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Abstract. In this article integro-differential Volterra equations whose convolution kernel depends on the vector variable are considered
and a connection of these equations with a class of semi-Markov processes is established. The variable order «(x)-fractional diffusion
equation is a particular case of our analysis and it turns out that it is associated with a suitable (non-independent) time-change of the
Brownian motion. The resulting process is semi-Markovian and its paths have intervals of constancy, as it happens for the delayed
Brownian motion, suitable to model trapping effects induced by the medium. However in our scenario the interval of constancy may
be position dependent and this means traps of space-varying depth as it happens in a disordered medium. The strength of the trapping
is investigated by means of the asymptotic behaviour of the process: it is proved that, under some technical assumptions on «/(x), traps
make the process non-diffusive in the sense that it spends a negligible amount of time out of a neighborhood of the region argmin (e (x))
to which it converges in probability under some more restrictive hypotheses on o /(x).

Résumé. Dans cet article, les équations de Volterra intégro-différentielles dont le noyau de convolution dépend de la variable vec-
torielle sont considérées et une relation entre ces équations et une classe de processus semi-Markoviens est établie. L’équation de
diffusion fractionnelle d’ordre variable «(x) est un cas particulier de notre analyse et elle se révele étre associée a un changement de
temps approprié (non indépendant) du mouvement Brownien. Le processus résultant est semi-markovien et ses trajectoires ont des
intervalles de constance, comme cela arrive pour le mouvement Brownien retardé, adapté pour modéliser les effets de piégeage in-
duits par le milieu. Cependant, dans notre scénario, I’intervalle de constance peut dépendre de la position et cela signifie des pieges
de profondeur variant dans I’espace comme cela se produit dans un milieu désordonné. La force du piégeage est étudiée au moyen
du comportement asymptotique du processus: il est démontré que, sous certaines hypotheéses techniques sur «(x), les pieges rendent
le processus non diffusif en ce sens qu’il passe un temps négligeable hors d’un voisinage de la région argmin(x (x)) vers laquelle il
converge en probabilité sous quelques hypotheses plus restrictives sur o (x).
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1. Introduction

In recent years the interplay between anomalous diffusion phenomena and integro-differential (fractional type) equations
have gained considerable attention by the scientific comunity. This is certainly due to the fact that fractional equations are
very popular in applications and in the theoretical literature (see, for example, Meerschaert and Sikorskii [42] for general
information). As non-local equations in the time-variable they are able to include memory effects in the evolution and this
is certainly usefull in applications (see, for example, Hairer et al. [30] for very recent developments, see [42] or Metzler
and Klafter [45] for a review of classical applications or Georgiou and Scalas [26], Raberto et al. [48], Scalas [52] for
more exotic models). One of the first and more natural model is the so-called fractional diffusion related to the equation,
for o € (0, 1),

L 1
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and with anomalous diffusion phenomena (see [45] for a review of these relationships). Equation (1.1) is said to be related
with subdiffusive phenomena in the sense that the mean square displacement,

(Ax)? ::/ Ix —ul>q(t,x —u)du (1.2)
Rd

behaves as (Ax)? ~ Ct* as t — oo, for @ € (0, 1), Hence any model which can be associated with (1.1) is less then
diffusive, since « € (0, 1). From the probabilistic literature we know that the process associated with (1.1) is a Brownian
motion time-changed with the inverse of an independent stable subordinator (this is due to Baeumer and Meerschaert
[4], see also Bazhlekova [6] for pioneering results on the fractional Cauchy problem and Grothaus et al. [28,29] for a
possible different approach). The resulting process is also called delayed Brownian motion (Magdziarz and Schilling
[38]) since its sample paths remain constant for time-intervals determined by the jumps of the stable subordinator: hence
the process is delayed in the sense that the Brownian paths are stretched by the random time-change (see [38] also for a
detailed investigation of the asymptotic of the delayed Brownian motion, or Capitanelli and D’Ovidio [2] for asymptotic
properties of diffusion time-changed via independent inverse subordinators). Taken in full generality, the equation (1.1)
has the form

t

% A (q(s,x)—q(O,x))k(t—s)ds=Gq(t,x), (1.3)
where G generates a Markov process M. The corresponding process is the time-change of M with the inverse of an
independent subordinator whose Lévy measure v(-) is given by v(z, 00) = k() (this is due to Chen [17]). We can say that
this kind of processes are delayed in the same sense as for the delayed Brownian motion, since the paths remain constants
due to the jumps of the corresponding subordinator. Intervals of constancy are a classical feature of semi-Markov pro-
cesses (see Harlamov [31] for the modern formulation of the corresponding theory) and it is true indeed that the delayed
Brownian motion and in general delayed Markov processes are semi-Markov (see Cinlar [21] and also Meerschaert and
Straka [43] for the interpretation as limit of continuous time random walks). Hence the memory described by non-locality
of the equation (in the time variable) is introduced in the sense that the lack of memory of the exponential distribution is
lost, due the interval of constancy.

The intervals of constancy of the delayed Brownian motion are suitable to model trapping effects induced by the
medium, in case the traps are homogeneous in space. However the traps are often of space-varying depth in the sense that
the strength of the trapping may be position dependent as it happens in a disordered medium (e.g. [24,37,55,57,61]). In
the present paper we provide a model which is suitable to include this heterogeneity. The starting point is the “variable
order” generalization of (1.3), i.e., the equation

t

d
o A (q(s,x)—q(O,x))k(t—s,x)ds=Gq(t,x). (1.4)

It is clear that (1.4) specializes to

g = S92 (1)
by suitably choosing k. First we provide a connection of (1.4) with semi-Markov processes. It turns out that to construct
the corresponding process one has to consider a Markov additive process (M;, o;) where the additive component o; is
strictly increasing and has a time-dependent Lévy measure which is determined by the path (the current position) of the
Markov process M;. This construction will be made precise in Section 2 by means of the theory of Markov additive
processes discussed by Cinlar [18,19]. In the case of (1.5) the first coordinate M; is given by a Brownian motion. Now
let L; =inf{s > 0:0(s) > t} and define X (¢) := M (L(¢)). It is clear that M and L are now dependent processes and
thus the random length of the intervals of constancy which are determined by the jumps of o depends on the position of
M. This gives rise to a very heterogeneous behaviour of the process: the trapping effect induced by the time-change is
space-varying. When o; behaves locally as an «/(x)-stable subordinator whose order «(x) is determined by the position
of M; the process M (L(t)) is associated with (1.5). We found under some technical assumptions on «(x) that, a.s.,

t
t_lf Lim(Lwyeaydw~1 ast— oo, (1.6)
0

where A is a suitable neighborhood of the region argmin(a(x)) and the condition on «(x) depends on the struc-
ture of A. For example suppose that there exists 8 > 0 small enough such that the region Ag :={x € R: a(x) <
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Qmin + B < 1} is bounded and has a Lebesgue null boundary, then (1.6) holds true for Ag, for all 8 < By and
some By > 0, if 2omin < min(limy— oo @(x), limy— oo & (x)) but if instead one has that the a(x) satisfies 2omin >
min(lim,_ o o (x), lim,_, _ o, z(x)) there is attraction to infinity and so the process is diffusive in the sense that, for
all B <pBpandall K >0, as.,

t
t71/0 1{M(L(w))€A%F‘|[—K,K]‘7}dwN1 ast — o0. 1.7

Another case we cover is when argmin(c(x)) is unbounded and argmin(a(x)) = Ag for all B small enough: here the
conditions on «(x) can be relaxed depending on lim,_, o / (argmin(c(x)) N [—x, x]), where [(-) is the Lebegue measure.
In Section 4 we cover several situations of this type. Hence the trapping effect induced by the time-change, depending
on «(x), can be so much stronger in the region argmin(a(x)) than in the rest of R that the amount of time spent by the
process in that position grows linearly with ¢, as t — oo, a.s. Further when «/(x) satisfies some more restrictive conditions
(including that the set argmin(«(x)) is a union of intervals and x + «(x) jumps on the minimum) we have proved that

tl_l)rgo P* (M(L(t)) € argmin(oz(x))) =1. (1.8)

Hence the behaviour of the resulting process is so heterogeneous that it is completely far from a diffusion since it spends
a negligible amount of time far from argmin(o(x)) and in some cases the whole probability mass converges to the region
argmin(o(x)).

We call this phenomenon anomalous aggregation, inspired by Fedotov [23] who observed such a behaviour in the
context of chemotaxis and anomalous subdiffusive transport. We remark that aggregating phenomena in the context of
anomalous diffusion have been observed in other situations (e.g. [14,37,54]), and that a connection with fractional order
equations has been argued in [16,24]).

2. Construction of the process

We recall in this section some facts from the theory of Markov additive processes and semi-Markov processes (for this
we refer to Cinlar [19-21]) and we introduce our assumptions from the point of view of this theory.

2.1. Additive processes

Let (2, F, F;, My, 6;, P*) be a Markov process on RY and let 0 = {oy;t = 0}, be a family of functions from (€2, F)
into (R™, B(R™)). Then (M, o) = (R, F, F;, M;, 0y, 6;, P¥) is said to be a Markov additive process if it holds that [19,
Definition 1.2]

. t > oy is right-continuous with left limits, o9 =0, 6; = o, forany ¢ > ¢,

. foreacht >0, g, : Q — R™, is measurable with respect to F; and B(R™),

. foreachr >0, B € B(RY), B’ € B(R™) the mapping R 5 x — P*(M, € B, 0, € B') € [0, 1] is Borel measurable,
. foreach s, r >0, oy45 =0, + 0506, as.,

. foreachs,t>0,x e R?, B e B(RY), B’ € B(R™),

[ I SN OS I NI

P*(M; 06, € B,o,00, € B'| ;)= PMD (M, € B,os € B). @2.1)

Note that the process (M;, o;) is a strong Markov process adapted to F;, and the strong Markov property holds in the
sense that, for any F random variable Z and JF; stopping time 7', one has

EX[Z o 07 | Fr]1=EMD[Z]. (2.2)

However, we remark that the process (M, o) = (2, F, F;, My, 07, 6;, P¥) is not a Markov process (with translation) in
the classical sense (e.g. [12, Def. 1.3.1]) because of the action of 6; (Item 4). However, we have by [19, Proposition 2.3.]
that the classical definition of Markov process as it is given in [12, Def. I.1.1] is fulfilled. In common situations, and in this
paper, the second coordinate o is one-dimensional and striclty increasing. Note that conditionally on a path M (s),s <t
the process o (#) has independent increments and it can be decomposed analogously to the Lévy’s decomposition as

o=A+0o/ +0+0", (2.3)
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where A is an additive functional of M (a drift component), o/ is a purely discontinuous process whose jump are fixed
by M, ¢ is a continuous component and o? is stochastically continuous. If one assume that M (y) is a Hunt process with
a reference measure and that o = o' is strictly increasing one can apply [20, formula (2.23)] to say that

E[e™0) | M(s),s < y] = el (e o videbt iy, 24)

where Hy is a continuous additive functional of M and v(-, x) is a family of Lévy measures supported on (0, c0)
parametrized by x. In the present paper we deal with this kind of processes to construct a class of semi-Markov pro-
cesses governed by (1.4) (see also [34] for construction of semi-Markov processes with regenerative sets).

2.2. The semi-Markov model

In the present paper the process M defined as M = (2, F, F,, My, 6y, P*) will be a Hunt process on (R, B(RY)), i.e.,
¥y = M, is a.s. right-continuous, M is normal and strong Markov with respect to F), and quasi-left-continuous on [0, o00)
(the process is non-explosive). It will be further true that M, is a Feller process, and thus it is associated with a semigroup
of operators {7y }y>0 defined by (Tyu)(x) = E*u(My), suchthat Ty : Co (RY) > Co(R?), where Co(R?) denotes the space
of continuous functions on R? vanishing at infinity, and strongly continuous in the sup-norm || - ||, i.e. || Tyu — ul| — 0 as
y — 0. The process (2, F, Fy, My, oy, 6y, P*) will be an additive process with o, one-dimensional, strictly increasing
and constructed as follows. Let D € Rt x R? be a Borel set and define

umD)=[({y =0:(y, M(y)) € D}), (2.5)

where [ is the Lebesgue measure. For Borel sets D = A x S the measure p gives, informally, the amount of time in A
spentby My in S € B (R%). When A is fixed we may define the measure on (R?, B(RY))

um,A(S) = upy(A xS). (2.6)

By the definition of occupation measure we have that the identity
[ wron)ray) = [ uomatn X
A R

is valid for every (measurable) non-negative function # on R?. Hence we may assume on the line of (2.4) that by fixing
A =[0, y] we have

E* [efm(y) | M(w), w < y] _ e,fow(lfe*ks)fRd u(ds,w)a',uM’[(),y](cz))(dw)7 (2.8)

where v(-, w) is, for any w € R?, the Lévy measure of some subordinator, i.e., it is supported on (0, c0) and such that the
integrability condition

/Ooo(s A Dv(ds, w) < oo (2.9)

is fulfilled for any w € R?. Hence if 13,4 (dw) is absolutely continuous with respect to the Lebesgue measure one has
that

BX[e 700 | M), w < y] = e 707 s s g, .10)

where Iy 0, y1(w) is the Radon—Nycodim derivative (local time of M at w). Of course one can choose a version of the
local time such that Iy |0, y1(w, ) is a well defined r.v. for every w so Ix [0,y (w, @) is measurable RT x Q> Rd). We
will use the notation

Ex[ef)‘”(y) | M(w), w < y] —e lo My (@) dw (2.11)

where the functions

[0, 00) x R? > f(k,x):/ (1 —e)v(ds, x) (2.12)
0
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are such that A — f (X, x) are a family of Bernstein functions parametrized by x € R?. We remark that f (X, x) can be
viewed as the Laplace exponents of the subordinators representing the increments of ¢ when M,, = x (see Schilling et
al. [53] for further information on Bernstein functions).

Consider now the process My at the time f = o (y). One can easily let the second coordinate of the Markov additive
process (My, oy) take value on the whole real line by considering the couple process (My, z + o)), i.e., the process at the
second coordinate is started at z € R, and we define for t € R,

L(t)=inf{s = 0:z+0(s) > 1}. (2.13)

Then consider the random set

R:={z+0(y):0<y<o0}, (2.14)

which is the range of z 4+ o (y) so that

R={z+0(»):0<0(y) <oojUfz+a(y-):yeT} (2.15)
where

J={0<s<o0:0(s) —o(s—) >0}, (2.16)
and so

R=J(+06-).z+0()). 2.17)

sed

Then let

gt)=sup{s <t:s e R}, H()=inf{s >t:5 € R}. (2.18)

If we denote 0%(y) := z 4+ o (y) we can rewrite the quantities (2.18) as

g(t)y=0o*(L()-), H(t) =o*(L(1)). (2.19)
Finally we are ready to define for any r € R

X (1) =M(L(®)), g <t < H(®). (2.20)
Note that definition (2.20) is valid also for # < 0 and is equivalent to

XN =M@y, o (y=)<t<o(y). 2.21)

Note that the process X (¢) is a semi-Markov process in the sense that it enjoys the Markov property at any stopping time
T such that

T (w) € {5 : oy(w) = s for some y}, (2.22)

see the discussion in [21, Section 4b]. The semi-Markov property can be equivalently viewed in the sense of Gihman and
Skorohod (see Gihman and Skorohod [27, II1.3] or Harlamov [31, III.12]): define

y@):=t—0vsup{s <t:X(s) #X(1®)}, >0, (2.23)

then one has that the couple process (X;, y;) is a (strong) Markov process (compare with Meerschaert and Straka [43,
Section 4]).
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3. The governing integro-differential equation

Let I1; be the operator

(Mu)(x) :==E[u(X (1)) | X(0) =x]. 3.1
In this section we establish a connection between the mapping

t > Tu, (3.2)

for suitable functions u, and the equation

d t
E 0 (C](S, ) - Q(O, ))‘_)(t -5, ) dS = Gq(t7 ')v (33)
where
d t
(Dyq(0)() = E/o (q(s.) —q(0,))v(r —s,-)ds (3.4)

and, forany s > 0, x € RY,
(s, x) = v((s, 00), x) 3.5)

and G is the generator of the Markov process M. In what follows we will often write as above g(¢) instead of g(¢, -) or
q(t, x), when the dependence on the vector variable x € R is not used. We will show that ¢ — [T, satisfies (3.3) in the
mild sense (see below for the definition of mild solution). Let us remark that in the case

—a(x)—1
Vv(ds, x) = O’F(?l)s_w ds, (3.6)

for a(x) strictly between zero and one, then one has

S—(x(x)

Tl —a@)

v(s,x) = €N
By substituting (3.7) in (3.4) we obtain the fractional derivative of variable order «(x): this is because when x — «(x)
is constant the operator becomes a genuine fractional derivative of order o € (0, 1) called the regularized fractional
Riemann-Liouville derivative and also Dzerbayshan—Caputo derivative (see Meerschaert and Sikorskii [42, Chapter 2] for
a complete discussion). When x — «(x) is constant the genuine time-fractional equation has a well-known probabilistic
interpretation since Baeumer and Meerschaert [4]: take o an «-stable subordinator independent from the Markov process
M, let LY(¢t) :=inf{s > 0:0%(s) > t} and define X (t) = M (L“(t)), then the mean value E*u (X (¢)) satisfies the time-
fractional equation. When the subordinator considered is not necessarily stable, but a general subordinator o/ with
Laplace exponent f independent from M then the equation governing the mean value of X (r) = M(L/()) has been
written down in different forms by several authors (e.g. [17,32,35,36,38,40,41,44,59,60]). The more general and at the
same time explicit approach is proposed by Chen [17]: if M is a Markov process associated with a semigroup on some
Banach space B generated by G and o/ (¢) is an independent strictly increasing subordinator with Laplace exponent
f (&) and inverse process LS (t) then g(x,1t) := Exu(M(Lf (t))) is the unique solution to

t

% A (q (s) — q(O))ﬁ(z‘ —85)ds =Gq(t), ¢q(0)=ueDom(G). 3.8)
The reader can consult Capitanelli and D’Ovidio [15] for a different approach based on Dirichlet forms, Meerschaert
et al. [39] for a detailed study of time-fractional equations on bounded domains, also Bazhlekova [7] for an analytical
study of integro-differential equations of the form (3.8) with completely monotone kernels and Beghin and Ricciuti [8]
or Orsingher et al. [46] for variable order «(¢) equations. Our equation (3.3) is more general in the sense that the kernel
of the convolution in (3.4) depends on the vector variable x. Equations having this form have been considered, from a
probabilistic point of view, in Baeumer and Straka [5, Section 6.2] (the fractional case) and the associated processes are
obtained as limit of continuous times random walks, and in Orsingher et al. [47]. In this paper the authors considered a
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Markov additive process (M;, o;) where M; is a Markov chain and o; depends on M; as in (2.8) and proved that the mean
value E*u(M (L(t))) satisfies (3.3) with

(Gu) (x) = by / () — () (dy), (3.9)

where &, (-) are the transition probabilities of the jump chain embedded in M and 6, the parameters of the exponential
waiting times. See also Garra et al. [25] for the variable order fractional equation governing a counting process.

In this section we show that the equation (3.3) governs in the mild sense the mean value of general semi-Markov
processes, obtained as a time-change, when M; is not necessarily stepped. We will assume throughout this section that
the processes M; and (M;, o;) are Feller processes and thus they are associated with semigroups of operators, respectively,
T; and P;, which map the Banach space of continuous functions vanishing at infinity (on R¢ and R?*!) equipped with
the sup-norm || - ||, into itself. The semigroups are also strongly continuous, i.e., they are such that ||T;u — u| — O as
well as || Pth — h|| — 0 for ¢t — O for any u € Co(RY) and h € Co(RIH1). We will denote the generators of T; and P,
respectively, (G, Dom(G)) and (A, Dom(A)). Recall that the generator is the operator

. Tiu—u
Gu :=lim (3.10)
t—0 t
with domain
a . iu—u . .
Dom(G) :=3{u € CQ(R ) : hng) exists as uniform limit ¢. 3.11)
t—

We will assume that C2° (R?) ¢ Dom(G) and we know that this implies (e.g. [13, Theorem 2.21]) that G has the form
1
(Gu)(x) =—cX)u(x) +1(x) - Vu(x) + 3 div Q(x)Vu(x)
+ /Rl(u(x + ) —u(x) = Vu(x) - yx(Iyl))N(x, dy), (3.12)

where c(x) > 0, (I(x), Q(x), N(x,-)) is a Lévy triplet for any fixed x € R? with Q) e RIxd symmetric a positive
semidefinite and N (x, -) satisfies

/Rd {0}(|y|2/\ 1)N (x, dy) < oo, (3.13)

while the non-negative bounded function x is a truncation function such that 0 < y (s) <1 —«(s A 1) for some « > 0 and
s x (s) remains bounded. It is well known further that under these assumptions the operator G has the form [13, Corollary
2.23]

Gu(x) = —q(x, D)u(x) := —/ e (x, £)i(§) dE, (3.14)
R4
where g (x, §) is a continuous negative definite function with representation
. 1
Q(x,é)=q(x,0)—ll(X)-E+5$~Q(x)é (3.15)
+/ (1—e™ +ig-yx(Iyl))N(x,dy) (3.16)
R7—{0}
and
uE) = (Zn)_d/ e 5 u(x) dx. (3.17)
R4
We will further assume that g (x, 0) = 0 and that ¢ has bounded coefficients in the sense of [13, eq. (2.33)], i.e.,
sup |g(x,0)| + sup [{(x)| + sup |Q(x)| + sup / (IyI* AN (x,dy) < 00 (3.18)
xeRd xeRd xeR4 xeRd JRY

and hence we know (e.g [13, Theorem 2.33]) that 7; is conservative and x — ¢ (x, &) is a continuous function.
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With the forthcoming result we characterize the generator of the couple process (M, o;).
Proposition 3.1. Assume that the strong Markov processes M; and (M;, o;) are Feller processes associated with the
semigroups of operators T; and P, as above. Let A be the generator of P, and assume that C° (RY) ¢ Dom(G) as
well as C2° (R4t c Dom(A) and so G and A are pseudo-differential operators; let q(x, D) defined as in (3.14) be

the symbol of G. Assume q(x,0) = 0 in (3.16) and that q has bounded coefficients in the sense of (3.18). Further let
x = f (X, x) be continuous and such that

sup /oo(s A Dv(ds, x) < 0. (3.19)
0

xeRd

Then we have that the Feller process (M;, o;) is generated by (A, Dom(A)) where A has the form
o
(Ah)(x,2) =(Gh)(x,2) +f (h(x, z4w) = h(x, 2))v(dw, x). (3.20)
0

Proof. Observe that, for h € C° (Rd+l), we have

/R L €T g, 8) — f (—ik2, )6, &) dE dEs

= / ¢EIHIRG (x, £)R(E1, &) dE dEy
Rd+1
— / el ting / (1 =2 v(dw, x)h(&1, &) dE d&
Rd+1 0

= (Gh)(x,2) +/ (h(x,z4+w) — h(x,2))v(dw,x)
0
= (Ah)(x,z) (3.21)

and hence the operator A is a pseudo-differential operator with simbol ¢(x, D) — f(D, x). Now note that in view of
(3.19) we have that g (x, -) — f(-, x) has bounded coefficients in the sense of [13, eq. (2.33)]. Further since we have that
X+ q(x,-) and x — f(-,x) are continuous we can apply [13, Theorem 2.36] to compute the symbol of the process
(M;, o;) and we show that it is equal to g(x, D) — f(D, x). We prove that, as t — 0,

1 (BF eI TiR I M R07 1) s g (x, D) — f(D, x). (3.22)
‘We have that
(Exe—i&x—i&zeiélMt+i$2<Tf _ 1)

— (Exe*islxeiélMt‘HéZUr _ ])

= <e"51X/ €517 e!52% X (g, € dw | My = y) P* (M, € dy) — 1)
R4 x[0,00)

= <ei51x/ 1Y e / P (a[ cdw | M, =y, (My)ses = a)s)
R4 x[0,00)

X Px((Ms)s<t edws | M; = y)Px(Mt edy) — 1)
— e IS EE o o S (i My) dw & My _
O O (1 = 1 (—ity, M)l M — 1, (3.23)

where in the last step we have used (2.8). Now note that by (3.23) we can write, as ¢t — 0+,

lim ¢~ (BY e~ i1x itz e Mititor _ )
t}0
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=1imz—1/ (e5177181Y — 1) PY (M, € dy)
t0 R4

_ e ihix [;@d ei§|yf(_i§-2’ y)P*(M; € dy)

=q(x,81) — f(=i&,x), (3.24)
where in the last step we have used the fact that E*u(M;) — u(x) as t — 0 for any continuous bounded function u# and
that g (x, D) is the symbol of the process M;. |

In the forthcoming results it will be useful to know the following property of the process (M;, o;)
Lemma 3.2. The processes M; and oy don’t jump simultaneously, a.s.
Proof. This is a consequence of [20, (1.6)d and Remark (2.8)]. O

Remark 3.3. Note that by Proposition 3.1 we have that A is a pseudo-differential operator whose representation is of the
form (3.12) on RY*!, Precisely, we have that

(Ah)(x,2)

1
=—c(x)h(x,z) +1(x) - Vih(x,z2)+ 3 div Q(x)Vih(x,z)
+ /M (h(x+y, 24+ w) —h(x,2) = Vih(x,2) - yx (I¥])) K (x, 2, dy, dw), (3.25)
R

where the jump kernel K (x, z, dy, dw) := §o(dw)N (x, dy) + So(dy)v(dw, x) is supported on the coordinate axes (RY x
{0} x ({0} x [0, 00)), since the processes M; and o; don’t jump simultaneously, a.s., by Lemma 3.2. Hence

(Ah)(x,z2)

1
=—cx)h(x,2) +1(x)-Vih(x,z2)+ 3 div Q(x)Vyh(x,z)
+/Rd(h(x+y,z)—h(x,z)—Vxh(x,z)'yX(|y|))N(x7d)’)
+f (h(x,z+w) —h(x,2))v(dw,x). (3.26)
0

Now we obtain some properties of the operator I1; and the corresponding mapping ¢ + I1;u, which will be used in
the subsequent results. The following auxiliary lemmas characterize the strong continuity with respect to || - || of # — IT,u
for u € Co(RY).

Lemma 3.4. Suppose that u(s) :=inf cga V(s, x) is the tail of a Lévy measure of some subordinator of infinite activity.
Then, for any § > 0, s, t > 0, it is true that

lim sup P"(|L, —Lg| > 8) 0. (3.27)

st
xeRd

Proof. Our first aim is to construct path-wise a proper subordinator o such that regardless of the initial position x of
M, stochastlcally o5 > o, for all s > 0. This can be done as follows. Consider the dyadic decomposition of R, that is

([Zk,, , ))k>o, and from oy = ngt Aoy define for any fixed ¢ > 0 and the running trajectory of M
(n)
o= Z o aoyer . B, ko (3.28)
s<t k

where B M,k is a Bernoulli random variable with parameter p My e such that
5= 3

u([5. 51

V4 k= =<
Memam =y & ) M)
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“55-)» Ms—) > 0 and zero otherwise. Conditionally on the path of M all Bernoulli random variables are

independent of each other. Note that we have used that i(s) = inf, cg« V(x, s) with v and u being the respective measures

behind the respective tails. We note that for any ¢ > 0, n > 1 conditionally on (M = wy)s</

Qz(n) < 0o;.
Moreover,
k & ktl
—A u(l55 )
™ =D JoU=e 2T — IR (M, [ 5t ds
E[e % |M; = ws,s <t]=e M5 L. 5

_ak
— ot k= ul g K55 )

and we see that o t(") are Compound Poisson processes and clearly

lim o, =
n—oo

g

=oa,,
where ¢ is a subordinator with

E[e*01] = e~ Jo (A= uidy) .
From now on fix 7 > 0 and x € R?. We consider 0 < a; 1 t.Let e > 0. Then

PY(L;y — Ly >€)=P"(L; — Ly > €; oL, = 1)

t
:/ / P*(L; — Ly, > €,0L, edv;MLal edy)
yERd aj

t
=/ / PY(Li_y > G)PX(OLHI € dv; MLal edy)
yeRd Jq

< sup PY(Li—yq > €)= sup PY(oc <t —a).
yeRd yeRd

From (3.29) we have that for any n > 1

P*(Li— Ly >€) < P(c/ <t —a)

as o™ is independent of the initial position of the Markov process M. By Portmanteau’s theorem we deduct that

P*(Ly — Ly > €) <limsup P(gi") <t —al) <P(o,<t—a).
n—oo

Since o is of infinite activity, that is i(0) = oo, we obtain that

limsup sup P*(L; — Ly >€) < lim P(o, <t —a;) =0.
I—>00 xeRd [— o0

The other scenario when ¢; | ¢ is proved in the same fashion using that {L; # Ly} = {0z, € [t, a;)}.

(3.29)

(3.30)

(3.31)

O

Lemma 3.5. Assume that the strong Markov process M (t) is a Feller process and let M, := SUPg<s<; |Ms — Mol. Suppose

that for any § > 0
th_% sgp P*(M, > 8)=0.

Then, under the assumption of Lemma 3.4 we have that the mapping
[0,00) 3 1 > Tu(x) :=E u(M(L(1)), forue Co(R?)

is uniformly continuous (strongly continuous with respect to || - ||).

(3.32)

(3.33)
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Proof. Take an arbitrary sequence a,, 1 ¢. Recall that Co(R?) functions are uniformly continuous and hence pick u €

Co(RY) and fix € > 0 such that one has lu(x) — u(y)| < € whenever |x — y| < 4. Fix another arbitrary constant 6* > 0.
We have that

V(u(ML,) —u(My,))dP*

< [ otz = u,, )| ap
:/ (u(Mp,) —u(My,))dP* +/ lu(Mp,) —u(Mp, )|dP*
{Lt:Lan} {Lt_Lan >8*}
+f (M) — u(My,)|dP*
{0<L;—Lg, <5*~,|ML,*ML,M | <8}
+f lu(Mp,) —u(Mg,,)|dP*
{0<Li—Lag, <6*,|My,—ML,, |>5)
<2\ullP*(L; — La, > 8*) + € +2|ul| P*(L; — Lo, <8*,|M, — My, | >9). (3.34)
Recall the action of the translation operator 6; on L;, i.e., for any stopping time t
Lio0; =inf{w >0: 0y — 07 >t} (3.35)
and use (2.2) to say that
P*(IMr, — Mg, | >8,L; — Lg, <38%)
= Px(‘(ML,_%n — Mo) o6y, |>8,Li—o;, o0L, <8)
=E* PMa (| ML,_aLan — Mol > 8, Li—;, < 8*)
<sup PY(Ms > §). (3.36)
)7
Hence we have by Lemma 3.4 that
limsup|E* (u(Mr,) —u(Mg, )| <€+ 2||ul sup P*(Ms, > 8). (3.37)
n x x

Now let §* — 0 and use (3.32). Since € is arbitrary and by repeating the same argument for a,, | ¢ we get the result. [

In the following proposition we characterize function spaces on which we want that the linear operators I1; and
. [OO —)t
Ry = [, e I, dt to act.

Proposition 3.6. Under the assumptions of Proposition 3.1 and Lemma 3.5 further suppose that for any A > 0 there exist
two positive constants ¢ and C such that ¢ < f(A,x) < C. Let Tlu(x) :=E*u(M(L(t))) and define

o
Rou = / e MMudt. (3.38)
0

Then we have that T1; : Co(R?) = Co(R?) and Ry, : Co(RY) — Dom(G).

Proof. First we prove that R, u € Cy (R?) for any u € Cp (R?). Observe that, for any Borel set B C R? we have that

(R 1(p)) (x) =E* /0 e M1y (X,) dt

%)
x EX “M1pn(My) dt
;/;U(y) ¢ lmh)
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=1"1E" Z(e_)‘ao(y_) - e_)‘ao(y)) Ly (My)
y

— IRy Z(l _ e—k(ao(y)—ao(y—)))e—kdo(y—)1{3}(My)‘ (3.39)
y

Recall that under our assumptions M is a Hunt process with a reference measure. Hence apply [20, Lemma 2.24]) and
use also the fact that, a.s., ao(y) = UO(y—) to write

(0.¢] (0.¢]
GO, x)=2"1E / / (1—e ™ )u(ds, My)e*k”°<>’*> Lsy(M(y))dy
o Jo
o0 0
=r1]EX/ e F (0, M)y (M (y)) dy. (3.40)
0
Hence we have by a classical standard machine argument that, for any u € Bj,(R?),

Ry = A~VEF /OO e D) £, Myyu(M(y)) dy. (3.41)
0

Hence if we define R as the potential operator of P, i.e.,

Rh :=/ Phdt (3.42)
0
we obtain
Rou(x) = k_th(x, 0) where h(x,z) =u(x)f(x, x)e_)‘z. (3.43)

Since P; has the Feller property, we have that P;h € Co(Rd x [0, o0)) and further

|Ph| < Cllu|Ee™"® = Cllu|[E*e™ o /M) dw < C e~ (3.44)
which is integrable on (0, o). Hence

X > Rh(x,0) € Co(R?) (3.45)

by the dominated convergence theorem since (¢, x, z) — Pyh(x, z) is continuous for each i € Co(RY x [0, 00)). The fact
that IT,u € Cy (Rd) follows from uniform continuity of ¢ + IT,u and [1, Proposition 1.7.6].
Now we prove that R, u € Dom(G) for u € Cy (R?). We have that

Rou(x) = A" "Rh(x,0). (3.46)

But since Ran(R) C Dom(A) one has that Rh(x, z) € Dom(A) and ARh = —h € Co(Rd x [0, 00)) (e.g. [33, Lemma
3.5.72]). Then, since Rh(x, z) = e **Rh(x, 0) and using (3.20) and (3.46), we get

ARhK(x,z) = GRh(x,0) + Rh(x,0) fooo(e—M”w) — e M)v(dw, x)
=re (G Ruu(x) — f (A, x)Ryu(x)) (3.47)
and since Ru € Co(RY) we have that GR,u € Co(R?). It follows that R, u € Dom(G). O
Now we can provide the form of the Kolmogorov equation of X;. We show that ¢ — I1;u is a mild solution of
Diq)=Gq @), q0)=u (3.48)

i.e., it is a function ¢ (¢) € C([0, 00); Co(R?)) such that fot q(s)ds € Dom(G) which satisfies

t

t
/O(q(s, ~)—u(~))17(t—s,-)ds=G/O q(s)ds. (3.49)
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Note that this notion of mild solution is equivalent to the classical notion (e.g. [22, Def. 6.3]) valid for the abstract Cauchy
problem

d

where G is a closed linear operator. Indeed a function ¢ (¢) is said to be a mild solution of (3.50) if
t t
/ q(s)ds e Dom(G) and ¢(¢) —u:G/ q(s)ds. (3.51)
0 0

It is a known fact that ¢ — T;u is a mild solution of (3.50) for any u € Co(RY) (e.g. [1, Proposition 3.1.9]) and thus the
following theorem provides the analogue of this fact for semi-Markov processes.

Theorem 3.7. Under the assumptions of Proposition 3.6 let also ||V (s, x)|| be integrable on [0, t] for any t > 0. Then we
have that the mapping

[0,00) 3¢t q(t) :=TTsu (3.52)

is a mild solution of (3.48) for any u € Co(R?).

Proof. Let
t
v(t) :=/ q(s)ds, (3.53)
0
and define
o
T = / e Mu(t)ds. (3.54)
0

We have by [1, eq. (1.11)] that
() =27 Ry (3.55)
and thus (1) € Dom(G) by Proposition 3.6. Let
o
g = / e Mg(t)dt (3.56)
0

and then note that (3.41) implies

o
G0 x) = rlEX/ e’ £, My)u(M(y)) dy. (3.57)
0
Now define
N
(Rh)(x,z2) = lim/ E*h(My,07)dy (3.58)
N—oo Jo

and note that, for h(x, z) := e’“f()», x)u(x), one has
27N (RR)(x,0) =G (0, ). (3.59)
For z > 0 one has instead by repeating the computation (3.41) above that
© 0
(Rh)(x,z) = e ME* / e M) F (0, My)u(M(y)) dy
0

=re MG (A, x). (3.60)
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Use now the representation (3.20) together with (3.60) to say that

(—ARR)(x,0) =A(f(X,") — G)g (A, x). (3.61)
Now if h(x, z) € Dom(R), i.e.,

Dom(R) = {h € Co(R? x [0, 00)) : Rh € Co(R? x [0, 00))}, (3.62)

we could use [33, Lemma 3.5.72] to say that —ARh = h if Rh € Dom(A), but we proved this before. Hence, use this in
(3.61) to find that

AfO, ) = G)g(h, x) =h(x,0) = f(, X)u(x). (3.63)
Now we have by (3.55)and (3.63) that
~ Ei()"v) f()Vs)~ f()"7-x) ~
GT(\) =G = g, ) — U =2} (3.64)
and since
/Ooe—“r)(z,x)dt ALY (3.65)
0 A

we have by [1, Proposition 1.6.4] that
t
g = /O (q(s,) —u)v(r —s,-)ds. (3.66)

Note that since by Lemma 3.5 we know that # — ¢(¢, x) is C([0, 00); Co(RY)) we have that ¢ > g(t) is C([0, 00);
Co(R%)) by [1, Proposition 1.3.4] and thus, since G is closed, it follows from [1, Proposition 1.7.6] that Guv(r) =
f(; (g(s, ) —u)v(t —s,-)ds for all t > 0, i.e., the function ¢ (¢, -) is a mild solution of (3.48). U

In the forthcoming Section 4 we will study the asymtpotic behaviour of X (#) = B(L(t)) as t — oo. It turns out
that some interesting and clarifying examples concern the case in which x — f(X, x) is a stepped function. Hence, for
completeness, we provide the form of the Kolmogorov’s equation of X; to cover the case in which x — f(A, x) is not
continuous. In this case, for example, the assumptions of Proposition 3.1 are not satisfied as well as the assumptions of
Proposition 3.6. An inspection of the proof shows indeed that ®,u € Dom(G) is a consequence of P/h € Co(R?) and
that & € Dom(R) where h(x,z) = u(x)e’)‘zf()», x). In general this is no more true, even if we equip P; with the Feller
property since x — f (A, x) is not continuous.

However it turns out that the equation can be still written down as in Theorem 3.7 in an approximate sense. Hence we
will consider an approximating sequence of Bernstein functions f”(X, x), each one of which satisfies the assumptions
used above and such that f" (A, x) — f(X, x) where x — f (A, x) is not necessarily continuous but satisfies the assump-
tion (3.19) and f" (A, x) is bounded above and below by constants ¢, and C,, (which can of course depend on 1). Hence
we need to provide first a weak convergence result.

Proposition 3.8. Assume that x — f (A, x) is bounded below by ¢ > 0 and above by C > ¢ and that (3.19) holds. Assume
further that there exists a sequence f"(\,x) — f (A, x) such that, for any n the functions f" (A, x) are Bernstein functions
as in Propositions 3.1 and 3.6 with constants ¢, < f* (A, x) < C,. Assume that infc,, > 0, sup C,, < 0o. Now let u"(s) be
the tail of Lemma 3.4 and assume that u(s) := inf, " (s) is the tail of the Lévy measure of a subordinator with infinite
activity. Let M be a Feller process as in Lemma 3.5. Let T1}u := E*u(M(L"(t))). Then for any u € Cp(RY) one has
My — Iu.

Proof. Let
oo
Rl'u :=f e MM udr. (3.67)
0

and recall that |[TTfu| < |lu||. Let’s apply again [1, Proposition 1.7.6 and Theorem 1.7.3] to say that if R,'u — Ryu then
IT;u = lim,, IT}u for almost all t > 0. However if ¢ = lim,, [T}« is continuous we have that the equality is true for any
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t > 0 since t +— Tl;u is certainly continuous by Lemma 3.5. First we prove that ®'u — Ryu and then we prove the
continuity of ¢ — lim, I1}u. By (3.41) we obtain that

?{,\”u(x)z)f]/o Exe**ﬁ(')u(M(t))f"(x,M(;))d;:r‘/0 PR (x,0)dt, (3.68)

where 7" (x, z) = f" (A, x)u(x)e *? and P}' denote the Feller semigroup of the process (M;, o;'). Note now that

PI"h" (x,0)
=/d/ F 00 u()e P (M(1) e dy, 02 (1) € dz)
R4 JO
= /d s y)u(y)lEx[e*fo’ FROMAs | M (1) = y| P (M (1) € dy)
R

— / FOL ()R [e Jo FOMds | a1y = y]PY (M (1) € dy)
]Rd
= P,h(x,0), (3.69)

where in the last step the limit is moved inside the integrals by the bounded convergence theorem. Further note

| PR (x, 0)| < (sup Cy) ul[EeJo /" My)dy
< (sup Cp)||ul|e " infncn, (3.70)

which is integrable and thus ®;"u — R,u by the dominated convergence theorem. Now we prove that # > lim,, [T} u is
continuous by showing that ¢ +— IT}u is uniformly continuous with respect to n. This can be done, under the assumption
u(0, x) :=inf, " (0, x) = oo for any x € R? with the same argument used in Lemma 3.5. Hence we can construct the
subordinator ¢ such that stochastically o' > o, regardless of n (and x) as in Lemma 3.4. Hence define for any fixed t > 0
and the running trajectory of M

() _ k
o, —Zzz—mlmaxd%m,%)}%h%, (3.71)
s<t k

where B”  , is a Bernoulli random variable with parameter p”M & such that

S—s o1 S—>on

u([4. 5:5)

Py, &= K kil —
s=m VN (Ms—, [, )
provided v”([zi,,,, ]‘ZL,,,I), M;_) > 0 and zero otherwise. Hence conditionally on (M; = w;)s<;
™" <o, 3.72)
Moreover,
B[ |0y = wy, 5 = 1] = e Del1=e Foutd
and gt(m’") are compound Poisson processes and such that limm%oog,(m’") 4 o,, where o is a subordinator with

Ele 1] = e~ Jo 1=¢7)u@) Ag in Lemma 3.4 one has

P (L? — LZI > E) < supd Py(ag" <t-— al) < P(gé’"’”) <t-— a;)
yeR

and thus by the same argument we have

limsupsup sup P*(L} — L} >¢€) < lim P(o, <t —a;) =0.
[—>00 N xeRd =00

Now we can repeat the same steps as in Lemma 3.5 to say that ¢ — IT}u is continuous uniformly in 7. ([
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Here we provide the approximation of the Kolmogorov’s equation of X (¢), i.e., we show that t — IT;u is a mild
solution of (3.48) in the following sense

t

t
/O(l'[su(x)—u(x))ﬁ(t—s,x)ds:li;nG/O M}uds. (3.73)

Proposition 3.9. Let M be the Feller process generated by (G,Dom(G)) under the assumptions on Theorem 3.7.
Suppose that f satisfies the assumptions of Proposition 3.8 and further that f(; sup, V"' (s, x) ds < oo. Denote IT}u :=
E*u(M(L})). Then we have that the mapping

[0,00) 2t q(t) :=T1u (3.74)
is a mild solution of (3.48) in the sense of (3.73).

Proof. We have by Theorem 3.7 that I1}u satisfies
t t
/ (H;’u(x)—u(x))D"(t—s,x)ds:G/ Miuds. (3.75)
0

0

Since
[T — | <2]ull (3.76)

and since fot sup, V" (t — s, x)ds < oo we have by the dominated convergence theorem and Proposition 3.8 that

t t
/ (l'[su(x) - u(x))D(t —s,x)ds = limG/ MYuds. (3.77
0 n 0 |

Remark 3.10. Suppose that o (x) is a sequence of functions such that there exist §; > 0 and §; > 0 small enough such
that " (x) < 1 — 81 and o" (x) > &7, so they never reach the boundary O or 1 for any x and n. Define

a (x)s—ot”(x)—l

Vids, x) = Ta a0 ds (3.78)
so that
=" ()
(s, x) = T (3.79)
and
Fr O x) =24, (3.80)

Suppose o’ (x) — «(x) pointwise. Then one has that 7 and f" satisfy the assumption of Proposition 3.9 since A%" ™ is
always included between two constants (depending on 1) ¢, and C,,, such that infc, > 0 as well as sup C;, < oo and

infinfd" (s, x) = C(s %<1y + 5 Ls=1y), (3.81)
n X

where o = inf(y ) o"(x) and o = SUP () a” (x), is the tail of a Lévy measure with infinite activity. A similar argument
apply to sup,, (s, x) which is therefore integrable.

4. The variable order diffusion equation and the anomalous aggregation phenomenon

In this section we study the asymptotic behaviour of the process X (1) = M (L(¢)) in the case when the leading process M
is a one-dimensional standard Brownian motion. Hence let G = %83 and assume that
a(x)sfot(x)fl

vds,x) =———d
{1 —a))

s, o:R>(0,1). A.1)
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The equation (3.48) and Theorem 3.7 yield to

da(x)

1
T (0 =503q (1, x). 4.2)

In Fedotov and Falconer [24] the authors considered the Fokker—Plank (forward) equation

9 ) 92

Ep(x,t):BXDWp(x,t), 4.3)
which can be viewed as the forward equivalent of (4.2) (for details on the relationships between equations, see also
Ricciuti and Toaldo [49, Section 5] and we suggest the instructive discussion in Straka [56] which fully justifies the
meaning of (4.3) as a model for diffusive phenomena). They showed that a random walk on a finite lattice with space
size a > 0 can be viewed as an approximation (as a — 0) of (4.3) for x € [0, L], L > 0, and then they proved that, as
t — 00, this random walk converges in probability to the point x € [0, L] at which «(x) has its minimum. They further
ran some numerical simulations to validate their results. It turns out that the small value of the anomalous exponent
completely dominates the long-time behaviour of subdiffusive system. The authors refer to this phenomenon as a “Black
Swan” (term proposed by Taleb [58]), to describe the crucial role of rare events with extreme impact. Similar aggregation
phenomena were also observed for a symmetrical random walk by Fedotov [23].

In this section this phenomenon is investigated rigorously for the semi-Markov process (time-changed Brownian mo-
tion) which is related to (4.2) by the results in the previous section. Essentially our investigations validate the simulations
in [24] under some technical assumptions on x + «(x). To be precise we discuss the asymptotic behaviour of two quan-
tities, that is

Jo Lix ey ds

t and  P(X(1) € A), (4.4)

where A C R is usually a neighbourhood of the set where « attains minimum. Depending on the behaviour of [(A N
[—x, x]), as x — oo, we provide a criterion based on * = miny g o (x), oy = limy_, oo @ (x), ¢y = limy_, _ oo @(x) which
distinguishes, apart from a critical case, the two-regime behaviour that is

t
1 ds
lim m € {0, 1}.

—>0o0

When the function « attains minimum on union of intervals we are able to determine whether the limit lim;_, oo P(X(¢) €
A) is 0 or 1 thereby mathematically confirming the outcome of [24]. We wish to stress that the existence of a limit for
the first relation in (4.4) does not necessarily imply the existence of a limit for the second. We believe this to be the case
in this setting but we have not been able to establish this in complete generality. We also believe that this “aggregation
phenomenon” can be shown also for other Feller processes, e.g., a stable process, and thus further investigations in this
direction are needed.

We start with the introduction of some notation. For any set A C R we set

t
H;(A) =f0 L{p,eayds = g j0,11(A). 4.5)

For brevity we shall use H; := H;(A) when A is clear. Then, if [(0A) =0 < [(A) then it holds, without a loss of
generality, that

o(s) =o01(Hy) + 02(s — Hy), (4.6)

where o1, 07 are two independent increasing processes constructed from o as follows

o1(Hy) =Y (0(v) =0 (w=))1(s,ca); o2(s — H) =Y (0(v) — 0 (v=))1(5,¢4)- (4.7)

v<s v<s

Denote next AT = ANRY, A~ = ANR™ and assume for the time being that A = A™. Also we introduce

t
G(t)::/ [(AN[0,x])dx and D(s)=inf{r >0:G(®) > s}. (4.8)
0
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Reserve 1 for the inverse local time at zero of the Brownian motion B. It is well-known that 7 is a stable subordinator of
index 1/2. Furthermore, from [10, Chapter 9] we have that

(1)
x (@) == Hy) :f L(B(s)eay ds 4.9)
0

is a driftless subordinator with Lévy measure say IT, and Laplace exponent ®, (1) = —log Ele “X(M], u > 0. Since we
use extensively two results on the growth of subordinators, see [9, Chapter III, Theorems 13 and 14], we state them here
for convenience. Some general and recent results on the growth of Lévy processes can be found in [3,50,51].

Theorem 4.1. Let ¢ be a real valued subordinator with Laplace exponent & (u) = —log]E[e_”{(l)],u >0, and
E[¢(1)] = oo. Then the following growth estimates are valid:

1. If h : (0, 00) > R is a function such that h(t)/t increases then a.s.

1imsupit;=oo = /ool:[;(h(t))dtzoo, (4.10)
1

t—oo h(t

where l:I; (x)= fxoo [I; (dy). If any of the conditions fails then one has lim;_, o, ¢ (¢)/ h(t) = 0 almost surely.
2. If ® is regularly varying at zero with index o € (0, 1) then there is a deterministic regularly varying function of index
1/, say fr, such that almost surely

liminf —1. @.11)

An immediate corollary is the result.

Corollary 4.2. If ¢ is stable subordinator of index a € (0, 1) then, for any ¢ > 0 small enough, almost surely

.6 . . ()
liminf = 00; lim sup —
t—>0o0 [&75 t—00 l5+6

—0. (4.12)

With the help of these well-known results we can get the following growth result for the occupation measure H.

Proposition 4.3. If x (1) has a finite mean or the Laplace exponent ®, is regularly varying at zero of index o € (0, 1),
then, for any € > 0 small enough a.s.

H H
lim — — o lim — — oo
t—00 Ht2+g t—00 HIZ—a

4.13)

Proof. From (4.12) and the fact that 7 is a stable subordinator of index 1/2 we get almost surely

t
timinf = — 0o 4.14)

t—>o0 fé—¢

and

(1)

t2+8 =y

lim sup (4.15)

—0o0

The proof of (4.13) then follows by a pathwise argument in the following fashion. Set
ug(t) = sup{s >0:7(5) < t2+€}.

Then

Hr(t)< Hey — x(@
Hpve ™ Heo—) x(ue(@)—)
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From (4.15) which holds for any ¢ > 0, we conclude that there exists 6 = §(e) > 0, such that us(t)/tl""s — 00,1 — 0.
Indeed, this follows from the fact that for any 0 < & < ¢,

: T(ue() _ . 12t
0 =limsup —————= > limsup —.
oo (ue(t))++E t—>00 u%+€ (1)

Therefore,

H. t t
lim sup —@ <limsup X0 <limsup x(0)

t—00 H12+8 t—oo X(We()—) ~ 5 X(tH_(S).

Now, the first relation of (4.13) follows from the strong law of large numbers, when E[ x (1)] < co and from Theorem 4.1,
when @, is regularly varying of index o € (0, 1) at zero. Indeed in the latter case there is a deterministic f) regularly
varying of index 1/« such that (4.11) holds. Thus

H t t
limsupﬂ < limsup& < 2limsup x (1)

t—>00 Ht2+s t—>00 X(tl+5)_ t—00 fx(tH_a)-

Now since g, (1) 1= fy (t'+9%) is regularly varying of index 1/« + 8/« we can use the Potter’s bounds, see [11, Theorem
1.5.6 (iii)], to ensure it is true that g, (t) > Ct!/*%/@=¢ 0 < ¢ < §/a, C € (0, 00), and therefore

H t t 4 t
limsupﬂflimsup x(0) <21imsup&<—limsup x(®)

< < =0.
t—oo Hpte 100 X (t119) oo fy(F) T C ih0o té"‘%_c

The fact that the last equals zero in turn follows from Theorem 4.1(1) applied with h(r) = ¢!/%+%/¢=¢ where in relation
(4.10) we have that floo I x (h(t))dt < 0o since @, being regularly varying of index o € (0, 1) at zero implies that
l:IX (h(1)) is regularly varying of index —1 — § + ca < —1 at infinity, see [9, Chapter III.1].

The second relation of (4.13) follows a similar pattern. Noting that with u. () = sup{s > 0: t(s) < 12—¢ } we have that
T(ug (1)) > +27¢ we arrive for some § = §(g) > 0at lim,_, oo ug(t)/tl"S = oo and henceforth

t t H.
XE )3 < limsup x () < limsup 40N
(t - ) t—oo Ug t) t—00 12—

lim sup
t—oo X

The arguments then proceed as in the previous case. (]
Next, let us consider two cases which distinguish between the scenario when A is bounded or not.

4.1. Bounded set

Since none of the asymptotic relations in (4.4) depends on finite time horizon we can assume that A € R* (the Brownian

motion would pass below A for a finite period of time) and lim,_, o, L (AN[0, x]) = a € (0, 00). In this case in the notation
of [10, Chapter 9] as t — oo

t
G(t)=/ [(AN[0,x])dx ~at
0
and thus as r — o0
. t
D(1) =inf{s > 0:G(s) > 1} ~ —,
a

see (4.8). Then, according to [10, Chapter 9, Corollary 9.4 (ii)] we have that

where I:IX x) = fxoo I, (dy). This means that E[ x (1)] < oo and therefore a.s. x (t) = Hc() = E[x(1)]¢. From Proposi-
tion 4.3 we arrive at the following result.
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Corollary 4.4. If A CRY and lim,_, oo [(AN[0,x]) =a € (0, o0) then a.s. for any & > 0

lim —— = o0; lim —— =0. 4.16)
[—)00t7—8 t—>oot7+s
Proof. Since Hr( =< E[x (1)]¢ we can use this relation in (4.13) and change variables therein. O

Having established sufficiently precise asymptotic behaviour of the occupation measure the next aim is to find under
what conditions o7 (H;) or 0»2(t — H;) can be compared to o1, 0> at deterministic times. From Corollary 4.4 we arrive at
the following result.

Corollary 4.5. It holds true that, for any € > 0,

H H
lim th) =0:  lim Ll’) =00, as. 4.17)
t—00 01(I7+€) t—00 O'l(fj_é)

provided there exists a € (0, 1) such that for any €| > 0 small enough a.s.

4.18)

... oo1()
liminf ————
—00 O—OH—G] (t)

where o stands for a suitable stable subordinator of index B € (0, 1) defined on the same path space as o7.

Proof. If (4.18) holds true, then a.s. for some constant C € (0, co) depending on the path and € > 0

o1(H o“(H,
lim # §Climsup(—f).
1200 51 (127€) 100 gater(pzte)

From Corollary 4.2 we conclude that for any €3, €3 positive and small enough

1
o1 (H, H. &+€2
lim M < Climsup #
1705y (127€) 100 (pyteyara D

Now, for fixed € > 0 we can choose €;,7 = 1, 2, 3, so small that for given €5 > 0 small enough

G+ —a) 1
i =5 tes.
(5 t€) 2

Thererefore, from the second relation in (4.16) we arrive at

1

H H 7"1‘52

lim Llt)§C1imsup< - ! ) =0.
t2tes

1= 51 (127F€) t—00

This proves the first limit in (4.17) and the second follows in the same manner. ([l

Here and hereafter for any stochastic process ¥ = (¥;);>0 with paths that are a.s. right-continuous with left limits we
use (AY);>0 := (Y — Yi—):>0 for the jump process related to Y. We need the following elementary result.

Proposition 4.6. Let o (t) =V (t)+ Y (t), where V,Y are two non-decreasing processes that do not jump simultaneously
almost surely. If L(t) is again the passage time of o acrosst > 0 and V (L(t))/o (L(t)) — 1 in distribution then for every
ne©1)

Jim P({AY (L) =Ac(L®)}U{o (L)) =0 (L1®)—-)}: V(L®)—=) < (1 —n)t) =0. (4.19)
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If V(L(t))/o(L(t)) — 1 almost surely then almost surely, for any n € (0, 1),
sup{t >0: V(L(t)—) <1 —-nt; AY(L(t)) = Aa(L(t)) Ua(L(t)) =J(L(t)—)} < 0. (4.20)

Proof. The proof that follows is rather trivial. We observe that since on the event {AY (L(¢)) = Ao (L(t))}U{o(L(?)) =
o (L(t)—)}, because Y, V do not jump simultaneously, it is true that V (L(z)) = V(L(¢)—) then

P{AY(L®) = Ao (L)} U{o(L®) =0 (L®)—)}; V(L@®)) < (1 —n))
<P(V(L®) <1 —n))

VL@
: P(o(L(r)) =1 _">' 2D

The result now follows from the assumption that V(L(¢))/o (L(t)) — 1 in distribution. Relation (4.20) follows from the
fact that on

{(Vv(L®)=) =1 =nt; {AY (L)) = Ao (L)} U{o (L®) =0 (L()-)}}
we have that

VIO _VIL®) _ (A= _
o(LW) o)~ 1

1—n,
which cannot happen for arbitrary large ¢ on the event {lim;_, % = 1}, which is of probability one. (]

Remark 4.7. All subsequent results are stated under the assumption Xo = 0 a.s. However, as X (#) = B(L(¢)) and B is
recurrent all these limit results are clearly valid with Xo = x a.s. for some x € R.

We start with a simple but illuminating example, which covers the case when o takes only two values.

Lemma 4.8. Leta(x) =aj,x € ACRT and a(x) = az, x € R\ A. Let furthermore a1, a3 € (0, 1) and A bounded such
that 0 < [(A), [(0A) = 0. Then if ay > 21 we have that

t
i Jo lixseayds

t—00 t

=1, a.s., 4.22)
and if ay < 2w then

lim Jo lixeau-& k1 ds

t—00 t

=0, a.s. (4.23)
forany K > 0.

Proof. First, note that o7 and o7 defined in (4.6) and (4.7) are respectively stable subordinators of index «; and o3
evaluated at an independent of them time H;. Then the conditions (4.18) of Corollary 4.5 are satisfied and (4.17) together
with Corollary 4.2 translates to

H H
fim 2D oo U s (4.24)

1
—00 Z‘E+g t—00 —&

t 2
for any ¢ > 0 small enough. Also, as (t — H;)/t — 1 we get in the same fashion that

oy (t — H, oy (t — H,
lim M —0: m M —o00, as. (4.25)
t—00 t@%@ t—>00 t@fs

If @y > 2 then from the second relation of (4.24) and the first relation of (4.25) we get that almost surely

. o1(Hy)
lim =1
t—oo o (t)

(4.26)
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see (4.6) for the definition of o. Recall that in this setting the underlying Markov process in the definition of X (r—) =
M(L(t)—), see (2.20), is the Brownian motion B and X (t—) = B(L(t)) from the continuity of B. Now since [(dA) =0
we have that

P(3t>=0:0()—o0(t—)>0;B(r) €9A) =0.

This is true since first almost surely [ ({s > 0: B(s) € dA}) = 0, second almost surely then it holds that
[([0,7]\ {r =5 >=0:B(s) € 9A}) =1,

third from (2.10) and o being a composition of two stable subordinators we have that

00 —As C C
E[e 0 | Bw),w <1]=¢ J0 7 Gare it gir (= ds

, 4.27)
and forth relation (4.27) implies that since {s > 0: B(s) € dA} is independent of ¢ and of zero measure then the proba-
bility of o jumping at times in this set is zero. However, from (4.26) we have that

im AL o oo D) oo (4.28)
t—o00 o (L(1)) t—oo g (L(t)—)

To check the latter note that o (H;) < o (1), > 0. Assume that there is € > 0 and a set A of positive probability such that
on A
o1(Hp—)

limsup ————<1-—e. 4.29
el o (L(—) 29

Clearly we can choose fg, #; > 0 and event A such that

n o1(Hy) € |
PA)Y=P(Vt>tg: ——>1——;t>t1: L) >19+ 1 zl—EP(A).

o) — 100°

Then P(A N A) > 0 and we work with trajectories in AN A. Then for any 1 € (0,1) we have, applying in the last
inequality (4.29), that for some 7 > #;

_ € o1(Hpiy—n) - o1(Hp@-) :GI(HL(t)_) o(L(t)—) <( _E) o (L(t)—)
100 “o(L(t)—n) “ oL@ —n) oL@®)—) o(L@)—n) — o(L(t)—n)’

2
Setting n — 0 and using that lim,_,go (L(t) — ) = o (L(¢)—) we arrive at a contradiction. Next, let
A ={Ac(L(1)) = Aci(Hpp))}
Then, clearly
[(s<t:X(s)€A)=01(HL(h—) + (1 —o (L(1)=))1{a,
and on A;
[(s <t:X(s) € A) =t — 02((t — HL(,))—).
Fix n € (0, 1) and set
Ay ={o1(Hppn—) < 1 =t}

Since o (L(t)) = o1(HL)) + 02(L(t) — HL()) and (4.28) holds true then the conditions of Proposition 4.6 are satisfied
in the almost surely sense and we have from (4.20) that almost surely there exists 7y depending on the path and 5 such
that A; , N Af = @ for all ¢ > fy. This leads to

L <t:X(s)e A
lim

t—>00 t
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= lim
11— 00

[(s<t: X(s)eA)l{A[ } [(sft:X(s)eA)l{Azcwn})
t

((Gl(HL(z)—)+(I—U(L(I) NlaPlia,,) +01(HL(I)_)1{A,,,}>

>
= t t
(e1(Hpy—) + (@ —o(L®)—) o) A,
> lir p AR U)I{Afvn})
) t —o2((t — Hpr))—)
= Ilglolo< . Liagy + A =mIpae

> lim (1 —mlga, )+ A =m g =0 =mn),
where the very last equality follows from fact that a.s.
o1(Hra)—)
= m —F———
t~00 o (L(1)—)

— lim o1(Hp@p—)
t=o0 o1 (Hp)—) +02((t — Hpry))—)

and hence
t—H - t—H -
lim o2 (( L)) < lim o2(( L)) _o.
100 t t—o00  o1(Hppn—)

Since 7 is arbitrary we get that
[(s<t:X(s)€eA)
m =
t—00 t

which proves (4.22).
Let next 21 > ap. Then using exactly the same arguments and (4.25) we arrive at

o2(t — Hy)

t—00 g([)

=1 (4.30)

and almost surely

[(s <t:X(s)e A°)
m

t—00 t

=1.

However, if, for some K > 0, we set H;(1), H;(2) the occupation measures of the Brownian motion of [0, K]\ A and
[—K,0), then

02t — Hy) = 02(t — H, — H (1) — H;(2)) + 02(H; (1)) + 02(H,(2)).

Clearly, the same reasoning for H; applies to H;(1), H;(2) and yields through utilization of Corollaries 4.4, 4.5, for any
e>0,to
H( H(
im 2H) o gy U)o 4.31)

t—00 Z‘E+€ t—00 tmfs

This allows us to deduct that (4.30) is further augmented to

Lot = H = Hi() — H2) _
im =1, as.
t—00 o(t)

As before we can again deduct that

[5=1:X(s) € A°U(~00, —K) U (K. 00))

t—00 t

=1

This concludes the proof. O
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Let us now assume that o : R+ (0, 1), sup,cg @ (x) < 1 and set o™ = minyecg @(x) > 0. Assume further that there
exists B small enough such that Ag = {x e R: a(x) <™ + B < 1} is bounded and satisfies 0 < [(Ag) < 0o and for any
0<e<pB,[(Ae) > 0. Also let [(0A) =0 for all € < 8. Without loss of generality let Ag C R™T. Denote by H(B) the
occupation measure of Ag as above and o1 (H;(8)) the process in the decomposition (4.6). Then, we have the result:

Lemma 4.9. With the conditions on Ag and o above we have that for any B > & > 0 small enough

lim o1 (H; (ff)) _ (4.32)
T (H (B
and
i OB _ (4.33)
T H (B
Proof. Recall that the intensity measure of o is in general
v(ds,x) = F(la—():x)(x)) saiirl =v,(s)ds, seR" xeR. (4.34)
Set
0<gqp:= inf LICON < sup LICON =g < 00. (4.35)
xedp (1 —a(x)) ™ reay T —a(x))
From (4.34) the density of the intensity measure of o can be estimated uniformly on (s, x) € RT x R as
ve(s) < qa(s™ P 457 (4.36)
and for e < B on (s, x) e RT x A (recall that A, = {x e R:a(x) <a*+¢e < 1})
V() = g1~ L jsz1). (4.37)

Therefore, if 0" is a stable subordinator of index 1 assume that we can construct pathwise stable subordinators of index
o, a* + &, a™ + B such that

o1(Hs(B)) < 0% (c1Hy(B)) + 0 P (c1 Hy(B)),

1(Hy(B) Z 0 (2l (B) = Y. MGy ey,
v=c Hs(B)

(4.38)

where c1, ¢ > 0 and in the second inequality we have truncated the jumps less or equal to 1. However, from an easy
application of Corollary 4.2 to both ¢, o P at infinity we get almost surely that for any € > 0 as small as we wish

. o (c1 Hy(B)) . . o P (c1 Hy(B))
iminf —————— = 00; limsuyp ——— =

1 : 0. (4.39)
ST (c1Hs(B)w ¢ S0 (¢ Hy(B)) @7

Henceforth choosing ﬁ +2€ < ai* then we check that 0" (c1 Hy(B)) dominates the right-hand side of the first inequal-

ity in (4.38). Also o e (c2Hg(B)) dominates the second term in the right-hand side of the second inequality in (4.38)
since the small jumps have all exponential moments and have an almost surely linear growth. Therefore, almost surely,

lim sup o1(H; (B) <1 and liminf o1(H;(F)

s—o0 0% (c1Hy(B)) ~ s=>00 0¥ T (2 Hy(B))

Thus, (4.32) and (4.33) follow respectively from another application of Corollary 4.2 in the last relations. This proves the
claims modulo to verification of the pathwise construction in (4.38). Let us start with the upper bound therein. It can be
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obtained by the addition of two independent processes, say Y,Y, with density of the intensity measures of the form

- g o(x)sTe-l Lot
Uy (s) = ((hs ¢ l—m 1{s>1}+hs o 11{351} 1{x€A,9}v

_ kB (.X')S_a(x)_l _k_p_
T Lo E—T hs~ P71 1
Uy (8) (( s I —a) (s<1} +ns {(s>1}) | HxeAp)

as long as 1 > g = sup, 4 5 % which ensures the positivity of Uy, v, on R* x Ag. Then on Ag the total intensity
of the sum of the three independent processes is

Ve (8) 4 T (8) 4 U (s) = hs™@ 1 hs™ A1

or the process is also the sum of two independent copies of time-changed stable subordinators, denoted o (c;-),
0% P (cy-). Indeed, to see the latter simply adjoin Y with the jumps of o smaller than 1 and Y with the jumps of &
larger than 1. Also, we recall that if x is a subordinator with a Lévy measure IT then the Lévy measure of x.; is cI1 and
by choosing ¢; = hr%;‘”*) and ¢; = %ﬁ_ﬂ) we ensure that the intensity is respectively hs~% ~! and hs~* —F~1,

The lower bound in (4.38) can be obtained by thinning of the jumps of o1, say A = (As)s>0, in the manner
> Asby
N

with by independent of o7 Bernoulli random variable with parameter depending on the current position of the Brownian
motion

hA—a*—e—l
s

a(Bs) —a(By)—1
I'(1—a(Bs)) As

p(By, Ag) = Lja,>1}-

This procedure thins the jumps accordingly as long as p(Bs, Ag) < 1 on (s, x) € RT x A,, for which it suffices that

h

a(Bs)
I'(1—a(By))

<1,

the choice of which is always possible when Bs € A, from (4.35) and ensures that

hA—® —e—1
s

a(By) —a(Bs)—1
I'(1—a(By)) Ay

p(Bs, Ag) = <1

Then the intensity of the thinned process is given for x € A, by

hs— el *_p_]
~ ot e
U (8) = —5 R Ux ($)1{s=1) = hs ls=1)
F(l—a(x))
or that of a time-changed stable process whose jumps smaller than 1 have been trimmed away. (|

However, (4.32) and (4.33) can be combined with (4.16) to yield the following almost sure estimates on the growth of

o1(Hs(B)).
Corollary 4.10. For all € > 0 small enough

o HB)
m —— =

t—0o0 tzm_*+£

0 (4.40)

and

o (HB) _
aH @) _

&

lim

—00

(4.41)

t2a¥+2e
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Next, we estimate the growth of o7.

Corollary 4.11. Let o, Ag be as in Lemma 4.9. Assume also that o* = minyega(x) > 0, max,era(x) <1, 1 >
limy sooa(x)=0a; >a*and 1 > lim,_, _oca(x) =ay > a*. Then, with o, = min{a;, ay, 2(¢* + B)}

t— H, t— H,
lim M —0: lim M —oc0, as., (4.42)
t—00 tz—&-e t—00 t%—e

for all € small enough.

Proof. Fix ¢ > 0.Let K > 0 be large enough in such a way that sup, __ g |o(x) —ay| <&/100 and sup, . g |(x) —a;| <
£/100. Let

A, =AgU[-K, K],
where clearly [(A,) € (0, 00). Also set A, = A, \ Ag. Then the occupation measure of A, is evaluated as
HY = H,(B) + H

and from the construction of o1 and [(dAg) = 0, we check that o> grows only on A, or by the increase of H®. Since
a(x) > oy + B on A; and [ (A,) € (0, o0) absolutely the same arguments as in Lemma 4.9 and Corollary 4.10 yield that

. o2 (HP . oy (H?
lim # =0; lim # =00 as., (4.43)
1200 3@p TN 1700 txrp N

for all n; > 0 small enough. Next, note that

o2(t — Hi(B)) = 02(t — HY) + 02 (HY). (4.44)
Precisely, as the construction leading to (4.38), denoting o, = min{ey, ary}, we can show that

o2(t = H?) = 0% (er(s = H?)) + 0 e1 (¢ = 7)),

o2t — HY) = 0% (ca(t — HY)) — Z Ac%t] (4.45)

{Aoyet <1y
v<cy(t—H;)

where £/100 < n < /2 and c1, c3 correspond to time changes related to estimates of the densities precisely as in (4.36)
and (4.37), and o stands for a stable subordinator of index - € (0, 1). However, as in (4.16) we have that H grows almost
surely sublinearly and thus we can conclude that for any such n small enough

oot — HY) or(t — HY)

o0; lim sup
1 ’ 1
tae N t—00 tao+n+"

liminf 0.
11— 00

Since K can be chosen as large as we wish and thus ¢ and n as small as we wish, we deduct via (4.44) and (4.43) the
validity of (4.42) for all € small enough. This settles the proof of the corollary. ]

Then the following result holds true
Theorem 4.12. Let o : R (0, 1), o = minyecg o (x) > 0, max,er @ (x) < 1 and
1> lim a(x) =07 > o, 1> lim a(x)=ay >a®.
X—>00 X—>—00

Also let there exist By small enough such that for all By > B, the set Ag = {x e R:a(x) < o™ + B < 1} is bounded and
satisfies 0 < [(Ag) < oo and also [(0Ag) =0. Then,

1. if 2a* < min{ay, oy} we have that for any 0 < 8 < By

t
i Jo Lixs)eag ds

t—00 t

=1, a.s; (4.46)
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2. and if 2a* > min{ay, ay}, for any K > 0,

t
Jo lixeasni-&.k1y ds

=1, a.s. (4.47)

t—00 t

Proof. Recall that X (r) = B(L(?)). Let 2a* < min{a;, @y} and choose 8’ > 0 small enough so that even 2a* + 28’ <
min{a;, s }. Choose 8 < B’ so that the conditions of the theorem are satisfied. Then using Corollaries 4.10, 4.11 we get
precisely as in the proof of Lemma 4.8 that the equivalent to (4.26) relation holds, that is

aHB) _ s (4.48)
t—00 o(t)

Since again
£(10. 0\ {r =5 2 0: B(s) € DAg}) =1

and the validity of Proposition 4.6 in the almost sure sense is at hand, precisely as in the proof of (4.22) of Lemma 4.8 we
establish (4.46). Assume next that 2a* > min{o;, o }. Then for any 8 > 0,

O = min{a,,ou, 2(a* + ,3)} =min{a;, oy}
and from (4.41) and (4.42) we conclude that

oa(t — Hy)
— =1 a.s.
t—00 g(t)

Moreover, from (4.43) and (4.44) and with

t t
Hf:/o 1{B(s)eA<>}dS;Hto:/0 L{B(s)ea,) ds,

where for any K >0, A, = Ag U[—K, K] and A, = A, \ Ag, we have that

o2(t — Hp)
———= =1 as.
1—00 o(t)
Then the proof follows precisely as the proof of case 2«1 > a» of Lemma 4.8. ]

When Ag = {x € R: a(x) = «*} is a bounded disjoint union of intervals which implies that [(Ag) € (0, co) and for
all small 8 > 0, Ag = Ag, where Ag = {x € R: a(x) < ™ + B}, then we have the stronger result which localizes in
probability the anomalous diffusion.

Theorem 4.13. Leto : R+ (0, 1) and Ag = {x e R: a(x) =a*} =, I, be bounded and where 1; are disjoint intervals.
Let also [(Ap) € (0,00), [(0Ag) =0 and for all small B >0, Ag = Ag, where Ag = {x e R:a(x) < a* + B}. Finally,
let @ = min,cr o (x) > 0, max,cr @ (x) < 1 and

1> lim a(x) =0qay, 1> lim a(x)=qay.
X—> 00 X—>—00

Then if 2a* < min{ay, oy} it holds true that
lim P(X(t) € Ag)=1. (4.49)
t—00
For clarity let us consider a special case which is of greatest interest.

Corollary 4.14. Let o : R+ (0, 1) be piece-wise constant taking values 0 <oy <oy <---<ap <l.Let A={x eR:
o(x) = a1} be a finite union of intervals such that [ (A) € (0, 0o) and

min{ lim a(x); lim a(x)}zaj, 2<j<n.
X—> 00 X—>—0Q
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If 21 < aj then
lim P(X(t) € A)=1. (4.50)
t—00
Otherwise, if 2a1 > aj and Aj = {x e R:a(x) = o}, then

lim P(X(t) EAj): 1. 4.51)
t—00
We proceed with the proof of the Theorem 4.13.

Proof of Theorem 4.13. If 2* < min{o;, o7} we choose g > 0 small enough that A = Ag. From (4.48) we get that

li o1(H;y)
m —— =
t—00 o'([)

1, a.s., 4.52)

where we recall that X (¢) = B(L(¢)), L(t) = inf{s > 0: 0 (s) > ¢} and from (4.6) and the assumptions of the theorem
o(t)=o01(H;) +02(t — Hy)
with H; = fé 1{B(s)ea) ds. We note that o is simply a stable subordinator of index «y. From (4.52) we arrive at

o1(Hrw)

=1, as.
t—o0 o (L(1))

Therefore (4.20) of Proposition 4.6 is valid and hence for any 7, € (0, 1)
,IEEOP(“I (Hr@n) < (1 = m)t; Aoa(L(1) — Hr)) = Ao (L(1))) =0,
where we have used that P(Ao (L(¢)) = 0) = 0. Henceforth, if (4.50) fails then for any n € (0, 1) and some ¢ € (0, 1)

¢ <limsup P(X(t) ¢ A)
—o0
= litm sup P (o1 (Hry) € (1 =1, 1); Aoo(L(t) — Hry) = Ao (L(1)))

<limsup P(o1(L1(1)=) € ((1 — )t 1)), (4.53)

t—>00

where the very last inequality follows easily from o (Hp 1)) € (1 —n)¢,t) and 01 (Hp 1)) <o1(L1(t)—) <t with L (t) =
inf{s > 0:07(s) > t}. Next, note that o1 is a stable subordinator of index «, see the definition of A, and (4.34) is the
form of its intensity measure. Also from [9, Chapter III, Section 1] we know that the potential density of o7 is

ui(x)=Cx ', x>0,

and from [9, Chapter III, Proposition 2]

t

P(Ul(Ll(t)—)e((l—n)t,t)):C/ Bt —y)y“~ldy

(A=n)t

t
=D/ (t =y~ y“~tdy
(—=m)t

1
= D/ a- y)*"”y"”*1 dy,
(I-m)

where D > 0 is the multiplication of the constant of the potential density and (4.34). However, for any 1 small we then
get that

t]_l)r& P(U] (L](l‘)—) € ((1 —n)t, t)) < %’

which contradicts (4.53). Therefore, we conclude that (4.50) holds true. U
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Proof of Corollary 4.14. Relation (4.50) is an immediate consequence of Theorem 4.13. The proof of (4.51) in fact
carries on using the same arguments as in the proof of Theorem 4.13. We summarize them as follows:

e since 21 > «; then from Corollary 4.10 and Corollary 4.11 we deduct that lim, o 02(t — H)/o () =1 a.s., where
A, =AU[-K,K];

e on A; the subordinator o7 is stable of index o;

o therefore (4.20) of Proposition 4.6 is valid and contradiction with it is established, provided that liminf; o, P(X (¢) €
Aj) < 1, precisely as in the proof of Theorem 4.13.

This completes the proof. U
4.2. Unbounded set

We consider now the situation

lim x[(AN[—x,x])=a € (0,00),c€[0,1)

X—>00

and A unbounded. Consider A} = AN [0, 00), A = A N (—o00, 0). Assume further that

lim x~“[(A; N[0, x]) =a; € (0, 00),

X—>0

lim x~2((A2 N [~x,0]) = as € (0, %)

X—> 00

(4.54)

and without loss of generality that 1 > ¢; > ¢» > 0. In this case, we say that A satisfies the growth Assumption (G). Set

1
H,(A) =/ (1{Byea,) + 1{B,ear)) ds = H! + H?. (4.55)
0
Also we introduce
t t
Fi(1) = / Liaynio.xy dx; Fa(1) := / Liayni—x.01y dx (4.56)
0 0
and from (4.54) we have that
Fi(t) ~ait i=1,2. 4.57)
From [10, Proposition 9.5] we arrive at the following fact

I_;lemma 4.15. The subordinators H;' o i= 1,2, have Laplace exponents ®;,i = 1,2, that are regularly varying and of
the type

1
;0 L AT, i=1,2, (4.58)

where b; are some positive and finite constants. Moreover, for any € > 0 small enough,

i i

r . t
I4+cj—€ o0 and lim sup 1+c;+e
t o =0 g

liminf =0 a.s. 4.59)
11— 00

Proof. The proof of (4.58) is immediate from substitution in the quantities involved in the statement of [10, Proposition
9.5]. Relation (4.59) follows from the fact that ®; are regularly varying which leads to (4.13) of Proposition 4.3 and the
fact (4.58) ensures that Theorem 4.1 holds true and yield for any € > 0 small enough

Hi
OIS
t]-‘r(,‘,‘-i-é _0 (460)
(Il

Hi
lim inf —=)

=00 and limsu
t—oo0 pltci—e p

t—>00

Let us now assume that & : R — (0, 1) and set a® = min,cr @(x). Assume further that the set A = {x e R: a(x) =
a* < 1} satisfies the growth Assumption (G) with 1 > ¢; > ¢y > 0, see (4.54). Also let us suppose that [(dA) = 0 and
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A=Ag={xeR:a(x) <a®+ B <1} forall B > 0 small enough. The occupation measure of A is as in (4.55) as above.
The next statement estimates the growth of different pieces of o. Denote

o(t) =01(H) + 0ot — H) =0} (H') + o} (H?) + 02t — Hy), 4.61)

where a{ correspond to the processes localized to A;,i =1, 2.
Then we have the result.

Corollary 4.16. Let o be such that the set A satisfies the conditions above. Assume that limy_, o0 xg¢ A 0 (x) = oy and
lim, oo xga a(x) =ay. Then for all € > 0 small enough

o1 (H, ol (H]
jim LD, Jim 71¢ ’)zoo, as. (4.62)
t—00 124;0*1 te t—00 1;;;1 e

and with o, = min{oy, oy}

oa(t — Hy)
m ——— =

1
t wote

o2(t — Hy) _

1
t do—€

0; lim

t—00

00, a.s. (4.63)

t—00

Proof. Since a(x) =™ on A, we have that o1 = a“*, that is stable with index o™ and thus for all € small enough

o (H)

0% (Hy) ,
liminf ———— =o00; and limsup ———— =0. (4.64)

70 (Hpyw € =00 (Hy)arte

Then from (4.59) and using ¢ > ¢ we get the first relation of (4.62). The second follows from the first relation of (4.64)
and the fact that ¢; > ¢, combined with (4.60). Relation (4.63) is deducted precisely as in the proof of Corollary 4.11

using the facts that t — H, 't since 1 > c1 > c2 >0 and (4.59). O
We are now in a position to state the main result of this section.

Theorem 4.17. Let o : R — (0, 1), max,cr{a(x)} < 1 and suppose that a* = min,cg a(x) > 0. Assume further that
A={x eR:ax)=a* < 1} satisfies the growth Assumption (G) with 1 > c| > ¢y > 0, see (4.54). Also let [(0A) =0
and A=Ag={x e R:a(x) <a*+ B <1} for all B > 0 small enough. Finally, set a, = min{ay, oy}, where we have
limy oo, xg¢a 0 (x) =y and limy s _oo xga 0(x) =ay. Then,

1. if 12_‘;; < o, we have that
t
1 ds
lim M =1 as.,
1—00 t (4.65)
lim P(X(t) € A) =1;
—> o0

2. if lzj‘:l > o, then for any K > 0

t
1 _ c c dS
Jo lix(s)el—K. K 1nac) 1 oas (4.66)

lim
t—00 t

Remark 4.18. Inspection of the proof and the arguments shows that the result is also true provided c¢; = 1, that is
limy— oo x ' [(AN[—x,x]) =a € (0, 00), where A = {x € R: a(x) = «*}. Then only (4.65) can hold.

Proof. The first relation of (4.65) is established precisely as in the proof of Theorem 4.12 using the different growth for
the occupation measure in this case. The second relation of (4.65) is proved with the same method as in the proof of
Theorem 4.13 noting that on A, o is stable subordinator of index «* and the contradiction this would trigger thanks to
(4.20) of Proposition 4.6 provided we assume that liminf;_, o, P(X(¢) € A) < 1. Relation (4.66) is again as the proof of
Theorem 4.12. (]
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