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Abstract. We show the strong well-posedness of SDEs driven by general multiplicative Lévy noises with Sobolev diffusion and jump
coefficients and integrable drifts. Moreover, we also study the strong Feller property, irreducibility as well as the exponential ergodicity
of the corresponding semigroup when the coefficients are time-independent and singular dissipative. In particular, the large jump is
allowed in the equation. To achieve our main results, we present a general approach for treating the SDEs with jumps and singular
coefficients so that one just needs to focus on Krylov’s a priori estimates for SDEs.

Résumé. Nous montrons que les EDS dirigées par un bruit de Lévy multiplicatif général avec des coefficients de diffusion et de saut
Sobolev, et une dérive intégrable, sont fortement bien posées. De plus, nous étudions la propriété forte de Feller, I’irréductibilité ainsi
que I’ergodicité exponentielle des semi-groupes correspondants quand les coefficients sont indépendants du temps et singulierement
dissipatifs. En particulier, les grands sauts sont autorisés dans 1’équation. Pour aboutir au résultat principal, nous présentons une
approche générale pour traiter les EDS avec sauts et coefficients singuliers, de telle sorte que nous devons seulement nous intéresser
aux estimées a priori de Krylov pour les EDS.
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1. Introduction

Let (2, ¥, (¥1)r>0, P) be a filtered probability space, which satisfies the usual conditions. On this probability space, let
(W:)r=0 be a d-dimensional standard #;-Brownian motion and N an ¥;-Poisson random measure with intensity measure
dfv(dz), where v is a Lévy measure on Rd, that is,

/d(|z|2/\ 1)v(dz) <400, v({0}) =0. (1.1)
R

The compensated Poisson random measure N is defined as
N(dt, dz) := N(dt, dz) — dtv(dz).
Consider the following stochastic differential equation (SDE) with jumps in R?:

dX; =0/ (X;)dW; + b, (X;) dt +/

g (X,—, 2)N(dt,dz) +/ g(X,—, 2)N(dt, dz), (1.2)
|z|<R

|z|=R

where R > 0 is a fixed constant, and 0 : Ry x R > R @R, h: Ry x RY - R? and g : Ry x R x R — R? are
Borel measurable functions, which are called diffusion, drift and jump coefficients, respectively. Recall that an #;-adapted
cadlag (right continuous with left limit) process X is called a (strong) solution of SDE (1.2) if for each ¢ > 0, the following
random variables are finite P-almost surely,

t t t t
/ o (X5) | ds, / |bs (X)) ds, / / |gs(Xy, 2)[*v(dz) ds, / / |gs (X, 2)|v(d2) ds,
0 0 0 J|z|<R 0 J|z|>R

and

t t t
X, =Xo+ / o5 (Xs)dWy + / bg(X5)ds + / / 8s(Xs5—,2)N(ds,dz)
0 0 0 Jlz|<R

!
+// 8s(Xs—,2)N(ds,dz), P-as.
0 J|z|>R

In this paper, we shall study the existence and uniqueness of strong solutions to the above SDE under some mild assump-
tions on the coefficients, both in the non-degenerate diffusion case and in the multiplicative pure jump case. Moreover, we
also study the strong Feller property, irreducibility as well as the ergodicity of the semigroup associated with the above
SDE when the coefficients are time-independent and singular dissipative.

1.1. Well-posedness
In the past decades, SDEs with singular drifts and driven by Brownian motions have been extensively studied. In the case

that g =0 and o = [;.4 (the identity matrix), a remarkable result due to Krylov and Rockner [31] says that SDE (1.2)
has a unique strong solution provided that

d 2
R.; LP(RY ith— 4+ = < 1.
(R LP(RE)) with © 4= <

belLl

loc
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Latter, the second named author [54,55] extended their results to the multiplicative noise under some non-degenerate
and Sobolev conditions on the diffusion coefficient. On the other hand, by studying the stochastic homeomorphism flow
property of the SDEs with irregular drifts, Flandoli, Gubinelli and Priola [20] obtained a well-posedness result for a class
of stochastic transport equations with irregular coefficients. After that, there are many works devoted to the study of
the regularities of the unique strong solution to SDEs with rough coefficients, such as the Sobolev differentiability with
respect to the initial value, stochastic homeomorphism flow and the Malliavin differentiability with respect to the sample
path. The interested readers are referred to [18,19,35,38,49,51,57] and references therein.

In recent years, SDEs driven by pure jump Lévy processes (i.e., o = 0) and with irregular drifts have also attracted great
interests since it behaves quite differently. In fact, when d = 1 and (L,);>¢ is a symmetric «-stable process with « € (0, 1),
Tanaka, Tsuchiya and Watanabe [47] showed that even if b is time-independent, bounded and B-Holder continuous with
B <1 — a, the following SDE

dX, =dL, + b(X,)dt, Xo=xecR? (1.3)

may not have a pathwise uniqueness strong solution, see also [3] for related results. On the other hand, when « € [1, 2)
and

beCl(RY) withp>1— %

it was shown by Priola [40] that there exists a unique strong solution X;(x) to SDE (1.3) for each x € R4, which forms
a stochastic C!-diffeomorphism flow. Under the same condition, Haadem and Proske [23] obtained the unique strong
solution by using the Malliavin calculus. Recently, Zhang [56] obtained the pathwise uniqueness to SDE (1.3) when
o € (1,2), b is bounded and in some fractional Sobolev spaces. See also [9,12,41,42] for related results. It is noticed
that all the works mentioned above for SDE (1.2) with o = 0 are restricted to the additive noise case. We also mention
that Bogachev and Pilipenko [10] treated the SDE with general Lévy noise and discontinuous drifts based on heat kernel
estimates.

The first aim of this paper is to study the well-posedness of the SDE (1.2) with Sobolev diffusion and jump coefficients
and integrable drifts. In the mixing and non-degenerate diffusion case, we shall not make any assumptions on the pure
jump Lévy noise (or the Lévy measure v in (1.1)), see Theorem 2.1. Our result extends the existing results concerning
singular SDEs driven by Brownian motion (see [10,26,31,55]). In the pure jump case, we shall assume that the Lévy
measure v is symmetric and rotationally invariant «-stable type in order to use the heat kernel estimates established
in [13,14], see Theorem 2.4. Compared with [23,40—42,56], we are considering the multiplicative noise and drop the
boundedness assumption on drift b.

Let us now introduce the main argument adopted in the present paper: Zvonkin’s transformation. Let £9 be the second
order differential operator associated with the diffusion coefficient o, that is,

1, .,
LIu(x) = 5( ;lk(ftjkaifiju)(x). (1.4)

Here and below, we use Einstein’s convention for summation that the repeated indices in a product will be summed
automatically. Let uC}l’ be the first order differential operator associated with the drift coefficient b, that is,

LYu(x) = (bidju) (x),

and QC;g, the nonlocal operator associated with the jump coefficient g, that is,
L8u(x) = / [(x + 8:(x. 2)) — u(x) — g (x, 2) - Vu(x)]v(dz)
|z|<R
+ / [1(x + £ (6, 2)) — 1) ]p(d2) = L5 () + £2 gu(x). (15)
[z|>R

For a fixed time T > 0, we consider the following Kolmogorov’s backward equation:

P+ (L3 + LY+ LS )P =0, r(x)=xeR’ (1.6)
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Suppose that this equation has a regular enough solution ® so that for each ¢ € [0, T'], the map x — ®;(x) forms a
C?2-diffeomorphism on R¥. Then, by Ito’s formula, one gets that

t
D, (Xy) = Po(Xo) + / V&, (Xs)og(Xs) dWy
0
t
+/ / (CDS(XS—+gS(XS—1 Z)) _®S(XS—))N(dS’ dz)
0 J|z|<R

t
+ / / (@5 (Xo + g (Xs. 2)) — By (X, )N (ds. da).
0 J|z|=R

Thus, if we let Y; := ®,(X,) and
G(0) = (Vo5 -00) 0 ®; ' (»),  &(r,2) = 0 (0,1 + & (@7 (1), 2)) — .

then Y; satisfies the following new SDE with disappeared drift:

aY, = 6, (¥,) dW, + /

& (Y-, 2)N(ds, dz) +/ & (Yi—,2)N(dz, dz), (1.7)
|z|<R

[z|=R

and vice versa, that is, if Y; solves (1.7), then X, := <I>,_1(Y,) solves SDE (1.2). Notice that in the case g =0, if o is
uniformly elliptic and Lipschitz continuous, and b is only Holder continuous, then 6 could be also Lipschitz continuous
due to the second order regularization effect of equation (1.6), see [55,57]. Consequently, the well-posedness for SDE
(1.2) with Holder drifts follows by the well-posedness of SDE (1.7). Thus, the main task is to solve equation (1.6) so that
® has the desired properties.

However, as we shall see below in Theorems 4.3 and 4.5 that for b € L;’OC Ry; L? (Rd)), it is in general not possible to
construct a C2-solution & to equation (1.6), and thus the transformed coefficients 6 and g in (1.7) are not expected to be

Lipschitz continuous, but at most in the first order Sobolev space Wll(;f (R9). In other words, we need to first study SDE

(1.7) with coefficients being in Wllof (R?). To this end, a key ingredient that needed is the following a priori Krylov’s
estimate: for any solution Y of (1.7),any T > 0 and f € L;’OC(R+; LP(R%)) with certain p, g > 1,

T T q/p 1/q
E(/ f(t,Y,)dt)gC(/ (/ |f(z,x)|”dx> dt) : (1.8)
0 0 R4

For general continuous It6’s process, such an estimate was established in [29] for p =g > d + 1. For SDE (1.2) with
g =0 and general p, g satisfying % +2 - 2, we refer to [55,57,58]. However, for discontinuous semimartingales, there
are few results. We mention that the authors in [33] and [39,45] obtained some rough Krylov’s estimates, which are not
enough for our purpose. In Section 5, we shall devote to a detailed study about the above Krylov estimate for any solution
of SDE (1.2) under certain optimal conditions on p, ¢g. In the non-degenerate diffusion case, we first use a Krylov’s
lemma to show that estimate (1.8) holds for any solution of SDE (1.2) and for any p =¢q > d + 1, see Theorem 5.2. Then
we combine the results proved in Theorem 4.3 for non-homogeneous Kolmogorov’s backward equation with Girsanov’s
theorem to generalize the Krylov estimate to general p, ¢ with € + 2 < 2, see Theorem 5.7. While in the purely nonlocal
a-stable-like noise case, we shall use the result proved in Theorem 4.5 for non-homogeneous nonlocal Kolmogorov’s
backward equation and smoothing coefficients technique to show that (1.8) holds for any p, g with % + ;15 < o, see
Theorem 5.10.

1.2. Ergodicity

Although the well-posedness and regularity properties of strong solutions for SDEs with singular coefficients have been
intensively studied, it seems that there are few works devoted to studying the existence and uniqueness of invariant
probability measures for time-independent SDEs with singular coefficients. As we know, a general approach for proving
the existence of invariant probability measures is to verify the Lyapunov condition. More precisely, if there exists a
positive function ®; € C?(R¥) and a positive compact function ®; such that

(L3 + L]+ L£8) P < C — Dy (1.9)
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holds for some constant C > 0, then the associated semigroup of SDE (1.2) has an invariant probability measure p with
w(Py) < oo, see for instance [25]. Obviously, if b € L? (R?) for some p > d, then compact function ¥, would not exist
since b can be singular at infinity. In this direction, to the authors’ best knowledge, Wang [50] obtained a first result
about the ergodicity for SDEs with singular drifts by using perturbation argument and his local dimension-free Harnack
inequality. In particular, the main result in [50] is applied to the following singular SDE so that it admits a unique invariant
probability measure:

dX; = (b(X;) — hoX;)dt ++2dW,, Xo=xeR?,

where 19 > 0 and b : R? — R¥ satisfies

1
/ M@ =20l /24y o0 for some A > — . (1.10)
R4 2X0

To prove the uniqueness of invariant measures, a usual way is to show the strong Feller property and irreducibility of the
associated semigroup. In [53], we have studied these two properties for SDEs driven by Brownian motions under some
local conditions on the coefficients.

In the pure jump case, when the coefficients are locally Lipschitz continuous and satisfy a Lyapunov-type dissipative
condition such as (1.9), it has been shown in [32,34] that there is a unique invariant probability measure associated
to the SDE. The exponential ergodicity is also studied therein under some abstract conditions. In a recent work [2],
the authors also introduced some Lyapunov stability conditions for the existence of invariant probability measures for
general nonlocal operators. Clearly, the singular drift does not satisfy the Lyapunov conditions as required in all the
works mentioned above.

The second aim of this paper is to show the existence and uniqueness of invariant probability measures associated to
SDE (1.2) both in non-degenerate diffusion case and in pure jump case under suitable singular and dissipative assump-
tions. Our basic idea is as follows: suppose that b can be decomposed into two parts:

b=0by+ by,

where b is the singular part and b; is the dissipative part, see (H?) and (ﬁb ) below. We shall use Zvonkin’s transformation
to kill only the singular part b1, and obtain a new SDE. Of course, the dissipative part by will roll together with the
transforming function. The key observation is that the dissipativity will be preserved in the transformed SDE. Since the
transform is one-to-one, we can get the ergodicity of the original equation from the new one. Here, to perform Zvonkin’s
transformation, we need to solve a nonlocal elliptic equation rather than the parabolic equation (1.6), see Theorems 7.6
and 7.10. Moreover, Krylov’s estimates obtained in Section 5 are not applicable any more since the coefficients may have
polynomial growth. Instead, we shall show the non-explosion and a priori Krylov’s estimates for any solutions of SDE
(1.2) with singular and dissipative drift, see Lemmas 7.5 and 7.9.

Table 1 figures out the method of showing the existence and uniqueness of invariant probability measures for time-
independent SDE (1.2) with dissipative drifts. Here, IPM, GT, HK and DHK stands for invariant probability measure,
Girsanov’s transform, heat kernel and Dirichlet heat kernel, respectively.

1.3. Examples

Below we provide two simple examples to illustrate the main results obtained in this paper.

Table 1
Method of showing ergodicity

Existence of IPMs Strong Feller Irreducibility

Diffusion with jump

Lyapunov condition Derivative formula Coupling + GT

Pure jump SDE

Lyapunov condition Continuity of HK Positivity of DHK
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Example 1.1. Consider the following SDE of OU-type:
dX, =dL, — AoX,dr +b(X,)dr, Xo=xeR"

When L, is a d-dimensional standard Brownian motion, we assume b € L? (R?) for some p > d. When L, is a rotationally
invariant symmetric c-stable process with a € (1, 2), we assume b € H[(f (R?) for some § > 1 —a/2 and p > 2d /a, where
H](j (R?) is the Bessel potential space. By Theorems 2.9 and 2.12 below, the above SDE admits a unique strong solution
and there exists a unique invariant probability measure associated with it. Note that in both cases, the classical Lyapunov
condition (1.9) can not be verified, our result is new even in the existence of invariant probability measures. Moreover,
compared with Wang’s global condition (1.10), our global assumption b € L? (R?) is weaker locally and not comparable
at infinity.

Example 1.2. Consider the following mixing SDE with jumps:
dX, =dW, + M| X,—|PdL, — 2o X1 X, "' dt, Xo=x eRY,

where B € (0,1), y € (0,00) and A9 > 0, A1 € R, L; is a d-dimensional pure jump Lévy process. The main features of
this SDE are that the jump coefficient x > |x|# is Holder continuous and the drift term may have polynomial growth.
By Theorem 7.4 below, the above SDE has a unique strong solution. Moreover, there exists a unique invariant probability
measure and the SDE is V-ergodic (see Definition 2.7) in the case y € (0, 1] and exponential ergodic in the case y > 1.

Finally, we recall that a probability measure x on R? is called an invariant probability measure of the operator £ :=
L9 + £}f + £§ if it satisfies the following Fokker—Planck—Kolmogorov equation:

L'n=0 & uLp) =0, ¢eCPRY, 1.11)

where the asterisk stands for the formal adjoint operator. Obviously, any invariant probability measure of the semigroup
associated with SDE (1.2) satisfies (1.11). When g = 0, the existence of solutions to (1.11) was obtained in [7] by analytic
methods under a Lyapunov-type condition, which is much weaker than those needed for the existence of a solution to
SDE (1.2). Moreover, under some quite weak conditions, the uniqueness and regularities of the solutions for (1.11) are
also studied in [5,6,8], see also [50]. To our knowledge, these results cannot cover our results stated above.

1.4. Layout

The plan of this paper is as follows: In Section 2, we state the main results including the existence-uniqueness and ergod-
icity for SDE (1.2). Since the proofs of well-posedness and ergodicity rely on approximations and Zvonkin’s argument,
in Section 3 we present two general results: Stability and Zvonkin’s transformation for SDE (1.2). Moreover, we also
prove a useful stochastic Gronwall’s inequality, which extends Scheutzow’s result [44] to the discontinuous martingales.
In Section 4, we study the solvability and regularity of parabolic integro-differential equations. In Section 5, applying
the results obtained in the previous section, we show various Krylov’s estimates for the solution of SDE (1.2). By the
general results in Section 3, the strong well-posedness results are proved in Section 6. The strong Feller property and
irreducibility as well as the ergodicity for SDE (1.2) are proven in Section 7. Finally, some details and auxiliary materials
are given in the Appendix. To make the structure of the paper more transparent for the reader, we provide Figure 1 which
describes the relations among the main results.

Throughout this paper, we use the following conventions: ¢ with or without subscripts will denote a positive constant,
whose value may change in different places. Moreover, we use A < B to denote A < ¢B for some unimportant constant
c>0.

2. Statement of main results
2.1. Strong well-posedness of singular SDEs with jumps

To state our main results, we first introduce some spaces and notations. For p,g € [1,00] and 0 < § < T < o0, let
]L(;,(S , T) be the space of all Borel functions on [S, T'] x R? with norm

T q/p 1/q
IIfIIL;(S,T):(/S (/Rd|f(t,x)|pdx) dt> < 00.
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N
Well-posedness Corollary 2.6 Ergodicity

Theorem 2.1 Theorem 2.4 [ Theorem 2.9 ] [ Theorem 2.12 ]

Fig. 1. Relations among theorems and lemmas.

For p = 0o or ¢ = 00, the above norm is understood as the usual L*°-norm. We shall simply write
LI(T) :=L%(0, T), LP(T) := Ly(T).

Given a R > 0, we shall write Bg := {x € R? : |x| < R}. For a measurable function g;(x, z) : Ry x R? x RY — R and
0 <& < R < 00, we introduce the following functions, which will be used frequently below: for j =0, 1 and « > 1,

MR @) =T 7 @) () = |V (e, )| L gy = / Vg (x, 2)["v(da). @1

e<|z|<R

Here and below, V, denotes the generalized gradient with respect to x.
We make the following assumptions on the diffusion coefficient o:

(H%) There are constants ¢ > 1 and 8 € (0, 1) such that for all (r, x) € R} x R4,
_ 2
o 161 < |of (0E|” < cols?, VE R,
where the asterisk stands for the transpose of a matrix, and
. / _ /B
Jor ) — (') | < ol ="

Here and below, || - || denotes the Hilbert—Schmidt norm of a matrix.

Our first main result of this paper is:

Theorem 2.1 (Non-degenerate diffusion with jumps). Let F(j)i, (g) be defined as in (2.1). Suppose that (Hg) holds and
forany T >0,

For(®) €LX(T).  lim [FG7@) g, =0.
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and for some p, q € (2, 00) with % + % <1,

1/2

IVol,b, (Tyx(®) '~ € LL(T).

Then for any initial value Xo = x € R?, SDE (1.2) admits a unique strong solution X;(x). Moreover, for any T > 0, there
is a constant ct > 0 such that forallt € (0,T], x,y € RY and bounded measurable o,

cr

NG

Let us make some comments on the above result.

[E(X;(x)) —Eo(X;()| < —=lglloclx — yl. 2.2)

Remark 2.2. If g;(x, z) = 6;(x)z with 6;(x) € L°°(T) and V&, (x) € ]L’{, (T) in the above theorem, then the assumptions
on F(j)”i(g) automatically hold. In particular, if &;(x) = & (x) = |x|PI for some 8 € (0, 1), then one can check V& €
L (R?) forany p <d/(1— pB).

Remark 2.3. It is noticed that in the estimate (2.2), we do not make any assumption about the large jump coefficient
since the large jump part is independent from the small jump part and has only finitely many jumps in any finite time
interval.

In the above mixing case, the non-degenerate diffusion part plays a dominant role. In the pure jump case, we need to
use the regularization effect of the jump noise. For this, we assume v(dz) = |z|¢~% dz for some « € (1, 2), and g satisfies
that

(Hg) g:(x,0) =0 and there is a constant ¢; > 1 such that for all > 0, x, x’, z, 2/ € R?,

i Me—Z] < g2 —g(x.2)| <]z -7, 2.3)
and for some 8 € (0,1) and j =0, 1,

Vg (r,2) = Vg (v, 2)| < er|x —x|P (12l + 121", (2.4)
V28 (x,2) = Vogi(x.2)| <er]z = 7). 2.5)

Our second well-posedness result is:

Theorem 2.4 (Multiplicative pure jump noise). Suppose that o =0, v(dz) = |z|_d_"‘ dz for some o € (1, 2), and (Hg)

o

~27,00),

holds with B > 1 — a/2. Moreover, we also suppose that for some 6 € (1 —5,1), p € (za—d V2,00)andq € (

2
(For(®) 2. TR (@), @ 8)"b e (Lo
T>0

Then for each initial value Xo = x € R?, SDE (1.2) admits a unique strong solution X;(x). Moreover, X,;(x) has a density
p(t, x,y), which enjoys the following estimates:

(i) (Two-sided estimate) For any T > 0 and ¢ € (0, 1), there are two constants cy, ca > 0 such that for all t € (0, T') and
X,y € R4 ,

e <t (4 = y) T o xy) < ea(L4 (V% + 1 — yI)). (2.6)
(i1) (Gradient estimate) Forany T > 0 and ¢ € (0, 1), there is a constant c3 > 0 such that forallt € (0,T) and x,y € R,
|Vilogp(t, x, y)| < c3t™%(1+ (¢% + x — y])*). Q.7

We would like to make the following comment.
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Remark 2.5. If g;(x, z) = o:(x)z with o satisfying (H%) and Vo € ]L;’,O(T) with p > %, then the conditions on g in
Theorem 2.4 hold. Since in this case, (I“é’fe(g))l/2 = c|Va| for some ¢ > 0 and by Sobolev’s embedding (see (4.2)

below), & € L*°([0, T]; Cf RY) with f=1—d/p>1—a/2. Compared with the additive noise case considered in
[23,40,41,56], we drop the boundness condition on the drift b, which is essentially used in their proof. Moreover, in this
case, from the proof below, one sees that the ¢ in (2.6) and (2.7) can be zero. For the discontinuous drift b, see [56].

Let x :R? — [0, 1] be a smooth function with x(x) =0 for |x| >2 and x(x) =1 for |x| < 1. For m € N, define the
cutoff function x,, by

Xm(x) = x(m ™ 'x). 2.8)
Using suitable localization technique, we have:
Corollary 2.6 (Local well-posedness). Suppose that for each m € N,

o' (x) =0 (xxm(x)), B :=bX)xm(x), g, 2) =g (xxm(x),2)

satisfy the same assumptions as in Theorem 2.1 or Theorem 2.4. Then SDE (1.2) admits a unique strong solution X; up
to the explosion time ¢, that is, lim;4; X, = 00.

Proof. For each m € N, by Theorem 2.1 or Theorem 2.4, there exist a unique global strong solution X} to SDE (1.2)
with coefficients o™, g and b™. For m > k, define

Empi=inflt > 0: | X" =k} Am.
By the uniqueness of the solution, we have
P(X = X!, V1 € [0, np)) = 1,
which implies that for m > k,
Sk < Emk < Emm, @S.
Hence, if we let ¢ := k k. then (£ )ken 1S an increasing sequence of (¥;)-stopping times and for m > k,
P(X7 = XF, vt €[0,8)) = 1.

Now, for each k € N, we can define X, := Xf for t < & and ¢ := limg_, oo gk It is easy to see that X, is the unique
solution of SDE (1.2) up to the explosion time ¢ and lim;4; X; = 00 a.s. (]

As for the non-explosion, under some Lyapunov conditions, we may show the existence of global solutions (for in-
stance, see Lemma 7.1 below).

2.2. Ergodicity of SDEs with singular dissipative coefficients
Below we turn to the study of the ergodicity of SDE (1.2). We first recall some basic notions about the ergodicity. Let
(Pr)¢>0 be a semigroup of bounded linear operators on Banach space 5 (Rd), where By, (Rd) denotes the space of all

bounded Borel measurable functions. Let & be a probability measure on Borel space (R?, B(R?)). We use the following
standard notation:

(@) = / () (dx).
Rd

e 1 is said to be an invariant probability measure (or stationary distribution) of Py if

w(Pp) = u(p), Vi >0,V e By(RY).
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e One says that P; is ergodic if P; admits a unique invariant probability measure p, which amounts to say that
I d
tim o [P gds = (), f €By(RY). 2.9)
- 0

e One says that P; has the Cj-strong Feller property if for all ¢ € By, (Rd), PipeCy (Rd ).
e P; is said to be irreducible if for each open ball B and x € Rd, Pi1p(x)> 0.

About the ergodicity, we have the following classification (cf. [24] and [36]).

Definition 2.7. Let V : R — [1, 00) be a measurable function and 4 an invariant probability measure of P,. We say P,
to be V-uniformly exponential ergodic if there exist ¢, y > 0 such that for all 7 > 0 and x € R¢,

sup |Prg(x) — ()| <coV(x)e ™",
lplly <1

where ||¢|lv ;= sup, cgd ‘5(& ))l < +o00.If V=1, then P is said to be uniformly exponential ergodic, which is equivalent
to

” Pr(x,) — M”Var <coe?', VxeRY,
where || - ||var is the total variation of a signed measure, P;(x, -) is the kernel of bounded linear operator P;.

It is useful to observe that the above notions are invariant under homeomorphism transformation of the phase space.
More precisely, let ® : R — R? be a homeomorphism. Define a new semigroup of bounded linear operators on B, (R?)
by

PPp(y) =[Py o ®)](@7' ().
where ®~! is the inverse of ®. We have the following simple observations, which are direct by definition.

Proposition 2.8.

() w is an invariant probability measure of P, if and only if w o @~ is an invariant probability measure of P,CD.
(i) P; has the Cy-strong Feller property if and only if Pt(I> has the Cy,-strong Feller property.
(iii) Py is irreducible if and only if be is irreducible.
@iv) Py is V-uniformly exponential ergodic if and only if P[q) is V o @~ -uniformly exponential ergodic.

To study the ergodicity of SDE (1.2), we shall assume that the coefficients are time-independent, i.e.,

g(X,_,2)N(dr, dz) +/ g(Xi—,z)N(dt, dz). (2.10)
|z|<R

lz|=R
We show two new ergodicity results, which allow the drift to be singular at infinity. We first assume that

(H?) b= by + by, where b; is the singular part and for some p > d,

by e LP(RY),

and b, is the dissipative part which satisfies for some «1, k2,3 > 0and r > —1,

(x,b2(0)) < =1 |X*" + k2 and  |ba(x)] < k3(1+ |x["T). (2.11)
We have the following ergodicity result.
Theorem 2.9 (Ergodicity for diffusion with jumps). Suppose that (Hg) and (H?) hold and for the same p in (H?),

Vo, (o ()" € L7 ().
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and for any A > R,
0,2 0,1 . 0,2
T8, T3 oo (@) € L¥(RY), - lim [T 2(2) o, =0. (2.12)

Then, for each Xg = x € R?, SDE (2.10) has a unique global strong solution X;(x) which is Cp-strong Feller and
irreducible. If we let Py (x) :=E@(X;(x)), then P; admits a unique invariant probability measure (i, and p has a density
p € LY(RY) with g < d/(d — 1). Moreover, if r = 0, then P; is V -uniformly exponential ergodic with V (x) = 1 + |x|; if
r > 0, then P; is uniformly exponential ergodic.

Remark 2.10. If b € L{;C (R%) for some p > d, and for some m > 0, b satisfies (2.11) for all |x| > m, then (H?) holds.
In fact, it suffices to take by = x,,b and by = (1 — x;,,;,)b. The typical function satisfying (2.11) is given by by(x) =
—x|x|"c(x) with 0 < ¢g < c(x) < c1. Moreover, if g(x,z) =6 (x)z with 6 (x) € L®(R%) and V& (x) € LP(RY) for some
p >d and fIZI>1 |z|v(dz) < oo, then all the assumptions on g in the above theorem hold.

Remark 2.11. Under some minimal assumptions, Bogachev, Rockner and Shaposhnikov [8] have already shown the
absolute continuity of © with respect to the Lebesgue measure. However, it seems that their results can not be used to our
singular case since it is not known whether b € Ll (.

loc

In the pure jump case, we assume v(dz) = |z|~4=* dz for some o € (1,2) and

(ﬁb ) b=b| + by, where b; satisfies (2.11) and the local condition for » in Corollary 2.6, and b; satisfies that for some
fe(l—a/2,1)and p > 2d/«,

(I— A)?2by € LP(RY).
We have

Theorem 2.12 (Ergodicity for pure jump SDE). Suppose that (Hi:;) and (ﬁb ) hold and for the same p in (IN{I’ ),

(Pr(8)*. TR (9) € L7 (RY).

Then the same conclusions of Theorem 2.9 hold and the invariant probability measure w has a density p € LY(R?) with
qg<d/(d—a+1).

3. General stability and Zvonkin’s transformation

In this section, we prepare two basic results: Stability and Zvonkin’s transformation for SDE (1.2) under general assump-
tions. First of all, we introduce the following important notion about Krylov’s estimate.

Definition 3.1. Let X = (X;);>0 be an F;-adapted process and p, g € [1, 00). We say that Krylov’s estimate holds for X
with index p, ¢, if for all T > 0, there is a constant cp > 0 such that forall 0 <7y <#; <T and f € ]Lji’7 (to, 1),

n
E(/ f(S7XS)dS‘?;0> ECOHfH]L?,(t(),Il)’ (31)
fo
where cg will be called Krylov’s constant of X.

Remark 3.2. Krylov’s estimate (3.1) implies that for Lebesgue almost all s, the distribution of random variable X admits
a density p;(y) with respect to the Lebesgue measure so that
ol < Liloy Lyl
1Y ! = €0, - — =1, — — =1,
L@ pp a q

where cq is the Krylov constant of X. See [58].
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Remark 3.3. Suppose that for some p, g € [1, 00), Krylov’s estimate holds for X with index p, g. Then the Krylov

estimate for X also holds for any p’ € [p, 00) and ¢’ with p’ — 5—,/ =p-— g In fact, by Remark 3.2, it automatically holds
that

141
E( / s, xs)ds\s-‘,o> < I Ly om-
fo

Notice that by the interpolation theorem (see [4, Theorem 5.1.2]), we have
1 q _14
(]LOQ(T)7 ]LP(T)) [0] - Lp/(T)a
where 6 € (0, 1), % =1—-60+ % and % = %, (-, -){g stands for the complex interpolation. The desired Krylov estimate

for p’ € [p, o0) and ¢’ with p’ — f]’—: =p-— g follows by the interpolation theorem (see [58]).

Remark 3.4. Let {X"™ n e N} be a sequence of %;-adapted processes. Suppose that X satisfies Krylov’s estimate
with the same index p, ¢ € [1, oo) and Krylov’s constant cg. If for each 7, X ,(n) converges to X, in probability as n — oo,
then by the dominated convergence theorem, for every f € Cj°(R4 x RY),

131 a1
— (n)
E(/ f(s,xx)ds\ar,o) —nli)rgOIE</t £s.x )ds]ﬂo) < coll Fllg o)

0

By a standard monotone class argument, the above inequality still holds for all f € IL,?, (t0, t1). In other words, X still
satisfies the Krylov estimate with the same index p, ¢ and Krylov’s constant cg.

The above definition about Krylov’s estimate has the following useful consequence.

Lemma 3.5 (Khasminskii’s type estimate). Let X = (X;);>0 be an F;-adapted process. Suppose that X satisfies
Krylov’s estimate for some p,q €[1,00). Then forany A, T >0,0<ty <t;j <T and f € }L?,(T),

n
EFo exp(k/ |f(s, Xs)|ds> <",
fo

7 . . .
where 70 (-) :=E(-|¥y,), and n is chosen so that ”f”L,q,((j—l)T/n,jT/n) < 2)3—Cof0r all j=1,...,n,and cy is the Krylov
constant of X.

Proof. Without loss of generality, we assume 7o = 0, f; = T and f is nonnegative. For A > 0, let us choose n large enough
so that for t; = %

rcoll fllvea; ey =1/2, j=0,....,n— 1. (3.2)

For m € N, noticing that

tj m
(/ +1g<s>ds) =m!/---/ g5 glsm) st - s,

J

where
A" ={(s1, .. 8m)itj S s1 <5< S <tjp1}s

by (3.1), we have
e 1j+1 m =
E 'f'< f(S,Xs)dS) =m!E™" <// f(sl»Xsl)"'f(SmaXsm)dsl"‘d5m>
tj AM

Zm'Eﬁj</ 1f(sl’Xsl)"'f(sm—lesm,l)
AU'I*
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1j+1

X ]Ef}mfl ( f(sms XSm)dsm> dsy - 'dsm—l)
Sm—1
Fr.
<m!'E ,</ 1f(sl,Xsl)"'f(Sm—I,Xsmfl)
AI"I*

! "
< coll fll g, ;) st dsml)i <mi(coll fllg ;i) -

which implies by (3.2) that

tjiy1 1 tjiy1 m
£ exp<)\/ , fs, Xs)ds> = Z — g% (A/ , f(s, Xs)ds> <2.
tj - ! 1)

Hence,

T n=l ljt1
E*o exp(k/ f(s,XS)ds) =E% (Hexp(k/ f(s,Xst))
0 jZO 1
n—2 Lyl tn
=ET0(]_[exp(x/ f(s,xs)ds)ﬂ-zftnl exp(x/ f(s,XS)ds))
j=0 tj n—1

n—2 Ij+1
< 2E%0 Hexp(k/ f(s,XS)ds> <...<2"
j=0 ti

The proof is complete. d

As a result of Lemma 3.5 and using some basic inequalities stated in the Appendix, we have the following result,
which will be used below to show the stability of SDEs.

Lemma 3.6. Ler X, Y be two F;-adapted processes, which satisfy Krylov’s estimate with the same index p, q € (1, 00)
and Krylov’s constant cq. Let fi(x) : Ry x R — R and g,(x,z) : Ry x R? x R — R be two Borel functions. Let
T, R > 0. Suppose that for some r > 1,

h(t,x) = |V fi(x)]" + Tg'k (8 (x) € L(T).
Then there exists an F;-adapted process £; with the property
T
Re*Jo &ds < c(r.d,r, co, ||h||L%(T)) <00, ViA>0,

such that for Lebesgue almost all t € [0, T],

|fi(X0) — fi(¥n]| +/|| R!g,(xz, ) — &Y. vdo) < 41X, - Y| as. (3.3)

Proof. First of all, using (A.1) in the Appendix with B = R, we have
/i) = " <27 1x = 3" (MIV A1) + MIV D)), (34)
and by (A.1) with B = L"(Bg; v),

/|| R|gt(x,z) —g(v,2)[ v(d2) < 2% |x — yI"(MIVegillB(x) + M| VegllB ()

<24 |x — 3" (M(Dg R (80)) @) + M(Ty % (20) (). (3.5)
Now let us define

€ =27 [Mh(t, )(Xy) + Mh(t, ) (¥D)].
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It follows by (A.3) and Lemma 3.5 that ¢, has the desired property. The desired estimate (3.3) follows by (3.4), (3.5) and
Remark 3.2. O

Next we show a stochastic Gronwall’s inequality, which has independent interest.

Lemma 3.7 (Stochastic Gronwall’s inequality). Ler &(t) and n(t) be two nonnegative cadlag F;-adapted processes, A,
a continuous nondecreasing F;-adapted process with Ay =0, M; a local martingale with My = 0. Suppose that

t
E(t)fn(t)—i—/é(s)dAS—i-Ml, vt > 0. (3.6)
0

Then for any 0 < g < p < 1 and any stopping time t, we have

1/q
[E(E(r)*)q]l/q§<#) (EepAr/(l—p))(l—l’)/PE(n(r)*)’ (3.7)

where £(t)* := SUP¢(0,/] §(s).

Proof. We fix a stopping time 7. Without loss of generality, we may assume that the right hand side of (3.7) is finite
a_nd n(t) is noydecreasing. Otherwise, we may replace n(z) with n(¢)*. Let £(¢) be the right hand side of (3.6) and
A, == [y £(s)/E(s) dA. Then

t -
E() <EM)=n(t) +/0 E(s)dA, + M,.

By 1t6’s formula, one has

e ME(r) = 1(0) + /0 g dn(s) + /0 g dM,.
Let (t,)nen be the localization sequence of stopping times of local martingale M, that is, for eachn € N,
t + M; Ay, is a martingale.
Using e’Af <1, we have
E(e_AW”"é_‘(t ATA rn)) < E(n(t AT A 1:,,)) < E(n(t A r)).
Since lim,,_, o, T, = 00 a.s., by Fatou’s lemma, we get
E(e 4 &(r) <E(n(x)),
which yields by Holder’s inequality, £(¢) < é(t) and A; < A, that for any p € (0, 1),
E& (1)? < BE (1)? < (BePA/1=P) P [E(n(r))]”.
Now, for any A > 0, define a stopping time
T = inf{s >0:&(s) > A}.
Since £ is cadlag, we have &;, > A and
MWP(E(D)* > 3) < APP(ry < 1) < Bé(z A )P < (Be?d/ =P TP [E(n(r))]" =5,

and for any ¢ € (0, p),

El5)* =4 /O TP = ) dh =g /0 T ((r8) A1) k= p8?7(p — .

The proof is complete. U
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Remark 3.8. In [44], Scheutzow proved (3.7) for continuous martingales. His proof depends on a martingale inequality
of Burkholder, which does not hold for discontinuous martingale as pointed out by him. Compared with the proof provided
in [44], our proof is more elementary. Recently, a discrete version of stochastic Gronwall’s inequality is also established
by Kruse and Scheutzow [28].

The following general stability result and Zvonkin’s transformation will be our cornerstone, which will be used several
times in Section 6 and Section 7.

Theorem 3.9 (Stability). Fori =1,2, let X ,(i) satisfy the following SDE

X = X">+/ o (x) dw +/ b (x) ds+/ / g (x, 2)N(ds, dz),
0 \z|<R

where (6, b9 | gD are two families of measurable coefficients. Let r > 1. Suppose that X© satisfies Krylov’s estimate
with index p,q € (1,00), and for all T > 0, there are p; € [p,o0] and q; =1/(1 — (p — p/q)/pi), i =1,2,3,4 such
that

h:= ”VO(I)”%’?I (T) + HVb(l)H]qu (1) + ”F ( (1))”11}’3 (T) + ”Fl 2r( (1) HL"“ (T <

where Fé R(g(l)) is defined by (2.1). Then for any 0 € (0,1) and T > 0,

1/6 T
[E( sup [x{V = xP"")] P e []E|Xé1) —X52)|2’+E</ SS(XS(z))ds)],
te[0,T] 0

where c| only depends on T, r, 0, p, q, d, h and the Krylov constant ofX(i), and
2 2
85(x) == o) =P )| + bV (x) — 6P (0) |7

+To% (8 = ¢P) ) + (Mo R (e = eP) ()" (3.8)

Proof. For simplicity of notations, we write Z; := X, () - X; @ and
. 1) (5 (1) 2 (v ©2) e D (D @ (v @)
To=0, (X)) =07 (X)), Bi=b (X)) = b7 (X)),
1 1 2) (v (2
Gi(2)=g" (x",2) — P (x?.2).

Since X© satisfies Krylov’s qstimate with index p, g € (1, 00), by the assumption, Remark 3.3 and Lemma 3.6, there
exist F;-adapted processes £ with

T ,0())
Eetlo &5 < ch h) <00, A>0,j=1,2,3,4, (3.9)
such that
1 1 2) 112 2
=2 <eM1Z,2 + 20" — o2 P (),

1B < 2121+ b —b®|(x?),

/| | |G 2u(d) < 621Z, 2 + 20 R (8 - 87) (x). (3.10)
<

[l R|G (Z)| U(dZ) <E(3)|Zt|2r +2rl—~0 2r(gt(1) g(2))(Xt(2))’
7|<

where r > 1. Now, by Itd’s formula, we have

AZ > = (P21 2270 + 20 = DISZPIZ P07 + 2 (By 20|20 ) de

i [/I R(|Zt * Gt(z)|2r —1Z " = 2r(Gi (). Zt)IZzlz(r_l))v(dz)} dr +dM;,
zZI<
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where M; is a local martingale. Noticing that
i e S e N S AP
by (3.10) and Young’s inequality, we get
Az S1Z2 (6 + 62 + 60 + 67 + 1) dr +6,(X7) dr + dMy,
where &, (x) is defined by (3.8). By Lemma 3.7 and (3.9), we obtain the desired estimate. O

The following proposition provides a way of transforming SDE (1.2) into a new SDE, which is called Zvonkin’s
transformation in the literature.

Theorem 3.10 (Zvonkin’s transformation). Foreacht >0, let ®,(x) be a homeomorphism over Re. Let p,q € (1, 00).
Suppose that there exist a sequence of smooth functions ®" and a function b € L?OC R4; Lﬁc (R%)) such that for each
T >0and (t,x) e Ry x R4, meN,

00, nlingo P (x) = D (x), nlingo||V(¢" — @) xm ||L%(T) =0, (3.11)

sup|[VO" || o
ngg” I T =<

and
Jim ([ (8 + £ + L7+ L5 ) @" = b)xm [ 9,7, =0,

where x, is the cutoff function defined by (2.8). If X solves SDE (1.2) and satisfies Krylov’s estimate with the above index
D, q, then Y; := ®,;(X;) solves the following SDE:

dY; = 6,(Y,) dW, + b, (Y,) dr + /

g,(Y,_,z)N(dt,dz)—i-/ & (Y,_, 2)N(dt, dz), (3.12)
lz|<R

|z|=R

where
() =(VO )o@ (y),  b(y):=b (P (1),
gy, 2) =0 (D7 () + &(®; (). 2)) — -

Proof. By It6’s formula, we have
t
B0 = WX + [ (V00 -00) (X A,
0
t
[ ] e et 2) - @] F s b
0 J|z|]<R
t
[ ] e+ X)) = @], )
0 Jz|=R

t
+/0 ((8s + £ + LY + £5 2)P})(X) ds.

Since X satisfies Krylov’s estimate with index p, g, by the assumptions and taking limits n — oo, we obtain SDE (3.12).
For example, for each m € N, define

t
Ty = inf{t >0: X, + / / |25 (X, )| v(dz) ds > m}
0 J|z|<R
By (3.11) and the dominated convergence theorem, we have

E

tAT
/ / [F(Xs— + 85 (Xs—, 7)) — P (Xso)
0 |z|<R
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2
— ®g(Xy— + g5(X—,2)) + Py (X,-) | N(ds, dz)

t AT
ZE/ / ’Q?(Xs‘i‘gs(xs,Z))_(D?(Xs)
0 |z]<R
— B, (X, + &(Xy, 2)) + D5 (X)) v(dz)ds = 0, 1 — oo,

Moreover, by Krylov’s estimate for X and the assumption, we also have

AT, _
E(/ }(8S+£g+£ll’+£f,R)<D?—bs|(Xs)ds>
0

l -
= E(/O (3 + L3 + L7+ £5 z) P — bs)Xm|(Xs)ds)
< e (00 L5 + L0+ L2 )" = D)t g — 0. 1> 0.

The proof is complete since 1,, — 00 as m — 00. ]

4. A study of parabolic integro-differential equations

This section is devoted to a careful study of the Kolmogorov backward equation associated to SDE (1.2). First of all,
we introduce some Sobolev spaces and notations for later use. For (p, o) € [1, 00] x (0, 2]\ {oo} x {I,2}, let Hg =

(I — A)~%/2(LP(R?)) be the usual Bessel potential space with norm

1£llepi= [@= 802 f] = 171+ A2 1]

p b
where || - ||, is the usual L”-norm in R?, and (I — A)%/? f and A%/? f are defined through the Fourier transformation

a2

A— NP2 fe=F Y1+ 1P FF), A2 f=FN(- 12 F f).

For p =00 and j =1, 2, we define Hgo as the space of functions with finite norm

1F 1o = I Flloc + [ V7 £, < 0.

Notice that for n = 1,2 and p € (1, 00), an equivalent norm in H g is given by

1f lln,p = 1Sl p + [ V" £

p K
and for & € (0, 2), up to a multiple constant, an alternative expression of A%/? is given by

fx+y) - fx)

/2 _
A%~ f(x)=p.v. i Iy [d+a

dy, “.1)

where p.v. stands for the Cauchy principal value. We shall need the following Sobolev embedding: for p € [1, oo] and
a€]0,2],

HYC LY, qelp, 721, ap<d;
{ P d—ap 4.2)

H[‘;‘ - Hgo_d/p C Cg_d/p, ap >d,

where Cf is the usual Holder space. Moreover, for « € [0, 1] and p € (1, oo], there is a constant ¢ = ¢(p, d, &) > 0 such
that for all f € HY,

IFC+n=FOl, =y ADIflla,p- (4.3)

The above facts are standard and can be found in [4, Chapter 6] or [48].
The following lemma due to [37, Lemma 5] strengthens the estimate (4.3), which will play an important role in the
following.



192 L. Xie and X. Zhang

Lemma 4.1. For o € (0, 2], write y(“) :=Yylgeqi,2). Forany p € (g V 1, 00, there is a constant c = c(p, d, a) > 0 such
that for all f € HY,

[supl £ G+ ) = £ = y@ -V £ /1v1°
y#0

§C||f||a,p~
p

In the following, given 0 < S <T < o0, € (0,2] and g, p € [1, oo], we write
H, (S, T):=LI([S, T Hg), H,(T) :==H,?(0, T).
4.1. Second order integro-differential equations

Leta(t,x) : Ry x RY — I\\/I[fym be a Borel measurable function, where Mfym denotes the space of all symmetric d x d-

matrices. We introduce the following second order partial differential operator:
qu = a"faia,-u.
For A >0and R, T > 0, let us consider the following backward second order parabolic integro-differential equation:
du+ (£ — N)u+ Lo+ L8 qu=f. u(T,x)=0, (4.4)
where ch’ g 18 defined in (1.5). We make the following basic assumptions on a.

(H%) There are constants ¢ > 1 and 8 € (0, 1) such that for all (r, x) € R} x R4,
co 1€ <a¥ (1, 0)EE; < col€l’, §eRY,
and
lat, x) —a@, )| < colx — yI.

Notice that (Hg) implies (H%) fora(t,x) = (co*)(¢t, x)/2.
Under (H%), it is well known that QC‘; admits a fundamental solution (also called heat kernel) p (s, x; ¢, y) so that

dsp(s,x31,y) +L50(s, 51, y)(x) =0, lsiglp(s, X;t,y) =08x—y,
and p(s, x; ¢, y) enjoys the following gradient estimates (see [17, Chapter 2] or [11]):

Vi p(s, 51, )| (0) < 1t — )~ @HNPemerhdlP/a=9) - j—0 1 2, 4.5)
Moreover, we also have the following fractional derivative estimate: for any 9 € (0, 2),

|A"2p(s, 1, 0)|(60) < ea(lx =yl + ¢t —)'/2) . (4.6)

In the case b = g =0, PDE (4.4) has been well-studied. The following ]L{f, -estimate (4.7) of V2u was proven by Kim [27]
for 1 < p < ¢ < oco. By duality, one in fact can drop the restriction p <gq.

Lemmad.2. Let A, T >0and p,q € (1, 00). Under (H%),for any f € L‘;,(T), there exists a unique solution u € H?{q (T)
to the following backward PDE:

du+ (L5 —MNu=f, u(T,x)=0,

and there exists a constant c1 =c1(d, p,q, T, co, B) > 0 such that for all . > 0,

2

Moreover, for any ¥ € [0,2) and p’ € [p, <], ¢’ € [q, o] satisfying

d 2 d 2
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there exists a constant co = c(d, p,q,9, p’,q', T, co) > 0 such that for all . > 0 and S € (0, T),

L e )]

) 7T o o o < 0l Fllg s - 4.9)
p/ 0

Proof. The existence and uniqueness of solutions and estimate (4.7) can be found in [27]. We only need to show the
estimate (4.9). Without loss of generality, we assume f € C2°([0, T'] x R%). By Duhamel’s formula, we can write

T
u(s,x)=/ ew”(/ p(s,x;t,y)f(t,y)dy>dt-
s R4

Letr:=1/(1—1/p+1/p’) and 0y (t, x) := (x| +t'/>)=¢=?  Suppose (p’, ¥) # (o0, 1). By (4.6) and Young’s convo-
lution inequality, we have for ¢ € (0, 2),

dr

’

T
a7Ruo, = [ e
N

T
< / o—H1=9)
S

T
S/ e_x(r—3)||gﬁ([—s, ')||er(t)||pdt

s

2
/ AY oG, t,y) f(t,y)dy

/Rdeﬂ(t—s, = | f@ y)|dy i

p

T
S/ e_k(,_s)(t_S)<d/r—ﬂ_d)/znf(;)”pdt

S

= (o ([ £O]  lis.m)) ),

where h; (1) := e Md/r=0-d)/21,_, Hence, by Young’s convolution inequality again,

d 2

1 d 2
9/2 *(77*2*7**/+*+7)
|a” ””LZ? s S Ml v or—s 1 g S27 77O fllLges 1y
For (p’, ¥) = (00, 1), by the gradient estimate (4.5), we still have
1 2 ,d 2
J-1-2+442)
/ <Az
IVall g o S22 7P N f g s -
Moreover, using the upper bound estimate of the heat kernel, we also have
R e )]
”””L‘;’,(S,T) SA v N f s s.ry-
Combining the above calculations, we get (4.9). ]

With this result in hand, we now prove the following solvability of the integro-differential equation (4.4).
Theorem 4.3. Let p e (d/2Vv 1,00),q € (1,00) and T > 0. Let Fg:i(g) be defined by (2.1). Assume that (H%) holds
and
(i) for some py € [p, o0] and q1 € [q, o0] with % + q% <1,be ]L?,l] (T);
(ii) Tgx(g) € L¥(T) and lim, o [Ty 2 (g) L (r) = 0.
Then for some Ly > 0 depending on ||b||]Lr;111 ) and ||F8:?g(8)||L°°(T), and for all . > Ly and f € }L‘I])(T), there exists
a unique solution u € H?,’q(T) to the equation (4.4). Moreover, in this case the estimates (4.7) and (4.9) still hold and

dpu € L9(T).

Proof. By standard continuity method, it suffices to show the a priori estimates (4.7) and (4.9) for equation (4.4) under
the assumptions in the theorem. First of all, for any ¢ € [0, 2) and p’ € [p, <], ¢’ € [g, o¢] satisfying (4.8), by (4.7) and
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(4.9) we have

lo_9pd 2 d_2
2 19+p/+q/ P q)”““Hl’;’/(s,T)_‘_”V2“”L‘{,(S,T)SC] ||f+£ll’u+£§yRu||Lz(S’T).
P

(4.10)

Below, for simplicity of notation, we drop the time variable ¢. Recalling the definitions of £g RU and FE R(g) (see (2.1)),

we have for any ¢ € (0, R),

|£‘5,gu(x)| =< /II ’u(x +g(x,2)) —u(x) — g(x,2)- Vu(x)|v(dz)

< su%|y|—2|u<x +3) —u(y) =y Vu®)||Tg(e)
y#

andforae e (d/p Vv 1,2),
|£‘§7Ru(x) - £§’€u(x)| < / ’u(x + g(x, z)) —u(x)—g(x,2)- Vu(x)|v(dz)
e<|z|<R

< siglyl_“lu(x +y) —u(y) =y Vu)||To (@) ()]
y

Thus, thanks to p > d/a Vv 1, by Lemma 4.1, we obtain that for any ¢ € (0, R),
”"Cv R“”]L"(s Ty = Hiv s“”nﬂ(s T ”“Cv RY — 5,8““]L‘{,(S,T)
s 0,«
S HFO’S(g) ”LOO(T)”””Hf;‘f(S,T) + ” I k(&) ”ILOO(T)”“”H‘,’,”(S,Ty
On the other hand, letting ¢ :=¢qq1/(q1 — q) and p> := pp1/(p1 — p), by Holder’s inequality, we have
b
H"Cl"”L‘;(s,T) = ”b”L‘,’,‘l (S,T)”””Hll,»z‘iz(s,r)'
Now by (4.10), (4.11) and (4.12), there are ¢, c3 > 0 such that for all ¢ € (0, R),
g+ 2-4-2) 1-4 2
32045, lul HE? (5.7) + 2172 ullgea s ry + v u}|L{,,)(SYT)
=c (HF 2 llll 2. +||FO @] lullgea s 7))
=2 Leo(r) "R (5,7) Leo () W IHR (8,7)
+ es(Ibllgy oy ellygtan g 7y + 1 s o).
which implies that for ¢ small enough and some Ag large enough and all A > Ao,

2
HMHH;,'Zqz(S,T) + ”u||HZ'q(5~T) + HV MHL‘;(S,T) 5 ||f||]1f[1,(5,T)-
Here we have used that limg_¢ || Fg’f(g) Loy =0 and

2 1-g
HFS:Z ”JLOO(T) = ”Fgﬁze “EéO(T)”({Z re <zl <R}) 2.

Substituting this estimate into (4.10), (4.11) and (4.26), we get the estimates (4.7) and (4.9). The proof is finished.

4.2. Non-local parabolic equations

In this subsection we assume « € (1, 2) and introduce the following nonlocal operator:

k(t,x,2)

£5f () = /R L= s =z V]S,

where the kernel function « (¢, x, z) : R x R? x RY — R satisfies

@.11)

4.12)

O

(4.13)
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(Hg) There exist constants kg > 1 and 8 € (0, 1] such that forall t >0 and x, y, z € R4,
ko' <kt x,2) <Ko, Jx(t,x,2) —k(t, y,2)| <kolx — yIP. (4.14)

Under (H’/§), it is well known that £} admits a fundamental solution p, (s, x; ¢, y) so that (see [13] or [14, Theo-
rem 1.1])

A5 oic (8, %51, y) + Lo (5,51, y)(x) =0, lsiglpx (s,x31,y) =8x—y,

and p, (s, x;t,y) enjoys the following estimates: for j = 0,1 and T > 0, there is a constant ¢ > 0 such that for all
0<s<t<Tandx,yeR?,

VL pe(s.: 1, 9)|(x) < @)t —5,x = y), (4.15)

and for any 6 € (0, (@ + B) A 2),

1A% pe(s, x: 1, 9)| < 0Pt —s,x — y), (4.16)
where for n > 0 and y € R,
- B tm/a _ tv=ad)/a
0, (t, x) 1= e T~ A e (4.17)
It is easy to see that for any p > 1, there is a ¢ > 0 such that
leyP @], < ex@=lekdien) > o, (4.18)

The following lemma is proved in the Appendix, which can be regarded as an extension of Holder’s inequality to H;‘.

Lemma 4.4. For any o, y1, y2 € [0, 1) and p, p1, p2 € (1, 0] with

1 1 ; ; 1 1 1
T _1,n il 2 L onthnte .,

pi_p d d " pi p p d ’

there is a constant ¢ = c(p;, Vi, p, &, d) > 0 such that

Ifglla.p < cllfllatyr.pi & llatya.pa-
For A > 0, we consider the following nonlocal parabolic equation:
du+ LU — du + Lou + Ku = f, u(T,x)=0, (4.19)

where K is a family of abstract operators. By Duhamel’s formula, we shall consider the following mild form:
T
u(s, x) :/ e MO PE (LU + Kou+ f) (2, x) dt, (4.20)
s
where
P f(t,x) = /Rd pe(s, x;1,y) f(t, y)dy.

We show the following main result of this subsection.

Theorem 4.5. Let p,q € (1,00) and T > 0. Suppose that (H’é) holds for some B € (0, 1), and for any 6 € [0, B), there
is a constant co > 0 such that for all t € [0, T],

| Krullo,p < collullt,p- 4.21)



196 L. Xie and X. Zhang

(1) Suppose that for some p; € [p, oo] and q1 € [q, 00] with % q_l <a-—1,

b=by+by, b1 eLy (T), by e L®(T).

Then for any f € L »(T), there are Ag, c1 > 1 and unique u satisfying (4.20) such that for all p’ € [p, 00], ¢’ € g, 0]
and ¥ € [0, @) wzth

d d
e Ny (4.22)
P q P

and all A > Ao and S € [0, T],

g+t 509

A b ””” l”(S = Cl”f”]L‘I(S T) (4.23)

(i) Let v € o, (0 + B) A2) and 0 € (% 4+ 9 —a, (0 — 1) A B]. Suppose that b = by + by with b € Hg’lq(T) for some
p1 €[p,o0]lN (%, oo] and b € H&”(T). Then for any f € Hf,’q(T), there are Ao, c2 > 1 and unique u satisfying
(4.20) such that for all A > Ao,

1
-1

v—0

Proof. By the fixed point theorem, it suffices to show the a priori estimates (4.23) and (4.24). We divide the proof into
four steps.

(Step ]) We first show (4.23) for b =0 and K = 0. For ¥ € (0, @), by (4.16) and Young’s convolution inequality with
1+ /=—+— we have

”Az9/2

H / Poets, st f0dy| See—saxf],

)4
(4.18)
o _
<[t —s | 11l S @ — )/ C@=CxDlay gy

and for j =0, 1, by (4.15),

< ||Q(°‘)(t

[virs s, _H/ Vapulo it 0S|

(4.18) .
<o) —s I, 1fll, S = sy en=EDiy .

~

Let hy (1) := e M d/(@)=0+d)/a 14>0y- By Young’s convolution inequality again,

”Aﬂ/2u||]]_,q//(S,T) S ||h)\ * ||f(-)||p||Lq/(S,T) = ”h)\||L1/(|+|/‘1/—1/‘1)(0,T75)||f||]L7,(S,T)
P

l@—a—d a4 d a
<k“ p g 'rq ”f”IL%(S,T)'

Thus we get (4.23).
(Step 2) We show (4.24) for b =0 and KX = 0. For ¢ € [«, (@ + B) A 2), since

0/2
X

/AZ/ZpK(s,x;t,y)dyzA 1=0,
]Rd

by the definition and (4.16), we have

NG zf(x>|—‘/ 2 pe(s, x: 6, )(f () = £(x))dy



Ergodicity of SDEs with jumps and singular coefficients 197
< () _ _ _ d
S5 —sx=y[f() = fE)]dy
R

=/ 0t — s, y)| f(x —y) = f(x)|dy.
Rd

By Minkovskii’s inequality, (4.3) and (4.18), we get
87225, 71, S 1 | =590yl dy

—6 _
S IIfIIe,p/dgé"‘_ﬂ)(t—s,y)dyg 1 llo.p(t — 5) @~/
R

Hence,

T
|a"2ues)], < / e M — )OI r ], dr,

which in turn gives (4.24) by Holder’s inequality.
(Step 3) We prove the a priori estimate (4.23). First of all, for any ¥ € [0, @) and p’ € [p, o0], ¢’ € [g, o¢] satisfying
(4.22), by Step 1, we have

1 d o _d_«a
a@=0+5+5—-2-7) b
A YT g ||u||HZ_/q/(SYT)§c1||f+£1u+JCu“LZ(S,T). (4.25)

Letting g2 :=qq1/(q1 — q) and py := pp1/(p1 — p), by Holder’s inequality, we have
|5l 5.7y < Wbt s ) lllghan s,y + N2l lullga s 7y (4.26)

In particular, in (4.25), taking ¢ = 1, (¢’, p') = (g2, p2) and (¢’, p’) = (g, p) respectively, and by (4.21), we obtain

2O 1w
1, I,
H,)2(8.T) H, 4 (8.T)

=cliflipg s, +elbillpa s r IIMIIH;);Q(S’T) +c(llb2llLees,my + 1) ettt s -

Choosing X large enough so that

(a—1—L 2y 1

1__
oo T 2 elbly gy A © 2 26(lb2lr + 1),

we obtain that for all A > A,

AF O ) 41w <2l fl
1, 1, < q .
Hpy (S.T) Hy(8,T) Lp(S.7)

(Step 4) We prove the estimate (4.24). Since 8 < — 1, by Lemma 4.4, we have
b

Thus, by Step 2 and (4.21), we can get

1—

1_v-0
AT lullggooo oy < | f+ L5+ Ku ||Hi,q(T)
=< C(”bl ”Hqu(T) + ”bango”(T)) ”u”ng(T) + C”f”sz’i(T) + C”M ”H},OO(T)
Choosing ¢ large enough, we obtain the desired estimate (4.24). (]

Remark 4.6. It should be noticed that in the above case (ii), if ¥ > «, then u solves (4.19) because u is in the domain of
LE, LY and XK.
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5. Krylov’s estimates for semimartingales

This section is devoted to the study of Krylov’s estimates for discontinuous semimartingales, which can be regarded as a
priori estimates for the solution of SDE (1.2).

5.1. General discontinuous semimartingales

The classical Krylov’s estimate on the distribution of continuous martingales is well known, see [29] or [22, Lemma 3.1].
Below, we generalize it to discontinuous semimartingales.

The following important result on the existence of a solution for a partial differential inequality comes from Krylov
[30, Chapter III, p. 55, Theorem 4].

Lemma 5.1. Given a nonnegative smooth function f on Ry x R with compact support and A > 0, there exists a
nonnegative smooth function u(t, x) such that for all nonnegative definite symmetric matrices a = (a"’)gxq and g > 0,

Bowu 4 a' 8;9;u — 1(B + trayu + (B deta)/ TV f <0, (5.1)
and

\Vul <V, uw < Kgd =D f i), (5.2)
where K4 > 0 depends only on the dimension d.

Using this lemma, we show the following Krylov estimate for general discontinuous semimartingales.

Theorem 5.2. Let m = m(t) be an R¢-valued continuous local martingale, V. =V (t) an R4 -valued continuous adapted
process with finite variation on finite time intervals, N (dt,dz) a Poisson random measure with compensator dtv(dz),
where v is a Lévy measure, and G : Ry x Q x R? — R? a predictable process with

t
// |G(s,z)|2dsv(dz)<oo, a.s.,
0 J|z|<R

where R > 0. Suppose that

m(0) =V (0)=0, d{m',m?), < dt.

. i
Let a' (t) := 7(](?"2’(1’7 )t and

t
X(r):=xo+m<r)+vm+//
0 J|

z|<R

t
G(s,z)N(ds, dz) +/ / G(s,z)N(ds, dz).
0 J|z|>R

Then forany T >0, p>d+ 1 and a € [1, 2], there is a constant ¢c = c(T, p,d, a) > 0 such that for any stopping time ©
and nonnegative f € LP(T),

a

TAT
E(/ (deta(t))%f(t, X,)dt) <c(1+V? +A+G§)2v I fllLecry,s (5.3)
0

where

TAT TAT
V::E(/ |dV(t)|), A::E(/ tra(t)dt),
0 0
TArT
Ga:z]E</ / |G(r,z)|°‘dzv(dz)>.
0 lz|<R
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Proof. By standard approximation, we may assume that f € Cj°(Ry x R?) and V, A, G, are finite. For a given con-
stant A > 0 whose precise value will be decided latter, let # be the nonnegative smooth function given by Lemma 5.1
corresponding to A and f. By It6’s formula, we have

t

t
Zi=u(t, X;) —u(0, Xo)—/ (35t +a" dju + LG u) (s, Xs)ds—/ diu(s, X5)dV;
0 0

= /Ot o;u(s, Xs)dmi + /0’ /Rd (u(s, Xs— +G(s, Z)) —u(s, Xs_))ﬁ(ds, dz)
is a local martingale, where
£vGu(t,x) = /Rd [u(t,x + G(t, z)) —u(t,x)— 1|Z|§RGi(t, z)aiu(t,x)]v(dz).
Observing that for |z| < R,
2 (x,2) = u(t,x + G(t,2)) —u(t,x) — G'(t, 2)du(t, x)
=G(t,2) /01(8iu(t, x+51G(t,2)) — 0ju(t, x)) ds;
' ) 1,
=G'(t,7)G’ (t,z)/0 /0 510;0u(t, x +5152G (¢, 2)) dsy dsa,
by (5.1) with 8 =0, we have
GGIodu<MGPu =  Si(x,2) <Gt )| lullLeer),
and by (5.2),

G'au<ViGlu = |, 2] <Va|G, D|luliem).

Hence, for any o € [1, 2],

LOu(t,x) < (21)(32) +,\%/
\

z|<R

|G(t,2)|av(dz))||'4||]L°°(T)~ (5.4)

For n € N, if we define the stopping time
! 2
Ty :=r/\inf{t20:|m,|+/ / |G(s,z)| dsv(dz)zn},
0 J|z|<R
then t — Z; ., is a martingale. Thus, by the definition of Z;, (5.1) with 8 =1, (5.2) and (5.4), we have
tATy 1
Eu(t A Ty, Xiar,) — Eu(0, Xo) < —E(/ (deta(s)) T f (s, Xy) ds)
0
tAT tAT,
—}—E(ﬁ/ dIVSI—I-)»/ (tra(s)+1)ds
0 0
W [ATn o
+2v(Bg) —i—)ﬁ/ / G(t.2)| V(dZ)dS>||u||]L°°(T)
0 |z]<R

< —E</Wn (deta(s)) ™ f(s. X“)ds)
0

+ (VAV 4 A(A + 1) +20(BS) + A2 Gy llullroo (7).
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Taking into account (5.2), we get

AT, .
E(/ (deta(s))mf(s,Xs)ds)
0

S(VAV 4+ A +1) + 242Gy + DA™Y £l v g,

2
which, by taking A~! = V? v A v G& Vv 1 and letting n — oo, implies (5.3) for p =d + 1. Finally, for p > d + 1, by
Holder’s inequality, we have

d+1

P

N4 N4 )
IE(/ (deta(t))%f(t, Xz)dt) < <E/ (deta(z))#l £t X0 dt)
0 0

2. d

S(I+V2+A+GE) 2 | fllLe).

The proof is finished. ]

Remark 5.3. A similar result can be found in [45, Theorem 165]. However, the right hand side of (5.3) in our result is
more precise, which is important for us below.

5.2. Non-degenerate diffusion SDEs with jumps

Below, for the moment we suppose that X, satisfies the following equation:
t t -
Xt:XO+/ Gs(Xs)dW5+/ / 8s(Xs5—,2)N(ds,dz)
0 0 Jizl=R

t t
+/ / 8s(Xs—, 2)N(ds, dz) +/ &(s)ds, (5.5)
0 Jiz|>R 0

where £(¢) is a measurable #;-adapted process. The reason of considering this form X; is that we have more flexibility
of choosing the drift £(s).
The following lemma is an easy consequence of Theorem 5.2.

Lemma 5.4. Let X; be of the form (5.5). Suppose that oo™ is bounded and uniformly positive definite, and for some

aell,2]landqg>d+1, Fg:‘;(g) e L9(T), where Fg:%(g) is defined by (2.1). Then for any p > d + 1 and § > 0, there is
a constant cg > 0 such that for any stopping time t and f € LP(T),

TAT TAT
E(/O S (s, Xs)d5> < (Cs +5E(/0 £(5)| dS>>||f||w(r>. (5.6

Proof. Without loss of generality, we assume [E( fOTM |€(s)| ds) < oo. In order to use Theorem 5.2, we take

t t
m(t) :=/0 os(X)dWs, V(@) :=/O|§<s>|ds, G(t,z) =g (X;—,2).

Thus, by the assumption on o, for any p > d + 1, by (5.3), there is a constant ¢ > 0 such that for all f € LP(T),

d

TAT 2
E(/O f(t,X,)dt) <c(1+V24+G&)% || fliLecr- (5.7)

Here, V:=E(f; " [£(s)| ds) and

TNrT TArT
Ga ;=]E</O /| R|g,(x,,z)|°‘dtv(dz)>=E</0 rg;‘,’g(g,)(x,)dt).
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By (5.7) with f = I‘g:%(g) and the assumption, we have

Ga <c(l1+V*+ Gé)% IT0% @ oy < c(1+ V) + %Ga,
which implies G, < c(1 + V4/4Y. Thus, we get (5.6) by (5.7) and Young’s inequality. U

In the above estimate, it is required p > d + 1, which is too strong for our purpose. Below we use Theorem 4.3 to
obtain better integrability index p. The price we have to pay is to strengthen the assumption on Fg’%(g).

Lemma 5.5. Let X be of the form (5.5) and Fg:i(g) be defined by (2.1). Let T > 0. Suppose that (H‘/g) holds and
For(®) €L and  lim [ TG7(9) ) =0-

Then for any p, q € (1, 00) with % + % < 1 and each § > 0, there is a constant cs > 0 such that for any stopping time t
and0<to<t; <T and f € L} (10, 11),

nAt
E(/ f(s, X5)ds
IONAT

Moreover, if € =0, then we can relax p, q to satisfy % + % < 2.

HAT
317W> < ||f||L;(,0,tl>[C5 +5E( / l&(s)] ds\ffzw)] (5.8)
1

ONT

Proof. We may assume without loss of generality that f € C§° (R4*1) and

TAT
E(/ |s(s)|ds) < +o0.
0

Let r be large enough so that

d 2 d 2
—+S<—+=<l.
r r P q

Let A be the constant in Theorem 4.3. For A > Ag and #; € (0, T'], since f € L?, (t1) NLL7(#1), by Theorem 4.3, there exists
a unique solution u € Hf,’q ()N H%’r (z1) with o,u € IL" (¢1) to the following backward equation:

du+ (L5 — A)u+ £ pu=f, utr,x)=0,

where a = 00 */2. Let ¢ be a non-negative smooth function on RY*+! with support in {(¢, x) € R+ (£, x)| < 1) and
Jpa+1 @ (2, x)drdx = 1. Set

bu(t, x) :=nt p(nt, nx),
and extend u(z, x) to R by setting u(¢, x) =0 for # > #; and u(t, x) = u(0, x) for ¢+ <0. Define

upy(t,x) :=u*g,(t,x) := /Rdﬂ u(s, y)o,(t —s,x —y)dsdy 5.9
and

Jo = Bgun + (LG — M)up + L35 puun, (5.10)

where aCf’ g is defined by (1.5). Since % + % < 1, by the property of convolution and using (4.9) with y =1 and p’ =
q' = o0, there is a constant ¢ > 0 independent of n such that for all A > 1 and 1 € [0, 1],

lod 2
ld42on
it lggtoe oy < Wl oy < X200 1 f - 5.11)
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and

”fn - f”]L,r(tl) =< )\“un - u”IL;(tl) + Haf(un - l/t) L7 (11)

+ c|| Vz(un —u)

8
Loy T ||°Cu,R(“n —u) L (t)

< || 0y — w)

Ly T ellun —ullgr = 0. n— o0,

where we have used the same estimate as in (4.11). Therefore, by the Krylov estimate (5.6), we have

n—o00

TAT
lim E(/O | fuls. X,) — f(s,Xs)|dS> <c lim || f, = fli) =0, (5.12)

Now, applying Itd’s formula to u, (¢, x), we have

t
u,(t, Xs) =u, 0, Xo) + / (BSun + LUy + OC‘SM,,)(S, X)ds
0

t
+/ &(s) - Vu, (s, X;)ds + a martingale.
0

Thus, by Doob’s optional stopping theorem and (5.10), we obtain

E(un (AT, le/\r)|$t(mr) —up(to AT, Xigar)

nAT
=E</ (O5un + L3un + L3y (s, Xs)dS‘}'zom>
I

ONT

AT
+E</ s<s>'wn<s,xs)ds\zw>
1

ONT

nAtT
25 [ (s, X0+ 36, X0) 5[
1

ONT

nAT
- 2||MVL||]].‘°°(I(),11)U(B;‘Q)I1 - ”Vun”]Loo(to,tl)E(/ |$(S)| ds‘j:’l()/\t)’
1

ONT

which implies that by (5.11),

nAt
E(/ fu(s, X5)ds
AT

J%m) < (24 AT 4+ 2v(BR)T) llunllLoo,n)

HAT
+ ||Vun||m0,t1>E( |l ds\sftw)
1

ONT

l(i+2_1) AT .
<{n+ e FEVE( [ 6] ] Fne ) 1 g0
I

ONT

Letting n — oo and A be large enough, by (5.12) we get (5.8). If £ = 0, then we only need to control ||u || ,,), Which
follows by (4.9) with ¥ =0 and p’ = ¢’ = oc. O

Remark 5.6. Lemma 5.5 will be used to derive Krylov’s estimate for SDE with polynomial growth drift in the proof of
ergodicity for SDEs with singular drifts.

Now we show the following important Krvlov’s estimate for SDE (1.2).

Theorem 5.7. Let T > 0. Assume that (Hg) holds and for some p1, q1 € (2, 00] with % + q% <1,

beLji(T). To(e) € LT, 1im |T07(0) | ) =0-

Then for any p, q € (1, 00) with % + % < 2, the solution X of SDE (1.2) satisfies Krylov’s estimate with index p, q.
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Proof. (i) First of all, we show that X satisfies Krylov’s estimate for all p, g € (1, co) with % + % < 1. By Lemma 5.5,
it suffices to show that forall0 <ty <# < T,

131
E( / |5 (X5))| ds\sf,o) = cllbll g .- (5.13)

0

For n € N, define a stopping time

'
Ty ::inf{t >0 :/ |bS(XS)| ds zn}.
0

Taking &(s) = bg(X;) and f = |b| in Lemma 5.5, we get that for every § > 0and 0 <ty <t <T,
ATy HAT,
E(/ |bs<Xs)!ds\$,w,,) < [Ca +8E(/ |bs(xs)|ds\ﬂom,)]nbnyl o
t0ATh f0ATy LY

Choosing é be small enough such that

8||b <-,
” ”L‘II’II (1) =7

we obtain that forall 0 <ty <t < T,

NAT,
E(/t;mrn |bx(Xs)’d5 J(Tto/\tn> = C”b”]lf;ll(to,ll)’

where c is independent of n. Letting n — 0o, we get (5.13).
(ii) In this step we show that X satisfies the Krylov estimate for p = p1/2 and ¢ = ¢ /2. Without loss of generality,
we assume p1,q; € (2,00) and f € CSO(R‘”] ). Let Ao be the constant in Theorem 4.3. For A > Ag and #; € (0, T], since

e LY (1) N L% (¢1), by Theorem 4.3, there exists a unique solution u € HZY (1) N HZ ! (1) with 8,u € L% (1) to the
P P1 y q p 7 P
following backward equation:

du+ (L5 = Nu+ L8 qu+Lu=f, u(ty,x)=0.
Let u, := u * ¢, be defined as in (5.9), and
o = 0uy + (£‘2’ - X)un + QC‘g’Run + £}1’un.

As in the proof of Lemma 5.5 we have
3]
Bt (11, X1)| Fiy) = nt0, X10) = E( | G rane, Xs)ds\zo),
fo
which implies by (4.9) with ¢ =0 and p’ = ¢’ = oo that
131
E(/ fn<s,Xs)ds\5c‘,0) < QT +2lnlli) < el flls ). (5.14)
0]
Noticing that
nli)H;O ”fn - f”]L;{,]] t) :09
by step (i) and taking limits n — oo for (5.14), we get
4]
E(/ fGs, xx)ds\?,o) < ellflgey =elflparn, (5.15)

(iii) By (5.15), we have forall 0 <7g <t; < T,

1 2
E(/ |bs(X,)|” ds
]

zOsﬂMmmm'
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By Lemma 3.5, for any A > 0, there is a constant ¢ > 0 such that forall 0 <ty <#; <T,

11 2
E<exp{,\/ |bs (X5)| ds}
fo

Define for y € R,

3;0) <c. (5.16)

1 2 1
_ — 2
£n :=exp{y/ (071 by) (X,) AW, — %/ o710y | (Xs)ds}.
If fo

0

By Novikov’s criterion, ¢ Eéyt) is an exponential martingale. Hence, by (5.16) and Holder’s inequality,

f 172
E((EN,)1F) < (E(exp{(2y2 - y)/t |a;1bs|2(Xs)ds} ‘3?,0)) <e. (5.17)
0

Define a new probability Qy, s := 8,(01,),1 IP. By Girsanov’s theorem, under the probability measure Qy, ;,, after time fo,

W, =W, + ft; (as_lbs)(X s)ds is still a Brownian motion and N (d¢, dz) is still a Poisson random measure with the same
compensator dfv(dz). Moreover, X; satisfies

t t t
X, = X, + / oy (Xy) W, + / / as(Xo_, )N (ds, d2) + / / ¢s(X,_. N (ds, d2).
1 to J|z|<R to J1z|>R

0

Hence, by Lemma 5.5 with £ =0, for any p, g € (1, co) with % + % <2,

1
EQoun (/ £, Xs)ds‘}”,o) <clfliggon) (5.18)
1o

Noticing that for any nonnegative random variable ¢,

E(E)

10,01

1
|F1y) = B0 (0|73, (401, 1 Fio)
by (5.18), (5.17) and suitable Holder’s inequality, we can get the desired Krylov’s estimate. |
5.3. SDEs driven by pure jump Lévy noises

In this subsection we assume v(dz) = dz/ |z|d+"‘ for some o € (1,2) and (Hg) holds. We proceed to show Krylov’s
estimate for pure jump cases. In order to use Theorem 4.5, we need to write L5 defined in (1.5) in the form of LY

defined in (4.13). First of all, under (2.3), the map z — g;(x, z) admits an inverse denoted by g, ! (x, z). By the change of
variables, it allows us to write

250 = [ e+ =t~z Vue] o2 aer ([ st o) - vaco. (5.19)
where
K(tx,2) 1= et fl?t(Vng_l(x’Z)). (5.20)
g, (x, )4
Lemma 5.8. Under (Hf}), there is a constant ko > 1 such that forallt > 0and x,y, z € RY,
Ky ' <K(t,x,2) <Ko, lie(t, x,2) — ke (t, v, 2)| < wolx — yIP (1 +1z). (5.21)

Proof. By (2.3) and g;(x, 0) =0, one sees that

&', 0=0, ¢'lz-Z|<lgt D) —g (x.2)| 1]z -7
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In particular,
=g x| <zl [VegTH <t (5.22)
Moreover, for x, y € RY, letting 7 := gfl(x, z), we have
g7 ) — g 0h )| =g (v 8 (0. D) — g (3, 81 (3, D)
<calg(.9) —g@. D] <ctlx —yIPIZ < cflx — yIP|zl. (5.23)
Noticing that
Vg (2 =[Vegd T (x, g7 (x, 2),
by (2.4) and (2.5), we have
Vo8 (.0 = Vog 0| < | Veg 7Y 2 | Vet (v, 87 (0 2) = Vage (v 877 (0. 9))]
She—yP(1+1zl) + g () — g (0, 2)]
Slx =y (1+1z0),

which together with (5.20), (5.22) and (5.23) yields (5.21). O

Notice that « defined in (5.20) is not Holder continuous uniformly in z. In order to use Theorem 4.5 in Section 4.2, we
need to write the operator £ as follows:

LEU(x) = LEu(x) + L5 u(x) + b (x) - Vu(x), (5.24)
where
i'(t,x,2) == (k(t, x, )1 )z1<1 + kol iz=1), K" (t,x,2) = (k(t,x,2) — ko) Ljz=1
and
L5 u(x) :=/ (u(x+2) — u(x))lﬂ(f?fi;@ dz,
=t 8 (5.25)
g k" (t,x,2)
by (x) := /|z|>R g:(x,2)v(dz) — /|z>1 W dz
By (5.21), one sees that «’ satisfies (Hg), and due to assumption (Hé), we have for some constant ¢ > 0,
|6 () = bf ()] < colx = yIP A1) (5.26)

Now, using Theorem 4.5 and as in the proof of Lemma 5.5, we have

Lemma 5.9. Suppose that (Hg) holds and X; satisfies

t t t
X, = Xo+ / / g5 (Xs_, N (ds, dz) + / / ns(2)N(ds, dz) + / £(s) ds,
0 Jz|<R 0 J|z|=R 0

where : Ry x Q x RY — R? is a predictable process, and & is a measurable adapted process. For any p,q € (1, 00)
with % + % <o — 1 and each § > 0, there is a constant cs > 0 such that for all 0 <ty < t; < T, any stopping time T and

feLiD,

AT AT
E( | e Xs)ds\ﬁw) < [Ca +51E< / ys<s>!ds\ﬁw)]nfnL;(T). (5:27)
1 I{

oONT ONT
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Proof. Without loss of generality, we assume f € CS°(Ry x RY). By (5.21), (5.26), Theorem 4.5 and Remark 4.6, for
some ¢ € (0, 1) small, there is a unique u € HAE%°(T) solving the following equation

oru + (£§/ —A)u +b8 - Vu=f, u(t,x)=0.
By It6’s formula and Doob’s optional stopping theorem, we have

E(u(tl AT, th/\r)|‘7:t0A'L') —u(to AT, Xigar)

nAtT _
- E(/ (31t + L5 g+ £ g +£(s) - Vi) (5, X,) ds‘zw>
1

ONT

nAT

5.24 i 7 3

620 (/ (et f o+ Lt £ g+ £} gu) s, XQC‘S‘%”)
I

oONT

AT
+1E</ S(s)'Vu(s,XS)ds‘?}OM)
1

ONT

where QC_‘E’R and QC_Z’R are defined as in (1.5). Notice that by definitions (5.25) and (1.5),
| €8 w4+ £ qu+ L2 gu < collullss.

Hence, by (4.23) with # =0, 1 and ¢’ = p’ = oo, we have for A > 1,

nAt
E(/ s, Xs)dS‘??om) < (24 (11 — t0)(h + co)) llullLee(r)
i1

ONT

AT
4 ||V“||]L°°(T)]E< / £(s)] ds
1

ONT

%0/\‘[)
n
:?'t()/\‘[)) 5

Lid 1
< ||f||]L7,(T)<C)\ +C])\,q+d[)+a E(/
fo
d

where ¢ is independent of A > 1. The desired estimate now follows by letting A large enough since >t % <a—1. 0O

AT
HOIER

AT

The above Krylov estimate requires % + % < o — 1, which is too strong for later use. As we shall see below, for proving

the well-posedness of SDE (1.2), we need to relax it to % + % < «. The following result is similar to Theorem 5.7.

Theorem 5.10. Let T > 0 and p1, q1 € (1, 00) with % + ;‘—1 <a—1landb e ]L‘,I,ll (T). Suppose that (H‘;;) holds for some
B €(0,1) and X, satisfies

t t t
Xt=X0+/ / gs(Xx_,z)N(ds,dz)+/ / ns(z)N(ds,dz)+/ bs(Xy)ds,
0 Jz|<R 0 J|z|>R 0

where 11 : Ry x Q x R? — R? is a predictable process. Then for any p, q € (1, 00) with % + % < o, the Krylov estimate
holds for X with index p, q.

Proof. First of all, we show that for all p, g € (1, oo0) with % + % <o —1,

141
E(/ f(s,Xs)ds‘E())fcllfllygm, 0<to<t <T. (5.28)
1o

For n > 0, define

t
7, :=inf{t 20:/ |bs|(X)ds Zn}-
0
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In (5.27), if we take f = [B]. £(s) = bs|(X,) and 8 = 1/(1V 2I|b]l 1 (7)), then
1

HNAT,
B([ o
I0ATy

Letting n — oo, we further have

EoArn) = C”b”]LZl] (1)

n
E( / Ibs|(X,) ds 37) <clbllys -
1) 1

Substituting this into (5.27) with t = T, we get (5.28).
Below, without loss of generality, we assume f € Cj°(Ry x RY). Let b" := b * ¢,, be defined as in (5.9). Since

b, € Héboo(T), by (5.21), (5.26), (ii) of Theorem 4.5 and Remark 4.6, for ¢ small enough and A large enough, there exists
a unique u, € H% " (T) solving the following equation

Brtty + (LY = Nt + Lty + LY 1n = . (5.29)
By Itd’s formula and (5.29), we have
E(un (tla Xl‘])'*%o) - un(t07 Xt())

I3l B
- E(/ (Bstun + L3 giun + L1 gt + L51,) (s, XA;)ds‘}‘t())
I

0

n " - -
C29 E(/ (f + (A4 LY Yun + L8 gty + L0 gitn + (b= ") - Vi) (s, Xy) ds’?’,o),
I

0

where eﬁ_z  1s defined as in (1.5) in terms of 1. Hence, by (5.28) and (4.23) with # =0, 1 and p' =¢q’ = o0, we have

I["E(/I1 f(s, X5)ds
fo

where c is independent of n due to [|by ||} «1 T = 61l a1 ) Letting n — oo, we obtain the desired estimate. O
P 31

ﬂo) = cllunlie . + el Vunllie [b =" [y )

n
= C”f”JL‘,’,(to,tl) +C||f||IL’,’,11 (zo,rl)”b —b ”JL‘{,II (T)’

6. Strong well-posedness of SDEs with jumps
Now, the Kolmogorov equations associated with SDE (1.2) have been studied in Section 4, and the desired Krylov
estimates were obtained in Theorem 5.7 and Theorem 5.10. Combining these with the results obtained in Section 3, we
give the proofs of the strong well-posedness of SDE (1.2).
6.1. Proof of Theorem 2.1
Below we fix T > 0 and assume that (Hg) holds and for some p, g € (2, o0) with % + % <1,
1/2

IVol.b, Ty 2() "> € LY(T),

and

For(®) €L, 1im [TG2(e) [y ) =0.

where Fé:fe(g) is defined by (2.1).
Consider the following backward second order partial integro-differential equation:

8,u+(£§—)L)u—l—c,Cll’u—i—eEf’Ru—i—b:O, u(T,x)=0. (6.1)
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Since % + % < 1, by Theorem 4.3, for X large enough, there is a unique solution u € Hf,’q (T) to the above equation with

1

luliLee(ry + IVuliLery < X

Let uso (2, x) := u(t, x) and u, be defined as in (5.9). Define for n € N U {oo},
O, (t,x) :=x 4+ u,(t, x).

Since for each t € [0, T'],
1 3
Elx—yls|d>n(t,x)—<l>n(t,y)|silx—yl, 6.2)
the map x — ®,, (¢, x) forms a C l-diffeomorphism and
1/2 < [[V®,llLe(r),

v, ! ”]LOO(T) =

2, (6.3)
where <I>;1 (t, -) is the inverse of &, (¢, -) and
@, (1, y) =y —un(t, 2,1 1, ).

The following limits are easily verified by the definition, u € Hi’q (T) and (6.3):

Jim [V @y =V oy =0, lim V@ = VIO oy =0, =0.1, 6.4

,11220” (Pn = Poo) Xm HH%"(T) =0, ,,ILH;O“ (CD;] - q’c:o])Xm ”Hf;”(r) =0, o
where y,, is defined by (2.8). Now let us define ®,(x) := O (#, x) and

G1(y) = (V& -0 o @ (), bi(y)i=du(t, D7 (1), ©5)

g3, 2) =0 (O () + & (P (). 2)) — y-
The following lemma is proven in the Appendix.

Lemma 6.1.

() & satisfies (HG) and |V&| € LY(T), b € HY (T) and
~\1/2 ~ . ~
(P @) € LY. T0R@ LT, 1m [ T02@) () = 0.

(i) limy, 00 [ (95 + ocg + oC}IJ~+ oCﬁ’R)CDn — )‘u”]L%(T) =0.
(i) Timy— oo |((3s + £ + L] + LS P, —bod ™y, Iy = O, where o is defined by (2.8).

v

Now, as a consequence of Theorem 3.10, Lemma 6.1 and Theorem 5.7, we have

Lemma 6.2. Let ®,(x) be defined as above. Then X; solves SDE (1.2) if and only if Y; :== ®,(X;) solves the following
SDE:

dY, = 6,(Y,) dW, + b, (Y,) dr + /

& (Y,—,z2)N(dt, dz) +/ & (Y,_, 2)N(dt, dz), (6.6)
|z]<R

lzZI=R
where &, b and § are defined by (6.5).
We are now in the position to give:

Proof of Theorem 2.1. By Lemma 6.2, it suffices to prove Theorem 2.1 for SDE (6.6). For the sake of simplicity, we
drop the tilde over &, b and g.
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(i) Define

o) =0 kg, &, 2) =g D) * ha(),

where ¢, is the mollifiers in R4, Since o satisfies (Hg), there is a ng large enough such that for all n > no,

™ satisfies (H ) uniformly with respect to n,
and

12 12
Vo™ ”M(T) =IVoliLyr), I (Fé:i(g(”))) / ”]L" T = [ (F(l),’?e(g)) / ”]Lq,(r)’

HF (& (n))HIL,OO(T) = ||F8:3i’(g)||]]_,°°(T)’ 11m sup||r‘ ( (n))”]LOO(T) 0.

Let Y™ solve the following SDE with no big jumps:
y™=y+ / oM (vM) dw, + / bs(YM)ds + / / ™ (", 2)N(ds, dz). 6.7)
0 \z|<R

Since 0™, g satisfy the assumptions of Theorem 5.7 uniformly with respect to n, by Theorem 5.7, Y ™" satisfies the
Krylov estimate for all p’, ¢’ with % + % < 2 and the Krylov constant is independent of n. Thus, by Theorem 3.9 with
r =1, we have for any 6 € (0, 1),

E( sup (¥, — Yt(m)|29> Sle™ =™ ”JLZ ot Fg”i(g(") g™)

0T ”]Ll (1)

Here and below, the constant contained in < is independent of n. Since p > d, by (A.2) with B = L2(B R; V), we have

2
v(dz)

rgji(gf”)—gt)(yh/' . /Rd(gt(y—y’,z)—gz(y,z))dm(y’)dy’
2
< (10 =") = 200 |z ()8

2
(L1 a0 ar) 1) I,

2

<n 22| (rye0) 6.8)
and by (A.2) with B =R? ® R?,
o) = o] Sn= PV . 6.9)

Therefore,

E( sup ‘Yt(”) - Yt(m)f@) < (AP +m_l+d/”)20 —0 asn,m— oo,
1€[0.7]

and there exists a cadlag ¥;-adapted process Y such that

lim IE( sup |Y(n) Yt|29) =0.

n—o00 1€[0,T]

By Remark 3.4, Y; also satisfies the Krylov estimate with index p, g. By taking limits for (6.7), one finds that Y; solves

t t t
Yi=y+ / o5 (Y5)dW, + / bg(Yy)ds + / / gs(Ys—,2)N(ds, dz). (6.10)
0 0 0 Jz|<R
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For example, letting Y :=Y;, by (6.8), we have

2
sup E glm Y(ﬁ), ) — & (Ys(ﬁ), 2))N(ds, dz)
neNU{oo} |z\<R
= sup E/ / (m) Y(”),z) — gS(YS("),z)|2v(dz) ds
neNU{oo} |z]<R
= HF ( ™ —g) ”]L},o(T) — 0, m— oo,

and for eachm e N,

2
lim E

n—o00

g™ (v, 2)N(ds,dz) — / / g™ (Y,_, 2)N(ds, dz)
| |z|<R

zZ|<R
Combining the above two estimates, we obtain

lim E

n—o0

; 2
gAgn)(Y&(ﬁ), Z)N(ds, dz) — / / gs(Ys—,2)N(ds,dz)| =
0 |z|<R

(i1) To show (2.2), we first consider SDE (6.10). By the classical Bismut—Elworthy-Li’s formula (see [52]), we have
forany h € R,

z|<R

1 ¢ _
thw(Y}”>(y>)=;E[¢(Y,<")<y>) /0 [0 (Y"(1)] IVhYs(”)(y)dWs], (6.11)

where V), Y,(”) (y) := limg_)o[Y,(”) (y+eh)— Y,(") (y)]/¢ is the derivative flow of Yl(n) (y) with respect to the initial value y.
Now by Theorem 3.9, we have for any 6 € (0, 1),

E|y™ () — "G <ely -y "

where c is independent of n. Let 6 € (1/2,1) and T > 0. By Theorem A.2 in the Appendix with p =26 and g =r = oo,
we get

supsupIE( sup |VY,(")(y)}29> <c
noy o Mel0.T]

Hence, by (6.11) and Burkholder’s inequality, for 7 € [0, T'],

sup|VEs0(Y(")( )| = M [/ vr® o[ dS]

—1
o
_ lellscllo™ lloo

= 2 | sup [VE )] | < gl
)7

s€[0,7]

which means that

Ep(r () —Ep(¥," ("))] < crli@lot ™|y = ¥'|.

By taking limits n — oo we get

Var(Pi(y, ) = Pi(y', ) = sup [Eg(Y:(y)) —Ee(Y:(y'))| <crt™
9eCh®R), [ plloo<]

where P;(y, -) denotes the law of Y;(y).
(iii) To allow the large jump in the equation, we shall use the interlacing technique. More precisely, let ps be a point
function on R with values in B¢, u the associated counting measure, i.e.,

n([0,1]1x A) :=#{p; e A:5€[0,1]}, A€ B(By).
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Let 72 :=inf{r > 0: ([0, 7] x B%) = n} be the n-th jump time of 7 — w([0,¢] x Bg). Let Y ,(y) solve SDE (6.10)
starting from y at time t = s. Let 7,'(1)) =0and Y(f(y) = y. Define Y} (y) recursively by

YT,I,J,lvt(Yfp (y))v t € [T}'ll)—l’ Till:))’

n—1

Y=y (y) =
Y%_(y) + g,;;(Yf;;_(y), pp), L=715

It is easy to see that Y,‘p solves the following SDE with starting point Yg’ =y:

Ay} = o, (YF) dW; +b,(YF) dr + /

& (YP, 2)N(dr, dz) +/ g (Y. z)u(dt, dz).
[z]<R

|z|=R

In particular, if we let pﬁv be the Poisson point process with values in B associated to the Poisson random measure
N(dt, dz), ie.,

N([0.1] x A)=#{p) e A:s€[0,1]}, AeB(Bf).

~ N
then p" is independent of Y. Therefore, Y; :=7, [p solves SDE (1.2) with Yy = y.
Next we show (2.2) for ¥;(y). We adopt the same argument as used in [52]. We first look at it for Y,p (y). Observing
that

Yt(y)s 1< T]P,

Yoo () +8p (YL (3),pp) 1=17,
Ytp(y) — 1 > 1 1 1 > p

Yo (Y (), teltf, ),

’

by what we have proved in step (ii), and since Y ;(-) and Yp () are independent, one sees that

[Eo(YP () — Eo (Y2 ()| < erligloo(t ATP) ™y =y

, tel0,T].

Hence,

Bg(¥,() — Eo (% ()] < crllollocB(t Azt ) Ply=y/|, telo,T].

N
Since the random variable rf’ =inf{r > 0: N([0, t] x B;é) = 1} obeys the exponential distribution with parameter v(B;'e),
by easy calculations, we have

Bt )2 <12

<ct™
Thus, we get (2.2) for 17, (y). The proof is complete. U
6.2. Proof of Theorem 2.4

Let T > 0 and v(dz) = |z|_d_"‘ dz for some o € (1, 2). Below, we assume (H‘Z) holds with2 —a > g8 >1— %, and for
somef e (1—%,1), pe (3 v2,00) and g € (%, 00),

=1
(Foa(®) 2 € LE(T),  beHy (T).

We also fix
de((l+a/vA+)VA+d/p),(@+pAO+a—alg)).

Consider the following backward nonlocal equation:

du+ (L5 —A)u+Lyu+b=0, u(T,x)=0. (6.12)
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Recalling (5.24), we can rewrite the above equation as

O+ (LS = Nu+ Ku+ LYu+ Lou +b=0, u(T,x)=0, (6.13)
where Ku := QC_gHu, and f’g[”, b# are defined by (5.25). The following lemma is obvious by Lemma 4.4.

Lemma 6.3. Forany p > 1and 0 € [0, B), we have || Kullo,p <cllull,p.

By Lemma 6.3 and Theorem 4.5, for any A > X, there is a unique solution u € Hg’oo(T) to equation (6.13), and so
does for equation (6.12). Moreover, by Sobolev’s embedding (4.2),

(6.14)

1
sup ]||M(t) Hcg—d/p = lullgoarrco gy = 5

tel0,T

As in Section 6.1, we introduce u o, u, and ®,, so that (6.2) and (6.3) hold, and also define ®;(x) := ®, (¢, x) and

bi(y) :=hu(t, @, (1) = (£5 g ®r) 0 D, (),

| 1 (6.15)
8(y.2) =P (D7 () + & (P, (). 2)) — .
Then by (6.14), we also have
vo,, V@;l are Holder continuous uniformly with respect to #, n. (6.16)

The following lemma is proven in the Appendix.

Lemma 6.4.
(i) b eL(T) NHy*(T) and § satisfies (HY), (g 7(3)"/? e L(T).
(ii) Timy—s o0 135 + L] + L5 )Py —bo @llyg ) =0.

(i) limy— o I|((3s + 43’15 4 08 P L —bod hy, lLg () = 0. where xu is defined by (2.8).

v,

Let p1 :=dp/(d — 6p). Since % + % <a—1land b e ]L?,] (T), by Theorem 5.10, any solution X of SDE (1.2)

with o = 0 satisfies the Krylov estimate for all p’, ¢’ € (1, 00) with % + £ < «. As in Lemma 6.2, by Lemma 6.4,

Theorem 5.10 and Theorem 3.10, we have the following lemma. !

Lemma 6.5. Let ®;(x) be defined as above. Then X; solves SDE

dX[ = b[(X[)dt +/

o (Xo_, N (dr, d2) + / @ (X, N1, d2)
|z|<R

lz|=R

if and only if Y; := ®,(X;) solves the following SDE:

dY; = b,(Y,) dt +/

gt(Yt_,z)N(dt,dz)+/ & (Y,_,2)N(dr, dz), (6.17)
|z]<R

lz|=R

where b and g are defined by (6.15).
Now, we are in the position to give:

Proof of Theorem 2.4. By Lemma 6.5, it suffices to prove the theorem for SDE (6.17).
(i) Let 5 () := by * ¢ (y) and g™ (v, 2) := & (-, 2) * ¢n(y). By (i) of Lemma 6.4, there is a n large enough such
that for all n > ny,

g<"> satisfies (H;) with constant ¢; independent of n,

and

. 12 172
” (Fé;i(g(”))) / ”L?,(T) = “ (Fé:i(g)) / ”L‘;(T)'
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Let Y satisfy

! t
y™=y+ /O b (v(™)ds + /0 / - g™, )N (ds, do). (6.18)
i<

o

By Theorem 5.10, for any p’, ¢’ with 4 4 7 <a Y™ satisfies Krylov’s estimate with index p’, ¢’ and the Krylov
constant is independent of n. Thus, by Tﬁeorem 39 withr =1, for any 6 € (0, 1), we have

0 20 . - 0
E(l:[‘épﬂ|yt(n) - Yz(m)| ) S ”b(”) —b™ ”Lgo(T) +| ngi(g(”) - g(m)) ”IL%O(T)’

which converges to zero as n, m — oo by (6.8) and similar (6.9). Therefore, there exists a cadlag ¥;-adapted process Y
such that

lim IE( sup |v™ — Y,|9) —0,
00 Nel0,T]

and by Remark 3.4, Y; also satisfies the Krylov estimate with index p, ¢q. By taking limits for (6.18), one finds that Y;
solves

t t
Yi=y+ / bs(Ys)ds + / / 8s(Ys—, 2)N(ds,dz).
0 0 Jizl<r

The uniqueness follows by Theorem 3.9. For the large jump, we use the same technique as used in the proof of Theo-
rem 2.1.

(i1) To show the existence and the estimates of the distribution density of of X;, we use the results obtained in [14]. In
view of (5.19), we have

L= L8+ L = L5+ £8 4 £h,

where k is defined by (5.20) and 5% := flz\>Rg’(x’ 2)v(dz). By (2.3), b¢ is bounded. Thus by [14, Theorem 1.5], the

operator £ admits a fundamental solution o (s, x; 7, y) so that for € small enough, and forall0 <s <z <T and x,y € R,

0o (s —t,x —y) < pls,x;1,y) <c1(0 + 0N (s —t,x — y), (6.19)

where Q)(/ﬂ ) is defined by (4.17), and

IVep(s,xit, )| < e2(0®) +077) (s — 1, x — ). (6.20)

Moreover, p(s, x;t, y) is a family of transition probability density functions, which determines a Feller process
(Q, F, (]Ps,x)(s,x)eRJrX]RdZ (XI)IZO)a

with the property that
Py x(X;=x,0<t<s)=1,

and forr € [s,t] and E € B(Rd),
Es (X, € E|X}) =/ o(r, Xr;s,y)dy.
E

In particular, for any f € C,% (R?), it follows from the Markov property of X that under PPy ., with respect to the filtration
‘7:; :=O-{Xr1r S t}9

M = F(x,) — F(X)) —/S(,Cf(Xr)dr is a martingale.

t

In other words, [P , solves the martingale problem for (£, Cg(Rd )). On the other hand, by [1] or [15], we know that the
martingale problem for £ is well-posed, and by It6’s formula, any solution of SDE (1.2) is a martingale solution of L.
Therefore, the strong solution X, (x) admits a density p(t, x, y) = p(0, x; t, y), and the desired estimates (2.6) and (2.7)
follow by (6.19) and (6.20). |
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7. Ergodicity of SDEs with jumps

This section is devoted to the study of the existence and uniqueness of invariant probability measures associated with the
time-independent SDE (2.10). To prove Theorem 2.9 and Theorem 2.12, we shall first establish a general ergodicity result
for SDE (2.10) with dissipative drifts in Section 7.1. Then, we shall use Zvonkin’s method to transform SDE (2.10) with
singular dissipative drifts into a new SDE, and verify that the new SDE satisfies the conditions in Theorem 7.4. Thus, the
conclusions in Theorem 2.9 and Theorem 2.12 follow by Proposition 2.8 and Theorem 7.4.

7.1. SDEs with dissipative drifts
For each m € N, let y,, (x) be the cutoff function in (2.8). Let

om (%) := 0 (X )m (1)), b (x) == b(x) )m (x), 8 (x,2) 1= g (x )m (), 2).

Below, we always assume that one of the following conditions holds:

(C1) Foreachm €N, (oy,, by, gim) satisfies the assumptions of Theorem 2.1.
(C2) Foreachm €N, (0, by, gn) satisfies the assumptions of Theorem 2.4.

Under (C1) or (C2), by Corollary 2.6, there exists a unique local strong solution to SDE (2.10). To show the non-
explosion and ergodicity, we make the following assumptions:

(C3) For some r > —1 and «1, k3, k3 > 0, it holds that
2x, b))+ o @|° < =i lx P +x2, b)) <we3(1 4 |x'T), (7.1)
and for any ¢ > 0 and A > R, there is a c¢ 3 > 0 such that
T3 (®)(x) + Tl (9)(x) < elx|™ + o (7.2)
We first show the non-explosion and some moment estimates of the unique strong solution.

Lemma 7.1. Under (C3), there is no explosion to SDE (2.10). Moreover, for any v € (0, 1), there is a constant ¢ > 0
such that for all t > 0 and x € R?,

t 170
/ E|X‘Y(x)|1+rds+[E( sup |Xs(x)|”)] <c(lx|+1+1), (1.3)
0 s€[0,¢]
and
ce x| +¢, r=0,
ElX < 7.4
%@ = {c(l L2y, rso. 74

Proof. Let h(x) :=+/1 4 |x|2. By Itd’s formula, we have

dh(X,) = [L3h+ LEh + L3K](X,) dt +dM,,

where M; is a local martingale. Noticing that for i, j =1,...,d,
aih(x)=x; (1+x1?)""?2
and
3i0h(x) = (14 1x?) "8 /2 = 3xix; (1 + |x12) /4,
we have

LI7() + L2 < (o )|+ 2{x, b)) (1 + 1x12) /4. (7.5)
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On the other hand, observing that

1
(e +y) — hx)| < |y|/0 VG +sy)|ds < yl/2.
h(x+y) —h(x) =y Vh(x) < |y|*/2,

we have

L7 (x) = /Rd [h(x +g(x,2)) = h(x) = 1 ;<8 (x, 2) - Vh(x)|v(dz)

1 2 1
5—/ lg(x, 2)] v(dz)+—/ |g(x, 2)|v(dz)
2 Jiz1<r 2 Jiz=r

= (MY RO @) + T (9)() /2. (7.6)
By (7.5), (7.6) and (7.1), (7.2), there are c1, c2 > 0 only depending on «; in (7.1) such that

[£Sh+ L2h + L3h](x) < —c1(1+ |x|2)(1+r)/2

+ 2
Hence,

dh(X,) < —cth(X)'"" dt + codt + dM,.

Letting 7, :=inf{r > 0: | X;| > n}, we have

INT,
c1E</ h(X )M ds) < h(x) + cat,
0
and by Lemma 3.7, for any ¢ € (0, 1),

E( sup h(Xs)ﬁ) <cy (h(x) +czt)ﬂ,

s€[0,t ATy ]

which yields by a contradiction method that 7,, — oo as n — oo. By taking limits n — oo, we then obtain (7.3). Moreover,
we also have

—c1E(h(X})) + c2, r=0,
—c1(BR(X )N +¢2, r>0.

dEA(X;)/dt < [
Solving this differential inequality, we get (7.4). ]
The following lemma is useful for showing the irreducibility in the non-degenerate diffusion case.
Lemma 7.2. For given xo # yo € R and m > 1, let Z; solve the following SDE:

dZ; = [b(Z;) — m(Z; — yo)/2]dt + 0 (Z;) dW;

+/ g(Z,_,Z)N(dt,dz)—i-/ g(Z;—,z)N(dt,dz), Zo=xo. (7.7)
lzI<R lzI=R

Under (C3), for any 0 < a < |xo — yo| and T > 0, there exists an m large enough such that
P(|Z7 (x0) — yo| > a) < 1/2, (7.8)
and for any ¥ € (0, 1),

E( sup |zt|”) < 0. (7.9)
1€[0,T]
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Proof. First of all, by using the same argument as in estimating (7.3), we have (7.9). Let us show (7.8). For A > 0, define
n, :=inf{r > 0: N([0,7] x Bf) =1}.

Let T > 0 be fixed. Since 7, obeys the exponential distribution with parameter v(B5), one can choose A > R large enough
so that

Pty <T)=1-—¢e "B <1/4. (7.10)

For this A, let ZA solve the following SDE with starting point Z0 = X0,

dz} =[by(2}) —m(Z} — yo)/2]dt + o (Z}) AW, + / g(z} . 2)N(dt, da),

lz]<A

where by (x) := b(x) + fRslz|<A g(x, 2)v(dz). Clearly,

Z, =27 tel0,1). (7.11)
By It6’s formula and (7.1), (7.2), we have

t
|7} ol = b0 — ol +E / @2 = 0. (2] o (Z)]) 0

+E/ ms/ v(dz)ds
Iz|<?»

— 10~ 3ol + B /0 Q2L b)) + o (22 =20 ba (2] s
t
+E / s (z<z§, / o(22, z)v(dz)> + r8’i<g>(Z?)> ds
0 R<|z|<h ’
t
<l|xg— y0|2 + IE/ e"”(—/q |Z?|2+r + /cz) ds
0
t
+ 2|y0|E/0 (312 1) + TR (9)(22)) ds

+E [ Q2N @) + (@) 6

<lxo = yol* + ("™ —1)/m,

where ¢ > 0 is independent of m. From this we derive that for m large enough,

A 2 —mT _ 2 _ a—mT
ElZ7 (x0) = yol” _ e™™" |xo — yol JrC(l e™)

P(|Z% <1/4,
(‘ T(XO) )’O’ > ) [12 — a2 maz — /
which together with (7.10) and (7.11) yields that
P(|Zr (x0) — yo| > a) <P(|Zr(x0) — yo| > a. T < 1) + P(T = 1;) < 1/2.
The proof is complete. O

Let Pro(x) :=Ep(X;(x)). We have
Lemma 7.3. Under (C1) or (C2), and (C3), the semigroup Py has the Cp-strong Feller property and irreducibility.

Proof. (i) Let X" (x) be the solution of SDE (2.10) corresponding to (0y, by, &n). In the case of (C1), by (2.2), for any
bounded measurable function f and ¢ > 0,

x> Ef(X/"(x)) is continuous. (7.12)

In the case of (C2), by the gradient estimate (2.7), we still have (7.12).
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Now fix K > 0. For x € R? and m > K, define a stopping time
T, = {t >0: |Xt(x)| zm}.
By Chebyshev’s inequality and (7.3), we have

lim sup P(1=73) < lim sup B( sup |X,(x)|")/m” =0. (7.13)

M0k <K M= x|<K  Vsel0,1]
Moreover, by the local uniqueness of solutions to SDE (2.10), we have
X (x)=X/"(x), tel0,7), x| <K.
Let f be a bounded measurable function. For any x, y € B, we have
[E(f(X:(0) = f(X: ()]
< [E(f (X)) = F(Xe Oy epx aeiy) | + 21 FlcP(2 = 75, A Tin)
= [E(f(X]" () = £ (X7 OV cqp i) |+ 20 FllooP(t = 7 A Tn)
< |[E(f(X7"(x0)) = F(X"D))| + 4 fllooP(t = 75 A Tir)
< [E(f (X" @) = £(X]" )| + 4l flloo (P(r = 1) +P(r > 1i0)),

which together with (7.12), (7.13) yields the continuity of x > E(f(X;(x))).
(i) For the irreducibility, it suffices to prove that for any 7', a > 0 and xg, yo € RY,

P(| X7 (x0) — yo| <a) > 0. (7.14)

In the case of (C1), we use Lemma 7.2 and Girsanov’s transformation to show (7.14), see [43]. Let Z;(xg) solve SDE
(7.7) and set for K > 0,

K ::inf{t : |Zt(xo)| > K}.
By (7.8) and (7.9), we may fix K and m large enough so that
P(tk <T) +P(|Z7(x0) — yo| > a) < 1. (7.15)

Define
» INTK
Ut = —mO'(Z[)il(Z[ _yO)v Wt = W[“r‘/ Usds,
0

and

T Atk 1 Trk
Er ::exp(/ Udeq—E/ |Us|2ds>.
0 0

Since |Ut1{t<r1<}|2 is bounded, we have E[£7] = 1. By Girsanov’s theorem (see [45, Theorem 132]), under the new
probability measure Q := E7 P, Wt is still a Brownian motion, and N (df, dz) is a Poisson random measure with the same
compensator dfv(dz). In view of (7.15), we also have

Q({rx = TYU{|Zr(x0) — yo| > a}) < 1.

Note that the solution Z; of (7.7) also solves the following SDE:

INTK INTK -
Ziney = X0+ / b(Z,)ds + / o (Zs) AW,
0 0

IATK N INTK
+/ / g(Zs_,z)N(ds,dZ)+/ / 8(Zs—,z)N(ds, dz).
0 |z|<R 0 [zZ|>R
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Set
Ok ::inf{t Xy = K}.

Then the law uniqueness for (2.10) yields that the law of {(X;1{;<gx})ref0,7], €k} under PP is the same as that of
{(Zi 1t <z )re0, 7], Tk } under Q. Hence

]P(|XT(X()) — y0| > a) < ]P’({@K <T}U {9[{ >T,

X1 (x0) — yo| > a})
=Q({rk <T}U{rx > T, |Zr(x0) — yo| > a})
< Q({rk =T} U{|Zr(x0) — yo| > a}) <1,

which implies (7.14).

In the case of (C2), we shall use the positivity of the Dirichlet heat kernel, which is proved in Theorem A.3 in the
Appendix. Let D, := {x : |x| < m} be a ball containing xo and B, (yo). We have

P(| X7 (x0) — yo| <a) =P(X7(x0) € Ba(y0); T < 1p,,)
=P(X} (x0) € Ba(y0); T < 1p,,),

where X7 (xp) is the solution of SDE (2.10) corresponding to (0, by, g»). By (2.6), we can check that the functions
o1t ry = crt(f* + 1) oa(t ) = eat (1 4 ) T (L (V)

satisfy (H®) in the Appendix. Thus, by (A.10) with D = D,, and using Theorem A.3, we get (7.14). The proof is com-
plete. (|

Now we show the following ergodicity result.

Theorem 7.4. Under (C1) or (C2), and (C3), P; admits a unique invariant probability measure . Moreover, if r =0 in
(C3), then P; is V -uniformly exponential ergodic with V(x) = 1 + |x|; if r > 0, then Py is uniformly exponential ergodic.

Proof. By (7.4), the existence of invariant probability measures for P; follows by the standard Bogoliov—Krylov’s argu-
ment. The uniqueness is a direct consequence of the Cy-strong Feller property and the irreducibility. Moreover, still by

the Cp-strong Feller property and the irreducibility, we can derive easily that for any y € R? and r, > 0,

Xieng P(X;(x) € By (y)) > 0.
Combing this with (7.4) and [21, Theorem 2.5], we get the desired exponential ergodicity. ]
7.2. SDEs with singular and dissipative drifts
In this subsection we study the ergodicity of SDE (2.10) with singular and dissipative drifts. The main idea is to use
Zvonkin’s transformation to kill the singular part. We point out that Krylov’s estimates obtained in Theorem 5.7 and
Theorem 5.10 are not applicable for solutions of SDE (2.10) due to the dissipative part in the drift.
First of all, we consider the case of non-degenerate diffusion, and show the following non explosion and Krylov’s

estimate.

Lemma 7.5. Under (Hg), (H?) and (2.12), any solution X;(x) to SDE (2.10) does not explode. Moreover, for any T > 0
and f € L? (R?) with p' > d,

T
E(/o f(Xs(x))ds> <c(lxl+ 1)1 f1lp, (7.16)

where ¢ > 0 is independent of x.
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Proof. Forn > 0, let 7, :=inf{t > 0: | X;| > n}. By Lemma 5.5, forany T > 0, p’ > d and § > 0, there exists a constant
¢s > 0 such that for any f € L” (RY),

T ATy, T Aty
E(/ f(Xs)ds) < (Ca +8]E</ b1 +bz|<xs)ds))||f||p/. (7.17)
0 0

Since b; € L?(R%) with p >d, for every §p > 0, we can take f = |b;| and choose § small enough such that §{|b1 ||, < &g
in the above inequality to get

T AT, T AT,
E(/ bl(XS)ds> < c§0+50E</ |b2(XS)|ds>
0 0

2.11) T Aty
< s+ K330E</ (1+1x,2) 772 ds). (7.18)
0
On the other hand, let A(x) := /1 + |x|2. By Itd’s formula, we have
ATy
Eh(X;nr,) =h(x) + E/ [£Sh+ L2h + L£3R](X,) ds. (7.19)
0
As the calculations in Lemma 7.1, by the assumptions, we have
1, . _
LIh(x) < E(a’kolk)(x)(l + |x|2) 12 <c,

L8 (x) < (=1 [P 4 02) (14 1xP) ™% + b1 ()]
<= (1+ 1) 24 e+ b)),

and

L (x) =/Rd[h(X+g(x,Z)) — h(x) = 15<rg(x, 2) - VA(x)]v(dz)

5/ |g(x,z)|2v(dz)+/ g0, D)|v(da) <c.
|z|<R [z|=R

Hence, by (7.19) and (7.18) with §p small enough, we obtain

T Aty
E(l + |XTArn|2)l/2 < (1 + |)c|2)1/2 — %E/O (1 + |XS|2)(1+r)/2 ds

T ATy
—HE/ |b1(Xy)|ds + ct
0

T AT,
K n
<+ 1P) =S [ 01 T s e,

which implies that lim,,_, », 7,, = 00 and

T
K
E(1+X7%)" + Zlua:/ (141X ds < (14 1x2) 4 o7
0
Substituting this into (7.17) and (7.18), we obtain (7.16). O

To perform Zvonkin’s transformation, we need to solve a related elliptic equation, which is a consequence of Theo-
rem 4.3.

Theorem 7.6. Suppose that (Hg) holds and b € L? (R?) for some p > d, and

Fyr(9) € L¥(RY).  lim[roce)|, =0.
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Then for some 1 > 1 large enough and for all A > Ay and f € LP(R?), there exists a unique solution u € Hl% to the
following elliptic equation:

(£ =M+ L5 pu+ Lyu = f, (7.20)
and for any p’ € [p, oo] and ¥ € (0, 2) with % <2—-9U+ %,

Je—v+4-4)
W Nl + [ VPu], < el fllp- (7.21)

Proof. As usual, it suffices to show the a priori estimate (7.21). Let u € Hl% solve (7.20). Let T > 0 and ¢(¢) be a
nonnegative and nonzero smooth function with support in (0, 7"). Let i (¢, x) := u(x)¢(¢). It is easy to see that u satisfies
the following parabolic equation:

it + (L3 — M)t + L5 it + L =u¢’ + fp.

Thus, by Theorem 4.3, there is a A9 > 1 depending on |||, and ||l“8’??(g)||Oo such that for all A > Ao, p’ € [p, oo] and
9 €(0,2) with 4 <29+ 4,

lip_pad_d

A2C@0Fy ”)“ﬁ“Hﬁ,"C(T)_’_”VZIZ”IL“’(T)§C||u¢/+f¢”ﬂ”ow
14 ’ '

which implies that

Lo_ypyd _d
KT g+ | V2], = elgl (1l | + 17119 l1c)- (7.22)

Letting p’ = p and ¥ = 0 in (7.22) and choosing A; > A¢ large enough, we get
lullp <cll fllp-
Finally, substituting this into (7.22), we obtain the desired estimate (7.21). J

Below we assume that (Hg) holds and for some p > d,

b1, Vo, Ty r(®)) "

€ LP(RY). Typ(g) € LX(RY).  lim |15 7(9)]| . =0.
Now consider the following elliptic equation system:
(L3 = 2+ L gu+ L u = by,
Note that only the first part b; in the drift of SDE (2.10) is involved. By (7.21), there are ¢, A1 > 1 such that for all A > Ay,

lulloo + 1 Va0 < 250, (7.23)
Define

O(x) :=x+ulx).
By (7.23) with A large enough, the map x — ®(x) forms a C'-diffeomorphism and

1/2 < [V®]loo,

VCD_l ”oo = 2’

where ®~! is the inverse of ®.
By Lemma 7.5 and Theorem 7.6, the following result can be shown in the same way as in Lemma 6.2. We omit the
details.
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Lemma 7.7. X; solves SDE (2.10) if and only if Y; := ®(X;) solves

dY; =6 (Y,) dW,; + b(Y,) dr + /

g(Y,_,2)N(dr, dz) +/ g(Y;_,z2)N(dr, dz), (7.24)
|z|<R

|z|=R
where y := ®(x) and
5N =(Ve-0)o® '(y),  b(y)=Gu+VP-by)od ' (y),
g0, =@ +g(@ ' (»).2) — .

The following proposition is the key observation, which shows that the dissipativity (2.11) is preserved under Zvonkin’s
transformation.

Proposition 7.8. Under (2.11), for A large enough, there are k1, &2, &3 > 0 such that for all y € R?,
(y.b()) < —&1ly** + &2 and |b(y)| <&3(1+]y"T).
Proof. Noticing that
y=0"'M+u(®' (),  VOW =1+ Vu),
by the definition of b and (2.11), we have
(v, 6) =My, u(@7' D)) + (3, 2(27 D)) + (v, B2 Vi) (@7 (1))
< Mlullooly + (@7 (), 2@ M) + ltlloo - |B2(@7 ()|
+ IVullolyl - [b2(@7 ()]
< Mlulloolyl = 1| @7 )7 + k2
+i3(1+ [0 ) 2 (oo + I Vulloolyl)
< Mlulloolyl — i1 (191 = lelloo) ™ + k2

+ i (14 (Iy] =+ llelloo) ) 772 (

K1
< (Cl”V’/l”oo — 7)|y|2+’ + ¢,

lulloo + Vull ool y1)

where ¢ only depends on «3 and r. By (7.23) with A large enough so that ¢1 ||Vu|| oo < '%, we get the first estimate. The
second estimate is easy. ([

Now we can give

Proof of Theorem 2.9. For the first part of the result, by Proposition 2.8, we only need to prove that the the conclusions
in Theorem 7.4 hold for SDE (7.24). To this end, it suffices to check that the new coefficients of SDE (7.24) satisfy
the requirement in Theorem 7.4. The fact that &, b, g satisfy the local condition and (7.2) can be proved by direct
computations, we omit the details. Since & is bounded and by Proposition 7.8, we have (7.1) is true. The desired result
follows. To finish the proof, it remains to show that the invariant probability measure  has a density p € L?(R?) with
q <d/(d — 1). By Zvonkin’s transformation Lemma 7.7, we may assume b; = 0. Let f € CSO(R"), and for p > d let

ueH ; solve the following elliptic equation:
(L5 — 2+ £ gu= f.
Let u, = u * ¢, be the mollifying approximation of # and define

fn = (06‘2’ — A)un + £§’Run.
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By Itd’s formula, we have
T
Eu,(X7) =un(x) + E(/ (fu+2Aup +b-Vuy)(X,) dt)
0

Noticing that

Ifo = fllp < cllun — ull2,p,

by Krylov’s estimate (7.16) and (2.11) we have

T T
E(/ f(X,)dt) — lim E(/ fn(X,)dt)
0 n—>oo 0

T
= A +Dllunlloo + ”Vun”ooE(/O IbI(Xz)dt>

T
<O+ 2l +K3||Vu||ooE(/ (1+ |Xt|1+’)dr>,
0
which yields by (7.3) and (7.21) that
T
E(/O f(Xz)dt> <c(L+Ixl+ TSl p,

where c is independent of 7 and x. By (2.9) we get for any p > d,

w(f)<clflp, feCPRY,

which in turn implies by Riesz’s representation theorem that y has a density p € L?/?~D(R?). The proof is complete. [J

The proof of Theorem 2.12 is entirely similar to Theorem 2.9. As in Lemma 7.5, the following lemma can be proven

by Lemma 5.9.

Lemma 7.9. Under (H/‘%), (H?) and (2.12), any solution X;(x) to SDE (2.10) does not explode. Moreover, for any T > 0

and f € LP (RY) with p' > d/(a — 1),

E(/OTf(XS(x)) ds> < c(ix1+ )£l

where ¢ > 0 is independent of x.

We also have the following solvability of nonlocal elliptic equations.

Theorem 7.10. Let o € (1,2) and LY be defined by (4.13), where k satisfies (4.14). Let ¥ € [«, (¢ + 2) A 2) and
0e@—oa (@ —1)AB). Suppose that b = by + by with by € Hﬁ(Rd) for some p > 2d/a. Then for some A1 > 1
large enough and for all A > A1 and f € Hg (RY), there exists a unique solution u € H g to the following nonlocal elliptic

equation:
(L8 —A)u+ Ku+ Lu = f,
so that
1—2=¢
A ully,p = cll flle,p-

Moreover, for any y € [0,a) and p’ € [p, 0o] with % <o—y+ %,

Aé(a—y+§—

d
)
P lully,pr < cll fllp-

(7.25)

(7.26)

(7.27)



Ergodicity of SDEs with jumps and singular coefficients 223

Proof. We show the apriori estimate (7.26) and (7.27). Suppose u € H g satisfies (7.25). Let T > 0 and ¢ (¢) be a non-
negative and nonzero smooth function with support in (0, 7). Let u (¢, x) := u(x)¢ (). Then

Jit + (LS — A+ K + LYt =ug’ + f¢.
By Theorem 4.5, we have
A.l_% - < /
HMHHZ’C’O(T) = C”“¢ + f¢”]1—]1%°°(T)’
which implies that

1—2=f l
AT Nl pllglloo < c(lullo.pl|9"| o + 11 0. pll¢lloc)-

Letting A be large enough, we get (7.26). On the other hand, by (4.23) we also have

1

A;(“—)’-i-%—

d

4y _

il < clug’+ f ol

which also implies (7.27) as above. ]

Below we assume that o = 0, v(dz) = |z|~¢~%dz, (H%) holds with 8 > 1 — «/2, and for some 6 € (1 — «/2, 1) and
p>2d/a,

2 1/2 0,2
(= APy, (To7@) " TR (0 e LP(RY),  TR(9) € L®(RY).
Consider the following nonlocal elliptic equation system:
(£S5 —A)u+ oCll_’gu + cC}]"u =by.
By (7.27), there are ¢, A1 > 1 such that for all A > A1,

lutloo + [ Vitlloo < eA# G170, (7.28)
Define

O(x) :=x+ulx).
By (7.28) with A large enough, the map x — ®(x) forms a C!-diffeomorphism and

172 < [IV®]loo,

vq)il “oo = 2’

where ®~! is the inverse of ®.
By Lemma 7.9 and Theorem 7.10, the following result can be shown in the same way as in Lemma 6.2. We omit the
details.

Lemma 7.11. X; solves SDE (2.10) with o =0 if and only if Y; := ®(X;) solves

dy, =5(Y,)dt+/

3V, HN(dr, do) + / 3V, DN, d2),
|z|<R

lz|=R
where y := ®(x) and
b(y) = (hu — eﬁ_f’RqD + VD by)od (),

g0, =@ +g(@ ' (»).2)) — .

Proof of Theorem 2.12. By Lemma 7.11, Proposition 2.8 and Proposition 7.8, the result follows by Theorem 7.4. As
for the conclusion that  has a density p € L(R%) with ¢ < d/(d — «a + 1), it follows by Theorem 7.10 and the same
argument as used in the proof of Theorem 2.9. ([l
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Appendix
A.1l. Maximal functions

Let f be a locally integrable function on R?. The Hardy—Littlewood maximal function of f is defined by
Mf(x) = sup][ | f(x + y)|dy,
r>0J B,

where fBr = # fBr and | B, | denotes the Lebesgue measure of ball B, := {x : |x| < r}. We have

Lemma A.1.

(i) Let B be a Banach space and f : R¢ — B a locally integrable function with V f € LlloC (R4; BY). There is a Lebesgue
zero set E such that forall x,y ¢ E,

[x—yl
Wﬂm—f@wﬁsﬂ[; ;ﬁUWﬂmu+w%HWﬂmU+wﬂmm& (A1)

In particular, if V f € LP(R?; BY) for some p > d, then
| £ = F Dl < caplx = yI"PUV £l (A2)

(ii) For p € (1, 00], there is a constant cq,, > 0 such that for all f € LP(RY),

IMFllp <caplflp. (A.3)
Proof. The estimates (A.1) and (A.3) can be found in [55, Lemma 5.4] and [46, p. 5, Theorem 1]. We prove (A.2). For
o€ (% — %, 1— %), by Holder’s inequality, we have

=yl =yl N/ b
/ f IV fllg(x +w)dwds < </ §ToP ds> </ s"‘p][ ||Vf||§;(x+w)dwds>
0 By 0 0 By
=yl N/ 7
< </ 5P ds) </ s*P—d ds) IV £,
0 0

She= PV .
Substituting this into (A.1), we obtain (A.2). ([l
For p,q,r €[1,00]and T > 0, let L"(T) := L" ([0, T']) and define
Hy (R LP(Q: L(T))) :={f(x.0.0): £,V f € LY(RY; LP(Q: L'(I)))}.
and
I Werp e Lo rr ryy = W Lo Lo ey + IV Flla@es Lo @i -

The following characterization about the Sobolev differentiability of random fields can be found in [53, Theorem 1.1],
which is used to prove the Sobolev differentiability of the strong solution to SDEs with respect to the initial value.

Theorem A.2. Let f € LY(RY; LP(Q; L'(T))) for some p € (1,00) and q,r € (1,00). Then f € H}(R?; LP(Q;
L’ (T))) if and only if there exists a nonnegative function g € L1(R?) such that for Lebesgue-almost all x,y € RY,

”f(x’ ) - f(yﬂ ) ”LP(Q;L’(T)) = |)C - )’|(g(x) + g(y)) (A4)
Moreover, if (A.4) holds, then for Lebesgue-almost all x € R,

19 FCe I poiquriry 2800, i=1,....d,

where 0; f is the weak partial derivative of f with respect to the i-th spacial variable.
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A.2. Proofs of Lemmas 4.4, 6.1 and 6.4

Proof of Lemma 4.4. Let pg:=dp/(d — p1y1) > p. First of all, by Holder’s inequality and Sobolev’s embedding (4.2),
we have

I178llp < 1 1 pollg pposcpo—p) S I F i pi 18 . pa- (A.5)
Notice that by (4.1),
Aa/Z(fg) _ /Rd (fC+y)—=f)Et+y)

-8() dy+(Aa/2f)g+an/2g.

|y|d+a
Hence,
”Aa/z(fg)Hp < /Rd I(fFC+y)— fﬁ;?ﬁi + ) =gy dy
+ (a2 f)g|, + 1 rag] - (A.6)
As above, by Holder’s inequality and Sobolev’s embedding, we have
[(a2 )], < 1F lapo N8N pop/ oo S 1 Nt o 18l 1. o (A7)

and by symmetry,
|£(2%28) |, S 1 f oty pu 18 Ny, po-

Moreover, fore € (0, y1 + 2 + o — % — % + %), by Holder’s inequality, Sobolev’s embedding and (4.3), we have

[(fC+m=FO)EC+»—-gO)],
<[FCHD=FOL, I8¢+ =8Ol 0 /o
Slre+n—=rol, , ls¢+» -0
SN Natyrpr) A CUF I p)) (1718 et y2.p2) A (208 a2 —e.p2))

S IV AN oty pr g latrs, po- (A8)

Substituting (A.7)—(A.8) into (A.6), we obtain

a+y2—¢,p2

[8*2(f9)], S 1F oty pi I8 Nt

which together with (A.5) yields the desired estimate. (]
Proof of Lemma 6.1. (i) We only show (1"(1):12e @)N'2e IL?,(T). The others are direct by definition. Let

§r(x,2) := @ (x + g (x,2)) — D;(x). (A.9)
By (6.3), it suffices to show (I'y'3(8))"/> € L% (T). Noticing that

|Vigi(x, )| = [(VO,) (x + g(x,2)) - (I+ Vigi(x,2)) — VI, (x)]

El

<suply| (V) (x +y) — VO, (x)| - |g:(x, 2)| +2|Vigi(x, 2)
5

in view of p > d, by Lemma 4.1, we have

1,2 ,=\\1/2 -1
(2 @) ||L;(,)5Hs1;p|y| Vo +n-veol|,
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0,2 1/2 1.2 1/2
x | (FO,R(g)) ”]LOO(T) +2| (FO,R(g)) ”JL‘,’,(T)
0,2 1/2 1,2 1/2
S ”V””H};qm ” FO,R(g)H]LOO(T) +2| (FO,R(g)) H]Ljf,(r)'
(ii) By (6.1) and easy calculations, we have
(3 + L3 + L]+ L5 2)P = 1.
Hence, as in (4.11), one sees that as n — 00,
b g —
[ (B + L5 + L7+ £ ) n = htt]| g 7y SNPw = Pllygag ) = 1w = ullg2g ) = 0.
(iii) Notice that in the generalized sense,
30 ' =—vo . (3,9) 0 d!, Vo l=(ve)loop!
Vol = —[(vo)y' . Vi (V) o ! Vel
By cumbersome calculations (see [54,55]), we have
(0 + L5+ L2+ L2 o =bod .
The limit in (iii) now follows by (6.4). O

Proof of Lemma 6.4. (i) It is clear that be Hé’ooo (T) by definition. Let g be defined as in (A.9). We show that g satisfies
(H) and (r(l);;(g))‘/z € LY(T). Clearly, g (x,0) = 0 by g (x,0) =0, and by (6.2),

Qe =2 = g2 — & (x, )| < 2¢1]z = 2.
Moreover, notice that
V.8i(x,2) = (VO (x + g (x,2)) - Vo8 (x, 2).

Since g satisfies (Hg), by (6.3) and (6.16), it is easy to see that g also satisfies (H/gs), and so does g. On the other hand,
note that

V2 (x,2)| < [V, (x + g(x, 2)) = VO, ()| +2|Vegi (x, )|

<U)|g0e, 2" +2|Vigi(x.2)

9
where

Uy (x) :=sup |y 77|V, (x + y) — Vg ()|
y

We have by (H%),

— — 2 —D—d—
Ty @) = / V& (x. 2)[v(d2) S U () |2 P00 4z 4 TR () ().
lz|<R |z|<R

By Lemma 4.1, since p(¢ — 1) > d, we have
1UllLgry S 1V lg01a0 ) < Il -

Since ¥ > 1+ %, we get (Iy'7(2)"/? € LE(T) and so (g 3 ()2 € L§(T).
(i1) and (iii) are the same as in the proof of Lemma 6.1. ([l
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A.3. Positivity of Dirichlet heat kernel

Let p(t, x,y) be a family of jointly continuous transition probability density functions in R?. Let (X, Py) cre be the
associated homogeneous Markov processes, that is, Py (Xg = x) = 1 and for any ¢ > 0,

/ p(t,x,y)dy =P (X; € A), AeB(R7).
A

Let D be a domain (bounded open subset of R?), and tp := {r > 0: X; ¢ D} be the exit time of X from D. Let X? be
the killed Markov process outside D, and PtD the transition probability of X P that is,

PP(x,A):=P,(t <tp; X, € A), AcB(D). (A.10)
Define the Dirichlet heat kernel by

PPt x,y):=pt,x,y) —rP(t,x,y),
where

P, x,y) = EX[TD <t ,o(t —1p; X(tp), y)]

Leto;(¢t,r) : Ry x Ry — R4, i =1, 2 be two continuous functions and satisfy that

(H®) For each t > 0, the map r + g;(t, r) is decreasing, and for each § > 0,

sup ©2(t,r) < 00,
t>0,r>48

and there are 7y = ty(6) and R = R(§) > 0 such that # — 0; (¢, §) is increasing on (0, 7p) and
01(1,8/R) > 02(,8), t€(0,1).
The following result is essentially due to Hunt (cf. [16, Theorem 2.4]).
Theorem A.3. Let 9| and o7 satisfy (H?). Suppose that
01(7, 1x = yI) < p(t,x,y) < 02(1, Ix — yl). (A.11)
Then pP is the transition probability density function of XP, i.e., for any t > 0,
PP(x, A) :/A,oD(t,x, y)dy, xeR? AcB(D).
Moreover, pP is continuous and strictly positive on R, x D x D andfor0 <s <t <ooand x,y € R4,

pD(t,x,y):/ oP s, x,2pP(t —s, 2, y)dz. (A.12)
D

Proof. We only show the strict positivity of p?(z, x, y). The others are completely same as in [16, Theorem 2.4]. Fix
x,y € D and let d(y, D) be the distance of y to the boundary aD. Let § € (0,d(y, dD)) be given. By the assumption
on g;, there are ) = 19(§) > 0 and R > 0 such that

01(t,8/R) > 02(t,9), t€(0,1).
Hence, by the definition of rP, (A.11) and the assumptions of g7, we have for ¢ € (0, 1),

rP(t,x,y) <E*[tp < t; 02(t — 7,

X(zp) = y|)] < 02(2,9).

Consequently, if |[x — y| <6/R <8 < p(y, 9D), then

pP(t,x,y) = 01(t, 1x — y|) — 02(t,8) > 01 (¢, 8/R) — 02(1,8) > 0. (A.13)
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Now forany # > 0 and x, y € D. Let I" be a curve in D connecting x and y. Let § := p(I', dD). Let n be large enough
such that ¢ < nfo(§) and there are points agp, a, ..., a,+1 on I' with ap =x, a,4+1 =y and @; € B(a;—1,5/(3R)). Notice
that for x;_; € B(a;—1,8/(3R)) and x; € B(a;,5/(3R)),

lx; —xi—1| < |xi —ail + |ai—1 — xi—1] + |la;i —ai—1] <8/R.

By C-K equation (A.12) and (A.13), we have

t t
pD(t,x,y)=/ --~/pD(—,x,xl)--~,0D(—,xn,y>dx1~--dxn
D D n n
pft ('t
> Pl = x,x1 )| = xn, y )dxy - -dx, > 0.
B(a1.5/(3R)) B(an.8/(3R)) n n

The proof is complete. (]
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