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For a family of systems of linear elasticity with rapidly oscillating periodic coefficients, we establish
sharp boundary estimates with either Dirichlet or Neumann conditions, uniform down to the microscopic
scale, without smoothness assumptions on the coefficients. Under additional smoothness conditions,
these estimates, combined with the corresponding local estimates, lead to the full Rellich-type estimates
in Lipschitz domains and Lipschitz estimates in C'® domains. The C% W'P, and L? estimates in
C! domains for systems with VMO coefficients are also studied. The approach is based on certain
estimates on convergence rates. As a biproduct, we obtain sharp O (¢) error estimates in L9(£2) for
q =2d/(d — 1) and a Lipschitz domain €2, with no smoothness assumption on the coefficients.
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1. Introduction

The purpose of this paper is to establish sharp boundary estimates with either Dirichlet or Neumann
conditions, uniform down to the microscopic scale, for a family of second-order elliptic systems in
divergence form with rapidly oscillating coefficients, without any smoothness assumption on the coeffi-
cients. Under additional smoothness conditions, these estimates, combined with the corresponding local
estimates, lead to the full Rellich-type estimates in Lipschitz domains and Lipschitz estimates in C'*
domains. The C% W7 and L? estimates in C' domains for systems with VMO coefficients are also
investigated. To fix the idea we shall consider the systems of linear elasticity with periodic coefficients
in this paper. However, the same results, without the complications introduced by rigid displacements,
hold for general second-order elliptic systems with periodic coefficients satisfying the stronger ellipticity

This work was supported in part by NSF grant DMS-1161154 .
MSC2010: primary 35B27, 35J55; secondary 74B05.
Keywords: homogenization, systems of elasticity, convergence rates, Rellich estimates, Lipschitz estimates.

653


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2017.10-3
http://dx.doi.org/10.2140/apde.2017.10.653
http://msp.org

654 ZHONGWEI SHEN

condition (1-11) (the symmetry condition is also needed for Rellich estimates in Lipschitz domains). We
further point out that although we restrict ourselves to the periodic case, our approach, which is based on
certain estimates on convergence rates in ' and L?, extends to nonperiodic settings, provided that the
interior correctors or approximate correctors satisfy certain L? conditions. The compactness methods,
which were introduced to the study of homogenization in [Avellaneda and Lin 1987] and have played
an important role in establishing regularity results in the periodic setting (see, e.g., [Avellaneda and Lin
1987; 1989; Kenig et al. 2013; Kenig and Prange 2015]), are not used in this paper. As a biproduct of our
new approach, we also obtain sharp O(¢) error estimates in L9 (€2) for ¢ =2d/(d — 1) and a Lipschitz
domain €2, with no smoothness assumption on the coefficients.
More precisely, consider the systems of linear elasticity,

Lo = —div(A(x/e)V) = —%[a?jﬂ(x/s)%} e > 0. (1-1)
i j

We will assume that A(y) = (af‘/ﬂ (y)) with 1 <i, j, a, B <d is real, bounded measurable, and satisfies

the elasticity condition
all () =alf () =al(»), 2
kilE? < alf (EED <ol

for a.e. y € R? and for any symmetric matrix § = (§/) € R?*4 where k1, k> > 0 (the summation convention
is used throughout the paper). We will also assume that A(y) is 1-periodic; i.e.,

A(y+z)=A(y) forae. yeR?andze 7% (1-3)

Theorem 1.1. Suppose that A satisfies conditions (1-2)—(1-3). Let Q2 be a bounded Lipschitz domain
in R Let u, € H'(2; RY) be the weak solution to the Dirichlet problem

Le(ug)=F inQ and u.=f onod, (1-4)
where F € LP(2; R?) for p=2d/(d+ 1) and f € H' (3Q; RY). Then, for ¢ <r < diam(S),

1/2

1

{;f|wm1 < C{IFlr@+ 1 lmen} (1-5)
Q

where 2, = {x € Q : dist(x, 0Q2) <r}. The constant C depends only on d, k1, k, and the Lipschitz
character of €.

Let R denote the space of rigid displacements,
R={Mx+q:M"=—MecR"” and g € R}, (1-6)

where (Mx)* = M{x; and M7 denotes the transpose of matrix M. By u L R we mean u L R in
L?(Q2; RY), ie., fQ u-¢ =0 forany ¢ € R. We will use du,/dv, to denote the conormal derivative of u,
associated with ;.
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Theorem 1.2. Suppose that A and Q satisfy the same conditions as in Theorem 1.1. Let u, € H'(2; RY)
be a weak solution to the Neumann problem

ou

Le(u)=F inQ and =g onodf2, (1-7)

0V,
where F € LP(Q; RY) for p=2d/(d+1), g € L> (0 RY) and [ F- ¢+ [,o8-¢ =0 forany p € R.
Also assume that u, L R. Then, for e <r < diam(£2),

12

1

{;/ |Vug|2} < C{IFl@ +lglon} (1-8)
Q

where C depends only on d, k1, k3, and the Lipschitz character of <.

Estimates (1-5) and (1-8), which are scaling-invariant, may be regarded as the Rellich estimates,
uniform down to the scale &, in Lipschitz domains for the elasticity operators L.. Indeed, if the coefficient
matrix A is constant, then (1-5) and (1-8) hold for any 0 < r < diam(€2). Suppose that F = 0 and
u, € C! (S_Z; [RR"). By letting r — 0, one recovers the full Rellich estimates in Lipschitz domains,

‘ du,

, 1-9
oy (1-9)

L2(0R)

[Vuellr2g0) < Clluellpioey  and  [[Vuell2pe) <C

which were proved in [Fabes et al. 1988; Dahlberg et al. 1988] for second-order elliptic systems with
constant coefficients, using integration by parts (see [Kenig 1994] for references on related work on
boundary value problems in Lipschitz domains). We should note that our proof of Theorems 1.1 and 1.2
uses the nontangential maximal function estimates in [Dahlberg et al. 1988]. On the other hand, under
certain smoothness conditions on A, the Rellich estimates hold for the operator £; on Lipschitz domains
with diam(€2) < 1. By a blow-up argument as well as some localization procedures, this implies

—1/2
IVie |l 250) < C{lIVanttell 200 + & 2 I Vuel 2, )

0
Vel 20 < C{ ‘ te
oV,

(1-10)

~1/2
. te /”V”s”Lz(QS)},
L2(39)

where Viyu. denotes the tangential derivative of u, on 9€2. We emphasize that the estimates (1-10) are
local and structure conditions such as periodicity are not needed. However, with the additional periodicity
condition, one may combine the local estimates (1-10) with the estimates in Theorems 1.1 and 1.2 to
obtain the full Rellich estimate (1-9), uniform in ¢, for operators £, (see Remark 3.1). Thus we have
been able to completely separate the large-scale regularity due to homogenization from the small-scale
regularity due to smoothness of the coefficients.

Under the periodicity condition and the Holder continuity condition on A, the uniform Rellich estimates
(1-9) were proved in [Kenig and Shen 2011a; 2011b] for a family of elliptic operators {L.}, where £, =
—div(A(x/e)V) and A(y) = (a?jﬂ (y)) with 1 <i, j <d and 1 <,  <m satisfies the ellipticity condition

ulé P < aff ()&7e] < 1eP? (1-11)

for y e R? and & = (&) € R?*™ as well as the symmetry condition A* = A, i.e., af‘/ﬂ = afia. The results

were used to establish the uniform solvability of the L? Dirichlet, regularity, and Neumann problems for



656 ZHONGWEI SHEN

the system L, (u,) = 0 in Lipschitz domains. It is worth pointing out that the Rellich estimates (1-9) are
not accessible by compactness methods. One of the key steps in [Kenig and Shen 2011a; 2011b] uses
integration by parts and relies on the observation that £ (Q) = Q(L), where

Q)(x', xa) =u(x', xg +1) —ux’, xa).

As a result, the approach does not seem to apply if the coefficients are not periodic. We mention that even
with periodic coefficients, the direct extension of the methods used in [Kenig and Shen 2011a; 2011b] is
problematic for the system of elasticity, due to the weaker ellipticity condition and the lack of (uniform)
Korn inequalities on boundary layers.

In this paper we develop a new approach to uniform boundary regularity in quantitative homogenization
of elliptic equations and systems. Let g denote the solution of the boundary value problem for the
homogenized system with the same data. The basic idea is to consider the function

B

B 2 4o

we = ue —uo—ex! (x/e) K2 —Ln, (1-12)
axj

in , where x = (x f ) denotes the matrix of correctors, K 82 = K. o K, with K, being a smoothing operator

at scale ¢, and 1, € C3°(2) is a cut-off function with support in {x €  : dist(x, d€2) > 3¢}. Using energy

estimates for the operator £, as well as sharp boundary regularity estimates for u(, we are able to bound

—1/2
e | well g1 (g

by the right-hand sides of estimates (1-5) and (1-8), respectively. This, together with sharp estimates
for ug, yields the desired estimates for

—1/2
r 21 Vuell 2,

for ¢ <r < diam(€2). We mention that since £ has constant coefficients, the sharp boundary estimates in
Lipschitz domains in terms of nontangential maximal functions are known [Fabes et al. 1988; Dahlberg
et al. 1988]. Also, because of the use of the smoothing operator K., which is motivated by [Pastukhova
2006; Suslina 2013a] (also see [Griso 2004; Onofrei and Vernescu 2007; Kenig et al. 2012; Suslina
2013b]), we only need to assume that

sup / (XD +1Vx(0I?) dy < oo,
xeR? JB(x,1)

and that a similar estimate holds for a dual corrector ¢ = (¢,f£.) (see (2-5) for its definition). As such, it is
possible to extend the approach to the almost-periodic or other nonperiodic settings. We plan to carry out
this study in a separate work.

As we mentioned before, the estimates in Theorems 1.1 and 1.2 may be used to establish uniform
solvability of L? boundary value problems for £, in Lipschitz domains [Kenig and Shen 2011a; 2011b].
They can also be used to obtain sharp O (¢) error estimates in L4 (S2) for ¢ = 2d/(d — 1) and a Lipschitz
domain €2, with no smoothness assumption on the coefficients.
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Theorem 1.3. Suppose that A and Q2 satisfy the same conditions as in Theorem 1.1. Let u, be a weak
solution to (1-4) or (1-7), and ug the weak solution of the homogenized system with the same data. Suppose
that uy € H*(Q; RY). In the case of the Neumann problem (1-7) we further assume that u., uy L R. Then

lue —uollLa) < Celluoll p2(q)s (1-13)

where g = p' =2d/(d — 1) and C depends only on d, k1, k3, and S2.

We remark that if Q is C? and u, = 0 or du,/dv, =0 on <2, the O(¢) estimate
lue —uoll 2@ < CellFllr2 g (1-14)

was proved in [Suslina 2013a; 2013b] for a broader class of elliptic operators with measurable periodic
coefficients, which contains the systems of elasticity considered here (also see [Griso 2004; Onofrei and
Vernescu 2007; Kenig et al. 2012; 2014] and their references for related work on convergence rates).
Note that g =2d/(d — 1) > 2 and |luoll g2() < C||Fll12(q) if Q2 is C? and Lo(ug) = F in Q with ug =0
or dug/dvg = 0 on dQ2. Thus our estimate (1-13) is stronger than (1-14). In the case of scalar elliptic
equations with Dirichlet condition u, = 0 on 9€2, it is known that ||u, — ug||ze(@) < Cée||F|lLr(q), Where
l<p<dand1l/q=1/p—1/d (see [Kenig et al. 2014, p. 1234]). Although the exponent g =2d/(d — 1)
may not be sharp, Theorem 1.3 seems to be the first result on the sharp O (¢) estimate of u, —ug in L9(2)
with g > 2 for elliptic systems with bounded measurable periodic coefficients.

As we indicated above, the proof of Theorems 1.1 and 1.2 only uses the energy estimates in L? for
L, and thus requires no smoothness assumptions on the coefficients. In the second part of this paper we
apply the similar ideas in the L” setting for 1 < p < oo. To do this we first establish the W!? estimates
for the systems

Lo(ue) =div(h) inQ, (1-15)

where h = (h{') € LP(Q; R4y, with either the Dirichlet or Neumann boundary conditions, under the
additional assumptions that  is C! and A = A(y) belongs to VMO(R?). As a result, the L” analogues
of estimates (1-5) and (1-8) are proved under these additional conditions, which are more or less sharp.
Consequently, by combining the L? estimates on the boundary layer €2, with local estimates for £,
which hold for Holder continuous coefficients, we may obtain the uniform Rellich estimates in L? for
solutions of £, (u;) =0 in C' domains under the assumptions that A is Holder continuous and satisfies
(1-2)—(1-3). By the method of layer potentials, this will lead to the uniform solvability of the L? Dirichlet,
regularity, and Neumann problems in C' domains (details will be provided in a separate work). Previously,
these results in L? are known only in C!% domains for operators £, with Holder continuous coefficients
satisfying (1-11) and A* = A [Kenig et al. 2013]. We remark that the WP estimates (local or global) for
operators with nonsmooth coefficients in nonsmooth domains are of interest in their own rights and have
been studied extensively in recent years (see [Caffarelli and Peral 1998; Auscher and Qafsaoui 2002;
Wang 2003; Byun and Wang 2004; 2005; Shen 2005; 2008; Krylov 2007; Dong and Kim 2010; Kenig
et al. 2013; Geng 2012; Geng et al. 2012] and their references). Our approach to the W7 estimates is
based on a real-variable argument, which originated in [Caffarelli and Peral 1998] and further developed
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in [Wang 2003; Shen 2005; 2007]. The required (weak) reverse Holder estimates at the boundary are
proved by combining the interior Lipschitz estimates down to the scale ¢ with boundary C* estimates.
Theorems 1.1 and 1.2 as well as their L? analogues, given in Section 7, are the main contributions
of this paper. For a comprehensive study in the boundary regularity for £, in Sections 8 and 9, we
investigate the boundary Lipschitz estimates, uniform down to the scale ¢, for solutions in C* domains
with the Dirichlet or Neumann conditions. Let
D, ={(x',x) eR: x| <rand Y (x') <xg <Y () +r}, (116
Ay ={(x',xg) €R: x| <r and xq = ¥ (x)},
where ¥ : R?~! — R is a C"* function for some « > 0 with ¥ (0) = 0 and IVl ca a1y < M.
Theorem 1.4. Suppose that A satisfies conditions (1-2)—(1-3). Letu, € H Y(Dy; R?Y) be a weak solution to
Le(ug)=F in Dy and u.=f onA. (1-17)

Then, fore <r <1,

1/2 172
(][ IVua|2> SC{(][ IVua|2> +||f||c1-<r(Al)+IIFIILn(DI)}, (1-18)
D, D,

where p > d and o € (0, «). The constant C depends only on d, k1, k2, p, o, and (e, M).
Theorem 1.5. Suppose that A satisfies (1-2)—(1-3). Let u, € H'(Dy; RY) be a weak solution to

oug

Le(u)=F in Dy and =g onA. (1-19)

oV
Then, fore <r <1,

12 12
(f |ws|2> SC{<][ |Vue|2> +||g||ca<m)+||F||LP<DI)}, (1-20)
D, Dy

where p > d and o € (0, o). The constant C depends only on d, k1, k3, p, o, and (e, M).

As in the case of Rellich estimates, under additional smoothness conditions on A, using local Lipschitz
estimates for £; and a blow-up argument, one may derive from Theorems 1.4 and 1.5 the full boundary
Lipschitz estimates

172
VuellLop, ) < C{(][ |Ms|2) + 1 fllcroa,) + ||F||L1’(D|)} (1-21)
D,

for solutions of (1-17), and

12
Vel LoD, ) < C{(][ |Ma|2) +lgllcoan + ||F||LP(D1)} (1-22)
D,

for solutions of (1-19). We remark that for elliptic systems satisfying the ellipticity condition (1-11),
the periodicity condition (1-3) and the Holder continuity condition, the estimate (1-21) was proved in
[Avellaneda and Lin 1987], while (1-22) was established in [Kenig et al. 2013] under the additional
symmetry condition A* = A. This symmetry condition was removed recently in [Armstrong and Shen
2016]. However, our estimates in Theorems 1.4 and 1.5 are new for the system of elasticity.
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Our proof of Theorems 1.4 and 1.5 also uses the function w,, given by (1-12). As a consequence of its
estimates in L2, for each r € (8, }l) we are able to construct a function v such that Ly(v) = F in D, with
the same (Dirichlet or Neumann) data on A, as u,, and

1/2 1/2
<][ lug, — v|2) < C(e/r)l/z{(][ |u£|2> + terms involving given data}.
D, Dy,

This allows us to use a general scheme for establishing Lipschitz estimates down to the scale e, which
was formulated recently in [Armstrong and Smart 2016] and used for interior estimates in stochastic
homogenization with random coefficients (also see [Armstrong and Mourrat 2016] as well as related work
in [Gloria and Otto 2011; 2012; Gloria et al. 2014; 2015]). Our argument is similar to (and somewhat
simpler and more transparent than) that in [Armstrong and Shen 2016], where the scheme was adapted to
prove the full boundary Lipschitz estimates for second-order elliptic systems with almost-periodic and
Holder continuous coefficients. As indicated earlier, we have been able to completely avoid the use of
compactness methods (even in the case of C* estimates). Although it is possible to prove the interior
Lipschitz estimates as well as the boundary C* estimates, down to the scale ¢ without smoothness, by the
compactness methods, as demonstrated in [Avellaneda and Lin 1987; Gu and Shen 2015], the compactness
methods for boundary Lipschitz estimates require the same estimates for boundary correctors, which are
not easy to establish [Avellaneda and Lin 1987; Kenig et al. 2013].

The paper is organized as follows. In Section 2 we establish some key convergence results in H'. These
results are used in Section 3 to prove Theorems 1.1 and 1.2. In Section 4 we study the convergence rates
in L9 for ¢ = 2d/(d — 1) and give the proof of Theorem 1.3, which uses the estimates in Theorems 1.1
and 1.2 as well as a duality argument. In Sections 5 and 6 we obtain the boundary C* and W7 estimates,
respectively, in C! domains for operators with VMO coefficients. These estimates are used in Section 7 to
establish the L” analogues of (1-5) and (1-8) in C' domains. Finally, Theorem 1.4 is proved in Section 8,
and Section 9 contains the proof of Theorem 1.5.

Throughout the paper we use fE u=(1/|E|) [, U to denote the average of u over the set E. We will
use C and c to denote constants that may depend on d, k1, k2, A and €2, but never on &.

2. Convergence rates in H'!

In this section we establish certain results on convergence rates in H!, which will play a crucial role in
the proof of our main results. Throughout the section we assume that A = A(y) satisfies (1-2)—(1-3) and
Qisa bounded Lipschitz domain in R

Let X = X; (y)) =( Xaﬂ (y)) denote the matrlx of correctors for L., where 1 < j, «, B < d. This means

that X € 1OC([Rid R?) is 1-periodic, fY =0, and
&(xf) =—Li(Pf) inRY, @-1)
where ¥ =0, 1)? and P’Lj =y;(0,. ..., 0) with 1 in the B-th position. The homogenized operator is

given by Lo = — d1V(AV) where A = (af’jﬂ ) is the matrix of effective coefficients with

~af
a;; :]{/{ +Cllk dye (X] )} (2-2)
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It is known that the constant matrix A satisfies the elasticity condition (1-2) [Oleinik et al. 1992; Jikov
et al. 1994]. Define

b () =af +aff (x, Py - (2-3)

Yk
By the definition of A and (2-1),
ad
of _ afy _ ]
/Yb,.j =0 and ayi(b"f')_o' (2-4)

It follows that there exist d)kl ; €H !

10C([R{d) such that ¢,(:£ is 1-periodic,
bl = ( o) and g = —glf 2-5)
ij = ¢kl] an kl_] ikj

(see, e.g., [Jikov et al. 1994; Kenig et al. 2012])
Fix ¢ € Cgo(B(O, 4)) such that ¢ > 0 and fRd ¢ = 1. Define

Ko (f)(x) = f*ge(x) = /d Fx=ye:(y)dy, (2-6)
R
where g (y) =& (y/e).
Lemma 2.1. Let f € LP(R?) for some 1 < p < oo. Then for any g € LIOC(Rd),
1/p
lg(x/e)Ke ()l Lr ey = C sup (][ Iglp) I Nl Lr ey (2-7)
xeRd \J B(x,1)
where C depends only on d.
Proof. By Holder’s inequality,
K, P < P dy,
KN = i [ 1O a0
from which the estimate (2-7) follows readily by Fubini’s theorem. U
It follows from (2-7) that if g € Lff)c([R{d) and is 1-periodic, then
g Cx/e)Ke (F)llLrway = ClgNLrcry | f ll Lr wey- (2-8)
Lemma 2.2. Let f € Wh4(R?) for some | < q < 0o. Then
I1Ke(f) — flleamey < CellV fllLa(may- (2-9)

Moreover, if p=2d/(d + 1),

IKe (Ol 2@y < Ce™ 21 f Nl Loy
If = Ke(D)l2ey < Ce 2NV £l o way-

The constant C depends only on d.

(2-10)
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Proof. To see (2-9), we note that
NFC =) = FClpaway < YTV Sl Lamay
for any y € R?. Thus, by Minkowski’s inequality,

1Ke(f) = fllLamey < /Rd eI —=y) = fC)lameydy

< / ey dy 1V £ Lo
R

= Ce||V [l La(ra)-

Next, by Parseval’s theorem and Holder’s inequality,
/ K. (f)P dx = / 96)P1F €)1 dt
Rd Rd
1/d
A 2d 2
< < | o dé) A2,

-1 2
< Ce7 112, -

where f denotes the Fourier transform of f, and we have used the Hausdorff—Young inequality || f Il Lr gy <
| f Nl Lrwey- This gives the first inequality in (2-10). To see the second inequality, we note that ¢(0) =
fRd ¢ = 1. It follows that

1/(2d)
I1f = Ke(Dll 2wy < c{ / |6(28) = pO) |1 ds} IV Fll Lo ey
Rz
< Ce'?|IV fll 1o o),
where we have used ¢ (&) — @(0)| < C|&| for the last step. O

Lemma 2.3. Let u,, ug € H'(Q; R?). Suppose that L.(u:) = Lo(ug) in Q and either u, = ugy or
dug/0ve = dug/0vg on 9S2. Let

o o o ap 2 8”5
we =ug; —ug —ex; (x/e)Kg ajns ,
where KE2 = K.0K;, ne € C;°(R2) and supp(n,) C {x € Q: dist(x, 92) > 3¢}. Then
/ Ax/e)Vw, -Vwdx = / [A —A(x/e)][Vug — K?((Vuo)ng)] -Vwgdx
Q Q
- / B(x/e)KZ((Vuo)ne) - Vwe dx
Q

— e/ A(x/e)x (x/e)VKZ((Vuo)ne) - Vw dx, (2-11)
Q

where B(y) = (bf}ﬁ (v)) is defined in (2-3).
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Proof. We first note that if u, = ug on 9, then w, € Hj (2; R?), as K2((Vup)n,) € C°(RQ). Since
Le(ug) = Lo(ug) in €2, it follows that

/A(x/e)Vug-Vdex:/ AVug - Vw, dx. (2-12)
Q Q

In the case of the Neumann condition du./de = dug/dvg on €2, equation (2-12) continues to hold. This
is because w, € H'(2; R?) and both sides of (2-12) are equal to

31/!0

(Lo(uo), we)(m1(@)yxH (@) T < o g> .
0 H-1200Q)xH/2(3Q)

Using (2-12), we obtain
/QA(x/s)sz.Vwedx=/Q[A—A(x/e)]wo.ng dx
- /Q A(x/e)Vx (x/e)KZ(Vuo)ne) - Vwe dx
—e [ Ao xx/0) VKoo - Vo i,

from which the formal (2-11) follows by the definition of B(y). O

Lemma 2.4. Let ¢p(y) = (¢kl] (y)) be defined by (2-5). Then

2 d 2 a”g
B(x/e)K; (Vup)ne) - Vwe dx = —¢ %J( x/e ) '3 — K\ e ) dx. (2-13)
Q X 0x;
Proof. Using (2-5), we see that
2 ap 2 3”5 dwg
B(x/g)Kg ((Vugp)ne) - Vwg =bij (x/g)Kg 8_778 :
Xj 8)(,'

B
D [ up J(ouf N e
¢ Xy <¢k” OC/S)) & <8xj s 0x;

aug
= { klj(x/ ) } (a_%),

from which equation (2-13) follows readily. O

Lemma 2.5. Let u. (¢ > 0) be a solution to the Dirichlet problem (1-4) or the Neumann problem (1-7).
Let w, be defined as in Lemma 2.3 with n, satisfying

€ CP(Q), 0<n<l,

supp(n,) C {x € Q : dist(x, 02) > 3¢},
ne=1 on{x e Q:dist(x, 0Q) > 4e},
|Vns| < Ce™!

(2-14)
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Then

‘/ A(x/e)Vw, - Vw, dx
Q

< ClIVwell 2 {1Vl 12,y + 1(Vuo) e — Ko ((Vuo)ne) |20 + €1 Ke (Vuo)ne)ll 2y} (2-15)

Proof. 1t follows from Lemmas 2.3 and 2.4 by the Cauchy inequality that

< ClIVwell 2 {IIVito— K2 (Vo) ne) | 12y el x (/&) VK Z (Vo) na) Il 12
+ellgp(x/e)VKZ(Vuo)ne)ll 2 )

< ClIVwell 2o { IVug—KZ((Vuo)ne) 2@ +€ellVKe(Vuo)ne)ll 2 b

2
loc

‘/ A(x/e)Vwg-Vw, dx
Q

where we have used Lemma 2.1 as well as the fact that x, ¢ € L?> (R?) and are 1-periodic for the last

inequality. Observe that

IVuo — KZ((Vuo)ne) 2@y < (Vo) (1 — 1)l 20 + 1 (Vuo)ne — Ke(Vuo)ne)ll 2o
+ || Ko (o) ne — Ke (Vo)1) | 12
= ”V”0||L2(Q4£) + Cl|[(Vuo)ne — Ke((vuo)ﬂa)HLZ(Q)-

Also,
ellVK:(Vuo)ne)ll 2y < el Ke (Vo) ne) 2y + el Ke (Vi) (Vi) 2o

< el Ke((V2uo)ie) 2 + Cll Vol gy, - D
Finally, we are in a position to state and prove the main result of this section.

Theorem 2.6. Suppose that A(y) satisfies (1-2)—(1-3). Let Q2 be a bounded Lipschitz domain. Let u,
(e > 0) be the solutions to the Dirichlet problem (1-4) in Q with f € H'(3Q; R?) and F € L?(Q; R?),
where p =2d/(d+1). Then

B 2 3”5
ue —uo —ex; (x/E)KI| = ne
J

<Ce"{I fl ey + 1 Flle@ ), (2-16)
Hj(Q)

where 1. € C3°(R2) satisfies (2-14). The constant C depends only on d, k1, k2, and the Lipschitz character
of S2.

Proof. Let w, denote the function on the left-hand side of (2-16). Since w, € HO1 (€2; RY), it follows from
(2-15) by the first Korn inequality [Oleinik et al. 1992] that

lwell g} ) < ClIIVuoll 2y, + 1(Vuo)ne — Ko (Vuo)ne) 120 + e | Ke (Vuo)n)ll 2y} (2-17)
To bound the right-hand side of (2-17), we write ug = v + h, where

v(x) = /Q Fo(x —y)F(y)dy

and I'g(x) denotes the matrix of fundamental solutions for the homogenized operator Ly in R¢, with pole
at the origin. Note that Lo(v) = F in €2, and by the well known singular integral and fractional integral



664 ZHONGWEI SHEN

estimates,

V20l oty + IVl oy < Coll Flloys (2-18)

where we have used the observation 1/p’ =1/p—1/d. Lete = (ey,...,ey) € Cé (R4; RY) be a vector
field such that (e, n) > cy > 0 on 02 and |Ve| < Cro_l, where rp = diam(€2) and n denotes the outward
unit normal to 9€2. It follows from the divergence theorem that

cof |Vv|2do§/ |Vv|*(e, n) do
092 Q2

9
:f |Vv|2div(e)dx+/ e;—Vv-Vvdx
Q Q 0

Xi
—1 2 2
EC{rO fIVvl dx—l—/ [Vv| |V vldx}
Q Q
< C{rg VUG 2y + IV Ly ) VPV r@ } < CIF 70 (), (2-19)

where we have used (2-18) for the last step. Note that the same argument also gives [[Vvl| 2,y <
C||F| e, Where S; = {x € R? : dist(x, 3Q2) =t} for 0 < ¢ < crg. Consequently, by the coarea formula,
we obtain

1 12
{;/~ |Vv|2dx} <CI|FllLr(g), (2-20)
o

where 0 < r < diam(£2) and 5, = {x € R? : dist(x, Q) < r}.
Next, we observe that Ly(h) =0 in 2 and

Ihlla o) < 1 la oo + IV o)
< flla oo + CllFlLr ),

where we have used (2-19) for the last inequality. It follows from the estimates for solutions of the L2 reg-
ularity problem in Lipschitz domains for the operator £y in [Dahlberg et al. 1988; Verchota 1986] that

IV Nl 1200y < CLILf lmea) + 1 FllLre ), (2-21)

where (Vh)* denotes the nontangential maximal function of VA. This, together with (2-20), gives

IVuoll 2,y < Cr'* {1l fll g oy + 1 F e } (2-22)

for any 0 < r < diam(€2). As a result, the first term on the right-hand side of (2-17) is bounded by
Ce* (| fllim oy + I FllLr)}-
To handle the third term on the right-hand side of (2-17), we use Lemma 2.2 to obtain
el Ke(V2uo)ne)ll o) < el Ke(V20)me)ll 2@ + €l Ke (VM) 20
< Ce' PV el ey + Cel (V2 h)ne |l 2y
< Ce'2|Fllurey + Cel V2Rl 2@\ - (2-23)
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Since Lo(Vh) =0 in 2, we may use the interior estimate for Lo,

c 12
|v2h<x)|s—(][ |Vh|2) ,
3(x) \JB(x,5(x)/8)

where §(x) = dist(x, 0€2), to show that

IV2hl 2@y < CIOVDIEOT I 2@0,)
<Ce "I flmpa + IFlr@ ), (2-24)

where the last inequality follows from (2-21). This, together with (2-23), gives

ell Ko ((Vuo)ne) 2y < Ce {1 fll ey + I FllLr @ }- (2-25)

Finally, to bound the second term on the right-hand side of (2-17), we again write ug = v + h as before.
Note that by Lemma 2.2,

[(VV)ne =K (VU)ne)ll @) < IVV=Ke(VO) || L2 ey H [ (VO) A =06) | 2(0) I Ke (V) A =1)) || L2(02)
< Ce' IVl Loy +C IV VI 1235y,
<Ce'2|F o).
where we have used (2-18) and (2-20) for the last inequality. Also, by Lemma 2.2,
(VR)ne = Ke(VI)ne)ll 120y = CellVIVIIN) 120
< ClelVhlz@e.) + IVAI 2@, }
<Ce"*{l fllmpa + IIFlr@}-

Consequently, the second term on the right-hand side of (2-17) is dominated by the right-hand side of
(2-16). This completes the proof of Theorem 2.6. [l

The next theorem is an analogue of Theorem 2.6 for the Neumann boundary conditions.

Theorem 2.7. Suppose that A = A(y) satisfies (1-2)—(1-3). Let Q be a bounded Lipschitz domain. Let u,
(€ > 0) be the solutions to the Neumann problem (1-7) in Q with g € L>(d%; RY) and F € LP(; RY),
where p =2d/(d + 1). Also assume that u,, uy L R. Then

< e lIgl 200 + 1 FllLre ) (2-26)

B 2 3”5
Ug — U —EX; (X/E)Kg N
H(Q)

3Xj

where 1. € C(°(R2) satisfies (2-14). The constant C depends only on d, k1, k2, and the Lipschitz character
of 2.

Proof. The proof, which uses the estimate in Lemma 2.5, is similar to that of Theorem 2.6. We will only
point out the differences and leave the details to the reader.
Let w, denote the function on the left-hand side of (2-26). Let

{ojri=1,....J=%dd+1)}
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be an orthonormal basis of R, as a subspace of L?(2; R?). By the second Korn inequality [Olefnik et al.

1992],
We-@idx|.
v

+CZ

j=1

||w8||H1(Q)<c‘/ A(x/e)Vw, - Vw, dx (2-27)

Since u., ug L R, it follows that
‘ / We-@jdx
Q

This, together with (2-27) and Lemma 2.5, shows that

< Cellx(x/e)KZ((Vuo)ne)ll 2

< Cel[Vuoll2(q)-

lwell g1 (@)
< {IVuoll 2, +e I Vuoll 2+ 11 (Vo) ne— Ko (Vo) ne) | 12y He Il Ke (V2uo)ne) 2y} (2-28)

To bound the right-hand side of (2-28), we write ug = v + h, where v is the same as in the proof of
Theorem 2.6. Since Ly(h) =0 in  and

oug

L2(392) ‘3"0 L2(0R) Havo L2(39)

< C{liglzp + 1 FllLr@}

H dvy
we may use the estimates in [Dahlberg et al. 1988; Verchota 1986] for solutions of the L?> Neumann
problem for Ly in Lipschitz domains to obtain
J
(V) | 290) < C{ g2 + 1 FllLr@) + Z / h-g; }
, Q
j=1

< C{liglrzpe) + I FliLr@} (2-29)

where we have used the assumption ug L R. With the nontangential maximal function estimate (2-29) at
our disposal, the rest of the proof is exactly the same as that of Theorem 2.6. (I

Remark 2.8. Since
lIx (e /&) KZ(Vuo)ne) 2 < ClIVuoll 2

it follows from the estimate (2-16) that

e —uoll 2y < Ce {1l flluraey + I1F 2@} (2-30)
where L. (u:) = Lo(ug) = F in Q and u, = ug = f on 92. Similarly, the estimate (2-26) implies

lue —uoll 2y < Ce'*{llgll200) + 1 Fll 2@} (2-31)

where u,, ug are given in Theorem 2.7. These O (e'/?) estimates in L? are not sharp (see Section 4), but
they will be sufficient for us to establish the boundary C and Lipschitz estimates.
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3. Proof of Theorems 1.1 and 1.2

Theorems 1.1 and 1.2 are consequences of Theorems 2.6 and 2.7, respectively. We give the proof of
Theorem 1.1. Theorem 1.2 follows from Theorem 2.7 in the same manner.
Without loss of generality we may assume that

I fllaroo + 1 Fllre =1
Let w, denote the function on the left-hand side of (2-16). By Theorem 2.6, for ¢ < r < diam(£2),

IVueli2i,) < 1Vuoll 2o, + I Vwell 2 + & Vix (x/e) K2 (Vo)) | g,
< Cr'2 4 | Vx (/) K (Vuo)ne) || 2, , + € X /) VKZ(Vuo)ne) || 12
< Cr'?+ CIK((Vuo)ne)ll 12, + CellV K (Vuo)ne) 2@y )

where we have used (2-22) and Lemma 2.1 as well as the fact that the operator K, is a convolution with a
kernel supported in B(0, ¢/4). Note that by (2-22) and (2-25),

| Ke(Vuo)ne)ll 2,y < CllVuol 2,y < crl/?,
and
ellVK((Vup)no)ll 2,y < el Ke(V2uo)ne)ll 20y + 1K (Vo) (V) 12 (0

< el Ko ((V2uo)no)ll 20y + ClVuoll 2y
< cri/?

The proof of Theorem 1.1 is complete.

Remark 3.1. Under certain smoothness conditions on A, it is possible to extend the Rellich estimates in
[Dahlberg et al. 1988] for the Lamé systems with constant coefficients to the operator £; with variable
coefficients satisfying the condition (1-2). We refer the reader to [Kenig and Shen 2011b], where this is
done in the case that the coefficients satisfy the ellipticity condition (1-11). It follows that if £;(u) =0
in D,, where D, is defined by (1-16) with ¥(0) =0 and |V ||cc < M, then

0
/ \Vul? do < c/ !
D, oD, |0

V
f |Vu|2da§Cf |Vtanu|2dc7+C/ |Vul|* dx
D, .

r Dr

2
da—i—Cf |Vul?dx,
D,

(3-D

for any r € (1, %), where C depends only on d, A, and M. By integrating both sides of the inequalities in
(3-1) with respect to r over (1, %), we obtain

9
/ \Vul?do < c/ “
A A dv

/|Vu|2da§C/ |Vtanu|2do*+C/ |Vul?dx,
Ay Ay D>

2
da—i—C/ |Vu|*dx,
D2 (3-2)
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where A, = {(x/, ¥ (x")) € R? : |x'| <r and x;=v(x")}. We now take advantage of the fact that the
dependence of C on  is only through M. Since L. (u.) = 0 implies £i{u.(ex)} = 0, one may deduce
from (3-2) that if £, (u,) = 0 in D,,, then

2 C

/ |Vu£|2da§Cf do += |Vu.|?dx,
A Az | € Jpa (3-3)

f |Vu€|2da§C/ |Vtanu$|2d0+£ |Vu,|*dx.
A, Ase € Jp,,

oug

Ve

Now, suppose that u, € H 1(Q: RY) and L, (u.) =0 in 2, where Q is a bounded Lipschitz domain in R,
By covering 92 with a finite number of suitable balls of size ce, it follows from (3-3) that

9
/ |Vu,|*do 5c/
90 a0

/quelszSC/ |Vtanu8|2d0+£/ \Vu,|? dx.
PYe) IQ € JQ.

Notice that up to this point, we have only used the smoothness condition of A, not the periodicity of A.

Ug

2
do+9/ |Vue|? dx,
€ Ja.

Ve

(3-4)

With the additional periodicity condition we may invoke the estimates in Theorems 1.1 and 1.2 to bound
the volume integrals of |Vu,|? over the boundary layer Q.. This yields the full Rellich estimates,

9 2
/ |Vug|2do§Cf “o| do (3-5)
90 aq| Ve
ifu, L R, and
/ |Vue|* do §C/ |vtanu£|2da+c;»0—2/ lue|* do. (3-6)
0 Q2 Q2

It is well known that estimates (3-5)—(3-6) may be used to solve the L? boundary value problems in
Lipschitz domains by the method of layer potentials. We refer the reader to [Kenig and Shen 2011b] for
the case where A(y) satisfies (1-11). The details for the system of linear elasticity have been carried out
in a separate work [Geng et al. 2017].

4. Convergence rates in L? for g =2d/(d — 1)

We now establish sharp O(¢) estimates for ||u, — uopl| (@) With ¢ = 2d/(d — 1), using Theorems 1.1
and 1.2 and a duality argument. Throughout this section we will assume that €2 is a bounded Lipschitz
domain and A = A(y) satisfies (1-2)—(1-3).

We start with the Dirichlet boundary condition.

Lemma 4.1. Let u, (¢ > 0) be the solution of (1-4). Suppose that ug € H*(2; R?). Then

I
ug —ug—exp(x/e)Ke| — ) —ve
0x

k

< Ce||VZiioll 2 gy 4-1)
H(Q)
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where iy € H*(R?; R?) is an extension of ug and v, € HY(Q; R?) is the weak solution to
. g
Le(v,) =0 inQ and Ve = —exr(x/e) K, P on 082.
Xk
Proof. Let
ditg
We =u, —ug—exr(x/e)K, < )—vg.
0Xy

Using L. (ue) = Lo(up) and L. (v.) =0 in €2, a direct computation shows that

9 o _ ub diio
Le(we) =——11q; (x/S) eyexk(x/e)Ke P

ax,- Xj

N 9 diih O [,
=—a{[&zfﬂ - s - Ks(a%?)}}m—m{bf(m“ (55)
2

9 By
+e—qa (x/s)xk (x/e)K,

0X; 0x;0

where bf}ﬂ is defined by (2-3). Using (2-5), we see that

0 [ up diif 02l
o ()] oo (25)

Indeed, the left-hand side of (4-4) equals

3%’
p*P K 0},
Y (X/S) 6(8.)6,'3)6]')

while the right-hand side equals

021} 92 dii)
o 0
by; (x/e)Ks<a o ) <l>z;<,(16/8)a o (axj)
and the second term is zero due to the skew-symmetry ¢Z’i = —¢f§§.

It follows from (4-3) and (4-4) by Lemmas 2.1 and 2.2 that

2~
| Le (el g-1(0) < CellVouoll r2(ray,

669

(4-2)

) o
Xk

(4-4)

where C depends only on d, k1, k2, and €2. Since w, € H(} (2; [R{d), this gives the estimate (4-1) by the

energy estimate.

O

The following theorem establishes the sharp O (¢) estimate in L¢ with ¢ = 2d/(d — 1) for the Dirichlet

boundary condition.

Theorem 4.2. Suppose that A satisfies (1-2)—(1-3). Let Q2 be a bounded Lipschitz domain in RY Let u,

(¢ = 0) be the weak solution to Dirichlet problem (1-4). Assume that uy € H 2(Q; RY). Then

lue —uollLe) < Celluollp2(q),

where ¢ =2d/(d — 1) and C depends only on d, k1, k2, and S2.

(4-5)
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Proof. We begin by choosing iig € H*(R?; R?) such that iip = ug in Q and |liio |l z2ay < Clluoll 2
where C depends only on Q2. Since €2 is Lipschitz, this is possible by an extension theorem due to
A. Calderén [Stein 1970, Theorem 5, p. 181]. Next, since HOI(Q) C L7(2) and

ou
Xk (x/€) Ko ( ; 0)
Xk

in view of Lemma 4.1, it suffices to show that

< ClIViuollpamaey < Clluoll g2y
L9(2)

lvellLa@) < Celluoll g2y (4-6)

where v, is given by (4-2).
To this end we fix G € L”(Q2; R?), where p =¢' =2d/(d + 1), and let h, € H, (Q; RY) be the weak
solution to

Le(he)=G inQ and he=0 ondQ. 4-7)

It follows from (4-2), (4-7), and the divergence theorem that

oh
/.vs-de=—f Vg - *do
Q IQ Ve

dig\ dh
=s/ Xk(x/e)Ke < o= =D do
02

Xy 0V,
-]

— 1) dx

/oK, (8—) a

te Xky(x/t?) (

—1)dx

>u

Y au o
ka (x/s)&;(a G (e — 1) dx
Q Xk

diiy B an.
+8/ %Y (x/e)K, x
k o ) xjdx;

where 1, € C;°(2) satisfies (2-14). This implies

/vg-de <
Q

C/ IV (x/e)|Ke(Vitg)| [VhelIne — 1] dx
Q

+Cs/ Ix (x/&)||Ke(VZiig)| |Vhelne — 1] dx
Q
+Cs/ |x (x/&)| 1K (Viig)| |G| |ne — 1| dx
Q

+C8/QIX(X/S)IIKe(Vﬁo)IIVhEIIVnsldx. (4-8)
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Note that by Cauchy’s inequality and (2-14), the first and fourth terms on the right-hand side of (4-8) are
bounded by

1/2 172
C(/Q |(|VX(x/8)|+|X(X/S)I)K5(Vﬁo)|2dx> (fg |Vh€|2dx>

1/2 1/2
50(/ |Vﬁ0|2dx) (/ |Vh8|2dx) ,
Qse Qe

where Q, = {x € Q : dist(x, 0Q2) <r}, EZ, = {x e R? : dist(x, Q) <r}, and we have used Lemma 2.1 for
the last inequality. Using the divergence theorem, as in (2-19), one may prove that

de

~ ~ n1/2 ~ 1/2
IViioll 2,y < Cliiol 17 o, N0l 2 gy

where S, = {x € R? : dist(x, 3Q) =r}. It follows by the coarea formula that

172

~ ~ 172 ~
IViioll 2,y < Cr'/2llioll 1 g liio ]l 12 o, 4-9)

This, together with the estimate in Theorem 1.1 for 4., shows that the first and fourth terms on the
right-hand side of (4-8) are bounded by

Celluoll p2 @ 1GllLr ()

where p = ¢’ = 2d/(d + 1). Finally, we note that the second and third terms on the right-hand side of
(4-8) are bounded by

2~ ~
CellVouoll 2wy IVhel 12y + Cell Vol Laway | Gl r ) < Celluoll 2 1G | Lr()-

/vs-de
Q

which, by duality, gives the estimate (4-6) and completes the proof. ]

As a result, we have proved that

< Celluoll g2 @) 1GllLr ()

Next we consider the solutions with the Neumann boundary conditions.
Lemma 4.3. Let u. (¢ > 0) be the solutions of (1-7) such that u, L R. Suppose that ugy € H2(Q; RY).
Then

< Ce{lIV2ioll 2 ey + I Vitoll L2 may } (4-10)
HY(Q)

dllg
ue —uo —Exk(x/e)Ke| — ) —ve

Xy

where Qi is an extension of uy and v, € H'(Q; R4) is the weak solution to

Le(ve) =0 inQ,

v, ef 9 9 diio
=-|\m——ni— ij K| — 2, (4-11)
- 2<nkBXi n aXk){m,(x/e) g(ax)} on

ve LR.
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Proof. Let

I
We =u, —ug—exr(x/e)K, < )—ve.
axk

Using du./dv, = dug/dvg on 02, a direct computation shows that

dw, Odug Jdug

0 (x/e)K, 8u0 AV,
=— — — — —dexlx/e - —
0V, dvg  dv, v, Xk axk

0V,
B B B
ou a d

— i1 — a (x/e)] [— — K. (ﬂ)} — b (x/e)K, (ﬂ)

X ax]' J an
—nja;; Pxse)-exl” (x/e)K,

Using (2-5), we also see that
~B ~B

au av duy v
B -0 77 e
nlbl‘j (x/S)KS(aXJ')—i_ v, [¢kl](x/8)]K (axj>+ o,

£ d ou
; E(ni D Vtason, (2

o 82l

= —en;@,.. K .
nt¢kl](-x/ ) s(axkaxj)

As a result, we obtain

dw,

3u ou
raeB aﬂ _ 0
v _nl[aij (X/E) |:8 (8)6] )]
B

+enigl (x/e)Ke ( 0

Next, we note that as in the proof of Lemma 4.1

0
Le(wg) =——

f dul il d [ .
el a5 G e feron
0 { up 9%
+88—{ a;; (x/s))( (x/s)K(

Vw4 (Vwe) 120

2~Y
Uy

0x ]axk

2

da°u
_ By K,
8xk8xj) i a (x/g) exi (x/e) 0x;j0xy

kaxj>}
~Y
0

>_

“’S)ﬁ&
Xj oV

14
0

dx;0x

0V,

AVA

(4-12)

(4-13)

). (4-14)

)} (4-15)
Xk

< C||sz||L2(Q){||VM0—Ks(Vﬁ0)||L2(Q)+8||¢(X/8)K5(V2ﬁ0)||L2(Q)+8||X(X/8)K (VZuo)ll 12}

2~
< Cel|Vwell 2 IV-ttoll 12 (e,
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where we have used Lemmas 2.1 and 2.2 for the last step. By the second Korn inequality, this implies
J
lwell 10y < Cell V2ol 2y +C Y

ng-wjdx
j=1

< Ce|| V2ol 2y + Cell x (x /) Ke (Vito) | 12¢qy < Ce{ V2ol 2a) + I Vitoll L2y }

where {¢; : j =1, ..., J} forms an orthonormal basis of R, as a subspace of LZ(Q; R4). O
The next theorem is an analogue of Theorem 4.2 for the Neumann boundary conditions.

Theorem 4.4. Suppose that A satisfies (1-2)—(1-3). Let Q be a bounded Lipschitz domain in R. Let
ug (& > 0) be the weak solutions to the Neumann problem (1-7) with the property u, L R. Assume that
ug € H*(; RY). Then

lue — woll oy < Celluoll 2o, (4-16)

where g =2d/(d — 1) and C depends only on d, k1, k2, and 2.

Proof. As in the proof of Theorem 4.2, it suffices to show that

lvellLa@) < Celluoll g2y 4-17)

where v, is given by (4-11). To this end we fix G € L?(; R?) with G L R and let h, € H'(2; RY) be

the weak solution to
doh,

AV

with the property i, L R. It follows from (4-18), (4-11), and Green’s formula that

Le(hy)=G in Q2 and =0 onod<, (4-18)

d
/Us'de=/ A(X/S)va-thdx=/ Ve hedo
Q Q

aQ 0Ve

e 3 il
:Ef ("a_x,_”’ ){q&ku(x/e)K (3—0 } -h® do
it
=——/ ¢kzj(x/ )K< ) ( Mg =~ i — )h"‘-(l—na)da
j i
aii? he
Z_E/;ZE{ kl](x/S)K (8)6])(1_7]8)}

where 1, € C{°(L2) satisfies (2-14) and we have used the divergence theorem as well as (2-5) for the last

dx,
X;

inequality. This leads to

/vg-de <
Q

c /Q Ve (x /)| |Ke (Viio) || Ve | dx
+Ce / 16 Ge/0)] | Ko (V2ii)| | Vhe | dx
945

+Cs/Q lp(x/e)|Ke(Vitg)| [Vne|[Vhe|dx. (4-19)
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Note that by the Cauchy inequality, the first and third term on the right-hand side of (4-19) are bounded by

Cl18 /)1 +10(x/ DK (Vi) | g, I Vhrell iz = CIV ol | Vhell iz,
< Celluoll g2 IGliLr ()

where we have used Lemma 2.2 for the first inequality and Theorem 1.2 as well as estimate (4-9) for
the second. Also, the second term on the right-hand side of (4-19) is bounded by

Cellg (x/e)Ko(VZii0) |l 20 I VIe | 12y < Celluoll 2o I Gl Lr(e)-

Hence we have proved that for any G € L?(§2; R?) with the property G L A,

/vg-de
Q

Since v, L A, this gives the estimate (4-17) by duality and completes the proof. (I

< Celluoll g2 IG Il Lr ()

Note that by combining Theorems 4.2 and 4.4, one obtains Theorem 1.3.

5. C“ estimates in C! domains

In this section we investigate uniform boundary C* estimates in C' domains. The results will be used in
the next section to establish uniform boundary W7 estimates in C' domains. Throughout the section we
will assume that the defining function ¥ in D, and A, is C' and v (0) = 0. To quantify the C' condition
we further assume that

sup{|Vy (x) = VY ()] :x'.y € R and [x' — y'| <1} < 7(0), (5-1)

where 7(t) - 0 as t — 0.
The rescaling argument is used frequently in this paper. Suppose that £.(u.) = F in Dy, and u, = f
on Aj,. Let w(x) = u.(rx). Then

Leyr(w)=G in 52 and w=g on Ay,
where G(x) =r2F(rx), g(x) = f(rx), and
Dy ={(x',xg) e R : x| <2 and ¥, (x) <xg < (x)) + 2},
Ay ={(x',xg) e R : [x'| <2 and xg =, (x) },

with ¥, (x") = r ' (rx’). Note that ¥,(0) = 0 and ||V, |lec = ||V |leo. Moreover, if ¥ is C' and
satisfies (5-1), then v, satisfies (5-1) uniformly in r for 0 < r < 1.

Lemma 5.1. Let 0 <& <r < 1. Let u, € H'(Da,; R?) be a weak solution of Le(ug) =0 in Dy, with
u, =0 on Ayy. Then there exists v € H (D,; R?) such that Lo(v) =0 in Dy, v=0on A,, and

1/2 1/2
(][ |u8—v|2) scw/r)‘/z(][ |u8|2) , (5-2)
Dr D2r

where |V |loco < M, and C depends only on d, k1, k2, and M.
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Proof. By rescaling we may assume r = 1. By Caccioppoli’s inequality,

1/2 1/2
(f |Vug|2) §C<][ |ug|2) . (5-3)
D32 D,

It follows from (5-3) and the coarea formula that there exists ¢ € [45'1 %] such that

IVuellL2@p\as) + 1uellL2@p Dy = Clluell2(p,)- (5-4)

Let v be the solution to the Dirichlet problem: Ly(v) =0 in D; and v = u, on d D;. Note that v =0
on Ay, and by Remark 2.8,

lue — vl 2p,) < Ce'Plluell i op,)- (5-5)
This, together with (5-4), gives
1/2
lue — vl 2epy) < lue —vliz2py < Ce'lluell 2, U

Theorem 5.2. Suppose that A = A(y) satisfies (1-2)—(1-3). Let u, be a weak solution of L¢(u,) =0 in
Dy with uy =0 on Ay, where the defining function \ in Dy and Ay is C'. Then, for any a € (0, 1) and

1
1/2 1/2
(f |wg|2) scar“—‘(][ |u8|2> : (5-6)
D, Dy

£E=Fr =y,
where Cy depends only on d, «, k1, k2, and the function t(t) in (5-1).

Proof. Fix B € (a, 1). For each r € [e, 1], let v = v, be the function given by Lemma 5.1. By the
boundary C# estimates in C' domains for the operator £ (see, e.g., [Auscher and Qafsaoui 2002; Byun

and Wang 2004]),
1/2 172
(][ |v|2) < coeﬁ(][ |v|2)
D(ir Dr

for any 6 € (0, 1), where Cy depends only on d, k1, k2, B and 7 (¢). It follows that

1/2 1/2 1/2
(][ |ug|2) §<][ |v|2) +C(][ |us—v|2)
Dy, Dy, Doy
1/2 1/2
5ceﬂ<][ |v|2) +c9d/2(][ |u€—v|2)
D, D,
1/2 172
5610'3(][ |ue|2> +cle—d/2<e/r>”2(][ |us|2)
D, Dy,

forany e <r < % We now choose 6 € (0, l) so small that C;68~¢ < ‘l‘. With 6 fixed, choose N > 1
large so that
C,209—4/2~ N—1/2 < %'

It follows that if r > Neg,
¢ (Or) < Ho(r) +¢2r)}, (5-7)
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12
() =r“<][ |us|2) .
D,

By integration we may deduce from (5-7) that

d V2o d N,
e T e WAL e
r a r 2a r

where

0/2
fa

where Ne <a < % This implies

I dr ! dr
¢(r)—§C/ d(r)— < Cop(l).
fa r 0/2 r

Hence, ¢ (r) < C¢ (1) for any r € [¢, 1], and the estimate (5-6) now follows by Caccioppoli’s inequality. [

Remark 5.3. Under the stronger assumption that the defining function ¢ for Dy is C!:° for some o > 0,
we will show in Section 8 that the estimate (5-6) holds for ¢« = 1. In particular, it follows from the
argument in Section 7 that if £.(u.) = 0 in B(0, 1), then

12 12
( ][ |Vus|2) < c( ][ |w8|2) (5-8)
B(0,r) B(0,1)

for any ¢ <r < 1. This is the interior Lipschitz estimate down to the scale ¢.

A function A is said to belong to VMO(R?) if the left-hand side of (5-9) goes to zero as t — 0T, To
quantify this assumption we assume that

sup ][
xeR? JB(x,r)

O<r<t

Ay) ][ A' dy < p(1), (5-9)
B(x,r)

where p(t) — O0ast — 0.
The following corollary was essentially proved in [Avellaneda and Lin 1987] by a compactness method.

Corollary 5.4. Suppose that A satisfies (1-2)—(1-3). Also assume that A € VMO(RY). Let u, €
HY(Dy; RY) be a weak solution of Le(ue) =0 in Dy with ug = 0 on Ay. Then, for any a € (0, 1),

1/2
||us||C“(D|/2) = Ca(f Iué‘lz) ) (5_10)
D,

where C, depends only on d, k1, k2, a, and the functions t(t), p(t).

Proof. We may assume 0 < & < %, as the case of & > % is local. Since £ (ug(ex)) =0, it follows from the
boundary C¢ estimates in C ! domains (see, e.g., [Auscher and Qafsaoui 2002; Byun and Wang 2004])

for the operator £; by rescaling thatif o« € (0, 1) and 0 <r < ¢,

12 12
(f |Vus|2> sc<r/e>“—1(][ |Vus|2> ,
D, e
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where C depends only on d, «1, k2, @, T(¢) and p(¢). This, together with Theorem 5.2, shows that the
estimate (5-6) holds for any 0 < r < % By combining (5-6) with a similar interior estimate, we obtain

1/2
ro! ( ][ |w8|2) < Cllugll2p,) (5-11)
B(x,r)ND1 2

for any 0 < r < c and x € Dy 2. The estimate (5-10) follows from (5-11) by Campanato’s characterization
of Holder spaces. U

The rest of this section is devoted to the boundary C* estimates for solutions with the Neumann
boundary conditions.

Lemma 5.5. Let 0 <& <r < 1. Let u, € H'(Ds,; R?) be a weak solution of Lo(ug) =0 in Dy, with
oug /v, = 0 on Ay,. Then there exists a function w € HY(D,; R?) such that Lo(w) = 0, ow/dvy =0

in A, and
1/2 1/2
(][ |ug—w|2) sC(s/r)”Q(][ |ug|2) : (5-12)
D, D2r

where |V |0 < M, and C depends only on d, k1, k», and M.

Proof. By rescaling we may assume r» = 1. As in the proof of Lemma 5.1, there exists ¢ € [% %] such that

luellL2@ppay + 1 Vuelli2pan,) < ClluellL2p,)-

Let ¢, be a function in R such that u, — ¢, L R in L%(D;; RY). Let v be the solution to the Neumann
problem: Lo(v) =0in D; and dv/dvy = du,/dv, on dD;, with v L R. It follows from Remark 2.8 that

lue —pe —vll2(py) < lue — @ —vll2(p,)

< o] e

e ll20p,)
1/2
< Ce'llucll2py)-
It is easy to see that the function w = v + ¢, satisfies the desired conditions. O

Theorem 5.6. Suppose that A = A(y) satisfies (1-2)—(1-3). Let u, be a weak solution of L¢(u,) =0 in
Dy with dug /v, =0 on Ay, where the defining function \ in Dy and Ay is C'. Then, for any a € (0, 1)

ande <r <1,
1/2 1/2
(][ |Vu8|2) fcar“—‘<][ |wg|2) , (5-13)
D, D,

where C depends only on d, o, k1, k2, and the function t(t).

Proof. Fix B € (a, 1). For each r € [e, %], let w = w, be the function given by Lemma 5.5. By the
boundary C# estimates in C! domains for the operator £,

1/2 172
inf <][ |w—q|2> < Cof” inf (][ |U)—61|2) )
qgeRI\ Jp,, qeRI\ Jp,
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where Cy depends only on d, B, k1, k2, and t(¢). This, together with Lemma 5.5, gives

1/2 172 1/2
inf(][ |us—q|2) sCinf(][ |w—q|2> +<][ |u8—w|2)
q€R!\ J Dy, q€RI\ J Dy, Dy,
1/2 1/2
< CoP inf (][ |w—q|2) +C09_d/2<][ |ug—w|2)
q€RY\ Jp, D,
1/2 1/2
<Co* inf<][ |u8—q|2> +C9_d/2(s/r)1/2(][ |u€|2> .
q€R‘\ Jp, Doy

By replacing u, with u, — g, we obtain

d(Or) < COPp(r) + CO 2 (e/r) 2p(2r)

1/2
¢y =r—" igﬂgd(][ |us—q|2) :
q D,

By the integration argument used in the proof of Theorem 5.2, we may conclude that ¢ (r) < C¢ (1) for
r € [e, 3], which yields (5-13) by Caccioppoli’s inequality. O

for any r € [8, %], where

Remark 5.7. Under the stronger condition that the defining function for D; and A is C!*° for some
o > 0, we will show in Section 9 that the estimate (5-13) holds for o = 1.

The following corollary was essentially proved in [Kenig et al. 2013] by a compactness method.

Corollary 5.8. Suppose that A satisfies (1-2)—(1-3). Also assume that A € VMO(RY). Let u, €
HY(Dy; RY) be a weak solution of Le(ug) =0in Dy with du./dv, =0 on Ay. Then, forany o € (0, 1),

1/2
||u8”C"(D1/2) =< C(X(f |u8|2) ) (5_14)
D

where C,, depends only on d, k1, k2, a, and the functions t(t), p(t).

Proof. As in the case of the Dirichlet boundary condition, the additional smoothness assumption A €
VMO(RY) ensures that the estimate (5-13) holds for any r € (O, %) (see, e.g., [Byun and Wang 2005]
for estimates for £1). This, together with the interior estimates, gives the estimate (5-14) by the use of
Campanato’s characterization of Holder spaces. (I

6. WLP estimates in C! domains

In this section we study the uniform W' estimates in C! domains. Throughout the section we will
assume that A = A(y) satisfies (1-2)—(1-3), A € VMO(R?), and @ is C'. Our goal is to prove the
following two theorems.

Theorem 6.1. Suppose that A satisfies (1-2)—(1-3). Also assume that A € VMO(R?). Let 1 < p <00
and Q2 be a bounded C"' domain in R%. Let u, € WP (Q2; RY) be a weak solution to the Dirichlet problem

Le(ue) =div(f) inQ and us=0 onod<2, (6-1)
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where f = () € LP(Q; R?*9). Then

luellwir) < Cpll fllLr), (6-2)
where C,, depends only ond, p, A, and 2.

Theorem 6.2. Suppose that A satisfies the same conditions as in Theorem 6.1. Let 1 < p < 0o and Q2 be
a bounded C' domain in R Let u, € WP (Q; RY) be a weak solution to the Neumann problem

9
Lo(u) =div(f) inQ  and 8”8 ——n-f ondQ, (6-3)
Ve

where f = (f) € LP(Q; RY*4). Assume that u; L R. Then

luellwir) < Cpll fllLr), (6-4)
where C,, depends only ond, p, A, and 2.

Recall that a function u; is called a weak solution of (6-1) if u, € WOl P (Q; RY) and

g

uf g dp¢

/af‘f(x/g) i 28 dx:—/fl.“- Y dx (6-5)
Q axj 8x,~ Q axi

for any ¢ = (p%) € C3°(£2; R?). Similarly, u, is called a weak solution of (6-3) if u, € W7 (2; R?) and
(6-5) holds for any ¢ = (¢p%) € C{° (R?; R?). Under the assumptions that A € VMO(R?) and Q is C,
the existence and uniqueness of solutions of (6-1) and (6-3) are more or less well known (see [Auscher
and Qafsaoui 2002; Byun and Wang 2004; 2005] for references). The main interest here is that the
constants C in the W7 estimates (6-2) and (6-4) are independent of ¢. We mention that for £, with
coefficients satisfying (1-3), (1-11) and the Holder continuity condition, estimates (6-2) and (6-4) were
established in [Avellaneda and Lin 1987; 1991; Shen 2008; Kenig et al. 2013]. The results were extended
to the case of almost-periodic coefficients in [Armstrong and Shen 2016]. Also, for £, with coefficients
satisfying (1-2)—(1-3) in Lipschitz domains, some partial results may be found in [Geng et al. 2012].

Theorems 6.1 and 6.2 are proved by a real-variable argument. The required weak reverse Holder
inequalities (6-6) and (6-2) for p > 2 are established by combining local estimates for £; and boundary
Holder estimates in Section 4 with the interior Lipschitz estimates, up to the scale ¢.

Lemma 6.3. Let u, € H'(B(xq, 2r); RY) be a weak solution to L. (uz) =0 in B(xo, 2r) for some xo € R?
andr > 0. Then, forany 2 < p < 00,

1/p 172
<][ IVus|p> §Cp<][ IVuglz) , (6-6)
B(xo,r) B(x0,2r)

where C,, depends only on d, p, k1, k2, and the function p(t) in (5-9).

Proof. By translation and dilation we may assume that xo = 0 and » = 1. We may also assume that
0<e< %. The case ¢ > % for B(0, 1) is local, since A(x/¢) satisfies the smoothness condition (5-9)
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uniformly in ¢. For each y € B(0, 1), we use the local WP estimates for the operator L; (see, e.g.,
[Auscher and Qafsaoui 2002; Byun and Wang 2004]) and a simple blow-up argument to show that

1/p 12
( ][ |m|f’) < C( ][ |ws|2) . 6-7)
B(y,e/2) B(y,e)

By the interior Lipschitz estimate, up to the scale ¢, we have

1/2 1/2
(][ |Vug|2> < C<][ |Vug|2) : (6-8)
B(y.e) B(y,1)

We point out that the estimate (6-8) will be proved in Section 8 with no smoothness assumption on A
(see Theorem 8.6). Hence, for any y € B(0, 1),

1/p 1/2
(][ |ws|f’) < C(][ |m|2)
B(y.e/2) B(y,1)

< ClIVuell12(0,2))- (6-9)
By covering B(0, 1) with balls of radius /2, we may deduce (6-6) readily from (6-9). [l

Lemma 6.4. Let u, € H'(D,,: RY) be a weak solution to L.(uz) = 0 in Dy, with either u, = 0 or
oug /vy =0in Ay, where 0 <r < 1. Then, forany2 < p < o0,

1/p 1/2
(][ |Vu8|l’) scp(][ |Vug|2) : (6-10)
D, D,

where C depends only on d, p, k1, k2, T(t) in (5-1), and p(t) in (5-9).

Proof. Note that the function » v (rx’) satisfies the condition (5-1) uniformly for 0 < r < 1. Thus, by
rescaling, it suffices to prove the lemma for r = 1. Using Lemma 6.3, Theorem 5.2 and Theorem 5.6, we

1/p 12
(][ |Vus|l’) §C<][ |Vug|2)
B(y,5(y)/8) B(y,8(y)/4)

obtain

< Col8WMI* I Vtell 2, (6-11)
for any « € (0, 1), where y € Dy and §(y) = dist(y, 0D;). We now fix « € (1 — %, 1). It follows from
(6-11) that

[Vu |de) dy < C||Vug|?, . .. (6-12)

/Dl (][B<y,8<y>/8> ’ T
Using the fact that §(x) ~ §(y) if y € Dy and |y — x| < %S(y), it is not hard to verify that (6-12) implies
(6-10). O

Proof of Theorems 6.1 and 6.2. By duality and a density argument it suffices to consider the case where
p>2and f=(f") € Cé(Q; R?*4). Furthermore, by a real-variable argument, which originated in
[Caffarelli and Peral 1998] and further developed in [Shen 2005; 2007], one only needs to establish weak
reverse Holder inequalities for solutions of L. (u#.) = 0 in B(xg, r) N 2 with either u, = 0 or du./dv. =0
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on B(xg, r) N3, where xg € Q and 0 < r < co diam($2). These inequalities are exactly those given by
Lemmas 6.3 and 6.4. We omit the details and refer the reader to [Shen 2005; 2008; Geng 2012] for details
in the case of scalar elliptic equations. (I

Remark 6.5. Suppose that A and Q2 satisfy the same conditions as in Theorem 6.1. By some fairly
standard extension and duality arguments (see, e.g., [Kenig et al. 2013]), one may deduce from Theorem 6.1
that the solution of the Dirichlet problem

Le(ug)=div(h)+ F inQ and us=f ona2
satisfies
luellwiry < Cplllhllr@ + 1 FllLe) + I1f lwirr o) )

for any 1 < p < oo, where W%?(0€2) denotes the Sobolev space on 92 of order « with exponent p.
Similarly, the solutions of the Neumann problem

9
Lo(u,) =div(h)+F inQ  and 8”£=_n.h+g on 492
Ve

with u, 1 R satisfies

luellwiry < CplllhllLr@ + 1 FllLe) + Igllw-1rraa) )

where W~1/P-P(3Q) is the dual of Wl/”’p/(aQ).

7. LP estimates in C! domains

The W7 estimates in the last section allow us to establish the Rellich-type estimates in L”, down to the
scale &, in C!' domains under the additional assumption that A belongs to VMO(RY).

Theorem 7.1. Suppose that A = A(y) satisfies (1-2)—(1-3). Also assume that A € VMO(RY). Let
1 < p < 00 and Q be a bounded C' domain in R Let u, € WhP(Q; RY) be a weak solution to the
Dirichlet problem

Le(ug)=F inQ and u.=f inodQ, (7-1)
where F € L?(2; RY) and f € WP (32; RY). Then, for any ¢ <r < diam(Q),

1/p

1

!;/ |Vus|p} = Cp{||F||LP(Q) + ||f||w1-p(aQ)}» (7-2)
Q,

where Q, = {x € R? : dist(x, dQ) <r}. The constant C, depends only on d, p, A and Q.

Theorem 7.2. Suppose that A and 2 satisfy the same conditions as in Theorem 7.1. Let 1 < p < co. Let
Ug € Wl’p(Q; [Rd) be a weak solution to the Neumann problem

9
Y _g inoQ, (7-3)

Ve

L:(u)=F inQ and
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where F € LP(Q2; RY), g € LP(3Q; RY) and fQ F+ fag g =0. Also assume that u, L. R. Then, for any
e <r < diam(£2),

1/p
1
{;/ |Vus|p} < Cp{IlFllLry + lIglron ) (7-4)
Q,

where C, depends only ond, p, A and Q.

The proof of Theorems 7.1 and 7.2 follows a similar line of argument as for Theorems 1.1 and 1.2 by
considering

8u§
We = Ue — U — EX Pac/e)Ke( =L ). (7-5)
8Xj

where u is the solution of the homogenized problem, K, is a smoothing operator defined by (2-6), and
ne € C5°(R2) is a cut-off function satisfying (2-14).
Throughout this section we will assume that 2 is C and A satisfies (1-2)—(1-3) and (5-9).

Lemma 7.3. Let u. (¢ > 0) be the solutions of the Dirichlet problems (7-1). Let w, be defined by (7-5).
Then

lwellwo@) < Cpe" P {1 Flwiroey + I1F e} (7-6)
where C,, depends only ond, p, A and Q.

Proof. A direct computation shows that

[ up @ dul) du
Le(w) = _B_xi{[a”ﬁ —aP(x/e)] [E — K. (ﬁn)}}
D [y oug )}
o {bij (x/e)K, ( 7
0 ou
+88_x,{ (x/s)x/(x/@—]( (ﬁn))}

where bf}ﬂ (y) is defined by (2-3). Using (2-5), we obtain

0 [, ap ouy \| 9 ub
ron ()| e ()]

I [ as  « 4 oul
Lo(wy) = —a—xl{[&f —af (/)] [3—0 - K<8—u°n>]}
0
e ot (s ()
st o (s ()|
+e— (x/e))(k (x/e) . (7-7)
0X; 0x;

It follows that
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Since we = 0 on 32, we may apply the W!-? estimate in Theorem 6.1 to obtain

lwellwir@ < C{lIVuo — Ko (Vuo)ne) llLr@) + €l (x/e) VK (Vuo)ne) | Lr (e
+ellx (x/e) VK (Vuo)ne) e }

< C{lIVuo — Ke(Vuo)n) llLr) + ellV(Vuo)ne) e }
< C{IIVuollLr @) + el (Vuo)nell 12 ). (7-8)

where we have used Lemmas 2.1 and 2.2 for the second and third inequalities.
We now write ug = v + w, where

w0 = [ Tox = FG)dy (7-9)
and Iy(x — y) denotes the matrix of fundamental solutions for the operator £, in R?, with pole at the
origin. Note that ||v|[y2,ge) < Cpll FllLr ) and

IVullLres,) < CpllFllLe ),
where S; = {x € R? : dist(x, Q) =1} for ¢ small (see the proof of Theorem 2.6). It follows that
IVollLru) +ellV2ollrg) < Ce/PIIF L) (7-10)
Finally, we observe that Lo(w) = 0 in €2 and

lwllwiregy < If lwiree) + 0Ilwirae < CHL lwieo + 1 FlLe@ )

It follows from the solvability of the L? regularity problem for the operator £ in C! domain €2, which
follows from [Fabes et al. 1978; Lewis et al. 1993; Hofmann et al. 2015], that

I(Vw) ey < C{Il fllwieee) + IFllr@)}-

Also, using the interior estimate

C 1/p
V20| 5—(][ |Vw|") ,
3(x) \JB(x,5(x)/8)

where 6 (x) = dist(x, €2), we may show that

/ |v2w|f’dxscf VW) P[8(x)] P dx
Q\ Q3 Q\ 22

< Ce'" PNV 150y < Ce {1 f Iy aay F I F L0 }-

As a result, we obtain
VWl Lr (@) + el (V2wInell ) < CeP{ll fllwiroay + I FllLr@ -
This, together with the estimate (7-10) for v, gives
IVuoll o) + el (Vuo)nell o) < Ce' /7L fllwirea + I Fllre ) (7-11)

which, in view of (7-8), completes the proof. ]



684 ZHONGWEI SHEN

Proof of Theorem 7.1. Without loss of generality we may assume that

Il fllwirao) + 1 FllLe = 1.
Let ¢ <r < diam(£2). It follows from Lemma 7.3 that
IVuellLr,)
< IVuollLri,) + ClIVx(x/e)Ke(Vuo)ne) e, + Cellx (x/e) VK (Vuo)ne)llr g, + Ce'/?
< ClVuollLr(@y) + CellV((Vuo)ne) | Loy + Ce'/P
< C||VuollLri,) + Ce'/?, (7-12)

where we have used Lemma 2.1 for the second inequality and (7-11) for the third. An inspection of the
proof of Lemma 7.3 shows that
IVuollzr(,) < Cr'/?,

which, in view of (7-12), gives
IVuellro,y < Cr'/P. O

To prove Theorem 7.2, we need the following lemma.

Lemma 7.4. Let u, (¢ > 0) be solutions of the Neumann problem (7-3). Also assume that ug, ug 1. R.
Let w, be defined by (7-5). Then

lwellwir@y < Cpe'P{liglrony + I Fllr@ ), (7-13)
where C,, depends only ond, p, A and Q.

Proof. The proof is similar to that of Lemma 7.3. Let ¢, be a function in R such that w, — ¢. L R in
L2($2; RY). It follows from the formula (7-7) and the W'-? estimates in Theorem 6.2 that

lwe — @ellwrrey < CLIVUOllLr @) + el (V2uo)nell 120 }- (7-14)

To estimate the right-hand side of (7-14), we proceed as in the proof of Lemma 7.3, but use the nontangential
maximal function estimate [Fabes et al. 1978; Lewis et al. 1993; Hofmann et al. 2015]

Vw)* <C
(VW) [ raq) < ’81}0

LP(3S)

where Lo(w) =01in Q and w L R in L2(2; RY). As a result, we obtain
lwe — ellwiney < Ce'/P{lgllLroe) + I Fllir@)- (7-15)
Finally, note that since u, —ug L R,

ldellwir@) < Cellx(x/e)Ke(Vuo)ne)llLr
< Ce|[VuollLr -

This, together with (7-15), yields the estimate (7-13). [l
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Proof of Theorem 7.2. The estimate (7-4) follows from (7-13), as in the case of the Dirichlet conditions.
We omit the details. O

Remark 7.5. Under certain smoothness condition on A, such as Holder continuity, it is possible to solve
the L? Dirichlet, regularity, and Neumann problems for £;(x) =0 in C' domains for any 1 < p < oo.
By the same localization procedure and blow-up argument as in Remark 3.1, this implies

duyg | P C
/ |Vu$|pda§C/ 8”6 da+—f |Vu,|? dx,
v I3
aQ aq| Ve Cszcg (7-16)
[ vurdo ¢ [ Nawnrdo+ S [ Vil s,
o aQ € Qee
where L (ug) = 0 in . It then follows from Theorems 7.1 and 7.2 that
0 p
f \Vu.|? do §C/ Yol do (7-17)
a0 9| Ve
if u, 1 R, and
/ [Vug|? do < C/ |Vianue|P do +C/ lug|? do. (7-18)
aQ a0 aQ

As in the case p = 2, by the method of layer potentials, estimates (7-17)—(7-18) lead to the uniform
solvability of the L” Dirichlet, regularity, and Neumann problems in C! domains. The details will be
given elsewhere.

8. Lipschitz estimates in C'** domains, part I

In this section we investigate the Lipschitz estimates, down to the scale &, in C!** domains with Dirichlet
boundary conditions and give the proof of Theorem 1.4. The Neumann boundary conditions will be treated
in the next section. The proof of Theorems 1.4 and 1.5 is based on a general scheme for establishing
Lipschitz estimates at large scales in homogenization, recently formulated in [Armstrong and Smart 2016]
for interior estimates. Our approach to the boundary Lipschitz estimates in C'** domains is similar to
that used in [Armstrong and Shen 2016] for elliptic systems with almost-periodic coefficients. We remark
that Lemma 8.5, which is a continuous version of Lemma 3.1 in [Armstrong and Shen 2016] and whose
proof is simpler, makes the argument more transparent.
Let D, and A, be defined by (1-16) with {/(0) =0 and ||V ||e0c < M.

Lemma 8.1. Let u, € H'(Dy; R?) be a weak solution of Lo(ug) = F in Dy with ug = f on Ay. Then
there exists v € H' (Dy; RY) such that Lo(v) = F in D1, v= f on Ay, and

lue = vllz2pyy < Ce{lluell2ipy + 1F 2y + 1 Izean + 1Vin fllzean ), (81
where C depends only on d, k1, k3, and M.
Proof. By Caccioppoli’s inequality,

/ IVMSIZSC{/ |ug|2+/ |F|2+||f||ioo(A2)+||vtanf||iM(A2)}.
D3> D, D,
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By the coarea formula this implies that there exists some ¢ € [%, %] such that

/ <|Vu€|2+|ua|2>sc{/ |ue|2+/ |F|2+||f||%oo(A2>+||vtanf||%oo<A2>}.
dD\ A D> Dy

Let v be the weak solution to the Dirichlet problem,
Lo(v)=F in D, and v=u, ondD;.
It follows from Remark 2.8 that

lue —vllz2pyy < llue —vli2(p,)
1/2
< Ce"*{lluellmop,) + 1 Fll2 oy )
12
<ce" {luel 22y + IF 2Dy + 1 f 220 + 1 Vian f Lo (an) }-

where C depends only on d, k1, k2, and M. O

Lemma 8.2. Lete <r < 1. Let u, € H (D,,; RY) be a weak solution of Le(ug) = F in Dy, withu, = f
on Aa,. Then there exists v € H'(D,; R?) such that Lo(v) = F in Dy, v = fonA,, and

1/2
(][ |u8—v|2)
D,
12 12
sC(e/r)W{(][ |ug|2) +r2(][ |F|2> +||f||Loc<A2,>+r||vmnf||mmz,>}, (8-2)
D2r D2r

where C depends only on d, k1, k2, and M.
Proof. This follows from Lemma 8.1 by rescaling. (I

In the rest of this section we will assume that the defining function ¥ in the definition of D, and A, is
C for some « € (0, 1) with ¥ (0) = 0 and IV | coma-1y < M.

Lemma 8.3. Let v be a solution of Lo(v) = F in D, withv = f on A,. For 0 <t <r, define

1 1/2 1/p
G(t;v) =~ inf lv—Mx—q|*) +1¢* IFI” )+ f —Mx—qllzea)
t MeRddxd D, D,

+t”vtan(f_Mx_Q)||L°°(A,)+tl+a||vtan(f_Mx_Q)”CO’U(A,)}, (8-3)

where p > d and o € (0, @). Then there exists 6 € (O, %), depending only on d, p, k1, k2, 0, ¢ and M,
such that

G(Or;v) < 3G(r; v). (8-4)

Proof. The lemma follows from the boundary C'* estimates for elasticity systems with constant
coefficients. We refer the reader to [Armstrong and Shen 2016, Lemma 7.1] for the case L£o(v) = 0. The
argument for the general case F' € L? with p > d is the same. ]



BOUNDARY ESTIMATES IN ELLIPTIC HOMOGENIZATION 687

Lemma 84. Let0 < ¢ < % Let ug be a solution of L, (ug) = F in Dy withu, = f on Ay. Define

1 . ) 1/2 5 1/p
H(r)=— inf lug = Mx —q| +r \FI”) +If —Mx—qlle=~a,)
r MERddxd Dr Dr
R

qe
+ 7| Vian(f — Mx — q)llL>(a,) +’”1+G||Vtan(f —Mx — Q)”CW(A,)} (8-5)
and
| 1/2 1/p
®(r) =~ inf :(][ Iug—qlz) +r2(][ IFI") +”f_CI”LOO(Az,)+r”vtanf||L°°(Az,)}» (8-6)
" geR? |\ J D, Ds,

where p > d and o € (0, o). Then
1/2
H@Or) < LH() + C(g) ®(2r) (8-7)

foranyr € [8, %], where 0 € (0, ;ll) is given by Lemma 8.3.
Proof. Fix r € [8, %] Let v be a solution of Ly(v) = F in D, with v = f on A,. Observe that

1/2
H(er)gi(][ |us—v|2) +GOr: V)
Doy

12
(][ Ius—vlz) +1G(@r;v)
Dy,
12
(f |us—v|2) +3H(r),
Dr

where we have used Lemma 8.3 for the second inequality. This, together with Lemma 8.2, gives

eN/2] 5 1/2 ) ) 1/2
H©r < 3HE) +C(%) ;{(][ |u8|) +r(][ |F|) +||f||Loo<A2,)+r||vtanf||Loo(A2,>}.
Dy, D»,

Since H (r) remains invariant if we subtract a constant from u,, the inequality (8-7) follows. O

)
3

IA
SIS

IA

hlle!

Lemma 8.5. Let H(r) and h(r) be two nonnegative continuous functions on the interval (0, 1]. Let
O<e< zlt' Suppose that there exists a constant Cy such that

max H(t) < CoH(2r),
r<t<2r
(8-8)
max2 lh(t) —h(s)| < CoH(2r)
r<t,s<2r
foranyr e [8, %] We further assume that
H(Or) < 1H @) + Cow(e/r){H(2r) +h(2r)} (8-9)

foranyr e [8, %] where 0 € (0, l) and w is a nonnegative increasing function [0, 1] such that w(0) =0

1
/ 0 4t - . (8-10)
0 t

and
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Then
maxl{H(r)+h(r)}§C{H(1)+h(l)}, (8-11)

where C depends only on Cy, 0, and .

Proof. It follows from (8-8) that
h(r) <hQ2r)+ CoH(2r)

forany e <r < % Hence,

a r - a r 0 a r

L'h V'H
:/ ﬂdr—{—Co ) dr,
2a

r 2a r

where ¢ <a < %. This implies

2a h 1 h 1 H
/ ) 4 < / ") g 4 c ™) 4
a r 12 2¢ T

VH(r)

2a r

<C{h(h+HM}+C dr,

which, by (8-8), gives

{ VH(r)
h(a) <C H(2a)+h(1)+H(1)+/ dr}
2

a r

<cln " H(r)
<C{hM+HM+ | —=dr (8-12)

forany a € [8, %]
Next, we use (8-9) and (8-12) to obtain

(r)

H@Or) <5 H(r)—I—Cw(e/r){h(l)—i—H(l)}—I—Cw(e/r)/

It follows that

1
H(r) - &d +C{h(1)+H(1)}+C/ a)(s/r)I @d}r

& r

where o > 1 and we have used the condition (8-10). Using (8-10) and the observation that

1 1 1o
/ w(s/r){ @d } - =/ H(t){// is) ds}—<(4C) 1/ H(t)—
oE r oE e/t

if @ > ap(w), we see that

0 H(r) dr<l/l H(r)
r -2 r

4 1 (' H(r)
r+Colh(l)+ H(1)} + 7
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It follows that

1
/ Hr(r) dr < C{h(1) + H()}, (8-13)

which, together with (8-8) and (8-12), yields the estimate (8-11). U

Proof of Theorem 1.4. We may assume that 0 <& < 7. Let u, be a solution of L, (u;) = F in Dy with
u, = f on Ay, where F € L? (D) for some p > d and feCh?(Ay) for some o € (0, «). Forr € (0, 1),
we define the function H (r) by (8-5). It is easy to see that H(¢) < CH(2r) if t € (r, 2r).

Next, we let h(r) = |M,|, where M, is the d x d matrix such that

. , 1/2 , 1/p
H(r) = - inf lue — Myx —q| +r |F|P +I1f—Mrx —qllLe,
I ger? D, D,

+7[Van(f — M, x — Q)”L“(Ar) 'i‘rH_Or | Vian (f — My x — Q)”CO‘”(A,.)}~

Let ¢, s € [r, 2r]. Using

12
M, — |<—mf(][ (M, — M)x—q|)

geRd

1/2 1/2
5—1nf(][ lu, — M,x—q|> +—1nf(][ lu, — Mx—ql)
I geRd S geRd

=C{H()+ H(s)}
<CHQ(2r),
we obtain
max |h(t) —h(s)| < CHQ2r).

r<t,s<2
Furthermore, if @ is defined by (8-6), then
o) < HQr)+h(Qr).
In view of Lemma 8.4 this gives
HOr) < $H(r)+ Co(e/r){H@2r) +h(2r)}

forr e [ ] where w(r) = t!/2. Thus the functions H(r) and h(r) satisfy the conditions (8-8), (8-9)
and (8-10) in Lemma 8.5. Consequently, we obtain that for r € [ , %],

i 1/2
inf —(][ lug —qlz) <C{H(r)+h(r)}
D,

geRd ¥

< C{H(1) +r(D)}

12
SC{<][ |”s|2> +”F||LP(D1)+”f”ClvU(Al)},
D,

which, together with Caccioppoli’s inequality, gives the estimate (1-18). ]
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The argument used in this section may be used to prove the interior Lipschitz estimates, down to the
scale ¢.

Theorem 8.6. Suppose that A satisfies (1-2)—(1-3). Let u, € H L(B(xo, R); R?) be a weak solution of
Le(ue) = F in B(xg, R) for some xy € R? and R > 0, where F € L”(B(xy, R); [Rd)for some p > d. Then,
fore <r <R,

12 1/2 1/p
(][ |Vus|2) sc{(][ |Vug|2) +R(][ |F|P) } (8-14)
B(xo,r) B(x0,R) B(x0,R)

where C depends only on d, k1, k3, and p.

9. Lipschitz estimates in C** domains, part II

In this section we study the Lipschitz estimate, down to the scale &, with Neumann boundary conditions,
and give the proof of Theorem 1.5. Throughout this section we will assume that the defining function ¥
in D, and A, is C'* for some « € (0, 1) and IV | co(ma-1y < M.

Lemma 9.1. Ler Q be a bounded Lipschitz domain. Let u, € H'(Q; R?Y) be a weak solution to the
Neumann problem: Lo(u;) = F in Q and du, /v, = g on 3. Then there exists w € H'(2; RY) such
that Lo(w) = F in Q, dw/dvy = g on 02, and

lus = wl2@) < Ce'{lgl 200 + 1 Fll 2@ }- (9-1)

Proof. Choose ¢, € R such that u, —¢. L R in L2($2; RY). Let ug be the weak solution to the Neumann
problem: Lo(up) = F in 2 and dug/dvy = g on €2 with the property ug L R. It follows from Remark 2.8
that

lue — de —uoll 2y < Ce'*{lgll 250 + I Fll 20 }-
By letting w = ug + ¢, this gives (9-1). ([

Lemma 9.2. Let ¢ <r < 1. Let u, € H'(Ds; R?) be a weak solution of Lo(ug) = F in Dy, with
dug/0v, = g on Ay,.. Then there exists w € H'(D,; R?) such that Lo(w) = F in D, ow/dvg =g on A,,

and
1/2 1/2 1/2
(][ |u8—w|2> SC(e/r)1/2{<][ |us|2) +r2(][ |F|2) +r||g||Loo<A2,>}, 9-2)
D, Dy, D»y

where C depends only on d, k1, kp, and M.

Proof. By rescaling we may assume r = 1. As in the case of Dirichlet conditions in Lemma 8.2, the
desired estimate follows from Lemma 9.1 by using the coarea formula and the Caccioppoli inequality

/ |Vu8|zsc{/ |u3|2+f |F|2+||g||%m(Az)}, (9-3)
D32 Dy D>

where L. (u.) = F in D, and du,/dv, = g on Aj. U
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Lemma 9.3. Let w be a solution of Lo(w) = F in D, with dw/0vy = g on A,. For 0 <t <r, define

1 1/2 1/p
I(t;w)=~ inf lw—Mx—q|*) +1° |F|P
t MeRddX‘f D, D,

geR

4 t1+o
Lo(A)

o £4w—Mm (9-4)

Vo

8( Mx)
_w_
31)() o

CO’“(Ar)}

where p > d and o € (0, o). Then there exists 0 € (O, %), depending only on d, p, k1, k2, 0, & and M,
such that
10r;w) < 31(r; w). (9-5)

Proof. By rescaling we may assume r = 1. The lemma then follows from the boundary C'¢ estimates
with Neumann boundary conditions in C'** domains for elasticity systems with constant coefficients. [J

Lemma 94. Let0 < ¢ < % Let u, be a solution of Lc(u.) = F in Dy with du./dv, = g on Ay, where
F e L?(Dy; [R{d)for some p >d and g € C° (Ay; Rd)for some o € (0, «). Define

| 1/2 1/p
J(r)=— inf {(][ |us—Mx—q|2) +r2(][ |F|P)
r MeR"IX“ D, D,

geRe

) 9
+rlg——(Mx) +r!tollg — — (Mx) }
& 81)() L®(A,) & 81)() CO,U(Ar) (9-6)
and
1 1/2 1/p
wr)=—inf{(][ |u£—q|2) +r2(][ |F|p) +r||g||Loc<A2,>}. (9-7)
rqERd Dy, D,
Then
J(Or) < 3J(r)+C(e/r)'/>W(2r) (9-8)

foranyr € [8, %] where 0 € (0, 4—11) is given by Lemma 9.3.

Proof. Fix r € [s, %] Let w be the function in H!(D,; RY) given by Lemma 9.2. Then
| 1/2
s < 16w+ 5 (f - up)
Or Do,

| 12
<ll . _ _ 2
< bt b (f e

C 1/2
<31+ —(f |ue — w|2> :
r Dr

where we have used Lemma 9.3 for the second inequality. In view of Lemma 9.2, this gives

C 1/2 1/p
J(9r>s§1<r>+—{(][ |ua|2) +r2(][ |F|P) +r||g||Loo<A2,)},
r D», D>,

from which the estimate (9-8) follows, as the function J(r) is invariant if we replace u, by u, — g for any
g € R4 O
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Proof of Theorem 1.5. With Lemma 9.4 at our disposal, Theorem 1.5 follows from Lemma 8.5, as in the
case of Dirichlet boundary conditions. We omit the details. (I

As we indicate in the Introduction, under additional smoothness conditions, the full Lipschitz estimates,
uniform in ¢, follow from Theorem 1.4, Theorem 1.5, and local Lipschitz estimates by a blow-up argument.

Corollary 9.5. Suppose that A satisfies (1-2)—(1-3). Also assume that A is Holder continuous. Let
u, € HY(B(0, 1); R?) be a weak solution of Lo(us) = F in B(0, 1), where F € L?(B(0, 1); Rd)for some
p >d. Then

IVuellLo0.1/2)) < Cpflluellrzao,1y) + 1 FlliLrso.1y}- 9-9)

where C,, depends only on d, p and A.

Corollary 9.6. Suppose that A satisfies (1-2)—(1-3). Also assume that A is Holder continuous. Let
u, € H'(Dy; RY) be a weak solution of L(ug) = F in Dy with u, = f on Ay, where the defining
function  in Dy and Ay is C1 with VY|l cora-1y < M for some a > 0. Then

”vué‘”Lo‘)(D]/z) =< C{ ”ué‘”Lz(D]) + ||F||LP(D1) + ||f||Cl~‘7(A1)}’ (9_10)
where p > d, o € (0, @), and C depends only ond, p,o, A, o and M.

Corollary 9.7. Suppose that A, D| and A satisfy the same conditions as in Corollary 9.6. Let u, €
HY(Dy; RY) be a weak solution of L(ug) = F in Dy with dug/dv, = g on Ay. Then

||Vu8||L°C(D1/2) =< C{””S”LZ(D]) + ||F”LP(D1) + ||g||CJ(A1)}9 (9_11)
where p > d, o € (0, @), and C depends only ond, p,o, A, o and M.

As we mentioned in Introduction, for £, with coefficients satisfying (1-11), (1-3) and the Holder
continuity condition, estimates (9-9) and (9-10) were proved in [Avellaneda and Lin 1987], while (9-11)
was established in [Kenig et al. 2013; Armstrong and Shen 2016].
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