

29 1 9l 2 1 92 1 9 9
Ki==————— == I+ s—I1—1|. (6.2)
Bozi\1—-13z B\1—1(z1,z2) 021022 (1—1(z1,22))* 9z1 022

Using Lemma 4.4 and the stability bound (4.3), we have

N

3 1 14+ mj (z1) ( 1 )
971 (a1, 22) N ; (ai — 21 —mge(21)?(a; — 22 — mge(22)) N ©3
d 1 & 1+ mj,(z2) < 1 )
—1 s = — ¢ =0 5 6.4
022 (21, 22) N ; (ai — 21 —mge(21))(ai — 22 — mie(22))? K2+ M ©H
2 1 & (14 mp(z1))(1 4+ mi(z2)) 1
1 s — Y c = 0 . 6.5
071022 (1.22) N Z (ai —z1 —mie(21))?(a; — 22 — mie(22))? (\/(Kl +n1) (k2 + 772)) ©>

i=1
In addition, recalling (4.7), for z1 # z», we have

1 _ +mfc(21)—mfc(zz)
1—1(z1,22) 21— '

(6.6)

If z; and z, are in the same half plane, mq. is analytic in a neighborhood of the segment connecting z; and z;, denoted as
L(z1,z2). By Lemma 4.4, then we have

1 mee(z1) — mee(22) / 1
— <1+ < sup |mp(2)|<C sup . 6.7)
1 —1(z1,22) ) zeL(zl,zz)| © | zeLz,z) \VK T 1
If z1, 22 belong to different half planes, using Lemma 4.4, then we have
1 <14 mee(z1) — mee(22) - C < Cc . 6.8)
1 —1(z1,22) 71— 22 lz1 —z2l = Imil+ Im2l
Now, we are ready to compute V (f). Since (%K, (z,7) = %Ki (z,Z)) =0, (i =1,2,3), and by Stokes’ formula, we have
1 ~ -
V(f)= —m/ / @) f(z2) (K1 + Ko+ K3)dzydzp := Vi + Vo + V3,
ryJIry

where 't = {x; +iy : |y1|=N""notand Ty = {xo + iy : [y2| = lN_Tno}. We choose the orientation of both contours
to be counterclockwise. The parts on the upper half plane are denoted as I';, F; , while the parts on the lower half plane
are I, 5.

Using (6.3)—(6.5), since k > k( > co for some positive constant ¢y > 0, we have |K| + K3| = O(1). Combining with
(3.1), by direct computation, we have | V| + V2| = O(n(z)). It then suffices to estimate V3. We consider two cases.

Case I: If z1, zo are in the same half plane, by (6.7) and (6.3)—(6.5), we have |K3| = O(1). Therefore,

(/ / +/ / )f(z])f(zz)Ks(zl,zz>dmdzz=0(n3).
riJry JryJry

Case 2: Consider z1, zp are in different half planes. For notational simplicity, we define m| = my.(z1) and mp =
mi.(z2). Differentiating I given in (4.7), we have

i) I_(Zl—zz)m’l—m1+m2_ G] I_(Zz—zl)m’2+m1—m2 69)
dz1 (@i+mi—z—mp)?’ 92 (i+mi—z—mp)? '

Using (6.8) (6.6), (6.3)—(6.5) and Lemma 4.4, we have

2 1 ((z1 — z2)m| —my +m2)((z2 — z1)m) +m| — m2)

3=2 +0(ny'NY).
B (z1 — z2)? (z1 +my1 — 22 — mp)? (o )
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Note that if z € CT and in the bulk, then there exists k, K > 0 such that k <Immy.(z) < K. If 71, z» are in different half
planes, there exists some constant ¢ > 0 such that |z; +m| — z2 — m3| > c. Combining with Lemma 4.4, we have

2 (my —my)? 1 2 1 1
Ky=—- +0<(ng NY)+0(1)=—=————=+0(n, NT).
B (z1 —22)*(z1 +my — 22 —m2)? <(n5 " NY) B (z1 —22)? (5" N7)
Therefore, recalling the definition of f in (3.2), by symmetry and (3.1), we have
1 F(z1) fz
Vs = —2[ JEIIE) 4z + 0 (noN), (6.10)
pr= Jrf Jry (21 —z22)

with opposite integral directions on the contours. Since F;L and I'; are disjoint and f has compact support, we obtain
from Cauchy’s integral theorem that

1 f(z2)? 1 / . 2(/ 1 )
— ———dz1dzp = — —d dzp =0.
pr’ /r/r 1 — 22 V92T g J T L T ) 4

- f@)?
The integral of Gt

vanishes similarly. Thus, we have from (6.10) and (3.2) that

1 (f(z1) — f(22)?
V3=— =" dz;d O(noN*
3 28m? /r+ r- (21 —22)? a1dz2+ 0 (mN")
1 (f(x1) = f(x2) +iN"Tno(f'(x1) — f'(x2)))?
= . dx;dxy + O(noNT). 6.11
2ﬁJT2 / / (x1 —x2 + %N_fn())2 1 (770 ) ( )
Changing the variable

9?1=XI_EO; )?2=x2_E0, (6.12)

no no

we hence obtain from (6.11) that

N T s 2
ngzlgan// (g(X1) —gX) +iINTT(g'(X1) — &' (32))) 4%, dfs + O (noN¥).

(1 — B2+ FN"7)?

Note that the integrand can be bounded uniformly by

‘ (g(F1) — () +INTT (') —&'(8))*| _ (4G —8(#))* | (') —8'(%2)? 6.13)

(F) — %+ INT)2 T B -®)? (¥ — %2)?
Since g € CE(R), we then conclude the proof using dominated convergence. (I
6.2. Near the edge
Theorem 2.11 is a result of the following lemma and Proposition 2.7.

Lemma 6.2. Under the assumptions and notations of Theorem 2.8, we have

g(— xz)—g< ¥?)
2ﬂn2//< ) drdy.

Proof of Lemma 6.2. Similarly as in the bulk, using Stokes’ formula, we have

hm V()=

V(f)———/ / f@)f) (K1 + K2+ K3)dz1 dzo i= Vi + Vo + V3,
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where K1, K7, K3 are given by (6.1) and (6.2), and we use the same notations and definitions as in the previous subsection.
Using (6.3)—(6.5) and Lemma 4.4, we have
1 ) -0 (Nr n— 1)
V1 Imz; Imzs| 0

Using (3.1), one can show |V + V2| = O(noNT). Thus it is sufficient to study the integral involving K3. Using (6.9),
(6.6), and

K1+ K>| = 0(

9? 9? (m'y +m)y 4 2m m}) (21 — 22) — (m) +m)y 4 2)(my —my)

— I(z, AT /
0707 (Z Z) d07/0z (Z Z) (z1 +m1 — 20 —mp)3

’

by direct computation, we have

2( (I +m)(1+m)) 1 )
K3=2 2 2 )
(z1 +my — 22 —m2) (z1 —22)

B

For the second integrand, using the similar arguments as in the previous subsection, we have

i f@)f(z2) B (f@) = f@)® |
im ————"dzjdzp=—= lim dz;dzs
N—oo Jr¥ JrE (21 —22)? 2N—ooJrEJry (21—  @—2)?
1 (g(x1) — g(x2))?
——E'A\% Rwd)ﬂdxz. (614)

Due to the opposite integral directions, we have

fz1) f(z2) 1 / (g(x1) — g(x2))?
dzidzr = = = 7 2 =7 dx;dx,.
N—><><>/1ii /r* (z1 — 22)? af2=s rRJR (X1 —x2)? 1

The whole integral with respect to the second term of K3 will hence vanish when N — oo. Thus it is sufficient to study
(1+m)(1+m}) .
e ——— that is,

1 . (A +m))(1+m))
V. =—— dz;d
2 2pm? (ﬁ,* /1";—’_/1"1 /2+/r1+/2+/r, fl";)f(ZI)f(Zz)(Zl+m1—Zz—m2)2 e

oyt —— +- —+
R A AT A

the integral of the first term

Let ¢ =z 4+ mg(2) and ¢+ = Ly + m¢.(L1) € R. Define F(¢) :=¢ — % ZINZI =t SO that (2.6) is equivalent to

z= F(¢). Assumptions 2.2 and 2.3 imply that there exists some constant cg independent of N such that

dist({¢x, 7}) = co.

for all sufficiently large N, where 7 is the smallest interval that contains the support of 4; see (4.3). Hence, F(¢) is
analytic in a neighborhood of ¢, where we write

//(§+)

F(O)=F)+ F'C)& — o)+ ¢ — ¢+ 0(1c — ¢4 P).

By @7), F'l(¢p)=1— 4 Zl '@ —£+)2 = 0. Moreover, F"({y) = —% Zl el and by (4.5) it is bounded uni-
formly from below. In general, we have |F(k) Pl = | Z[ 1 m' o(l) because of (4.4). Inverting F(¢) =z
in the neighborhood of ¢, we have the expansion

{=z+mp(@) = +epyz—Li(1+ ALz —Ly)), (6.15)

where A is an analytic function depending on N with A (0) = 0. This has been shown in the proof of Lemma 3.6 and
Lemma A.1 in [52]. Note that ¢4 = (—% Zf\;l m)_% is some positive number depending on N but is uniformly
bounded. Furthermore, the coefficients of the expansion of A are also uniformly bounded. Thus

Z+mie(2) =& +epyz— Ly + 0(lz — L)),
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where the square root is taken in a branch cut such that Im \/z — L4+ > 0 as Im z > 0. Similarly, we have

+dy+ 0(V|z—Lyl).

C+
1+ mi(2) = -——==
fe 2\/2—L+

where d is some number which depends on N but is uniformly bounded. Let z = L1 + nox 4+ iN ~"1ng. Then

. ’ C+
+me(@) =gy +cpy/no(x +INTT) + 0(no); 1 +mp(2) = ——=+ds + 0(JN0).
2+ mic(z) = L4 + cpy/no(x +INT) + O (no) mi.(2) s (Vm0)

Therefore, after changing the variable as in (6.12), we have

| g(X1)g(X2)(J—+0(\/—))(\/7+0(\/_))

Vit =— dxq dxp

3 - 2
8pn2 Jr Jw (WX FINT = 2 + N7+ O(/0)?

g(x1)g(x2)

: //
- 2 - ;
BP IR R S FINTT oy + INTT (VA FIN T — x4 ANT)2

where g(x) = g(x) +iN " g’(x). The last step follows from the fact that |/x; +iN~—T — /x; + %N*W > CN™%, when
X1, x2 belong to some compact set. Let )/1jt :={x1 £iN"T:x; € R} and )/2i ={x; %N" : xp € R}. Then we obtain

dxy dxs + O(/oN’7),

1 8(z1)8(z2)
Vit =— / f dzydzs + O (JVoN*7),
’ 8672 )yt L VIV (V21 — V22)? 1d2 + O (VN

where g(x +iy) = g(x) +iyg’(x) x (y). Since y1+ and y2+ are disjoint and g has compact support, changing the variable
w = /7 and using Cauchy’s integral theorem, we have

/ 3)? dzydzp :0:/ / 8(22)? o1 d
D VIR = VR I S = N Chia

and thus

(8(z1) — 8(22))? 3
dzid O(/noN"").
v 16;3712/ /y; NN NN +O/mNT)

Therefore, we get

1 _ iN“To _ 1N7T / 2
lim v+ — : / / (g(x1) —g(x2) +iIN""g (x1) — 3N ""g (x2)) dx; da.
R

= lim
3 2 ; -
N=oo 16fr" N=oo Jr IR /e AN Jxy + AN—T(Vx FIN T — [x2 + EN-T)2

We denote the integrand as &y (x1, x2). Next, we interchange the limit and the integral. One shows that there exists C > 0
such that

‘\/xl +iIN"T —,/x2+ %N*f

5 (g(x1) — g(x2))? + (g'(x1) — g’ (x2))?
VIxiVIxllyxr — % )? ’
and observe that |hy (x1, x2)| < h(x1, x2). Next, we will show that i (x1, x) is integrable.

Suppose supp(g) C [—M, M] for some M > 0. Then if x| and x, are both in [-2M, 2M] then we have the following
estimation.

> Cly/x1 — /x|
Set

h(x1,x2) :=C~
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Case 1: If x1, x» have the same sign, then

(g(x1) — g(x2))? + (g'(x1) — &'(x2))?
VXX (X — fx2)?

-l (S (S gy 2
_vlml«/lle(( X1 —x2 + x| — Xy (VIxt] +/1x21)

8M 7112 "2
< — (|8 + g .
= e+ 1571)
Case 2: If x1 and x, are of opposite signs, using |x; — x2| = (/|x1| — i/|1x2]) (W |x1| + iv/]|x2]), we have

(g(x1) — g(x2))% + (g (x1) — &'(x2))?

VInVixllvix - ivixl?

__ 1 ((g(xl)—g(xz))2+(g(xl)—g(xz)) >‘ i+ i/l
Vixi[v/1x2] X1 — X2 X1

h(xy,x2) =

h(xy,x2) =

8M 12 72
<" + :
Ifxl ¢ [_2M7 2M], then X € [_1‘47 M] otherwise l’l()ﬂ, x2) =0.So fOI' ()C[, XQ) € [_2M7 2M]c X [_M, M]’

4lgl +4lg' 3% 4lgl, +4lg'l12% C
MVl (Vlxr ] = +/1x2] )2 — VIxVx X ] - \/—\/le N2 |)Cl|3/2|162|1/2

h(xy, x2) <

Therefore, h(x1, x3) is integrable. Thus by dominated convergence,

: (g(x1) — g(x2))?
lim V= // Qe dx
Neoo 16672 Jo Jo VAT 110y T0(/x F10— v 1102
_ / / (g(w}) — g(w3))?
472 Jyw+io) Jy ®+ioy (w1 —wp)?

where we change the variable ¥/ (z) := ,/z; with branch cut such that ¢ : C* — C*.
Similarly, we have

1 w?) — g(w?))?
lim V7 —2/ / (g(wi) —8( 22)) dw; dwo;
N—00 47 Jyr-io) Jy®—ioy (w1 —w2)
2 2,2
w — w
lim V3+_ / / (g(wi) —8( 22)) dwi dwy;
N—00 4pm? v (R+i0) Jy®R—i0) (w1 —w2)

2 22
w — w

lim V;~ T= 2/ / (g(wp) — & 22)) dwi dw,.

N—00 42 Jyw—ioy Jymeio)  (wi —w2)

The contours are shown in Figure 1. Note that the horizontal parts of the blue and the red lines of above graph will
cancel because of the opposite integral direction. To sum up, we have

dw; dw>,

ico 2 2 2
— 1 —
lim V3= / / (gwp) = W 4y //(g( D 8DV,
N—00 4,37'[2 (wy — wy)? 472 Jr Jr X1 — X2
This concludes the proof of Theorem 2.11. (]

7. Proof of Proposition 2.9 and computation of the bias

In this section, we first prove Proposition 2.9, using the same technique as in Proposition 2.7. After this, we compute the
bias on mesoscopic scales inside the bulk and at the edges.
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V-

V++

Vi

Fig. 1. Integration contours in the variance term V3

Proof of Proposition 2.9. We treat the expectation similarly using the camulant expansion and (5.5)
3G 3
WES L 0 (N72)

(z —a)EG;;i =E(HG);;
— iE (2>8G11 _1_}_# o 9 sz 1 g Gii
3
N = ij 0H;; 2IN? i 92H;; ' 3IN? = ij 93 H;j
N
Ly E 2= 2p Gy — 1 O 2
=——> GiiGjj — E(G),; — (Gi)* — by Zc 6G;iGi;jGjj +2Gj;)
j=1
N 3
7 > (Wa—3)E(=36GiiG;Gj; — 6G;,G5; — 6Gy;) + O« (N7?).
Combining with the local law, we have
1 d 1 my —2 1
72— a)EGji = —— IEG TrG — — -1
(¢ akGi ! Ndzai—z—me N (aj—z—mr)?
N (3) N
3 Cij 1 1
— ' (W4 —3)
N ; —mg)(aj—z—mg) 7 N? 2 (@i — 2= mg)*(aj — 2 — mg)?
W (z)
o\ —).
" <( Nn )
Using the anisotropic local law and the argument as in (5.8), one can show that the second term of the last line of above
equation is O~ (N ~!W(z)). Therefore, we have
1 1 1 1 1+mj
(Z—ai)EGiiz——E( - )TrG—— ETrG—-1-— £ () 5
N | — 7 — Mife N a;j — 7 — mg N (a; — z —my)
my —2 1 Wy -3 W(z)
N (ai —z—mg) N (@i —z —mg) Nn
and thus
1 1 1
—_— | =—— (ETrG — Nmy.)
N a; —z—mg

(z —a; +mg) (]EGH -
aj — 2 — mfe
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1 1+mg(2) my —2 1

N(@i—z—me)? N (aj—z—mg)?

1 Wy—3 W (z)
_NIS(Z) +0-<< )

(ai —z— mfc)2 Nn

Dividing both sides by a; — z — mg. ~ O(1) and summing over i, we obtain

N

1 14 m, ,
(1 — IS(Z))E(TrG — Nmg) = v 12: mi.(2) m2 Z

_ (@i —z— mfc)% N

~(ai—z- mfc)3

Wy —3 I5(2) W(z)
n > @ + 0<<—).

~ (@i —z—mg)? n

Dividing both sides by 1 — I;(z) and using the relation 1 — I;(z) = m ~ Kk + 1, we obtain
fc

1 1dI —2dI W4 —3 dI 1
1 dl (2) + mj 5(2) + 4 1.(2) s(2) + 0<( )
1—IL(z)2 dz 2 dz 2 dz n Nnm

Plugging into (3.11) (here we replace Euy by us), using Lemma 3.2 and Stokes’ formula, we have

E(Tr G — Nmye) =

1 5 2t
IETrf(XN)—N/ F)pte(x)dx = — f@)b(z)dz+ O <—>+0 N7T),
R ¢ 4ri Jaq, “\UNnovio + o <)
where b(z) is given by (2.19). Using the relation Iy = 1 o , , it coincides with the expectation that obtained in the global
CLT given in Theorem 2.6. Thus we conclude the proof of Proposmon 2.9. ]

Next, we explicitly compute the bias in the bulk and at the edges, for the scaled test function in (2.11).
7.1. Bias in the mesoscopic bulk

Note that

d_f_ii L+ mg, _o< ! ) - L@~ ———:  |LG)|=00) (7.1)
dz  N&(a—z-mp®  \Jk+n) VET A '

i=1
If k > k9 > ¢ > 0, then |b(z)| = O(1). In combination with (3.1), we have
N2r
ETr f(Xn) — N/ S () pre(x)dx = O< (770 —— 5 N">,
R Nno+/xo + 1o

hence we see that the bias vanishes as N goes to infinity.
7.2. Bias at the mesoscopic edge

Similarly, using (7.1) and (3.1), the last two terms of b(z) will contribute O (+/N%1n9). We have

//

N2r
Nno/ko + no

IETI‘f(X]\/)—N/f(x)pfc()c)dX—L, f@ y dz+0<<N_r+ +\/an0>.
R 4ri Jaq, 1+ mfC

Using (6.15), we obtain the following expansions:

L +mi(2) = +0(), mi@)=

Cy Cyq 1 )
— — 40—,
2Jz—L4 4(Jz—L1)3 (vlz —Ly|
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and then

mg, . 1 +O< 1 )
l+mp,  2(z—Ly) VIiZz=Li{])

Changing variables and using (3.1), we have

ETrf(XN)_N/Rf(x)Pfc(X)dx

:—L/(g(x)—i-iN_rg’(x))#dx
87i Jr x+iN~T*
! /(() iN"Tg'(x)) ! w40 (N‘Ur—N2r +/N°® )
S [ 8TV g X)) e AX 10
87i Jr x—iIN"7 h Nno/ko + 1o
1 1 2T
LW g L 89 o (vre—Y L A).
8mi Jg x +1IN"T 8mi Jg x —IN—T Nno/ko + 1o
Using the Sokhotski—Plemelj lemma, we have
0 NZT
IETrf(XN)—Nff()C);Ofc(JC)dJC=&Jr0<(N_’+—+ an()),
R 4 Nno+/xo +no

where we used the regularity g € C? (R). This finishes the computation of mesoscopic bias.

8. Sample covariance matrix

In this section, we use the previous arguments to derive the mesoscopic eigenvalue statistics of sample covariance matrix
and prove similar CLTs in the bulk and at the regular edges. We start by introducing the model in detail.

8.1. Setup, assumptions and main results
Let Xy = (X;;) be an M x N matrix satisfying the following assumption.

Assumption 8.1.

(1) {X;j|1 <i <M,1 < j< N} are independent real-valued centered random variables.

(2) For all i, j, we have IE|\/N X; j|2 = 1. In addition, ~/N X;; has uniformly bounded moments, that is, there exists
Cp > 0 independent of N such that for all , j,

EVNX;;|P <Cp. (8.1)
(3) To simplify the statement, we also assume that there exists a constant K4 such that
N
K4:=— Z cf?) ,  where cl.(;.‘) is the fourth cumulant of vV N X ij- (8.2)

N <
j=1

Note that M depends on N and set
M
VEVN::W_)VO’ 0 <y < o0. 8.3)
We study the M x M sample covariance matrices
Hy =YNYS, Yy =22 Xy, ¥ := Diag(o;), (8.4)
where X is an M x M positive definite, deterministic and diagonal matrix with

o0>0|1>0p>--->0y >0, limsup oy < 00, liminfoys > 0. (8.5)
N— 00 N—o00
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We denote by uy the empirical eigenvalue distribution of X, i.e. uy 1= % ij: 1 85, The following assumption ensures
that the limit of uy exists.

Assumption 8.2. Together with (8.5), uy converges weakly to a deterministic measure i, as N — oo such that s is
compactly supported in (0, 00).

The eigenvalues of H = Hyy are denoted as A; € R, 1 <i < M. The empirical spectral measure of Hy, is defined by
e % Z,Ai 1 85, . The Stieltjes transform of 1) is then given by

my(z) ;=M '"TrG(z), where G(z):=(Hy—zI)"', zeCt. (8.6)
We further introduce the N x N matrices
Hy =YYy, Gi=H-2"", wmy@:=N'Trg, zeC". (8.7

The eigenvalues of H = H are denoted by {ui}f\’: |- It is straightforward that {)»,-}f‘i | differs from {Mi},N: | by IN — M|
zeros, hence we have the relation

y—1
my(z) =ymy + — (8.8)

In the null case ¥ = I, the Marchenko—Pastur law states that the empirical eigenvalue distribution of H = X X*
converges weakly to the Marchenko—Pastur distribution with aspect ratio yp, whose density is given by dump,y, =

ﬁ‘ / W%x)]”’ dx + (1 — y0_1)+80 with y1 = (1 £ ,/0)?. Its Stieltjes transform myp ,,, or denoted by m,, for
short, is characterized as the unique solution of

1
1=y —yzm(z) —z’

1+ (z— 1+ yo)m(z) + yozm>(z) =0, orequivalently, m(z) = (8.9)

such that Imm(z) > 0, z € CT. Because of (8.8), the Stieltjes transform of the limiting spectral measure of H = X*X,
denoted by m, -1, is then given by
0

yo—1
m, 1) = yomy (2) + ———. (8.10)

In the non-null case ¥ # I, under Assumption 8.2, the limiting spectral measure of H = X !/2X X* X !/2 exists, hence-
forth referred to as the deformed Marchenko—Pastur law. Its Stieltjes transform, denoted by myc ,, or mg. for short, is the
unique solution of

1
= o ) .1
e A@t(l—yo—yozm(z))—zdﬂ © (.11)

such that Imm(z) > 0, z € Ct. The corresponding limiting measure, denoted by s, or ug for short, is the free
multiplicative convolution of 1, and the standard Marchenko—Pastur law with ratio yp, i.e., ttc,y, = o X UMP, 5, ; see
[67,69]. It was proved in [64] that the free multiplicative convolution measure is absolutely continuous and its density
function is analytic whenever positive in (0, o).

According to (8.10), the Stieltjes transform of the limiting spectral measure of H = X*X X is the unique solution to

1
—Z+V0medMa(t)’

Y0
1+ tm(z)

m(z) = or equivalently, yp—1—zm(z) = / dug (1), (8.12)
R

such that Imm(z) >0, z e C™T.

For general X, ug could be supported on several disjoint intervals; we refer to [34,43,64] for discussions on the
support of the density. The following assumption ensures that the free multiplicative convolution measure is supported on
a single interval and the edges behave like square roots. It also rules out the possibilities of outliers.
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Assumption 8.3. Let [c_, 0] C RT be the smallest interval that contains the support of 1, and set Z := [o;] , O'__l].
Assume that

2
tx

inf due (1) >yt ,

int [(2) duo= 4

for some constant w > 0 (the left side may be infinite). Similarly, set 71:= o, ! , o&l]. Assume that

_ tx \? 4
inf — ) dus() >y +w,
xeZ JR 1 —1tx

for sufficiently large N.

Let £ = —m(z) so that (8.12) is equivalent to

1
(= FE),  FE) =+ /R A1t (1).

t
3 1 —1&

As an analogue of (2.7), it was argued in [64] that the edges of the support of us., denoted as E, are given by EL =
F(&1), where £+ € R are the solutions to

HEY e €\ 4! 8.13
(S)-—/R(]_té> Ho () =y, - (8.13)

Under Assumption 8.3, we have at most two solutions of (8.13), since H(£) is monotone outside [cr_:] , 0:1]. Let &4 be
the unique solution of (8.13) in (0, o*_:l). The right boundary of the spectrum is given by E = F(&;). As for the left
edge, we split into three cases. If 0 < yg < 1, there is a unique solution of (8.13) in the interval (a__l, 00), denoted by
&_, and the corresponding left edge is given by E_ = F(£_). If yo > 1, similarly, there is a unique solution of (8.13) in
the interval (—o00, 0). These edges are referred to as soft edges. For y = 1, the solution does not exist (or say £_ = 00),
corresponding to E_ = 0. This scenario is referred to as the hard edge and the density there goes to infinity at rate of
«~1/2_ In this paper, we only consider the right edge for all 0 < yy < co. Same discussion easily extends to the soft left
edge when yg # 1.
In addition, Assumption 8.3 implies that

dist({o", 07"}, ) > c0 > 0, (8.14)

provided that £_ is finite (yp 7 1). The above condition is crucial for the density of the limiting measure to have the square
root behavior at the soft edges. It will be proved later in Lemma 8.5. Similar assumptions also appeared in [8,24,51] for
the rightmost edge and [34,43] for all edges in multi-cuts.

Since the convergence rate of uy and y could be very slow, from now on, we work with the finite-N version g =
ump,y X . The corresponding Stieltjes transforms are given by (8.11) and (8.12) replacing the limiting measure fiy
by us and yp by y. The following notations, e.g., mg., m, Ex, &+ and « are corresponding to pmp,, X uy and are
N-dependent. To be consistent with the previous sections, we will use the tilde sign to denote the ones with respect to
MMP, o X e . The second condition of Assumption 8.3 ensures the same properties for the support of pmp,y, X ux. In
particular, for sufficiently large N we have

mjn{|1 —éioi|} >co >0, (8.15)
1
if yg # 1. If 9 = 1, it only holds true with respect to & .

Next, we state the local law for the Green function of sample covariance matrix, which is an essential tool in our proof.
Let m = m(z) be the unique solution of finite-N version of (8.12), i.e.,

M
1 14
—1l—zm(z) = — _ 8.16
v @ M;l—i-a,-m(z) ( )
such that Imm(z) > 0, z € CT. Define the deterministic control parameters
Imm(z 1 1 .
V(z):= N 0(z) = —, z=E+ineC\R. (8.17)

+—’
Ninl Ninl Ninl
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We also introduce the spectral domain, for some small ¢ > 0,
S = {Z=E+in JE|<c LN THe<p <l g zc}.

We further introduce the N + M by N + M matrices

-1
(= x\ . _ (=0 +m) 0, (=0 +
e (5 XY me (RO 0N s (50 e
Using the Schur decomposition/Feshbach formula, we see that

226212 2xG\  (2'2Gz'? z?GY
GX*% G )]\ rgz'/? G ‘

We are ready to state the (anisotropic) local law for such random matrix.

Theorem 8.4 (Theorem 2.4 in [14], Theorem 3.6 in [43]). For any deterministic unit vector v, w € CN, we have
(v, 7 (R(2) — () =" w)| < ¥(2),

uniformly in z € S'. It also implies that

(9@),; —m(@)di;] < ¥ (2): ‘(G(z))ij T e | < Y @:
In addition, we have the averaged result
1
INTITEG(2) — m(2)] < ©2), ’M‘lTrG@) +/ ————duz(1)| < O().
r 2(1 +mt)

(8.18)

In the following, we state some properties of the Stieltjes transform m in (8.12), whose proofs are given in Appendix B.

Define the spectral domain, for some small ¢ > 0,
S:={z=E+in:|E| <cho<np<cl g >c}.

Andsetk =« (E) :=min{|E; — E|, |E_ — E|}.

Lemma 8.5.

(1) For z € S and sufficiently large N, we have

|m(z)| ~ 1 min|1 + o;m(z)| > co.
1
(2) For z € S and sufficiently large N, we have

|Imm( )| N JKk+n, ifEelE_, E4],
¢ \/KLTn if otherwise.

(3) ForzeSwith E_ —c < E < E4 + ¢ and n < ¢ for some small ¢ > 0, we have

M

1 Y oi _oomE@
M Z z(1+m)o))?  zw'(z) et

i=1

(4) Under the same condition as in (3), we have

m() 1
7 — ﬁ ZM Yo /K + n

=1 (I+m(2)o;)?

m'(z) =—

We are now prepared to state our main results for the sample covariance matrix.

(8.19)

(8.20)

(8.21)

(8.22)
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Proposition 8.6. Consider a sample covariance matrix satisfying Assumptions 8.1, 8.2 and 8.3 and E is chosen to be
away from zero, then Propositions 2.7 and 2.9 hold true with

K( )—2( e >+K 1% ®29
21,22) = m —m)? @1 —22)2 8Z18zz (1+m1<7,)(1+m2m) )

i=1

where we use my and my to denote m(z1) and m(z2), and

b(z) = ((m’(z))z LK m(z)m’(z)> % (8.24)
ERNE) ! o +m(z)az)3 '

Proposition 8.6 implies that Theorems 2.10 and 2.11 hold true for sample covariance matrix. More specifically, we
have the following theorem.

Theorem 8.7. Let Hy be a sample covariance matrix of the form (8.4) satisfying Assumptions 8.1-8.3. Let N~1*¢1 <
no < N~ with some c; > 0 and fix Eg € (E_, E), such that ko := dist(supp(fn), {E+}) > co, for some ¢y > 0 and
sufficiently large N. Then, for any function g € CC2 (R), the linear eigenvalue statistics (2.21) converges in distribution to
the Gaussian random variable N'(0, 1 [, |£|12(&)[>d&), where §(&) := 27) 1/ [, g(x)e ¥ dx.

In addition, the linear statistics (2.21) with Ey = E+ and N—3te <no < N~ for some c; > 0, converges
in distribution to a Gaussian random variable /\/(gio), o fR |$||h(é§)|2 d&), where h(x) = g(—x?) and h(é)
Qn)~12 f]R h(x)e % dx. Furthermore, if yo # 1, a similar CLT for Eo = E_ can be obtained with h(x) = g(x?).

Remark. We remark that (8.2) in Assumption 8.1 can be removed. In addition, we can relax the single support condition
for us. by assuming instead that the cuts of the support of ¢, are separated by order one and the density has square root
behaviors at the edges away from zero.

8.2. Proof of the CLT and variance computation

From the definition of the Green function and (8.4), we get

N
2Gii = (HG);i — 1= (2'2XX*T'2G),, — 1= o1 ) _ Xi;(GY);; — 1. (8.25)
j=1

Similarly as (5.6), by the cumulant expansion formula, we have

E[eo(0)(Gii —EGiN] =N + b+ I+ 0L (N2 (1+ 1)), (8.26)
where

S en (]

sm R om0 ],

e i S (e Son | e a0 e S o

E|(1—E PUGY) A
i [< - >( o )eo( >D

The last term on the right side of (8.26) is estimated by (8.32), (8.1) and Lemma 1.2. The argument is similar as in (5.6).
The only things to check are the deterministic bounds of (Y*GY);; and (GY);;. Note that from (8.4) and (8.7), YG =GY
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and |G;j| = O(N®), for z € Qo N S, thus we have

(Y*GY),; = (Y*YG),, = (HG)ii = (1 +2G)ii = O(N); (8.27)

172
|(GY)ij| < VN(GYY*G¥)!> =VN(2(GGY),, + G5)'* = «/N(zI;Z(G,-i —G;)+G;)
— 0(N®), (8.28)

where we use Cauchy—Schwarz inequality and the resolvent identity (5.13).
Using the formulas,

G ap 0Gap 0Gap
=—G4i(Y*G),, — (GY)akG jp, = Joi, 8.2
) ij aj ( )kb ( Jak jb ank ank o (8.29)
we obtain the analogue of Lemma 5.1:
Lemma 8.8. Foranyi, j, we have
aeo()») 12 o\
“/—’ eo(h) / —f(z) S (G d’z; (8.30)
BXU-
8%ep (1) i20;A m ) 1+ a2
=— A — — dz+ 0| ———— ). 8.31
02X, - eo(A) o, 8_f(z) ( +mai> z+ << N ) (8.31)
In general, for any integer k € N, we have
“(GY)i 8*eo(2) k
—| < 0(1); —— | < O((1+A])"). 8.32
| | <o g <o) (532

We first look at /7. Using (8.29) and (8.30), we have

N N
1= Y Elo0)(1 = E)Gin)] - 3 D E[en()(1 = B)((Y*GY) ;,Gir)]
. <

J=1

Q

al N Taeo)
—Z [eco)(1 —B)((GY)i(GY)i)] Z (GY)ji | = Ay + Ay + Az + As.

8in

2

Note that
A1 =0iE[eo(M)(1 —E)Gji | = 0iE[eo(M) (1 — E)Gj;].
In addition, using the definition of the resolvent and the local law in Theorem 8.4, we have

Ay = —%E[eo(,\)a —E)(Tt(GH)Gii)] = —yoiE[eo(M) (1 —E)(zM ' Tt GGy;) | — yoiE[eo(M) (1 — E)(Gi)]

= (—yoizms. — yoi)E[eo(M) (1 —E)(Gii)] + E[eo(A)(1 —E)(M ™' TrG)] + 0<(¥(2)0(2)).

144
1 4+ mo;
Next, we use the local law to estimate the third term,

1 1 d °
Ay =~ Bl (1 - B)(V*G7Y), | = ‘N]E[“’(”(l B E)d_z(Y*GY)”} - 0<<#>'

Finally, we study the last term A4 using (8.30), which can be written as

Ao=—2"gl ooy [ L Fen L (GenHGE), @
4=—— [eo( ) o a_f(zz) ( (22)HG(21));; Zz]
200 ol oo [ -2 e (0G0 G a2
- [eo ) o 3_f 2)5 (Zz (22)G(z21)), zz]
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Using the resolvent identity (5.13), the local law Theorem 8.4 and Lemma 3.2, we obtain that

12X 0i22(9i(z1) — 8i(z .
ho= = 2oE e [ o fla (RO ZIED ) i |4 e, (833
aN Qo 072 i1 — 22
where g,(z) := —m for simplicity, and e(i) is the error term. If we consider the linear statistics of the error term

e(i), using the same argument as for deformed Wigner matrix in Section 5.4, we have

N 1 1
i i =04 — O .
> aa) =0 )+ 0 )

As for the second cumulant expansion term />, we apply the same argument as in (5.8) and the anisotropic law
Theorem 8.4 to find that

(1+ IAIZ)\IJ(Z)) (w%))
L=0,| ——— O .
g ( N. /Mo + VN

We compute the third cumulant expansion term /3 similarly using (8.29), the local law Theorem 8.4 and (8.32). The
leading term comes from the second term of I3, denoted by D», i.e.,

L= [3 () @

arx,, G (i~ (Y*Gy)ijii_(Gy)ij(GY)ij):|+O<((1+|)‘|3)N_1‘I’(Z))'

2N2

Using (8.27) and (8.31), D; can be written as

Dy— [3 eo() MW

]+ O-((1+ )N ""w(2)

2N2 02Xj U T+ moy
iK40.2A a m(z) m(z’) 2 /]
=——L7R|ep(n — d
TN [60( ) Q0 97 f( ) (1+m(z)oz 1+m(z/)m> -
L+ 1A 2\ y-1
A . D), 34
+0<<N\/N_7IO>+O (T+IF)N () (8.34)

where K4 is given in (8.2) and is independent of the index i.
Summing up and rearranging terms in (8.26), the coefficient in front of E[eg(A)(1 — E)G;;] is given by
(z—0i +yoi + yoizmg) = z(1 + m(z)o;),
which is away from zero for z € §’. Dividing both sides of (8.26) by this coefficient, we have

144 Aa(i) Da (i) .
————— —Eleg(M) (1 —EX(TrG) | + + + @),
Ml +m@ar oW =B O]+ s+ i m@an @
where A4 and D, are given in (8.33) and (8.34), and the error terms £(i) is analytic in ¢ and estimated as before.
Summing over i and rearranging, we have

Eleo(M)(Gii —EGi)] =

M

1 X yoi AsD) X D)
(1 - MEW)E[%(M(I -G Zz(ler(z)al ; (1 +m(z)o;) e (83

i=1

where the error term £ has an upper bound as in (5.14). Dividing by the coefficient 1 — M Zl 170 +m (Z) w2 and recalling

(8.21), the first two terms on the right side of (8.35) are denoted as A and D respectively, and the error term is bounded
by (3.15). Using (8.33) and (8.21), we have

_ _zlm’1 2Ly KB KB 3
A=————— E[eo(?») o 3 2f(zz)8Z2 <Z1 o Zo,g, @)(eiz1) —ai (Zz))) d 22}
i2A mm/ 1
="E 2 s 172 _ )dz i|’
7 [60( ) Q0 a_f(12)<(m1 —mp)? (21 —22)? “
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where we set m; :=m(z1) and my := m(z,) for short. This follows from

N
Z o; _zmp —zomyp

(I4+mo)(1+maoy)  y(my—my)’

zmz— ngz (z1)9i(z2) =

i=1

1 < 1 & o (zimp)’
2— . 2 = — ! = .
ZlMi;Ulgl (Zl) Mizzl(1+mlo.i)2 ym/l
Similarly, recalling (5.11), we obtain that
N M /
D> (i) 1K4)/?» m 9 my

Z eo() —f(zz) Z 3 L — d*z;
— 2(1+m(2)0;) — " (14 my0;)? dz2 1 +mao;

1[(4)/)\' Kl 32 i M 1 2
[ (?»)/ f(zz (8113z2 [M ; (1+myoi)(1 +m2‘”)}>d il

Therefore, we obtain an analogue of Lemma 3.4, where the kernel is given instead by (8.23).

Next, we compute the explicit formula for the variance V (f) given by (2.15) with K in (8.23) and test function f
in (2.11). Both in the bulk and at the edge, the second term of (8.23) will only contribute O (noN7), because of (8.22),
(8.19) and (3.1). It is sufficient to look at the first term. In the bulk, the main contribution of V(f) comes from the term

— ﬁ with z1, z2 in different half planes. Hence by similar arguments as in Lemma 6.1, we obtain that

_ 2
1 f (g(x1) — g(x2)) dxy doa.
R

lim V =—
N () 272 (x1 — x2)?

At the edge, we recall the expansion of m(z) near z = E from (B.3),

mz) =m(Ey) + vz — E4(1+ Ap(Vz— E)) =& + iz — E4 + O(lz — E4]),

where the square root is taken in a branch cut such that Imm > 0 when Imz > 0, and ¢ > ¢¢ > O for sufficiently large N.
Differentiating it, we have

+dy +O0(y1z — E4).

wm'(z) =

Cq
2Jz—E4

Therefore, repeating the arguments in the proof of Lemma 6.2, we get the variance at the edge

, _ g(=xD) —g(=)\?
Nh_r)noo ViH = 472 /R/R( X1 — X2 ) drp dxz.

8.3. Expectation and bias computation

Starting from (8.25), using the cumulant expansion and (8.29), we obtain that

N
o; B(GY)
j=1 j=1
N 3
JU_I NE) IH(GY)ij | Joi @07 (GY)jj _3
E S E——— 4+ OL(N72
2'N7 z/ 82X1] +3!N2 ;CU 83Xij + <( )
p— N o N
= 2 EGii - Z (Y*GY) ;Gii — 5 D E((GY);)" — 1 (8.36)
Jj=1 j=1 j=1
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3 2 N
Zc(3)E (=6Gii(GY)ij +6Gii(GY)ij (Y*GY) , +2((GY)yj)’) (8.37)

N2 Zc(4)E ~6(Gii)* + 12(Gi)*(Y*GY) , = 6(Gin*((Y*GY) )’) + 0<(N73). (8.38)

The first line (8.36) can be written as

0EGi; — TE[TH(Y*GY)Gy] - TEGHG); — 1

o; 1 !
=0;(1-y)EG;; — zo;yE[M ' Tr GG;; | + ﬁ (1 - Gim) — 1+ 0L (N73/?)
oiy o7 w

>+ ETrG— - ——
z(1 +moy) M1+ mo;) N (1+0o;m)?

=o0;(1 - y)EG;; — ZUimecE(Gii +
3
1oLV ),

Using the anisotropic local law and the same arguments as in (5.8), one shows that the second line (8.37) is O (N ™' W (z)).
The local law implies that the last line (8.38) becomes

W Zc(4)E ~(Gi)* +2Gi)* (Y*GY) ,, — (Gi((Y*GY) ,)’) + O (N73)

_ Z (4)( >+0<(N—%):_K4U_i2<m72)+0_<(]\]_%).
N2 (l+m<7,)2 N \ (1 +mo;)?

Therefore, we have

2.7
/4 1 I yoim
1+ mon)EG;; - E[M~'TtG —mg| — — 17
2+ “’)( ”+z(1—|—mo,-)> 1+ mo; [ rG —mic] M (1 + oym)2
1 yo.2m2 3
S Ki— 0 (N7 2).
Mdrmo <((Vm~2)

Dividing both sides by z(1 4+ mo;) ~ O (1) from (8.19) and summing over i, we obtain

1 & Y Oi
(1 M ; z(1+ m(z)oi)2>E(TrG - Mme)

2

1 & yoiw 1Y yo2m 1
=——y 7 k- _—1i1" 40 <—)
MZZ(1+ma,-)3 4M;z(l+mm)3 = /Nn3

g . . _ . 1
Dividing both sides by the coefficient of E(Tr G — Mmy.) and using (8.21), the error becomes 0<(7n m) and the

leading term on the right side becomes (8.24). Therefore, we obtained an analogue of Proposition 2.9 with the integral
kernel b(z) given instead by (8.24).

Finally, we compute the explicit formula for the bias. Using (8.22), (8.19) and (3.1), the second term of b(z) will
contribute O(+/noN7) both in the bulk and at the edge. In addition, (8.16) implies that the first term of b(z) can be
written as

2 " /

(m)2 1 % m m
(1 +6,m)3 2m’ m’

l:l
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The second term on the right side contributes O (4/noN7?). The first term vanishes if kg > ¢ > 0 and thus the bias in the
bulk vanishes. At the edge, we use the expansion of m(z) around E from (B.3),

/ _ C+ — " - _
m(z)—inz_—E++d++0(\/|z E4l), m’(2)

Hence we have

C+ 1 )
+ 0 .
4(z—EL)? <V|Z—E+|

"

1 1
-, = +O )
2w/ 4(z—E4) <V|Z - E+|>

and using the Sokhotski—Plemelj lemma, the bias at the edge becomes %O).

Appendix A: Complex case

In this appendix, we extend previous results from real symmetric to complex Hermitian matrices. We will use the complex
analogue of Lemma 3.3.

Lemma A.1 (Complex cumulant expansion). Let h be a complex-valued random variable with finite moments, and f is
a complex-valued smooth function on R with bounded derivatives. Let cp 4 be the (p, q) cumulant of h, which is defined
as

arta
Cp,g = (—i)p+q<

log Eelshﬁ*itﬁ
dsPotd

s,t=0.
Then for any fixed | € N, we have

l

_ _ 1
E[hfh.h)]= Y ch,thm[f("*q)(m]+Rz+1,

p+q=0

where the error term satisfies

(Rl = CEI? max | sup [ £09 @ 2)| |+ CE[A 1] max [ f79@5)]
p+a=l+14 <M pH+g=I+1

and M > 0 is an arbitrary fixed cutoff.

Instead of (5.5), we have

3G

= —Gi Gy, Al
9H,; iaYbj ( )

from which we obtain the analogue of Lemma 5.1.
The assumption EH; 2. = 0 implies that c( D= =1, l(jz 2 = W4 — 2 for i # j. Using the anisotropic law and (A.1), one
shows similarly that the expansion terms correspondmg to p + g = 3 are negligible. Using (A.1) and the analogue of

Lemma 5.1, we obtain that

(z —a)E[eo(M)(Gii —EGi)]
Y (L1
= g )E[ i, (0 (G = EG,-,-))}

N

1 33
2,2) o )

+ 2IN2 Zcij E[W(eo(k)(Gﬂ IEGJZ))} +
j=1
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N
aG j; oG j; Beo(A) my—1_[dey(L)
—E|ep(2 ! _E—L § : E i
[60( )<aHﬁ 9H;; oH; Gii | T —§ om; O

N
1 dep(r) 9Gj;
— Wy —2E| ——
W JZ_:I( 2 [3Hji3Hij IHji "

Thus Proposition 2.7 holds with modified variance, i.e. my — 2 be replaced by my — 1, W4 — 3 be replaced by Wy — 2,
and the coefficient of the remaining term be 1 instead of 2. Similarly, as for the expectation,

N N 3

1 3G ji 1 3G
— . P o1 — (1,1 Jro_ 2,2) Ji

(2 aDRGii = BUH G =1 = Nj_lcif Yom, T T awe j_lcij Y00,

Thus the first term of b(z) given in (2.19) vanishes, m, — 2 is replaced by m, — 1 and W4 — 3 is replaced by W4 — 2.

Appendix B: Proofs of auxiliary lemmas

Pr0~0f of Lemma ~3.2. For 1 <s < 2, the proof is given in Lemma 4.4 in [44]. Since h(z) is holomorphic on £,
a%f(z)h(z) = zf—z(f(z)h(z)). Using Stokes’ formula, we have

/Q 2 f(z)h(z)dzz——% F(h(2) dz.

0 92 GIe)
Since g is compactly support, f(z) =0 on 92 except
To:={x+iy:xesupp(f),|y|=N""no}.

Using (3.1) we have

/ 3_ f(@h(z)d*z
Qo 0z

SCK./I: (|y|7s}f(x)‘+|)’|17S|f/(x)|)dzfC’KN”n(l)*S' )
0

Proof of Lemma 4.3. Using the self-consistent equation of mg in (2.6), we have

N

(z1) (z2) ! E ( ! : )
mee(z1) — mee(z2) = — -
¢ ¢ N = \ai —z1 —mee(z1) @ — 22 — mge(22)

—iXNj( 21+ mie(21) — 22 — mee(22) )
N =\ —z1— j '

mgc(z1))(a; — 22 — mge(22))

Dividing z1 4+ m.(z1) — z2 — mg:(z2) on both sides and we get the first identity. Taking the derivative of (2.6), we have

N

L+mp@

7). B.1

; e Rl UG (B.1)

We treat  and I similarly. Thus we complete the proof. ]

Proof of Lemma 4.4. Note that

N

1 1 Immyg(z
L)<= S = @)
N lai —z—mg@)|°  Immg(z) +n
By (B.1), we have +/ ~ = I;(z) and thus mfc(z) = f(z) . Using Lemma 4.1, we have
fe
G [ ——— (B.2)
CEIT - L@l VeFn
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Differentiating (B.1) again, we obtain that
N

M _ 2 L
(1 +mfc)3 N iz (ai —z —mg)3

Combining (4.3) and (B.2), we get the upper bound of m{,. The rest inequalities follow directly from Lemma 4.1.

Proof of Lemma 5.1. Using (5.5), we have

deo(r) _ir 3 ; Gu\ . i2- 3,]))\ Kl )
oy =AM 8Zf(z)<23H,j>d = (A)/ = f(@)(G?);,d

O

Note that (G?) ji= fz Gji(z). Since Gj; is analytic in D', using the Cauchy integral formula and the local law, we have

that for i # j, (G2); ji < ) Combining with Lemma 3.2, we obtain that, for i # j,

Tmz *
deo(V) —0 (1+|,\|)
3 Hjj “\VNn /)’

Similarly, if i = j, we have

deg(A) iA 1 ) (1 + |A|>
=——¢p(A — — d*z4+ 0 .
0H;; 7 o Qo 02 f(Z)Bzaz—z—mfc(z) ‘ “\VNno
Furthermore, we compute that
8260()») )Lz(z 81])2 ?
= A il
i et [ o6, %)
i(2—68;;)A
e | ;f(z)(( %) ;iGij + (1= 8;))(G?),,Gj; + (1 = 8;)(G?) ,Gii) &z
0
For i # j, combining the local law and Lemma 3.2, we have
3ep(r) 2 2 (1+ [2])?
82H,-j :760()0 _f(z) (GJIGI/+GllG/j)d +0<(N4770>
2 1 (1+ 14D
=2 [ Liol @240 (7 |
T Q0 0z f 0z (a; —z — mfc)(aj_z_mfc) h v Nng
Similarly, for i = j, we have
32eo(r)  ir 1 5 ((1+IA|)2>
= —ep(Ar —f@Q)————=d 72+ 0| —— ).
PH; 7w o Q 02 f( )8 (a;i — 2 — mg)? “\ VN

In general, using the local law, (5.5) and Lemma 3.2, we complete the proof of (5.4).

O

Proof of Lemma 8.5. We start by proving the first two statements, using which we will show (8.21). The last statement
then follows directly from (8.21). Note that the first equation in (8.12) implies the first inequality in (8.19). To prove
the rest, we divide the spectral domain S into three regimes, corresponding to the bulk, the edge and the outside. First,
we consider z near the edge E,,ie.,z€8°:={z=E+ine S:Ee€[Ey — 1/, Ey + ']} for some small t/ > 0. Let

& = —m(z) so that (8.16) is equivalent to

7= F(&), F(E)i=é+1// P

Due to (8.15), F (&) is analytic around &4, and we have

1
FE=FED+FEDE—E)+ EFN@JF)(S —£)7+ o(l& - €+|3),
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where the linear term vanishes because of (8.13). It also yields

e 2 3 B 1?
F (§+)—§+2V/mdME(t)—ZV/mdME(l‘)ZC>O-

The last step follows from the fact that £, > ¢ > 0 and 1 — t& > ¢ > O for sufficiently large N. Thus we have the
expansion of m near the edge z = E,

mz) =m(Ey) +cyyz— Ex(1+ AL (Vz— Ey)) =& +cxv/z— Ex + O(lz — E4l), (B.3)

where ¢ > ¢g > 0 for sufficiently large N, A4 is an analytic function with A4 (0) = 0, and the square root is taken with
the branch cut such that Imm(z) > 0 when Imz > 0. Hence the corresponding density has the square root behavior at
the right edge. The left edge can be treated similarly when yg # 1. Using the definition of Stieltjes transform, one shows
(8.20). Similar arguments can be found in Lemma A.S in [48].

If E is inside the bulk, ie., z€ S :={z € S: E € [E_ 4+ 1/, E, — ']}, then Imm > ¢ > 0. Thus (8.19) and (8.20)
follows. Finally, for the outside spectral domain, if z € S° := {z € S : dist(E, [E_, E]) > 1'}, it follows from Imm ~ n
and (8.15). Similar arguments can be found in Appendix A in [43].

Next, we will prove (8.21). We first prove the upper bound. Taking the real and imaginary part of (8.16), we have

1% M i Imm y M 14+ 0;Rem
Elmm+npRem=— — ERem —pImm=—-— — 4y -1, B.4
" W2 : " MI; M+mo 2 7 B4

with m = m(z). Then we have

Rem |m|n
in— =T

Imm Imm’

Y M
M§|1+m(z)a,|2

Using |m(z)| ~ 1 and (8.20). we obtain an upper bound of the right side as C\/k + 7. In addition,

M

LIS S W A B . S
M=l +m@o2 M & (1+m@)0)?
1 i oi(Im(1 + m(2)01))” + io; Re(1 + m(2)oy) Im(1 + m(2)oy)

M = T+ m@oil*

=2 <C+/k+n,

hence we obtain an upper bound for the left side of (8.21). Next, it is sufficient to show the lower bound. If z € S¢, (8.15)
implies that Re(1 4+ o;m) > ¢ if we choose 7’ sufficiently small. We split into two cases. If E € [E_, E], we have

1 & Y 0i
- Im<z_ P +m(z)0i)2>‘

M

1 YO
7 — — .t
M ; (I+ m()0i)?

(1 + m(z)o7)[*

Z o?ImmRe(l + o;m) ‘

i=1

> Ck +1. (B.5)

% o; ImmRe(1 + o;m)
— 1 + m(z)oi)|*

Otherwise, E € [E_, E], we have

y ad % M Rem
- 7l == VE>+1? —E- ‘
M= (1+m<z)ol>2 Z |l = z@ m(z)o 2 ‘ !
|Rem| ,
= I n—n=2Cyk+n—n=2Cyk+n,
mm

if we choose 1’ sufficiently small. The last second step follows from the fact that near the edge, | Rem| > C > 0, because
of the second equation of (B.4). Next, if z € S? then we have Imm > c. We also split into two cases. If Rem > 0, we
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repeat (B.5) to get (8.21). If Rem < 0, from (B.4) we have

y M o; Rem
1
M |1+ mo;|? 77Imm

i=1

In addition, we have

M M
Re - 1%y ya [Re(1 +m(x)0)? —Im(1 + m@o)P] _ ..
M= (T+m@on? M= |1+ m(z)oy* -
Therefore, we have
1 J yo; y ad oj
i—— Y —— L I>E—Re(-> —— | >C>CJk+1.
M~ (1 +m@)0o) M =~ (1 +m(@)0)
Finally, taking the derivative of (8.16), we obtain that
1 yom/
(zm) =m+zm' = — —_—
M = (I + o;m)?
Hence, we finish the proof of (8.21), which directly implies (8.22). O
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