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Abstract. We study the diameter of Lévy trees that are random compact metric spaces obtained as the scaling limits of Galton—
Watson trees. Lévy trees have been introduced by Le Gall & Le Jan (Ann. Probab. 26 (1998) 213-252) and they generalise Aldous’
Continuum Random Tree (1991) that corresponds to the Brownian case. We first characterize the law of the diameter of Lévy trees
and we prove that it is realized by a unique pair of points. We prove that the law of Lévy trees conditioned to have a fixed diameter
r € (0, 00) is obtained by glueing at their respective roots two independent size-biased Lévy trees conditioned to have height r/2
and then by uniformly re-rooting the resulting tree; we also describe by a Poisson point measure the law of the subtrees that are
grafted on the diameter. As an application of this decomposition of Lévy trees according to their diameter, we characterize the joint
law of the height and the diameter of stable Lévy trees conditioned by their total mass; we also provide asymptotic expansions
of the law of the height and of the diameter of such normalised stable trees, which generalises the identity due to Szekeres (In
Combinatorial Mathematics, X (Adelaide, 1982) (1983) 392-397 Springer) in the Brownian case.

Résumé. Nous étudions le diametre des arbres de Lévy qui sont des espaces métriques compacts obtenus comme limites d’échelle
des arbres de Galton—Watson. Les arbres de Lévy ont été introduits par Le Gall & Le Jan (Ann. Probab. 26 (1998) 213-252) et
ils généralisent le Continuum Random Tree (1991) d’Aldous qui correspond au cas brownien. Nous caractérisons d’abord la loi
du diametre des arbres de Lévy et nous prouvons qu’une unique paire de points le réalise. Nous prouvons ensuite que la loi des
arbres de Lévy conditionnés a avoir leur diametre égal a r € ]0, oo[ est obtenu en collant a leurs racines respectives deux arbres de
Lévy indépendants conditionnés chacuns a avoir une hauteur égale a r/2, et a réenraciner uniformément au hasard 1’arbre obtenu
par ce collage ; nous décrivons également en termes d’une mesure ponctuelle de Poisson, la loi des sous-arbres qui sont attachés
le long du diametre. En application de cette décomposition des arbres de Lévy le long de leur diametre, nous caractérisons la loi
jointe de la hauteur et du diametre des arbres de Lévy stables conditionnés a avoir une masse totale unité. Nous donnons aussi des
développements asymptotiques des lois de la hauteur et du diametre de ces arbres stables normalisés, ce qui généralise une identité
due a Szekeres (In Combinatorial Mathematics, X (Adelaide, 1982) (1983) 392-397 Springer) dans le cas brownien.
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1. Introduction and main results

Lévy trees are random compact metric spaces that are the scaling limits of Galton—Watson trees. The Brownian tree,
also called the continuum random tree, is a particular instance of Lévy tree; it is the limit of the rescaled uniformly
distributed rooted labelled tree with n vertices. The Brownian tree has been introduced by Aldous in [5] and further
studied in Aldous [6,7]. Lévy trees have been introduced by Le Gall & Le Jan [28] via a coding function called
the height process that is a local time functional of a spectrally positive Lévy process. Lévy trees (and especially
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stable trees) have been studied in Duquesne & Le Gall [14,15] (geometric and fractal properties, connection with
superprocesses), see Duquesne & Winkel [17] and Marchal [29] for alternative constructions, see also Miermont [30,
31], Haas & Miermont [22], Goldschmidt & Haas [20] for applications to stable fragmentations, and Abraham &
Delmas [1,2], Abraham, Delmas & Voisin [4] for general fragmentations and pruning processes on Lévy trees.

In this article, we study the diameter of Lévy trees. As observed by Aldous (see [6], Section 3.4), in the Browian
case the law of the diameter has been found by Szekeres [34] by taking the limit of the generating function of the diam-
eter of uniformly distributed rooted labelled tree with n vertices. Then, the question was raised by Aldous that whether
we can derive the law of the diameter directly from the normalised Brownian excursion that codes the Brownian tree
(see also Pitman [32], Exercise 9.4.1). This question is now answered in Wang [36].

In this article we compute the law of the diameter for general Lévy trees (see Theorem 1.1). We also prove that the
diameter of Lévy trees is realized by a unique pair of points. In Theorem 1.2, we describe the coding function (the
height process) of the Lévy trees tree rerooted at the midpoint of their diameter that plays the role of an intrinsic root.
The proof of Theorem 1.2 relies on the invariance of Lévy trees by uniform rerooting, as proved by Duquesne & Le
Gall in [16], and on the decomposition of Lévy trees according to their height, as proved by Abraham & Delmas in [3]
(this decomposition generalizes Williams decomposition of the Brownian excursion). Roughly speaking, Theorem 1.2
asserts that a Lévy tree that is conditioned to have diameter r and that is rooted at its midpoint is obtained by glueing
at their root two size-biased independent Lévy trees conditioned to have height /2; Theorem 1.2 also explains the
distribution of the subtrees that are grafted on the diameter. As an application of this theorem, we characterize the
joint law of the height and the diameter of stable trees conditioned on their total mass (see Proposition 1.3) and we
provide asymptotic expansions for the distribution of the law of the height (Theorem 1.5) and for the law of the
diameter (Theorem 1.7). These two asymptotic expansions generalize the identities due to Szekeres in the Brownian
case which involves theta functions (these identities are recalled in (51) and (52)). Theorem 1.8 also provides precise
asymptotics of the tail at zero of the law of the height and that of the diameter of normalised stable trees. Before
stating precisely our main results we need to recall definitions and to set notations.

Real trees

Real trees are metric spaces extending the definition of graph-trees: let (7', d) be a metric space; it is a real tree iff the
following holds true.

(a) Forany 01,07 € T, there is a unique isometry f : [0, d(o1, 02)] = T such that f(0) = o1 and f(d (o1, 02)) = 072.
Then, we shall use the following notation: [o1, 02] := f([0, d (o1, 02)]).
(b) For any continuous injective function g : [0, 11— T, ¢([0, 1]) = [¢(0), g(1].

When a point p € T is distinguished, (7T, d, p) is said to be a rooted real tree, p being the root of T. Among connected
metric spaces, real trees are characterized by the so-called four-point condition that is expressed as follows: let (7', d)
be a connected metric space; then (7', d) is a real tree iff for any o1, 02, 03,04 € T, we have

d(01,02) +d(03,04) < (d(01,03) + d(02,04)) V (d(01, 04) + d(02, 03)). (1)

We refer to Evans [18] or to Dress, Moulton & Terhalle [11] for a detailed account on this property. Let us briefly
mention that the set of (pointed) isometry classes of compact rooted real trees can be equipped with the (pointed)
Gromov—Hausdorff distance that makes it a Polish space: see Evans, Pitman & Winter [19], Theorem 2, for more
details on this intrinsic point of view on trees that we shall not use here.

The coding of real tree

Let us briefly recall how real trees can be obtained thanks to continuous functions. To that end we denote by
C(R4+,Ry) the space of R -valued continuous function equipped with the topology of the uniform convergence
on compact subsets of R. We shall denote by H = (H;);>0 the canonical process on C(R4, R ). We first assume
that H has a compact support, that Hy = 0 and that H is distinct from the null function: we call such a function a
coding function and we then set {y = sup{r > 0: H; > 0} that is called the lifetime of the coding function H. Note
that ¢y € (0, 00). Then, for every s, ¢ € [0, (g ], we set

bu(s,t)= inf H, and dpy(s,t)=Hs+ H, —2by(s,1). )

re[sat,svt]
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It is easy to check that dy satisfies the four-point condition: namely, for all s1, 53, 53,54 € [0, ¢H]l, dg(s1,52) +
dp(s3,54) < (dp(s1,53)+dp(s2,54)) vV (dy(s1,s4) +dy (s2, 53)). By taking s3 = s4, we see that dy is a pseudometric
on [0, ¢y ]. We then introduce the equivalence relation s ~pg ¢t iff dg (s, t) = 0 and we set

Tu=10.¢ul/~n. 3)

Standard arguments show that dy induces a true metric on the quotient set 7y that we keep denoting by dp. We
denote by py : [0, ¢yl — T the canonical projection. Since H is continuous, so is py and (Ty, dy) is therefore
a compact connected metric space that satisfies the four-point condition: it is a compact real tree. We next set pg =
pH(0) = py(¢y) that is chosen as the root of Ty .

We next define the rotal height and the diameter of Ty that are expressed in terms of dy as follows:

I'(H) := sup dg(pg,0)= sup H; and
oe€Ty tel0,¢H]
“4)
D(H):= sup dy(o,0')= sup (HS—i-H,—Z inf Hr).

0,0'€Ty 0<s<t<ly rels,t]

For any o € Ty, we denote by n(o) the number of connected components of the open set 7 \ {o}. Note that n(o) is
possibly infinite. We call this number the degree of o. We say that o is a branching point if n(o) > 3; we say that o is
aleaf if n(o) = 1 and we say that o is simple if n(o) = 2. We shall use the following notation for the set of branching
points and the set of leaves of Ty:

Br(Ty):={0 € Tu :n(6) >3} and LE(Ty):={o €Ty :n(o)=1}. 3)

In addition to the metric dg and to the root pg, the coding function yields two additional useful features: first, the mass
measure my that is the pushforward measure of the Lebesgue measure on [0, {g] induced by py on Tg; namely, for
any Borel measurable function f : Ty — Ry,

CH
-/T f(G)mH(d0)=/0 f(pua®)d:. (6)

This measure plays an important role in the study of Lévy trees (that are defined below): in a certain sense, the mass
measure is the most spread out measure on 7. The coding H also induces a linear order <y on Ty that is inherited
from that of [0, g ]: namely for any o1, 02 € Ty,

o1<goy <= inf{t€[0,¢n]: pp) =01} <inf{r €[0,¢u]: pu(t) =02} (7)

Roughly speaking, the coding function H is completely characterized by (Ty, dy, pg, my, <g): see Duquesne [13]
for more detail about the coding of real trees by functions.

Re-rooting trees

Several statements of our article involve a re-rooting procedure at the level of the coding functions that is recalled
here from Duquesne & Le Gall [15], Lemma 2.2 (see also Duquesne & Le Gall [16]). Let H be a coding function as
defined above and recall that £y € (0, 00). For any ¢t € R4, denote by 7 the unique element of [0, {g) such that t — ¢
is an integer multiple of ¢z . Then for all 7y € R, we set

viel0.¢yl, H™ =dy(o.7¥1) and Viziy, HP =0 ®)
Note that ¢ i) < ¢g, with an equality if H is not constant on all left neighbourhoods of #y. Observe that

vi, 1" €10,¢u),  dyug(t,t") =du(t+ 10,1 +10). )
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Then, Lemma 2.2 [15] asserts that there exists a unique isometry ¢ : T — Ty such that ¢ (p i1 (1)) = pu (t + 1)
for all # € [0, ¢y ]. This allows to identify canonically Ty with the tree Ty re-rooted at py (to):

(Tytor, dyiigls pyiio) = (T, da, pa(T0))- (10)

Note that up to this identification, my is the same as my. Roughly speaking, the linear order < i, is obtained
from <p by a cyclic shift after pg (¢0).

Spinal decomposition

The law of the Lévy tree conditioned by its diameter that is discussed below is described as a Poisson decomposition
of the trees grafted along the diameter. To explain such a decomposition in terms of the coding function of the tree,
we introduce the following definitions and notations.

Let h € C(R4, Ry) have compact support. Note that #(0) > 0 possibly. We first define the excursions of & above
its infimum as follows. For any a € [0, £(0)], we first set

La(h) :==inf{t e Ry :h(t) =h(0) —a} and rq(h) =g Ainf{t € (0, 00) : h(0) —a > h(1)},
with the convention that inf & = oo, so that ) (h) = {,. We then set
VseRy, & (h,a):=h((La(h) +5) Ara(h)) —h(0) +a.
See Figure 1. Note that £(k, a) is a nonnegative continuous function with compact support such that £ (k, a) = 0.
Moreover, if £,(h) = r,(h), then £(h, a) = 0, the null function.
Let H be a coding function as defined above. Let ¢ € R, we next set
VseRy, H; =Hg_, and H] = Hyy.
Note that H, = 6” = H,. To simplify notation we also set
Vael0,H], H*:=&H ,a) and H*:=E(H",a)

and Jo := {a € [0, H,] : either £,(H™) < ra(H™) or £,(H") < r,(H™)}, that is countable. We then define the fol-
lowing point measure on [0, H;] x C(R,, R;)?%:

Mo (H)= )" 8, 70 Fray» (11)
aeJo,

\
q

0 ) rah) G "0

Fig. 1. The figure on the left-hand side illustrates the definition of £(%, a); the figure on the right-hand side represents the spinal decomposition of
H at times 7 and 7] in terms of the tree 7 coded by H.
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with the convention that Mo ;(H) =0 if Jo; = @. In Lemma 2.2, we see that if mg is diffuse and supported by the
set of leaves of Ty, then there is a measurable way to recover (¢, H) from Mo ,(H).
For all 11 >ty > 0, we also set

Mgy (H) = Moo (H™) = Y~ 8, 70 ra- (12)

a€Ji.n
This point measure on [0, dy (fo, 71)] x C(Ry, R;)? is the spinal decomposition of H between ty and 1.

Remark 1.1. Let us interpret this decomposition in terms of the tree Ty (more precisely in terms of the tree Ty,
see Figure 1). Let us set yy = py (o) and y; = py (t1); to simplify our explanation, we assume that yy and y, are
leaves. Recall that [[yo, y1] is the geodesic path joining yo to y1; then Jy, 1, = {d(0, y1); 0 € Bx(T) N [yo, v1]}. For
any positive a € Ty, 1, , there exists 0 € Bx(Tg) N [[yo, y1] such that the following holds true.

o Toi= {oyU{o' € Tu:v0 < o’ <m y1 and [y, o] = [0, o' N [0, y1]} is the tree grafted at o on the left-hand
side of [yo, y1] and the tree (?a, d, o) is coded by He

. ?a :={o}U{o' € Ty : either o’ <y yp or y1 <g o’ and [y, o] = [yo, '] N [y, 1]} is the tree grafted at o on
the right-hand side of [yv, y1] and the tree (?a, d,o) is coded by He

Height process and Lévy trees

The Brownian tree (also called Continuum Random Tree) has been introduced by Aldous [5—7]; this model has been
extended by Le Gall & Le Jan: in [28], they define the height process (further studied by Duquesne & Le Gall [14])
that is the coding function of Lévy trees. Lévy trees appear as scaling limits of Galton—Watson trees and they are the
genealogical structure of continuous state branching processes. Let us briefly recall here the definition of the height
process and that of Lévy trees.

The law of the height process is characterized by a function ¥ : R, — R called branching mechanism; we shall
restrict our attention to the critical and subcritical cases, namely when the branching mechanism W is of the following
Lévy—Khintchine form:

VieRy, W(A):ak+ﬁk2+/ (e — 1+ Ar)m(dr), (13)
(0,00)

where «, § € Ry and where 7 is the Lévy measure on (0, 0o) that satisfies f(o,oo) (r A r3)m(dr) < oo. The height
process is derived from a spectrally positive Lévy process whose Laplace exponent is W. It shall be convenient to
work with the canonical process X = (X;);>¢ on the space of cadlag functions D(R, R) equipped with the Skorohod
topology. Let us denote by PP the law of a spectrally positive Lévy process starting from 0 and whose Laplace exponent
is . Namely,

Vi, eRy, El[exp(—AX;)]=exp(t¥(1)).

Note that the form (13) ensures that X under P does not drift to co: see for instance Bertoin [8], Chapter VII for more
details. Under the following assumption:

Oo—dk 14
/1 woy ~ (14

Le Gall & Le Jan [28] (see also Duquesne & Le Gall [14]) have proved that there exists a continuous process H =
(H;)t>0 such that for all # € R, the following limit holds in P-probability:

1t
e (15)
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where I :=inf;, -, X,. The process H is called the W-height process. In the Brownian case, namely when W (1) =
A2, easy arguments show that H is distributed as a reflected Brownian motion. Le Gall & Le Jan [28] have proved a
Ray—Knight theorem for H, which shows that the height process H codes the genealogy of continuous state branching
processes (see also Duquesne & Le Gall [14], Theorem 1.4.1). Moreover, the W-height process H appears as the
scaling limit of the discrete height process and the contour function of Galton—Watson discrete trees: see Duquesne &
Le Gall [14], Chaper 2, for more details.

For all x € (0, 00), we set Ty = inf{t € Ry : X; = —x}, that is P-a.s. finite since X under IP does not drift to co. We
next introduce the following law P* on C(Ry, R4):

P* is the law of (H;A1,):>0 under PP. (16)

The tree Ty under P*(d H) is called the W-Lévy forest starting from a population of size x. Then, the mass measure
of Ty under P*(d H) satisfies the following important properties:

P*(dH)-a.s. my is diffuse and my (7 \ LE(Tw)) =0, (17)

where we recall from (5) that L. (7x) stands for the set of leaves of the tree Tz . The W-Lévy forest (7w, dp, pr, mg)
is therefore a continuum tree according to the definition of Aldous [7].

Each excursion above 0 of H under P* corresponds to a tree of the Lévy forest. Let us make this point precise
by introducing a Poisson decomposition of H into excursions above 0. To that end, denote by I the infimum process
of X:

VieR,, I, = inf X,.

0<r<t

Observe that (14) entails that either
B>0 or / rr(dr) = oo, (18)
0,1

which is equivalent for the Lévy process X to have unbounded variation sample paths; basic results of fluctuation
theory (see for instance Bertoin [8], Section VI.1) entail that X — I is a strong Markov process in [0, co) and that O is
regular for (0, co) and recurrent with respect to this Markov process. Moreover, —/ is a local time at O for X — I (see
Bertoin [8], Theorem VII.1). We denote by N the corresponding excursion measure of X — [ above 0.

It is not difficult to derive from (15) that H; only depends on the excursion of X — I above 0 which straddles z.
Moreover, we get {t e Ry : H; > 0} = {t e R} : X; > I,} and if we denote by (a;, b;), i € Z, the connected compo-
nents of this set and if we set H! = Hg, 15)ap;» § € R4, then the point measure

Z‘S(—Ia,.,ﬂi) (19)

i€l

is a Poisson point measure on Ry x C(R4, R.) with intensity dxN(d H), where, with a slight abuse of notation,
N(dH) stands for the ‘distribution’ of H(X) under N(dX). In the Brownian case, up to scaling, N is It positive
excursion of Brownian motion and the decomposition (19) corresponds to the Poisson decomposition of a reflected
Brownian motion above 0.

In what follows, we shall mostly work with the W-height process H under its excursion N that is a sigma-finite
measure on C(R4, R ). We simply denote by ¢ the lifetime of H under N and we easily check that

N-ae.l <oo, Hy=H;=0 and H/ >0 <= 1€(0,?). (20)

Also note that X and H under N have the same lifetime ¢ and basic results of fluctuation theory (see for instance
Bertoin [8], Chapter VII) also entail the following:

Vie(0,00), N[l-e™]=w"1(), 21
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where W~ stands for the inverse function of W.
Note that (20) shows that H under N is a coding function as defined above. Duquesne & Le Gall [15] then define
the W-Lévy tree as the real tree coded by H under N.

Convention When there is no risk of confusion, we simply write
(T.d,p,m,<,p,T",D):=(Ty,du, pa.,mu, <g, pu.T'(H), D(H))

when H is considered under N, P* or under other measures on C(Ry, R).

Recall from (5) that L£(7) stands for the set of leaves of 7. Then the mass measure has the following properties:
N-a.e. m is diffuse and m(T\ Lf(T)) =0. (22)
The W-Lévy tree (T,d, p, m) is therefore a continuum tree according to the definition of Aldous [5].

Diameter decomposition

Recall from (4) the definition of the total height I" and that of the diameter D. Let us first briefly recall results on the
total height. One checks that the total height is N-a.s. realized at a unique time (see Duquesne & Le Gall [15] and also
Abraham & Delmas [3]). Namely,

N-a.e. there exists a unique 7 € [0, ¢] such that H; =T". 23)

Moreover, the distribution of the total height I under N is characterized as follows:

© da

Vi€ (0,00), wv(t):=N( >1r) satisfies / —— =1.
vy Y(R)

(24)

Note that v : (0, 00) — (0, 00) is a bijective decreasing C* function and (24) implies that on (0, co), N(I" € dr) =
W (v(t))dt.

Recall from (16) that P* is the law of (H A7, )/>=0 under P, where T, = inf{t € Ry : X, = —x}. The Poisson
decomposition (19) implies that sup, o 7.} Hr = max{["(H);i eI : —1I,; < x} and since I" under N has a density,
then (23) and (24) entail that

P*-a.s. there is a unique 7 € [0, ] such that H; =T and P*(' <¢) = e pe R. (25)

In [3], Abraham & Delmas generalize Williams’ decomposition of the Brownian excursion to the excursion of the
W-height process: they first make sense of the conditioned law N(- | I" = r). Namely they prove that N(- | ' = r)-a.s.
[ =r,thatr > N(- | ' =r) is weakly continuous on C(R, R ) and that

N= /OON(F edr)N(-|I'=r). (26)
0

Moreover they provide a Poisson decomposition along the total height of the process: see Section 2.2 where a more
precise statement is recalled.

The first two results of our article provide a similar result for the diameter D of the W-Lévy tree under N. Recall
that p : [0, ¢] — 7T stands for the canonical projection.

Theorem 1.1. Let W be a branching mechanism of the form (13) that satisfies (14). Let T be the W-Lévy tree that
is coded by the V-height process H under the excursion measure N as defined above. Then, the following holds true
N-a.e.

(i) There exists a unique pair 7o, T € [0, ] such that t9 < 11 and D = d (7o, T1). Moreover, either Hyy =T or
H; =T. Namely, either 1o = T or 1| = T, where t is the unique time realizing the total height as defined by
(23).
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(il) Set yp = p(t0) and y; = p(z1). Then yp and y) are leaves of T . Let ymiq be the mid-point of [yo, yl]] namely, Vmid
is the unique point of [yo, y1] such that d(yo, Ymia) = D/2. Then, there are exactly two times 0 < T, < ‘L'+d ¢
such that p(t_,) = p(rn‘;d) = VYmid, and Ymiq is a simple point of T : namely, it is neither a branching point nor

aleafof T.
(iii) Forallr € (0, 00), we get

N(D > 2r) = v(r) — ¥ (u( ))2/oo _dr 27)
r)y=v(r) — r .
o) W02
This implies that N(D € dr) = @ (r) dr on (0, 00) where the density ¢ : (0, 00) — (0, 00) is given by
Vre(0,00), @@2r)=V¥(v(r))— \Il(v(r))zlll/(v(r)) /U: % (28)

The second main result of our paper is a Poisson decomposition of the subtrees of 7 grafted on the diameter
[v0, y1]- This result is stated in terms of coding functions and we first need to introduce the following notation: let
H,H' € C(R4,Ry) be two coding functions as defined above; the concatenation of H and H' is the coding function
denoted by H @ H’ and given by

vieRy, (H®H'),=H, ifte[0,{y] and (H®H'),=H/ ., ift>¢n. (29)
Moreover, to simplify notation we write the following:
Vre(0,00), NU=N(|T=r). (30)

Theorem 1.2. Let ¥ be a branching mechanism of the form (13) that satzsﬁes (14). For all r € (0, 00), we denote
by Q, the law on CR.,Ry) of H ® H' under N /z(dH)N (dH ), where N 12 is defined by (30). Namely, for all
measurable functions F : CRy,Ry) — Ry,

r[F(H)] // N} 2(dH)N},(dH')F(H & H'). (31)
C(R+.R4)?

Then Q, satisfies the following properties.

(1) Qy-a.s. D =r and there exists a unique pair of points 1o, t1 € [0, {] such that D = d (7, 11).
(i) Forallr € (0, 00), Q,[¢] 2Nf/2[§] € (0, 00). Moreover, the application r — Q, is weakly continuous and for
all measurable functions F : CRy,R;) - Ry and f: Ry - Ry,

CN(Ded ¢
N[f(D)F(H)] = /O (Qi[i]”f(r)(zr[/o F(H[”)dr] (32)

where H!) is deﬁned by (8).
(iil) Recall the notation T, and T, 1d from Theorem 1.1(ii). Then, for all r € (0, 00),

N[F(H"™dl) | D=r]= 7 f/ N @H)N,p (dH')ep F(H & H'), (33)
r/z CR4+.Ry)

where N(- | D = r) makes sense for all r € (0, 00) thanks to (32).
(iv) Recall from (16) the notation P?. To simplify notation, we write for all y, b € (0, 00)

Ny =N(-N{T' <b}) and P} =P’(-N{T <b}). (34)

Then, under Q,, M<, 1, (da dH dﬁ), defined by (12), is a Poisson point measure on [0, r] x C(Ry, R1)? whose
intensity is

Blio.r1(a) da(80(dH )Nan(r—a) (dH ) + Nun—a) (dH)30(dH ))

+1j0.-(a) da / 7(dz) / dxP, _ dHPE(dH), (35)
(0.00)
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where B and 1 are defined in (13) and where 0 stands for the null function.

Remark 1.2. As already mentioned, the previous theorem makes sense of N(- | D = r) and for all measurable func-
tions F : C(Ry,Ry) — Ry, we have

¢
Vr € (0, 00), N[F(H)|D=r]=Q,U F(H“])dt]/Qr[;]. (36)
0

Namely, Theorem 1.2(i) entails that N(- | D =r)-a.s. D =r. Then (31) combined with the already mentioned conti-
nuity of r = N(- | T =r/2) easily implies that r — N(- | D =r) is weakly continuous on C(R, R;). Moreover, (32)
can be rewritten as

N:/OON(D edr)N(- | D=r) 37
0

that is analogous to (26). We mention that the proof of Theorem 1.2 relies on the decomposition (26) due to Abraham
& Delmas [3].

Remark 1.3. It is easy to check from (8) that for all to, t, (H'H0] = Hl+0] Therefore, (32) implies that H under N
is invariant under rerooting. Namely, for all measurable functions F : CR,R;) — R,

Vio € Ry, N[1igz)F (H")] = N[1c=) F(H)], (38)
which is quite close to Proposition 2.1 in Duquesne & Le Gall [16], that is used in the proof of Theorem 1.2.

Remark 1.4. As shown by (36), N(- | D =r) is derived from Q, by a uniform rerooting. This property suggests that
the law of the compact real tree (T, d) coded by H under Q,, without its root, is the scaling limit of natural models
of labeled unrooted trees conditioned by their diameter.

Remark 1.5. Another reason for introducing the law Q, is the following: we deduce from (36) that for all measurable
functions F : C(R;+,R;) — Ry,

N[F(H™") | D =r]=Q,[¢ F(H™)]/Q/[¢], (39)

where Tt is as in Theorem 1.1. As shown by Theorem 1.2(iv), H under Q, enjoys a Poisson decomposition along its
diameter, which is not the case of H under N(- | D =r) by (39).

The law of the height and of the diameter of stable Lévy trees conditioned by their total mass

In application of Theorem 1.2, we compute the law of I' and D under N(- | { = 1) in the cases where W is a stable
branching mechanism. Namely, we fix y € (1, 2] and

U() =AY, reRy,

that is called the y-stable branching mechanism. We first recall the definition of the law N(- | ¢ = 1) for such a
branching mechanism.

When W is y-stable, the Lévy process X under P satisfies the following scaling property: for all r € (0, 00),
=y Xr1)1>0 has the same law as X, which easily entails by (15) that under P, (r—=D/y H,1)1>0 has the same law
as H and the Poisson decomposition (19) implies the following:

(law)

(r_()’_l)/VHrt)pO under r!/YN H under N. (40)
We then easily derive from (21) that

-1
N(¢ €dr) = p,(r)dr, where p,(r)=c,r """ with 1/¢c, = yre<"—). (41)
1%
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Here I'¢ stands for Euler’s Gamma function. By (40), there exists a family of laws on C(R4, R, ) denoted by N(- |
¢ =r), r e (0,00), such that r > N(- | ¢ =r) is weakly continous on C(R4, Ry ), such that N(- | { =r)-as. { =7
and such that

N= /Oo N(- | ¢ =r)N(¢ edr). (42)
0

Moreover, by (40), (r_(V_l)/VHn),Zo under N(- | £ = r) has the same law as H under N(- | £ = 1). We call
N(- | ¢ = 1) the normalized law of the y -stable height process and to simplify notation we set

Ni :=N( [ =1). (43)

Thus, for all measurable functions F : C(R4+,Ry) — Ry,
o
N[F(H)]=¢, / drr YN [F((rY P Hy ) )] (44)
0 >

When y =2, Ny is, up to scaling, the normalized Brownian excursion that is, as shown by Aldous [7], the scaling
limit of the contour process of the uniform (ordered rooted) tree with n vertices as n — 00; Aldous [7] also extends
this limit theorem to Galton—Watson trees conditioned to have n vertices and whose offspring distribution has a second
moment. This result has been extended by Duquesne [12] to Galton—Watson trees conditioned to have n vertices and
whose offspring distribution is in the domain of attraction of a y-stable law, the limiting process being in this case the
normalized excursion of the y -stable height process. See also Kortchemski [26] for scaling limits of Galton—Watson
tree conditioned to have n leaves.

We next introduce w : (0, 0c0) — (1, 00) that is the unique C* decreasing bijection that satisfies the following
integral equation:

*®  du

uV—lzy

Vy € (0, 00), / (45)

w(y)

We refer to Section 3.1 for a probabilistic interpretation of w and further properties. The following proposition char-
acterizes the joint law of I and D under Ny, by means of Laplace transform.

Proposition 1.3. Fix y € (1,2] and W (1) =1V, A € Ry.. Recall from (43) the definition of the law Ny, of the normal-
ized excursion of the y -stable height process. We then set

o0
VA, y,z€(0,00), Li(y.2):=c¢y / ef)‘rrflfl/yNnr(V(yfl)/yD > 2y r=V/rp > z)dr, (46)
0

where we recall from (41) that 1/c, = yFe(YT_l), I'e standing for Euler’s Gamma function. Note that

Vi, y,z€(0,00), Li(y,2)=a"YYLy(a= = D/vy jmr=Divg), (47)
Recall from (45) the definition of w. Then,

w(y A2y —2))
wyAQRy—2z))Y —1

1
Liy,2)=w(y vz —1- ;1{z<2y}(w(y)y — 1)2< —(yr=DyArQy-— z))). (48)

In particular, for all y, z € (0, 00),

1
Li(0,2)=w(@) -1 and Li(y,0)=w(y)—1- ;(w(y)y —1)(w®) — (y = Dy(w»)?” —1)). (49)
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Expectations of the height and diameter ratio
220 T 2
— dlameter

200, height 1.954
180 191
] 1.85
160-‘ 1.8
140 1.75
120 17
1.65-
100+ 1.6-
80 1.55-
60 1.5
1.45-
401 °
1.4
20 1.35-

0 T T T T T T T T T 1-3 T T T T T T T T T

1 11 12 13 14 15 16 1.7 18 19 2 111 12 13 14 15 16 1.7 18 19 2
gamma gamma

Fig. 2. Numerical evaluations of Ny[I"] and Np[D] for y € (1, 2]. On the left-hand side, the graphs of y > Np[D] (above) and y + Np[I']
(below). On the right-hand side, the graph of y > Npr[D]/Np[I'].

Remark 1.6. Proposition 1.3 allows explicit computations of Ny[I'] and Ny [D] in terms of y: we refer to Propo-
sition 3.4 and Proposition 3.5 in Section 3.3 for precise results. In the Brownian case y = 2, we recover that
N [['] = /7 and Ny [D] = éﬁ, therefore Ny [D]/Np[['] = 4. This ratio between the height and diameter of the
Brownian tree is first observed in [34] and later Aldous gives an explanation of this fact in [6]. In the non-Brownian
stable cases this explanation breaks down: as a consequence of Proposition 3.4 and Proposition 3.5, as y — 14, we
prove that

1 2
N [T'] = m +v+1+0( —1) and Ny[D]= ﬁ +20.—1+0( — 1), (50)

where y. stands for the Euler-Mascheroni constant. Thus, limy, _ 14+ Np[D]/Ny[I'] = 2. See Figure 2. We refer to
Section 3.3 for more details.

Proposition 1.3 is known in the Brownian case, where w(y) = coth(y): see Wang [36] for the joint law. In the
Brownian case, standard computations derived from (49) imply the following power expansions that hold true for all
r € (0, 00):

Nr > 1) =23 (2022 — 1) 51)
n>1
and
1
Nu(D>r)= (n® 1) <gn4r4 P 2>e—"2’2/4. (52)
n>2

These results can be derived from expressions in Szekeres [34] (see also Wang [36] for more details).

We next provide similar asymptotic expansions in the non-Brownian stable cases. To that end, we introduce s,, :
(0, 00) — (0, 00) as the continuous version of the density of the spectrally positive VT_I—stable distribution; more
precisely, s, is characterized by the following:

o
Vi eRy, / e_)‘xsy (x)dx = exp(—yk(y_l)/y). (53)
0
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The following asymptotic expansion of s,, at 0 is due to Zolotarev (see Theorem 2.5.2 [38]): for all integers N > 1,
1\ /2 o
(27‘[ (1 - ;)> xR ((r = Dx) =1+ Y $ux"7 V4 On, (xV0 D), asx — 0. (54)
1<n<N

The coefficients S;, depend on y (but we skip it to simplify notation) and they are given in Zolotarev [38] by formula
(2.5.8), Lemma 2.5.1, p. 95; the symbol Oy ,, in (54) means that the expansion depends on N and y.

Remark 1.7. In the Brownian case where y = 2, it is well known that

1/2.-3/2 —1/x

sH(x)=m"""x e x eR;.

Then, So =1 and S, =0, foralln > 1.
For generic y € (1, 2), this asymptotic expansion does not yield a converging power expansion (although it is the
case if y = 2). See Section 4.1 for more details on s,. To state our result we first need to introduce an auxiliary

function derived from s,, as follows.

Proposition 1.4. Let y € (1, 2]. Recall from (53) the definition of s,,. We introduce the following function:
-1 x
VxeRy, 6(x):=(y—Dxls,(x)— y—x—‘—l/V/ dyy'" s, (y). (55)
14 0

Then, the following holds true.

(1) 6 is well defined, continuous,
o i 1y —yar=D1y
/ dx|0(x)| <oco and / dxe ™0 (x)=2""e . LeRy. (56)
0 0

(i1) Recall from (54) the definition of the sequence (Sp)n>0, with So = 1. Let (V;,)n>0 be a sequence of real numbers
recursively defined by Vy =1 and

1 1 11
Vn €N, Vn+1=Sn+1+<n—§——l)Sn—<n————>Vn. (57)
) —

Then, for all integers N > 1,

1 1/2 B
<27.[<1 _ ;>> x(7+3)/261/)€y 19(()/ _ l)x) =1+ Z an”()/*l) + ON,V(XN(V*I))’ (58)

1<n<N

as x — 0.
We use 6 to get the asymptotic expansion of the law of the total height of the normalized y -stable tree as follows.

Theorem 1.5. Let y € (1,2]. We introduce the following function:
VreR,, &(r):= ,ﬁ()/ﬂ)/(}/*1)6)(,,*7//(1/*1))7 (59)

where 0 is defined in (55). Then, there exists a real valued sequence (B,,),>1 and x1 € (0, 00) such that

D IBulx} <o and Vre(0,00), > |Bul sup |E(ns)| < oo, (60)

n>1 n>1 s€[r,00)
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and such that

Vr € (0,00), ¢, Ny(T >r) = Zﬂné(nr), (61)

n>1

where we recall from (41) that 1/c, = yFe(VT_l), Ie standing for Euler’s gamma function. Moreover, for all integers
N>1,asr — 00,

|
o TR N (T s (r = DTV ) = 0 3 VT 4 O, (), ©
1

1<n<N

where Cy := (2) ™12 (y — V27320 (L20) exp(Co), where

o0 du Vdu u+1)Y —1—yu
Co = o , 63
0 ”/1 w+ 1)y —1 /0 0wt —1 (63)

and where the sequence (V,),>1 is recursively defined by (57) in Proposition 1.4.
Remark 1.8. The convergence in (61) is rapid. Indeed, by (58), we see that & (nr) is of order

(nr)! /2 exp(—n” (y — DY 1r7).
Then, the asymptotic expansion (62) is that of the first term of (61) that is ¢, 1 BlE(r).
Remark 1.9. The definition of the sequence (B,)n>0 is involved: see Lemma 4.6 and its proof for a precise definition.
However, in the Brownian case, everything can be explicitly computed: for all n > 1, B, =2, £(r) = (4)~ /% x
2r? - 1)6_’2, c> = (4m)~Y2, and we recover (51) from (61); moreover, Co = log2, Ci =4, Vo=1,V, = —% and

V., =0, foralln>?2.

To state the result concerning the diameter, we need precise results on the derivative of the VTJ-stable density.
Proposition 1.6. Let y € (1,2]. Recall from (53) the definition of the density s,,. Then s, is ClonRy,

o / Ly —par=Dy
A dx|sy(x)|<oo and A dxe s, (x) = Le , reRy. (64)

Moreover, s; has the following asymptotic expansion: recall from (54) the definition of the sequence (S;)n>0, With
So = 1; let (Ty)n>0 be a sequence of real numbers recursively defined by To = 1 and

1 1
VneN, Ty =S++|n—z——|S. (65)
2 y—-1
Then, for all positive integers N, we have
1 1/2 4 B B
<27'[<l — ;)) K Br+D/2 ,1/x7 s; (()/ _ 1)x) =1+ Z Tnxﬂ(}/ D4 ON,),()CN(V 1))7 (66)

1<n<N

as x — 0.

The asymptotic expansion of the law of the diameter of the normalized y -stable tree is then given in the following
theorem.
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Theorem 1.7. Let y € (1, 2]. Recall from (59) the definition of the function &. We also introduce the following func-
tion:

vre Ry, E(r):= ,.—(V+1)/(V—1)S)’/ (r—)’/()’—l)), (67)

where s)’, is the derivative of the density s, defined in (53). Then there exist two real valued sequences (y,)n>2 and
(6n)n>2 and x2 € (0, 00) such that

D (lyal +18u1)x5 <00 and V¥re(0,00), Y |yul sup [E(ms)|+18,] sup [E(ns)| < oo, (68)
n>2 n>2 s€[r,00) s€[r,00)

and such that
Vr€(0,00), c,Nar(D >2r) =" y,E(nr) +8,£(nr), (69)

n>2

where we recall from (41) that 1/c, = yFe(VT_l), Ie standing for Euler’s gamma function. Moreover, for all integers
N>1,asr — o0,

1

C_r—l—Sy/zerVNnr(D >y — 1)*()/71)/)/) =14 Z U,r™ + ON,y(rfNy), (70)
2 1<n<N

where Co = (87) V2 (y — 1)3/2+1/Vy5/2re(7/7_1)exp(2Co), where Cy is defined by (63) and where the sequence

(Un)n>1 is recursively defined by Uy = 1 and

y+1
r+l
yy—-1"

Here (Ty,)n>0 is defined by (65) and (V) >0 is defined by (57).

va>1, U, =T, — (71)

Remark 1.10. The convergence in (69) is rapid. Indeed, by (66) and (58) we see that & (nr/2) and &(nr/2) are of
respective order

() T3 Pexp(—n?27Y (y = YY) and  (nr)'TY P exp(—n?27Y (y — YY),
Then the asymptotic expansion (70) is that of ¢, L&) + ¢, 18:&(r).

Remark 1.11. The definitions of the sequences (Yn)n>0 and (8,)n>0 are involved: see the proof of Lemma 4.7 for a
precise definition. However, in the Brownian case, everything can be computed explicitly:

4 _ 3
Vn > 2, yn:§(n2—1), 8n:—2(n2—1) and E(r):n_l/zrz(rz— E)e"z,
which allows to recover (52) from (69). Moreover, Co =8, Uy =1,U; = -3, Uy = —% and U, =0, forall n > 3.

The tail at 04 of the law of the total height and of the diameter of the normalised stable tree

In the Brownian case y = 2, it is not straightforward to derive from (51) and (52) an asymptotic expansion of
Nur(I' <7) and Ny (D <r) when r — 0. To that end, we use Jacobi’s identity on theta functions and we get

475/2 22,2 A 2,2
Nor(I <) = — ;nze T~ Al (72)
nz
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Table 1
Asymptotic exponents for the height and the diameter of stable trees

ye(,2) y=2
r— o0 —logNp(I' > r) ~ (y_l)yflry 72
—logNnr(D >r) ~ (V—])y_er )
r— 0+ —logNp(I' <7) ~ (VSin;rz/y)r),y/(yil) 2222
—logNne(D <7) ~ (YS0G/Y) )=y /(=) ax/r?
and
i 8 16 _ 1 o a2
Nu(D =r) == 2(5(24%, —36a, . +8a; ) + 703,r>e o~ 52127T13/zr 9g—4n2/r?. 73)
n>1

where we have set a, , = 4(wn/ r)2 for all r € (0, 00) and for all n > 1. See Szekeres [34] and Aldous [6] for more
detail and see Wang [36] for the joint law of D and I" in the Brownian case.

In the non-Brownian stable cases, when y € (1, 2), the asymptotic expansions (61) in Theorem 1.5 and (68) in
Theorem 1.7 are useless to get asymptotics of Ny (I' <r) and Ny (D < r) when r — 0. In these cases we only prove
the following result.

Theorem 1.8. We fix y € (1,2) (in particular, y # 2). Then, as r — 0+,
Nue(T <7) ~ CrY T2V exp(—peer 7/ 0=D) - ana (74)
Npr(D <2r) ~ C'r?T! exp(—kcrr_y/(y_l)), where (75)

,_( w/y )W” c.n W=DV~ 1y)

. : and C':=2iC. (76)
sin(/y) YV Aale(2—y)

In Table 1, we summarize the exponents of the tail probabilities for the total height and the diameter in the different
asymptotic regimes. We make two remarks.

Remark 1.12. First note that —logNp(I' > r) ~ —logNy (D > r) as r — o0, while —logNy (' < r) ~
—logNp (D < 2r) as r — 0. This can be explained informally as follows: roughly speaking, Theorem 1.2 asserts
that a stable tree conditioned by its total diameter D is obtained by glueing at their roots two independent trees
conditioned to have height D /2, the root is uniformly chosen according to the mass measure in the resulting tree and
the height is the distance of the root from the most distant extremity of the diameter. When r is large, one of the two
trees has a much larger mass that is concentrated near its height, thus the root is close to one of the extremities of the
diameter and T is comparable to D. When r is small, both trees have a comparable mass that is concentrated near
their root (corresponding to the midpoint of the diameter). So the root of the tree conditioned by its diameter is close
to the midpoint of the diameter and I" is comparable to D /2. It is possible to make these observations rigorous by an
argument based on Proposition 1.3. In the Brownian case, they are easily derived from the expressions for the joint
law of T and D given in Wang [36].

Remark 1.13. In the asymptotic regime r — 0+, there is a discontinuity of the exponents as y — 2. This comes from
the fact that — ¢, as defined by (76) is a singular point of the continuation extension of .. — L, (0, 1) when y € (1, 2),
which is not the case when y = 2: for more details, we refer to the proof of Theorem 1.8 and Remark 5.1.

The paper is organized as follows. Section 2 is devoted to the proofs of Theorem 1.1 and of Theorem 1.2: in
Section 2.1, we discuss an important geometric property of the diameter of real trees (Lemma 2.1) and we explain the
spinal decomposition according to the total height, the result of Abraham & Delmas [3] being recalled in Section 2.2
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where the proofs of Theorem 1.1 and Theorem 1.2 are actually given. Proposition 1.3, that characterizes the joint law
of the total height and the diameter of normalized stable trees, is proved in Section 3. Theorem 1.5 and Theorem 1.7
are proved in Section 4. Theorem 1.8 is proved in Section 5. There is the Appendix in two parts: the first part is devoted
to the proof of a technical lemma (Lemma 2.2); the second part briefly recalls various results in complex analysis that
are used in the proofs of Theorem 1.5, Theorem 1.7 and Theorem 1.8.

2. Proof of the diameter decomposition
2.1. Geometric properties of the diameter of real trees; height decomposition

In this section we gather deterministic results on real trees and their coding functions: we first prove a key lemma
on the diameter of real trees; we next discuss how to reconstruct the coding function H from a spinal decomposition
M. (H), under a specific assumption on the mass measure my on 7y ; then we discuss a decomposition related to
the total height.

Total height and diameter of compact rooted real trees
The following result connects the total height and the diameter of a compact rooted real tree.

Lemma 2.1. Let (T, d, p) be a compact rooted real tree. We denote by T and D resp. its total height and its diameter:
I :=sup,rd(p,0) and D =sup, , .y d(o,0"). Then, the following holds true.

(i) There exist 0,00,01 € T, such that ' =d(p, o) and D = d(og, 01). This entails
I'<D<?2r. (77)

(ii) Let 09,01 € T be such that D = d(og, 01). Then, max(d(p, 0g); d(p,01)) =T.

Proof. First note that y € T +— d(p,y) and (y,y’) € T? — d(y,y’) are real valued continuous functions defined
on compact spaces; basic topological arguments entail the existence of o, 09, 01 € T as in (i). The inequality I' < D
is an immediate consequence of the definitions of I' and D. The triangle inequality next entails that D < d (o9, p) +
d(p,o1) <2I', which completes the proofs of (77) and of (i).

Let 0, 09, 01 € T be as in (i). By the four-point condition (1) and basic inequalities, we get

I'+D=d(p,0)+d(0,01) <max(d(p,00) +d(o,01);d(p,01) +d(0,00))
< max(d(,o, 00);d(p, 01)) + max(d(a, o1);d(o, J())).

If max(d(p, 00); d(p,01)) < T, then the previous inequality implies that D < max(d(o, 01); d(0, 0¢)), which is ab-
surd. Thus, max(d(p, 09); d(p,01)) =T. O

Coding functions and their spinal decompositions
Recall that 0 stands for the null function of C(R4, R, ). We denote by C. (R, R ) the functions of C(R4, R, ) with
compact support.

Definition 2.1. We introduce the set of coding functions:
Exc={H € C.(Ry,Ry): Hy=0, H # 0, my is diffuse and my (T \ LE(Ty)) =0}, (78)

where we recall from (3) the definition of the real tree Ty coded by H, where we recall from (5) that LE(Ty) stands
for the set of leaves of Ty and where we recall from (6) that my stands for the mass measure of Ty . Then, we set

H= {B N Exc; B Borel subset of C(R, R+)}, (79)

that is the trace sigma field on Exc of the Borel sigma field of C(R4, R).
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Remark 2.1. Let H € Exc and let so, 51 € (0, ) be such that s < s1 and dg (so, s1) = 0. Then, we easily check that

[s0]
H-/\(sl—so) € Exc.

Remark 2.2. Recall from (17) and from (22) that P* and N are supported by Exc.
Definition 2.2. We introduce the following subset of Ry x C(Ry, Ry)?:

E =R, x (Exc x (Exc U{0}) U (Exc U{0}) x Exc) (80)
and we denote by .#y (E) the set of point measures

M(dadH dH) =" 8, 574 710,
aeJ

on E that satisfy the following conditions:

3r € Ry such that the closure of the countable set J is [0, r] and

Ve,ne(0,00), #[laeJ:T(HY)VIT(H) >norig.Vig.>e}<oo. 81)

We then equip My (E) with the sigma field G generated by the applications M € My (E) — M(A), where A ranges
among the Borel subsets of Ry x C(Ry, R,)2.

The following lemma, whose proof is postponed in Appendix, asserts that H can be recovered in a measurable way
from the spinal decomposition My ;(H), as defined in (11).

Lemma 2.2. Recall from above the definition of the measurable spaces (Exc, H) and (M (E), G). Then, the follow-
ing holds true.

(i) Forallt € (0,00), we set {¢ >t} :={H € Exc :¢y >t}. Then, {¢ >t} € H and
H et >t)— Mo (H) € My (E) is measurable.
(ii) There exists a measurable function ® : My (E) — Ry x Exc such that
VH € Exc,Vt € (0,¢n), ® (Mo, (H)) = (1, H).
Proof. See Appendix A. O

Decomposition according to the total height
Let us fix H € Exc. Recall from (4) the definition of I'(H), the height of H. We introduce the first time that realises
the total height:

t(H)=inf{t e Ry : H =T'(H)}. (82)
For all x € (0, '(H)) we also introduce the following times:

1, (H):=sup{t <t(H):H, <T'(H)—x} and tf(H):=inf{t>t(H):H <T(H)—x}. (83)
Recall from (8) the definition of H!51. We then set

- +
VieR,, H*=H"] and H® =H'"™)

AT —17) IANE— (T —17))’

(84)

where we denote 7, := 1, (H), ;7 := ] (H) and ¢ := ¢y to simplify notation. See Figure 3.
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Ttz

Fig. 3. The left-hand side figure illustrates the decomposition of H into HO* and H®*; the right-hand side figure represents this decomposition
in terms of the tree coded by H.

Let us interpret H°* and H®* in terms of Ty . To that end, we recall that py : [0, {] — Ty stands for the canonical
projection and we set y := py (t(H)). We first note that dy (z;, 7;7) = 0. Then we set ¥ (x) := pu(ty) = pu(t)
that is the unique point of [[p, y] such that x = d(y, y(x)) and thus, d(p, y (x)) = '(H) — x. We denote by 7 the
connected component of Ty \ {y (x)} that contains the root p and we set

T =Tu\T° and T={yx}uT’

Thus (7%, d, y(x)) is coded by HS* and (T+*,d, y (x)) is coded by H®*. See Figure 3.
Recall from (8) the spinal decomposition of H at a time ¢. We shall use the following notation:

MO,T(H)(H) = Z 6(a7ﬁa’ﬁa)~

aeJo,«(m)

This is a measure on [0, I'(H)] x Exc x Exc that provides the spinal decomposition along the geodesic realising the
total height. Let us first make the following remark.

Remark 2.3. Let x € (0,T'(H)) and recall the notation y(x) = py(ty (H)) = pu(tF (H)). Observe that if x ¢
Jo.x(H), then Hy > T (H) — x, for all t € (x; (H), t," (H)) and thus, t; (H), t,f (H) are the only time t € [0, {y]
such that py (t) = y (x), which implies that y (x) is not a branching point of Ty : since it is not a leaf, it has to be a
simple point of Ty .

For all x € (0,I"(H)), we next introduce the following restriction of Mg sy (H):

- _ + _
o= D S geqe and MG (H) = > 8, o Hay, (85)
aeJo,z(1)N0,x] aedo,-(myNx,I'(H)]

so that Mo, (i) (H) = My ) (H) + Mg ) (H). Observe that

T(H) =1, (H)+t(H®) and Mo gen)(H) = My ) (H). (86)
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For all H' € Exc, we next denote by A(H') := (H&H,_m),zo the function that reverses H' at its lifetime. We

easily check that A : Exc — Exc is measurable; with a slight abuse of notation, we also set:

+. _
A(MGT gy (D) = > S(r(H)—a,A(H o), A(FT0))"
aeJo,-(m)Nx,T(H)]

It is easy to check first that A(./\/lg * (H) (H)) is a measurable function of ./\/lg i( H)(H ) and next that

T
Mo gy ot (H®) = MM ) (HD). (87)
This combined with (86) and Lemma 2.2 immediately implies the following lemma.

Lemma 2.3. There are two measurable functions ®, & : My (E) — Ry x Exc such that

YH € Exc,Vx € (0.T(H)), @M% ) (H)) = (t(H) — 17 (H), HS) and

(M gy (HD) = (e11 — 7 (H), HP),

vbvhigg)r (H) is defined by (82), T, (H) and ;7 (H) by (83), H®* and H®* by (84) and Maj(H)(H) and M(J{);(H)(H)
y (85).

2.2. Proofs of Theorem 1.1 and of Theorem 1.2

As already mentioned, Abraham & Delmas in [3] make sense of the conditioned law N(- | I' = r): namely they prove
that N(- | ' =r)-a.s. T =r, thatr — N(- | I' =r) is weakly continuous on C(R,, R ) and that (26) holds true. Recall
from (30) and (34) the short-hand notations

Vr,b,y€(0,00), NI =N(|[=r), Np,=N(-N{['<b}) and P)=P'(-N{ <bh}), (88)

where we recall from (16) the notation PY. Also recall from (23) that Nf—a.s. there exists a unique t € [0, ¢] such
that H; = I'. Recall from (11) that My . (H) gives the excursions coding the subtrees grafted on [p, p(t)] listed
according to their distance of their grafting point from p(t) (here p : [0, ] — 7T stands for the canonical projection).
In the following lemma, we recall from Abraham & Delmas [3] the following Poisson decomposition of H under NI
at its maximum, which extends Williams’ decomposition that corresponds to the Brownian case.

Lemma 2.4 (Abraham & Delmas [3]). Let W be a branching mechanism of the form (13) that satisfies (14). We keep
the previous notation. Let r € (0, 00). Then, under Nf,

Mor(dadH dH)= " 8, 170 710 (89)

acJo.x
is Poisson point process on [0, r] x C(Ry, Ry)? whose intensity is

0, (dadH dH) := By, (a) da(So(dH )N, (dH ) + No(dH)do(dH))

+ 1j0,-1(a) da/

(0,00)

7(dz) / : dxPX(dH)P: ™ (dH), (90)
0

where 8 and w are defined in (13) and where 0 stands for the null function.

We first discuss several consequences of Lemma 2.4. To that end, we set

v, o(dH dH ) = B8o(dH )N, (dH ) + BN, (dH )do(dH ) + /

(0,00)

7 (dz) / ) dxPX(dH)P (dH),
0
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so that n, (da dH dﬁ) =1j0,/(@)dav,, (dﬁ dﬁ). Denote by (v, 4) the total mass of v, ,. We claim that (v, ;) = oco.
Indeed, first recall that N is an infinite measure. Since N(I' > a) < oo (by (24)), N, is also an infinite measure.
Thus, if 8 > 0, (v, ) = oo. Suppose now that § = 0. Then by (25), we get (v, ,) = f(O,oo) 7 (dz)ze @ = o0, since
J0.00) 277 (d2) = 00, by (18).

Therefore, standard results on Poisson point measures entail that Nf -a.s. the closure of Jp, ; is [0, r]. This point
combined with the fact that H is Nf -a.s. continuous with compact support implies that Nf-a.s. Mo,z € Mu(E),
where the set of point measures .#}, (E) is defined in Definition 2.2.

Recall from (78) the definition of Exc and recall from (17) and from (22) that P* and N are supported by Exc. We
easily derive from (26) that Nf -a.s. H € Exc.

Next recall that A : Exc — Exc, its the functional that reverses excursions at their lifetime: namely for all H €
Exc, we denote by A(H) = (Hy—1),)r=0. Then, Corollary 3.1.6 [14] asserts that H and A(H) have the same
distribution under N. This also implies that H and A (H) have the same law under P* and by (26) we easily see that
H and A(H) have the same law under Nf .

We thus have proved the following.

H and A (H) have the same law under Nf and Nf-a.s. HeExc and Moy, € Au(E). o1

Recall from (82) the definition of T (H ), from (83) that of 7, (H) and 7.7 (H), from (84) that of H®* and H®*, and
from (85) that of M(;,);(H_)(H) and M&:(H)(H). To simplify notation we simply write 7, ., 7", M, and /\/18";
We then prove the following lemma.

Lemma 2.5. We keep the same assumptions as in Lemma 2.4 and the notation therein. Let x € (0,r). Then, the
following holds true.

(i) Under NI, M and Ma' 7 are independent Poisson point measures.

(i) N-as.x ¢ Jo.r.
(iii) M T under NL has the same law as Mo ; under NY.. Thus the law of H®* under N} is N

Proof. Point (i) is a consequence of Lemma 2.4 and of basic results on Poisson point measures. Moreover, M~
under Nf has intensity 1o xj(a) dav, (dﬁ dﬁ) which is equal to n,. This implies that /\/16 ’; under Nf has the same
law as Mg ; under N}:. By Lemma 2.2 and Lemma 2.3, it implies that

law

(t—r;,Hex):CD(M&i) under NI =2 (¢, H)=®(Mp,) under NI,

which entails (iii). Since the intensity measure n,(da dH dﬁ) is diffuse in the variable a, standard results on Poisson
point measures entail (ii). (Il

Proof of Theorem 1.1(i). We keep the previous notation and we set
¥be (0,00, YH, H eExc, A, =b+T(H)VI(H). 92)

Recall from (24) and (25) that the distributions of I' under N and under P* are diffuse. Thus, for all a € (0, c0),
the distributions of I" under N, and under P} are also diffuse. Recall the notation (89) for My .. Then, Lemma 2.4
combined with Lemma 2.1 implies that Nf -a.s. there exists a unique Y € (0, r) N Jo,r such that

D=Y+T(H)VI(H)=A, v 5v > SUp A, 570 7a- (93)
T ey T

Then either F(ﬁy) < F(T—I)Y) or F(ﬁy) > F(T—I)Y). Let us consider these two cases.
o If F(ﬁY ) < F(?I)Y) then by (23) and (25) there exists a unique point #, such that ﬁ}: = F(ﬁy). This entails

Theorem 1.1(i) in this case under N,F and we have 19 =t and

n=t+tt+ Y. g

aeJo,N[0,Y)
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o IfI(HY)>T'(HY) then by (23) and (25) there exists a unique point #, such that ﬁ,’; —=T(HY). This entails
Theorem 1.1(i) in this case under NrF and we have 71 = 7 and

To="Itx + Z Cia-

aeJo . NY,r]
Theorem 1.1(i) is then proved under Nf, for all r € (0, co), which implies Theorem 1.1(i) (under N) by (26). O
Proof Theorem 1.1(ii). Recall from (85) the notation M, : and ./\/la' ); We shall use the following lemma.

Lemma 2.6. We keep the same assumptions as in Lemma 2.4 and the notation therein. Recall from Definition 2.2 the
notation My (E). Then, for all r € (0, 00) and for all measurable functions Gy, Gy : My (E) — Ry,

N L=y G1 (Mg 2 PP) G (Mg /P P) ] = NE [1 =N )5 [G1 (Mo,0)]G2 (MG VP P)],

with a similar statements where 1 is replaced by t1. Moreover, by (26) a similar statement holds true under N.

Before proving this lemma, we first complete the proof of Theorem 1.1. Recall from the notation (89) and from
(85) that

_ -(1/2)D __
Mo = Z 8770 Hay and M = Z 8. a Hay:
jedo.x Jj€Jo,.N[0,(1/2)D]

(1/2)D

We next note the event {%D € Jo.r } is the event that /\/l(; N

then get

has an atom “at” %D. By Lemma 2.6 with G, =1 we

1 o0 1
N<§D € jo,,> =/O N(D e dr)N{l/z),<§r € jo,r) =0

because for any b € (0, o0), Lemma 2.4 asserts that under Ng, Mo ¢ is a Poisson point measure with intensity np,
which implies that Ng—a.s. b ¢ Jo . We next use Remark 2.3 with x = %D that asserts that

- = + o+
Tmid -~ Y(1/2)D and 7., = T1/2)D (94)
are the only times ¢ € [0, ¢], such that d(p(t1), p(¢)) = 1D, which completes the proof of Theorem 1.1(ii). U

Proof Theorem 1.1(iii). Let », y € (0, co) be such that %y <r < y. We first work under Nf . Recall from (89) the
notation for My ; and recall notation (92). Then (93) combined with Lemma 2.4 that asserts that under Nf , Mo,z is
a Poisson point measure with intensity n,, we get

NI (D < y) =NF (sup{A,, 570 7450 € Jor} <3) = exp<— / n,(dadH dﬁ)lma 0 ﬁa>y}>, (95)
where n, is given by (90). Recall from (24) that N(I" > ¢) = v(¢) and from (25) that P*(I" <) = ¢ @ Thus,

/nr(dadﬁdﬁ)lm 70 a>)

:2,3/ daN(y —a <T <a)
0

r Z
+/0 da/m )n(dz)/o dx/PZ(dﬁ)/Pg_x(dﬁ)(l_1{F<ﬁ)5y—a}1{r<ﬁ)5y—a})'
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Ifa < %y, thenN(y —a <I'<a)=0andifa > %y, then N(y —a < T <a) =v(y —a) — v(a). Recall that the total
mass of P}, is P*(I' < a) = exp(—xv(a)) and observe that Py(I' <y —a) =P*(I' <a A (y — a)) = exp(—xv(a A
(y —a))). Thus

/Pz(dﬁ) / P @H) (= ip iyl (ayzya) =€ — 70007,

which is null if a < % y. Note that this expression does not depend on x. Consequently,

/nr(dadﬁdﬁ)lm 70 1a)

r r
:/ da2,3(v(y —a) — v(a)) +/ da/ n(dz)z(efzv(“) — efzv(yf“))
1/2)y 1/2)y (0,00)

1/2)y

r

db¥' (v(b)) — /( ) vdb\I/’(v(b))

=/(r da(\y’(v(y—a))—w’(v(a)))=f

1/2)y y=r

by (13). Recall that v satisfies f;(%) d)/W¥ (L) = b. The change of variable A = v(b) entails

v(y—r) 4 v((1/2)y) ’
/n,(dadﬁdﬁ)l{A . >y}=/ A2 —f a2
aHe Ha w1y PR u(r) W(A)

Wk ) Y (((1/2)y)
=log —log
V(v ((1/2)y)) V(v (r)

By (95), we get

W (v((1/2)y))?
Y)Wy —r)

Vr e (0,00),Vy € (r,2r), NU(D<y)= (96)

Now observe that NL'(D > y) =0, if y > 2r and that N* (D > y) =1, if y < r. Thus by (26),

o y W (u((1/2)y))>
N(D = N edr)N'(D =NT / — )
(D>y) /0 (' €dr)N, (D >y) T=>y+ s Ty —1)

—(3) () [, w6 3) [, 5
—\2” 27 a2y Yy —r) 27 27 o((1/2)y) YW

where we use the change of variable . = v(y — r) in the last equality. This proves (27) that easily entails (28), which
completes the proof of Theorem 1.1(iii). O

dr v (v(r)) (1

Proof of Lemma 2.6. To complete the proof of Theorem 1.1, it remains to prove Lemma 2.6 that is also the key
argument to prove Theorem 1.2. We first work under Nf . Recall the notation (89) for My ; and Jp  and recall from
(85) the following definitions (with x = %D),

_ —(1/2)D __
Mor= Y S fpaqray Mos "= Y. 8, feaqe and
jedo j€Jo.-N[0,(1/2)D]
+(1/2)D _
Mo,r = Z a(a’ﬁn’ﬁa)-

J€J0,:N((1/2)D.r]

Recall from (93) the definition of the random variable Y: since F(ﬁy) \Y, F(ﬁy) <Y, weget?Y > %D and
(7, ﬁy, ﬁy) is an atom of /\/lar (Tl/ 2)D. This argument, combined with (93) and the Palm formula for Poisson point
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measures, implies
N, [Lir=co) F (Y, HY, ﬁY)Gl(M(;(T]/Z)D)Gz(MS:(II/Z)D)]

:/nr(dydH/dHH)l{r(HH)>I‘(H/)}F(y, H/, H//)

+(1/2)Ay,H’,H”

—(1/2)A, g oy
) )GZ(MO,I +S(y,H/yH//))1{A},’H/,HH>Sup{A“,ﬁa,ﬁa;06\70,1}}]7 (97)

X Nf [Gl (MO,r

where we recall that 79 = t iff F(ﬁy) > F(ﬁY). Then observe that n, ® Nf-a.e. forall a € Jp N[O, %Ay,Hr,Hu],
we have A 470 7o <2a < Ay g . Thus, n, @ NL -a.e.

LAy o gr>supla, gra gaiac o)) = WA, g g >sup(B, g0 ga:a€ToN(1/DA, g gr.rl})
+(1/2)A

that only depends on y, H', H” and of M, _
x= %Ay,H/‘H//, we get

WY By (97) with F = 1 and by Lemma 2.5(i) and (iii) with

Nf [l{r:fo}G] (Ma(fl/z)D)Gz(M&(rl/z)D)]

= / n,(dydH’ dHN)1{1"(H”)>F(H’)}N{1/z)Ay’H,’H,, [G1(Mo.)]

r +(1/2)A o H H
X Nr [GZ (MO,r ? + 8()’,H’,H”))I{A).YH/,H// >sup{Aﬂ,ﬁavﬁn;a€jo,r}}]

= Nrr[l{r=ro}N5/2)D[Gl (MOJ)]GZ(MJ,EI/Z)D)]’

which completes the proof of Lemma 2.6 when T = 7 under Nf . When t = 11, the proof is quite similar. Then, (26)
immediately entails the same result under N. (]

Proof of Theorem 1.2(iii). Recall from (84) the definition of H®* and H®*. Then, Lemma 2.6 under N and
Lemma 2.3 imply that for all measurable functions Fp, F> : CR,Ry) - Ry, f: Ry — Ry,

N[Liemr £ (DY F1 (HEVDP) Fy (HEVP)] = N[y fDING, o [ Fi(H)]Ex (HEP). ©8)

Here we can include f(D) in the previous equality because %D is the total height of HOU/2P We get a similar
statement with ¢ = 1. To simplify notation, we next set

H® .= HOUW/DD and HO .= gOU/2D 99)
By adding (98) with the analogous equality with 7 = 71, we get

N[/ (D)F1(H®)F2(H®)] = N[ f(D)N{, o, p[ F1 (H)] F2(H®)]. (100)

Recall from (94) that 7_;, = T /2D and r;lrid = r(J]r 12)D° rewriting (84) with x = iD yields

- +
HE = H-[/i?flir]id—fr;m)’ H® = H-[ATT;—](T;A—T‘;M)) and thus  H!"isl = H ® HGB’ (101)
where we recall from (29) that H' @ H" stands for the concatenation of the functions H' and H” .

Let us briefly interpret H® and H® in terms of the tree 7. To that end, first recall that y = p(1), v = p(10)
and y| = p(t1), where p : [0,¢] — T stands for the canonical projection. Recall that ypyq is the mid point of the
diameter [yp, y1]: namely d (30, Ymid) = d(¥1, Ymid) = %D. Recall from Theorem 1.1(ii) that 7, and r;rid are the
only times ¢ € [0, ¢] such that p(f) = Ymiq; thus, Ymiq is a simple point of 7; namely, 7 \ {¥miq} has only two
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connected components. Denote by 7 the connected component containing y: it does not contain the root; if we set
T~ ={yma}UT%and T+ =T\ T?, then H® codes (T, d, ymia) and H® codes (T, d, Ymid)-

In the following lemma we recall Proposition 2.1 from Duquesne & Le Gall [16] that asserts that H is invariant
under uniform re-rooting. Recall from (8) the definition of H 11

Lemma 2.7 (Duquesne & Le Gall [16]). For all measurable functions F : Ry x CR4+,Ry) - Ry and g: Ry —

R,
¢ ¢
N[g(()f th(t,H[’])} =N[g(§)/ th(r,H)]
0 0

By applying this property we first get

N[¢Fi(H®)F,(H®)] = N[/Og dt Fy (HG)FZ(H@)] =N[/{ drFl((H“')e)Fz((H'”)@)] (102)

0

Next observe the following: if f € (1,4, 7,5:)), then (H!")® = H® and (H")® = H®, andif t € (0, 7,,) U (1,54, 0.

then (H!'Y® = H® and (H'HY® = H®. Thus,
¢
[t () () = (s ) 3 () () 4 (€ = 55+ 500) 1 (11°) P2 (119)
=pe FI(H®)F(H®) 4 ¢ye F1 (H®) F2(H®).
This equality, (102) and (100) with f = 1 imply the following:
N[¢Fi(HO)F2(H®)] = N[gyo Fi (H®) F2(H)] + N[¢ue Fi1 (HE) F2(H®)]
= N[N, 2 p[¢ P (BD [ Fi (H®)] + N[N 1) p [ FL () g0 Fa (H®) ] (103)
Next observe that {ge + {ye = ¢. Thus, by (100) we also get
N[¢ Fi(H®)F2(H®)] = N[syo Fi (HZ) F2(H?)] + N[¢no Fi (HE) F2(H®)]
= N[Ny i CHY s (H)] 4+ NN oy [ D e ()], (104

Then by (103) and (104), we get N[N(I/Z)D[C FI(H)F(H®)] = N[N{I/Z)D[; F>(H)]F|(H®)]. Since the total height
of H® and H® is ED’ for all measurable functions Fi, F> : C(RL,R;y) - Ry, f: Ry — R4, we get

[f(D)N(l/z)D[;Fl(H)]FZ(HGB)] [f(D)N(l/z)D[ng(H)]Fl(H@)]. (105)
By taking in (105) Fi = 1 and by substituting /(D) with f(D)/N{; , p[¢], we get

N[f(D)F2(H®)] = NLF (DINGy 2, p[¢ Fa (D] /NGy 2y pl2 1],
and by (100), it entails

N[F(D)Fy (H®) Fy(H®)] = N[ £ (D)N{y ) p [ Fr (EDINGy 1) p[¢ Fa ()] /NGy 1 p 1] (106)

Recall from (101) that H™mia! = H© @ H®. Then, (106) implies for all measurable functions F : C(R4, R4) — Ry,
f :R+ — R+, that
N[f(D)F (H'mdl)]

£)
NP, lc]

= / N(D edr) /f N} (dH)Ny»(dH' )¢y F(H @ H'), (107)
0 C(Ry,R4)2
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which implies Theorem 1.2(iii) as soon as one makes sense of N(- | D =r). O

Proof of Theorem 1.2(ii). Recall that A : Exc — Exc is the functional that reverses excursions at their lifetime:
namely for all H € Exc, A(H) = (Hy 1), )r=0- Recall from (91) that for all € (0,00), H and A(H) have the
same law under N©', which entails the following by (106):

(A(H®), A(H®)) and (H®, H®) have the same distribution under N. (108)
Next, observe that D(A(H)) = D, t(A(H)) = ¢ — 1, 1o(A(H)) = ¢ — 71 and 71(A(H)) = { — T9. Moreover,
(A(H))® = A(H®) and (A(H))® = A(H®). This combined with (108) and (106) implies that
SN DI (HO) ()] = N[y £ (D) F1 (1) Fo(1°)]
=N[1jz=r,) f(D)Fi1 (H®)F,(H®)]. (109)
We then define

ift=1 and t*:=tt, ift=r1.

T =T ‘mid

mid
By (101), we get
H" 1 —H°® H® on{r=1) and H"'=H®@®H® on{r=1).
This, combined with (109) and (106) entails
N[/ (D)F(H"™)]

Jf(r)

= N(D ed
/0 ST

/ / N} 2 (dH)NL (dH ) G + Cu) F(H & H'). (110)
C(R{.Ry)?

Recall from (31) the definition of the law Q,.. Since r Nf is weakly continuous, it is easy to check that r > Q, is
also weakly continuous. Then observe that Q,[¢] = 2Nf /2[§]. Therefore (110) can be rewritten as

N[f(D)F(H™ )] = /O N(D edr) f(nQ:[¢ F(H)]/Q:L¢]. (111)

Next observe that for all ¢ € [0, ¢], (H" )1 = HI7"+1] and that D(H"!) = D. Thus, (111) implies
f N(D edn) f(nQr [s‘ f diF(H [”)}/Qrm = N[f(D) / th(H[f*“])}
0 0 0

_ N[ | ; dtf(D(H[’]))F(H[’])]
=N[¢f(D)F(H)],

where we have used Lemma 2.7 in the last line. This proves (32) in Theorem 1.2(ii). O

Proof of Theorem 1.2(i) and (iv). The rest of the proof is now easy: we fix r € (0,00) and we denote by
I, (dH' dH") the product law Nf/z(dH’)Nf/z(dH”); we then set H = H' @ H”. Thus, by definition, H under I,
has law Q,.. Observe that if 7 # t(H') (resp. t # t(H")) then H/ < r/2 (resp. H/' < r/2). Note thatif s € [0, {y'] and
t €[Cu, Sy + ¢hr], then infl y H =0 and dy (s, t) = H] + Hz//—gH/' This easily entails that IT,-a.s. D(H) =r and
that T(H') and ¢ + t(H") are the two only times s < t such that dy (s, t) = D(H), which completes the proof of
Theorem 1.2(1).
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The fact that Q,-a.s. D = r, combined with (32) and with the fact that r > Q, is weakly continuous, allows
to make sense of N(- | D = r) that is a regular version of the conditional distribution of N knowing that D =r.
Moreover, (32) entails (36) for all r € (0, co). Furthermore (107) entails (33) that was the last point to clear in the
Theorem 1.2(iii), as already mentioned.

It remains to prove Theorem 1.2(iv). We keep the previous notations and we introduce the following:

Mo, (H Z 8. o fay and Moy (H Z 8(q. 10 Hay:

aejo,r aEJO,r”

that are under IT, independent Poisson point measures with the same intensity n,/;, by Lemma 2.4. We then set
19(H) :=t(H') and t{(H) := ¢y + T (H"), that are the only pair of times realizing the diameter D (H) under IT,, as
already shown. Observe that under IT,,

MtO(H),rl(H)(H) = Z a(r,a)A(ﬁa)’A(ﬁa)) +M0,‘[(H”)(H//)s

aEJO,r’

where we recall here that A reverses excursions at their lifetime and that A is invariant under N, and P}. Thus, basic
results on Poisson point measures and an easy calculation show that Mg, () (H) is a Poisson point measure
whose intensity is given by (35) in Theorem 1.2(iv), which completes the proof of Theorem 1.2(iv) because H under
I1, has law Q, and thus M), 7, () (H) under IT, has the same law as M, , under Q,. This completes the proof
of Theorem 1.2. O

3. Total height and diameter of normalized stable trees
3.1. Preliminary results

In this section, we gather general results that are used to prove Proposition 1.3. Unless the contrary is explicitly
mentioned, V is a general branching mechanism of the form (13) that satisfies (14). We first introduce the following
function

Va,r € (0,00), wj(a):=N[1—Lr<ge ] (112)

For all fixed A € (0, 00), note that a — w; (@) is non-increasing, that lim,_,o wy (a) = co and by (21) lim,_, o w) (a) =
N[l —e *]=w"! (A). As proved by Le Gall [27], Section I1.3 (in the more general context of superprocesses) w;, (a)
is the only solution of the following integral equation,

o0 du
Ya, A € (0, 00), —— =aq, (113)
wy (a) W(u) — A
that makes sense thanks to (14).

Let us next consider H under [P and recall from (16) that P* stands for the law of H.,7, where Ty =inf{t e R :
X; = —x}. Recall from (19) that ), .7 8( Lo HY) stands for the decomposition of H into excursions above 0; thus, the
excursions of H..r, above O are the H i where i €T is such that —I;, € [0, x]. Elementary results on Poisson point
processes then imply the following:

EZ [ef)‘f] = Ex [ei)‘gl{l"fa}] = E|:6Xp<— Z)\.{Hi I[O,X](_Iai))l{F(Hi)<a,i€I:—Iai <x}]
ieZ
= exp(—xwy(a)). (114)

We first prove the following lemma.
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Lemma 3.1. Let ¥ be a branching mechanism of the form (13) that satisfies (14). Recall from (112) the definition of
w; (a). First observe that for all a, A € (0, 00),

R du 3)&01(61)
dgwy(a) = A — \Il(wx(a)) and 5= . (115)
w; (a) (W(u)—2) W (w;(a)) — A
Recall from (24) the definition of the function v. Then, for all a, A € (0, 00),
Jim w, (@) =v(@) and v(@) <wi(@)=v(a)+ No[1—e™™] <v@ + ¥ '), (116)
=
where we recall from (34) the notation N,. Then, for all ri > rg > 0, we get
n W (w; (rg)) — A " Y (v(rg))
da¥'(w; (a)) =log ———"——  and / da¥'(v(a)) =log ——=. 117
/m (@) =108 e — 2 , v @) =loe g0 (o

Proof. Note that (115) and (116) are easy consequences of resp. (113) and the definition (112). Let us first prove
the first equality of (117): to that end we use the change of variable u = w, (a), A being fixed. Then, by (115),
—du/(¥(u) —A) =da, and we get

" / B w;.(r0) ' (u) _ W (w; (rp)) — A
/m da¥(u7,(@) _/wm) M7 W) 4

which implies the second equality in (117) as 1 — 0 by (116). ]

Proposition 3.2. Let V be a branching mechanism of the form (13) that satisfies (14). Let r € (0, 00). Recall from
(30) the definition ofNrr and recall from (112) the definition of w) (a). Then for all A € (0, 00), we first get

_ g W(w; (r)) — A
Nl [e 8] = <—/d v’ - )=7. 118
r [6 ] €xp 0 a( (U))L(Cl)) (U(Cl))) \IJ(U(}’)) ( )
We next set g, (y,r) := Nf [e‘“l{D>2y}]. Then forall y € (%r, r), we have
_ W(wi(r) — A (¥ (w;.(y) —1)?
GO =g <1 T Wy — ) = (W (ws(r) — A) ) (1

Ify < 3r, then g3(y,r) =NL[e™™ and if y > r, then q;(y, ) =0.

Proof. Recall from (89) the notation My ; and recall from (92) the notation A b 577 - Then, for all r, y, A € (0, 00),
we get Nl -a.s.
e‘“l{pszy} = exp(—k Z (70 + {ﬁﬁ)l{\mejo,T:Auﬁa_ﬁa <2y}

GEJO,I

Lemma 2.4 asserts that under NI, M ; is a Poisson point measure with intensity n, given by (90). Thus, elementary
results on Poisson point measures imply that

N[ 1p<ay] = ew(—/n,(da dH dH)(1 - I{Aa,ﬁyﬁizy}e_)‘fﬁ_k{ﬁ)>‘

K

Recall that the total mass of P} is Y@ and recall (114). Thus,

r r
K :/ da2BNg[1 — Lir<ay—aje *¢] +/ da/ m(dz)z (e @ — gmwrlan@y=an)
0 0 (0,00)
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Now observe that
Na[1 = Lr<ay—aje ] =N[1 = Lrzany-ayje "] = Nllir=a)] = wi.(a A 2y — a)) — v(a).

Consequently,

N [ paay] = eXP<—fO

Then observe that if y > r, the NI [e™*¢1{p<2y}] = NI [e7*¢] because D < 2T". This combined with (120) entails the
first equality of (118). Then, use (117) in Lemma 3.1 to get for any ¢ € (0, r),

ro , g YOO) L ()
/e da(¥' (wx(a)) — ¥ (v(a))) =log W(w; (1)) — A log W(w; () — A

r

da(¥'(w;(a A 2y — ) — qﬂ(v(a)))). (120)

This show that ¢ — W(v(e))/(V(wx(e)) — A) is increasing and tends to a finite constant C € (0, 00) as ¢ — 0.
Then, C; "W (v(r))NE [e=*¢] = W (w; (1)) — A, which is equal to —8,w; (r) by (115) in Lemma 3.1. Then recall from
(24) that N(I" € dr) = W (v(r)) dr; thus by (26) and the fact that w; (r) tends to W~ (1) as r — oo, we get for all
b € (0, 00),

w;, (b) — ¥ () =/ drC; W (v()N[e ™ ] = € 'N[e ™ Lr=p)]
b

=C'(N[1 = Lireppe ™ ] =N[1 — e *]) = C; H (wi(d) — ™' V).

This implies that Cy = 1, which completes the proof of (118).
We next assume that y € (%r, r). Observe that a A 2y —a) =a ifa € (0,y) and thata A Ry —a) =2y —a if
a € (y,r). By (120) and (118), we then get

_ _ W(wy(r)) — A _qr / N
00) = N[ = NE[e 0 ey ] = HEAED R (1 g et o )

which easily implies (119) by (117) in Lemma 3.1 since

’

" Y V(wr(Zy —r) — 2
daV’' (wy 2y — a) :/ da¥'(wy(a)) =1lo and
/y ( )=, ey ) =loe =g 5y =
" W (w, () — A
da¥'(w; (a)) =log ——————.
/y (oa(@) =log G =
The other statements of the lemma follow immediately. (]

Proposition 3.3. Let V be a branching mechanism of the form (13) that satisfies (14). For all y, z, A € (0, 00), we
have

Li(y,z) := N[e_lgl{D>2y;F>z}]

© du
= Vv — \I/_l A —1 7<2y v —A 2/ PN
wi(y V2) () = Lz<ay) (¥ (i () — 4) s (A (2y—zy) (W) — 2)2

2w, (YA Ry —12)
W(wir(y A2y —2) — A

= wi(y VD) — TR — 1oy (W (wa(y) — ) (121)

Proof. Recall notation ¢, (y, r) from Proposition 3.2, which asserts that g, (y,r) =0 if r < y and that W(v(r)) x
q.(y,r) = —0,w, (r), if r > 2y. Then, by (26), we get

e @]

dr\IJ(v(r))q;\(y,r) —/ dro,w, (r). (122)

ZV2y

2y

Li(y.2) = / drw (v(r) (v, r) = Lp<y) /

vy
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Since lim, _, oo w; (r) = W1 (1), we get

—/oo dro,wi(r) = wy(z V2y) — W), (123)
zV2y

We next assume that z € (y,2y). By (119) and since W (w; (r)) — A = —0,wy (r), we get

" 2 5 (% dr
/ dr\I/(v(r))q/\(y,r):_/ drdw; (r) = (¥ (wx () — 2) / W(wi2y —r) — &
2y—z dr
_ ) — (W sy 2/ e
wi(2) — wry) — (W (wr(y) — 1) 0 W (w; () — A
e du

2
_ —wy(2y) — (¥ —* RIOEDR
wy(2) — wry) — (W (wr(y) — 1) /uu(Zy—z) (W(u) — 1)?

with the change of variable u = w, (r) in the last line. This combined with (123) easily entails the first equality in
(121). The second one follows from (115) in Lemma 3.1. (Il

3.2. Proof of Proposition 1.3

In this section, we fix ¥ € (1, 2] and we take W (1) =AY, A € R Recall from (112) the definition of wy (a). We then
set

Yy €(0,00), w(y):=wi(y). (124)
Note that w satisfies (45) that is (113) with A = 1. By an easy change of variable (113) implies that
Va,n € (0,00), wj(a)=r""w(ar¥=D/7). (125)

Recall from Proposition 3.3 the definition of L, (y, z). Then observe that the scaling property (44) entails (46). More-
over (47) follows from a simple change of variable. Next note from (125) that

aw/(a)h(y—l)/y).

1
hwy(a) = ;,\I/V—lw(aw—””) +7 y

This, combined with the fact that —w’(y) = —8,w;(y) = w(y)” — 1, implies

Hhwr()lr=1 _ 1wl  y-1
w(y)” —1 ywy) —1 Y

which implies (48) thanks to the second equality in (121) in Proposition 3.3. This completes the proof of Proposi-
tion 1.3.

3.3. Explicit computation of Ny [I'] and N[ D]
We can deduce from Proposition 1.3 explicit expressions for the first moment of I' and D under Ny;.
Proposition 3.4. We fix y € (1, 2] and to simplify notation we set § =1 — % Then we get:

212l 1 (1 — /7)1 = vr=D/r)

=Y —1/y

Nl =r Gy by (1 —0)? (126)
o Jm2® 28 2n+1+28
T e(1/249) (3 T 20 _5),; (n+8)n+1+8)(n +25))' (127)
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Proof. The scaling property (44) entails that for any A € (0, 00),
o 2
N[¢ce™T]=¢, /0 drr 17V pe M p 0 EDIYN T =272 Y ¢, T (2 — ;)Nm[l“]. (128)

Recall from Proposition 3.3 that L; (0, z) = N[e™** 1~ ]. Thus,

o0 00
N[ie—kir] =/ dzN[{e—k§1{r>z}] =/ dz(_akLX(()’ Z)). (129)
0 0
Recall from (45) the definition of the function w. By (47) and (49) in Proposition 1.3, we get
—1
—9,L;.(0,7) = —Al/7r~ 1(1 (ZMV*U/V)) _ y—zw’(zk(yfl)/y).
v 14

Recall that 1/(yc,) =Te(1 —1/y). The previous equality, combined with (129) and (128) with A = 1, implies

Fe(l - 1/7/) o /
N[ = ra=3/p h dz(l —w(@) — (y — Dzw'(2))
271+2/yﬁ

SRRy Jy U@ - Daw'@), (130)

by the duplication formula for the gamma function: I'e(1 — Jl/)/ Fe(2— 2) 2712y 7y Fe(% - %). Recall that w
satisfies the integral equation (45). By the change of variable y := w(z), we easily get

[e'9) , . o l—y *  du
/0dz(l—w(z)—()/—l)zw(z))—'/1 dy(yV—I )/—1)/y uV—1>' (131)

Note that (1 — y)/(y¥ — 1) = fy°° du((1 —y)u? — 14+ yu¥~"/@? — 1)2. Then, (131) equals

A=y’ —1+yu’~"  y—1 /OO /°° w1 —1
d = dy | aul——_
/ y/ ( W —1)? 1)) @) ey

1

W’ =12
_ /1dvv_l/y (1 =07y = v =D/r)
o (1-v)? ’

where we have used Fubini in the second equality and the change of variable v =« ™7 in the last one. By (131) and
(130), we get (126). We then use the expansion (1 — V)2 = ano(n + 1)v" in (126) to get (127) by straightforward
computations. (]

We also get an explicit formula for N[D] in terms of § :=1 — L The method is the same as in Proposition 3.4
but computations are much longer; we skip the proof and we just state the result.

Proposition 3.5. We fix y € (1, 2] and to simplify notation we set § =1 — % Recall from (45) the definition of the
function w. Then,

22/yﬁ 00 \/_2—25 2
Nnr[D]—m 1 dxW(x) = To(1/2195) (-—3+5(A1(5)+A2(5)+A3(3))> (132)

where for all x € (0, 00),

00 2 _ 0 _
W(x) = 2(}/ _ 1)2x)/71(xy _ 1)(/ du ) _ (7/ 1)(2}/ + 1)(xy _ 1)/ du _ X 1 I l_x’

u’ —1 y u—1 xr—1 vy
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where

P

O=05e Tavs

8(1—8)3 8(1 —9)s

Ar(8) = -

20) m;() (m+n—2+28)(m+8)(n+9) m;O R S ToEa

m:i-n_Zé m:}—n_zé
B 4(1 —8) 4(1—68)(3—9)

A3(5)—Z n—1+28)(n—1+90) _Z(n+5)(n_1+25)(n—2+25)'

n>2 n>3

Note that A1(8) + A2(8) + A3(8) = O(1) as § — 0 (namely as y — 1).

In the special case y =2, (126) implies N [I'] = /7 and (132) implies Ny [D] = éﬁ , that are known results
which can be found in Szekeres [34] or Aldous [6]. As ¥y — 14 (namely as § — 0+), we use (127), (132) and the
well-known Taylor expansion of the gamma function:

R(% +5> =T — 8/ (2log2 + ye) +O(52)’

where y. stands for the Euler—-Mascheroni constant, to get (50) in Remark 1.6.

4. Proofs of Theorems 1.5 and 1.7
4.1. Preliminary results

In this section we prove several estimates that are used in the proofs of Theorems 1.5 and 1.7. We fix y € (1, 2] and
we take V(L) =AY, L e R,

Laplace transform
We next introduce the following notation for the Laplace transform of Lebesgue integrable functions: for all measur-
able functions f : R4 — R such that there exists A9 € Ry satisfying

o o
/ dxe ™% f(x)| <00, weset L (f):= / dxe ™ f(x), A€[rg,00),
0 0
which is well defined. We shall need the following lemma.

Lemma 4.1. Let f, gy, h, : Ry — Ry, n €N, be continuous and nonnegative functions. We set f, .= g, — hy,. Let
(gn)n>0 be a real valued sequence. We make the following assumptions.

o o0
JroeRy: f dxe ™% f(x) <oo and Z |gn| / dxe 0% (g,, (x) + hy, (x)) < 00. (a)
0 n>0 0

This makes sense of the sum ano qn Ly (fn) for all ) € [1g, 00) and we assume that

Vi €[h0,00),  La(f) =) anla(fn). (b)

n>0

We furthermore assume

VieRe, Y laal( sp ga)+ sup k() <os. ©
n=0  velox] yel0.x]
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Then,

VieRy, f()=Y gnful®).

n>0

where the sum in the right member makes sense thanks to (c).

Proof. We denote by (-)™ and (-)~ resp. the positive and negative part functions. Assumption (c) ensures that the
following functions are well defined for all x € R4, continuous on R and nonnegative:

G:=f+Y () g+ (@) hy) and H:="((g)* gn+ (gn) hn)-

n>0 n>0

Since the functions are nonnegative, for all A € [Ag, 00), we get

Li(G)=Li(F)+ D (@)™ La(gn) + (@) T La(hy)) and  Li(H) = ((gn)" L1 (gn) + (g2) " Lo ().

n>0 n>0

By Assumption (a), £, (G) and £, (H) are finite quantities for all A > Xo. Assumption (b) then entails that £, (G) =
L, (H), for all for all L > Xg: this implies that the Laplace transform of the finite Borel measures e *G(x)dx and
e %0 H (x) dx are equal. Consequently, these measures are equal. Thus G = H Lebesgue-almost everywhere. Since
G and H are continuous, G = H everywhere, which implies the desired result. O

Estimates for stable distributions
Let (2, F, P) be an auxiliary space. Let S : 2 — R be a spectrally positive VT_I—stable random variable such that

o
VA € R+, E[e‘xs] = / dxsy, (x)exp(—Aix) = exp(—y)»(”_l)/y), (133)
0

where we recall from (53) that s, : Ry — R, is the continuous version of the density of the Y=L stable distribution.
We recall here from Ibragimov & Chernin [25] (see also Chambers, Mallows & Stuck [9] formula (2.1), p. 341 or
Zolotarev [38]) the following representation of such a VT_I-stable law: to that end, we first set

(134)

y sin(((y — 1>/y>v>>y1 y sin((1/y)v)

Yv e (—m, ), my,(v)= ( - -
sinv sinv

Let V, W be two independent random variables defined on (€2, F, P) such that V is uniformly distributed on [0, 7]
and such that W is exponentially distributed with mean 1. Then,

g taw) (11, (V) /=1
W 9

which easily implies that

Vx e (0,00), 5, (x)=2— L /n dvm,, (v)exp(—x~ " Vm, (v)). (135)
0

Observe that m, (—v) =m, (v) and m, (0) = (y — 1)~1. Moreover, the function m,, is increasing on [0, 7) and
my (v)/my (0) = 1+ 102 + 0, (v*).

As proved in Theorem 2.5.2 in Zolotarev [38], an extension of Laplace’s method (proved in Zolotarev [38],
Lemma 2.5.1, p. 95) yields the asymptotic expansion (54) that can be rewritten as follows: recall from (54) the
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definition of the sequence (S,),>1; then set

_ ry—1
Vx € (0,00) b(x)= (” 1) and
X

(136)
1 —-1/2
Sy = (2n<1 - —)) (y = HOHDR==Dg, - n>0,
14
where recall that So = 1. Then, for all positive integers N, as x — 0, we have
Sy(x) — Z S;lkxn(y—l)—(y+1)/26—b()f) +On y(xN(V—l)—(V-i-l)/Ze—b(x)). (137)
0<n<N
For all a € R, we next set
X
VxeR, Jy(x):= / dyyte PO, (138)
0
An integration by parts entails
Va e R\ {—y}Vx €eRy, Jo(x)=(y = D)7x e —(y = )V (a+ y)Jayy—1(x), (139)

which proves that J,(x) = O, (x3FY =Py a5 x — 0. This also entails the following lemma.

Lemma 4.2. Let y € (1,2]. Let a € R. We assume that —(a + 1)/(y — 1) is not a positive integer. Recall from (136)
the definition of the function b and from (138) the definition of the function J,. Then, we set

Vg eN\{0}, cg(a,y) =Dy =D T (a+1+k@y - 1), (140)
I<k=q

with the convention that co(a,y) = (y — 1)77. Then, for all positive integers p,

Ja(x)= Y cqla, y)xtrHI=De=0 4y — 1) (@, y) Jarpiy—1) (). (141)
0<g<p
This implies that for all positive integers p, as x — 0,
x4V g (x) = Z cq(a, )XV 10, 4, (xP77D), (142)

0<g=<p

where O, 4., depends on p,a and y.

Proof. Equation (141) follows from (139), by induction. Since Ju p(y—1)(x) = O, (x¢TP¥=D+7¢=b)) (142) is an
immediate consequence of (141). O

We next prove the following lemma.

Lemma 4.3. Let y € (1,2]. Recall from (53) (or from (133)) the definition of the density s, . Recall from (134) the
definition of m,,. We set for all x e R,

—1 2 b4 o
ot(x):= ux_zy/‘ dvmy(v)2e_" Y Dmy ) and
T
0 (143)

_1 4 o
o (x):= yx_lsy(x) = Mx—y—l / dvmy(v)e—x 4 I)m},(v).
T 0

Then, the following holds true.
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() 0" and o~ are well defined on R, the function s, is differentiable on R and s)/, =0t —o6~. Moreover, o™

and o~ are continuous, nonnegative, Lebesgue integrable and for all A € R,

+ —yAr=D/ly R L _ by
[,A(a ) = Ae +y due and Ck(a ) =y due , (144)
A A
which implies
*© / ’ —yar=D/y
/ dx|sy(x)| <00 and E,\(sy) =xe ¥ , AeR,. (145)
0

(ii) There exist A, xq € (0, 00) such that
Vx €[0,x0], ot (x)ando (x) < Ax~GrTD/2=bx) (146)

where we recall from (136) that b(x) = ((y — 1)/x)? 1.
(iil) We define the real valued sequence (T,"),>0 by

3y —1
T =y — 1SS and Vn>1, Tn*::(y—l)ys,j+(n(y—1)— ”2 );j_l. (147)

Then, for all positive integer N, as x — 0, we have

S = Y T DmGriD2emb® 4 o) ((NO=D=Gr /2 by (148)
0<n<N

Proof. We easily deduce from (135), that s,, is differentiable on R and that s)’/ =071 — o~. Using Fubini-Tonelli
and the change of variable y = x_(y_l)my (v), for fixed v, we get

> o % y 4
/ dxo™ (x) :/ dxo™(x) = —I}(—)/ dvm, (0) 77D < o0,
0 0 T y—1/Jo

since my, (v) > m,(0) > 0 on [0, 7) and lim,_,; m, (v) = oo; here, I'; stands for Euler’s gamma function. Thus,
fooo dx |s)’, (xX)|<ocoand L e Ry — L, (s)’/) is well defined. Moreover, by Fubini,

o0 o0 o0 y
ﬁx(s)/,)=/0 dxs;(x)/x dy)»e*)‘y:)\/o dyef)‘y/O dxs;(x)zkﬁk(sy),

which completes the proof of (145). Next, by Fubini—Tonelli, we get

S o0 e =Ly
/0 dxe ™ x s),()c)=/0 dxsy(x)/k dpe H =A due "# , (149)

which implies that £;(c7) =y [° due—yu(y“)/y

(144), which completes the proof of (i).
Laplace’s method easily implies that there exists ¢, c— € (0, co) such that

, since 0~ (x) = yx_lsy (x). This, combined with (145) entails

a+(x) ~ C+x—(37+1)/2€—b(x) and o~ (x) ~ C_x—(y+3)/26—b(x)7
x—=0 x—0

which easily entails (146) and which completes the proof of (ii).

More generally, the asymptotic expansion (54) of s, is derived from (135) by an extension of Laplace’s method
proved in Zolotarev [38], Lemma 2.5.1, p. 97. When this method is applied to o™ and o, one shows that ™ and o~
have an asymptotic expansion whose general term is x* ~D=Gr+D/2,=b() Thys, there exists a sequence (T,)n=0
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such that (148) holds true. It remains to prove (147). To that end, for any n € N, we set a,, :=n(y — 1) — 3)’—2“ By
Lemma 4.2 we then get

sy (x) = Z T Ja, (%) 4+ On .y (Jay (X))
0<n<N

= > > Tieg(an x0Tm0 L Oy (xNFY e 7b0)
0<n<N 0<g<N-n

= Z T Cpn(@n, y)xP 0~ D=0+D/2=b0) L 0 ((NG=D=(r4D/2,=b00))
0<n<p<N

which implies that S;; = ZOEn <p T cp—n(an, y), for all p € N. Then by (140), observe that

S; = co(ap, )/)TI;k + Z Tn*Cp—n(anv Y)

0<n<p-—1

3y —1
=(y—1)_”T,§k—(y—1)_y<p(y—l)— 4 ) Y Trepi-alan,v),

2 0<n<p—1
which implies (147). This completes the proof of the lemma. ([
Proof of Proposition 1.6. Lemma 4.3 easily entails Proposition 1.6: indeed (145) entails (64). We then set
VneN, T,:=(y - D)"Y V118,
and we easily check that (147) entails (65) and that (148) implies (66). O

We next introduce another function used in the asymptotic expansion of the height and the diameter of normalized
stable tree.

Lemma 4.4. Let y € (1,2]. Recall from (53) (or from (133)) the definition of s,. We then introduce the following
Sfunctions: for all x e Ry,

() = (y — Dxls, (x), h_(x)zy—_lx_l_l/y /xdyyl/y_lsy(y) and
14 0
(150)
O(x) =hT(x) = h™ (x).

Then, the following holds true.

(i) h™, h™ and 0 are well defined and continuous, h* and h™ are nonnegative and Lebesgue integrable, and for all
A € R4, we have

o
E)L(h+) _ ()/ _ 1)f d,ue_y“(y_l)/y and E)L(h_) — Ek(h'i_) _ )Ll/ye—yx(y—l)/y’ (151)
A
which implies
o0 1)y —yAr=D/y
/ dx|0(x)| <oco and L0)=r""e” , AeRy. (152)
0

(ii) There exist A, xg € (0, 00) such that
Vx €[0,x0], hT(x)and h™(x) < Ax~ V312700 (153)

where we recall from (136) that b(x) = ((y — 1)/x)7’_1.
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(iii) Let (V,/)n=0 be a sequence of real numbers recursively defined by Vi = (y — 1)S; and for alln € N,

1 1 1 1
-1
Then for all positive integers N, as x — 0, we get
6(x) = Z Vn*xn(yfl)f(y+3)/2efb(X) + Oy y(xN(yfl)f(y+3>/267b(x)). (155)
0<n<N

Proof. The fact that At and 4~ are well defined is an easy consequence of the asymptotic expansion (137) of s, and
observe that 2+, A~ can be continuously extended by the value 0 at x = 0. Let A € R ; by (149) we get £y (h™) =
(v = D [ dpexp(—yn”=D/7). Thus when A =0, we get

= et + * due-rn™ o —yo-vp (Y
0 dxh (x):Eo(h )=(V—1) 0 due =Y Le m )

by an easy change of variable; here ' stands for Euler’s Gamma function. By Fubini—-Tonelli and several linear
changes of variable, we get

—1 0 o)
L(h7) = VT ; dyyl/y_lsy(y)/ dxx 17Uy e=2x
y

-1 o0 o0
=L [anttr s, [ dp e
Y 0 Ly

-1 0 00 ,
= y—kl/}’/ dyyflsy(y)/ doy™ 171y vy
14 0 A

-1 0 00 ,
= V—AI/V/ dvv_l_l/”/ dyy_lsy(y)e_”«‘
4 X 0

Y=L [T gty [T gpe ™ Uy 7 gern T Gy iy
=—X dvv due =y —DAr due (A - )
14 A v A

Iy iy [T 1y —pur=Dir
=@y -1 due —(y—Da dup=""e
Py A

o
— (y _ ])/ duefy'“(yil)/y _ )\l/yeiy)\(yfl)/y.
A

Here we use (149) in the fifth line. When A = 0, this proves that

o0
/ dxh‘(x):y_l/(y_l)r’e< Y >
0 y—1

Thus, fooo dx|6(x)| < oo. It also implies (152) thanks to (149), which completes the proof of (i).

We then prove (ii) and (iii). To that end, we first observe that (137) implies that x‘lsy (x) ~ ng_(VH)/ 2¢=0() a5
x — 0, which immediately entails (153) for 2.

We next find the asymptotic expansion of 4~ thanks to that of s, and thanks to Lemma 4.2. We first set o, =
% — yTH +n(y — 1). From (137) and Lemma 4.2, for all positive integer N, as x — 0, we get

—1
= Y s T g 0 4 Oy (7 ey (1))
0<n<N Y

y—1 - RN ety —
= Z Z S g, y)xn I b) L O (N ty — 11y gmb())
0<n<N0<g<N-n
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—1
=> X Y Sty (@, y)x D= +3)/2,-b0x)
0<n<NO0<g<N-n

+ Oy (x VDI =D=(r+3)/2,=b(0))

= 3 U2 L O (xNHDE D= 4)/2,-b00),
0<p=<N

where the sequence (Up) »>0 is given by

—1
U()ZO, and Up= Z VTS:C])—I—n(ana )/), PEI

0<n<p-—1

Observe that it implies (153) for 2™, which completes the proof of (ii). We next prove (iii): to that end observe that by
(140), cp—n(otn, y) = =(y — 1)_)’($ - VTH + p(y — D)cp—1-n(an, y). Thus we get

y -1 y —1 y -1
Up-H = Z _S;Cp—n(ana y)= TS;‘;CO(ap’V)'F Z TS;:Cp—n(Olna Y)

O0<n<p O0<n<p-1
1 (o (1 +1 —
=—@-D" Vs —(y -1 V(— Sy - 1)) ——Srcp1-n(@n. y)
14 4 2 osn=p-1 7V
<n<p
1 (y— (1 +1
=~ -0V — -7 (=== pe-D)U,
14 14 2
1 1 1
=(y—1)_(y_1)<—S*—(p————)U ) (156)
v’ 2 v/
We then set V; =(y — 1)S;j — Up for all p € N, so that for all positive integer N, as x — 0, (155) holds true.
Moreover, (156) easily entails that (V;‘) p>0 satisfies (154), which completes the proof of the lemma. O

Proof of Proposition 1.4. Lemma 4.4 easily entails Proposition 1.4. Indeed, (152) implies (56). We set
VneN, V,=(y— )" Dy vz
Then, (154) entails (57) and (155) implies (58), which completes the proof of Proposition 1.4. O

Lemma 4.5. There exist Ay, A € (0, 00) such that

o0 v-1/y 1 A=D/y
Y € [Ao, 00), / dpe " <Ay )
Py

Proof. Integration by part implies

o0 o0
(y _ 1)/ dMe_yﬂ(Vfl)/V — )\‘l/ye—y)h(}’*l)/l/ + l/ duﬂ_(y_l)/ye_yu(y—l)/y
A v Ja
o0
< WMy A lk—w—l)/y/ dpe v
14 A

which immediately entails the lemma. O
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Asymptotic expansion of w — 1
Recall from (45) the definition of w. We next introduce
o du

_ =y, 157
NTE y (157)

Vy e (0,00), ¢(y):=w(y)—1, thatsatisfies /
¢

by (45). We easily see that limy_.» ¢ (y) =0 and limy_,g¢(y) = oo and that ¢ is a C* decreasing function. The
following lemma asserts that ¢ decreases exponentially fast as y — oo.

Lemma 4.6. Let y € (1,2]. Let V(L) =AY, A € Ry. Recall from (157) the definition of ¢. We set

o du Ydu (u+1)Y —1—yu
= _ d Vye[-1,00), G(y):= — . 158

¥ /1 o7 @ Wel-Leo. GO /O P T (158)
Then,

Vyel-1.11, exp(G() =1+ A" and 14 |4, <e’ " (159)

n>1 n>1

Moreover, for y € [yg, 00),

"= 0p(y) =exp(G(p (1)) =1+ Y _ A ()", (160)

n>1

where Cy is given by (63). Then, there exists a real valued sequence (B,),>1 and y1 € [yo, 00) such that

D 1Bule™™ <00 and V¥yely,00), ¢() =) B ™. (161)

nx1 n>1
Here B = ¢“0 and Br = VT_1€2CO.
Proof. Forall y € (0, 00), we first set F(y) := fyoo (H‘f% that is such that F (¢ (y)) = y. Observe that

P )_/00 du N 1 (Ydu l/ldu(u+1)”—1—yu l/ydu(u—i-l)”—l—yu

2N wxyr =1y L w Ty w T wr -1 vl w T wriyr—1
which makes sense since %% — VT_l as u — 0+. We then set
© du Vdu u+1)Y —1—yu
Co:=vy —_—— —
1 w+1)r—1 0o U (u+1)Y —1
and we get
Ydu (u+1)Y —1—yu
Vy e (0,00), yF(y)=Co—logy+ G(y), whereG(y):= —
0o U (u+1)y —1

Since F(¢(y)) =y, this implies

Vy € (0,00), logg(y)=Co—yy+G(p(y). (162)

Let us show that G(y) (and therefore exp(G(y))) is analytic in a neighborhood of 0. We set

1y (=D =D -
“"‘;<n+1>_(n+1)!1£[1|k_y|_ n(n+ 1) H(l_ k ) =l

k=1
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We observe that |a,| < Then for all u € [—1, 1], we set

n(n+1)

T =Y laglu" and S(u):= (H”)y_l_)’” = auu" = ~T(~u),

n>1 n>1

since (—1)""'a,, = |a,|. The power series T and S are absolutely convergent for [u| < 1. Moreover, |S(u)| < T (lu) <
T(1)=—S(—1)= L+ < 1. Thus, forall u € [~ 1, 1],

(I4+uw)? —1—yu  Su) ) B .
A+u)y -1 1+8w) Z( DPT Sw)? = Z( D" 'nB,u"

n>1

is analytic for |u| < 1, where n B, > 0 and can be derived explicitly from the a,. Note that an (nB, =T1)/(1 -
T(1)) =y — 1 < 1. Therefore, for all y € [—1,1], G(y) = anl(—l)"_lB,,y”, which is absolutely convergent;
moreover |G(y)| < —G(—1) < anl nB, =y — 1 < 1. Thus,

Z (—=B)P! -+ (—By)Pr

Vy € [_1, 1]7 eXp(G(y)) =1+ X:Any”7 where An — (_l)n pl' ; '
Ve pp!

n>1 Plsees Pn=0
p1+2p2+-+npy=n

We easily see that 1 + )", |A,| <exp(—G(—1)) <exp(y — 1). Observe that ¢ (yo) = 1. Then (160) follows from
(162) for all y € [yg, 00).

We next set H(y) :=exp(Co + G(y)). By (159), H has a power expansion whose radius of convergence is larger
that 1. By Lagrange inversion (recalled in Proposition B.1, in Appendix) there exists xo € (0, 00) such that for all
x € [—xo, x0], the equation z = x H (z) has a unique solution z =: f(x) in[—1/2, 1/2]; moreover, for all x € [—x(, xo]

n 1 dnil n
fx):= Z,B,,x , Wwhere Vn>1, B,:= Edy"*‘ (H )

n>1

and ) |Bulxf < oo. (163)

n>1

Next observe that (160) implies that ¢(y) = e 7Y H(¢(y)), for all y € [yo, 00). Since limy_. ¢(y) = 0, there is
y1 € [yo, 00) such that ¢ (y) € [0, 1/2] for all y e [y1 oo) and we clearly get ¢ (y) = f(e™7”), which proves (161).
An easy computation entails 8] = 0 and f = L5 20, O

We next derive from the previous lemma a similar asymptotic expansion for the function L (y, 0) that is connected
to the diameter of y -stable normalized trees.

Lemma 4.7. Let y € (1,2]. Let V(1) =AY, A € Ry. Recall from (49) the definition of L1 (y, 0) and recall from (63)
the definition of Co. Then, there exist y, € (0, 00), and two real valued sequences (yu)n>2, (8n)n>2 such that

1 1
=gy —DEC h=—c(y+ DS and Y (nlyal + [8i])e ™ < 00 (164)
n>2
and
Vy€ly.00), Li(n.0)=) (nyny+8)e ™. (165)
n>2

Proof. Recall that ¢ (y) = w(y) — 1. Then (49) and an elementary computation entails

1 -1
Lio.0)=¢0) = Z[(1+6m)" —1](1+6()) + VTy[(l +9()" —1]°

1
=y — Dyp(M*K (6 () — v+ DM (¢ (), (166)

(u+ 17 —1)? and M) = 4+ —1—(y+ Du

where for all u € [-1,00), K(u)= )2 = (1/2)y (y + Du?
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Recall that H(y) = exp(Cp + G(y)) and recall from (160) that for all y € [yp, 00), ¢(y) = e VY H(¢(y)). This,
combined with (166), entails that

1
Li(y,0) =y (y — De > yH($ (1)) K ($ () — S0+ De 2 H(p (1)) M(d(y)). (167)

Recall from (163), the definition of f and that of (8,),>1. Note that there exists x; € (0, xo) such that for all x €
[0, x1],

1
Yy — l)H(f(x) (fx)) ZV and — 5(7/ + I)H(f(x))zM(f(X)) = Z(S;lx”, (168)
n>0 n>0
with )=y (y — De*, 5= —%(V + 1) and Z(|7/,;| + [8,])x5 < oo, (169)
n>0

since K (0) = M(0) = 1 and since H(0)?> = ¢?€0. Next by (161) in Lemma 4.6, we have ¢ (y) = f(e~"?), for all
y € [y1, 00). Then, we set y> := y; V (—% logx1), and foralln > 2, y, := n_ly/,;_2 and §,, := 8,/1_2. We then see that
(169) implies (164) and that (168) and (167) imply (165), which completes the proof of the lemma. O

4.2. Proof of Theorem 1.5
We first set
Vx € (0,00), fr(x):=cyx TNy (D > x =0 =D/7), (170)

Then, Proposition 1.3, (46), (47) and (49) imply for all A € (0, 00),

o
U = / dxe™ fr(x) =L, (0, 1) = 21/7Ly (0,20 70/7)
0
:)Ll/V(w()\(Vfl)/V)_ l):)\’]/}/(p(k(yfl)/y)’ (171)

where we recall from (157) that ¢ (y) = w(y) — 1. We next use Lemma 4.6: let A be such that Xiyfl)/y = y1; then
the sequence (B,),>1 satisfies

VA € [Ar, 00), Z |ﬂn|)»1/ye”’”*(y_wy <oo and Ly(fr)= Zﬁnkl/”ef”"w_l)/y. (172)

n>1 n>1

Recall from Lemma 4.4 the definition of the functions @, »™ and #~. Then for all integer n > 1, and all x e Ry, we
set

Oy (x) = n—(V+1)/(V—1)9(n—)//()/—l)x)’ h:(x) — n—(V+1)/()’—1)h+(n—)’/()’—l)x) and

b (x) = n~ D/ =D = (=1 /=Dy,

Lemma 4.4 implies that 27, i, are Lebesgue integrable, nonnegative and continuous. Moreover, 6, = h;" — h, . Con-

sequently, 6, is also nonnegative continuous and Lebesgue integrable, and (56) entails that £; (6,) = 1!/ vemym I

Thus, by (172)

Vi€, 00),  Li(fr) =) BuLar(Bn). (173)

n>1

We next prove that Assumptions (a), (b), (c) of Lemma 4.1 hold true with

f=fr, gn = hn, hy:=h,, and g,:=p,.
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To that end, we first observe that by an easy change of variable and by (151) in Lemma 4.4, we get

o
VA€ (0,00),¥n>1, L (h)and £;(h;) < (y — 1)n*1/<V*1>f dpe~ 7"
nV/(V*l))\

Thus, by Lemma 4.5, for all A € (0,00) and for all sufficiently large n, £, (k) and £, (h,) are bounded by
AMY exp(—ynaY=D/Y) where A is a positive constant. Thus,

VAE[,00), I IBul(La(if) + La(hy)) <24 1Bala Y e < oo, (174)

n=1 n>1

the last inequality being a consequence of (172).
Next, deduce from (153) in Lemma 4.4 that for all fixed x € (0, co) and for all sufficiently large n,

sup htand sup h, < Bnix~ TV Zexp(—(y — DY n¥x "0 7D),
yel0,x] yel0,x]
where g = ’5(()’/’:’?)) — }}:—J_”i and where B is a positive constant only depending on y . Since y > 1, n¥ > n; this combined
with (172) entails that for all x € R,

ZI/%I( sup 7+ sup h;) < o0. 175)
n>1 ve[0,x] ye[0,x]

By (173), (174) and (175), Lemma 4.1 applies and we get

VieRy, fr(x)=cpx TV N (D > 2~ 7D/7) = Zﬁnen(x)-
n>1
This proves

Vr e (0,00), ¢, Np(l'>r)= Zﬂn (nr)~ YT/ =D () =7/ =), (176)

n>1

which implies (61). Note that (175) and (161) with x; = e¢~7>! in Lemma 4.6 imply (60) in Theorem 1.5.
It remains to prove the asymptotic expansion (62). To that end, recall that £(r) = r~+D/=Dg—v/r=D) for
all r € R4. Then (58) in Proposition 1.4 easily entails that for any integer N > 1, as r — oo,

L”_l_yneryé(r(y _ 1)—()/—1)/)/) =14 Z V,r Y +ON,V(I’_NV)a 177)

C*
1 1<n<N

where C} := Q)12 (y — 1HV/21/v1)1/2 and where the sequence (Vy,)n>1 is recursively defined by (57) in Proposi-
tion 1.4. This first implies that there exist A, r; € (0, c0) that only depend on y such that

Vre(r,00),Yn>2, |&(nr(y — 1)~ DY) < AplHv/2=n2 77 (178)

Recall from Proposition 1.4 that there exists x; € (0, co) such that anl | Bn |x’f < 00. Without loss of generality, we
can choose r; such that exp(—ZV_lrf) < x1. Then (176) and (178) imply that

Nor(T>r(y = D™ ) = Big(r(y — )" YD) 4+ 0, (r1H7/2e7277), asr — oo,

and (177) implies (62) since C1 = c, 18,C*, where we recall from (41) that ¢, I = yFe(yT_l) and where we recall
from Lemma 4.6 that 81 = exp(Cp). This completes the proof of Theorem 1.5.
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4.3. Proof of Theorem 1.7

We first set
Vx € (0,00), fp(x):i=cyx "TVYNy(D > 2x~=D/Y), (179)

Then, Proposition 1.3, (46) and (47) imply for all A € (0, 00),
o0
Li(fp) = / dxe™™ fp(x) =La(1,0) = A'"L (A ~177 0). (180)
0

=1y
)‘2

We next use Lemma 4.7: let A, be such that = y7; then the sequences (¥,),>2 and (8,),>2 satisfy

Vi€l 00), O (nlyalh? VY 418, )A e oo and

n>2

L, (fp)= Zny,,)»e"’"’\(y_”/y + Z 5,117 g=ymh I

n>2 n>2

(181)

Recall from (55) in Proposition 1.4 the definition of # and recall Proposition 1.6 that provides properties of the
derivative s;, of the density s, given by (53). For all n > 2, and all x € (0, 00), we set

G, (x) = n_z”/(’/—”s; (n—V/(V—l)x) and 6,(x) = n—(}/-‘rl)/(y—l)e(n—y/(y—l)x).
Then, Proposition 1.6 and Proposition 1.4 imply that 6,, and 6, are continuous and Lebesgue integrable, and that
VAeR,, L@ =xr""""" and  £,(0,) =AY
Thus,

VAGR—F» ‘C)»(fD) chk(nyngn +5n9n)

n>2

We argue as in the proof of Theorem 1.5 using Lemma 4.1 to deduce that

Vi eRy, fp(x)=cpx TV N (D > 26”70 = Z(nyngn(x) + 8,6, (X)),

n>2

the sum of functions being normally convergent on every compact subset of R_.. This easily entails that

Vr € (0,00), ¢, Nu(D >2r)= Z[yn(nr)_(yﬂ)/(”_l)s; ((nr)y™v/r=D)

n>2

+8,,(nr)_(y'H)/(y_l)e((nl’)_y/(y_l))], (182)

which is (69). Note that (68) is an easy consequence of the estimate (66) in Proposition 1.6, of (58) in Proposition 1.4
and of Lemma 4.7 with x, = e~ 7?2, Recall from (67) and (59) the following notation,

vr e R,, E(r) = r*()”rl)/(}’*l)s)’/ (r*J//(Vfl)) and &£(r) = r*(VJr])/(V*I)Q(V*V/(V*])).

Note that (69) implies

yNar(D > 1) = 12E(r) + 826(r) + Y vk (17/2) + 8,£(nr/2). (183)

n>3
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Then, recall from (177) the asymptotic expansion of £ and deduce from (66) in Proposition 1.6 that

1 _
F}”_l_%//zeryf(l’()/ _ 1)—()/—1)/}’) =14+ Z T,r " + ON,),(V_NV), (184)
1 1<n<N

where CT = (271)’1/2(3/ — 1)1/2“/3’)/1/2 and where the sequence (7},),>1 is recursively defined by (65) in Proposi-

tion 1.6. We easily deduce from the asymptotic expansions (177) and (184) that there exists B, r» € (0, 00) such that
for all € (rp, 00) and for all n > 3,

‘g(%nr(y _ 1)()’0/)’) and ‘5(%?1?(]/ _ 1)(1/1)/1/)

This combined with (183) implies that

< Br1+3y/267n3”712’yry. (185)

Noe(D > r(y =)™ ) = 1E (r(y = )77 ) 401008 (r(y — 170 7DY)
+ Oy (r1+3y/2e—n(3/2)yry)’
as r — 0o. Then (177) and (184) imply
Nue(D > r(y = )Y ) = Tl Ot 2e ™ 4 3™ e C (T + 82 Vo) Y TV 267
1<n<N

+ON’y(r—Ny+l+3y/2€—rV). (186)
Recall from (164) in Lemma 4.7 that y» = 1y (y — 1)e?0 and 8, = — 1 (y + 1)¢2. This implies (70) with

5 +1
Cr=c;'Ciyr and Vnz1, Up=Ty+2Vo1 =T — ———V,,.
2 vy =D

This completes the proof of Theorem 1.7.

5. Proof of Theorem 1.8

In this section, we fix y € (1,2). Recall that 1/c¢), = yTe(1 — %). We set

o
Vre(0,00), gr()i=cyr V'Np(D<r=¥="D/Y) and VaeR, pQ):= f e Mgr(rdr.  (187)
0
Note that the Laplace transform p is decreasing and that p(A) < oo for all A € (0, 00). We next set:
o0
Aer 1= sup{k ER:p(—1) = / e“gp(r) dr < oo} and H:= {z € C:Re(z) > —Acr}. (188)
0

Clearly Ay > 0. We shall actually prove that A € (0, 00) and that f0°° e =Ny 2an (1) dr ~ ALY 72, for a certain
A € (0, 00), as A — 0. However, Karamata’s theorem seems to be ineffective to derive asymptotics on e*” r2gp (r)
because this function has no clear monotony properties. Thus, we proceed more carefully and we shall use a variant of
Ikehara—Ingham Tauberian theorem to prove Theorem 1.8. This requires analytic continuation of p. More precisely,
standard results on Laplace transform (see for instance Widder [37], Chapter 1) imply that p can be analytically
extended to H by p(z) = fooo e " gr(r)dr, for all z € H. We first prove the following lemma.

Lemma 5.1. There exists a real number &g € (0, 00) and a non-decreasing analytic function q : (—&g, 00) — (0, 00)
such that

®  du

o0
VA € (—&g, 00), / =1 and q'A)=pQ) =/ e_)‘rgr(r) dr, (189)
gy U =4 0
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which implies that A > €.

Proof. Recall from (112) the definition of w;, (y). For all A € [0, 00), we set g(A) := wy (1) = N[1 — e’“l{rsl}].
Then, g is clearly non-decreasing and C!on [0, 00). By (113), g satisfies

* du

) u¥ — A

VA € [0, 00), f =1. (190)
q

Recall that N(¢ € dr) = ¢, ~'=1/7 dr. Thus, by (42), we get
o0 o0
/ e gr(rydr = / N edryre " N (rY D' < 1) =N[¢e ™ r<py] = ¢’ ().
0 0

By (190) we get (189) for all A € [0, o0) and it is also easy to see that ¢(0) = N(I' > 1) = (y — 1)~/ =D,
Next observe that g(A) > N[1 — e 1 =AY, which implies Ag(A)~Y < 1, for all A € [0, c0). The change of
variable v := u~" in (190) and the expansion (1 — Av)~! = ano()\v)” imply the following.

1 a7 y=lr g 1 g™ 1 g (L)~ )"
12_/ v Ay 2_21"/ 1Y gy = Lgy-o-0 3 LB (191)
v Jo I=dv y=" Jo 14 sntl=1/y

This easily implies that for all A € [0, 00),

-y y/(y=1) y—1 -\ REEA
M) =AMy —1) <1+;m(xq(/\) ) ) . (192)

First note that there is £1 € (0, 00) such that the function H (x) := (y — )Y/ D(1+ Y, ),(,3%11),1)6")7”/(%1) has

an absolutely convergent power expansion for all x € (—ep, &) and next observe that (192) implies that Ag (1)~ =
AH (Mg (A)~7) in a right neighbourhood of 0. Lagrange inversion (as recalled in Theorem B.1) implies that there is
&y € (0,00) such that B : A — Ag(A)~7 extends analytically on (—e», &2). Since ¢(0) > 0, we get B(0) =0 and
B())/A is analytic on (—é&7, &7) such that B’(0) = ¢(0)~7 > 0. By composition of analytic functions, it implies that
A+ (B(L)/A)~Y = ¢(1) is analytic in a neighbourhood of 0. Thus, there exists a sequence of real numbers (a,),eN
and a real number &g € (0, co) such that the following power expansion

gy =) a)", ke (—o, ), (193)
neN

is absolutely convergent; moreover, —Ag(—X)"Y = —AH (—Ag(—X)7Y), for all A € [0, g9). This equality easily im-
plies that (191) holds true with —A instead of A, namely:

© du

=1.
(=) U+ A

Vi € [0, £0). / (194)
q

Since ¢’(A) = fooo e gr(r)dr, for all A € [0, 00), (193) and standard results on the Laplace transform (see for
instance Widder [37], Chapter 1) imply that

1 o
Vn eN, —'/ r"er(r)dr =(—1)"(n + Dayy1.
n.Jjo
Since ), .y [(n + Dan112"| < oo, for all & € (—¢o, &), this implies that

A’I’l o0 o0
Vi el[0,e), ¢ (=)= Z(—l)"(n + Dap A" = Z 5/0 r"egr(r)dr = /0 e“gr(r) dr.

neN neN
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This, combined with (194), completes the proof of (189). O

We next set D_ := {z € C: Re(z) <0 and Im(z) = 0}, the negative axis of the complex plane. For any b € C, we
use the following notation

VzeC\D_, z’:=exp(blogz), (195)

where log is the usual determination of the logarithm in C \ D_. Standard results in complex analysis assert that
7+ z” is analytic in the domain C \ D_. The following lemma concerns the analytic continuation of ¢ introduced in
Lemma 5.1. Recall from (188) the definition of A, and that of the right half-plane H.

Lemma 5.2. There exists a connected open subset U containing H \ {—Ac} such that the function q (introduced in
Lemma 5.1) has an analytic continuation to U that is C? on H and such that q'(z) = fooo e “gr(r)dr, forall z € H.
Moreover, q satisfies the following properties.

(i) Let Uy denote the open strip {—Aer < Re(z) < 0}. Then q satisfies

-1 1 -1
VzeUy, q(z)eC\D_ and zq'(z)= _VTCI(Z)V + ;q(z) + X1 (196)
(i) q(—X¢er) =0 and as z — 0 with Re(z) > 0,
-t @y —-Dy -1
(A +2) = v - +o(1), (197)
q cr V¥ her J/3)\%r
-2y -2 5 -D"Py+2) _
@ _x :(V y—3 y—2 Y=2). 198
g (=her +2) e 0+ 2L 77 40(z"77) (198)

(iii) —Acr is the only singular point of q in U and Aoy = (Sin%’;y) y/r=1,

Remark 5.1. The statement in Lemma 5.2 is not valid for y = 2. Indeed, if y =2, for all , € (0,00), g(A) =
VA cothv/A and g(—A) = V/AcotN/A. Therefore, g is analytic on (—m?, 00). But note that (%)W(yﬂ) =n2/4
when y = 2. The reason for the distinct behaviour of ¢ when y =2 boils down to the elementary fact that 0 is a

singular point for z > zV when y € (1, 2). It is not the case when y =2.

Proof of Lemma 5.2. Let A € (0, 00). By the change of variable v := Au~", we get

/OO du _ l)“—(y—l)/]/ /OO v—l/y dv _ JT/)/ )\‘—()/—l)/)/
o u¥+r oy 0 1+v sin(m/y) '

Here, we use E. Schléfli’s identity fooo v™¥/(14+v)dv =m/sin(rs), that is valid for all s € C such that 0 < Re(s) < 1
(see for instance 1. Gradshteyn & I. Ryzhik [21], Chapter 17, Section 43, p. 1131, Table of Mellin transform, for-
mula 6). We then set

y/(y=1 © 4
A= & that satisfies / " =1.
sin(z/y) 0o u’+Ax

Therefore, there exists a strictly decreasing continuous function r : [0, A1] — [0, ¢ (0)] that satisfies

©  du

Gu +r

Va e [0, A1, / (199)

Note that (0) = g(0) = (y — 1)~V/¥~D that r (A1) =0. By Lemma 5.1, g9 < A1 and r (L) = g(—A), forall A € [0, &p).
An easy linear change of variable in (199) entails

o0 d —1 1 —1
o= =/ " andthus —) =L 000 — a0+ L, A e 04,
A=lrrpy VY 1 4 Y 14
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Thus, we have proved that g can be extended uniquely on [—A1, 00) in such a way that | qoa) du/(w” — ) =1 for all
A €[—A1, 00) and we have

VAe(=A1,0), ¢'()=F(x,q0),
where we have set

y—1 1

—1
=z r—-
14

v+ vt where V := (C\ {0}) x (C\ D_). (200)

Y(z,v) eV, F(z,v):=—

Note that V is an open subset of C? and we recall the convention specified by (195) for the power of complex
numbers. Recall that D(zg, r) stands for the open disk in C with centre zg € C and radius r € (0, 00); to simplify
notation we identify R with the set of complex numbers whose imaginary part is null. We next use Proposition B.2
(see Appendix B). First, we easily check that F is analytic in the two variables z and v on V. Then, forall A € (=11, 0),
since (A, g())) € V, Proposition B.2 implies that there exists ) € (0, c0) and an analytic function f; : D(A, 1)) —
C\ D_ such that f; is the unique solution of

Vze D(r,r), [ €V, [i@=F(z fix) and fr(h)=q®).

The restriction of fj on the real interval (A — ), A + r;) clearly satisfies the same (real time parameter) ordinary
differential equation as ¢; since this ODE is locally Lipschitz, uniqueness in the Picard-Lindel6f theorem (also known
as Cauchy-Lipschitz theorem) implies that f3 and ¢ coincide on the real interval (A —r;, A +7r;). Let A, A" € (—A1,0)
be such that W := D(A,r;) N D()\/, r;/) # &; since W is connected and since f3 and fy/ are equal to g on the real
interval W N R, the principle of isolated zeroes for analytic functions implies that f;, and f), coincide on W. This
implies that g can be extended uniquely on the open subset Uy := ;¢ (_;,.0) P(A,72), that ¢ : Uy — C\ D_ is
analytic and that ¢ satisfies the complex differential equation:

VzelU;, q()eV, q'(z) = F(z, q(z)). (201)

Since (—X1, 0) C Uy, this implies that the restriction of g on (—A1, 00) is analytic. We next prove that it entails that
o
A=A and VA e[—Ap,00), ¢\ = / e M gr(r)dr. (202)
0

Indeed, suppose that A, < Aj. By standard results on Laplace transform A +— fooo e~ gr(r)dr is analytic on
(—Acr, 00). Lemma 5.1 implies that it coincides with ¢’ on (—&g, 00). Since ¢’ is also analytic on the interval
(—Acr, 00) (supposedly included in (—Aj, 00)), the principle of isolated zeroes for analytic functions entails that
qg' )= fooo e~ gr(r)dr, for all A € (—A¢r, 00). Standard results on Laplace transform also imply that for all n € N,
JoS e rgr(r)dr = (—=1)"q "D (), for all & € (—Acr, 0). By continuity of ¢! and the monotone convergence
theorem, we get fooo T rgr(r)ydr = (—1)"g" ) (=) Since Ay > A¢r, ¢’ is analytic at Ac, and there exists
g € (0, X1 — A¢r) such that

*© (Aerte)r &" *© Aerl .1 (_8)n (n+1) I
e gr(r)ydr = E F e* ' r'er(r)dr = E Y q (=Aer) =q (—Aer — €) < 00,
0 - JO .
eN neN

which contradicts the definition (188) of A.;. Thus A1 < A and (202) holds true.

We set H; := {z € C: Re(z) > —A1} and we next prove that ¢ can be extended analytically on Hy, that g is
continuous on H; and that Re(g(z)) > 0, for all z € Hy \ {—A1}. Indeed, (202) implies that ¢’ can be extended
analytically on H; and that ¢’(z) = fooo e *"gr(r)dr, for all z € Hy. Thus, g can be extended analytically on H; and
we easily get ¢(z) = ¢q(0) — fooo gr(r)r_l(e_” — 1)dr, for all z € Hj. Since A — ¢(X) decreases to g(—A1) =0 as
A | —X1, monotone convergence theorem implies that fooo gr (rr-! (e —1)dr = ¢q(0) < oo. It thus implies that

o
vz e Hy, q(z):/ drgr(r)r_l(e)‘”—e_”), (203)
0
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and ¢ is continuous on H;.Forall A € [—A, o0) and all r € R, we also get
o
Re(q()» + it)) :/ drgr(ryr~'e " (e(}”“)r - cos(tr)).
0

If t #£0 or A # —Ap, then r > gr(r)r~'e ™" (¢*179)" — cos(tr)) is nonnegative and strictly positive on a non-empty
interval. Thus, Re(g(z)) > 0, for all z € H; \ {—A1}.
We denote by U, denote the open strip {—X1; < Re(z) < 0}. We next prove that

Viels, ¢'(2)=F(zq(). (204)

where we recall from (200) the definition of the open set V and the function F : V — C\ D_. We then fix A € (=11, 0)
and we consider y : I — C\ D_, the maximal solution of the (real time parameter) ordinary differential equation

Viel, y(@)=iF(A+it,y(®)) and y(0)=gq(}). (205)

Here, I is the maximal (open) interval of definition for (205). Existence and uniqueness of such a maximal solution
is a consequence of Picard-Lindelof theorem. Recall (201) and recall that by definition (—A1, 0) C U;. Thus, there
exists € > 0 such that (—e,¢) C I and y(¢) = gq(A +it), for all r € (—e¢, €). Next, observe that (A +is, y(s)) € V for
all s € I; then by Proposition B.2, there exist 1y € (0, 00) and an analytic function iy : D(A +is, n;) — C\ D_ such
that 4 (z) = F(z, hs(z)), for all z € D(A +is, 1) and hg(A + is) = y(s). Thus ¢ € (s — 05, s + 1) > hs(A +it)
satisfies the same (real time parameter) ODE as y and thus hg(A +if) = y(¢), forall t € (s — ns,s +1,). Lets, s’ € I
be such that W := D(\ +is, ns) N D(A +is’, ny) # @; since W is connected and since g and Ay are equal to y on
W N (A +iR) (with an obvious notation), the principle of isolated zeroes for analytic functions implies that g and Ay
coincide on W. Thus, there is an analytic function w from the open set O :=_J se; D(A+is,ns) to C\ D_ such that
w’(z) = F(z,w(z)) and such that w(A + ir) = y(¢), for all ¢ € I. Note that O is connected and that O C Hj; since
w(A +it) =y(t) =q(A+it), for all t € (—e, €), the principle of isolated zeroes for analytic functions implies that ¢
and w coincide on O. This proves that ¢'(z) = F(z, ¢(z)) for all z € O and that g(A + it) = y(¢), forall t € I. If we
prove that I = R, then the previous arguments entail g (A +it) = y(¢) fort € R, and ¢’ (A +it) = F(A+it, q(A+i1)),
t € R, which implies (204) since A is arbitrarily chosen in (—Ap, 0).

Let us prove that / = R. We argue by contradiction: assume first that / has a bounded right end denoted by a,
namely 7 N[0, 00) = [0, a). By continuity of ¢, lim;_.,_ y(t) = g(A +ia); since Re(g(z)) > 0, forall z € H; \ {—A1},
we get (A +ia,q(A +ia)) € V and by Proposition B.2, there exist n € (0, co) and an analytic function & : D(A +
ia,n) — C\ D_ such that 1'(z) = F(z, h(z)), forall z € D(A+ia,n) and h(A +ia) = g(A+ia) = y(a—). Then set
x(t)=y@),t el and x(t) =h(A+it) forall ¢ € [a, a4+ n); we observe that x satisfies the same (real time parameter)
ODE as y and that it strictly extends y, which contradicts the definition of I. Thus / is unbounded from the right.
We argue in the same way to prove that / is unbounded from the left, which proves that / = R and (204) as already
mentioned.

We thus have proved that ¢ can be extended analytically on Hy, that ¢ is continuous on H; and that ¢ satisfies
(204). Recall that g(—A1) = 0, which implies by (204) that ¢’(—A; + z) tends to F(—11,0)=(y —1)/y asz — 0
with Re(z) > 0. We then set ¢’(—A;1) := (y — 1)/y; (203) and monotone convergence entail fooo e*lrgr(r) dr =
limy |, q' (M) = (y — 1)/y. This also proves that ¢’ is continuous on H,. Therefore q is C! on Hy. We also derive
from (204) that

1 1
Vzelh, —z4"(2)= (1 — + (= 1)q(Z)y_l>61/(Z) + v~ L. (206)

Thus, ¢g” (—A1 +2) tends to ¢” (—A1) := —(y — 1) /(A1y?) as z — 0 with Re(z) > 0 and monotone convergence entails
that [~ re*1" gr(r) dr = —q"" (= 1), which implies that ¢’ is C', and therefore that ¢ is C? on H;. We next observe
that for all z € C such that Re(z) > 0, we get

1 1 t
g(=r1+2) =zq'(=r1) + zzzq”(—?xl) +Z2/ dl/ ds(q"(=x1 +52) — 4" (=)
0 0

vl r=lay o(z%), (207)
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as z — 0. A similar argument entails that

y—1 y-1 ” y—1
—_— o(z), and —A =—
vy z40(z) g (=r1+2) V7

g (—ri+2)= +o(1), (208)

as z — 0 with Re(z) > 0. We next derive from (206) that for all z € U,,
_ 1 , _
—2¢¥() = ((y — D@7 +2- ;)q”@ + -1’ @%q@7? and

—2g¥ () = ((y — g7 +3- %)q@) @) +3( — D*¢" @) () ()’ > (209)

+ (=2 - D @) .

This entails that lim;, | _;,, q(3) (X)) = 0o and thus —A is a singular point of g. Consequently A| = A¢. Moreover, (209)
combined with (207) and (208) entails (197) and (198).

It remains to prove that ¢ can be extended on an open subset containing H \ {—Ac}. To that end, we recall that
for any t € R\ {0}, Re(g(—A¢r + it)) > 0. Thus, (—A¢r + it, g(—Acr + it)) € V and Proposition B.2 implies that
there exists p; € (0, 00) and a unique analytic function k; : D(—A¢ + it, o) = C\ D_ such that k;(—A¢ + it) =
q(—her +it) and k) (z) = F(z, k¢ (2)), for all z € D(—A + it, py). Since g satisfies the same differential equation on
HN D(=hg +it, pr), we see that the function x € [—A¢r, —Aer + pr) — g (x 4 it) and the function x € [—A¢r, —Aer +
pr) > ki (x + it) satisfy the same (real time parameter) ODE, with the same initial condition. Since this ODE is
locally Lipschitz in space, uniqueness of the solution in Picard—Lindelof theorem entails that k;(x + it) = g(x +
it), for all x € [—A¢r, —Acr + 0¢). Since k; and g are analytic on the connected open set HN D(—A¢ + it, p;), the
principle of isolated zeroes for analytic functions entails that k; and g coincide on HN D(—A + it, p;) and thus
on HN D(=X¢ +it, p;). Let £,¢ € R\ {0} be such that W := D(—A¢ + it, p;) N D(—her + it’, py) is non-empty.
Since k; and k, are analytic on the connected open set W and since they coincide with g on the non-empty connected
set W N H, the principle of isolated zeroes for analytic functions entails that k; and k; coincide on W. We now set
U:=HU UteR\{O} D(—=Acr +it, py). The previous arguments show that ¢ can be extended analytically on U and
obviously U contains H \ {—X}, which completes the proof of Lemma 5.2. ]

Proof of (74) in Theorem 1.8. Next we want to apply Ikehara—Ingham theorem that is recalled in Theorem B.3 in
Appendix. To that end, we next prove the following lemma.

Lemma 5.3. For all z € C such that 0 < Re(z) < A¢r, we set

4(3)(_)\cr+2) . (y — 1)}/+2 y=2

G(z):= 210
() pa— 2y (210)
Then, for all 8 € (0, 00),
0
,\I—Vf |G@r+it) — GO+ it)|dt —> 0. 211
9 A0+

Proof. We fix A € (0, A;/2), 6 € (0,00) and ¢t € (—6, ). Observe that
GQRA+it) — G\ +it)

2
=/ duG'(u +it)
Py

_/Z)Ldu q(4)(_)»cr+u+il) q(3)(_)‘cr+u+it) _ (y — 1)V+2(7/ -2
=/, Jy—— (her —tt = i1)? YA

(u +it)V3).
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By (197) and (198) there are C1, C2, § € (0, co) such that for all u € (0, 25) and all € (-4, §)

@ (_x it — Y2y =2
q'( q+u.+z)_(y )Ty )(u+l.t)y_3 <Cilu+it]”2, and (212)
Aer —u —it Vy)‘%r
3) ]
g (=i +u+it) iy —=2
-c -y 213
‘ G —u—irp | = 2t o

Next observe that

5 2 gu 8/ 2 g §/1 ds S
/ dt/ ,—zvf dsf ,—gwf —5m/ 2= C,
s lu+ir)>r —sp D1 lvtisPY 0o (1+sHC/2 0

where C3 =287~ /(y — 1). This implies
)
Vie(0,8), A7 / |GQA +it) — GO +it)|dt < C3(Cy + CHA* 7. (214)
-8

If 6 € (0, §), then it implies (211). Suppose that 6 > §. By Lemma 5.2, g is analytic on an open subset U that contains
H\ {—A¢}. Thus, G as defined in (210) is analytic on {z € C : Re(z) € [0, 8); 8 < |Im(z)| <0} and so is G'. Then, we
can set Cyq := max{|G'(u +it)|; u €[0,8),8 < |t| <0} and by (214), we get

6 §
Ay / |GQA+it) — GO +it)|dt <27 / |GQA+it) — GO+ it)|dt +2(0 — §)Car*™"
—9 -8

< (C3(C1 + C2) +2(6 — 8)Ca)A* 77,
which implies (211). O

We apply the variant of Ikehara—Ingham theorem as recalled from Hu & Shi [24] in Theorem B.3 (see Appendix).
Here we take p(dr) :=1(0,00) (r)rgr(r)dr, which is a finite measure since fooo rlgr(r)dr = q(3) (0). More generally
observe that for all A € (0, Acp), fooo e“rzgr(r) dr = q(3)(—k) < 00. With the notation of Theorem B.3, a := A and

F(z) = q®(—z) for all z € C such that 0 < Re(z) < A¢; and G is as in (210) in Lemma 5.3, with b :=2 — y and
c:=(y — 1)”*2/(A2,y"). Thus Theorem B.3 implies that

(y —Hr+?

_—. 215
Fe(2=y)AgyY 1)

o0
A(r) ::/ ulgr(u)du ~ Kir'7Ve*" where K| :=
r r—00

We next set ¢ (u) := ¢, Npe(I' <u~"=D/7) for all u € (0, 00) so that A(r) := [ u?>~1/Y¢(u) du by the definition
(187) of gr. Note that ¢ is decreasing, thus, for all r, s € (0, 00), we get

r+s r+s
¢(r+s)/ duu®=17 §A(r)—A(r+s)§¢(r)/ duu*=17
r r
To simplify notation we set o := y — 1 and the previous inequalities implies that

r—+s
(r + 5% + s)/ dun® VY < (1 +s/r)% s %P A(r) — (r + 5)%* " T A(r +5) and
r
r+s
ro‘ek“rq&(r)/ duu> VY > 2t A(r) — (1 + s/r)%e e (r 4 )2t A + ).
r

As s is fixed and r — oo, frrﬂ duu®=17 ~ sr2=1/7 and the right members of the previous inequalities respectively
tend to K (e’ — 1) and K (1 — e *ers) by (215). This implies that for all s € (0, 00),

Kis™! (1- e_)‘”s) <liminfr? F1=V7 et ¢ (1) < limsup r? T1=V7 et ¢ (r) < Kys71 (e)‘”“ —1).
r—0o r—00
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This proves lim, _, oo 77 T171/7 2 ¢ () = K| A¢r by letting s go to 04. Namely,

Cme(pSr—(y—l)/y) ~ Kihgr /Y7177 g7 har
r—00

which immediately implies (74) in Theorem 1.8. ]

Proof of (75) in Theorem 1.8. The proof of (75) is quite similar to that of (74). We set
Vr e (0,00), gp(r):i=cyr YNy (D <2r=0=1/7),

Next, we deduce from (44) that
o o0
Vi € (0, 00), / e Mgp(r)dr = / cyr T re T N (rY /Y D < 2) = N[ge ¥ 1 p<yy - (216)
0 0

Recall that g (A) = w; (1). Thus, (121) asserts that for all A € (0, c0),
N[e ™ 1pog] =Li(1,0) =g () =27 = (g()” = 1)g' (V).
Combining this with the fact that N[1 — e™*¢]=11/7 we get for all A € (0, c0),

N[l —e ™ 1pay] =) = (g =2)g' ().

By differentiating this equality, we deduce from (216) that
o0
V2 € (0, 00), / e gp(rydr=0®), where Q) :=2¢'(A) —yq (W)’ ¢’ W)* = (g(1)” —1)g" ().
0

Let us set Ap :=sup{h € R: [~ " gp(r)dr < oo} and Hp := {z € C: Re(z) > —Ap}. Standard results on Laplace
transform (see for instance Widder [37], Chapter 1) imply that the Laplace transform of gp, denoted by £L.(gp), can
be analytically extended to Hp by £,(gp) = fooo e “gp(r)dr,forall ze Hp.

Then, Lemma 5.2 implies that Q can be extended analytically on H and that it is continuous on H. We next argue
by contradiction by supposing that Ap < Ac: thus Hp C H. By reasoning as in the proof of Lemma 5.2, we get
fooo re*0 g (r)dr = (—=1)" Q™ (—=ip), n € N, and since we assume Ap < A, Q is analytic in a neighbourhood of
Ap, and there exists € > 0 such that

00 Opt eh 00 (_S)n
/ ePoFO o (r)dr = Z —‘/ Mg (r)dr = Z — Q" (=p) = Q(~Arp — &) < 00,
0 neN - Jo neN "
which contradicts the definition of A p. Thus, we have proved that A, < Ap and thus H C Hp.

The principle of isolated zeroes for analytic functions then implies that Q(z) = 000 e “gp(r)dr for all z € H
Moreover, by Lemma 5.2, Q can be extended analytically on U and —A is the only singular point of Q in U. Thus,
it implies that A p = A.;. Moreover, for all z € H we get

/0 e rgp(r)dr=—0'@) =y — g7 ¢ @ +3(re@" '¢'@ - 1)¢" @) + ()" —2)¢? (2.

For all z € C such that 0 < Re(z) < Acr, We set

—Q(Cratd) 2D,

F(Z)=—Q/(—Z)=/O e“rgp(r)ydr and G(z) = 2 e

Thanks to (197) and (198) in Lemma 5.2, the same arguments as in Lemma 5.3 imply that

6
,\I—Vf |G@A+it) — GO +it)|dt — 0.
8 A0+
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We leave the details to the reader (the computations are long but straightforward). Then, the variant of Ikehara—Ingham
theorem recalled in Theorem B.3 implies that

> 1=y, —herr 2y = Hrt?
/r ugp(u)du i Kor'7Ve " where K, := Fe(z_—W 217)
We next argue as in the proof of (74) to derive (75) from (217). U
Appendix A: Proof of Lemma 2.2
We first recall the following notation from Introduction: let # € C(R, R;). For any a € [0, #(0)], set
Ly(h) = inf{t eRy:h(t)=h(0) — a} and r,(h) =inf{t €(0,00):h(0) —a > h(t)} A &n, (218)

with the convention that inf @ = co. Standard results on stopping times assert that £, (k) and r, (h) are [0, oo]-valued
Borel measurable functions of 4: see for instance Revuz & Yor [33], Chapter I, Proposition 4.5 and Proposition 4.6,
p- 43. Moreover, it is easy to check that for a fixed h, a +— £,(h) is left continuous and that a +— r,(h) is right
continuous. By standard arguments, (a, h) + (£,(h), r,(h)) is Borel measurable on the set A := {(a, h) € Ry x
CR4,Ry) :a <h(0)}. We next recall the following notation: for all (a, ) € A, we set

VseRy, &E(h,a):=h((ta(h)+5) Ara(h)) —h(0) +a,
with the convention that £(%, a) is the null function 0 if £, (/) = co. The previous arguments entail that
(a,h) e A E(h,a) € C(R4, R,) is Borel measurable. (219)
Recall from (78) the definition of Exc. We assume that
H € Exc.

Recall that pg : [0, {y] — Tg stands for the canonical projection and recall from (6) that the mass measure my is
the pushforward measure of the Lebesgue measure on [0, {g] by pg. Suppose that there exist 7, s € (0, {g) such
that r < s and such that H is constant on (r, s). Thus pg((r,s)) ={pr(r)} and mg({pu()}) > s —r > 0, which
contradicts the fact that my is diffuse. Recall from (5) the definition of the set of leaves L. (7g) of Ty . Suppose there
exist r, s € (0, {y) such that r < s and such that H is strictly monotone on (r, s). It easily implies that pg ((r, s)) C
T \LE(Ty),butmy (py ((r,s))) > s —r > 0, which contradicts the fact that my (7gy \ L£(Tg)) = 0. Thus, we have
proved the following.

(%) Let H € Exc. Letr,s € (0, ¢y) be such that r < s. Then on (r, s), H is not monotone.

Let r € (0, 00) and H € Exc be such that {y > t. Recall the following notation
VseRy, H =Hyy,, Hf=Hy, H:=&H ,a) and H":=E(H"a),

for all a € [0, H;]. Note that H, = H0+ = H;. We also recall the following notation

Mo (H)Y =" 8, f7a Frays (220)

acJo

where Jo; := {a € [0, H] : either £,(H™) <ra(H ™) or £,(H") <r,(HT)}, which is countable. Then, the defini-
tions (218) and () entail that

Vt € (0, 00), VH € Exc such that ¢y > ¢, the closure of Jo ; is [0, H;]. (221)



590 T. Duquesne and M. Wang

We next introduce the compact set C; := {s € [0, ¢y —t] : Hyys = inf,¢[s 1+5] H,}, Whose Lebesgue measure is denoted
by |C;|. We easily check that pgy (C;) C {p, pu(t)} U (Tu \ LE(TH)). Since my is diffuse and supported by the set
of leaves of Ty, we get 0 =mpg (py (Cy)) > |Cy|, which implies that |C;| = 0. Then note that for all a € [0, H;],

[0, ta(HO)NC C {5 €0, 6a(H)]: Hipg > _inf H,]

reft,t+s]

c U (@(HT).r(HT)) [0, La(HT)].

beJo..N[0,a)

Since |C;| =0, this entails,

Vael0,H, €,(H')= Z Li0,0)B) (rp(HT) — € (HT)) = Z 1(0,0) (D)0
beJo, beJo,

Similar arguments imply that

Vael0, Hl, La(H')= Y loo®igs,  L(H)= Y loo®ig,

b€\70,t beJo.
(222)
ra(HY) = Y loa®igs.  ra(H)= Y Loa®)igs.
beJo, beJo.s
Moreover, since H is continuous with compact support, we immediately get
Ve,ne0,00), #{laeT:T(H)VT(H) >nor s,V ig.>e) <oo. (223)

Recall from Remark 1.1 that Tﬁa can be identified with a subtree of Ty ; therefore, up to this identification, the set of
leaves of Tﬁa distinct from the root is contained in the set of leaves of Ty and my, is the restriction of mgy to Tﬁa.
This implies that m, is diffuse and supported by the set of leaves of 7;,. Namely, H4 e Exc. A similar argument
show that He € Exc. This fact combined with (221) and (223) implies the following:

vt € (0,00), VH € Exc such that ¢y > t, Mo (H) € My (E), (224)

where .#}, (E) is as in Definition 2.2. Moreover (219) easily implies that (a, t, H) (ﬁ“, ﬁ“) is Borel-measurable,
which immediately implies Lemma 2.2(i).
Let us prove Lemma 2.2(ii). Recall from Definition 2.2 the definition of the sigma field G on .#}, (E). We next fix
t € (0,00) and H € Exc such that £y > ¢. First note that (222) implies that £,(H™) and r,(H™) are Z(R;) ® G-
measurable functions of (a, Mo ,(H)), where (R ) stands for the Borel sigma field on R. We then fix s € R and
we set a(s) =inf{a € Ry : r,(H™) > 5}, with the convention that inf & = co. The previous argument and the fact that
a > r,(H™) is right continuous entail that a(s) can be viewed as a G-measurable function of M. (H). Note that if
a(s) < oo, then
Hips = H = Hy —a(s) + H (s — Lo (HY)). (225)

s

Next, foralla € Ry, set Ny =) beTo. 14,00) (b)l{gﬁ >0 Recall that we previously proved that the closure of the set
{beJos:p(HT) <rp(HT)}is [0, H;]. Thus H; = sup{a € Ry : N, > 0}, which proves that H; is a G-measurable
function of My ,(H). Moreover (a, Mo ;(H)) His AB(R4) ® G-measurable. Consequently, (225) implies that
Hj is a G-measurable function of Mg ,(H). Since the Borel sigma field on C(R4, R;) is generated by coordinate
applications, this implies that H™ is a G-measurable function of Mg ,(H). A similar argument shows that H ™ is also
a G-measurable function of My ;(H), which easily completes the proof of Lemma 2.2(ii).
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Appendix B: Various results in complex analysis used in the proofs

In this section we briefly recall several results of complex analysis, without proof. Let U be a non-empty open subset
of C (or of R); a function f : U — C is called analytic if it is locally given by a power series expansion. We refer to
the following result as to the principle of isolated zeroes.

Let U be a non-empty connected open subset of C (or of R) and let f : U — C be analytic; if f is not identically
null, then {z € U : f(z) = 0} is discrete (namely it has no limit points).

We use several times the following statement known as the Lagrange inversion formula and whose proof can be
found for instance in Digldonné [10], Chapter VIII, (7.3). Let zo € C and r € [0, 00). We denote by D(zg,r) ={z €
C:lz—1z0| <r}and by D(zo,r) ={z € C: |z — z0| < r} respectively the open and the closed disks with centre zg and
radius r.

Proposition B.1. Let r € (0,00). Let U be a non-empty open subset of C that contains a closed disk D(0,r). Let
H : U — C be analytic. We set m := max, 5., |H (x)|. Then, for all z € D(0,r/m), the equation x = zH (x) has
a unique solution x =: f(z) in D(0,r). Moreover f : D(0,r/m) — C is analytic and in a neighbourhood of 0 the
following power expansion holds true:

" dn—l n
f@)= Z H(W(H(x)) )

n>1

x=0

Let V be a non-empty open subset of C2. A function F : V — C is called analytic in two variables if for any
(2o, vo) € V there exists ¢ € (0, 00) and an array of complex numbers (dm,,)m.neN such that for all z, v € D(0, &),
(zo+2z,v9+v)eVand F(zo+z,v9+v) = Zm’neN am 2™ V", the sum being absolutely convergent. We shall also
use a standard result for existence and uniqueness of solution to ordinary differential equation in a complex domain
that is recalled as follows (for a proof, see for instance in Hille [23], Theorem 2.2.1).

Proposition B.2. Let V be a non-empty open subset of C* and let F : V — C be analytic in its two variables. Let
(z0, vo) € V. Then, there exist r € (0, 00) and a unique analytic function q : D(zg, r) — C such that

Vz e D(z0,7), (2,4()) €V, ¢'(2)=F(z,9(z)) and q(z0) = vo.

In the proof of Theorem 1.8, we shall use a variant of Ikehara—Ingham theorem as stated in Hu & Shi [24] and
whose proof closely follows the main steps of that of Theorem 11, p. 234, in Tenenbaum [35]. We recall this result
here. To that end, we use the following notations: we set D_ := {z € C : Re(z) < 0 and Im(z) = 0}, the negative axis
of the complex plane. For any b € C, we use the following notation z? := exp(blogz), for all z € C\ D_, where log is
the usual determination of the logarithm in C \ D_. Standard results in complex analysis assert that z > z” is analytic
in the domain C\ D_.

Theorem B.3. Leta, b, c € (0,00). Let u be a finite measure on R.. Assume that fR+ M u(dr) < oo forall A < a.
For all z € C such that 0 < Re(z) < a, we set

F —
F(2) :=/ e u(dr) and G(2) :=M—cz_b.
R, a—z
We next assume that
0
Vo € (0,00), n(r,0) ::)\b—lf |G(2A+iz)—G(A+it)|dtmo. (226)
—0

Then, there exist two constants K1, K, € (0, 00) such that K only depends on a, K, only depends on a, b, ¢ and such
that for all sufficiently large r € (0, 00)

e‘”rl_bu((r, oo)) —

1 1
<K, inf <— + n(—, 9) + (re)—b) — 0. (227)
0 r r—00

Le(D) =K,
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