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We describe the complex poles of the power spectrum of correlations for the geodesic flow on compact
hyperbolic manifolds in terms of eigenvalues of the Laplacian acting on certain natural tensor bundles.
These poles are a special case of Pollicott—Ruelle resonances, which can be defined for general Anosov
flows. In our case, resonances are stratified into bands by decay rates. The proof also gives an explicit
relation between resonant states and eigenstates of the Laplacian.
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1. Introduction

In this paper, we consider the characteristic frequencies of correlations,

pre®) =/SM<fo¢_t)-gdu, f. g €C¥(SM), (1-1)

for the geodesic flow ¢; on a compact hyperbolic manifold M of dimension n 4 1 (that is, M has constant
sectional curvature —1). Here ¢; acts on SM, the unit tangent bundle of M, and u is the natural smooth
probability measure. Such ¢, are classical examples of Anosov flows; for this family of examples, we are
able to prove much more precise results than in the general Anosov case.

An important question, expanding on the notion of mixing, is the behavior of pf () as t — +o0.
Following [Ruelle 1986], we take the power spectrum, which in our convention is the Laplace transform
pr.g(X) of ps, restricted to t > 0. The long-time behavior of py, () is related to the properties of
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Figure 1. An illustration of Theorem 1, with eigenvalues of the Laplacian on the left and
the resonances of geodesic flow on the right. The red crosses mark exceptional points
where the theorem does not apply.

the meromorphic extension of ¢ 4(A) to the entire complex plane. The poles of this extension, called
Pollicott—Ruelle resonances (see [Pollicott 1986; Ruelle 1986; Faure and Sjostrand 2011] and (1-7) below),
are the complex characteristic frequencies of p ., describing its decay and oscillation and not depending
on f, g.

For the case of dimension n + 1 =2, the following connection between resonances and the spectrum
of the Laplacian was announced in [Faure and Tsujii 2013b, Section 4] (see [Flaminio and Forni 2003]
for a related result and the remarks below regarding the zeta function techniques).

Theorem 1. Assume that M is a compact hyperbolic surface (n = 1) and the spectrum of the positive
Laplacian on M is (see Figure 1)

Spec(A) = {s;j(1 —s;)}, s;€[0,11U (3 +iR).

Then Pollicott—Ruelle resonances for the geodesic flow on SM in C\ (—1 — %No) are

Ajm=—-m—1+s;, meN. (1-2)
Remark. We use the Laplace transform (which has poles in the left half-plane) rather than the Fourier

transform as in [Ruelle 1986; Faure and Sjostrand 2011] to simplify the relation to the parameter s used
for Laplacians on hyperbolic manifolds.

Our main result concerns the case of higher dimensions n 4 1 > 2. The situation is considerably more
involved than in the case of Theorem 1, featuring the spectrum of the Laplacian on certain tensor bundles.
More precisely, for o € R, denote

Multa (o, m) := dimEig" (o),
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Figure 2. An illustration of Theorem 2 for n = 3. The red crosses mark exceptional
points where the theorem does not apply. Note that the points with m =2, £ =1 are
simply the points with m = 0, £ = O shifted by —2 (modulo exceptional points), as
illustrated by the arrow.

where Eig” (0), defined in (5-19), is the space of trace-free, divergence-free symmetric sections of @™ T* M
satisfying Af = o f. Denote by Multg (1) the geometric multiplicity of A as a Pollicott—Ruelle resonance
of the geodesic flow on M (see Theorem 3 and the remarks preceding it for a definition).

Theorem 2. Let M be a compact hyperbolic manifold of dimension n+1>2. Assume X € C\ (— SN—% No).
Then, for A & —2N, we have (see Figure 2)

m/2]
Multg() = > > Multa(—(t+m+in)* + tn? +m —2¢,m - 2¢) (1-3)
m>0 ¢=0
and, for . € —2N, we have
Lm/2]
Multg) = > Y Multa(—(h+m+1n)* + In? +m —2¢, m —2¢). (1-4)
m>0 {¢=0
m#£E—A

Remark. (i) If Multa (— (2 +m + %n)2 +4n%4+m —2¢,m —2¢) > 0, then Lemma 6.1 and the fact that
A > 0 on functions imply that either A € —m — %n +iR or

rel[—1—m, —m] ifn=1, m>?2¢,
rell—-n—m, —1—m] ifn>1 m>2¢, (1-5)
AE[—n—m, —m] if m=2¢.

In particular, we confirm that resonances lie in {Re A < 0} and the only resonance on the imaginary axis
is A = 0 with Multz (0) = 1, corresponding to m = £ = 0. We call the set of resonances corresponding
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to some m the m-th band. This is a special case of the band structure for general contact Anosov flows
established in the work of Faure and Tsujii [2013a; 2013b; 2014].

(ii) The case n = 1 fits into Theorem 2 as follows: for m > 2, the spaces Fig” (o) are trivial unless o is
an exceptional point (since the corresponding spaces Bd™*(1) of Lemma 5.6 would have to be trace-free
sections of a one-dimensional vector bundle), and the spaces Eig1 (0 +1) and Eig0 (o) are isomorphic, as
shown in Appendix C2.

(ii1)) The band with m = 0 corresponds to the spectrum of the scalar Laplacian; the band with m =1
corresponds to the spectrum of the Hodge Laplacian on coclosed 1-forms; see Appendix C2.

(iv) As seen from (1-3) and (1-4), for m > 2 the m-th band of resonances contains shifted copies of bands
m—2,m—4,.... The special case (1-4) means that the resonance 0 of the m = 0 band is not copied to
other bands.

(v) A Weyl law holds for the spaces Eig"” (0); see Appendix C1. It implies the following Weyl law for
resonances in the m-th band:

Z 27~ HD2 (4 —1)!

Multg (A) = : Vol(M)R"*! R™). 1-
ultg (1) Flo+3)  mia D) ol(M) + O(R") (1-6)

re—n/2—m+i[—R,R]

The power R"*! agrees with the Weyl law of [Faure and Tsujii 2013b, (5.3)] and with the earlier upper
bound of [Datchev et al. 2014]. We also see that, if n > 1, then each m and £ € [0, %m] produce a
nontrivial contribution to the set of resonances. The factor (m +n — 1)!/m!(n — 1)! is the dimension of
the space of homogeneous polynomials of order m in n variables; it is natural in light of [Faure and Tsujii
2013a, Proposition 5.11], which locally reduces resonances to such polynomials.

The proof of Theorem 2 is outlined in Section 2. We use in particular the microlocal method of Faure
and Sjostrand [2011], defining Pollicott—Ruelle resonances as the points A € C for which the (unbounded
nonselfadjoint) operator

X+r:H —-H, r>-—-CyoRex, -7

is not invertible. Here X is the vector field on SM generating the geodesic flow, so that ¢, = 'X, H" is a
certain anisotropic Sobolev space, and Cy is a fixed constant independent of r; see Section SA for details.
Resonances do not depend on the choice of . The relation to correlations (1-1) is given by the formula

o0

o0
Pro() = f e o) di = / e e gy di = (X407 f. 8 2csmn.
0 0

valid for Re A > 0 and f, g € C*°(SM). See also Theorem 4 below.

We stress that our method provides an explicit relation between classical and quantum states, that is,
between Pollicott—Ruelle resonant states (elements of the kernel of (1-7)) and eigenstates of the Laplacian;
namely, in addition to the poles of p 7, (1), we describe its residues. For instance, for the m = 0 band, if
u(x, &), x e M, & € S; M, is a resonant state, then the corresponding eigenstate of the Laplacian, f(x), is
obtained by integration of u along the fibers Sy M; see (2-3). On the other hand, to obtain u from f one
needs to take the boundary distribution w of f, which is a distribution on the conformal boundary S" of
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the hyperbolic space H"*! appearing as the leading coefficient of a weak asymptotic expansion at S" of
the lift of f to H"*!. Then u is described by w via an explicit formula, (2-4); this formula features the
Poisson kernel P and the map B_ : SH"t!' — S" mapping a tangent vector to the endpoint in negative
infinite time of the corresponding geodesic of H"*!. The explicit relation can be schematically described
as follows:

quSXMudE

resonant eigenstates
states of X of A
wr> P* - (woB_) asymptotics at S"

| boundary distributions

For m > 0, one needs to also use horocyclic differential operators; see Section 2.

Theorem 2 used the notion of geometric multiplicity of a resonance A, that is, the dimension of the
kernel of X + A on H". For nonselfadjoint problems, it is often more natural to consider the algebraic
multiplicity, the dimension of the space of elements of 74" which are killed by some power of X + A.

Theorem 3. If ) ¢ —%n - %No, then the algebraic and geometric multiplicities of A as a Pollicott—Ruelle
resonance coincide.

Theorem 3 relies on a pairing formula (Lemma 5.10), which states that

(, u™) 250y = Fn e QIS f5) L2 9m—2070 1) »

where u is a resonant state at some resonance A corresponding to some m, £ in Theorem 2, u* is a
coresonant state (that is, an element of the kernel of the adjoint of (X + 1)), f, f™ are the corresponding
eigenstates of the Laplacian, and F,, ;(A) is an explicit function. Here (u, u*) 2 refers to the integral f uu*,
which is well-defined despite the fact that neither u nor u* lie in L?; see (5-6). This pairing formula is
of independent interest as a step towards understanding the high frequency behavior of resonant states
and attempting to prove quantum ergodicity of resonant states in the present setting. Anantharaman and
Zelditch [2007] obtained the pairing formula in dimension 2 and studied concentration of Patterson—
Sullivan distributions, which are directly related to resonant states; see also [Hansen et al. 2012].

To motivate the study of Pollicott—Ruelle resonances, we also apply to our setting the following
resonance expansion, proved by Tsujii [2010, Corollary 1.2] and Nonnenmacher and Zworski [2015,
Corollary 5]:

Theorem 4. Fix ¢ > 0. Then, for N large enough and f, g in the Sobolev space HN (SM),

Multg (1)

pra@= [ fan [edur Y Y At g+ Oppe ), (19

re(=n/2,0) k=1

where u, i is any basis of the space of resonant states associated to ) and u} , is the dual basis of the
space of coresonant states (so that ), u;_ x ® 2 u5 , is the spectral projector of —X at A).
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Here we use Theorem 3 to see that there are no powers of ¢ in the expansion and that there exists the
dual basis of coresonant states to a basis of resonant states.

Combined with Theorem 2, the expansion (1-8) in particular gives the optimal exponent in the decay
of correlations in terms of the small eigenvalues of the Laplacian; more precisely, the difference between
pf.¢(t) and the product of the integrals of f and g is O(e™"""), where

vo=_min _min{v+m |ve (0,3n—m), v(n—v)+m e Spec”(A)},
0<m<n/2
or O(e~ /2=y for each & > 0 if the set above is empty. Here Spec™(A) denotes the spectrum of the
Laplacian on trace-free, divergence-free symmetric tensors of order m. Using (1-5), we see that in fact
one has v € [1, in —m) for m > 0.

In order to go beyond the O(e~/2~9)") remainder in (1-8), one would need to handle the infinitely
many resonances in the m = 0 band. This is thought to be impossible in the general context of scattering
theory, as the scattering resolvent can grow exponentially near the bands; however, there exist cases, such
as Kerr—de Sitter black holes, where a resonance expansion with infinitely many terms holds; see [Bony
and Hafner 2008; Dyatlov 2012]. The case of black holes is somewhat similar to the one considered here,
because in both cases the trapped set is normally hyperbolic; see [Dyatlov 2015; Faure and Tsujii 2014].
What is more, one can try to prove a resonance expansion with remainder O (e~""/2+1-91) where the
sum over resonances in the first band is replaced by ((ITy f) o™, g) and Iy is the projector onto the
space of resonant states with m = 0, having the microlocal structure of a Fourier integral operator — see
[Dyatlov 2015] for a similar result in the context of black holes.

Previous results. In the constant curvature setting in dimension n+1 =2, the spectrum of the geodesic flow
on L? was studied by Fomin and Gelfand [1952] using representation theory. An exponential rate of mixing
was proved by Ratner [1987] and it was extended to higher dimensions by Moore [1987]. In variable nega-
tive curvature for surfaces and, more generally, for Anosov flows with stable/unstable jointly nonintegrable
foliations, exponential decay of correlations was first shown by Dolgopyat [1998] and then by Liverani
[2004] for contact flows. The work of Tsujii [2010; 2012] established the asymptotic size of the resonance-
free strip and the work of Nonnenmacher and Zworski [2015] extended this result to general normally
hyperbolic trapped sets. Faure and Tsujii [2013a; 2013b; 2014] established the band structure for general
smooth contact Anosov flows and proved an asymptotic for the number of resonances in the first band.

In dimension 2, the study of resonant states in the first band (m = 0) — that is, distributions which lie
in the spectrum of X and are annihilated by the horocyclic vector field U_ — appears already in the works
of Guillemin [1977, Lecture 3] and Zelditch [1987], both using the representation theory of PSL(2; R),
albeit without explicitly interpreting them as Pollicott—Ruelle resonant states. A more general study of
the elements in the kernel of U_ was performed by Flaminio and Forni [2003].

An alternative approach to resonances involves the Selberg and Ruelle zeta functions. The singularities
(zeros and poles) of the Ruelle zeta function correspond to Pollicott—Ruelle resonances on differential
forms (see [Fried 1986; 1995; Giulietti et al. 2013; Dyatlov and Zworski 2015]), while the singularities
of the Selberg zeta function correspond to eigenvalues of the Laplacian. The Ruelle and Selberg zeta
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functions are closely related; see [Leboeuf 2004, Section 5.1, Figure 1; Dyatlov and Zworski 2015,
(1.2)] in dimension 2 and [Fried 1986; Bunke and Olbrich 1995, Proposition 3.4] in arbitrary dimensions.
However, the Ruelle zeta function does not recover all resonances on functions, due to cancellations with
singularities coming from differential forms of different orders. For example, [Juhl 2001, Theorem 3.7]
describes the spectral singularities of the Ruelle zeta function for n = 3 in terms of the spectrum of the
Laplacian on functions and 1-forms, which is much smaller than the set obtained in Theorem 2.

The book of Juhl [2001] and the works of Bunke and Olbrich [1995; 1997; 1999; 2001] study Ruelle
and Selberg zeta functions corresponding to various representations of the orthogonal group. They also
consider general locally symmetric spaces and address the question of what happens at the exceptional
points (which in our case are contained in — %n — %NO), relating the behavior of the zeta functions at these
points to topological invariants. It is possible that the results [Juhl 2001; Bunke and Olbrich 1995; 1997;
1999; 2001] together with an appropriate representation-theoretic calculation recover our description of
resonances, even though no explicit description featuring the spectrum of the Laplacian on trace-free,
divergence-free symmetric tensors as in (1-3), (1-4) seems to be available in the literature. The direct
spectral approach used in this paper, unlike the zeta function techniques, gives an explicit relation between
resonant states and eigenstates of the Laplacian (see the remarks following (1-7)) and is a step towards a
more quantitative understanding of decay of correlations.

An essential component of our work is the analysis of the correspondence between eigenstates of the
Laplacian on H"*! and distributions on the conformal infinity S”. In the scalar case, such a correspondence
for hyperfunctions on S” is due to Helgason [1970; 1974] (see also [Minemura 1975]); the correspondence
between tempered eigenfunctions of A and distributions (instead of hyperfunctions) was shown by Oshima
and Sekiguchi [1980] and van den Ban and Schlichtkrull [1987] (see also [Grellier and Otal 2005]).
Olbrich [1995] studied Poisson transforms on general homogeneous vector bundles, which include the
bundles of tensors used in the present paper. The question of regularity of equivariant distributions on S”"
by certain Kleinian groups of isometries of H"*! (geometrically finite groups) is interesting since it
determines the regularity of resonant states for the flow; precise regularity was studied by Otal [1998] in
the 2-dimensional cocompact case, Grellier and Otal [2005] in higher dimensions, and Bunke and Olbrich
[1999] for geometrically finite groups. In dimension 2, the correspondence between the eigenfunctions
of the Laplacian on the hyperbolic plane and distributions on the conformal boundary S' appeared
in [Pollicott 1989; Bunke and Olbrich 1997]; it is also an important tool in the theory developed by
[Bunke and Olbrich 2001] to study Selberg zeta functions on convex cocompact hyperbolic manifolds
(see also [Juhl 2001] in the compact setting). These distributions on the conformal boundary S§", of
Patterson—Sullivan type, are also the central object of the recent work of Anantharaman and Zelditch
[2007; 2012] studying quantum ergodicity on hyperbolic compact surfaces; a generalization to higher-rank,
locally symmetric spaces was provided by Hansen, Hilgert and Schroder [Hansen et al. 2012].

2. Outline and structure

In this section, we give the ideas of the proof of Theorem 2, first in dimension 2 and then in higher
dimensions, and describe the structure of the paper.
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2A. Dimension 2. We start by using the following criterion (Lemma 5.1): A € C is a Pollicott—Ruelle
resonance if and only if the space

Resy (L) := {u € D'(SM) | (X 4+ A)u =0, WF(u) C E*}

is nontrivial. Here D’ (S M) is the space of distributions on SM (see [Hérmander 1983]), WF(u) C T*(SM)
is the wavefront set of u (see [Hormander 1983, Chapter 8]), and E;; C T*(SM) is the dual unstable
foliation described in (3-15). It is more convenient to use the condition WF(u) C E;; rather than u € H",
because this condition is invariant under differential operators of any order.

The key tools for the proof are the horocyclic vector fields Uy on SM, pictured in Figure 3(a) below.
To define them, we represent M = I'\H?, where H?> = {z € C | Imz > 0} is the hyperbolic plane
and I' C PSL(2; R) is a cocompact Fuchsian group of isometries acting by Mobius transformations.
(See Appendix B for the relation of the notation we use in dimension 2, based on the half-plane model
of the hyperbolic space, to the notation used elsewhere in the paper that is based on the hyperboloid
model.) Then SM is covered by SH?, which is isomorphic to the group G := PSL(2; R) by the map
y €G> (y(i),dy(i)-i). Consider the left-invariant vector fields on G corresponding to the following
elements of its Lie algebra:

L 01 00
(Y ) -0

then X, Uy descend to vector fields on SM, with X becoming the generator of the geodesic flow. We
have the commutation relations

[X,Us]==xUs and [Uy4,U_]=2X. (2-2)
For each A and m € Ny, define the spaces
Vi) :={u e D'(SM) | (X+Mu=0, U"u=0, WF(u) C E}},

and put
Resy (1) := Vi (A).

By (2-2), U™ (Resx (1)) C Resx (A +m). Since there are no Pollicott—Ruelle resonances in the right
half-plane, we conclude that

Resx(A) = V,,(A) for m > —Re .
We now use the diagram (writing Id = U2, Uy = U. for uniformity of notation)

L L

0=Vo(h) —= Vi(A) —— Vo (1) V3(L) e

alle alle wlle

Res())( Q) Res())( r+1 Res())( rA+2)
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where ¢ denotes the inclusion maps and, unless A € —1 — %No, we have
Vinp1(A) = Vi (A) © U_T (RCS?( (A +m)),

and U is one-to-one on Res())( (A + m); indeed, using (2-2) we calculate

m
unur =m!<l_[(2k+m —I—j)) Id on Res%(+m)
j=1

and the coefficient above is nonzero when A ¢ —1 — %No. We then see that

Resy (1) = @D UT (Res% (1 +m)).

m=>0

It remains to describe the space of resonant states in the first band,
Resy (3) = {u € D'(SM) | (X +M)u =0, U_u=0, WF(u) C E}}.

We can remove the condition WF(u) C E} as it follows from the other two; see the remark following
Lemma 5.6. We claim that the pushforward map

ur> f(x) :=/S u(x, §)ds() (2-3)
is an isomorphism from Resg(()») onto Eig(—A(1 + 1)), where Eig(o) = {u € C*°(M) | Au = ou}; this
would finish the proof. In other words, the eigenstate of the Laplacian corresponding to u is obtained by
integrating u over the fibers of SM.

To show that (2-3) is an isomorphism, we reduce the elements of Res?( (1) to the conformal boundary S'
of the ball model B? of the hyperbolic space as follows:

Resy (L) = {P(y, B_(y, &) w(B_(y,&)) | w € Bd(W)}, (2-4)

where P(y, v) is the Poisson kernel: P(y,v)=(1—|y[®)/ly—v|* yeB? veS!; B_:SB>— S' maps
(v, &) to the limiting point of the geodesic ¢; (y, £) as t — —oo — see Figure 3(a) —and Bd(A) C D'(S")
is the space of distributions satisfying a certain equivariance property with respect to I'. Here we lifted
Res())( (1) to distributions on SH? and used the fact that the map B_ is invariant under both X and U_; see
Lemma 5.6 for details.

It remains to show that the map w +— f defined via (2-3) and (2-4) is an isomorphism from Bd(}) to
Eig(—XA(1+ A)). This map is given by (see Lemma 6.6)

FO) =2, w(y) = /§1 P(y, v) P wv)dS) (2-5)

and is the Poisson operator for the (scalar) Laplacian corresponding to the eigenvalue s(1 —s), s =1+ A.
This Poisson operator is known to be an isomorphism for A ¢ —1 — N—see the remark following
Theorem 6 in Section 5B — finishing the proof.
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2B. Higher dimensions. In higher dimensions, the situation is made considerably more difficult by the
fact we can no longer define the vector fields U+ on SM. To get around this problem, we remark that, in
dimension 2, U_u is the derivative of u along a certain canonical vector in the one-dimensional unstable
foliation E,, C T(SM) and, similarly, U u is the derivative along an element of the stable foliation Ej;
see Section 4B. In dimension n + 1 > 2, the foliations E,, E, are n-dimensional and one cannot trivialize
them. However, each of these foliations is canonically parametrized by the following vector bundle £
over SM:

Ex,§)=melM|nlé}, x,§eSM.
This makes it possible to define horocyclic operators
Ul :D'(SM) — D' (SM; QYEY),
where ®'¢ stands for the m-th symmetric tensor power, and we have the diagram

L L L L

0="Vo(») Vi(d) V() V3() S
dle ufle e
Res%, (1) Res!, (A + 1) Res3 (L +2)

where V' = (=1)"(U!)* and we put, for a certain extension X of X to ®'¢E™,

V(W) = {u € D'(SM) | (X +1)u =0, U"u =0, WF(u) C E*},
Rest(A) :={v € D'(SM; QYE) | (X +1M)v =0, U_v=0, WF(v) C E}.

Similarly to in dimension 2, we reduce the problem to understanding the spaces Res'y (1), and an operator
similar to (2-3) maps these spaces to eigenspaces of the Laplacian on divergence-free symmetric tensors.
However, to make this statement precise, we have to further decompose Res'y (A) into terms coming from
traceless tensors of degrees m, m —2, m — 4, ..., explaining the appearance of the parameter ¢ in the
theorem. (Here the trace of a symmetric tensor of order m is the result of contracting two of its indices
with the metric, yielding a tensor of order m — 2.) The procedure of reducing elements of Res (1) to
the conformal boundary $” is also made more difficult because the boundary distributions w are now
sections of @ (T*S").

A significant part of the paper is dedicated to proving that the higher-dimensional analog of (2-5)
on symmetric tensors is indeed an isomorphism between appropriate spaces. To show that the Poisson
operator &, is injective, we prove a weak expansion of f(y) € C®(B"*!) in powers of 1 —|y| as y € B!
approaches the conformal boundary S”"; since w appears as the coefficient in one of the terms of the
expansion, &, w = 0 implies w = 0. To show the surjectivity of &2,", we prove that the lift to H"+! of
every trace-free, divergence-free eigenstate f of the Laplacian admits a weak expansion at the conformal
boundary (this requires a fine analysis of the Laplacian and divergence operators on symmetric tensors);
putting w to be the coefficient next to one of the terms of this expansion, we can prove that f = &, w.
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2C. Structure of the paper. In Section 3, we study in detail the geometry of the hyperbolic space H"*!,
which is the covering space of M. In Section 4, we introduce and study the horocyclic operators. In
Section 5, we prove Theorems 2 and 3, modulo properties of the Poisson operator. In Sections 6 and 7, we
show the injectivity and the surjectivity of the Poisson operator. Appendix A contains several technical
lemmas. Appendix B shows how the discussion of Section 2A fits into the framework of the remainder of
the paper. Appendix C shows a Weyl law for divergence-free symmetric tensors and relates the m = 1
case to the Hodge Laplacian.

3. Geometry of the hyperbolic space

In this section, we review the structure of the hyperbolic space and its geodesic flow and introduce various
objects to be used later, including:

« the isometry group G of the hyperbolic space and its Lie algebra, including the horocyclic vector
fields Uii (Section 3B);

o the stable/unstable foliations E;, E, (Section 3C);

« the conformal compactification of the hyperbolic space, the maps B, the coefficients @, and the
Poisson kernel (Section 3D);

« parallel transport to conformal infinity and the maps .4+ (Section 3F).

3A. Models of the hyperbolic space. Consider the Minkowski space R'"*! with the Lorentzian metric

n+1
gm =dx} — dejz-.
j=1
The corresponding scalar product is denoted (-, - ). We denote by ey, ..., e,+1 the canonical basis

of R:7+1,

The hyperbolic space of dimension n 4 1 is defined to be one sheet of the two-sheeted hyperboloid
H' = {x e RV (x, x)y =1, xo > 0}
equipped with the Riemannian metric

gH = —gM|THn+1.

We denote the unit tangent bundle of H"*! by
SH™ = {(x, &) [x e W™, £ e RV (6, 6)y = —1, (x,§)y =0). (3-1)

Another model of the hyperbolic space is the unit ball B"t! = {y e R"*! | |y| < 1}, which is identified
with H"*+! ¢ R+ via the map (here x = (xg, x') € R x R"*1)

x/

1 2 2y). 3-2
Yot 1 (I+1yl%, 2y) (3-2)

Yy HT S B () = . vl =

1
1=y



934 SEMYON DYATLOV, FREDERIC FAURE AND COLIN GUILLARMOU

and the metric gz pulls back to the following metric on B"*+!:

4dy?
W= 5. (3-3)
(1—=1y»?
We will also use the upper half-space model U"*! = [R{Z) x R? with the metric
- dzg+dz?
Wy e = 05—, (3-4)
20
where the diffeomorphism ; : B"T! — U"*! is given by (here y = (y1, y') € R x R")
(1—1yl*,2y) 1 (z5+1z* = 1,22)
V) =", 20,2) = . 3-5

3B. Isometry group. We consider the group
G =PSO(l,n+1) CSL(n+2; R)

of all linear transformations of R'"*! preserving the Minkowski metric, the orientation, and the sign
of xo on timelike vectors. For x € R""*! and y € G, denote by y - x the result of multiplying x by the
matrix y. The group G is exactly the group of orientation-preserving isometries of H"*!; under the
identification (3-2), it corresponds to the group of direct Mobius transformations of R"*! preserving the
unit ball.

The Lie algebra of G is spanned by the matrices

X=FEo1+E o Ar=EFEox+Ewo, R j=E ;—E;; (3-6)

fori, j > 1 and k > 2, where E; ; is the elementary matrix if 0 <i, j <n+1 (thatis, E; je; = Jjie;).
Denote fori =1,...,n

U':i=—-Ai1— R, U7 :=—Ai1+ R 3-7)

l ]

and observe that X, U;’, U7, Rit1,j+1 (for 1 <i < j < n) also form a basis. Henceforth we identify
elements of the Lie algebra of G with left-invariant vector fields on G.
We have the commutator relations (for 1 <i, j, k <n andi # j)

(X, UF1=+UF, [UF,UF1=0, [U"U71=2X, [UF,UF1=2Rit1 41,

(3-8)
[Riz1j41, X1 =0, [Rig1j+1, U1 =8 U — 8 U5

The Lie algebra elements Ul.jE are very important in our argument, since they generate horocyclic flows;
see Section 4B. The flows of U i in the case n = 1 are shown in Figure 3(a); for n > 1, the flows of Ui
do not descend to SH™*!.

The group G acts on H"*! transitively, with the isotropy group of ey € H**! isomorphic to SO(n + 1).
It also acts transitively on the unit tangent bundle SH"*!, by the rule y.(x, &) = (y - x, y - &), with the
isotropy group of (eg, ;) € SH"*! being

H={yeGly-e=e y-e1=e}=SOMn). (3-9)
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By (x,6)

exp(U3)(@,€)

(a) (b)

Figure 3. (a) The horocyclic flows exp(+U li) in dimension n 4+ 1 = 2, pulled back to
the ball model by the map i from (3-2). The thick lines are geodesics and the dashed
lines are horocycles. (b) The map A, and the parallel transport of an element of £ along
a geodesic.

Note that H is the connected Lie subgroup of G with Lie algebra spanned by R; ;1 ;11 for 1 <i, j <n.
We can then write SH"+! ~ G/H, where the projection s : G — SH"*! is given by

ws(y) = (y-ep, y-e)) € SH™, yeG. (3-10)

3C. Geodesic flow. The geodesic flow,
@ SH™ > SH'™! 1 eR,
is given in the parametrization (3-1) by
¢ (x,&) = (x cosht 4 & sinht, x sinht + & cosht). (3-11)
We note that, with the projection s : G — SH"*! defined in (3-10),

@1 (s(y)) = ws(y exp(t X)),

where X is as defined in (3-6). This means that the generator of the geodesic flow can be obtained by
pushing forward the left-invariant field on G generated by X by the map mg (which is possible since X
is invariant under right multiplications by elements of the subgroup H defined in (3-9)). By abuse of
notation, we then denote by X also the generator of the geodesic flow on SH"*!:

X=£-0,+x-0. (3-12)

We now provide the stable/unstable decomposition for the geodesic flow, demonstrating that it is hyperbolic
(and thus the flow on a compact quotient by a discrete group will be Anosov). For p = (x, &) € SH"*!,
the tangent space 7, (S H"*1) can be written as

T, (SH™ ) = {(vy, ve) € R | (x, vedyr = (€, ve)m = (x, ve)r + (€, vy = O},
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The differential of the geodesic flow acts by
de:(p) - (vx, vg) = (v cosht + vg sinh?, v, sinhf + vg cosh1).
We have T,(SH"!) = E%(p) ® T,(SH"*"), where E%(p) := RX is the flow direction and
T, (SH™) = {(vy, ve) € RV | (xr, ve) s = (x, ve)w = (€, vi)w = (&, ve)m =0}
and this splitting is invariant under d¢;. A natural norm on 7, ,(SH™1) is given by the formula
| e V)17 2= —(urs o) — (Vg Ve (3-13)

using the fact that v, and ve are Minkowski orthogonal to the timelike vector x and thus must be spacelike
or zero. Note that this norm is invariant under the action of G.
We now define the stable/unstable decomposition Tp(S H*1) = E;(p) ® E.(p), where

Es(p) :={(v, =v) [ (x, v}y = (§, v)» =0},
E (p) :={,v) | {x,v)n = (§, v}y = O}

Then T,,(S[H]”“) = Eo(p) ® E;(p) ® E,(p), this splitting is invariant under ¢, and under the action of G,
and, using the norm from (3-13),

(3-14)

ldgi(p)-wl=e""w|, weEgp), and |dg(p) -wl=e'lw|, weE,(p).
Finally, we remark that the vector subbundles E; and E, are spanned by the left-invariant vector fields
U1+, R U,f and U, ..., U, from (3-7) in the sense that
niEs =span(U|", ..., U @b, n#$E,=span(U;,...,U;)®h.

Here ngEs :={(y,w) € TG | (ns(y),dns(y) - w) € Eg} and ngE, is defined similarly; b is the left
translation of the Lie algebra of H, or equivalently the kernel of dws. Note that, while the individual
vector fields U li, ..., U¥ are not invariant under right multiplications by elements of H in dimensions
n+ 1> 2 (and thus do not descend to vector fields on SH"*! by the map ), their spans are invariant
under H, by (3-8).

The dual decomposition, used in the construction of Pollicott—Ruelle resonances, is

THSH'™) = Ej(p) @ EX () ® Ef(p). (3-15)

where Ej(p), E}(p), E;;(p) are dual to Eo(p), E,(p), Es(p) in the original decomposition (that is, for
instance, E; (p) consists of all covectors annihilating Eo(p) @ E;(p)). The switching of the roles of E;
and E, is due to the fact that the flow on the cotangent bundle is (d¢,” hyx,

3D. Conformal infinity. The metric (3-3) in the ball model B"*! is conformally compact; namely,
the metric (1 — |y|?)2(y~1)* gy continues smoothly to the closure B"+!, which we call the conformal
compactification of H"™!; note that H"*! embeds into the interior of B"*! by the map (3-2). The
boundary S” = dB"*!, endowed with the standard metric on the sphere, is called conformal infinity. On
the hyperboloid model, it is natural to associate to a point at conformal infinity v € S” the lightlike ray
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{(s,sv) | s > 0} € R""*!; this ray is asymptotic to the curve {(+/1+s2,sv) | s > 0} C H**!, which
converges to v in B!,
Take (x, &) € SH"*!. Then (x £&, x £ &)y =0 and xo £ & > 0, so we can write

x+£§=dsL(x, §)(1, B+(x,§))
for some maps
o, SH'™' > RY, By:SH'"M —» S". (3-16)

Then By (x, &) is the limit as ¢+ — o0 of the x-projection of the geodesic ¢;(x, §) in B!
Bi(x,£) = lim 7(p(x,£), m:SH™ - H"*
t—+oo

This implies that, for X defined in (3-12), dB+ - X = 0, since By (¢s(x,&)) = Bi(x, &) for all s € R.
Moreover, since ©(¢;(x,&)) = et (xo + &) = e Py (x, £) from (3-11), we find

XPy=+Dy. (3-17)
For (x, v) € H"*! x S (in the hyperboloid model), define the function

P(x,v)=(xg—x"-v)"" = ((x, (L, v))y) ™" if x = (x0, x") € H'L. (3-18)
Note that P(x, v) > 0 everywhere, and in the Poincaré ball model B"*+! we have

1=yP

T yeB"H, (3-19)

POy, v) =

which is the usual Poisson kernel. Here v is as defined in (3-2).
For (x, v) € " x S”, there exist unique &1 € Sy H"*! such that B (x, £4) = v: these are given by

EL(x,vV)=FxE P(x,v)(,v), (3-20)
and we have

D4 (x,51(x,v)) = P(x,v). (3-21)

Notice that the equations B (x, £+ (x, v)) = v imply that By are submersions. The map v — &4 (x, v) is
conformal with the standard choice of metrics on S" and S,H"*!; in fact, for ¢y, & € T,S",

(0E+(x, v) - 1, 08w (x, 1) - 2)ur = — P (x, 1)*(C1, L)t (3-22)

Using that (x +&, x — &), = 2, we see that

D (x, 5P (x,6)(1 =By (x,8) B (x,§)) =2. (3-23)
One can parametrize SH" ! by

D, (x,8)

) € (S" x S"a xR, (3-24)
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where (§" x §")a is S" x §" minus the diagonal. In fact, the geodesic y (t) = ¢;(x, &) goes from v_
to v, in B"*! and y(—s) is the point of y closest to ¢y € H"T! (corresponding to 0 € B"*!). In the
parametrization (3-24), the geodesic flow ¢, is simply

w_, vy, ) > (v_, vy, s+1).

We finally remark that the stable/unstable subspaces of the cotangent bundle, E¥, E¥ C T*(SH"™),
defined in (3-15), are in fact the conormal bundles of the fibers of the maps B:

Ef(p) = N*(B'(B+(p)), Ej(p)=N*(BZ'(B-(p))), peSH"™". (3-25)

This is equivalent to saying that the fibers of B, integrate (that is, are tangent to) the subbundle
Ey ® E;, C T(SH"t!), while the fibers of B_ integrate the subbundle Eq @ E,. To see the latter
statement, say for By, it is enough to note that d By - X = 0 and differentiation along vectors in E;
annihilates the function x 4+ £ and thus the map B, ; therefore, the kernel of d B contains Ey & Ej, and
this containment is an equality since the dimensions of both spaces are equal to n + 1.

3E. Action of G on the conformal infinity. For y € G and v € S", y - (1, v) is a lightlike vector with
positive zeroth component. We can then define N, (v) >0, L, (v) € S" by

y-(1,v) =N, (v)(1, L, (v)). (3-26)

The map L, gives the action of G on the conformal infinity S" = dB"*!. This action is transitive and the
isotropy groups of e € S" are given by

Hi={yeG|3s>0 y-(egLte) =s(egxer)}. (3-27)

The isotropy groups H. are the connected subgroups of G with the Lie algebras generated by R; 11 ;11
for1 <i < j<n,X,and Ul.jE for 1 <i <n. To see that Hy are connected, for n = 1 we can check directly
that every y € H. can be written as a product ¢’* Ut for some t,s € R, and for n > 1 we can use the
fact that S" ~ G/ Hy. is simply connected and G is connected, and the homotopy long exact sequence of
a fibration.

The differentials of N, and L, (in v) can be written as

y-0,8) = (dNy(v) - £)(1, L, (v)) .

AN, () - = (dxo.y - (0,0)),  (0,dL,(v)-¢) = N
Y

here ¢ € T,S". We see that the map v +— L., (v) is conformal with respect to the standard metric on S";
in fact, for ¢y, & € T,S”,

({dL,(v)-¢1,dL, (V) - &)gert = N,y (V) 2(L1, 82) ot -

The maps By : SH'T! — S" are equivariant under the action of G:

Bi(y.(x,8)) =Ly (B£(x,§)).



POWER SPECTRUM OF THE GEODESIC FLOW ON HYPERBOLIC MANIFOLDS 939

Moreover, the functions @4 (x, &) and P(x, v) enjoy the following properties:
Pi(y.(x,8) =Ny (BL(x,6)Px(x,8), P(y-x,Ly(v))=N,()P(x,v). (3-28)

3F. The bundle £ and parallel transport to the conformal infinity. Consider the vector bundle £ over
SH™*! defined as follows:

E={(x,&v) e SH' x T,H"™ | gy (&, v) =0},

i.e., the fibers £(x, &) consist of all tangent vectors in T H+! orthogonal to &; equivalently, £(x, &)
consists of all vectors in R""*! orthogonal to x and & with respect to the Minkowski inner product. Note
that G naturally acts on &, by putting y.(x,&,v) :=(y -x,y &,y - v).

The bundle £ is invariant under parallel transport along geodesics. Therefore, one can consider the
first-order differential operator

X C®(SH™ &) = ¢ (SH"!: &), (3-29)

which is the generator of parallel transport; namely, if v is a section of £ and (x, &) € S H**1, then Xv(x, &)
is the covariant derivative at t = 0 of the vector field v(¢) := v(¢;(x, &§)) on the geodesic ¢;(x, &§). Note
that £(¢, (x, £)) is independent of ¢ as a subspace of R""*! and, under this embedding, X just acts as X
on each coordinate of v in R!"*!. The operator %X is a symmetric operator with respect to the standard
volume form on SH"*! and the inner product on £ inherited from TH"*!.

We now consider parallel transport of vectors along geodesics going off to infinity. Let (x, &) € SH"+!
and v € T,H""!. We let (x(1), £(1)) = ¢, (x, ) be the corresponding geodesic and v(¢) € T)C(,)I]-I]"Jrl be
the parallel transport of v along this geodesic. We embed v(¢) into the unit ball model B"*! by defining

w(t) =dyr (x(1)) - v(r) € R"™,

where ¢ is as defined in (3-2). Then w(¢) converges to 0 as t — 400, but the limits lim;_, £+ xo(#)w(?)
are nonzero for nonzero v; we call the transformation mapping v to these limits the transport to conformal
infinity as t — *o0o. More precisely, if

v=cé+u, uecfx,§),
then we calculate
tligl xo(w(t) =By (x, §) +u’ —ugBs(x, &), (3-30)
— 400

where Bi(x,£&) € S" is as defined in Section 3D. We will in particular use the inverse of the map
Ex, &) du > u —ugBL(x,§) € Tp,(x5)S": for (x,£) € SH"*+! and ¢ € T, (x,5)S", define (see
Figure 3(b))
al) (X,B (x7 ))
A6, )8 = (0,0) — (0, 8), xhyy(x £ 6) = W=D BEOEN L o ) (3-31)
P(x, B+(x,§))

Here &, is as defined in (3-20). Note that, by (3-22), A is an isometry:

lAL(x, E)¢ gy =18Irrs & € TByr)S". (3-32)
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Also, A4 is equivariant under the action of G:
Ay -x,y-§)-dL,(B(x, )¢ = Ny (B£(x, )7 v - (Ax(x, §)0). (3-33)

We now write the limits (3-30) in terms of the O-tangent bundle of Mazzeo and Melrose [1987].
Consider the boundary defining function pg :=2(1 — [y|)/(1+|y|) on B"*!; note that in the hyperboloid
model, with the map ¢ defined in (3-2),

po(¥ (x)) = 2*/’60 tlovxo -1 X'+ O as xg—> oo (3-34)

Vxo+1++/x0—1

The hyperbolic metric can be written near the boundary as gy = (dpg +hp,)/ ,03 with £, a smooth family
of metrics on S”, and ko = d6? is the canonical metric on the sphere (with curvature 1).

Define the 0-tangent bundle °7B"*! to be the smooth bundle over B"*! whose smooth sections are the
elements of the Lie algebra Vo(B™ ") of smooth vectors fields vanishing at " = B"*+!'N{pp = 0}; near the
boundary, this algebra is locally spanned over C*° (@”“) by the vector fields p00d,,, 0099, , - . -, P00, if 6;
are local coordinates on S”. There is a natural map °TB"*! — TB"*!, which is an isomorphism when
restricted to the interior B"*!. We denote by °T*B"*! the dual bundle to °TB"+!, generated locally near
po = 0 by the covectors dpg/ o, d61/po, - - ., d6,/po. Note that T*Brt! naturally embeds into O=gntl
and this embedding is an isomorphism in the interior. The metric gy is a smooth, nondegenerate, positive
definite quadratic form on °TB"*!, that is, g € C*(B"*!; ®%(°T*B" ")), where ®% denotes the space
of symmetric 2-tensors. We refer the reader to [Mazzeo and Melrose 1987] for further details (in particular,
for an explanation of why O-bundles are smooth vector bundles); see also [Melrose 1993, §2.2] for the
similar b-setting.

We can then interpret (3-30) as follows: for each (v, n) € SB"*! and each w e T, B"*+!, the parallel
transport w(z) of w along the geodesic ¢;(y, n) (this geodesic extends smoothly to a curve on B"*+!,
as it is part of a line or a circle) has limits as  — oo in the O-tangent bundle °TB"+!. In fact (see
[Guillarmou et al. 2010, Appendix A]), the parallel transport

_L_(y/, y) : OTan+l — OT},/Bn—H
from y to y' € B"*! along the geodesic starting at y and ending at y’ extends smoothly to the boundary
(v, y") € B! x B"*!\ diag(S" x S") as an endomorphism °7,B"*! — T, B"*+!, where diag(S" x S")
denotes the diagonal in the boundary; this parallel transport is an isometry with respect to gg. The same

properties hold for parallel transport of covectors in °7*B"*!, using the duality provided by the metric g .
An explicit relation to the maps A is given by the following formula:

Ar(x, &)L =dy(x)™" - T (¥ (x), Be(x, §)) - (000), (3-35)

where po¢ € OTp, (r.£)B"*! is tangent to the conformal boundary S".
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4. Horocyclic operators
In this section, we build on the results of Section 3 to construct horocyclic operators
Uy D' (SH™ ! @1 £%) — D/ (SH™; @/ F1e™),

4A. Symmetric tensors. In this subsection, we assume that E is a vector space of finite dimension N,
equipped with an inner product gg, and let E* denote the dual space, which has a scalar product induced
by gg (also denoted gg). (In what follows, we shall take either £ =E&(x,&) or E =T, H™+! for some
(x, &) € SH"*!, and the scalar product g in both cases is given by the hyperbolic metric gz on those
vector spaces.) We will work with tensor powers of E*, but the constructions also apply to tensor powers
of E by swapping E with E*.

We introduce some notation for finite sequences to simplify the calculations below. Denote by <" the
space of all sequences K =kj ...k, with1 <k, <N.Fork;,...k, €™, ji...Jj €<, and a sequence
of distinct numbers 1 < ¢y, ..., ¢, <m, denote by

{f]%j],...,ﬁr—)jr}KEVQ{m

the result of replacing the £,-th element of K by j, for all p. We can also replace some j, by blank
space, which means that the corresponding indices are removed from K.
For m > 0 denote by ®” E* the m-th tensor power of E* and by ®'{ E* the subset of those tensors which

are symmetric, i.e., u € ¢ E* if u(vy(1), . . . Vogm)) =u(v1, ..., vy) forallo €I, and all vy, ..., v, € E,
where I1,, is the permutation group of {1, ..., m}. There is a natural linear projection S : " E* — Q' E*
defined by
* * 1 * * * *
SOT® - @m)=— 3 08 By, 1 E" (4-1)
oell,

The metric gg induces a scalar product on Q™ E*,

m
(V- Qup, W - Quy)g, = H(vj, wigp, Wi, v €E™
j=1
The operator S is selfadjoint and thus an orthogonal projection with respect to this scalar product.
Using the metric gg, one can decompose the vector space ®' as follows. Let (ei)f\’: , be an or-
thonormal basis of E for the metric gz and (e}) be the dual basis. First of all, introduce the trace map

T :®"E* — ®" 2E* contracting the first two indices by the metric: for v; € E, define

N

T (1, ..., vm2) =Y ul€i €. v, ..., 0u2) (4-2)

i=1
(the result is independent of the choice of the basis). For m < 2, we define T to be zero on ®” E*. Note
that 7" maps ®’§+2E* onto ' E*. Set

ey =€ ® Qe €®"E*, K=ki.. kyeo™".
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Then

T( > fKe*K>= Y ) fuxek

K caym+2 Keg™ ged

The adjoint of 7 : ®'S"+2E * — ¢ E* with respect to the scalar product gg is given by the map u —
S(ge ® u). To simplify computations, we define a scaled version of it: let Z : @ E* — ®'S"+2E * be
defined by

m+2)(m+1) (m+2)y(m+1)__,
Z(u) = fs(gE Qu) = f’f (). (4-3)
Then
m—+2
I( Z fKe*K> = Z Z Skek, fie— r—1K €k -
Keam K eam+2 Zérzl
Note that, for u € Q' E*,
T(Zu) = 2m+ N)u+Z(Tu). (4-4)

By (4-3) and (4-4), the homomorphism 77 : @¢E* — ®{E* is positive definite and thus an iso-
morphism. Therefore, for u € ®'§ E*, we can decompose u = u; + Z(uz), where u; € ®'§ E* satisfies
Tw)=0and u, = (TZ)" " Tu e ®’;1_2E*. Iterating this process, we can decompose any u € Q' E*
into

Lm/2]
u= Y T'(u). u €@y TE* Tu,)=0, (4-5)
r=0

with u, determined uniquely by u.
Another operation on tensors which will be used is the interior product: if v € E and u € ®'{ E*, we
denote by ¢, (1) € QY ~!E* the interior product of u by v given by

(v, .oy Up—1) == u(V, U, oo, V1)

If v* € E*, we write t,+u for the tensor t,u with gg(v, -) = v*.

We conclude this subsection with a correspondence which will be useful in certain calculations later.
There is a linear isomorphism between ®'¢ E* and the space Pol™ (E) of homogeneous polynomials of
degree m on E: to a tensor u € ®'§ E* we associate the function on E given by x — P, (x) :=u(x, ..., x).
If we write x = Z,N: | Xie; in a given orthonormal basis, then

m
Ps(er)(x) = ka‘,-, K=k kyea™.
j=1

N a2
i=1 8X,'

The flat Laplacian associated to gg is given by Ag = — ) in the coordinates induced by the

basis (e;). Then it is direct to see that

ApP,(x) =—m(m —1)Pru)(x), uec®E", (4-6)
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which means that the trace corresponds to applying the Laplacian (see [Dairbekov and Sharafutdinov
2010, Lemma 2.4]). In particular, trace-free symmetric tensors of order m correspond to homogeneous
harmonic polynomials, and thus restrict to spherical harmonics on the sphere |x|,, =1 of E. We also
have

Pruy(x) = 2(m+2)(m + D|x*P,(x), ue@FE™ -7

4B. Horocyclic operators. We now consider the left-invariant vector fields X, U :’t Rit1,j41 on the
isometry group G, identified with the elements of the Lie algebra of G introduced in (3-6), (3-7). Recall
that G acts on SH"*! transitively with the isotropy group H ~ SO(n) and this action gives rise to the
projection 775 : G — SH"*!; see (3-10). Note that, with the maps ®.. : SH"*! - R* and B : SH"T! — S”
defined in (3-16), we have

Bi(ms(y)) =Ly(£e1) and ®@i(ms(y)) =Ny(Fe1), yeq,

where N), : S" — R" and L, : S" — S" are defined in (3-26). Since Hy, the isotropy group of e
under the action L,,, contains X and U l.i in its Lie algebra (see (3-27) and Figure 3(a)), we find

d(Bioms)-UX=0 and d(Bioms)-X =0. (4-8)
‘We also calculate
d(®yoms)-UF =0. (4-9)

Define the differential operator on G
Ug=U: Ul K=ki- kpea™

Note that the order in which k1, ..., k,, are listed does not matter, by (3-8). Moreover, by (3-8),

m
[Riv1je1 Ugl =Y Gie Uik — ik Uit jy)- (4-10)
=1
Since H is generated by the vector fields R; 1 j;1, we see that in dimensions n + 1 > 2 the horocyclic
vector fields Uii, and more generally the operators U,jf, are not invariant under right multiplication
by elements of H and therefore do not descend to differential operators on SH"*! —in other words,
if u € D'(SH™t), then Ulj(ﬁ(n;‘u) € D'(G) is not in the image of 7{.

However, in this section we will show how to differentiate distributions on SH"*! along the horocyclic
vector fields, resulting in sections of the vector bundle £ introduced in Section 3F and its tensor powers.
First of all, we note that by (3-14), the stable and unstable bundles E;(x, §) and E,(x, &) are canonically
isomorphic to £(x, &), by the maps

0y :E(x,8)—> Es(x,8), 60_:£x,8)— E (x,8), 0+(v)=(—v,=%v).

For u € D'(SH™*!), we then define the horocyclic derivatives Usu € D' (SH"T!; £*) by restricting the
differential du € D' (SH"+!; T*(SH"*!)) to the stable/unstable foliations and pulling it back by 6.:

Usu(x, &) :=du(x,€)o01 € £ (x, §). 4-11)
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To relate U4+ to the vector fields Ul.i on the group G, consider the orthonormal frame e, ..., e; of the
bundle 73E* over G defined by
e;(y) =y (e € E(ms(y)),

ag1 of RUAH and y— =
(y~H*: (RVH1y* — (RL+1y* More generally, we can define the orthonormal frame ey of TG(R®ME™)
by

where the ej. = dx; form the dual basis to the canonical basis (e;);—o

.....

ey =€, Q---Qe , K=ki...kyed™

We compute, for u € D'(SH'™Y), du(ws(y)) - 0+(y(ej+1)) = Uf(n;iu)(y), and thus

n
wiUsu) =Y UF(iuer. 4-12)
j=I

We next use the formula (4-12) to define /1 as an operator
u:l: :,D/(S[H]IH—I; ®mg*) — D/(SHn+]; ®m+15*) (4_13)

as follows: for u € D/(SI]-I]”“; ®ME™), define Uy u by

n

miUsu) =Y > (UFug)efy, miu= Y  ugek. (4-14)
r=1 Kea™ Keg™
This definition makes sense (that is, the right-hand side of the first formula in (4-14) lies in the image
of 7§) since a section

f=" fxex €D (G:my@"EN), fx €D(G),
Keam
lies in the image of 7§ if and only if R; 11 ;41 f =0 for 1 <i < j <n (the differentiation is well defined
since the fibers of 7§ (®"E) are the same along each integral curve of R;; 1), and this translates to

Rit1,j+1fk —Z((Sﬂqf{z—n Siky fus k), 1<i<j=<n, Kew™ (4-15)

to show (4-15) for f,x = Ur ug, we use (3-8):

+ +
Rivijr1frk =[Riy1,j+1, U Jug + U7 Riq jiuk

m
=3dj, UiiMK — &ir U;_LMK + Z ik U u—ik — S, UXuye— k.-
=1
To interpret the operator (4-13) in terms of the stable/unstable foliations in a manner similar to (4-11),
consider the connection VS on the bundle £ over SH"*! defined as follows: for (x, &) € SH*t!,

(v, w) € Tix.e)(SH™ ), and u € D'(SH™!; €), let VS u(x, €) be the orthogonal projection of

(v,w)
Rl n+1
(v w)

u(x,&) onto E(x,&) c RV
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where V""" is the canonical connection on the trivial bundle SH*™! x R'"+! over SH" ! (corresponding
to differentiating the coordinates of « in R'"*!). Then V5 naturally induces a connection on ®”£*, also

denoted V¥, and we have, for v, vy, ..., v, € E(x, &) and u € D' (SH*!; @),
Usu(x, E)W, 01, .. vp) = (V5 ) (V1. .. U). (4-16)
Indeed, if y(¢) = y(O)e’Uf: is an integral curve of U;E on G, then y(t)es, ..., y(t)e,4+1 form a parallel

frame of £ over the curve (x(t), £(t)) = ms(y (¢)) with respect to VS, since the covariant derivative
of y(t)ex in t with respect to VR g simply y(t)U;—Lek; by (3-7) this is a linear combination of
x(t) =y (t)eg and £(¢) = y (t)e; and thus Vts(y(t)ek) =0.

Note also that the operator X defined in (3-29) can be interpreted as the covariant derivative on &
along the generator X of the geodesic flow by the connection V. One can naturally generalize X to a
first-order differential operator

X D/(SHn-i-l; ®m5*) — ,D/(Sl]_ﬂn-i-l; ®mg*)’ (4_17)

and }TX is still symmetric with respect to the natural measure on SH"*! and the inner product on ®"&*
induced by the Minkowski metric. A characterization of X in terms of the frame e} is given by

mi(Xu)= Y (Xug)ey, miu= Y  uge. (4-18)
Keom Keagm™

It follows from (3-8) that, for u € D/(SI]-I]”“; QME™),
XUsu — UL Xu = Ut u. (4-19)

‘We also observe that, since [Uii, U;—L] =0, for each scalar distribution u € D'(SH"*!) and m € N we have
UTu e D' (SH ! ®'¢E¥), where ®YE* C ®™E™ denotes the space of all symmetric cotensors of order m.
Inversion of the operator I/ is the topic of the next subsection. We conclude with the following lemma,
describing how the operator ¢/} acts on distributions invariant under the left action of an element of G:

Lemma 4.1. Let y € G and u € D' (SH'Y). Assume also that u is invariant under left multiplications
by y, namely u(y.(x, £)) = u(x, &) for all' (x,&) € SH*. Then v = UTu is equivariant under left
multiplication by y in the following sense:

v(y.(x, ) = y.v(x, §), (4-20)

where the action of y on ®'{E* is naturally induced by its action on £ (by taking inverse transposes),
which in turn comes from the action of y on RV"+1,

Proof. We have, for y’' € G,

Ulu(rs(y)) = ) WUgwoms)(y)ek ).
Keam™

1Strictly speaking, this statement should be formulated in terms of the pullback of the distribution u# by the map
(x,8) > y.(x,8).
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Therefore, since U;E are left-invariant vector fields on G,

Ubu(y.ms(y) =Uu(rs(yy) = Y (Ugwoms)(y)ekyy)).
Keam

It remains to note that e} (yy’) = y.ex (¥'). O

4C. Inverting horocyclic operators. In this subsection, we show that distributions v € D' (SH"*!; ®GE)
satisfying certain conditions are in fact in the image of U acting on D’(SH"*!). This is an important
step in our construction of Pollicott—Ruelle resonances, as it will make it possible to recover a scalar
resonant state corresponding to a resonance in the m-th band. More precisely, we prove:

Lemma 4.2. Assume that v € D'(SH"!; Q'S E) satisfies Urv = 0, and Xv = EAv for A & %Z. Then
there exists u € D' (SH"Y) such that UV'u =v and Xu = (A —m)u. Moreover, if v is equivariant under
left multiplication by some y € G in the sense of (4-20), then u is invariant under left multiplication by y.

The proof of Lemma 4.2 is modeled on the following well-known formula recovering a homogeneous
polynomial of degree m from its coefficients: given constants a, for each multiindex « of length m, we
have

f ix“aazaﬂ, 1| = m. (4-21)

lo|=m
The formula recovering # from v in Lemma 4.2 is morally similar to (4-21), with Uf taking the role of 9, ,
the condition U+ v = 0 corresponding to a, being constants, and U;F taking the role of the multiplication
operators x ;. However, the commutation structure of Uf, given by (3-8), is more involved than that of 9,
and x;, and in particular it involves the vector field X, explaining the need for the condition Xv = +Av
(which is satisfied by resonant states).
To prove Lemma 4.2, we define the operator

Vi D/(SH™ @"He%) — DI(SH'™ @"€%),  Vi=Tls,

where 7T is as defined in Section 4A. Then, by (4-14),
wg(Viu) = Z Z(U;ﬁqu)e*K, U= Z Ugey.
Keagm (]EJJ Ke'g/erl

For later use, we record the following fact:
Lemma 4.3. U} = —V., where the adjoint is understood in the formal sense.

Proof. Ifu € CgO(SH”+1; QMEX), v e CP(SH"H; @"+1€*), and ug, vy are the coordinates of mu and
v in the bases (e ) ke and (€7) jc . m+1, then, by (4-14), we compute the following pointwise identity
on SH"*!:

Uz, 0) + (. Vi) =Vew,  w e CPSH™LEN, mw= ) ukixe;.

Kea™
qged
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It remains to show that, for each w, the integral of V1w is equal to zero. Since Vs is a differential operator

/ Viw = f (w, n+)
SHn+1 SHn-H

for all w and some n+ € C®(SH"*!; £%) independent of w. Then 7 is equivariant under the action

of order 1, we must have

of the isometry group G and, in particular, |5+| is a constant function on SH**!. Moreover, using that
f Xf=0forall f e CB’O(SI]-[I”“) and Vi (Xw) = (X F1)Viw, we get, for all w € C°,

?/ (w, nt) :/ Vi(Xw) = —/ (w, Xns).
SHn+1 SHnr+1 SHn+1

This implies that X'ny = +n4 and, in particular,
X[nel* = 2(Xnx, ne) = £2ne |,
Since |ni|2 is a constant function, this implies n+ = 0, finishing the proof. |

To construct u from v in Lemma 4.2, we first handle the case when 7 (v) = 0; this condition is
automatically satisfied when m < 1.

Lemma 4.4. Assume that v € D' (SH*t!; ®E) andUrv =0, T (v) = 0. Define u = Vv € D' (SHM).

Then
n+m—2

]_[ €+ X)) v. (4-22)

UYu=2"m! (
{=n—1

Proof. Assume that
wjv=) frek. fx €D (G).

K E ,Qf”l
Then

+
miu= Y Uffx. miUiwy= Y  UUEfxe;.
Keagm™ K,Jeag™

ForO<r <m,J e o™ 7" and p € o, we have, by (3-8),

Z WU, UFIUE fyxs = £2X Z Ug foxs+2 Z Rp+1,4+1Uf fak -
Keo" Kew" Ked”
qed qgeof
To compute the second term on the right-hand side, we commute R, .41 with UF by (4-10) and
use (4-15) to get
r

Z Rp+1,q+1UIj(quKJ: Z <Z((qulU{:gﬁp}KquJ_SPkZU{:E%q}Kf‘]KJ)-i_UI?fPK]_(SP‘]U;{Ff‘IKJ

Ked” Keag™ ™ t=1
qed qgedd

.
+ 3 (Bak UE fatte—mxrs — Sk UE fatte—a1x)7)

=1
m—1-r

+ ) (5quU?<quK({Hp}J>—3pjeU1?qu<{2+q}J>))-
=1
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Since v is symmetric and 7 (v) = 0, the expressions ZKE%,,%M Sqk, U{f*)p}Kqu‘], quﬂ Jae=q1K)75
and ) .., fqk(¢—q)s) are zero. Further using the symmetry of v, we find

Z Rpi1,qr1UE fyks =(n+m—r—=2) Z Ug fok s

Ke%’ Kea”

qe

and thus
Y Wy UFWE faks =2 Y UFEX+n+m—2r—2)fpk. (4-23)
Ke,(;s;’ Kew"
qe

Then, using that U/+v = 0, we find

r+1
+ +
Y U Uifks= D D UL WU UIUE o fak
Kea/r+l Kea™ =1
qged
r+l1
=2 > Y UFEX+n+m—20fpk,
Kea" =1
=20r+1) Y UFEX+n+m—r—2)fpk,. (4-24)
Ked”

By iterating (4-24) we obtain (using also that v is symmetric), for J € o™,

Ut Z U,?fK:ZmU;Emjm_l Z UT(EX +n—1)fk,

Kea™ Kegm—1
— + -
=d4m(m—1U; . Z USEX +n)(EX +n—1)fkjp i
Keam=2
n+m—2
=2"m! [[ &X+0f.
{=n—1
which achieves the proof. U

To handle the case 7 (v) # 0, define also the horocyclic Laplacians
Ay = —TUL = —Villy : D' (SH™) — D/ (SH™),
so that, for u € D' (SH"1),

n
TgALu = — Z U;:U;:(JT;M).
q=1

Note that, by the commutation relation (3-8),
[X, Ai]=£2A.. (4-25)

Also, by Lemma 4.3, A, are symmetric operators.
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Lemma 4.5. Assume that u € D'(SH*™*') and U7 u = 0. Then
UTT2Azu = —4(X Fm)QX £ (n — 2)TUTu) — 4T (T UTw)).

Proof. We have
TIUS TP Ay =— > UgUFUFuey.

Kegmt?
qged

Using (3-8), we compute, for K € "2 and q €,

[Ug. U]
m+2
_ + + prFE
- Z Ukl---ké—l [Ukz’ Uq ]Ukz+1-.~km+2
=1
m+2

+ + +
=2 Z ak Ujgoyx (EX+m —L+2)+ Uyl Rke+1,q+1UkM...km+2)

m+2 m+2
=2 Z (U{im@qke (EX+m =L+ + Rirrgr)+ Y Gor Uiy =Sk U g K)>
r=~{+1

m+2 m+2
=2 Z <U{jlg—>}K(aqké (FX+m+1D+ Rke+1’q+1) - Z 8kzkr U{jl;—>,r—>q}K> :
r={+1
Since Z/{’"Hu =0, for K € &™*2 and q € o/ we have Ulfu = [Ui, U,f]u =0, and thus
UxUFUFu=[[Ug. UF1. UFu.
We calculate

D g EX +m+ 1) + Riyr1.g11. UF 1= (0 = DU,
qged

and thus, for K € o712,

m+2 m—+2
+ + +
> URUF U =2 Y (W I mtn =D = 3 s, LI e U1

qed (=1 r=0+1 qed
Now, for K € @/"+2,
m+2
D Wik USIEX +m+n— Du
=1 m+2 m+2
=2 (akm Ui sox EX+m) = Y S, U;;H}K) (£X +m+n—1)u
l,s=1 r=s+1
L#s r#l
m+2
=23 Stk Ujs oy (E2X +m)(EX +m+n — Du.
Cr=1

l<r
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Furthermore, we have, for K € &,

m
Y W UFlu=2Ug (m+n)(EX +m) —mu =23 Y S, Ui o gl
qed qed s,p=1
s<p

We finally compute

Y URUFUFu

qeAd
m-+2 m—+2 m—+2
=4 Y Sk Ui g XQXE@A2m=2)u44 Y Y Y Stk kb, U e s e s U
l,r=1 gedd L,r=1 s, p=1
L<r L<r s<p
{s.pInfl.ri=2
which finishes the proof. ([

Arguing by induction using (4-4) and applying Lemma 4.5 to ALu, we get:

Lemma 4.6. Assume that u € D' (SH"™!) and L{'i"Hu =0, TULu) =0. Then, for eachr > 0,

r—1 r
UMY AT u = (—1)%”(1"[(2@ (m +j>)) ( [[er+@m —21')))1’(“11 u).
Jj=0 j=1

Moreover, forr > 1,

r—1 r
TUET ALu) = (=127 r(n+2m +2r —2) ( [JxFmm+ j))) ( [Jex+m- 2j))>1’—1 U™ u).
j=0 j=1

We are now ready to complete the proof of Lemma 4.2. Following (4-5), we decompose v as
V= ZrLZ{)ZJ 7" (v,) with v, € D'(SH"+!; ®’§’_2r5*) and 7 (v,) = 0. Since X commutes with 7 and Z, we
find Xv, = *Av,. Moreover, since U/+v = 0, we have Ui v, = 0. Put

up = (—Az)' V2 v, € D'(SH™).

By Lemma 4.4 (applied to v,) and Lemma 4.6 (applied to VI ~27y, and with m replaced by m — 2r),

r—1
=22+

r

[[er+n-2 j))I’ ULE=2rvrry,)

Jj=0 j=l1
n+m—2r—2 m—r—1 r
=2"(m — 2r>!< [T @ +j>>< [T ¢~ j))(]‘[(zxm - 2j>)z’<vr>.
j=n—1 Jj=m—2r j=1
Since A ¢ %Z, we see that v = U'u, where u is a linear combination of uo, ..., u|;s/2). The relation

Xu = £(A —m)u follows immediately from (4-19) and (4-25). Finally, the equivariance property under G
follows similarly to Lemma 4.1.
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4D. Reduction to the conformal boundary. We now describe the tensors v € D'(SH"!; ®§E™) that
satisfy U1 v = 0 and Xv = 0 via symmetric tensors on the conformal boundary S". For that we define the
operators

Q1 : D'(S"; @"(T*S") — D'(SH"™; @"€")
by the following formula: if w € C*°(S"; @™ (T*S")), we set, for n; € £(x, &),

Qrw(x, EY(M1, .oy ) 1= (wo B (x, (AL (x, &)1, ., AL (X, €)1, (4-26)

where A4 (x,8) : Tp (x,eyS" — £(x,§) is the parallel transport defined in (3-31), and we see that
the operator (4-26) extends continuously to D'(S"; ®'(T*S")), since the map By : SH™! — s7
defined in (3-16) is a submersion; see [Hormander 1983, Theorem 6.1.2]; the result can be written as
Qiw=(Q" (.A:_LI)T).w o By, where T denotes the transpose.

Lemma 4.7. The operator Q+ is a linear isomorphism from D'(S"; ®'§(T*S")) onto the space
{v e D' (SH™; 7€) | Usrv =0, Xv =0} (4-27)

Proof. 1t is clear that Q4 is injective. Next, we show that the image of Q. is contained in (4-27). For
that it suffices to show that, for w € C*(S"; @ (T*S")), we have U+ (Q+w) =0 and X (Qrw) =0. We
prove the first statement; the second one is established similarly. Let y € G, wy, ..., w, € C*(S"; TS"),
and w} = (wj, - ) g, be the duals through the metric. Then

m

Q:(w} @ @i (s(y)) = Z <ﬂ<w o By oms (1)) (AL (ms(y)y - ek+1>)eK<y>
ki,..., kp=1 " j=1

n m

=-=n" Y (]‘[«Ai.w,- o Bx)oms(y), ¥ -ek,.mM)e*K(y),

ki,..., knm=1 " j=1

where we have used (3-32) in the second identity. Now we have, from (3-31),

A+(ms(y))¢ =(0,8) —((0,¢),y -eo)my (eo +e1);

thus
Q(wi® - Qui(s(y) = Y. (H L —w; Biors(y)))),y-ekj+1>M)e’,‘<(y>.
kiyokm=1 > j=1

Since d(B4 o 7yg) - Ugt =0 by (4-8) and Ugt()/ k1) =Y - Uz - eg;+1 i1s a multiple of y - (e 1) =
q):t(n’g()/))(l, Bi(ﬂ'g()/))), we see that U (Q+w) = 0 for all w.
It remains to show that, for v in (4-27), we have v = Q4 (w) for some w. For that, define

U= (®"AD) v e D' (SH"; BL(®T*S"),

where A% denotes the transpose of Ax. Then Usv = 0 and Xv = 0 imply that U, Zt (rgv) = 0 and
X ¥ =0 (where, to define differentiation, we embed 7*S" into R"+1). Additionally, R; 11 j41(7§v) = 0;
therefore 7$v is constant on the right cosets of the subgroup Hi C G defined in (3-27). Since
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(Bioms) ' (BLoms(y)) =y Hx, we see that ¥ is the pullback under B of some w € D'(S"; ®YT*S"),
and it follows that v = Q4 (w). O

In fact, using (3-31) and the expression of £ (x, v) in (3-20) in terms of the Poisson kernel, it is not
difficult to show that Q4 (w) belongs to a smaller space of fempered distributions: in the ball model, this
can be described as the dual space to the Fréchet space of smooth sections of ®@” (°SB"*!) over B"*+!
which vanish to infinite order at the conformal boundary S” = aB"+!.

We finally give a useful criterion for invariance of Q4 (w) under the left action of an element of G:

Lemma 4.8. Take y € G and let w € D'(S"; @ (T*S")). Take s € C and define v = &% Q4 (w). Then v
is equivariant under left multiplication by vy, in the sense of (4-20), if and only if w satisfies the condition

L;w(v) =N,(v)"""w), veS" (4-28)
Here L, (v) € S" and N, (v) > 0 are defined in (3-26).
Proof. The lemma follows by a direct calculation from (3-28) and (3-33). U

5. Pollicott—Ruelle resonances

In this section, we first recall the results of Butterley and Liverani [2007] and Faure and Sjostrand
[2011] on the Pollicott—Ruelle resonances for Anosov flows. We next state several useful microlocal
properties of these resonances and prove Theorem 2, modulo properties of Poisson kernels (Lemma 5.8
and Theorem 6), which will be proved in Sections 6 and 7. Finally, we prove a pairing formula for
resonances and Theorem 3.

5A. Definition and properties. We follow the presentation of [Faure and Sjostrand 2011]; a more recent
treatment using different technical tools is given in [Dyatlov and Zworski 2015]. We refer the reader to
these two papers for the necessary notions of microlocal analysis.

Let M be a smooth compact manifold of dimension 27 + 1 and ¢; = ¢'* be an Anosov flow on M,
generated by a smooth vector field X. (In our case, M = SM, M = I'\H"*!, and ¢; is the geodesic
flow — see Section 5B.) The Anosov property is defined as follows: there exists a continuous splitting

TyM=Eo(y) ® E,(y)® Es(y), yeM, Eo(y):=RX(y), (5-1)

invariant under d¢, and such that the stable/unstable subbundles E;, E, C T M satisfy, for some fixed
smooth norm | - | on the fibers of T M and some constants C and 6 > 0,

ldo,(y)v] < Ce™|v|, v e E(y), 52
ldp_,(y)v] < Ce ™ |v|, v e Eu(y).

We make an additional assumption that M is equipped with a smooth measure p which is invariant
under ¢, thatis, Lxu = 0.
We will use the dual decomposition to (5-1), given by

TTM=E;(»)®E,(»®E{(y), yeM, (5-3)
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where Ejj, E;;, E; are dual to Eo, E;, E, respectively (note that £, and E; switch places), so for example
E(y) consists of covectors annihilating Eo(y) @ E,(y).

Following [Faure and Sjostrand 2011, (1.24)], we now consider, for each » > 0, an anisotropic Sobolev
space

H (M), where C®M)CH (M)CDM).

Here we put u := —r, s :=r in [Faure and Sjostrand 2011, Lemma 1.2]. Microlocally near E;, the
space ‘H' is equivalent to the Sobolev space H ™", in the sense that, for each pseudodifferential operator A
of order 0 whose wavefront set is contained in a small enough conic neighborhood of E}, the operator A
is bounded, " — H~" and H™" — H". Similarly, microlocally near E}, the space H" is equivalent to
the Sobolev space H". We also have #° = L?. The first-order differential operator X admits a unique
closed unbounded extension from C* to H"; see [Faure and Sjostrand 2011, Lemma A.1].

The following theorem, defining Pollicott—Ruelle resonances associated to ¢y, is due to Faure and
Sjostrand [2011, Theorems 1.4 and 1.5]; see also [Dyatlov and Zworski 2015, Section 3.2].

Theorem 5. Fix r > 0. Then the closed unbounded operator
—X:H (M) —> H (M)

has discrete spectrum in the region {Rel > —r/Cy} for some constant Cy independent of r. The
eigenvalues of —X on ‘H", called Pollicott—Ruelle resonances, and taken with multiplicities, do not depend

on the choice of r as long as they lie in the appropriate region.

We have the following criterion for Pollicott—Ruelle resonances which does not use the H" spaces
explicitly:

Lemma 5.1. A number A € C is a Pollicott—Ruelle resonance of X if and only the space
Resx (1) :={u e D'(M) | (X +1)u =0, WF(u) C E}} (5-4)

is nontrivial. Here WF denotes the wavefront set; see, for instance, |[Faure and Sjostrand 2011, Defini-
tion 1.6]. The elements of Resx (1) are called resonant states associated to A and the dimension of this
space is called the geometric multiplicity of A.

Proof. Assume first that A is a Pollicott—Ruelle resonance. Take r > 0 such that Re A > —r/Cy. Then A
is an eigenvalue of —X on ‘H", which implies that there exists nonzero u € H" such that (X + A)u = 0.
By [Faure and Sjostrand 2011, Theorem 1.7], we have WF(u) C E}; thus u lies in (5-4).

Assume now that u € D’ (M) is a nonzero element of (5-4). For large enough r, we have Re A > —r/C
andu € H™"(M). Since WF(u) C E;; and 1" is equivalent to H~" microlocally near E;;, we have u € H".
Together with the identity (X + X)u, this shows that A is an eigenvalue of —X on " and thus a Pollicott—
Ruelle resonance. (Il

For each A with Re A > —r/Cy, the operator X +A : H" — H" is Fredholm of index zero on its domain;
this follows from the proof of Theorem 5. Therefore, dim Resy (A) is equal to the dimension of the kernel
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of the adjoint operator X* 4 A on the L? dual of H", which we denote by #~". Since %X is symmetric
on L2, we see that Resy (1) has the same dimension as the following space of coresonant states at A:

Resy- (1) := {u € D'(M) | (X — )u =0, WF(u) C E¥}. (5-5)

The main difference of (5-5) from (5-4) is that the subbundle E} is used instead of E;; this can be justified
by applying Lemma 5.1 to the vector field —X instead of X, since the roles of the stable/unstable spaces
for the corresponding flow ¢_; are reversed.

Note also that, for any A, A* € C, one can define a pairing

(u,u*y € C, ueResx(L), u™ € Resy+(A™). (5-6)

One way to do that is to use the fact that wavefront sets of u# and u* intersect only at the zero section and
apply [Hérmander 1983, Theorem 8.2.10]. An equivalent definition is obtained by noting that « is in H"
and u* is in H~" for r > 0 large enough and using the duality of H" and #~". Note that, for A # 1*, we
have (u, u*) = 0; indeed, X (uu*) = (A* — M)uu* integrates to 0. The question of computing the product
(u, u*) for A = 1* is much more subtle and related to algebraic multiplicities; see Section 5C.

Since %X is selfadjoint on L? = H° (see [Faure and Sjostrand 2011, Appendix A.1]), it has no
eigenvalues on this space away from the real line; this implies that there are no Pollicott—Ruelle resonances
in the right half-plane. In other words, we have:

Lemma 5.2. The spaces Resx (A) and Resx=()\) are trivial for Re A > 0.

Finally, we note that the results above apply to certain operators on vector bundles. More precisely, let &
be a smooth vector bundle over M and assume that X is a first-order differential operator on D’(M; &)
whose principal part is given by X, namely

X(fu)=fXw)+ (X)X @w), feD M), ueclC®M;é). 5-7)

Assume moreover that & is endowed with an inner product (-, - )¢ and %X is symmetric on L? with
respect to this inner product and the measure . By an easy adaptation of the results of [Faure and
Sjostrand 2011] (see [Faure and Tsujii 2014; Dyatlov and Zworski 2015]), one can construct anisotropic
Sobolev spaces H" (M; &) and Theorem 5 and Lemmas 5.1 and 5.2 apply to X on these spaces.

5B. Proof of the main theorem. We now concentrate on the case
M=SM =T\(SH"™"), M=T\H"",

with ¢, the geodesic flow. Here I' C G = PSO(1,n 4 1) is a cocompact discrete subgroup with no
fixed points, so that M is a compact smooth manifold. Henceforth we identify functions on the sphere
bundle SM with functions on SH"*! invariant under I, and similar identifications will be used for other
geometric objects. It is important to note that the constructions of the previous sections, except those
involving the conformal infinity, are invariant under left multiplication by elements of G and thus descend
naturally to SM.
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The lift of the geodesic flow on SM is the generator of the geodesic flow on SH"*! (see Section 3C);
both are denoted X. The lifts of the stable/unstable spaces Es, E, to SH™*! are given in (3-14), and
we see that (5-1) holds with & = 1. The invariant measure © on SM is just the product of the volume
measure on M and the standard measure on the fibers of SM induced by the metric.

Consider the bundle £ on SM defined in Section 3F. Then, for each m, the operator

X :D(SM; QYE") — D' (SM; QFEY)

defined in (4-17) satisfies (5-7) and %X is symmetric. The results of Section SA apply both to X and X.
Recall the operator ¢/_ introduced in Section 4B and its powers, for m > 0,

U™ :D'(SM) - D' (SM; QYEY).
The significance of U™ for Pollicott—Ruelle resonances is explained by the following:

Lemma 5.3. Assume that A € C is a Pollicott—Ruelle resonance of X and u € Resx (1) is a corresponding
resonant state as defined in (5-4). Then

UMu=0 for m > —Rel.

Proof. By (4-19),
X +r+mlU"u=0.

Note also that WF(U™u) C E};, since WF(u) C E and U™ is a differential operator. Since A +m lies in
the right half-plane, it remains to apply Lemma 5.2 to U u. ]

We can then use the operators U™ to split the resonance spectrum into bands:

Lemma 5.4. Assume that . € C\ %Z. Then

dimResy (1) = Z dim Res". (A 4 m), (5-8)
m>0
where
Res™ (L) = (v € D'(SM; @UE") | (X +1)v =0, U_v =0, WF(v) C EX}. (5-9)

The space Res'y.(X) is trivial for Re . > 0 (by Lemma 5.2). If A € %Z, then we have

dimResx () < Y _ dimRes7 (% +m). (5-10)

m>0

Proof. Denote, form > 1,
Vi) :={u e D'(SM) | (X+1Mu=0, U"u=0, WE(u) C E}}.

Clearly, V,,(A) C Vju+1(1). Moreover, by Lemma 5.3 we have Resx (1) = V(1) for m large enough
depending on A. By (4-19), the operator U™ acts as

U™ 2 Vipp1 (L) — Resy (A +m), (5-11)
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and the kernel of (5-11) is exactly V,, (1), with the convention that Vy(A) = 0. Therefore,
dim V,,11(2) < dim V,,, (1) 4+ dim Resy (A +m)

and (5-10) follows.

To show (5-8), it remains to prove that the operator (5-11) is onto; this follows from Lemma 4.2 (which
does not enlarge the wavefront set of the resulting distribution, since it only employs differential operators
in the proof). (I

The space Res'y (A + m) is called the space of resonant states at A associated to the m-th band; later
we see that most of the corresponding Pollicott—Ruelle resonances satisfy Re A = —%n — m. Similarly,
we can describe Resy«(A) via the spaces Res'y. (A +m), where

Res%t.(A) :={v € D'(SM; ®7E) | (X —Mv =0, Uyv =0, WF(v) C EF}; (5-12)
note that here U/ is used in place of U_.
We further decompose Res’y (1) using trace-free tensors:

Lemma 5.5. Recall the homomorphisms T : Q¢ E* — ®’§'_25*, T:Q¢E"— ®’§1_25* defined in Section 4A
(we put T =0 for m =0, 1). Define the space

Res’y’(1) := (v € Resy(h) | T(v) = 0). (5-13)
Then for all m > 0 and A,
Lm/2]
dimResy (1) = > dimResy >“’(3). (5-14)
£=0
In fact,
m/2]
Res’y'(1) = €P T'Resy >0 (). (5-15)
£=0

Proof. The identity (5-15) follows immediately from (4-5); it is straightforward to see that the defining
properties of Res'y (1) are preserved by the canonical tensorial operations involved. The identity (5-14)
then follows since Z is one-to-one by the paragraph following (4-4). (I

The elements of Res’}?o()») can be expressed via distributions on the conformal boundary S":

Lemma 5.6. Let Q_ be the operator defined in (4-26); recall that it is injective. If rr : SH'*! — SM is
the natural projection map, then

7 Resy*(2) = ®* Q_(Bd™ (1)),
where BA™(1) c D/(S"; &' (T*S")) consists of all distributions w such that T (w) = 0 and
Liw@®)=N,() " "w), veS' yel; (5-16)
L, and N, are as defined in (3-26). Similarly

7 Rest (M) = d% 0, (BA"O(R)), Bd™°(R) =Bd™().
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Proof. Assume first that w € Bd"™%(%) and put o = ®* Q_(w). Then, by Lemma 4.8 and (5-16), ¥ is
invariant under I" and thus descends to a distribution v € D'(SM; ®JE*). Since X ®* = —Ad* and
Uj_(dﬂ_ oms) =0by (3-17) and (4-8), and X and Z/_ annihilate the image of Q_ by Lemma 4.7, we have
(X +2)v =0 and U_v = 0. Moreover, by [Hormander 1983, Theorem 8.2.4] the wavefront set of v is
contained in the conormal bundle to the fibers of the map B_; by (3-25), we see that WF(v) C E;. Finally,
T (v) = 0 since the map A_(x, &) used in the definition of Q_ is an isometry. Therefore, v € Res’}é’o(k)
and we have proved the containment ' Res’)'é’o()») > ®* Q_(Bd™°(1)). The opposite containment is
proved by reversing this argument. O

Remark. It follows from the proof of Lemma 5.6 that the condition WF(v) C E; in (5-9) is unnecessary.
This could also be seen by applying [Hormander 1994, Theorem 18.1.27] to the equations (X +A)v =0
and U_v = 0, since X differentiates along the direction Ey, U_ differentiates along the direction E,
(see (4-11) and (4-16)), and the annihilator of Eo @ E,, (that is, the joint critical set of X + A, U/_) is
exactly E.

It now remains to relate the space Bd™ (1) to an eigenspace of the Laplacian on symmetric tensors.
For that, we introduce the following operator, obtained by integrating the corresponding elements of
Res’)'é’o()») along the fibers of S":

Definition 5.7. Take A € C. The Poisson operators
<@):\i: . D/(Sn, ®mT*§I’l) — COO([H]n+1, ®mT*lH]n+1)
are defined by the formulas
prue= [ e 80w 6 dSE)
ot ] (5-17)
2 w(x) =/ - Py (x, 6" Qy(w)(x, £)dS(&).
S, H"

Here, integration of elements of ®"E*(x, §) is performed by embedding them in ®" Tx*l]-l]’”rl using
composition with the orthogonal projection T,H"*! — £(x, &).

The operators @;t are related by the identity
PEw = 2Fw. (5-18)

By Lemma 5.6, &2, maps Bd™%(1) onto symmetric I-equivariant tensors, which can thus be considered
as elements of C*°(M; ®'T*M). The relation with the Laplacian is given by the following fact, proved
in Section 6C:

Lemma 5.8. The image of Bd™ (1) under &, is contained in the eigenspace Eig" (—\(n 4 1) +m) for
each A, where

Eig"(0) := {f € C¥(M: RT*M) | Af =of, V*f =0, T(f) =0}. (5-19)
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Here the trace T was defined in Section 4A and the Laplacian A and the divergence V* are introduced in
Section 6A. (A similar result for ,@f follows from (5-18).)

Furthermore, in Sections 6C and 7 we show the crucial:

Theorem 6. Assume that A ¢ R,,, where

1 1 -
Rm:{—zn—ENo ifn>1o0rm=0, (5-20)

—%No ifn=1 and m > 0.
Then the map &, Bd™(1) — Eig" (—A(n + A) +m) is an isomorphism.

Remark. In Theorem 6, the set of exceptional points where we do not show isomorphism is not optimal
but is sufficient for our application (we only need R,,, C m — %n — %NO); we expect the exceptional set to
be contained in —n + 1 —Njy. This result is known for functions, that is for m = 0, with the exceptional set
being —n — N. This was proved by Helgason [1974] and Minemura [1975] in the case of hyperfunctions
on §" and by Oshima and Sekiguchi [1980] and Schlichtkrull and van den Ban [1987] for distributions;
Grellier and Otal [2005] studied the sharp functional spaces on S” of the boundary values of bounded
eigenfunctions on H"*!. The extension to m > 0 does not seem to be known in the literature and is not
trivial: it takes most of Sections 6 and 7.

We finally provide the following refinement of Lemma 5.4, needed to handle the case A € (— %n, oo) N3Z:

1
2
Lemma 5.9. Assume that A € —%n + %N. If A € —2N, then

dimResy(2) = Y dimRes}(1+m).

m=>0
m#£—Ai
If A ¢ —2N, then (5-8) holds.
Proof. We use the proof of Lemma 5.4. We first show that, for m odd or A # —m,
U™ (Viup1(X)) =Resy (A +m). (5-21)

Using (5-15), it suffices to prove that, for 0 < £ < %m, the space 7¢ (Res’ﬁ_%’o()\ 4+ m)) is contained in
U (Vir1(X)). This follows from the proof of Lemma 4.2 as long as
A+me¢ZN([264+2—n—m,1—n]U[m—2¢,m—€—1]),
A+m+ingzZn(l, ¢

using that A > —%n, it suffices to prove that

AgZN[=2¢,—€—1]. (5-22)

On the other hand, by Lemma 5.6, Theorem 6, and Lemma 6.1, if £ < %m and the space Res’}’(_zz’o()» +m)

is nontrivial, then
—(k—{—mﬁ—%n)z—{—%nz—l—m—% >m—-20+n—1,
implying
+m+in| <|3n—1], (5-23)



POWER SPECTRUM OF THE GEODESIC FLOW ON HYPERBOLIC MANIFOLDS 959

and (5-22) follows. For the case £ = %m, since A > 0 on functions we have
—(v+m+1n)? + a2 >0,

which implies that A < —m and thus (5-22) holds unless A = —m.
It remains to consider the case when m = 2 is even and A = —m. We have

Res? (0) = Z¢ (Res%’ (0)):

that is, Res';’(_zz/’o(O) is trivial for ¢ < %m. For n > 1, this follows immediately from (5-23), and, forn =1,

since the bundle £* is one-dimensional, we get Resg’;’o(k) =0 for m" > 2. Now, Res?\;o 0) = Resg( 0)
corresponds via Lemma 5.6 and Theorem 6 to the kernel of the scalar Laplacian, that is, to the space
of constant functions. Therefore, Resggo is one-dimensional and it is spanned by the constant function 1
on SM; it follows that Res’y (0) is spanned by Z%(1). However, by Lemma 4.3, for each u € D'(SM),

(T, U™y 2 = (=)™ (V" TE(1), u) 2 = 0.

Since U™ (Vip4+1(A)) C Res%(0), we have U™ = 0 on V,,1(1), which implies that V,, 1 (1) = V,, (1),
finishing the proof. ]

To prove Theorem 2, it now suffices to combine Lemmas 5.4-5.9 with Theorem 6.

5C. Resonance pairing and algebraic multiplicity. In this section, we prove Theorem 3. The key
component is a pairing formula which states that the inner product between a resonant and a coresonant
state, defined in (5-6), is determined by the inner product between the corresponding eigenstates of the
Laplacian. The nondegeneracy of the resulting inner product as a bilinear operator on Resy (1) x Resx= (1)
for A & %Z immediately implies the fact that the algebraic and geometric multiplicities of A coincide (that
is, X + A does not have any nontrivial Jordan cells).

To state the pairing formula, we first need a decomposition of the space Resx (), which is an effective
version of the formulas (5-8) and (5-14). Take m >0, £ < |[m /2| and w € Bdmfzz’o()\). Let Z be the
operator defined in Section 4A. Then (5-15) and Lemma 5.6 show that

m/2) m/2]
Res’y (1) = @D ' Resy *"(1) = @) 7¢(@* Q- BA"*10()).
=0 =0

Next, let
VI :D'(SM; ®(E*) — D'(SM) and Ay :D'(SM)— D'(SM)

be the operators introduced in Section 4C. Then the proofs of Lemma 5.4 and Lemma 4.2 show that, for
A3,
Lm/2]

Resx() =D @ Ve, Ve ()= ALV (@20 (BA" (1 +m))),
m>0 £=0

Lm/2]

Resy-(0) =D @ Vi), Vi Gi= ALV 297 (BA" 240 (b +m))),
m=>0 ¢=0

(5-24)
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and the operators in the definitions of V,(A), V¥,(A) are one-to-one on the corresponding spaces.
By the proof of Lemma 5.9, the decomposition (5-24) is also valid for A € ( 2n oo) \ (—2N); for
A€ (—3n, 00) N (—2N), we have

lm/2] m/2]
Resy(W) = P @D V). Resx-(0) = P @ (). (5-25)
m>0 (=0 m>0 £=0
m#—X m#£—X

We can now state the pairing formula:

Lemma 5.10. Let A & —%n - %No and u € Resx (1), u™ € Resx+(A). Let (u, u™) 25y be defined by (5-6).
Then:

(D) Ifu € VW), u* € VY, (1), and (m, £) # (m', £'), then (u, u*) 2.5y = 0.

) Ifue V), u*eVy,(A), and w e Bd" 240\ 4+ m) and w* € BA" >\ + m) are the elements
generating u and u* according to (5-24), then

(u, M*>L2(SM) = C;nz()»)<<@;+m(w), Hm(w ))LZ(M), (5-26)
where
Cme(h) = 2" 201 m — 20) sin( (31 + 1))
T(m+4n—OTO+n+2m—20T (-1 — O (A —m — jn+£+1)
X
I'(m+ 3n —20)T' (=1 — 20)

’

and, under the conditions (i) either A ¢ —2N or m # —\ and (ii) V,,0()) is nontrivial, we have
cme(A) # 0.

Remark. (i) The proofs below are rather technical, and it is suggested that the reader start with the case
of resonances in the first band, m = ¢ = 0, which preserves the essential analytic difficulties of the proof
but considerably reduces the amount of calculation needed (in particular, one can go immediately to
Lemma 5.11, and the proof of this lemma for the case m = £ = 0 does not involve the operator %,). We

have
02 F'n+2x)

r(in+a)
(i1) In the special case of n =1, m = £ = 0, Lemma 5.10 is a corollary of [Anantharaman and Zelditch

2007, Theorem 1.2], where the product uu* € D'(SM) lifts to a Patterson—Sullivan distribution on SH?2.
In general, if |[Re A| < C and Im A — oo, then c¢,,¢ (1) grows like |A|"/2*.

coo(A) = (4m)~

Lemma 5.10 immediately gives:

Proof of Theorem 3. By Theorem 6, we know that
27 Bd" 200, 4 m) — Eig" X (—(A+m + n)’ + In® +m —20)

is an isomorphism. Given (5-18), we also get the isomorphism

P} Bd" 200 4+ m) — Eig" (= (A +m + 1n)’ + In® 4+ m - 20).
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Here we used that the target space is invariant under complex conjugation. By Lemma 5.10, the bilinear
product
Resy(A) x Resx+(A) — C,  (u, u™) = (u, u*) 2051 (5-27)

is nondegenerate, since the L2(M) inner product restricted to Eig” ¢ (— (A +m+ %n)2 + J—tnz +m— 2@)
is nondegenerate for all m, £.

Assume now that it € D'(SM) satisfies (X + A)%i =0 and i € " for some r, ReA > —r/Cy; we
need to show that (X + A)i = 0. Put u := (X + A)u. Then u € Resx(A). However, u also lies in the
image of X 4+ A on H"; therefore we have (u, u*) =0 for each u™ € Resx«(}). Since the product (5-27) is
nondegenerate, we see that ¥ = 0, finishing the proof. U

In the remaining part of this section, we prove Lemma 5.10. Take some m, m’, £, £’ > 0 such that
20 <m, 2t <m’, and consider u € V¢ (1), u* € V¥, (1) given by

_ ’ Yl
u= Aivi' 2y, ut =AY 2y

where, for some w € Bd”"2¢°(A +m) and w* € Bd" ~2*-0(\ +m’),
v=0"Q (w) eRes” 0 +m), v =" QL (w*) eRes™ 00 +m).
Using Lemma 4.3 and the fact that AL are symmetric, we get
’ [y ’ )
(s u*) paespry = (=1 U 2EAC ALV 0, 0%) o g2 -

By Lemmas 4.4 and 4.6, L{THAﬁVf_Mv = 0. Therefore, if m’ > m, we derive that (u, u*) 255y = 0;
by swapping u and u*, one can similarly handle the case m’ < m. We therefore assume that m = m’.
Then, by Lemmas 4.4 and 4.6 (see the proof of Lemma 4.2),

C4E 5 =20 A £ AL yym—20
(=D U AT ALY

=T U (—A ) V2

FT(A+n+2m—20—DI(=A—OT (A —m —in+£+1)

T(A+m+n—DI(=A—200(=A—m—in+1)

= 2"t (1 — 20)! T T,

If ¢ > ¢, this implies that (u, u*);2.5)) = 0, and the case £’ < £ is handled similarly. (Recall that
T (v) =0.) We therefore assume that m = m’, £ = £'. In this case, by (4-4),

F(m+ %n —E)
F(m+%n—2£)v’

T =2%!
which implies that
T(m+in— T +n+2m—20—1)

T(m+3n—200T(h+n+m—1)
rCa-Or(hm=dnres))
v,V 2 cm—2L % .
(=2 =200 (-A—m—3n+1) L2(SM; @2 £%)

(. u*) p2gspry = (=2)"200 (m — 20)!
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Note that, under assumptions (i) and (ii) of Lemma 5.10, the coefficient in the formula above is nonzero;
see the proof of Lemma 5.9.

It then remains to prove the following identity (note that the coefficient there is nonzero for A ¢ Z or
Rel >m — %n):

Lemma 5.11. Assume that v € RCS%’O()\.) and v* € Res’:@;o()»). Define

Fx) = / v(r, £)dSE),  f*(x) = / v*(x, £) dS(E),
ScM S

M
where integration of tensors is understood as in Definition 5.7. If A & —(%n + No), then

1
n_n/2 1_‘(En—i_)\‘)
mn+r4+m—-—DI'r—-1+1)

(f, f*>L2(M;®”'T*M) = 2 <U, U*>L2(SM;®’"5*)'

Proof. We write
(f, f*>L2(M;®’"T*M) = /2 (v(y, n-), v*(y, 77+)>®’"T)’.*M dydn_dny, (5-28)
S°M

where the bundle %M is given by

S*M ={(y,n-.ny) |y € M, ns € S,M}.
Define also

SAM ={(y, n-,n4) € S°M | —+n4 #0).
On the other hand,

(v, V) p2(smsmeny = /S (V(x, &), v*(x, §))@me(x6) dx d§. (5-29)
M

The main idea of the proof is to reduce (5-28) to (5-29) by applying the coarea formula to a correctly chosen
map SiM — SM. More precisely, consider the following map ¥ : £ — Sil]-l]"“: for (x, &) € SH™H!
and n € £(x, §), define W(x, &, n) := (v, n—, ny), with

Vs+1 0
y ) X s 1
n—-1=AnH &), A =| /sl Js+1
N+ n 3 L
Vs+1 A/s+1
Note that, with |n| denoting the Riemannian length of 5 (that is, |r;|2 =—(n, Mm),
Dy(x,8) 2
(I):I:(y’r’:t):—7 Bi()’»’li):Bi(x,f), |77++777|:—
JI+1nP JI+1nP
Also,
s+1 —% s+1 % s+1
2
det A(s) = = A@s) ' = 0  IVs+1 3V/s+1
h)
—s 41D —3(s+1)
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(- C+
Y
B_(x,£) B4 (z,8) T
=B_(y,m-) =B1(y,n+) x
(a) (b)

Figure 4. (a) The map V¥ : (x, &, n) — (¥, n—, n4). (b) The vectors A (x, )¢+ (which
are equal in the case drawn) and A4 (y, n+)+.
The map W is a diffeomorphism; the inverse is given by the formulas

_ Wyt _ et n:2(n——n+)—ln+—n—|2y
Iy +n-| I+ +n-|’ 1N+ +n-|?

The map ¥ ~! can be visualized as follows (see Figure 4(a)): given (y, n_, 14 ), the corresponding tangent
vector (x, &) is the closest to y on the geodesic going from v_ = B_(y, n_) to vy = By (y, n+) and the
vector n measures both the distance between x and y and the direction of the geodesic from x to y. The
exceptional set {n4 + n_ = 0} corresponds to |n| = oc.

A calculation using (3-31) shows that, for ¢4 € Tp, (x,£)S",

(A£(x,8)1)m
V1+nP?

Here, - stands for the Riemannian inner product on &, which is equal to —( -, - ) 57 restricted to £. Then
(see Figure 4(b))

(Ar(ysn)s) - (A-(y,m-)¢-)
= A (x, 6)¢4) - (A(x,8)0) — T+ P

= (€ (AL (x, ©)Ep)) - (A_(x, §)¢0),
where ¢, : £(x, &) — E(x, &) is given by

AL (y,n4)ee = Ax(x, )¢ + (x £§).

(AL (x, £)¢1) - n) ((A-(x, §)¢-) - n)

e =1 @ - mn.

2
1+ n|?
We can similarly define € : £(x, §)* — E(x, §)*. Then, for {1 € @ Tgi(x’g)S”,
(@™ (AT vy 1) D5, ®" (AT 3 1)) ) g g

= (") @" (AL (6, ) Des, ®" (AT, ) )gupne gy (5-30)
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The Jacobian of W with respect to naturally arising volume forms on £ and Sil]-l]’”rl is given by (see
Appendix A2 for the proof)
Ju(, §,m) =2"A+ 7" (5-31)

Now, W is equivariant under G, therefore it descends to a diffeomorphism
WiEy — SAM,  Evi={(.E.n) | (x.§) € SM, n€E(x, §)).
Using Lemma 5.6 and (5-30), we calculate, for (x, &, n) € &y and (v, n—, ny) =¥V (x, &, n),

(W, 1), v N entem = (L4 ) H®" € v (x, §), v (x, §))amer (&) (5-32)

We would now like to plug this expression into (5-28), make the change of variables from (y, n—, n4)
to (x, &, n), and integrate n out, obtaining a multiple of (5-29). However, this is not directly possible
because (i) the integral in n typically diverges and (ii) since the expression integrated in (5-28) is a
distribution, one cannot simply replace S>M by SiM in the integral.

We will instead use the asymptotic behavior of both integrals as one approaches the set {4 + n_ = 0},
and Hadamard regularization in 7 in the (x, &, n) variables. For that, fix x € Cj°(R) such that y =1
near 0, and define, for ¢ > 0,

xe (v 1=, 1) = x(eln(y. n—, np)I),

where 7(y, n_, n4) is the corresponding component of W~!; we can write
_ n+ —n-|
Xe(y.n—ne) =x\e——— |-
4 +n-|

Then x, € D'(S?M). In fact, x, is supported inside SiM ; by making the change of variables (y, n—, n4+) =
W(x, &, n) and, using (5-31) and (5-32), we get

/2 Xe(¥s n—, 1) (v(y, n-), v*(y, ) enrym dy dn—diny
S2M
=2" / XD+ 1) (@G v(x, §), v (x, §))gmerire) dx d§ dn.  (5-33)
Em
By Lemma A .4, (5-33) has the asymptotic expansion
1
n_nj/2 F(in—i_k)

2 U, V) 20sar amen + c;e" T 4ol 5-34
(n+k+m—1)1“(n—1+/\)< Jiasmeyen) O<j<§kn/2 j (D G-34)

for some constants c;.
It remains to prove the following asymptotic expansion as € — 0:

o
/2 (= xe (s n— )y, 1), VO n)Denrym dy dn—dny ~ Y e 2, (5-35)
S°M ;
Jj=0

where the c/,. are some constants. Indeed, (f, f*)2(a.@m7+m) 18 €qual to the sum of (5-33) and (5-35);
since (5-35) does not have a constant term, { f, f*) is equal to the constant term in the expansion (5-34).
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To show (5-35), we use the dilation vector field n - 9, on &£, which under W becomes the following
vector field on SiM extending smoothly to S?M:

Ly = (3= —n4), 2Ine —n-1?y = dns + = -mom—, =S —n_ PPy — In_+ 3= noms).
The vector field L is tangent to the submanifold {n4 4+ n_ = 0}; in fact,
L(ns = -1 = =L(ns+n0-) = 310 = n- - In4 + 1%,

We can then compute (following the identity L|n| = |n|)

L(|n+—n—|> _ Iny =n-] on $2M.
1+ +n-| N+ +n-|

Using the (x, &, n) coordinates and (5-31), we can compute the divergence of L with respect to the
standard volume form on S%M:

DivL =n(n4-n-).
Moreover, BL(y, n+) are constant along the trajectories of L, and

L(®+(y, n2)) = —5Iny —n- sy, ns).
We also use (3-31) to calculate, for {1 € T, (y,,)S",

L((A+(y, n)¢4) - (A= (¥, 1-)2-2)) = (A4, 1)84) - 1-) (A= (v, n-)-) - n4),
L((Ax(y, 10)82) - n5) = (4 - 1) (Ax (0, n)88) - 1)

Combining these identities and using Lemma 5.6, we get

(L + 32l = n-P) 0y, 1), v (s n ) enrm = my, v, =), 4y v 1) gnem- (5-36)

Integrating by parts, we find
£d, /S = 2601 1) 0 1), T ) dy di- i
= [ L= ) 01, G e dy -
= /SZM(%KITH —n-PP=n(y - n2)) A= xe (v, 1= )W, 02, v ) emrrm dy dn—dny
—m /SZM(I = Xe(¥s =, n)) Ly, v (¥, n-), ln_m)wflr‘ﬂw dydn-_dn,.
Arguing similarly, we see that if, for integers 0 <r <m, p > 0, we put

Iy p(e) := /2 In— 40 PP = xe (v, n— ), v(y ). 1) v (v n)dem—rrem dy dn—dny,
S2M :
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then (¢, — 24 —n —2(r + p)) 1, ,(¢) is a finite linear combination of 1,/ (), where ' > r, p’ > p, and
(r', p) # (r, p). For example, the calculation above shows that

(9: — 21 —n) I () = —5 (A +n) o1 () —m1 o ().

Moreover, if N is fixed and p is large enough depending on N, then I, ,(¢) = O(eN); to see this, note
that 7, , (&) is bounded by some fixed C*°-seminorm of |n_ + n+|2p(1 — Xe(¥, n—, n4)). It follows that,
if N is fixed and N is large depending on N, then

N
( [ [0 =22 —n— 2j>) Ioo(e) = O@™),
j=0

which implies the existence of the decomposition (5-35) and finishes the proof. ]

6. Properties of the Laplacian

In this section, we introduce the Laplacian and study its basic properties (Section 6A). We then give
formulas for the Laplacian on symmetric tensors in the half-plane model (Section 6B), which will be the
basis for the analysis of the following sections. Using these formulas, we study the Poisson kernel and in
particular prove Lemma 5.8 and the injectivity of the Poisson kernel (Section 6C).

6A. Definition and Bochner identity. The Levi-Civita connection associated to the hyperbolic metric gy
is the operator
Vi COM™ THY — e, T*H"H @ TH™)

which induces a natural covariant derivative, still denoted V, on sections of @ T*H"t!. We can work
in the ball model B**! and use the O-tangent structure (see Section 3F), and nabla can be viewed as a
differential operator of order 1:

V: COO(BI’H»L ®m(OT*Bn+1)) N COO(BI’H»I ®m+1 (OT*@I‘!+1))‘
We denote by V* its adjoint with respect to the L? scalar product, called the divergence; it is given
by V*u = —T (Vu), where T denotes the trace; see Section 4A. Define the rough Laplacian acting on
coO(@n+l; ®m(OT*@n+l)) by
A :=V*V; (6-1)
this operator maps symmetric tensors to symmetric tensors. It also extends to D'(B"*!; ®’§1(OT*@”+1))
by duality. The operator A commutes with 7 and Z:

AT ) =T(Au) and AZ(u)=ZI(Au) (6-2)

for all u € D' (B"+; ®V;(OT*@I1+1))‘
There is another natural operator given by

Ap=D*D
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if
D: @ @5 (°TB") — ¢ @ @ T (TTB")

is defined by D := S oV, where S is the symmetrization defined by (4-1), and D* = V* is the formal
adjoint. There is a Bochner—Weitzenbock formula relating A and A p, and, using that the curvature is
constant, we have on trace-free symmetric tensors of order m, by [Dairbekov and Sharafutdinov 2010,
Lemma 8.2],

Ap=— (mDD*+ A+mm—+n—1)). (6-3)
m—+1

In particular, since |SVu|? <|Vu|? pointwise by the fact that S is an orthogonal projection, we see that, for
u smooth and compactly supported, | Du||3, <||Vu|7, and thus, for m > 1, u € C°(H"H!; @7 (T*H* ™)),
and Tu =0,

(Au,u)p2 > (m—+n—1)ul (6-4)

Since the Bochner identity is local, the same inequality clearly descends to cocompact quotients I"\H"*!
(where A is selfadjoint and has compact resolvent by standard theory of elliptic operators, as its principal
part is given by the scalar Laplacian), and this implies:

Lemma 6.1. The spectrum of A acting on trace-free symmetric tensors of order m > 1 on hyperbolic
compact manifolds of dimension n + 1 is bounded below by m +n — 1.

We finally define
E™ =7 T*B"™) Nker T (6-5)

to be the bundle of trace-free symmetric m-cotensors over the ball model of hyperbolic space.

6B. Laplacian in the half-plane model. We now give concrete formulas concerning the Laplacian on
symmetric tensors in the half-space model U"*! (see (3-4)). We fix v € S" and map B"*! to U"*! by
a composition of a rotation of B"*! and the map (3-5); the rotation is chosen so that v is mapped to
0 € U"*! and —v is mapped to infinity.

The O-cotangent and tangent bundles °7*B"*! and °TB"*! pull back to the half-space; we denote
them °7*U" ! and °7TU"H. The coordinates on U"*! are (zo,z) € RT x R” and z = (21, ..., 2,). We
use the following orthonormal bases of °7U"*+! and °T*U"+1:

Z; =700, and Z?‘:ﬁ, 0<i<n.
<0
Note that in the compactification B"*! this basis is smooth only on B"+! \ {—v}.
Let o7 :={1, ..., n}. We can decompose the vector bundle ®’§‘(OT*[U"+1) into an orthogonal direct

sum
m

i T U =P E™. E =span(SUZ)® @ Z}) 1eom+).
k=0
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and we let 7; be the orthogonal projection onto El.(m). Now, each tensor u € ®’§1(0T*[U”+1) can be
decomposed as u = Z;":O u; withu; =m;(u) € E i(m) which we can write as

u=>y ui, u;=8(Z)® @u), ujeE"". (6-6)
i=0

We can therefore identify E{" with E{" ™ and view E™ as a direct sum E™ = @}, E{" ™. The
trace-free condition, 7 (u) = 0, is equivalent to the relations

r+2)(r+1) ,
1)”7-‘1-2’

Tu,)=— 0<r<m-—2, 6-7)

m—-ry(m—r—
and, in particular, all u; are determined by uo and u; by iterating the trace map 7. The u are related to
the elements in the decomposition (4-5) of ug and u; viewed as a symmetric m-cotensor on the bundle
(Zo)* using the metric z, 2h = Y. ZF® ZF. We see that a nonzero trace-free tensor u on U must
have a nonzero ug or u; component.

The Koszul formula gives us, for i, j > 1,

Vz.Z;=6ijZo, Vz,Z; =0, VzZo=—-Z;, Vz,Zo=0, (6-8)
which implies
- h
VZi=-> Z}®Zi=-=, VI;=7;®Z. (6-9)
j=1 %
We shall use the following notations: If IT,, denotes the set of permutations of {1, ..., m}, we write

(1) := (ig(lys - - - » iom)) if 0 €T, f S =8 ®---® Sy is a tensor in @ (°T*U"H!), we denote by
Ti j(S) the tensor obtained by permuting S; with §; in S, and by p; v (S) the operation of replacing S;
by V € °T*U ! in S.

The Laplacian and V* acting on E((,m) and Eim). We start by computing the action of A on sections of
E(()m) and E im), and we will later deduce from this computation the action on E ,im). Let us consider the
tensor Zj := Z;“l Q- - -®Z;fn € E(()m), where I = (iy, ..., i,) € o™ and Z:(,) = Z;“a(l) Q- -®Z;’;(m). The
symmetrization of Z7 is given by S(Z7) = (1/m) }_ .q Z (1) and those elements form a basis of the

space Eém) when [ ranges over all combinations of m-tuples in «# = {1, ..., n}.

Lemma 6.2. Let ug =) ;.. » f1S(Z}) with f; € C®Ut). Then one has

Aug = Z (A+m)f)S(Z)) +2m S(Vug® Z5) +m(m — DS(T (uo) ® Z5 @ Zy), (6-10)
Tea/™

while, denoting d f1 = Y "i_, Zi(f1)Z, the divergence is given by

Viug = —(m — DS(T o) ® Z§) — Y ta.;,S(Z}). (6-11)
Ieag™
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Proof. Using (6-9), we compute

V(f18(Z})) = Z(Z MQRZFS(Z)) + f’(Z) Z D T (Z5® ZE ).

i=0 ! k=1o€ll,

Then, taking the trace of V(f;S(Z7)) gives

VE(f1S(Z]) = —— Z Z 8la(1) ity Pk=1—Z} (Z; @ Q- ®Z:7'(n1))
" k=2 oc€ll,

—Z(Z fz)— > it (ZEy @ ®ZE, ). (6-12)

! oell,

We notice that S(T(S(Z})) ® Z;) is given by

S(TSZp)®z5) = pry— _1) > Za,m)l(,a)rm;((z()@z:‘@@ ®Z )
oell, k=1

which implies (6-11). Let us now compute Vz(fIS(Z}")):
VA(f18(Z)))

= > Z;Zi(f)Z; @ ZF @ S(Z)) — Zo(f1)zg "h ® S(Z})
i,j=0

Z m
+ZZ (fZE®@ZE®S(Z)) + O(f’) Yo ek (Z5 R Z5® Zh )
Jj=l1 : oell, k=1

Z & (fl) > Zflek+2(Z$®Z*®Z*(1))+Z & (fl) > 2772<—>k+2(z ®Zy®Z; 1)

oell, k=1 oell, k=1

m
ZS ® Z Z Tlk+1 (ZS ® Z;(l))

k=1 o€ll,

4 Zo(f1)
m!

m m  m+l

ZZ*® Z Zflek—o—l(z ®Zg(1))+f1 Z Z f]e(-i—l(Z(>)k®fl<—>k+l(z(>)k®zi(1)))-

oell, k=1 k=1 =1
t#k+1

We then take the trace: the first line on the right-hand side has trace —(A f7)S(Z7), the second and fourth
lines have vanishing trace, the first term on the last line has trace —m f;S(Z7), the last term has trace

2f1
o DY Shwiswpiozipiszi(Zia), (6-13)

" oelly, 1<k<t<m

and the third line has total trace

ZZ Zi (fl) Z Zaz io (k) Pk—Z§ (Zg'(l)) (6-14)

oell, k=1
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Computing S(T(S(Z}“)) ®Z;® Zg‘) gives

S(T(S(Z)) ® 2§ ® Z;)
2
= mlmm—1) Z Z Sigiyioey Tlok+2D2et+2(Zo @ ZgQ ZF @+ ® Z; );
l<k<t<moell,
therefore the term (6-13) can be simplified to
m(m—1) f1S(T(S(Z}) ® Z§ ® Z§)).
Similarly, to simplify (6-14), we compute
S(VH(f18(ZD) ® Z7)
=—m—DS(T(fiS(Z}))®Z5® ;) Z(z f1>— Z > STk (Z5®ZE, ® - ®ZE ),
k 1 oell,
so that
Z; (f1)
22 > Zal i Pk 75 (Z3 1)
! o€, k=1
= —-2mS(V*(f1S(Z}) ® Z§) —2m(m — DS(T(f1S(Z)) ® Z§ ® Z}),
and this achieves the proof of (6-10). O

A similarly tedious calculation, omitted here, yields:

Lemma 6.3. Let uy = S(Z; @u)), u} =Y ;.1 81S(Z%) with g; € C®(U™); then the E(()m) ® Eim)
components of the Laplacian of uy are

Aup= Y ((A+n+30m—1)g))S(Z§®Z)+2 Y S(d:gy®Z5) +Ker(mo+m1)  (6-15)
Jegm=1 Jegm—1

and the Eém) D E fm) components of divergence of uy are

" 1 —1
Viur=— Y ((ntm=1gs = Zo@SZ) =" Y S(Z ® i, S(Z5)) +Ker(mo + ).
Jea/m=1 Jegm=1 (6-16)

General formulas for Laplacian and divergence. Armed with Lemmas 6.2 and 6.3, we can show the
following fact, which, together with (6-7), completely determines the Laplacian on trace-free symmetric
tensors.

Lemma 6.4. Assume that u € D' (U1, ®’§’T*[U”+1) satisfies T (u) = 0 and is written in the form (6-6).
Let
w= Y fi1S(Z), wm= )Y gS(Z®Z).

leg™ Jegm—1
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Then the projection of Au onto E(()m) ®F im) can be written

mo(Aw) =Y (A+m)fDS(ZH+2 Y Sd:gs®Z)) +mim— DS h@T (u)),  (6-17)

lTea™ Jeagm-1
m(Auw)y = Y ((A+n+30m—1)g,)S(Z5®Z3) —2m Y S(Z§ @, ;,S(Z}))
Jeagm-1 lea™
+(m — 1) (m —2)S(Z; @ 25 *h @ T (u})) — 2m(m — 1) Z S(Zy®@d. f1 @ T(S(Z]))).

Tea™ (6-18)

Proof. First, it is easily seen from (6-9) that Auy is a section of @I]{:ifz E;m). From Lemmas 6.2 and 6.3,
we have

mo(Awo+u) = Y (A+m) fNSZH+2 Y S(d.g;®Z)). (6-19)
lea™ Jeagm-1

Then, for u;, using S((Za‘)‘g’2 ®uh) =S5(gn Qujy) — S(zazh ®u5) and AT =TA,
o(Auz) = m0(S(29°h ® Auy)) — mo(A(S (25 *h @ u))))
and, writing u, = —%m(m — )T (up) by (6-7), we obtain, using (6-10),
mo(Auz) = m(m — DS (z5*h ® T (uo)). (6-20)

‘We therefore obtain (6-17).
Now we consider the projection on E fm) of the equation (A —s)7 = 0. We have, from (6-10),

m1(Aug) = —2m Y S(Z§ @4, 1, S(Z))),
leg™

where (4, r, means Z?:l Zj(f[)tzj. Then, from (6-15),
mi(Au) = Y ((A+n+30m—1)g,)S(Z5 ® Z3).
./E,Qf’"’l

Using again S((Z(*)‘)‘X’2 Quh) =S(gn Qujy) — S(Zazh ®uj5) and AT =TA, (6-10) gives

T (Aup) = =2m(m —1) Y S(Z§ ®@d. f1 ® TS(Z})).
legm™

Finally, we compute 71 (Au3): using the computation (6-15), we get
T (Aus) = 11(S(z25°h ® AS(ZE @ uy)) — 11 (AS(ZE @ 25 2h @ uy))
= (m—1)(m —2)S(Z} ® z5°h @ T (u})).
We conclude that 71 (Au) is given by (6-18). O

Similarly, we also have:
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Lemma 6.5. Let u be as in Lemma 6.4. Then the projection onto E(gm_l) DE fm_l) of the divergence of u

is given by

mo(Viu)=— Y 14.;,S(Z}) +% Y ((n+m—1)gs = Zo(@NS(Z)), (6-21)
lea™ Jegm—1

(V) = =D (Zofi — m+n—DDSTSEN®Z5) — "L 3" S(Z5 @140, SZ5).
ot Jean (6-22)

Proof. The my part follows from (6-11) and (6-16). For the 7, part, we also use (6-11) and (6-16) but we
need to see the contribution from V*u, as well. For that, we write u’2 = —%m(m -D> ream J1IT(S(ZY)),
as before, and a direct calculation shows that

1 (Viug) = (m — 1) Z (Zof1 —(m+n—=2)fNS(T(S(Z])) @ Z5),
Teag™

implying the desired result. O
6C. Properties of the Poisson kernel. In this section, we study the Poisson kernel 27, defined by (5-17).

Pairing on the sphere. We start by proving the following formula:
Lemma 6.6. Let . € C and w € D'(S"; ®(T*S")). Then

P w(x) = / PG, v (@ (A (& (o) ) w(v) dS ),
gn

where the map &_ is as defined in (3-20).

Proof. Making the change of variables & = £_(x, v) defined in (3-20), and using (3-21) and (3-22), we
have

P w(x) = /S - O_(x, HM@" (A (x, ENHw(B_(x, &) dS(&)

:[ P, ) (@™ (AT (x, - (x, ) w(0) dS (),

as required. U

Poisson maps to eigenstates. To show that &7, w(x) is an eigenstate of the Laplacian, we use:

Lemma 6.7. Assume that w € D'(S"; Q" (T*S")) is the delta function centered at e; = 9y, € S" with the
value e;le R Q e}k',,1+1’ where 1 < ji, ..., jm <n. Then, under the identifications (3-2) and (3-5), we
have

Piwz0,2) =225 ® QL] .

Proof. We first calculate
P(z, e1) = 20.

It remains to show the identity in the half-space model

ATz, 6z, v)efy =25, 1<j<n (6-23)
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One can verify (6-23) by a direct computation; since .A_ is an isometry, one can instead calculate the
image of ej under A_, and then apply to it the differentials of the maps ¥ and | defined in (3-2)
and (3-5).

Another way to show (6-23) is to use the interpretation of \A_ as parallel transport to conformal infinity;
see (3-35). Note that under the diffeomorphism v : B"*! — U"+! v = ¢, is sent to infinity and geodesics
terminating at v to straight lines parallel to the zg axis. By (6-9), the covector field Z;‘ is parallel along
these geodesics and orthogonal to their tangent vectors. It remains to verify that the limit of the field pg Z;f

along these geodesics as z — 0o, considered as a covector in the ball model, is equal to e}f ]

+1°

Proof of Lemma 5.8. 1t suffices to show that, for each v € §”, if w is a delta function centered at v with
value some symmetric trace-free tensor in @' 7,'S", then

(A A(n+1) —m) P w=0, VP w=0, T(P w)=0.

Since the group of symmetries G of H"*! acts transitively on S, we may assume that v = d;. Applying
Lemma 6.7, we write in the upper half-plane model

Prw =2 ug,  ug€ ES™, T(up) =0.

It immediately follows that 7 (22, w) = 0. To see the other two identities, it suffices to apply Lemma 6.2
together with the formula

AZp™h = —r(n+1)zg ™

Injectivity of Poisson. Notice that &, is an analytic family of operators in A. We define the set

1 1 :
Rm={‘i”—zN0 if n>1 or m=0, (6-24)

—1Ng if n=1 and m >0,

and we will prove that, if A ¢ R, and w € D'(S"; ®T*S") is trace-free, then &, (w) has a weak
asymptotic expansion at the conformal infinity with the leading term given by a multiple of w, prov-
ing injectivity of &7,". We shall use the O-cotangent bundle approach in the ball model and rewrite
A;l(x, £1+(x, v)) as the parallel transport 7(y’, y) in °TB"*! with ¥ (x) = y and y’ = v, as explained
in (3-35). Let p € C®°(B"*!) be a smooth boundary defining function which satisfies p > 0 in B"*!,
|dply2g, =1 near S" = {p = 0}, where gy is the hyperbolic metric on the ball. We can for example take
the function p = pg defined in (3-34) and smooth it near the center y = O of the ball. Such a function is
called a geodesic boundary defining function and induces a diffeomorphism

0:[0,¢); xS" — B"*'n {p <€}, 6O(t,v):=0,(v), (6-25)

where 6, is the flow at time ¢ of the gradient veien p of p (denoted also d,,) with respect to the metric 0’gH.
For p given in (3-34), we have, for ¢ small,

2—t
o, v)= 2+tv, veS§".
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For a fixed geodesic boundary defining function p, one can identify, over the boundary S” of B"*!,
the bundle 7*S" and T'S" with the bundles °7T*S" := OTS*,, B! Nkert pd, simply by the isomorphism
v~ p~'v (and we identify their duals 7S" and °T'S" as well). Similarly, over S", E®™ Nkert,y,
identifies with @¢T*S" Nker 7 by the map v — p~"v. We can then view the Poisson operator as an
operator

27 :D'(S"; E™ Nkeriyy,) — C¥ @ @7 (OT*B ).

Lemma 6.8. Ler w € D'(S"; E™ N kertpoapo) and assume that . ¢ R,,. Then 2, (w) has a weak
asymptotic expansion at S" as follows: for each v € S", there exists a neighborhood V, C B"*! of v
and a boundary defining function p = p, such that, for any ¢ € C*°(V, N S",; ®’§'(0T§”)), there exist
Fy € C*™([0, €)) such that, for t > 0 small,

/gn(@;(w)(e(t, V), " (t(0(t, ), v)).0(1))dS,(v)

tTAF_(t) + " FL (1), Ag—In+N,

= 6-26
{I—AF_(t) + " log(t) Fy (1), A€ —gn—+N. (6-26)
using the product collar neighborhood (6-25) associated to p, and, moreover, one has
T(A+in .
F_(0)=C (+3n) (e w, ¢) (6-27)

A+n+m—DCO4+n—1)

for some f € C*°(S") satisfying p = %ef,oo + O(p) near p = 0 and C # 0 a constant depending only
on n. Here dS,, is the Riemannian measure for the metric (p*gn)|s and the distributional pairing on S"
is with respect to this measure.

Proof. First we split w into w; + w,, where w; is supported near v € S" and w is zero near v. For the
case where w, has support at positive distance from the support of ¢, we have, for any geodesic boundary
defining function p, that

s / (2, (w2)(@(1,v)), ®" (T(O(z, ), v)).p(1))dS, (v) € C*([0, €));
this is a direct consequence of Lemma 6.6 and the following smoothness properties:

P (), v)

(v, v) — log| ——————~
p(y)

(-, ) €C®(B x B\ diag(S" x S"); “T*B" @ 'TB" ).

) e C®(B"! x S"\ diag(S" x S")),

This reduces the consideration of the lemma to the case where w is wy, supported near v, and to simplify
we shall keep the notation w instead of w;. We thus consider now w and ¢ to have support near v. For
convenience of calculations and as we did before, we work in the half-space model [RZ) x R? by mapping
v to (2o, z) = (0, 0) (using the composition of a rotation on the ball model with the map defined in (3-5)),
and we choose a neighborhood V), of v which is mapped to z(z) +z|> < 1in U"*! and choose the geodesic

defining function p = z¢ (and thus 6(zo, z) = (20, 2))- (See Figure 5.) The geodesic boundary defining
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Zot 7(2'5 20, 2) Tw(z")

Figure 5. The covector w(z’), the vector ¢(z), and their parallel transports to (zo, z),
viewed in the O-bundles for the case m = 1.

function pg =2(1 —|y|)/(1 4+ |y|) in the ball equals

470

—_— (6-28)
1425+ 1z

po(20,2) =
in the half-space model. The metric dS, becomes the Euclidean metric dz on R" near O and w has
compact support in R". By (3-5) and (3-19), the Poisson kernel in these coordinates becomes

~ / . Z
P(z0.z:2) =/ D P(z0,2:2) with P(zo,257) = 55— @) =log(1+12'P),

2+lz -7
where z, 7 € R" and zg > 0. One has p = A—I‘ef,oo 4+ O(p) near p = 0.

In [Guillarmou et al. 2010, Appendix], the parallel transport t(z, z; 0, z’) is computed for 7’ € R" in a
neighborhood of 0: in the local orthonormal basis Zy = z09d,,, Z; = z¢9;; of the bundle OTU"*!, near v,
the matrix of 7(zo, z; Z’) := t(20, 2; 0, Z) is given by

lz— 22
00 =1 —2P(20,2;2) ,
20
P(z0,2;7)
10, = —Tio = —220(zi —2;) ——————,
20
(zi —z) - (z;—2)

T = 8ij — 2P (20, 2; 2)
20

In particular, we see that 7(zg, z; z) is the identity matrix in the basis (Z;); and thus t(6(zo, z), z) as well.
We denote by (Z;f) j the dual basis to (Z;); as before.

Now, we use the correspondence between symmetric tensors and homogeneous polynomials to facilitate
computations, as explained in Section 4A. To S(Z7), we associate the polynomial on R" given by

PI()C) =S(Z>;)(inzl, PN inzl) =Xy,
i=1 i=1

where x; = [[;—, xi, if I = (i1, ..., im). We denote by Pol” (R") the space of homogeneous polynomials
of degree m on R" and Poljf (R") those which are harmonic (thus corresponding to trace-free symmetric
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tensors in Eém)). Then we can write w = ), Wy Py (x) for some w, € D'(R") supported near O and
Pa(x) € Polf (R"). Each p, (x) composed with the linear map 7(z'; zo, 2)| 7t becomes the homogeneous
polynomial in x
P(z0,2; 7
pa<x —2(z—2)(z =7, x)- L)

20

where (-, -) just denotes the Euclidean scalar product. To prove the desired asymptotic expansion, it
suffices to take ¢ € C;°([0, 00);, x R") and to analyze the following homogeneous polynomial in x
as zo — O:

/ Z<e(”+”fwa,so(zO,z)P(zO,z;-)"“pa(x—2<z—-)<z—-,x>-M»da (6-29)

<0

where the bracket (wy, -) means the distributional pairing coming from pairing with respect to the
canonical measure dS on S”, which in R" becomes the measure 4”¢ "/ dz, and so the ¢*/ in (6-29)
cancels out if one works with the Euclidean measure dz, which we do now. We have a convolution kernel
in z and thus apply the Fourier transform in z (denoted F): writing P (zo; |z — Z’|) for P(zo, z; Z'), the
integral (6-29) becomes (up to nonzero multiplicative constant)

I(z0, x) = Z(F%e*f we), F(@) - Fr. (P(zO; 12D pa (x — 2%;”13@0; |¢|)))> :
R)‘l

o

We can expand py(x — (2¢(¢, x)/z0) P(z0; | 1)) so that

(¢, x)

20

P03 1ED"" pa (x -2 P (20 |¢|)> =D Qral8, 1)z 2 P(ao: ¢,
r=0

where Q, 4(¢) is homogeneous of degree m in x and degree 2r in ¢. Now we have (for some C # 0
independent of A, r, @)

2 n+i+r . Czikzak . An/2+r
%}}_)g(l’ (205 |§'|)Qr,a(§,x)) = m[Qr,a(lag,x)qﬂ /et K)L+n/2+r(|é-|))]§:m§a

where K, (-) is the modified Bessel function (see [Abramowitz and Stegun 1964, Chapter 9]) defined by

(@) L) . _ 0 1 24
KU(Z) = EW if Iu(Z) = ZXZ(; m(i) , (6-30)

satisfying that | K, (z)| = O(e™%/4/z) as z — 00, and, for s ¢ N,

2fs+l (zn)n/Z

o) €12 K (1E]).

F(A+ 1217 E) =
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1 1
When A ¢ (_E” + Z) U (—n - ENO), we have

274257 Qra (0, )T Ko (1)) =20t
2r+n/2ﬂza)»

" 2sin(z(A+in+7))

§ ( 00 Zé(z_r)Qr,a(iag,x)(\%é}]%) _ZZM_nideQr’a(ias’x)(‘%$’2(k+r+£)+n)> .
or(e—r—tn—ry1) 70 Or(e+r+intr+1) )

£=0 £=0

Here the powers of || are homogeneous distributions (note that, for A € R,,, the exceptional powers
|E|7"=/, j € Ny, do not appear) and the pairing of (6-31) with f‘l(ekfwa)]-'(go) makes sense since
this distribution is Schwartz, as w, has compact support. We deduce from this expansion that, for any
wy € D'(R") supported near 0 and ¢ € C°(R"), when A ¢ (—in+Z) U (—n — 1Ny),

1(z0, x) = 25" F— (20, X) + 20" F (20, X)

for some smooth functions Fi € C*([0, €) x R") homogeneous of degree m in x. We need to analyze
F_(0, x), which is obtained by computing the term of order 0 in £ in the expansion (6-31) (that is, the
terms with £ = r in the first sum; note that the terms with £ < r in this sum are zero): we obtain, for some
universal constant C # 0,

F_(0.x)=C ) (e wa, g i

r=0

(=127 T (x+ 1n)
r'llC(A+n+r)

0r.aids, ) (&),

where we have used the inversion formula I'(1 — 2)I"(z) = 7/ sin(7 z) and Q, 4 (I 0g, x)(|§ |%") is constant
in &. Using the Fourier transform, we notice that

0raie. 1)(E) = AL Qra €. 1)l em0 = A (palx — £ (2. X)),

We use Lemma A.5 to deduce that

L) oy
F(0,%)=C Y (e we, 9 paloom! T(A+3n) 3 (=1)'T(A +n+m)

‘TA+n+m) ~ m—r)TA+n+r)

The sum over r is a nonzero polynomial of order m in A, and, using the binomial formula, we see that its
rootsare A= —n—m-+2, ..., —n -+ 1; therefore, we deduce that

T(x+14n)

F_(0,x) = C{e™w, @)gn )
(0, x) (e w, p)r PR by r—

We obtain the claimed result except for A € —%n + N by using that the volume measure on S" is 4™"¢"/
Now assume that A = —%n + j with j € N. The Bessel function satisfies, for j € N,

j—1

EVK;(E) ==

=

(_1)&2]'7172{(.]' —7—1
2!

| .
L E1% +161% (log(IED L, (1E]) + H, (€])
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for some function L;, H; € C®(RY)YNL*(RT) with L j(0) # 0. Then we apply the same arguments as
before, and this implies the desired statement. (I

We obtain as a corollary:

Corollary 6.9. For m € Ny and A ¢ R,,, the operator
2 :D(S"; @U(T*S") Nker T) — CO(H"™; @%(T*H™))
is injective.

This corollary immediately implies the injectivity part of Theorem 6 in Section 5B.

7. Expansions of eigenstates of the Laplacian

In this section, we show the surjectivity of the Poisson operator &7, (see Theorem 6 in Section 5B). For
that, we take an eigenstate u of the Laplacian on M and lift it to H"*!. The resulting tensor is tempered
and thus expected to have a weak asymptotic expansion at the conformal boundary S”; a precise form of
this expansion is obtained by a careful analysis of both the Laplacian and the divergence-free condition.

A

We then show that u = &2,"w, where w is some constant times the coefficient of p™* in the expansion

of u (compare with Lemma 6.8).

7A. Indicial calculus and general weak expansion. Recall the bundle E defined in (6-5). The
operator A acting on C*®(B"*!; E/™) is an elliptic differential operator of order 2 that lies in the 0-
calculus of [Mazzeo and Melrose 1987], which essentially means that it is an elliptic polynomial in
elements of the Lie algebra Vo(B"*!) of smooth vector fields vanishing at the boundary of the closed
unit ball B"*!. Let p € C*°(B"*!) be a smooth geodesic boundary defining function (see the paragraph
preceding (6-25)). The theory developed by Mazzeo [1991] shows that solutions of Au = su which are in
o NL2B"*!; E?) for some N have weak asymptotic expansions at the boundary S" = dB"*!, where
p is any geodesic boundary defining function. To make this more precise, we introduce the indicial family
of A:if A € C, v € S”, then there exists a family 1, ,(A) € End(E" (v)) depending smoothly on v € S"
and holomorphically on A such that, for all u € C* (@”“; Em),

1T AP u)(O(t, v)) = Ly (A)u(0(0, v)) + O(r)

near S", where the remainder is estimated with respect to the metric gy . Notice that I, ,,(A) is independent
of the choice of boundary defining function p.
For o € C, the indicial set spec,(A —o;v) atv € S" of A — o is the set

specy,(A —o;v):={AeC| I ,(A)—oId is not invertible}.
Then [Mazzeo 1991, Theorem 7.3] gives the following:?
2The full power of [Mazzeo 1991] is not needed for this lemma. In fact, it can be proved in a direct way by viewing the

equation (A —o)u =0 as an ordinary differential equation in the variable log p. The indicial operator gives the constant coefficient
principal part and the remaining terms are exponentially decaying; an iterative argument shows the needed asymptotics.
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Lemma 7.1. Fix o and assume that spec, (A — o ; v) is independent of v € S". If u € PP L2 (B E)
with respect to the Euclidean measure for some 6 € R, and (A — o)u = 0, then u has a weak asymptotic
expansion at S" = {p = 0} of the orm

ke

_1_

=y > D P ogp) wie, + 0N
Aespec,(A—o) £eNp, p=0

Re(h)>6—3 Re()+l<é—3+N

forall N € N and all € > 0 small, where k; ¢ € Ny, and w,, ¢, are in the Sobolev spaces
Wiy € H—Re(k)—é—i—é—%(gn; E(m))'

Here the weak asymptotic means that, for any ¢ € C*°(§"), ast — 0,
ki e 1
/ w@@, v)ew)dS,wy = > > D P og0) (i pr @) + OV,
st Aespec,(A—o) £eNy p=0

Re(\)>8—3 Re(h)+¢<8—1+N
(7-1)

where d S, is the measure on S" induced by the metric (p%gn)|s and the distributional pairing is with
respect to this measure. Moreover, the remainder O *+N=12=¢) is conormal in the sense that it remains
Ot**N=12=¢) after applying the operator td, any finite number of times, and it depends on some Sobolev
norm of .

Remark. The existence of the expansion (7-1) proved by Mazzeo [1991, Theorem 7.3] is independent of
the choice of p, but the coefficients in the expansion depend on the choice of p. Let A € spec,(A — o)
with Re(Ag) > 6 — % be an element in the indicial set and assume that k;, o = 0, which means that
the exponent p” in the weak expansion (7-1) has no log term. Assume also that there is no element
A € spec, (A — o) with Re(Ag) > Re(A) > § — % such that A € Ao — N. Then it is direct to see from the
weak expansion that, for a fixed function x € C*®°(B"*!) equal to 1 near S” and supported close to S”
and for each ¢ € C*° (B™*1), the Mellin transform

W@y = [ OO X MROI) dVolg, (). Reg =n-+ L =0,
Bll
(with values in E™) has a meromorphic extension to ¢ € C with a simple pole at { =n — Ay and residue

Res—n—ny () = (W3,0,0, @lsn)- (7-2)

As an application, if p’ is another geodesic boundary defining function, one has p = e/ p’ + O(p’) for
some f € C*°(S") and we deduce that, if wﬁxo,o,o is the coefficient of (p)* in the weak expansion of u
using p’, then, as a distribution on S”",

A
w} 0.0 =€ wy.00. (7-3)

In particular, under the assumption above for Ag (this assumption can similarly be seen to be independent
of the choice of p), if one knows the exponents of the asymptotic expansion, then proving that the
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coefficient of p** term is nonzero can be done locally near any point of S" and with any choice of
geodesic boundary defining function.

Finally, if w;, 0,0 is the coefficient of ,030 in the weak expansion with boundary defining function pg
defined in (3-34) and if y*u = u for some hyperbolic isometry y € G, we can use that pgoy =
Ny_ U po + (’)(pg) near S", together with (7-2) to get

L5 w300 = N} w00 € D'(S"; E™) (7-4)

as distributions on S” (with respect to the canonical measure on ") with values in E". Here N,, L,
are as defined in Section 3E. If we view w;, 0,0 as a distribution with values in ®'¢ T*S", the covariance
becomes

L w300 = Np* w00 € D'(S"; @Y T*S™). (7-5)
Using the calculations of Section 6B, we will compute the indicial family of the Laplacian on E™:

Lemma 7.2. Let A be the Laplacian on sections of E'™. Then the indicial set spec, (A — o, v) does not
depend on v € S" and is equal to

Im/2]
U 1 =22 +na+m+2k@m+n -2k —2) =)
k=0 Lm—1)/2
U |J 1=22+ni+n+30m—1)+2k(n+2m -2k —4) =0},
k=0

Proof. We consider an isometry mapping the ball model B"*! to the half-plane model U"*! which also
maps v to 0 and do all the calculations in U"*! with the geodesic boundary defining function zq near 0.
By (6-7), each tensor u € E™ is determined uniquely by its Eém) and E fm) components, which are
denoted u¢ and u; therefore, it suffices to understand how the corresponding components of I ,(A)u
are determined by ug and u;. We can use the geodesic boundary defining function p = zg; note that
Azl =A(n— M)z forall A € C.

Assume first that u satisfies u; = 0 and u is constant in the frame S(Z7). Then, by Lemma 6.4,

m0(z5 " Azhu)) = Roug = (A(n — A) +m)ug +m(m — 1)S(z5 *h @ T (o)),
T (za’\A(zéu)) =0.
Assume now that u satisfies uo = 0 and u; is constant in the frame S(Z; ® Z7). Then, by Lemma 6.4,
mo(zg " Azgu)) =0,
(25" Azgu)) = Riuy = (A(n — A) +n+3(m — 1D)ug + (m — 1) (m — 2)S(Z§ @ 25 °h @ T (u)).

We see that the indicial operator does not intertwine the uy and u; components and it remains to understand
for which A the number s is a root of Ry or R;.

30ur argument in the next section does not actually use the precise indicial roots, as long as they are independent of v and
form a discrete set.
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Next, we consider the decomposition (4-5), where we define Z(u) = %(m +2)(m+1)S(z, h® u)
foru e Eém); we have

m/2] L(m—1)/2]
w= Y TM@up), wi= )Y SZiI‘W),
k=0 k=0
k (m—2k) k (m—2k—1) .
where u; € E; and uj € E, are trace-free tensors. Using (4-4), we calculate

Ro(T*(u)) = (M(n = 2) + m)TF (uf) + 2Z(T(Z* (uf)))
= (=A% nh+m 4 2kQ2m +n — 2k — 2))T* (uf),
Ri(S(Z5 ®@TFh))) = h(n — 1) +n+3(m — 1)S(Z§ @ TF (uh)) +28(2§ @ T(T (T (u}))))
= (=224 nr+n+30m—1) 4 2k(n +2m — 2k — 4)S(Z; @ TF (u¥)),

which finishes the proof of the lemma. ]

7B. Weak expansions in the divergence-free case. By Lemma 7.1, we now know that solutions of
Au =ou that are trace-free symmetric tensors of order m in some weighted L? space have weak asymptotic
expansions at the boundary of B"*! with exponents obtained from the indicial set of Lemma 7.2. In fact,
we can be more precise about the exponents which really appear in the weak asymptotic expansion if we
ask that u also be divergence-free:

Lemma 7.3. Letu € p’ L2(B"+!; E™) be a trace-free symmetric m-cotensor with p a geodesic boundary

1
12
Assume that u is a nonzero divergence-free eigentensor for the Laplacian on hyperbolic space:

defining function and § € (—oo ), where the measure is the Euclidean Lebesgue measure on the ball.

Au=ocu, Vu=0 (7-6)

for some o =m+ }lnz — u? withRe(u) € [0, %(n +1)— 5) and p # 0. Then the following weak expansion
holds: for allr € [0, m], N > 0, and € > 0 small,

(L,O&p)ru kl/..li
— Z pn/2—,u+r+£wr_u’[ + Z an/2+u+r+£ log(l))pw;,z,p +O(pn/2+N+r—e) (7-7)
£eN £eN =0
Re(—y,)e—i-fo<N—e Re(u)—ie-igN—e P

with wr_ﬂ ' c H—n/2+Re(u)—r—Z+8—l/2(§n; E(m—r))’ w;r; e c H—n/2—Re(,u)—r—€+5—l/2(§n; E(m—r))‘ More-
over, if u ¢ %No, then k, ¢ = 0.

Remark. (i) If u is the lift to H"*! of an eigentensor on a compact quotient M = I'\H"*!, then
u € L®(B"*!; EM™) and so, for all € > 0, the following regularity holds:

W_,.0€ H—n/2+Re(,u)—€ (Sn; E(m))’ W00 € H—n/Z—Re(u)—e(Sn; E(m))‘

(i) The existence of the expansion (7-7) does not depend on the choice of p. For r = 0, this follows
from analyzing the Mellin transform of u as in the remark following Lemma 7.1. For r > 0, we
additionally use that, if p’ is another geodesic boundary defining function, then pd, — p'd, € p Orprt!



982 SEMYON DYATLOV, FREDERIC FAURE AND COLIN GUILLARMOU

(indeed, the dual covector by the metric is p~dp — (p')"'dp’ and we have p’ = e/ p for some smooth
function f on B"*!). Therefore, (1 p/ap,)”u is a linear combination of contractions with O-vector fields
of pr‘”(t paﬂ)r'u for 0 < r’ < r, which have the desired asymptotic expansion. Moreover, as follows
from (7-3), for each r € [0, m], the condition that w’_/ o= 0 for all r’ € [0, r] also does not depend on
the choice of p, and the same can be said about w,r;,o,o when p ¢ %No.

Proof. 1t suffices to describe the weak asymptotic expansion of u near any point v € S". For that, we work
in the half-space model U"*! by sending —v to oo and v to 0 as we did before (composing a rotation of
the ball model with the map (3-5)). Since the choice of geodesic boundary defining function does not
change the nature of the weak asymptotic expansion (but only the coefficients), we can take the geodesic
boundary defining function p to be equal to p(zg, z) = zo inside |z| 4+ z¢9 < 1 (which corresponds to a
neighborhood of v in the ball model). Considering the weak asymptotic (7-1) of # near 0 amounts to
taking ¢ supported near v in S” in (7-1); for instance, if we work in the half-space model, we shall
consider ¢(z) supported in |z| < 1 in the boundary of U,

We have the decomposition u =}, ux with uy € p? L2(U"*1; Eém)) and we write ux =S((Z)®* ®u})
for some uj € p°L*(U"t; Eém_k)) following what we did in (6-6). Now, since u € p’ L>(B"t!) =
ngQ(@"“L]) satisfies Au = ou, we deduce from the form of the Laplacian near p = 0 that u is in
pd 2 H*(@"*'; E™) for all k € N, where H* denotes the Sobolev space of order k associated to the
Euclidean Laplacian on the closed unit ball. Then, by Sobolev embedding, one has that, for each ¢ > 0,
u|;,=: belongs to (1 + |z|)NL2([R£‘; E™) for some N € N and we can consider its Fourier transform
in z, as a tempered distribution.* Then Fourier transforming the equation (w9 + 71)(Au —ou) =0 in
the z variable (recall that 7r; is the orthogonal projection on El.(m)), and writing the Fourier variable & as
E=7 " &dz; =) ], z0& Z}, with the notations of Lemma 6.4, we get

Y (=20 +nZo+ e +m—0) 1)S(ZD +2i Y 2SE®ZT)
Tea™ Jeg/m=1

+mm—1)Y_ fiS(z5*h @ T(S(Z)) =0. (7-8)
1

and

Y (20 +nZo+ e +n+3m —1) = 0)3,)S(Z}) = 2im Y f1eS(Z})
Jegm=1 leg™

—2imm—1) Y fiSERTSEZM)+m—1)m=2) Y 2:8(z5°h®@T(S(Z})) =0, (7-9)
leg™ Jegm=1

where hat denotes Fourier transform in z and ¢ means 2?21 206t Z;-

4Unlike in Lemma 6.8, we only use Fourier analysis here for convenience of notation — all the calculations below could be
done with differential operators in z instead.
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Similarly, we Fourier transform in z the equation (g 4 7r1)(V*u) = 0 using Lemma 6.5 to obtain

S ifueS@p =1 3 (tm =i~ Zo@NSZ),

leg™ Jegm—1

> @ofi—tm=DINTEZN =1 3 igueSE).

leg™ Jeggm—1

(7-10)

Now, we use the correspondence between symmetric tensors and homogeneous polynomials to facilitate
computations, as explained in Section 4A and in the proof of Lemma 6.8; that is, to S(Z7), we associate the
polynomial x; on R". If £ € R" is a fixed element and u € Pol™ (R"), we write dsu =du.§ € Pol"~!(R")
for the derivative of u in the direction of & and £*u for the element (£, - Jgnu € Pol” ! (R"). The trace
map 7 becomes —(1/(m(m — 1)))Ax. We define ig := ) ;. m f,xl and ity =) ;. m1 &sxs. The
elements fl (20, €) and g;(zo, &) belong to the space C*° (R} ; y’(Rg’)). We decompose them as

20°

mp2 Lm=np2)
do= Y Ix[¥ag) and = Y |x¥ay (7-11)
j=0 j=0

for some ﬁl.zj € Polg'*i*zj (R™) (harmonic in x, that is, trace-free).
Using the homogeneous polynomial description of ug, (7-8) becomes

(—(Z0)* +nZo + € 1* +m — 0)ito + 2izo€ ity — |x[*Ayiio = 0. (7-12)
First, if W is a harmonic homogeneous polynomial in x of degree j, one has A (§*W) = —20: W
and A)% (§*W) = 0; thus one can write
W e W
W= *W——x2)+—x2 7-13
: (5 2 -0 ) TG -t 13

for the decomposition (4-5) of £*W. In particular, one can write the decomposition (4-5) of £*ii; as

Lm—1)/2] . . 9 ﬁzj 9 ﬁZ(j—l)
=) |x|2f(s*ﬁ1’— = .|x|2+“—.).
o n+2(m—2-2j) n+2(m—2j)

We can write A,y = ZE’Z{)ZJ Aj|x|2j_2ﬁgj for \; = =2j(n +2(m — j — 1)). Thus (7-12) gives,
for j < |m/2],

|X|28§L}?1 8512%(]'*1) ) B
n+2m—2-2j) n+2m-—2j)

(7-14)
Notice that 1z (S(Z7)) corresponds to the polynomial (zo/m) dx;.§ = (zo/m) d¢.x; if I € &/™. From
(7-10) we thus have, for ¢,,, :=n+m —1,

(—(Z0)* +nZo+ 2IEP +m —o — 1))y +2iz (E*lﬁj -

—iz00gltg = (Zo — cp)lt1,
e T (7-15)
—iz00su1 = (Zo — ) Axlto.
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Next, (7-9) implies
(—(Z0)* +nZo+ &> +n+3(m — 1) — o)ty — 2iz0delio + 2iz0&* Ariig — |x|* Ay = 0.
Using (7-15), this can be rewritten as
(—(Z0)* + (M +2)Zo+ Z3|E1> —n+m — 1 — o)ty +2iz0E* Aiig — |x|* Aty = 0. (7-16)

We can write A, = Z[(m D72l )J x|?~ 2A2/ for )J =—=2j(n+2(m— j—2)). From (7-16), we get

(—(Z0)* + (n+2)Zo + 22 |£? _n+m_1_0_k,)¢,
A2(j+1) Azj
0 u )» Ol
* ’ZO( g n+2(m 322" +n+2(m—l—2j) (717

We shall now partially uncouple the system of equations for ﬁgj and ﬁ?j . Using (7-13) and applying
the decomposition (4-5), we have

. Ry
~ o2 t+H2m—j—1 _ by 128:0%
Bg(|x|2j j):|x|218§u3/n (m ]. )+2j|x|2’_2 %-*u(z)j_ x| 50. ’
n+2m—-2j—-1) n+20m—2j—1)

. . 2 _ . . 28 ~2j
Be 3 = Pt 2T i (g - ),
Pn42m—2j-2) n+2(m—2j—2)
and, from (7-15), this implies that, for j > 0,
2 A2(]+1)
A2j n+2(m 1) *AZ(]‘H) |x| 8

Zy— =— d 2 1 , (7-18
(Zo Cm)btl lZo(g 0wt 20m—2; 1)+ G+D(&u W 20m = 2]_3) (7-18)

and, for j > 0,

Az(J 1) 2
; Ol 1 ; )
(Zo _Cm)ﬁgj — iZO( gu : (s*ﬁ%J _ x| 5’/‘1. )) (7-19)
2J(n+2(m 2j5)) I’l—|-2(m—]—1) n+2m—2j—2)

Combining with (7-14) and (7-17) we get, for j > 0,

(—(Z0) + (n+4)) Zo+ 2IER +m —0 — A; —4je)i!

2m—2j—1 : 292
iz "2 ZA 2D (eegar U)o (7.00)
n+2m—j—1) n+2(m—2-2j)
(=(Z0)* + (1 +2+4)Zo+ 2|57 —n+m —1 =0 =1 —4je,)i)’
20/+1) |x|20g 1, acuth
2izo(A 4 ) &*a2Y =0, (721
+2izo(Ajr1+45( + ))(5 o 20m = 3 2])> (7-21)
Ajyl Ajyl 2\ A2
—(Z)? h_ Nt ), 21612 _ 1 it _ J
( (Zo) +(”+ j+l) 0+ zpl8] n+m U+j+l(cm J) ug
2m—j—1 2m—2j—2
f2igy B2 S D2 =2 =2) a0

n+2m—2j—1) o =
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and, for j > 0,

Aj A A2 . 2m—=1=2j)+n_ o@;-1
—ZZ—I—(n——_j)Z +Z21EP+m—o+ 2 (c,y — >u S —izo= — o077 =0. (7-23
< 0 F 0 0|$| J(m J) 0 0](n—|—2(m—2])) cU ( )
To prove the lemma, we will show the following weak asymptotic expansion for i =0, 1:
A2 A 2—pA2j+itel , ~2f
(7 o, ) @)= Yz PTEIRGY g)
ZEN(),
Re(—p)+€<N—e¢
+ Z Z Z8/2+1L+2]+1+€ 10g(Zo)p<17),-2;j,L,g,p, o)+ O(Z8/2+2]+1+N_6), (7-24)
£eN, p=0

Re(u)+€<N—e€

J

2j ~2
it and w;.

where w;: are distributions in some Sobolev spaces in {|z| < 1} C R”" and, for u ¢ %NO,

wit,p

we have k, ¢ = 0.
Define, for 0 <r <m and ¢ € C;°(R") supported in {|z| < 1},

F"(¢)(z0) := (ﬁ{)(ZO’ ), 9) if r is even,
(ﬁq_l(z()v 9), @) if r is odd.

Since i} ~' is the Fourier transform in z of iterated traces of u;, Lemma 7.1 gives that the function

F"(¢)(zp) satisfies, forall N e N, € > 0,

ki e
FrGo= Y. Yo D g ogzo) (W) 4, 0) +OG) ) (7-25)
A€espec,(A—o) £LeNy, p=0

RC()\.)>8*% Re(M)+€<N—e

as zg — 0 for some w;»,ﬁ,p in some Sobolev space on {|z| < 1}. We pair (7-20), (7-21) with ¢, and it is
direct to see that we obtain a differential equation in zo of the form

P"(Zo)F"(9)(z0) = —z5 F" (A9)(z0) + 20 F T (Q" ¢) (20) (7-26)
for Zo = z09y,,

Pr(A):==A24+m+2r)h—r(n+r)— AIT”Z"'/"Z =—(r— %n —V)2+M2,

and Q" some differential operator of order 1 with values in homomorphisms on the space of polynomials
in x. Here we denote F"*! = 0.

We now show the expansion (7-24) by inductiononr =2j+i =m,m — 1, ..., 0. By plugging the
expansion (7-25) in (7-26) and using

P"(Zy)z4 log(z0)” = 2 (P§ (M) (log z0)” + pd; P§ (M) (log z0)” " + O((log 20)P ™)), (7-27)

we see that if, for some p, zé(log zo)P is featured in the asymptotic expansion of F”(¢)(zp), then
either A € %n +r—u+Np, orAe %n +r+4+ u—+Np, or zé_z(log z0)? is featured in the expansion of
F"(Ap)(z0). Moreover, if p >0and A ¢ {%n +r :i:u}, then either Zf)‘ (log zo)?' is featured in F” (¢)(zo) for
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some p’ > p, or zé_z(log zo)? is featured in F" (A¢)(zp), or zé_l(log 20)? is featured in F"T1(Q"¢)(z0).
If p>0and A = %n +r+tu, then (since w # 0 and thus 9; Py (A) # 0) either Zo (log ZO)P/ is featured in
F"(¢)(zp) for some p’ > p, or Zo (log z0)P~! is featured in F" (A¢)(z0), or z (log z0)P~! is featured
in F'*1(Q"¢)(z0), however the latter two cases are only possible when A = 2n +r+puand u € 2N0'
Together, these facts (applied to ¢ as well as its images under combinations of A and Q"), imply that the
weak expansion of uizj has the form (7-24).

The asymptotic expansions (7-7) now follow from (7-24), since pd, = Z, for our choice of p and,
for each r € [0, m], by (6-7) and (7-11), we see that (identifying symmetric tensors with homogeneous
polynomials in (xg, x))

m
r'=ry 2 2|_r [2]+2s
(tz) u(x0, X) =Y D" Cmrrs Xy I Pun 40050 () (7-28)
r'=r s>0
r'+2s<m
for some constants ¢, ., s; for later use, we also note that ¢, , 0 7 0. O

7C. Surjectivity of the Poisson operator. In this section, we prove the surjectivity part of Theorem 6 in
Section 5B (together with the injectivity part established in Corollary 6.9, this finishes the proof of that
theorem). The remaining essential component of the proof is showing that, unless # = 0, a certain term in
the asymptotic expansion of Lemma 7.3 is nonzero (in particular we will see that # cannot be vanishing
to infinite order on §” in the weak sense). We start with:

Lemma 7.4. Take some u satisfying (7-6). Assume that, for all r € [0, m], the coefficient w’ 1.0 of the
weak expansion (7-7) is zero. (By Remark (ii) following Lemma 7.3, this condition is independent of the
choice of p.) Thenu =0. If u ¢ %NO, then we can replace w'" 1.0 by w;,o,o in the assumption above.

Proof. We choose some v € S" and transform B"*! to the half-space model as explained in the proof
of Lemma 7.3, and use the notation of that proof. Define the function f € C*°(B"*!) in the half-space
model as follows:
Fe {Zo "udm if m is even,
zg™ut" " if m is odd.

Here ué and ”1 are obtained by taking the inverse Fourier transforms of i ”0 " and @i AZJ . By (7-20) and
(7-21) (see also (7-26)) we have

(Apptr — sn* 4+ p?) £ =0. (7-29)

Denote by tennp([B”“) the set of smooth functions f in B"*! which are tempered in the sense that there
exists N € R such that p; NfeL?>B"). Set r:= E” + w; it is proved in [van den Ban and Schlichtkrull
1987; Oshima and Sekiguchi 1980] (see also [Grellier and Otal 2005] for a simpler presentation in the
case |Re(k) + %n| < %n) that the Poisson operator acting on distributions on hyperbolic space is an
isomorphism

P27 :D(S") — ker(Apest +A(n+21)NCS (B

temp
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for L ¢ —n—Np, and, if Re(}) > —%n with A #£0, any element v € C° (B! with (Aprt1+A(n+A1)v=0

temp
and v # 0 satisfies a weak expansion for any N € N,

N kul

— 2—p+e 2 L 2—u+N

V= (Vo) = Z(pé’/ S I log(po)”vu,e,p> + 00"
=0 p=1

with v_, o # 0; moreover, k,, ( =0if A ¢ —%n + %No, and vy 0,0 # 0 for such A (here v_,, ¢, v, ¢ , are
distributions on S” as before).?
Next, by (7-28), for some nonzero constant ¢ we have

f=clzg 1z)™u = clu, @)

A calculation using (3-5) shows that in the ball model, using the geodesic boundary defining function pg
from (3-34),
0z = —(3(1 = [yP)v+ (1 +y-1)y)dy (7-30)

is a C>®(B"t")-linear combination of 3 1, and a 0-vector field. It follows from the form of the expansion (7-7)
and the assumption of this lemma that the coefficient of pg/ 271 of the weak expansion of f is zero.
(If u ¢ %NO, then we can also consider instead the coefficient of pg /2+u )

By (7-29) and the surjectivity of the scalar Poisson kernel discussed above, we now see that f = 0.
Now, for each fixed y € B"*! and each 1 € Ty[B”H, we can choose v such that n is a multiple of (7-30)
at y; in fact, it suffices to take v such that the geodesic ¢;(y, ) converges to —v as t — +00. Therefore,

for each y, n, we have (u, ®"n) =0 at y. Since u is a symmetric tensor, this implies u = 0. (Il
We now relax the assumptions of Lemma 7.4 to only include the term with r = 0:

Lemma 7.5. Take some u satisfying (7-6). If n =1 and m > 0, then we additionally assume that . #* %

Assume that the coefficient w® 2.0 of the weak expansion (7-7) is zero. (By Remark (ii) following Lemma 7.3,

0

this condition is independent of the choice of p.) Then u = 0. If u ¢ %No, then we can replace w’ 1.0

0 . .
by w, o o in our assumption.

Proof. Assume that w?tu,o = (; here we consider the case of wﬁﬂo = wg,o,o only when u ¢ %NO. By
Lemma 7.4, it suffices to prove that w’, 20 = O forr =0, ..., m. This is a local statement and we use the

half-plane model and the notation of the proof of Lemma 7.3. By (7-28), it then suffices to show that, if

d)giu’o =0 in the expansion (7-24), then ﬁ)iz;iu’o =0foralli, j.

We argue by inductiononr =2j+i =0, ..., m. Assume first thati =0, j > 0, and ti)f(i;l()) =0.
Then we plug (7-24) into (7-23) and consider the coefficient next to 28/ U2 this gives ﬁ)g;/i w0 =01f,

for A = %n + 1+ 2j, the following constant is nonzero:

Aj Aj
—k2+(n—T,])k—i-m—a—i-T,](cm—j):(n—|—2m—2—4j)(:|:2u—n—2m+2—|—4j). (7-31)

5The existence of the weak expansion with known coefficients for elements in the image of 7, is directly related to the
special case m = 0 of Lemma 6.8 and the existence of a weak expansion for scalar eigenfunctions of the Laplacian follows from
the m = 0 case of Lemma 7.3. However, neither the surjectivity of the scalar Poisson operator nor the fact that eigenfunctions
have nontrivial terms in their weak expansions follows from these statements.
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We see immediately that (7-31) is nonzero unless m =2 j. For the case m =2, we can use (7-19) directly;
taking the coefficient next to zg/ UM e get zb(z);j p.0=0aslong as In+pu+m # cp, or equivalently
+u # %n — 1; the latter inequality is immediately true unless n = 1, and it is explicitly excluded by the
statement of the present lemma when n = 1.

Similarly, assume that i =1, 0 < 2j < m, and ﬁ)gf 0= 0. Then we plug (7-24) into (7-22) and

consider the coefficient next to zg/Zi“HjH; this gives ﬁ)lzfiu’o =0 if, for A = %n +u+2j+1, the
following constant is nonzero:
) X+l A+ . . -
A+ n+2—- A—n+m—1—0+4- (em—j)=m+2m—4—-4j)(X2u—n—-2m-+4+4j).
J+1 Jj+1

(7-32)
We see immediately that (7-32) is nonzero unless m = 2j + 1. For the case m = 2j + 1, we can use (7-18)
directly; taking the coefficient next to 2/ M e get u?f’ .0 =0as long as 3n %+ @+ m # ¢y, which
we have already established is true. O

We finish the section by the following statement, which immediately implies the surjectivity part of
Theorem 6. Note that, for the lifts of elements of Eig” (—A(n 4+ A) +m), we can take any § < % below.
The condition Re A < % — & for m > 0 follows from Lemma 6.1.

Corollary 7.6. Let u € p®L>(B"+'; E™) be a trace-free symmetric m-cotensor with p a geodesic

1
12
the ball. Assume that u is a nonzero divergence-free eigentensor for the Laplacian on hyperbolic space:

boundary defining function and § € (—oo ), where the measure is the Euclidean Lebesgue measure on

Au=(—A(n+x1)+mu, V'u=0, (7-33)

with Re(L) < % — 8 and ) ¢ Ry, where R, is as defined in (5-20). Then, u = &, (w) for some
w e HReW+-1/2(gn. Q5 T*S"). Moreover, if y*u = u for some y € G, then L, w = Ny*k*’"w.

Proof. For the case Re(\) > —%n we set L = %n + A and apply Lemma 7.3; the distribution w will
be given by C(A)w_, o for some constant C(A) to be chosen, and this has the desired covariance with
respect to elements of G by using (7-5) from the remark after Lemma 7.1.

To see that u = &2, (w) for a certain C (1), it suffices to use the weak expansion in Lemma 6.8 and the
identity (7-3) from the remark following Lemma 7.1, to deduce that C (1) B(A)w_,, o appears as the leading
coefficient of the power o, * in the expansion of u, where B(A) is a nonzero constant times the factor
appearing in (6-27); here pg is as defined in (3-34). (The factor B(}) does not depend on the point v € S"
since the Poisson operator is equivariant under rotations of B"*!.) Then, choosing C(1) := B(1)~!,
we observe that u and &7, (w) both satisfy (7-33) and have the same asymptotic coefficient of o, * in

1

their weak expansion (7-7); thus from Lemma 7.5 we have u = &,"(w). Finally, for Re(A) < —5n with

Aé —%n — %No we do the same thing but setting p := —%n — A in Lemma 7.3. ]

Appendix A: Some technical calculations

Al. Asymptotic expansions for certain integrals. In this subsection, we prove the following version of
Hadamard regularization:
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Lemma A.l. Fix x € C(‘)’O(R) and define for Rea > 0, 8 € C, and ¢ > 0,

Fap(e) := /Ooor“—l(l +1) Py (et)dt.

If a — B & Ny, then Fyg(e) has the following asymptotic expansion as ¢ — +0:

I'le)I'(B —
Faﬂ(g)ZM)((O)+ Z

8 cjeP =t 4+ o(1) (A-1)

0<j=<Re(a—p)
for some constants c; depending on x.

Proof. We use the following identity obtained by integrating by parts:

o0
€0 Fop(e) = / (1 +0)7P0,(x (e1)) dt = (B — @) Fap(e) — BFupr1(e). (A-2)
0
By using the Taylor expansion of x at zero, we also see that
x (1) = x(0) + O(et);

given the following formula, obtained by the change of variables s = (1+¢)~! and using the beta function,

fowzal(lﬂ)f‘dt:%g)_“) if Ref>Rea >0,

we see that

') I'B—«o .
Fop(e) = TP =D 0)+0@) if Re(f—a) > 1.
I'(B)
By applying this asymptotic expansion to Fy g4y for a large integer M and iterating (A-2), we derive the
expansion (A-1). O
For the next result, we need the following two calculations (see Section 4A for some of the notation
used):
Lemma A.2. Foreach £ > 0,
—1)/2 1
27 DT (¢ 4 1)

S®'D,
F(E—i—%n) @1

/ (@) dSy) =

sn—1

where [ =3 7_8;®2;.

Proof. Since both sides are symmetric tensors, it suffices to show that, for each x € R”,

2 =DI2P (€ + )
r (E + %n)

Without loss of generality (using homogeneity and rotational invariance), we may assume that x = 9j.

2
|x ]~

f (x-m**dS(n) =
Sn—]

Then, using polar coordinates and Fubini’s theorem, we have

%r(H%n)/

sn—1

n%ﬁdS(n)=/ eilnlzr;%edn=71(”71)/2F(€+%),

n

finishing the proof. U
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Lemma A.3. For each n € R", define the linear map ¢, : R" — R" by

() =1 m-mn.

2
1+n[?
Then, for each Ay, Az € @¢R" with T(A1) =T (A2) =0, and each r > 0, we have

! 2 \¢
me VA1, Ag) dS(p) = 27"/ " A1, As).
[ (@6, A dson =2 Z o)
Proof. We have
2
%n:Id_l—f—}’z 77*®77,

where n* € (R")* is the dual to n by the standard metric. Then

2 2
/ (@™ rn)Al,Az)dS(ﬂ)Z/ <®m(1—1 d 2"®ﬂ),0(A1®A2)>dS(TI),
sn—1 sn—1 +r

where o is the operator defined by

oM@ @Nu®@®N @ @N)=MON| Q- @y @),

We use Lemma A.2, a binomial expansion, and the fact that the A ; are symmetric, to calculate

m 2r?
/gn_|<® (1_ 1+ 2'7®77)’0(A1®A2)>dS(n)

Y 27‘2 ‘ 2¢ m—=~
Z:ev(m z)'(_ )/SM((@ M ® (@ 1), 0 (A1 ® A2)) dS(n)

prs 1+r2
I T(e43) [ 22
g (=12 m_ 2/~ S(Q'T "), 0 (A1®AL)).
Y e g (1) S D8 sty
Since T (A1) = T (A) =0, we can compute
¢ m—t 26(e)?
(S DH®"1),0(A1® Ar)) = 20! (A1, Az).

Here 2¢(¢!)?/(2¢)! is the proportion of permutations T of 2¢ elements that satisfy, for each j, that
T(2j — 1)+ t(2)) is odd. It remains to calculate

m l ? 2 m
L

— 01(m — 0)! F(ﬁ—i—%n) (2@)' — (m — e)'r (¢+1n)

We can now state the following asymptotic formula, used in the proof of Lemma 5.11:
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Lemma A4. Let x € Ci°(R) be equal to 1 near 0, and take Ay, Az € Q¢ R" satisfying T (A1) =T (A2) =0.
Then, for . e C, A ¢ —(%n + No), we have, as € — +0,

/RX(8|TI|)(1+|77|2)_k_"((®m‘fn)141,A2>d77

r(in+a .
(nt+r+m—DIn—14+2) 0<j<—Rei—n/2

for some constants c;.

Proof. We write, using the change of variables n = /16, 6 € S", and x (s) = ¥ (s?), and by Lemma A.3,

[ e+ @ 6 AL Az)d

=%/(; X(gzt)[%n—l(l-i‘t)—)»—l’l /"1<(®m(gﬁ0)Al,A2>dS(9)d[

n/zz (=1m! (A Az)/OoX(gzt)t"/ZH_l(lth)"\‘”‘edt.
“m—OIT(zn+0) " Jo

We now apply Lemma A.1 to get the required asymptotic expansion. The constant term in the expansion
is (A1, Ap) times

ﬂn/zF(ln+A)i (=1m! "2 (=1)"m!T (3n + » i (-Df (A-3)
? e m—OT(+i+0) ST (n+htm—0)

We now use the binomial expansion

(1 _ t)n+)u+m71

—_— = t
F'n+A+m) ;E!F(n—i-)\—i-m—f)

and the sum in the last line of (A-3) is the " coefficient of

1(1 t)n+k+m 1 (l_t)n+x+m—2 1 oo (_1)1' .
1—1¢ = = 4/;
(=0~ C'(n+A+m) C(n+XA+m) n+A+m—1j2_(:)j!F(n+A+m—j—1)
this finishes the proof. O

A2. The Jacobian of V. Here we compute the Jacobian of the map ¥ : £ — Si H"*+! appearing in the
proof of Lemma 5.11, proving (5-31). By the G-equivariance of ¥, we may assume that x = dy, § = 9,
n = /59, for some s > 0. We then consider the following volume 1 basis of T(, ¢ ,,E:

X1 =(01,00,0), X2=10(32,0,450), X3=10(0,0,—531), X4=1(0,0,03);
axj'aagjsar]jy 3§]§n+1
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We have W (x, §, n) = (v, n—, n4), where

y:(VS+1707\/EaOa~--70)9 7:F\/E7Oa~~~70)-

s 1
ni_<:F /—s+1a ;—S+1

Then we can consider the following volume 1 basis for T, ,, ., )S3H"*!:

Y2=<ﬁao+Ma2,\/f ¥, Vs )

S
s+ 1 _\/s—i—ly
(0,0, /5804 /501 + /5 +182)

Y1=<al Y L)
’«/s—i—l’«/s—i—l ’
_(07\/580_\/581+Vs+18250)

Y Y.
: s+ 1 N Vs +1
ayjaav__/»3v+_j’ 35.]5”—'_1
Then the differential dW (x, &, n) maps
X1 s+ 1Y —+/sY3—/sYa,
Xzi—) Yz,
X3+> —/sY1 + /s +1Y3+ /s + 1Yy,
1 1 1
X4I—> Y3

Y. — Y.
s+ 1 2—}_s-i-l s+ 1 4

Moreover, for 3 < j <n+1, d¥(x, §, n) maps linear combinations of dy;, d;, d;, to linear combinations
of 8yj., 8U_J., 0y » by the matrix A(s). The identity (5-31) now follows by a direct calculation.

A3. An identity for harmonic polynomials. We give a technical lemma which is used in the proof of
Lemma 6.8 (injectivity of the Poisson kernel).

Lemma A.5. Let P be a harmonic homogeneous polynomial of order m in R"; then, for r < m, we have

for all x € R" that
m!r!

ALP(r = (8, x))]cmo=2" P(x).

(m—r)!

Proof. By homogeneity, it suffices to choose |x|=1. Wesett = (¢, x) and u =¢ —tx, and P(x — (¢, x)),
viewed in the (¢, u) coordinates, is the homogeneous polynomial (¢, u) — P ((1 — 12)x — tu). Now, we
write, for all u € (Rx)® and ¢ > 0,

P(tx—u) =Y "7 P;u),
j=0

where P; is a homogeneous polynomial of degree j in u € (Rx)*, and, since the Laplacian A written in
the ¢, u coordinates is —8,2 + A, the condition A, P = 0 can be rewritten

AyPiw)=m—j+2)m—j+1)P;jou), A,Pi(u)=A,P=0,
which gives, for all j and £ > 1,

APy =mm—1)---(m =20+ 1Py, A Py_1(u)|u=o=0.
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We write Ag = Z,::O F/ K (r—k)H)(— 1)ka,2kA;—’< and, using parity and homogeneity considerations,

we have
r —~ (=D 2% 2ym=2j 2jy Ar—k
AgP(x—i(i,ﬂ)I;:o:Zk‘( ey D [ = A" 2 AL Py ()] =0
ki e
(_1)kr! m—2(r— r— r—
= 2 oo ORI AT Py

max(0,r—m/2)<k<r

m!r! 3 (=¥ (2k)! o mir!

—_— PO . —_— O
(m—r)! kK\(r —k)!' 2k —r)! (m—r)!
r/2<k<r
and Py is the constant given by P (x). Here we used the identity
— DT (2k)! ! 2r — 2k)!
2 k'((r —i)'(ék i Nl 2 (_1)kk'(rr— o r('(};’— 2k))' =7
r/2<k<r ' ’ T 0<k=r/2 ) o :
which holds because both sides are equal to the ¢" coefficient of the product
1+1)
A=t (1= = a+n" .
1—1t
since
1 — G +n)!
o=~ ogrer o1 j
) r!d,(l n'=>y" HF 1,
j=0
the #” coefficient of (1+4¢)" /(1 —t) equals the sum of the 0,11, ..., t" coefficients of (1+1)", or simply
a1+ =2 O

Appendix B: The special case of dimension 2

We explain how the argument of Section 2A fits into the framework of Sections 3 and 4. In dimension 2
it is more standard to use the upper half-plane model

H? :={weC|Imw > 0},

which is related to the half-space model of Section 3A by the formula w = —z; 4+ izp.
The group of all isometries of H? is PSL(2; R), the quotient of SL(2; R) by the group generated by
the matrix — Id, and the action of PSL(2; R) on H? is by Mobius transformations:

ab az+b 2
=, e H- c C.
(c d>z cztd © <
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Under the identifications (3-2) and (3-5), this action corresponds to the action of PSO(1, 2) on H? ¢ R!?
by the group isomorphism PSL(2; R) — PSO(1, 2) defined by
1@+ b+ +d» 3@ -b*+2—d* —ab—cd
(? z) | 3@+ b2 —c*—d?) Ya* b —c*+d?) cd—ab]|. (B-1)
—ac —bd bd —ac ad + bc
The induced Lie algebra isomorphism maps the vector fields X, U_, U, of (2-1) to the fields X, U,", U 1+
of (3-6), (3-7).
The horocyclic operators Uy : D'(SH?) — D' (SH?; £*) of Section 4B (and analogously horocyclic
operators of higher orders) then take the form

Uiu = (Uru)n®,

where n* is the dual to the section € C*°(SH?; £) defined as follows: for (x, &) € SH?, n(x, &) is
the unique vector in T, H? such that (£, n) is a positively oriented orthonormal frame. Note also that
n(x, &)=+As(x, &)-c(B+(x, £)), where A (x, &) is as defined in Section 3F and ¢ (v) € T,S!, v e S, is
the result of rotating v counterclockwise by %71; therefore, if we use 1 and ¢ to trivialize the relevant vector
bundles, then the operators Q. of (4-26) are simply the pullback operators by B, up to multiplication
by £1.

Appendix C: Eigenvalue asymptotics for symmetric tensors

C1. Weyl law. In this section, we prove the following asymptotic of the counting function for trace-free,
divergence-free tensors (see Sections 4A and 6A for the notation):

Proposition C.1. If (M, g) is a compact Riemannian manifold of dimension n + 1 and constant sectional
curvature —1, and if

Eig"(0) ={u e C*(M; &ST*M) | Au=0ou, V'u=0, T(u) =0},
then the following Weyl law holds as R — oo:

Z dim Eig" (o) = co(n)(c1(n, m) — c1(n, m —2)) Vol(M)R" ! + O(R™),

o<R?

where co(n) = ((Zﬁ)_"_l/f‘(%(n + 3))) and ci(n,m) = (m+n—1)!/(m!(n—1)") is the dimension of
the space of homogeneous polynomials of order m in n variables. (We put c1(n, m) := 0 for m < 0.)

Remark. The constant cy(n, m) := cy(n, m) — c;(n, m — 2) is the dimension of the space of harmonic
homogeneous polynomials of order m in n variables. We have

co(n,0)=1, cy(n,1)=n.
For m > 2, we have c;(n, m) > 0 if and only if n > 1.

The proof of Proposition C.1 uses the following two technical lemmas:
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Lemma C.2. Take u € D'(M; ®'§T*M). Then, denoting D = S oV as in Section 6A,
[A, VIu=2—=2m —n)V*u —2m — 1)D(T (w)), (C-1)
[A, Dlu = (2m +n)Du +2mS(g ® V*u). (C-2)

Proof. We have
AV'u=T>(V3u), V*'Au=T* (1153 u),

where 7, v denotes the result of swapping the j-th and k-th indices in a cotensor v. We have
ld—1163 = (Id —7162) + T1e2(d —7263) + Tio2T263(Id —T162);
therefore (using that 7710 =T)
[A, V¥]u=T*(VId —712) VU + 1203 (Id =71 2) V).
Since M has sectional curvature —1, we have, for any cotensor v of rank m,

m
(Id—7152)V?V =Y (Tiorsa — Dor2) (8 D V).
e=I

Then we compute (using that 7 (123713) = T (123))

m
[A, V¥]u=T?> <f2<->3 —Id+ Z((fzezw — Bot+3)To3 + o3 (Tloms — f2<_>z+3))> (g®Vu).
=1

Now,
T (g ® Vu) = TH(1204T103(8 ® Vi) = TH(1203T104(8 ® Vi) = —(n + D) V*u,
T (1263(8 ® Vi) = T (1364T163(8 ® Vi) = T (T203T204(8 ® Vi) = —Vu,
and, since u is symmetric, for 1 < £ < m,
THMoe43T103(8 ® Vi) = TH(12o3T1we43(8 ® Vi) = —Vu,
T (G3043T163(8 ® V) = T (1263T26043(8 ® Vi) = Tiop—1 V(T (W)).

We then compute

m—1
(A, V*u=Q2=2m—m)Vu—2 " 115,V(T W),
=1
finishing the proof of (C-1). The identity (C-2) follows from (C-1) by taking the adjoint on the space of
symmetric tensors. U

Lemma C.3. Denote by m,, : @GT*M — Q'T*M the orthogonal projection onto the space ker T of

trace-free tensors. Then, for each m, the space
F":={ve C¥(M; @gT*M) | T(v) =0, Tpt1(Dv) =0} (C-3)

is finite-dimensional.
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Proof. The space F™ is contained in the kernel of the operator
Py :=V*t,41D

acting on trace-free sections of @ T*M. By [Dairbekov and Sharafutdinov 2010, Lemma 5.2], the
operator P, is elliptic; therefore, its kernel is finite-dimensional. (]

We now prove Proposition C.1. For each m > 0 and s € R, denote
W™ (o) :={ueD'(M; {T*M) | Au=ocu, T(u)=0}.

The operator A acting on trace-free symmetric tensors is elliptic and, in fact, its principal symbol coincides
with that of the scalar Laplacian: p(x, &) =& |Z,. It follows that the W™ (o) are finite-dimensional and
consist of smooth sections. By the general argument of [Hormander 1994, Section 17.5] (see also
[Dimassi and Sjostrand 1999, Theorem 10.1; Zworski 2012, Theorem 6.8] — all of these arguments adapt
straightforwardly to the case of operators with diagonal principal symbols acting on vector bundles), we
have the following Weyl law:

Z dim W™ (o) = co(n)(ci(n+1,m) —c1(n+ 1, m — 2)) Vol(M)R"T! + O(R"); (C-4)

o<R?

here ci(n+1,m) —ci(n+ 1, m + 2) is the dimension of the vector bundle on which we consider the
operator A.
By (C-1), for m > 1 the divergence operator acts as

V¥ W™ (o) — W (o +2—2m —n). (C-5)
This operator is surjective except at finitely many points o':

Lemma C4. Let C; = dim F"~!, where F"~! is as defined in (C-3). Then the number of values o such

that (C-5) is not surjective does not exceed C1.

Proof. Assume that (C-5) is not surjective for some o. Then there exists nonzero v € W o +2—2m—n)
which is orthogonal to V*(W™ (0)). Since the spaces wWm=1(o) are mutually orthogonal, we see from (C-5)
that v is also orthogonal to V*(W" (o)) for all o # o. It follows that, for each o and each u € W" (o),
we have (Dv, u);» =0. Since P » W" (o) is dense in the space of trace-free tensors, we see that, for each
ue C®M; @¢T*M) with T (u) =0, we have (Dv, u);> = 0, which implies v € F=1_ It remains to
note that F~! can have a nontrivial intersection with at most C; of the spaces W~ (¢ +2—2m —n). O

Since Eig" (o) is the kernel of (C-5), we have

dim Eig" (o) > dim W™ (¢0') —dim W™ ' (o +2 — 2m —n),
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and this inequality is an equality if (C-5) is surjective. We then see that, for some constant C, independent
of R,

Z dim W™ (o) — Z dim W (o) < Z dim Eig" (o)
o<R? 0<R24+2-2m—n o<R?
<Cy+ Z dim W™ (o) — Z dim W (o),

o<R? 0<R242-2m—n

and Proposition C.1 now follows from (C-4) and the identity c;(n +1,m) —ci(n+ 1, m — 1) = ¢ (n, m).

C2. The case m = 1. In this section, we describe the space Eig! (o) in terms of Hodge theory; see, for
instance, [Petersen 2006, Section 7.2] for the notation used. Note that symmetric cotensors of order 1
are exactly differential 1-forms on M. Since the operator V : C*°(M) — C*°(M; T*M) is equal to the
operator d on O-forms, we have

Eig'(0) = {u € Q' (M) | Au=ou, Su =0}.

Here A = V*V; using that M has sectional curvature —1, we write A in terms of the Hodge Laplacian
Agq :=d§+ 8d on 1-forms using the following Weitzenbock formula [Petersen 2006, Corollary 7.21]:

Au=(Aqg+nu, ueQ(M).
‘We then see that

Eig' (0) = {u € Q' (M) | Agu = (6 — n)u, su = 0}. (C-6)

Finally, let us consider the case n = 1. The Hodge star operator acts from Q! (M) to itself, and we see
that, for o # 1,
Eig!(0) = (xu | u € Q' (M), Aqu = (6 — 1)u, du =0}

={xdf)| f eC®(M), Af =(c —Df}. (C-7)

Note that x(df) can be viewed as the Hamiltonian field of f with respect to the naturally induced
symplectic form (that is, volume form) on M.
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