msp



ANALYSIS AND PDE
Vol. 7, No. 1, 2014

dx.doi.org/10.2140/apde.2014.7.97

ORTHONORMAL SYSTEMS IN LINEAR SPANS

ALLISON LEWKO AND MARK LEWKO

We show that any N-dimensional linear subspace of L?(T) admits an orthonormal system such that the
L? norm of the square variation operator V? is as small as possible. When applied to the span of the
trigonometric system, we obtain an orthonormal system of trigonometric polynomials with a V% operator
that is considerably smaller than the associated operator for the trigonometric system itself.

1. Introduction

Let (T, %, u) denote a probability space and & := {<z>n}f:’:1 an orthonormal system (ONS) of (u-
measurable) functions from T to R. Motivated by questions regarding almost everywhere convergence,
one is often interested in the behavior of the maximal function

¢

Z AnPn

n=1

M f = max
f (<N

Here we let f := Zf;v:z an®,. For an arbitrary ONS, the Rademacher—Menshov theorem states that
lMf 2 < log(N)|| f 12, where the log(N) factor is known to be sharp. However, one can do much
better for many classical systems; for instance one can replace log(N) with an absolute constant in the
case of the trigonometric system (the Carleson—Hunt inequality). More recently, there has been interest in
variational refinements of these maximal results. Define the r-th variation operator by

r>l/r
where &y denotes the set of partitions of [N] into subintervals. Clearly, |/ f| < |V" f| for all r < co. In
the case of the trigonometric system, strengthening the Carleson—Hunt theorem, Oberlin, Seeger, Tao,
Thiele, and Wright [Oberlin et al. 2012] have shown that ||V f||;2 < || f ;2 for r > 2. When r =2, it

has been shown that ||V f||;2 < /log(N)| fll.> [Lewko and Lewko 2012a], where the factor \/log(N)
is optimal. This later inequality has some applications to sieve theory [Lewko and Lewko 2012c]. The

factor /log(n) is rather unfortunate, leading to inefficiencies in these applications. It is likely that this
factor can be improved for the functions arising in the applications, for instance, if the Fourier support
of f is contained in certain arithmetic sets. This is a potential route towards improving the estimates
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in [Lewko and Lewko 2012c]. Some results in this direction can be found in section 7 of [Lewko and
Lewko 2012a].

In a different direction, it seems that the \/log(n) factor might also be an eccentricity of the standard
ordering of the trigonometric system. In [Lewko and Lewko 2012a] the following problem was posed.

Problem 1. Is there a permutation o : [N] — [N] such that the reordering of the trigonometric system
@ := {¢, = e(0(n)x)} (wWhere e(x) := >™¥) satisfies

172 fll2 < o(/Iog(N ) f 2
for all f in the span of the system'?

This problem can be thought of as a variational variant of Garsia’s conjecture. A longstanding problem
in the theory of orthonormal systems, often called Kolmogorov’s rearrangement problem, asks if every
(infinite) ONS can be reordered such that the expansion of every L? function converges almost everywhere.
Garsia’s conjecture is the stronger assertion (see [Garsia 1970] for a proof of this implication) that any
finite ONS can be reordered to satisfy || f||;2 < || f]l ;2 where the implicit constant is absolute. Towards
Garsia’s conjecture, Bourgain [1989] proved that one can rearrange a uniformly bounded ONS such that
M flz2 < loglog(N)| fll;2- His proof proceeds by showing that this holds for a uniformly randomly
selected permutation with high probability. Unfortunately this is the best estimate one can obtain from a
purely probabilistic approach. Bourgain showed that if one is allowed to select a new ONS with the same
span as @ (which allows more freedom than just reordering the system), one can obtain || f || ;2 << || fl 12
for the new system with the same span.

In this paper, we will study the analogous linear span version of Problem 1. Given an ONS & :=
{qb,,(x)}f:/:1 and an N x N orthogonal matrix O = {0; ,}1<i n<n, We define a new ONS, W := {, (x)},l,v:p
by

N

Y (x) =Y 0j.nhi (X).

i=1

This new system will span the same space as the original system. Conversely, every such ONS can be
obtained from some element of the orthogonal group, O(N). Let us write ®(0) := V. Furthermore, in
what follows Q will denote a measurable subset of O(N) and P[ Q] will denote the Haar measure of Q.

Theorem 2. Given an N-dimensional subspace of L*(T), there exists an ONS V that satisfies

V2 1l 2 < v/loglog(N) || f I .2 (1)

for all f in the span. In fact, if we take an arbitrary basis ® for F, the conclusion holds for the ONS
®(0) forall O € Q for some Q C O(N) with P[Q]>1— Ce—cN?? (for some absolute positive constants
C,o).

IWe have recently proved [Lewko and Lewko 2012b] that there exists a rearrangement such that ||°V2 flip2 e
log?/22te(N)| £l 12 for € > 0 (for all uniformly bounded ONS). This is likely far from best possible.
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If we take @ := {e(n)c)}rll\/:1 (on the circle with the Lebesgue measure), this produces an ONS of
trigonometric polynomials (spanning the same space as the first N elements of the trigonometric system)
with much smaller square variation than the trigonometric system. Strictly speaking, Theorem 2 is stated
for real valued ONS, but the result for the trigonometric system can be obtained by splitting into real and
imaginary parts and noting that the corresponding result holds on each with large probability. We note
that Problem 1 asks for a similar conclusion where O is restricted to be a permutation matrix instead of
just an orthogonal matrix.

Theorem 2 is sharp. Consider an ONS of independent, mean zero, variance on Gaussians, {g; lN: 1
Notice that applying an orthogonal transformation to this system leaves it metrically unchanged. On
the other hand, we have (almost surely) that maxzegp, > ;cr | D nes gn|> ~ 2N loglog(N) from the
variational law of the iterated logarithm [Lewko and Lewko 2011].

Let us briefly outline the key idea in the proof of Theorem 2. In [Lewko and Lewko 2012a], we proved
an estimate of the form (1) for systems of bounded independent random variables; see Theorem 9. The
key ingredient in that case is that for every f in the span of the system we have the subgaussian tail
estimate || f|l¢ << || f |l 2 (where || - ||« is the Orlicz space norm associated to e — 1). This clearly cannot
hold in the setting of Theorem 2, since any L? function can be in the span of the system. However, we
will show that a function f in the span of a generic basis ®(O) can be split as f = G + E, where G
satisfies a subgaussian tail inequality and E has small L? norm (decreasing with the size of the Fourier
support of f). More precisely, we will prove the following (note that we abuse the notation ¢ below to
denote multiple distinct constants):

Proposition 3. For N fixed, let ® = {¢, (x)}_, be an ONS such that 3""_, |, (x)|*> < N holds (pointwise).
There exists Q C O(N) with P[Q] > 1 — Ce™N " such that for O € Q, we have that the associated ONS
d(0) = {1/f,,},]1vz | satisfies the following property. For any f =)  an\ry, letting m denote support({a, })
(the number of nonzero a; values), we have that the function defined by

fi=) ana(x)

can be decomposed as [ := G+ E where ||Gllq << || fll12 and |E || ;2 < (m/N)E|| f 12 for some universal
constant ¢ > 0.

See Proposition 15 below, which gives a stronger maximal form of this statement. The condition
Z,I,V:] |, (x)|> < N can usually be removed in applications (such as Theorem 2) by a change of measure
argument (see Lemma 6). It seems likely that this decomposition has other applications.

2. Preliminaries

We fix the probability space (T, B, ). We define several different norms on the space of functions from
T to R. First, for a positive constant c, let || - ||« denote the norm of the Orlicz space associated to the
convex function e** — 1. That is,

. g 2
Il f llsce) 2=A1€rg+{/ eI g —1 < 1}.
T
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When we write || - ||¢ with the specification of ¢ omitted, we mean ¢ = 1.
We next define the convex function
tZ
e — 1’ |t| = K’
FK (t) = K2 2 K2 2
e"t*+e* (1—-KH)—1, Jt|=K

and denote the associated Orlitz norm by | - ||, .

Lemma 4. When K > 1, for all t, we have that
Tx(@)<e —1, Tg()<eKr2.

It follows that for f : T — R we have || f g < || flls and || f v < X721 £1]2.

Proof. We first prove 'k (¢) < "> — 1 for all 7. For ¢ such that |t] < K, this is clear since 'k (t) = el 1.
We consider ¢ such that || > K. Then 'k (¢) = K12 + eK2(1 — K?) — 1, so we must show that
ek’ 12 4+ eK* (1 — K2) < . We note that for all real x > 0, 1+ x < ¢*. Applying this to the quantity
> —K?+1 >0, we have

2

’

KR 1K1K =K (2 — K24 1) <Kl K = ¢

as required.
We let f be a function from T to R. For any fixed positive real number A such that fwr el /AP du—1<1
(that is, A > || f|l4), we have

/ Tk (f/0) dp < / MIE gy 1 <1,
T T

since ['g (7)) < e’ — 1 for all ¢. This shows that A > I flirg. Hence || fliry < Il flls.

Next we prove ['g (¢) < ¢X*12. We first consider ¢ such that t] > K. Tg(t) = K12 +eK2(1 —K»H—1
in this case. Since K > 1, we see that eK2(1 —K?) <0,s0Tg(t) < ¢X*£2 follows. For ¢ such that [t| < K,
we have 'k (1) = e'” — 1, so we must show that e'” — 1 < eX”¢2 for lt| < K.

We consider (et2 -1/ 12 as a function of ¢ for r > 0. Its derivative is

2 2
2007 e — 173 +173).

We observe that this is always nonnegative. To see this, consider multiplying the quantity by #> to obtain
2(t%e! e 1). Nonnegativity then follows from the inequality 1 + xe* > e* for all real x > 0. (This
inequality can be proved by noting that xe* > fox e" du.) Hence (e’2 — 1)/#?* is a nondecreasing function
of 7 in the range 0 <t < K. So it suffices to consider the value at t = K, which is K_Z(ek2 —1). Since
K > 1, this is < eX”, as required.

For f: T — R, we consider A := eX*/2|| £]|2. Then

K2

2
xS _¢€ 2 _
/Trk(f/x)dus/Te du=S =1,

since T'x (1) < K12, Thus, || fllr, < eX 72| £l 2. O
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Lemma 5. For any (measurable) f : T — R, we can decompose f = fi + f> such that

)
Ifills <1 fllrg  and | fallz << e % flirg

for some universal constant ¢ > 0.

Proof. Given f, we define y :=2| f|r, to simplify our notation. We then set

Jr:=F lpy<x and  foi=f -l =k,

where g for a set S C T denotes the indicator function for that set. By definition of y =2| fllr, > Il flIr»
we have that

/ rK<f/y)du=/<e'f/V'2 =) -ligjy 2k du+/(e"2f2/y2+e’<2<1—1<2>— Dbk d <1. (2)
T T T

Since this is a sum of two nonnegative quantities, this implies

2
/(ef/y' — D lypyizx dp < 1.
T
This is equivalent to

/ M gy 1 <1,
T

and so || fillg <y <1 fllrg-
Again considering (2), we also have

/T<e’fzf2/y2 +eK =K = 1) Uy dp < 1.

We let (] f/y| = K) denote the measure of the set in T on which | f/y| > K. We can then rewrite the
above as

u(‘f > K)(e“(l — K- 1>+/ KLyt dp < 1. 3)
T
Now, since fT Cx(f/y)du <land T'x(f/y) > ¢k’ — 1 whenever |f/v|> K, we must have
u( i‘ zK)(eKz—ns L.
14

Thus, (| f/y| > K) < 1/(eX” — 1). Combining this with (3), we have

/e’(zfzz/ﬁdu < 1+u<’§‘ > K)(e’(z(K2 ~D+1) <« K?,
T

and hence
_ K2
/2017, < KZe 57y 2,
implying that || /5,2 < e =K ’ | flir, for some universal constant ¢ > 0. [l

Finally, we note the following.
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N
Lemma 6. It suffices to prove (the second formulation of ) Theorem 2 with the restriction Y |¢,|> < N.
n=1

Proof. Consider an arbitrary ONS @ := {¢,}"V_, and define v(x) = N~' ", |¢,(x)|?. Fix O € O(N).
Define @ := ®(0). Furthermore, consider the ONS W defined on T (with the measure induced by
integration against v(x) du) by ¥, (x) := v~ 12(x)¢, (x). Furthermore, define U= W (0). We have the

trivial identity
f max
T eP N

Thus, the conclusion of Theorem 2 holds for @ if and only if it holds for ¥. However, Ziv:l [Yal?> <N
by construction. O

2
v(x)du.

2
du = max
M ‘/‘[;'7{6931\] Z

lern

D anu(x)

nel

> anPa(x)

nel

lem

3. Probabilistic Methods
In this section we establish the following result.

Proposition 7. For N fixed, let {¢p, (x)}f:’:1 be an ONS such that Zi\’: 1 |Pn (x)|> < N. Define for each
1 <m < N the function
r

« =T /75 loa (N ) logW m 1)
(the dependence on m is implicit in this notation). There exists a subset Q C O(N) with P[Q] >
1— C(e_CNz/S) such that for all O ={0; y}1<in<n € Q the corresponding base change of {on}Y_,, that is

n=1’

N
Y (X) =Y 0j.nhi (X),

i=1

satisfies the following. For each m in the range 1 <m < N,

N N 12
Zanwn < (Z arzl)

n=1 n=1

Iy

for all vectors a € RN such that support(a) < m. (We use support(a) to denote the number of nonzero
coordinates of a.)

The proof will build on arguments from [Bourgain 1989], although the estimates we obtain are
substantially stronger. We start by establishing a weaker result. For a fixed m in the range 1 <m < N,
we let S,, C RV denote the subset of vectors b such that ||b||;> < I and support(b) < m. We then define

N
> antn

n=1

B(m, 0) := sup

aes,,

g

Note that both the set S,, and the function I'y :=T
will be to establish the following.

/2/5) 1og((N/m) log(N/m+1)) depend on m. Our first step
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Proposition 8. For any 1 <m < N we have that
EovyB(m, 0) K 1,
where the implied constant is independent of m and N.

This does not quite give Proposition 7, since there the claim is made with large probability and we
require the estimates to hold for all m simultaneously. The stronger claim, however, will be deduced later
from the weaker statement using the concentration of measure phenomenon on the orthogonal group.

We will need the following result, which is Lemma 5.5 from [Bourgain 1989], where it is attributed to
[Benyamini and Gordon 1981]. The result is a concatenation of Lemmas 1.10 and 1.12 in [Benyamini
and Gordon 1981]. These are due to [Chevet 1978] and [Marcus and Pisier 1981], respectively.

Lemma9. Let X and Y be Banach spaces, and consider the operator

N

To:= Y 0;j(xf ®Y;)

i,j=1

for O :=(0ij)1<i,j<n € O(N), and where {x*}N | (respectively {y J} _,) are sequences in X* (respectively
Y). Then

Ca({x*}N CO!({)’/
ICAE @)y d (@] o)
O(N)
where
1/2
a((xf)): = sup{ (Z |<x;‘,x>|2> Lx e X, x| < 1},
1/2
a({yjh:= sup{ (Z (¥ y*>|2> Y eYH Iyl = 1},
and {g; }N | is a system of independent Gaussians with mean zero and variance one. Note that the norms

in (4) refer, respectively, to the Banach spaces B(X,Y), Y, and X*.

Let ¢2[N] denote the set of real sequences a := {a,,}fl\’:l. We will denote by X the Banach space
obtained by considering this set with the norm || - ||[,,; defined as follows. For a vector a, we define ||a||[;
to be the infimum of positive ¢ € R such that scaling the convex hull of S, by ¢ results in a set containing
a. We take Y to be the space of real-valued functions on T equipped with the Orlicz norm associated to
I,

Let x] (1 <i < N) denote the canonical unit vectors in RN (which is naturally identified with the dual
space X*). We have, from Lemma 9, that

N AN
[EB(m,@><<%[EHZgi¢i +“(L\/%=I)[E“Zgixi‘

% X*
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In order to establish Proposition 8, we need to show the above is <« 1. This follows from the estimates

1/5
a({x L) < 1, a({pi)) <« (Elog(ﬁ—i-l)) ,
m m

[EHZ&'@

The first estimate above follows from the observation that the convex hull of S,, is contained in the £2

N
<N, [E“Zgix,-* <Jm log(—+1>.
T, X* m

unit ball in RY. We will prove the others in the following lemmas.
Lemma 10. We have that E|| Y gi¢i|r, < v/'N.

Proof.
Letting C be a positive constant, by Fubini’s theorem we have that

[Efe(Zgimx))z/(CN) du=f ONTINII
T T

Now, for each fixed x, we recall that ) . |¢; @[> <N, so (1/@) > gi¢i(x) is a Gaussian random
variable with mean 0 and variance at most 1/C. Thus, [ Ee( 8¢ ()*/(CN) gy « 1 for an appropriate
choice of C.

Since e/*/* <1 +ef2/k for A > 1, we have that infke[py{f1T el f/3? dp <2} <K 1—i—fT el du. Applying
this to f = (1/~/CN)Y_ gi¢;, we have

< / 2/ g
r.oJr

1
H ,—CN Z 8iPi
Taking expectations on both sides, we have E|| > g;i¢illr, € VN, as required. ([l
Lemma 11. We have that a({¢;}_,) < (N/m)log(N /m + 1))/

Proof. From Lemma 4 it follows that || f||r, < ((N/m)log(N/m + 1))'/3| £l ;2. Now

, , [HE N (N -
Igls = sup 1805 188 s (Znog(S41)) gl
S 1, = Tgle, (N /mylogN fm+ D)z~ \m &\

Here we have used that each element of the dual space I'} can be represented as integration against
a measurable function. This follows from standard properties of Orlicz spaces. In particular, see
Theorem 14.2 of [Krasnosel’skii and Rutickii 1961], since the modulus I', satisfies the A, condition.

It now follows that if [|glrs < 1, then ||g|l .2 < ((N/m) log(N /m+1))'/°. Thus by Bessel’s inequality
we have

NG N N 1/5
() :=sup{(Z|<¢i,g>|) ger, ||g||r3;§1}<< (Elog(ZJrl)) ,

which completes the proof. U
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Lemma 12. Ell Y gix}llx < /my/log(N/m+1).

Proof. 1t follows from the definition of X* that

[EHZ&'X? Y siai

(Note that taking the supremum over the convex hull of S,,;, would yield the same result.)

= sup
X* acS,,

The latter quantity is well studied in the theory of Gaussian processes. Recall that Dudley’s bound
[1967] gives

< / J10g(N (S, €)) de,
0

where N (S,,, €) denotes the number of ¢ balls of radius € needed to cover S,,. Now, clearly S,, is a
subset of the n-dimensional £2 unit ball. Thus log(N' (S, €)) = 0 for € > 1, and the above quantity is
equal to

1
/ V010g(N(Sp, €)) de.
0

Lemma 12 now follows from the following.

Lemma 13. For 0 < € < 1, we have that

N(Sn, ) K (N) (§> )
mj\e

N 3
log N (S, €) <<m10g(— + 1) +mlog( )
m

and thus
€

Proof. We prove the first inequality (the second follows by taking logarithms). We let K denote the
unit £2 ball in R”. Then N(K, €eK) < (3 /€)™, where N(K, € K) denotes the number of translates of € K
needed to cover K. To see this, consider a maximal set of disjoint balls of radius €/2 with centers in K.
Let T denote the set of their centers. By maximality, taking balls of radius € around each point in T
yields a cover of K, and hence the cardinality of 7 is an upper bound on N (K, € K)). Now, the union of
all the disjoint balls of radius € /2 with centers in T is a set with volume equal to | 7| vol((€/2)K), where

|T'| denotes the cardinality of T and vol((e/2)K) denotes the volume of the ball of radius € /2. Since this
set is contained in (1 +€/2)K, we have

vol(1 +€/2K) _ (1+¢/2" _ (1 N 2)'" § (i)m

vol((e/2)K)  (e/2)™ € €

N(K, €K) <

whenever 0 < € < 1.
Fix m coordinates and consider the associated m-dimensional £2 ball. We have shown that this can be
covered by (3/€)™ balls of radius €. Summing over all (Z ) such balls completes the proof. (I

This completes the proof of Lemma 12 and hence the proof of Proposition 8. ]
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3.1. Concentration of measure on O(n). In the prior section, we proved that for any 1 <m < N we
have Eq(yyB(m, O) < 1. It follows from Markov’s inequality that, for some large universal C, we have
v(A(m)) > % where

A(m) :={0 € O(N): B(m, O) <C}
and v(«(m)) denotes the measure of the set A(m) in O(N).
Consider the Hilbert—-Schmidt norm on the set of N x N matrices, ||A|lgs := (lei’jSN |Ai.j|2)1/2-

We recall the concentration of measure inequality on the Orthogonal group; see [Milman and Schechtman
1986].

Lemma 14. Let v denote the Haar measure on the orthogonal group O(N) and A C O (N) such that
V(A) > L. Then

P[A € O(N): inf ||[A — B|ys > €] < e €N
BeA,
for some absolute positive constant c.
For any N x N matrix M = {m; ;}, using the bounds from Lemma 4, we have

1/5 o2\ 1/2
5 o], < (2 2)) (B (Eme))

1<i,n<N i

N . [N\
< (—log(—)> M|l msllalle ®)
m m

for all a € R". The final inequality follows from Cauchy—Schwartz.

Now consider s (m, €) C O(N), defined to be the set of all orthogonal matrices that differ from
an element of (m) by a matrix with Hilbert—-Schmidt norm at most €. Using (5), we have that for
NS &Sl(m, (m/(N log(N/m)))l/S), B(m, O) < C’, where C’ is a new absolute constant. On the other
hand, denoting the complement of & (m, (m/(N log(N /m)))'/®) by s¢(m, (m/(N log(N/m)))'/%), by

Lemma 14, we have
. m 175 N2/5
PlOedAm,| ———— Ke ¢
N log(N /m)

for some positive constant c.

Now to conclude the proof of Proposition 7, it suffices to find a sufficiently high probability set of
elements O € O(N) such that for every 1 <m < N we have O € d(m, (m/(N log(N/m)))'/®). However,
for sufficiently large N, we see from the union bound that

1/5
m —_cN2/5 — ¢, N2/5
(U (o (s ) ) e oo
IemeN N log(N/m)

This completes the proof of Proposition 7.
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4. Maximal function decomposition

Proposition 15. For N fixed, let {¢, ()c)}r]y:1 be an ONS such that 2,1:]:] |¢n(X)|? < N. There exists
QO CON)withP[Q]=>1— C(e_"Nz/S) such that for O € Q the associated system V(0O) = {{, r]:/:l
satisfies the following property. For any f = _ a, ¥y, letting m denote support({a,}), we have that the
maximal function defined by

Mf = sup
IC[N]

> ann

nel

can be decomposed as M f = G+ E, where ||5||<g L N fllz2 and IIElle L (m/N)|| fll12 for some
universal constant ¢ > 0.

To prove this, we fix Q C O(N) from Proposition 7. We now decompose [/N] into a family of
subintervals according to a concept of mass defined with respect to the a; values. We define the mass of a
subinterval 1 C [N]as M(I) =), |lan | By normalization, we may assume that M ([N]) = 1. We
define Iy 1 := [N] and we iteratively define I; s, for 1 <s < 2k as follows. Assuming we have already
defined [;_; s forall 1 <s < 2k=1 we will define Ir 25—1 and Iy o5, which are subintervals of Ir_1 5. Ik 251
begins at the left endpoint of /;_; ; and extends to the right as far as possible while covering strictly less
than half the mass of I;_; g, while I >, ends at the right endpoint of I;_ ; and extends to the left as far as
possible while covering at most half the mass of I;_; ;. More formally, we define [ o, as the maximal
subinterval of ;_; ; which contains the left endpoint of I;_ s and satisfies M (I 2,—1) < %M(Ik_l,s).
We also define I o, as the maximal subinterval of I;_; ¢ which contains the right endpoint of I;_; ; and
satisfies M (I o) < %M(Ik,l,s). We note that these subintervals are disjoint. We may express [x_j ¢ as
I 25—1 U Iy 25 Uik 5, where iy s € Ir_1 5. In other words, iy s denotes the single element which lies between
Iy 2s—1 and Iy o¢ (note that such a point always exists because we have required that [ »,_; contains
strictly less than half of the mass of the interval). Here it is acceptable, and in many instances necessary,
for some choices of the intervals in this decomposition to be empty. By construction we have that

M (I ) <27%. (6)

We call an interval J C [/N] admissible if it is an element of the decomposition given above. We denote
the collection of admissible intervals by . We additionally refer to the subset {I; ; : 1 <s < 2} of o as
the admissible intervals on level k and the subset {iy ;: 1 <s < 2k} as the admissible points on level k.
We note that every point in [/V] is an admissible point on some level. (Eventually, we have subdivided all
intervals down to being single elements.)

Now we write $ :={l; s:1 <s < 2k}, We decompose this as 95 :={I € $; : |I| < 27k/2N} and its
complement, 92 :={I € $;: |I| >27¥/2N}. Here, |I| denotes the number of nonzero a; values contained
in an interval /.

For J C [N], we define

S;(x) =Y anPu(x).

neJ
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‘We also define

D ann(x)

E](X) := max
I1CJ
nel

From Lemma 5 and Proposition 7, we deduce that S; = G; + E;, where ||Gll¢ < ||Ss|lz2 and
NE |2 < (|J|/N)C/||Sj||L2 for some positive constant ¢’. Our purpose now is to show a similar
decomposition for S, (x). Clearly, it suffices to show such a decomposition for a pointwise majorant.
Denote the decomposition of Sy, = by S;,  := Gy + Ey s, and the decomposition of §;, by §;, =
G; .+ E; . Setting r =3, for an interval J we have the following bound, where the sums below are
restricted to values of k, s such that Iy s, iy s € J:

S7(x)

1/r
< Z(Z |Gk,s + Ek,s|r) + Z(Z |Gik,s + Eik,s |r>
k k s

1/r

N

< (Z (Z le,s|’)l/r+ ;(Z Gi, |’)W) + (Z (Z |Ek,s|’)m+ Z(Z Ey, |r>w)

k s k s k

Gr+Ey. (7)

This follows from the observation that, for each point x, the maximizing subinterval / € J can be
decomposed as a union of admissible intervals and points with at most two intervals and points on each
level. The contribution on each level can then be bounded by a constant times the contribution from the
“worst” interval/point, which is in turn bounded by the quantity inside the sum over k above for each level k.
For an admissible interval J, we let k* denote the level of J. We note that the sums over k in (7)
range only over k > k* (and the sums over s are also appropriately restricted). Next we show that

G s llstey < 1Sl z2 for some absolute constant ¢ and || E |2 < (|J]/N)<||Ss]l 2.
Now let us estimate || E;|[;2. We first estimate the contribution from the admissible points iy s € J.

‘We observe that
1/r 1/r
Y(Timr) | =2 (Ser)
k s L? k s

Since r > 2, this is at most

L2

172

Xk:(z IIEik,Slliz)]/2 < (%) 2}(:(2 ||S,-k,_r||§2> ,

where the latter inequality follows from the definition of Ej, .
Now since these sums only range over values of &, s such that iy ; € J, we may split the sum over k
into two portions as

K*+101og(N)

1/2 1/2 1/2
Z(Znsfk,sniz) = > (Znsik_sniz) + Y (Zns,-k,sniz) .®
k K K

k=k* k>k*+10log(N) * s
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To bound the first quantity in (8), it suffices to observe that the inner quantity for each k is at most ||.Sy|| 2,
and hence its contribution is < 1og(N)||Sy|l;2 < N€||Sy|| 2, for a constant € < ¢’. (Thus we will adjust
the value of ¢’ for our final estimate by subtracting €.)

To bound the second quantity in (8), we note that, for any i; s € J with k > k* + 10log(N), we have
I1Si, , 12, < N~10|S; ||i2. There are at most N points ik s in the sum, and thus

L2
1/2
> (Zns,-k,xniz) KNS 2.

k>k*+10log(N) *~ s

To estimate the contribution from the admissible intervals, we proceed as follows. For each k > k*, we
define ;! (J) to be the set of admissible intervals / on level k contained in J such that || < 2= k=kD72) |
and we let [, ,f (J) denote the set of remaining admissible intervals on level k contained in J. Note that
I'(J) and [ ,f (J) are disjoint, and their union is the set of all admissible intervals on level k contained in
J. It thus suffices to estimate

53+E§:=Z( )

k>k* i seIf(J)

1/r 1/r
|Ek,s|”) +Z( > |Ek,s|’) :
k

Leselb ()

Now |I,f(J)| < 2k=k/2 "and we also have

1T\ 1IN iy
1Bl < (55) DSuslle < (57 2 157112

Since r > 2, we have

> ( 2. |Ek,s|r>l/r

k=k* “serb(J)

5 ]/2 |J| I _1/4 |J| ¢
<D\ 20 MElE: ) < () ISsle 32 () NS e
2

Lo k=i Nerpy Jj=0

Next, we recall that I € I#(J) implies 7] < 2=*=*9/2 7|, We have ||S;,  [l2 < 2= /218,12
Thus || Exsll .2 < (J1/N)S27¢CR2) 15,y < (|J1/N)C 27 CHDE=RD2 )18, ).
We then have

Z( > |Ek,s|’>l/r

k>k* My elt(J)

sZ( > ||Ek,s||iz>l/2

L2 kkr Npelf(d)

ﬂ ‘ ok=k* 5 —('+1) (k=k*) ﬂ ‘
< () 1ssle 32 < (%) I8s0ze.

k>k*

Here we have used the fact that there are at most 2% values of s such that I s € J for each k > k*.
We can apply this for J = [N] in particular, recalling that | J| denotes the number of nonzero a; values
contained in J, which in this case is m. This completes the proof that ||E lr2 < (m/N )C' | f1lz2 for some
positive constant ¢’.

To show that ||5||<g(c) & || fll 12 for some universal constant ¢ > 0, we will use the following lemma.
These implications and arguments are well known, however, we include a proof for completeness.
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Lemma 16. Let A denote a fixed, positive constant. For positive constants c, C, we define the following
sets of measurable functions:

Sie):={f:T—>Rst|fller <c/pA forall p>2},
So(c, C):i={f:T — Rst. u(|f] = 1) < Ce /4 forall 1 > 0},
S3):={f:T—=>Rsr|fllge <A},
where p(| f| = X) denotes the measure of the subset of x € T such that |f(x)| = A. Then, for any
¢ > 0, there exist positive constants ¢’, C', ¢’ (depending only on c¢) such that Si(c) C S»(c’, C") and
S1(c) € S5(c"). Similarly, for any c, C > 0, there exist positive constants ', ¢’ (depending only on c, C)

such that S»(c, C) C S1(¢’) and S>(c, C) C S3(c”). Finally, for any ¢ > 0, there exist positive constants
¢, C’', c" (depending only on c) such that S3(c) C S(c’, C") and S3(c) C S1(c”).

Proof. Fixing ¢, C, we will determine ¢’ such that Sy(c, C) C S3(¢’) (for every A). We consider an
f € 8(c, C). We consider ¢’ := dd; as a product of two variables d;, d, whose values will be set later.
We assume d; < 1. We have

/ec’lflz/Az = / GBI gy < 1 g, / GBIIPIA g ©)
T T T

using the inequality ¢*/* < (1/a)e* + 1 for all ¢ > 1 and nonnegative x (this can be seen by considering
the Taylor expansion of e*).
Now, we observe that

12742 12 742
/edzlfl A du < Z/ eI /A Dazk<) fr<azon di < ZM(|f|2 > A%k)e*k+D),
T =0T k>0

where 425 < r2< a2k+1) denotes the characteristic function of the set on which | f |? takes values between
A%k and A%(k+1). Since f € S»(c, C), we have pu(| f|> > A%k) < Ce~* for all k > 0. Thus, we conclude

/ RANIES du < Z Co—Cktde+D) _ oyl Ze—(c—dz)k _
T k>0 k>0

Ce°
ec=d — ]

whenever d» < c. Setting dy = c¢/2, we obtain the above quantity is < Ce/(e/> — 1). Letting d; =
min{1, (e“/?> — 1)/(Ce)}, we have

dlfedz|f|2/A2 <1
T

and hence fr ¢ f1/4% du —1 <1 for ¢’ = dd,, showing that f € S3(c¢’). Note that ¢’ = dyd, depends
only on ¢ and C.

Conversely, we observe that, for every ¢ > 0, S3(c) C S»(c, 2). To see this, consider f € S3(c). Then
we have

/ AR gy <1 o / SRR gy <.
T T
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Thus, for any A > 0,

W f] = 1™/ < / SIPIA gy <o
T

It follows that f € S;(c, 2).
For any ¢ > 0, we will now show there exist ¢/, C such that S;(c) C S>(c¢’, C) (for every A). We

consider an f € S;(c). This means that ||f||Z < ¢PpP/2AP for all p > 2. Thus, for every A > 0,

(£ > 2AP < (cA)P pP/2, which implies

(cA)?P pp/2

T (10)

pn(fl=2) <

For a fixed A, we may minimize this quantity over the choices of p > 2. In the case that A% /(ec?A?) > 2,
we may set p equal to this value, and the quantity in (10) then becomes

2 242 2 242
(CA)A /(ec”A )( )\‘2 )A /(2ec"A”) _ e_)LZ/(zeCZAZ)

o ec?A?

Hence, by setting ¢’ = 1/(2ec?), we achieve (| f] > A) < e~*/4% in these cases.
Now, when Az/(eczAz) < 2, we note that e—cH?/A? > o€ Qec®) — =1 Thus, setting C = e, we have

nw(fl=r) <1< Ce“*'/A” in these cases. Hence, in all cases, we have that
(I f122) < Cem W™,

so f €8, ).

Conversely, for any ¢, C > 0, we will show that there exists ¢’ such that S;(c, C) C S;(c’) for every A.
We consider an f € S>(c, C). Then, for every A > 0, we have u(| f| > 1) < Ce“*z/Az. We fix p > 2.
‘We observe that

e o0
AL, = pf A f1 > 1) di < p/ AP gy
0 0
Substituting % = '/7, we see this equals

o0 — et A2
f e A gy (11)
0

We note the identity (p/2)["(p/2) = fooo e="" ds where I denotes the function I'(z):= fooo yle Y dy.

Setting s = (c/A%)P/?t, we see that the quantity in (11) is equal to

cTPIZAP /00 e ds = ¢ P2 AP (£> r <£>
0 2) \2

By Sterling’s formula, I'(p/2) < p~'/?(p/(2¢))?/?. Hence,

I £l < AYP(pYCP) < AYP,

as required. U



112 ALLISON LEWKO AND MARK LEWKO

Appealing to Lemma 16, we see that we may bound the quantity ||5 7l by considering the p norm.

We recall that y y
r r
éjzz(zmk,sr) +z<z|c;,-k,sr) |
k s k s

where the sums are restricted to values of k, s such that I s, ix s C J. We let k* again denote the level of

J, so we are only summing over values k > k™.
By the triangle inequality, we have

(s s(Ee) ], -] (Se)”

which, by another application of the triangle inequality, is equal to
1/r

1/r
SIDCIGKI| DD G, sZ(DHGk,SrnLM) +Z(Z|||Gik,s|’||m)
k K Lr/r k K k s k K}
1/r 1/r
=Z(Z||Gk,s||2p> +Z<Z||Gik.x||2p> :
k N k K

Now, using that |Gy sllLr K /PSSy, lI22 and |Gy e K /PSS, N2, by Lemma 16 and ||Sy, |2 <
151122~ % K9/2 and 1S, , Il 2 < 1S, 1122~ * /2, we have

- 1/r
Gl <Y (Z 1Gr.s ||2,,) +> (Z G, ||2,,)

k>k* s k> k* s

’

Lr

1/r
+3| (Siowr)
Lr k s

1/r 1/r

Lr/r

1/r

1/r
< VPISslI Y (Z 2Tk )/2) :

k>k* s

2k—k*

Since the sum of s ranges over at most values (recall we only include values of s such that I; ; € J)

and r > 2, this is

¥ —1_n-1
KPSyl Y 24020 < Pl e
k>k*

It thus follows from Lemma 16 that

1G 1 llse) < 1S 112

for some positive constant c¢. Lastly, we have that ||5 Jlle << |l G 7 () from the definition of the Orlicz
norm.

5. Proof of the main result

We are now ready to prove the following.

Theorem 17. Let & := {¢,(x)}_, be an ONS such that ""_ |, (x)|> < N. Then there exists Q C O(N))
with P[Q] > 1 — Ce™<N " such that, for O € Q, the alternate ONS ®(O) satisfies

V2 £l 2 < v/loglog(N) || f I 2.
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Proof. Here we use the mass decomposition (into dyadic subintervals I ) stated previously. We use the
following easily verified fact; see Lemma 29 of [Lewko and Lewko 2012a].

Lemma 18. For every J C [N] (J # Q), there exist J}, jr e d and iy € [N] such that J = jg Uiy U jr
is an interval (that is, Jy, 17, Jp are adjacent), J C f, and M(f) <2M(J).

Without loss of generality, we set || f|;2 = 1, and we have the pointwise inequality

V2 F@P <Y IS, s P+ Y 1S;, 1> +loglog(N),
k,s k,s

where B(I s) C T is the set such that |§1k's ®)|>>C loglog(N)M (Ixs), for a fixed constant C whose
value will be chosen to be sufficiently large. Appealing to Proposition 15, for each I ; we can decompose
Si, = Gy, + Ej,,. We then define Bg(Iy) € T by |Gy, (x)]> > (C/10)loglog(N)M (I ) and
By (Iis) € Tby |Ej, (x)]> = (C/10) loglog(N)M (Ii. ).

Clearly [ >, (1Si,., |> < 1 is acceptable, so it suffices to show that

/ Z 1S5 U o1 *die < 1.
T k,s

Now, appealing to the decomposition above, we have

AZISIk,.Y”Buk,.olzdu <</TZIle,x”BGuk,s)Izdqu/TZIElk,,r”BE(Ik,.olsz-
k,s k,s k,s

First we estimate

/Z|Elk.s”35(1k,s)|2dﬂ <</Z|Elk»|2d“'
T k,s T k,s

Employing notation used above, we let I' :={l; s s.t. | 5| < 2-k/2NY} and I,f ={lks s.t. [Ixs| > 2-kIZNY.
Thus 7 € I{ implies |7]| <27%/2N and |1?] < 2¥/2. We then have

[ SBR[ 3 B Pdut [ Y 1P
T k,s T Iy sel} T lk,self
Using that I € I implies |1| <27%/2N, we have [ |E;, |* < 27%/2||S;, |13, < 27%=<%/2 Thus
/ YoIE Pdp <)y 2«
IkJGI,? k
Next, using that 17| <242 and [ |E;, |> < 27%, we have
T Les€l? k

Finally, we estimate

/Zlle,s”Bcuk,s)lsz-
T k,s
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We can choose C sufficiently large so that | Bg (I )| < l/logIO(N) for all &, s (here, |Bg(Ix s)| denotes
the p-measure). To see this, recall that ||5 L g < /M (I s). By Lemma 16, there exists a constant
¢’ > 0 such that

(G, | = 2) < =W /M)

for all A > 0. Setting A> = (C/10) loglog(N)M (I ;), we obtain
|BG (I 5)| < log(N)~¢¢/10,

We can then choose C sufficiently large with respect to ¢’ to make this estimate < 1/log'*(N).
Now we split the sum at k = 1001og(N) so

~ 2 ~ 2 ~ 2
/Z|G1k,s”3c;(1k.x>| dM:f > 1G] le—/ > 1G s du.
T k,s T k,s T k,s
k>1001og(N) k<1001og(N)

By the Cauchy—Schwarz inequality,

/ Z 1G 1 DBt P dp < Z 1G 1, 13 1 B (1) 13-
T
k,s k,s

k<100log(N)

Now, by Lemma 16, we have ”é]k,.r ||ﬁ <L |18y II%z « 27k and, by the previous estimate, 186 (1.5 IIﬁ <
1/log>(N). Thus we have shown that the quantity above is

1 ~
&« ——— IG . Nl7 <
log>(N) kz b

k<1001og(N)

— o <K 1
log"(N)

Lastly, let T C [N] denote the set of indices appearing in some I; ; for k > 1001log(N). Note that
any index will appear in at most N such intervals, and that M (I} ;) < N~'% if £ > 1001log(N). Thus
la,|> < N7'% for n € T. Thus we have

/ Yo G ey P < N2/
T & T

,8
k>1001og(N)

> )P < N7 [ S, 0P <1

neT nel
This completes the proof. O
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