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Structure of Hecke algebras
of modular forms modulo p

Shaunak V. Deo

Generalizing the recent results of Bellaiche and Khare for the level-1 case, we
study the structure of the local components of the shallow Hecke algebras (i.e.,
Hecke algebras without U, and U, for all primes ¢ dividing the level N) acting
on the space of modular forms modulo p for I'y(N) and I'; (N). We relate them
to pseudodeformation rings and prove that in many cases, the local components
are regular complete local algebras of dimension 2.

1. Introduction

The p-adic Hecke algebra acting on modular forms of level N of all weights, which
is generated by the Hecke operators away from Np, has been well studied in the
past due to its connection with p-adic families of modular forms and deformation
rings of Galois representations (see [Emerton 2011] for the precise definition and
more details). One can similarly define a mod p Hecke algebra acting on modular
forms modulo p of level N (in the sense of Serre and Swinnerton-Dyer) of all
weights. The main aim of this paper is to study the structure of these Hecke algebras
acting on modular forms modulo p and their relation with suitable deformation
rings in characteristic p. These objects were previously studied by Jochnowitz
[1982], Khare [1998], Nicolas and Serre [2012a; 2012b], and Bellaiche and Khare
[2015]. In this article, we generalize, with minor changes, the results Bellaiche and
Khare [2015] proved for p > 5 and N = 1.

Before proceeding further, we fix some notation. In all of this paper, we fix
a prime number p > 3 and a positive integer N > 1 not divisible by p. We
shall denote by K a finite extension of Q,, by O the ring of integers of K, by
p the maximal ideal of O, by m the generator of p and by F the finite residue
field of O. We call Gg,n, the Galois group of a maximal algebraic extension
of Q unramified outside {¢ s.t. £| Np} U {oo} over Q. For a prime g not dividing
Np, we denote by Frob, € Gg,n, a Frobenius element at g. We denote by ¢ a
complex conjugation in Gg,n,. We write Gg, for Gal(Q,/Qy) for every prime
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¢ dividing Np. There are natural maps i¢ : Gg, — Gq,np, Well defined up to
conjugacy. For every prime ¢ dividing Np, we write [, for the inertia subgroup of
Gq,. For a representation p of G, np, we shall denote by PlGaq, the composition
of i, with p: this is a representation of Ggq,, well defined up to an isomorphism.
We denote by w, : Gg,np, — F* the cyclotomic character modulo p.

We will now define the Hecke algebra that we want to study and the space of
modular forms on which it acts. For the rest of the introduction, I" means either
['1(N) or 'g(N) and I'(M) means either I'j (M) or ['g(M) accordingly. Following
[Bellaiche and Khare 2015] (henceforth abbreviated as [BK]), we shall denote
by S kr (O) the module of cuspidal modular forms of weight k for I' with Fourier
coefficients in @. We see it as a submodule of O[[¢]] by the g-expansion. We
denote by SL «(O) the submodule Zi=k SF(O) of Ollgq]l. Note that this sum is
direct (see [BK Section 1.2]). We denote by SL < (F) the image of ST < (O) under the
reduction map O[g]] — Fllg]l, which reduces each coefficient of a power series in
Ollg]l modulo p. Thus, ST, (F) = Y"/= ST(F), where ST (F) is the space of cuspidal
modular forms of Weight_i for I" over F in the sense of Serre and Swinnerton-Dyer,
i.e., it is the image of ST(O) under the reduction map considered above. The map
Szk (0)/pSL < (0) — ST <« (F) is surjective but not an isomorphism in general. Let

sty = Us L(O0) and ST(F) = Us L(F).

All the modules considered above have a natural action of the Hecke operators 7},
for (n, Np) = 1. We denote by TF the O-subalgebra of End@(S «(0)) generated
by the T,,’s with (n, Np) = 1. We denote by AF the [F- subalgebra of Endg (St < (F)
generated by the 7,,’s with (n, Np) = 1. From the relations between the Hecke
operators, we see that T,E or A,I; is generated by the Hecke operators 7, and S, for
primes g not dividing Np (see [BK, Section 1.2] for more details). Here, S, is the
operator acting on forms of weight k as the multiplication by (g)g*~2, where (g) is
the diamond operator corresponding to q.

We have a natural morphism of F-algebras T; /pT; — A;, which is surjective,
but in general not an isomorphism. We set

T'=1imT; and A" =limA}.

Thus, the Hecke algebras T' and A" act on ST(©) and S'(F), respectively. We
obtain a surjective map T /pT! — A" from the surjective maps considered above.
We call A" the Hecke algebra modulo p of level I' and this is the central object of
our study.

The rings T' and A" are complete and semilocal. Actually, if F is large enough,
then, by the existence of Galois representations attached to eigenforms and by the
Deligne—Serre lifting lemma, the maximal ideals, and hence the local components of
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both T and AT, are in bijection with the set of isomorphism classes of I'-modular
Galois representations p : Gg, np — GL2(F) (see [BK, Section 1.2] for more details).
Here and below, I"-modular means that p is the semisimplified reduction of a stable
lattice for the Galois representation p : Gg, np — GL2(K) attached by Deligne to
an eigenform in ST(O). Observe that, since p is odd, if 5 is irreducible, then it
is absolutely irreducible. We define T} and A] to be the local components of T"
and A" corresponding to a I-modular representation 5. These rings are complete
local rings. The surjective map T' /pT! — Al sends Tg /pTg onto Ag. As AT
(resp. TT) is semilocal and an inverse limit of artinian rings, A" (resp. T') splits
into the product of its local components. Thus, it is enough to study the structure
of each local component to understand the structure of A", once we determine the
number of its local components.

The advantage of working with the local components is that one can relate
them to suitable deformation rings. By gluing pseudorepresentations attached to
modular eigenforms of level I" lifting the system of eigenvalues corresponding to
a I'-modular representation p, one gets a pseudorepresentation of G, y, taking
values in Ag and deforming (tr p, det p). Let Iég be the universal deformation ring
with constant determinant of the pseudorepresentation (tr p, det o) in the category of
local, profinite F-algebras with residue field F. The pseudorepresentation obtained
above induces a local, surjective morphism R0 — Ar when either I' = I'o(N)
or pt¢(N) and I' = I'{(N). Otherwise, it 1nduces a local surjective map R0
(AQY )yred See Section 2 for more details.

We define a I'-modular representation p to be unobstructed if the tangent space
of ﬁg has dimension 2. If f is irreducible and p{¢(N), then p is unobstructed in
our sense if and only if it is unobstructed in the sense of Mazur [1989, Section 1.6].
But our notion is weaker than Mazur’s notion if p|¢(N). See Section 10, where
the notion of unobstructedness is studied in detail.

We prove the following results concerning the Hecke algebra Ar and its relation
with the deformation ring R0

Theorem 1. Let ' = I'{(N) or ['o(N). If p is a I'-modular representation, then
both Rg and Aplj have Krull dimension at least 2.

Theorem 2. Suppose either ' = To(N) or pt¢(N) and T =T 1(N). If pisa
I'-modular representation which is unobstructed, then the morphism Rg — Ag
is an isomorphism, and AF is isomorphic to a power series ring in two variables
Fllx, y1. If pl¢(N) and p is an unobstructed I"1{(N)-modular representation, then
the morphism R0 (AFl(N Nyred s an isomorphism, and (Ar'(N nred js isomorphic
to a power series ring in two variables F]lx, y].

In the last section, we shall give some conditions under which a I'{(N)-modular
representation p is unobstructed and the corresponding local component Agl(N )
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is not reduced: see Proposition 27 and Proposition 28. We shall also give some
examples of nonreduced Hecke algebras: see the remarks and discussion after
Proposition 28.

Remark. (1) Our approach to prove Theorem 1 and Theorem 2 does not depend
on whether p is irreducible or not. This is mainly because the results that we
use from deformation theory of Galois representations are available for both
reducible and irreducible p’s. So, the proof does not become simpler when p
is irreducible.

(2) Note that from Theorem 2, it follows that if p is a I'g(N )-modular representation
which is unobstructed and if p{¢ (N), then the natural restriction morphism
Ag'(N) — AEO(N) is an isomorphism. In fact, if p{¢(N), then this happens
for any I'g(N)-modular representation p. Indeed, fixing such a p, we see
that the corresponding system of eigenvalues for the diamond operators is
trivial. As p{¢(N), by Hensel’s lemma, any system of eigenvalues lifting o
is trivial for the diamond operators. Hence, the diamond operators act trivially
on S'M(0),. Therefore, ST (0); = ST*N(0) 5. So, THHM and THoN)
are isomorphic. Thus, AJ'™) and A7) are isomorphic for all the [o(N)-
modular representations p if p does not divide ¢ (N). However, this argument
breaks down if p divides ¢ (N).

Theorem 3. Assume that p is a I'1{(N)-modular representation coming from a
newform of level N and is absolutely irreducible after restriction to the Galois
group of Q(¢p). If £|N, ple* —1 and PlGq, is unramified, then assume 02|N.
IfEIN, plt—1, and plge, is reducible, ramified and not a sum of two ramified
characters, then assume that the highest power of € dividing N is greater than the
highest power of £ dividing the Artin conductor of p. If p|G@ is reducible, assume,
in addition, that ,0|G@ is not isomorphic to x ® ( ) norto x @ (0 J ) where x is
any character Gg, — F*. Then Agl(N) has Krull dzmenszon 2. Moreover (RO)“"]l
is isomorphic to (AFl(N )yred,

Similarly, if p is a T'o(N)-modular representation satisfying the hypotheses as
above, then AFO(N ) has Krull dimension 2. Moreover, if p does not divide ¢ (N),
then (RO)recl is lsomorphzc to (AFO(N))red

These results are generalizations of Theorem III, Theorem I and Theorem II
of [BK], respectively. Note that, it is possible to have mod p deformation rings
with constant determinant which are nonreduced, but we do not know of any such
examples.

Remark. If pt N, then we know that the module of mod p modular forms for
['1(N) is the same as the module of mod p modular forms for I'{ (Np®) for e > 1
(see the remark after Corollary 1.3.6 on page 23 of [Gouvéa 1988] for more details).
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Hence, the corresponding mod p Hecke algebras are also the same. So, even though
we are assuming that p{ N, all the theorems that we prove for mod p Hecke algebras
for I'{(V) above will still be true without this assumption on N.

Note that, Theorem 2 easily follows from Theorem 1 and the definition of
unobstructed.

The idea of the proof of Theorem 1 is similar to the idea used in proving
Theorem III in [BK]. So, we try to find a relation between the characteristic-0
Hecke algebra Tg with the characteristic-p Hecke algebra Ag. However, there are
some difficulties, such as ST(0) ®¢ F not being isomorphic to S'(F), in comparing
them directly. To overcome this problem, like Bellaiche and Khare [2015], we
also work with the divided congruence modules of Katz. Using the results of
Katz and the methods of [BK], we get the relation between characteristic-0 and
characteristic- p full Hecke algebras, i.e., the relation between the characteristic-0
and characteristic-p Hecke algebras generated by the Hecke operators T, ¢S, for
primes g not dividing Np, U, for primes ¢ dividing N and U,.

Now, we need to analyze how the addition of the U, and U, operators changes
our Hecke algebras in characteristic 0 and p. We can control the change caused by
the U, operator in a similar way to that done in the level-1 case in [BK]. This allows
us to get a relation between Hecke algebras in characteristic 0 and p generated by
Hecke operators away from p. Note that, the proof for the N = 1 case finishes
at this step. However, for N > 1, we still need to study the effect of adding the
extra operators U, for primes ¢ dividing N to our original Hecke algebras. This
differentiates the case of N > 1 from N = 1. In this direction, we prove that in
characteristic 0, if p is new, i.e., if p is not I'(N’)-modular for any proper divisor
N’ of N, then the operator U, acting on ST(0); is integral over Tg for every
prime ¢ dividing N. This gives us the finiteness of the U,’s over the mod p Hecke
algebra automatically for a new p and, along with the Gouvéa—Mazur infinite fern
argument, leads us to Theorem 1 in those cases. Finally, we prove that if p is
also a I'(M)-modular representation for some M dividing N, then the natural map
Ag — AE(M ) is surjective using the pseudorepresentation attached to it and the
Chebotarev density theorem. Theorem 1 in the case where p is new, along with the
surjectivity established above, leads us to Theorem 1 for all the local components
of the mod p Hecke algebra. We would like to point out that, in contrast with [BK],
our method does not give the precise kernel of the map Tg — Ag in all the cases
while proving Theorem 1. However, in many cases, we can find the kernel up to
some nilpotence.

To prove Theorem 3, we need to use a result of Béckle and flatness of T V)
over the Iwasawa algebra O[[ T']] which is proved in the same way as in [BK]. This,
along with Theorem 1, would imply the first part of Theorem 3. We prove, using
techniques and results similar to the ones sketched in the previous paragraph, that
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the map Tg'(N ) /(p, T) — Agl(N ) has nilpotent kernel if p satisfies the hypotheses
of Theorem 3. We use it, along with the results of Bockle, to conclude the second
part of Theorem 3 for the I'j (V) case. The theorem for the I'g(N) case then follows
easily from the theorem for the [';(N) case.

Finally, we would like to remark on a possible generalization of these results
to the case of Hilbert modular forms. A well behaved theory for mod p Hilbert
modular forms with arbitrary weights, which includes a lot of tools and facts for
mod p modular forms that we use, is available (see the works of Andreatta and
Goren [2005] for more details). Moreover, an analogue of the Gouvéa—Mazur
infinite fern argument is also true for certain local components of the p-adic Hecke
algebra acting on the space of Hilbert modular forms due to work of Chenevier
[2011, Theorem 5.9]. However, contrary to the case of modular forms, the theory
of divided congruence modules of Katz, and properties of Hecke operators acting
on them, is not known for Hilbert modular forms. We expect results similar to
what we have proved above to hold for Hilbert modular forms once we know the
theory of divided congruence modules of Hilbert modular forms and the infinite
fern argument for all the local components. The results will depend on the space of
mod p Hilbert modular forms we consider. For instance, we expect the lower bound
on the Krull dimension of the mod p Hecke algebra for Hilbert modular forms of
parallel weights to be 2, while the corresponding lower bound for the mod p Hecke
algebra for Hilbert modular forms of arbitrary weights to be 2n, where n is the
degree of extension of the totally real field over Q.

2. Deformation rings and Hecke algebras

The goal of this section is to relate mod p Hecke algebras with appropriate defor-
mation rings.

Using [Bellaiche 2012b, Step 1 of the proof of Theorem 1], which is essentially an
argument of gluing pseudorepresentations attached to modular eigenforms of a fixed
level and all weights, we get the following lemma (see also [BK, Proposition 2]):

Lemma 4. Let I" be either I'o(N) or I'{(N). For a I'-modular representation p,
there exists a unique continuous pseudorepresentation

«".8"): Ganp — T

such that t"(¢) = 0, ‘L'F(Frobq) =T, and 8F(Fr0bq) = g8, for all the primes q not
dividing Np. We have

- (momeg) =trp and st (momepc) =det p.

By composing (t*, 87 with the natural morphism 'I]'plj — Ag, we get a pseudorep-
resentation (t©, ") : Gao.np — Ag lifting (tr p, det p).
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A deformation (z, d) of a pseudorepresentation (7, d) is called a deformation
with constant determinant if d = d.

Lemma 5. If ' =To(N) orif pt¢(N) and T = T'{(N), then for a T-modular rep-
resentation p, (FV,8") isa deformation of (tr p, det p) with constant determinant.

Proof. Let g be a prime not dividing Np. Note that, in the I'o(N) case, S, acts as
multiplication by g2 on a weight k modular form with Fourier coefficients in O.
If two modular forms of level N are congruent modulo p, then their weights are
congruent modulo p — 1. So, S, acts like a constant on STO™)(F); for every p.
Since & 1ﬂ(Frobq) = ¢S, and the set of Frob, for primes ¢ not dividing Np is dense
in Gq,np, we get that 8T is constant and we are done in the I'o(N) case.

Applying the same reasoning to the I'j(N) case, we get that, for every prime ¢
not dividing Np, S, acts like ¢, (g) on S TN (F) 5» Where ¢ is an invertible constant.
Since S, € Agl(N ), it follows that (g) € Ag 1) for every prime ¢ not dividing Np. If
p does not divide ¢ (N ), then the order of every diamond operator (g) is coprime to p.
We have chosen [ to be large enough so that it contains all the mod p system of eigen-
values. Thus, by Hensel’s lemma, (¢), and hence S, will be constant in AT*") for
every p and every prime g not dividing Np. Therefore, 8T is constant in the ['1(N)
case if p does not divide ¢ (N), by the same argument as in the ['o(N) case. [

If p|¢(N), then the determinant 5 may not be constant. See Section 10 for
more details. If the order of (g) is p¢, then ((¢) —1)?" =0 in ATI™). Therefore, in
(AD1M)red e have (q) =1 for all such (g). Thus, from the proof of the lemma
above, it follows that if p|¢(N), then the determinant

(SFI(N))red . G@,Np N ((Agl(N))red)*
is constant.

Let R; be the universal deformation ring of the pseudorepresentation (tr o, det o)
in the category of local profinite O-algebras with residue field F, ﬁﬁ be the corre-
sponding universal deformation ring mod p and Rg be the corresponding universal
deformation ring mod p with constant determinant (see [Chenevier 2014; BK,
Section 1.4] for more details regarding the existence and properties of these rings).
For a I'-modular representation /5, the pseudorepresentation (¢!, 8") defines a local
morphism R; — Tr which is the identity, modulo their maximal ideals. Similarly,
we get a local morphrsm R — AF From the previous paragraphs, we see that the
morphism R — AF factors through R0 ifC=Tg(N)orif pt¢(N)and ' =T (N).
However, thls is not true in general. But from the above discussion, we see that for
a I'{(N)-modular representation 5, the map R; — (AQY nred factors through 152.
All the morphisms considered above are surjective. Indeed, for a prime g not divid-
ing Np, the images of the trace and the determinant, coming from the universal pseu-
dorepresentation of Frob,, under the morphisms above are T, and ¢ S, respectively.
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3. Relation between the full Hecke algebras in characteristic 0 and p

The goal of this section is to obtain a relation, similar to [BK, Proposition 16],
between the full Hecke algebras, but for both the cases, I'1(N) and I'g(N). We follow
the approach of [BK]. We briefly recall, without proofs, some important results of
the theory of divided congruences of Katz needed for our purpose. Then, we state
some results about the comparisons of various Hecke algebras; these are similar to
the results given in Sections 3—6 of [BK], and since their proofs are more or less the
same, we do not give them in full detail here. Instead, we mostly refer readers to the
proofs of corresponding results in [BK] and provide some additional details when
required. In this section, we follow the notation of [BK] for the divided congruence
modules and the Hecke algebras along with an additional index representing the
level. For instance, DT'™)(©) will represent the divided congruence module of
cuspidal forms for I'j(N) over O. These modules and the Hecke algebras acting on
them are defined in exactly the same way as their level-1 counterparts in [BK] after
making appropriate level changes. The main references for this section are [Katz
1975; Hida 1986; BK]. Throughout this section, I" means either I'{(N) or I'o(NV).

3.1. The divided congruence modules of Katz. In this and the following subsec-
tion, we quickly list all the results that are needed from the theory of divided
congruence modules. These results are the level-N counterparts of the results that
appear in [BK].

We now define the divided congruence modules of Katz. Let st <1 (K) be the
subspace of K[[¢] given by Z’ —ks 1ﬂ(K ), where Sir(K ) is the space of cusp forms
of weight i and level I with Fourler coefficients in K, which is identified as a
subspace of K[[¢] via g-expansions. Let Dzk (O) be the O-submodule of O[¢]l
given by the intersection of ST <« (K) with O[[¢]l. These modules are called divided
congruence modules because they capture congruences between cusp forms of
different weights (see Remark 3 of Section 2 of [BK] for more details). We define
ng(F) as the image of ng(O) under the reduction map O[[g]] — Fllg]. Let

D"(©0)=|_J P50 and D'(F) =] DL, (.
k=0 k=

We call D'(©) the divided congruence module of cuspidal forms of level I" and
D' (F) the divided congruence module of cuspidal forms modulo p of level I'. See
Section 2 of [BK] for more details.

Lemma 6. The natural map D <% (0)®o F — DY <« (F) is an isomorphism.

Proof. If f € DL <1 (0) lies in the kernel of the natural surjective map

DL, (0) - DL(P),
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then f/m lies in both SEk (K) and O[[¢]. Hence, it lies in ng (O) which implies

the lemma. See the proof of Lemma 5 of [BK]. U

We now recall, without proof, two theorems of Katz which relate the divided
congruence module of cuspidal forms mod p of level I with the space of mod p
cuspforms of level I':

Proposition 7 [Katz 1975, Corollary 1.7]. (1) There exists a unique action of
Z; X (Z/NZ)* on D"'"W)(©), denoted by ((x, ), f) — (x,y).f, such that
Jor (x,y) € % x (Z/N2)*, and f € S;*™(0) c D"'™M(0),

(x,y).f =x* () f.

(2) There exists a unique action of 7, on DI () denoted by (x, f) — x.f
such that for x € 7%, and f € S}*V)(0) c DM (0),

x.f:xkf.

Theorem 8 [Katz 1975, Section 4]. The space S'(F) is the space of invariants of
1+ pZ, acting on DI(F).

See also [Hida 1986, Theorem 1.1].
The two results of Katz recalled in this subsection are proved only for p > 3.
We do not know whether they also hold for p =2, 3.

3.2. Hecke operators on the divided congruence modules. On D" (©) we can
define the Hecke operators T, and S, for primes ¢ not dividing Np, and Uy, for
primes £ dividing N. Their action on the g-expansions is given in the same way
as it is given on the g-expansions of the classical modular forms. See the proof of
Corollary-and-Definition 7 of [BK] and [Hida 1986, page 243] for more details.

Now we introduce partially full Hecke algebras which are generated by the U,’s
for every prime ¢ dividing N along with the 7,,’s for (n, Np) = 1. We denote these
Hecke algebras by supplementing the index with pf. Thus, TLPf is the O-subalgebra
of End@(SEk (O)) generated by the T,,’s with (n, Np) = 1 and U,’s with prime ¢
dividing N , while A,E’Pf is the F-subalgebra of End[F(SEk(I]:)) generated by the 7,,’s
with (n, Np) = 1 and U,’s with prime £ dividing N. We can consider the projective
limits

-l]—F,pf — l(iLn-H—II;,pf’ Al",pf — @Ag,pf‘

Lemma9. (1) The subalgebra of End@(DE «(0)) generated by the Hecke oper-

ators Ty, S, for primes g not dividing Np and Uy for primes £ dividing N is

naturally isomorphic to T,l:’pf.

(2) The subalgebra of Endp (ng((’))) generated by the Hecke operators T,, S,
for primes q not dividing Np is naturally isomorphic to T}:.
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Proof. Both parts of the lemma follow from the observations that Sgk (O) is a
cotorsion submodule of DE k (O) and that the action of Hecke operators on DL <(0)
extends their action on S «(O0). Indeed, as ST <(0) is a cotorsion submodule
of ng(O) if f e DL k(O) then 7" f € ST < (0) for some n which implies that a
Hecke operator vanishing on SL < (O) also vanishes on D <¢(0). See the proof of
Lemma 8 of [BK] for more details. ]

Lemma 10. (1) The homomorphism ¢ : 7}, — Endp(D"'™)(0)), defined by
d(x)f = (x,1).f for f € D"""N(O), takes values in the subalgebra T"1V)
and hence, in TF1V)-pf,

(2) The homomorphism ¢ : Z; — Endp (DTN (0)), defined by ¢ (x) f = x. f for
f € DY), takes values in the subalgebra T™™) and hence, in TToNV)-Pf,

Proof. The proof of part (1) is almost the same as the proof of Lemma 9 of [BK].
We only need to change the last step of the proof slightly, so we sketch it briefly here.
Following the same proof, we see that TI®) is a closed subset of Endp (DT'™)(0))
under the weak topology, and the map ¢ : Z, — Endp (D™ (0)) is continuous
for the weak topology. For a prime ¢ which does not divide Np and is 1 (mod N),
one has ¢(q) = quq e TN ‘since (g) is the trivial operator as g is 1 (mod N). If
x € Z},, there exists, by the Chinese remainder theorem and Dirichlet’s theorem on
primes in arithmetic progressions, a sequence of primes g,, (different from primes
dividing Np) that are 1 (mod N), that converges to x p-adically. Hence, ¢(g;)
converges to ¢ (x) in Endp (D™ (0)). Therefore, ¢(x) € T"'¥). The proof of
part (2) is the same as the proof of Lemma 9 of [BK]. O

Let A be the Iwasawa algebra O[[1+ pZ,]|. By choosing a topological generator
of 14+pZ,, say 1+ p, one gets an isomorphism A 2~ O[[T]]. Under this isomorphism,
the maximal ideal m, of A gets mapped to (;r, T). We get a morphism v : A — TT
of O-algebras from the group homomorphism ¢ : 1 + pZ, — (T")*. Using the
morphism 1/, we can consider T' as a A-algebra.

3.3. Divided congruence modules of level Ty(Np) and T1(Np). In this subsec-
tion, we consider the divided congruence modules of cuspidal forms for levels
[o(Np) and ' (Np). They are defined in the same way as in the level-N case after
just changing the level. For the rest of this section, I" still means I'g(V) or I'{ (V)
and I'(p) means either I'o(Np) or I'1 (Np) accordingly.

Proposition 11. The closures of D'(O) and D' P (©) in O[lq]| provided with the
topology of uniform convergence, are equal.

Proof. See [Gouvéa 1988, Proposition 1.3.9] and Section 1 of [Hida 1986]. O

Corollary 12. There is an isomorphism preserving q-expansions of

DYP(0) ®o F ~ D'(F).
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Corollary 13. The algebras TV PP and TUP' are naturally isomorphic, as are
also the algebras TV P) and TT.

Proof. The natural restriction maps between the Hecke algebras of level Np and
N are isomorphisms because their action is continuous and the modules on which
they act have the same closure. See the proof of Corollary 13 of [BK] for more
details. O

3.4. Full Hecke algebras. In this subsection, we consider full Hecke algebras,
i.e., the Hecke algebras generated by all the operators T, S, for primes g with
(g, Np) =1, U, for primes ¢ dividing N and U,. So, T}:(”)’ﬂ’", DA,I:’f“" and
A,E’f““ are the Hecke algebras generated by the Hecke operators T, S, for primes g
with (¢, Np) = 1, U, for primes ¢ dividing N and U, acting on DL (0), DL, (F)
and ST, (F), respectively. We denote by TT (-l p AT full and AT.full the full Hecke
algebras acting on D' (?)(0), D'(F) and ST(F), respectively, which are obtained by
taking the inverse limits over the weights k of appropriate Hecke algebras, as before.

Proposition 14 (perfect duality). The pairings
Ty DEP(©0) » 0, DA™ x DL () —>F, A™ x S5 () —F,

given by (t, f) — a(tf), are perfect.

Proof. This is well known but we recall the proof here. Suppose f € DE,E”)(O)
is such that a;(tf) = 0 for all t € T, ?-! This means a; (T, f) = a,(f) =0
for all n coprime to Np, a1(Uy f) = a;(f) = 0 for all primes £ dividing N and
ar(U, f) = a,(f) =0. Thus, we have a,(f) = 0 for all n which implies f = 0.
Now, suppose ¢ € T,lg(p)*fuu is such that a(¢f) = 0 for all f € DL{P(0). This
means a(s(tf))=a;(t(sf))=0forall s € T};(”)’f“”. Thus, from the_previous part,
we getthatrf =0 forall f € DE,EP)(O) which means ¢ = 0. The proof for other
cases goes in the exact same wayi. U

Corollary 15. The map T -0l — p AN indyces an isomorphism
"H'II:(P),qu ®O F = DA,]:,full‘

Hence, we get an isomorphism TV (Pl @ F ~ p AT-full,

Proof. By the perfect duality above and Lemma 6, we see that the rank of the
torsion-free O-module T} "™ and the dimension of DAL as an F-vector space
are the same, which implies the result. See the proof of Corollary 15 of [BK] for
more details. (]

The composition A — TTPf— TT(P.full defines a A-algebra structure on TT (P full,

Proposition 16. T () full /maTE® )ofull g T full
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Proof. The proposition follows from Theorem 8 (a theorem of Katz that we recalled
in Section 3.1), the perfect duality and its corollary above. See the proof of
Proposition 16 of [BK] for more details. O

4. Relation between the components of Partial and Full Hecke algebras

Throughout this section I' means either I'{(V) or I'o(V) and I'(p) means either
['1(Np) or 'g(Np) accordingly. Recall that we have a direct product decomposition

=[] T} and a direct sum decomposition S*(0) = @ §'(0) 5, where the product
and sum are taken over all the I'-modular representations. Note that, ST(O) 5 18
the intersection of the subspace of S 1ﬂ(@p) generated by the eigenforms lifting the
system of eigenvalues corresponding to 5 with ST(©). The decompositions above
are such that Tg is also the largest quotient of T' which acts faithfully on ST(0) 5
Let Tg’Pf be the largest quotient of TP which acts faithfully on ST(O) 5- Define
Ag’Pf in a similar way.

Note that, since D' () contains ST(O) as a cotorsion submodule, we have a direct
sum decomposition D'(0) = @ D"(0); similar to that of ST(O). Moreover, Tgpf
and T} are the largest of quotients of T™P" and T" respectively, acting faithfully
on DT(0),.

By aresult of Serre and Tate (see [Jochnowitz 1982, Lemma 4.4]), the subalgebras
of TVl and ATl generated by the Hecke operators T,, S, for primes g not
dividing Np and U, are semilocal and the local components of both of them
are in bijection with the set of F-valued systems of eigenvalues of the Hecke
operators T, S, for primes ¢ not dividing Np and U, appearing in ST(F). Hence,
they are in bijection with the pairs (p, A), where p: Gg, np — GL(F) is a I'-modular
representation attached to some eigenform f € S'(F) and A is the eigenvalue of U,
on f (see [Jochnowitz 1982]).

So, we get a direct sum decomposition D' (P () = &b D@ () 5. similar to
that of ST(©) seen above. Now, let us define Tr(p 6 be the largest quotient of
TF@-1ll acting faithfully on Dr(”)((’)) 2 and AF full to be the largest quotient of
AT acting faithfully on ST(F) 5.5

We get, using the Chinese remainder theorem and the definitions above, the
product decompositions TT (- full ]_[Tr(p Rl Cand TRPf = [ T5P'. Similarly,
we get product decompositions of AT and AF Pf Here, the products are finite
products as the pairs (p, A) are finitely many.

Proposition 17. (1) For a I'-modular representation p, one has a natural isomor-
phism ong’pf-algebras Ag'pf[[Up]] ~ Ag:(f)“”.

(2) For a I'-modular representation p, one has a natural isomorphism of Tg’pf-
algebras TP [Up]) 2= T @M1
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Proof. The first part of this proposition is proved by Jochnowitz [1982, Theorem 6.3].
The proof of the second part of the proposition is the same as that of Proposition 17
of [BK], where they adapt the proof of Jochnowitz in characteristic 0, which relies
on the interplay between the operators U, and V. Here, V is the operator which
sends Y a,q" to Y _ a,qP". The same argument works here. O

5. Finiteness of T5-Pf over T for new p

Throughout this section, I' means either I'{(V) or 'o(N) and ' (M) means either
['1(M) or I'g(M) accordingly. Let us call a I'-modular representation p new if it is
not I'(M)-modular for any proper divisor M of N. Thus, the system of eigenvalues
of the Hecke operators corresponding to p does not have a nontrivial eigenspace in
STM)(F) for any proper divisor M of N. Let S} "% (@p) be the O-submodule of
St (@p) consisting of new modular forms of weight k£ and level I'. Let

k 00
Sg,knCW(@p) — Z SiI‘,new (@p) and SF,neW(@p) — U S;{neW(@p).
i=0 k=0
The following lemma follows directly from the discussion above and the description
of ST(0) 5 given in the previous section:

Lemma 18. If p is a new I'-modular representation, then S l“((9)/; is an O-submodule
of STV(Q)).

Now we recall a well-known result regarding the Galois representations attached
to level-N newforms:

Lemma 19 [Emerton et al. 2006, Lemma 2.6.1]. Let f be a classical newform of
tame level N over @p. Let py be the p-adic Galois representation attached to f
and let V; denote its underlying space. Let € be a prime dividing N and let a,(f)
be the Uy eigenvalue of f. Let (Vy)j, be the vector space of Iy coinvariants of V.
Then the following are equivalent:

(1) a¢(f) is a nonunit,
(2) ae(f) =0,
(3) V), =0.

If these equivalent conditions do not hold, then we have that (Vy)j, is one
dimensional and a,(f) is equal to the eigenvalue of Froby, acting on this line.

Proposition 20. If p is a new I'-modular representation, then Tg’pf is finite over Tg.
More precisely, Uy ( for every £|N) is integral over Tg of degree at most 2. If one
of the following condition holds:

(1) T' =To(N) and there does not exist a prime £ such that || N and p|€+ 1.
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(2) T =T'((N) and if there exists a prime £ such that p|€*> — 1 and £|| N, then
pl€+1anddetp(ly) # 1.

rpf _ T
then T Pt — T5.
Proof. Let I' = I'g(N). Since p is new, we know, from Lemma 18, that
S'(0); € STV@)).

Now, Tg’pf is the largest quotient of TT"P which acts faithfully on S"(O) 5. Letd
be a prime dividing N. By Theorem 5 of [Atkin and Lehner 1970], if ¢> divides N,
then U, acts like 0 on S{ " (Q,) and if £ || N, then U} acts like £=2 on SJ'™¥(Q,,).
Hence, if €2 divides N, then U, acts like 0 on SF((’))[; and if £ || NV, then UZ2 acts
like £72¢(£) on SF(O),@, where ¢ : Z;‘, — Tg is the map considered in Lemma 10.
Thus, if £2| N, then Uy =0, and if £|| N, then U} — £72¢(£) = 0 in TL-PL,

Suppose £|| N and let f be a newform of level I'g(N) lifting the system of
eigenvalues corresponding to p. Let 7y be the £-component of the automorphic
representation corresponding to f and py be the p-adic Galois representation
attached to f. As €21 N, my is either principal series or special (see [Carayol 1989,
Section 1.2]). So, it follows from the local Langlands correspondence, that ’OflG@z
is either a direct sum of two characters or a nontrivial extension of a character by
its cyclotomic twist (see Sections 3 and 5 of [Weston 2004]). As f is a newform of
level I, the Artin conductor of pr is N (the level of f). Since £|| N, the exponent
of £ appearing in the Artin conductor of pr is exactly 1 which means (pf)lf, the
subspace of pr on which I, acts trivially, is one dimensional. So, if 'OflG@z isa
direct sum of two characters, then one of them is unramified and the other is tamely
ramified. Otherwise, pr |G@[ is a nontrivial extension of an unramified character
by its cyclotomic twist. As f is a modular form of level I'g(N), its nebentypus is
trivial, which means det ps(1,) = 1. This implies that p¢ lGa, is not a direct sum of
two characters and hence, pf|Gq, = (" ; ), where * is nonzero and ramified, x is
an unramified character and €, is the p-adic cyclotomic character of G, .

As ay(f), the U, eigenvalue of f, is nonzero, by Lemma 19 above, it is the
eigenvalue of Froby acting on (py);,. Thus, a,(f) = x (Froby). Let x be a lift of
Frob, in Gg,. Note that

tr(py oig(x)) = €, x (Frobe) + x (Frobg) = (£ + 1) x (Frobe) = (€ + Dae(f),

which means a;(f) = tr(pf o i¢(x))/(£ + 1). Suppose p1€+ 1, which implies
that £ + 1 is a unit in Tg. Then on every newform f of level I lifting p, the
action of U, coincides with the action of (t' 0i,)(x)/(¢ + 1), which lies in Tplj
as £+ 1 is a unit in Tg. As p is new, every eigenform of level I' lifting p is a
newform. This implies that U, — (' o ig)(x)/(€+ 1) acts like O on SF((’))E and
hence, Uy = (t" 0ig)(x)/(£+1) in TO-P!. Therefore, Uy € TS if £[| N and pf£+1.
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Note that, Tg’pf is generated by the Hecke operators U, over Tg. So, by com-
bining the discussion of the last two paragraphs, we get that Tg’pf = Tg if there
does not exist a prime £ such that £|| N and p|€ + 1. Otherwise, we have U, € Tg
if either £2| N or pt€+1and UZ2 —£72¢(£) = 0 if £|| N. Therefore, we conclude
that T,-P" is a finite extension of T5.

Let I' =TI'"{(N). There is a continuous pseudorepresentation

I oI'y. r
", 8"): Gawp — T5

such that tF(Frobq) =T, st (Frob, ) = ¢S, for primes ¢ not dividing Np. Hence,
we get a continuous pseudorepresentation (¢, d) : Gg,np — Tg’pf since Tg C Tg’Pf.
For every prime £ dividing N, let us choose an element g, of Gg, which gets
mapped to Frob, under the quotient map Gg, — Gq,/I;,. We have already fixed a
natural map iy : Gg, — Gq,np. Hence, we get a pseudorepresentation

(toig,doip): Gg, — THMPh,
Now, consider the characteristic polynomial Q,(x) of g; which is defined by

Qe(x) = x> — (toip)(ge)x + (d oig)(ge).

Let f be a newform of level N lifting the system of eigenvalues corresponding
to p. Denote by py the p-adic Galois representation attached to f* and by a,(f)
its U, eigenvalue. By Lemma 19, if a;(f) = 0, then U, kills f. If a,(f) # 0O,
then ay(f) is the root of the characteristic polynomial Pr(x) of pr oiy(g¢). But
Q¢Uy) f = Pr(ae(f)) f = 0. Thus, in this case, Q.(Uy) kills f. We will now
determine if it is possible to have two newforms f and g of level N lifting p
such that a,(f) # 0 but a,(g) = 0 or equivalently (by Lemma 19), (oy)/, is one
dimensional but (p,);, = 0.

Let f be a newform of level I" lifting o as above and 7, be the £-component of
the automorphic representation corresponding to f. So, 7y is one of the following:
principal series, special and supercuspidal (see [Weston 2004, Section 3]). As f
is a newform, the Artin conductor of py is N (the level of f). Suppose £| N but
€2J( N. Then, from the analysis carried out in the I'g(&V) case above, we see that
PrlGq, 1s either a sum of an unramified character and a tamely ramified character
or a nontrivial extension of an unramified character by its cyclotomic twist. Hence,
the space (py);, of Iy coinvariants is also one dimensional. Therefore, if £ || N, then
for every newform f of level I' lifting p, (or);, is one dimensional and hence,
a(f) #0.

Now suppose £2| N, and moreover, the space of I; coinvariants of py is one
dimensional. So, the exponent of £ appearing in the Artin conductor of py is at
least 2. This means that 7y is not special, as otherwise (pr);, being one dimensional
will imply that ps[g,, is a nontrivial extension of an unramified character by its
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cyclotomic twist, and hence, the exponent of ¢ appearing in the Artin conductor
of py is 1. The nontriviality of (por);, also implies that 7, is not extraordinary
supercuspidal (see the proof of [Weston 2004, Proposition 3.2] for more details).
Suppose 7y is supercuspidal but not extraordinary. Then, by the local Langlands
correspondence,

prlGe, =Indgo x,

where K is a quadratic extension of Qy, Gk is the absolute Galois group of K,
X is a character of G taking values in @p and moreover, py is irreducible (see
Section 3 of [Weston 2004]). But as (por)j, is one dimensional, we get that x is
an unramified character of Gg. However, since the maximal unramified extension
of K is an abelian extension of @, this implies that PrlGa, is a sum of two
characters, contradicting the hypothesis that ps|g,, is irreducible. Hence, ¢ is
not supercuspidal. Therefore, 7, is principal series which means that pf|g,, is a
sum of two characters x; and x;. Moreover, (of);, # 0 implies that one of them is
unramified, while £?| N implies that the other is wildly ramified. Without loss of
generality, suppose x; is wildly ramified and yx, is unramified.

Thus, p lGa, = X1 ® X2s where ¥7 and x; are the reductions of x; and y; in
characteristic p, respectively. Note that, x; is unramified while x; is wildly ramified
as £ # p. Let g be another newform of level I" lifting o and 7, be the £-component
of the automorphic representation corresponding to g. If 7, is special, then PelGa,
is a nontrivial extension of a character by the cyclotomic twist of itself. This
would imply that both ¥] and X, are either unramified or ramified, which is not
the case. Hence, 7, is not special. If 7, is extraordinary supercuspidal, then 5|,
is irreducible as p > 5 (see proof of [Weston 2004, Proposition 3.2]). So, JTLZ is
not extraordinary supercuspidal. If 7, is supercuspidal but not extraordinary, then
PglGe, 1s induced from a character of the absolute Galois group of a quadratic
extension of Qy. Moreover, the subspace of p, fixed by Iy is trivial. But the
subspace of p fixed by I, is one dimensional. Thus, the exponent of £ in the Artin
conductor of p, is greater than the exponent of £ in the Artin conductor of p (see
[Carayol 1989, Section 1.1]). But [Carayol 1989, Proposition 2], along with the
assumption that 7, is supercuspidal, implies that p is unramified at £ which gives
us a contradiction. Therefore, 7, is not supercuspidal.

This means that 7t is principal series and hence, pg |G, 1s a sum of two characters,
say x; and x5. Without loss of generality, suppose x; is a lift of x; and x; is a
lift of x5. As X1 is wildly ramified, the Artin conductor of x; is same as the Artin
conductor of X{ and the Artin conductor of yx; (see [Carayol 1989, Section 1.2]).
As the exponent of £ in the Artin conductor of p; is the sum of the exponents of ¢
in the Artin conductors of x| and x, and its exponent in the Artin conductor of
pg is the sum of its exponents in the Artin conductors of x; and x;. As both f
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and g are newforms of level N, the exponents of £ in the Artin conductors of pr
and p, are same. This implies that the Artin conductors of x, and y} are same,
which means that x) is also unramified. In particular, we see that (pg);, is one
dimensional. As a consequence, we see that if f is a newform of level I' lifting
p and (pr)j, is one dimensional, then, for every newform g of level I' lifting p,
(pg)1, is one dimensional.

Let us continue with the assumption that there is a newform f of level I' lifting
p such that (o), is one dimensional. Observe that in this case, from the discussion
so far, we get that for every newform g of level I' lifting p, pglgg, is reducible and
moreover, at least one character appearing in the semisimplification of pglgg, 1
unramified. Thus, (/o|(;q;D ) =a @ B, where (p|G@ )5S is the semlslmphﬁcatlon of
PlGa, and o and B are characters of Gq, such that at least one of them is unramified.
Note that, both o and 8 are defined over F. Indeed, both «|;, and 8|;, take values in
[ as one of them is unramified and det(p) is defined over F. So it follows from the
previous discussion that the image of I, under p in GL,([F) is abelian and hence,
is upper-triangular under a suitable basis. Therefore, since I, is normal in Gq,, it
follows that if p is ramified at £, then under the same basis, the image of Gg, under
p in GL,(F) is also upper-triangular, which implies that both o and 8 are defined
over [. If p is unramified at £, then p is reducible as it is new. As p is semisimple,
it follows that both @ and g are defined over .

Suppose @ # B. Then, by [Bellaiche and Chenevier 2009, Theorem 1.4.4,
Chapter 1], T} [G g,/ (ker(z" 0i¢(Gg,))) is a generalized matrix algebra (GMA)

of the form
T B)
? (D)
N )
(C Tﬁ

where B and C are finitely generated Tg -modules contained in the total fraction
ring of TT , and the diagonal entries reduce to @ and § modulo the maximal ideal
of TF Moreover BC C TTF and it is an ideal of TF Let us call it /.

For a newform f of level I" lifting p, let ¢ : TT — @ be the map which sends a
Hecke operator to its f-eigenvalue and denote 1ts kernel by Pr. From the previous
paragraph, we see that the 2 dimensional pseudocharacter t! oiy of G, is a sum of
two characters modulo Py and hence, is reducible modulo Py for every newform f
of level I lifting p. Therefore, by [Bellaiche and Chenevier 2009, Proposition 1.5.1,
Chapter 1], it follows that I C Py for every newform f of level I" lifting p. This
means that if x € I, then x(f) = 0 for every newform f of level I' lifting p. As
every eigenform of level I lifting p is a newform, we see that / = 0. Thus, the
projection on the diagonal entries of the GMA (1) above gives two characters &
and B of Gq, taking values in Tg such that, @ is a deformation of «, while f is a
deformation of .
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As at least one of « and B is unramified; without loss of generality, assume
that B is unramified. Suppose « is ramified. Then, it follows, from the analysis
above, that for a newform f of level I" lifting p, PrlGa, is a direct sum of an
unramified character and a ramified character. As « is ramified, the unramified
character appearing in p¢ |G, is a li:ft of B and hence, it is the image of 8 modulo Pr.
This means that the reduction of 8 modulo P; gives an unramified character for
every newform f of level I" lifting o. Hence, by the reasoning used in the previous
paragraph, we see that B is an unramified character of Gqg,. By Lemma 19, it
follows that for every newform f of level I lifting p, the U, eigenvalue of f is the
reduction of B(Frobg) modulo Py. Thus, U, — ,8~ (Froby) annihilates every newform
f of level I' lifting p. Therefore, U, = B(Froby) in Tg’pf and hence, U, € Tg as
B(Frobg) € Tg.

Now, suppose « is also unramified. This means that for a newform f of level I'
lifting p, prlgg, is either a nontrivial extension of an unramified character by its
cyclotomic twist or a direct sum of an unramified character and a tamely ramified
character and in both cases, £ || N (see [Carayol 1989, Proposition 2]). Moreover, in
the second case, p|£—1. Suppose pr |G@£ is a direct sum of an unramified character
and a tamely ramified character. Let € be the nebentypus of f. Note that,

det(pr (Io)) = €((Z/L2)") # 1,

but its reduction is 1 in characteristic p. So, by [Carayol 1989, Proposition 3], there
exists a newform g of level I lifting o such that €’((Z/£Z)*) = 1, where €’ is the
nebentypus of g. Thus, pg|G, 1s a nontrivial extension of an unramified character
by its cyclotomic twist. This means that either «/8 or B/« is the cyclotomic
character w,. But as p|¢ — 1, w,(Froby) =1 and hence, w), is the trivial character.
However, this means that « = §, which contradicts our assumption that o # B.
Therefore, we get that, if « is unramified, then p lGa, is a nontrivial extension of
an unramified character by the cyclotomic twist of itself for every newform f of
level T lifting p. By [Carayol 1989, Proposition 3] and the discussion above, it
follows that p{£ — 1, for otherwise there would exist a newform g lifting p such
that det(pq (1)) # 1, which gives a contradiction.

As « is also unramified, we saw above that either a/B or 8/« is w,. If both of
them are w,,, then a)127 =1, which means p|£%> —1. As p{£— 1, we get that p|£+1
if both of them are w,. Suppose p 1 £+ 1, which implies that exactly one of them
is w,. Without loss of generality, assume «/f is w,. Now in this case, the image of
@ is the cyclotomic twist of the image of 8 modulo Py for every newform f of level
I" lifting p. Thus, for every such newform f, Gq, acts by the image of B modulo
Pr on (pr)y,. Hence, the U, eigenvalue of f is the reduction of ,3 (Froby) modulo
Py for every newform f of level I" lifting p. Therefore, by the reasoning used in
the previous case, we see that Uy, = B(Frobg) in Tg’pf which means that U, € Tg.
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Now suppose that there exists a newform fy of level I' lifting p such that
(0£,)1, =0, which means U, fy = 0. Then, by our analysis above, it follows that
¢?|N and U, f = 0 for all newforms f of level I lifting 5. As p is new of level T,
we get, by the reasoning used above, that U, =0 in Tg’pf.

From the discussion so far, we see that for a prime £ dividing N, U, € Tg if one
of the following conditions hold:

(1) £2|N,
(2) £||N and p1e>—1,
(3) £|IN, pl€+1 and det 5(I;) # 1.

Otherwise, Q¢(Uy) kills every newform f of level N lifting p. Since p is new,
every eigenform of level N lifting o is a newform. This implies that either U, € Tg
or Q¢(Uy) =0 for every prime £ dividing N. Since the pseudorepresentation (¢, d)
takes values in Tg, it follows that for every prime ¢ dividing N, Q¢(x) is a monic
polynomial with coefficients in Tg. Hence, U, is integral over Tg for every prime
¢ dividing N of degree at most 2. Therefore, Tg’pf is finite over Tg and moreover,
TEPP=TF if €| N and p|€* — 1 implies that p|£+ 1 and det 5(Ip) # 1 as Tj-Pf
is generated by these U,’s over Tg. ([

Remark. (1) Note that, the proof given above for the I'j(/V) case works for the
['o(N) case as well. But we give a different proof because it gives us a more
precise result in the ['g(N) case and it is also simpler than the proof in the
I'{(N) case.

(2) Even though we do a detailed analysis in the I';{(N) case above, it is not
really necessary just to prove that Uy is integral over T,'¥). Indeed, by the
reasoning used in the last paragraph of the proof above, we can easily prove
that U, Q,(U,y) = 0, which proves that U, is integral over TEI(N). For most of
our purposes, we only need the result that Uy is integral over Tg'(N ). But we
give this detailed analysis to obtain a more precise result which is helpful in
getting a more precise version of Theorem 3 in some cases (see the remark
after the proof of Theorem 3).

6. The case of p which is not new

Throughout this section I' means either I'{(N) or ['g(N) and I'(M) means either
['1(M) or I'gy(M) accordingly. Let p be a I'-modular representation which is not
new. Thus, the system of F-valued eigenvalues corresponding to o has a nontrivial
eigenspace in ST ™) (F) for some proper divisor M of N. Let us denote by M the
smallest divisor of N such that the system of [F-valued eigenvalues corresponding
to p has a nontrivial eigenspace in § T'(Mp)(F). Note that, p is then a new I'(M 5)-
modular representation.
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Lemma 21. If p is a I'-modular representation which is not new, then the natural
map of local algebras r : Ag — Ag(Mﬁ) obtained by restriction is surjective.

Proof. First note that ST(2) (F) 5CS TP 5- Hence, using this inclusion, we obtain a
natural map r : Ag — Ag(Mﬁ) by restriction. Its image Im(r) is complete and hence,
closed. It contains all the Hecke operators T, and ¢S, (considered as operators
on ST (F) ;) for all the primes ¢ not dividing Np. There is a continuous pseu-
dorepresentation (7M7) §TMp)y: G Mzp— A5 M?) and Im(r) contains the Hecke
operators T, =7 (M) (Frob, ) for primes g not dividing Np. By the Chebotarev den-
sity theorem, the set of Frob,, for primes g not dividing Np is dense in Gg, u; - Since
7T Mp) i5 continuous and Im(r) is closed, it contains ' ™7 (g) for every 8 € G m;p-
It also contains ¢ S, = 8" M?) (Frob, ) for all the primes ¢ not dividing Np. As §" M7
is continuous and Im(r) is closed, by the Chebotarev density theorem, we see that
it contains 8" M5 (g) for every g € Gq, M, p- For every prime g not dividing M,
we have 7M7) (Frob,) = T, and 8" M7 (Frob,) = ¢S,. Hence, we see that Im(r)
contains T, ¢S, for all the primes g not dividing M;p. Thus, Im(r) is a closed
subalgebra of A7™?) containing all of its generators. Hence, Im(r) = AJ™?). [J

7. Proof of Theorem 1

Throughout this section I means either I'j(N) or ['g(N), I'(p) means either I'; (Np)
or I'g(Np) accordingly and I"'(M) means I'; (M) or I'o(M) accordingly. As we
noted before, the natural map TP — [T T5-P" is an isomorphism and it lifts the
natural map T" — [] Tg. The corresponding statement for AT-Pf and AT is also
true. The natural surjective map T"-P' — APl sends T1-P onto AL-P". The natural
surjective map TT @) full 5 AT full tapeg Tr(p Ml nto Alj fall,

Thus, from Proposition 16 and the dlscusswn above 1t follows that A’
isomorphic to Tr(p) fu“/mATg(p) full . By Proposition 17, Tr(p) full TF plc[[U ]]

and AF full _ Arl[U 1. Thus, AF Pf s isomorphic to TTF pf/mATr P As the ideal
mp 1S generated by two elements the Hauptidealsatz 1mp11es that

r, full

dim ALP" > dim TS 7PF — 2,

Suppose p is a new I'-modular representation. Then, we have proved so far that
Tg*’f is a finite extension of Tg . Observe that Tg is mapped onto Ag under the
surjective map Tg’pf — Ag’Pf. This follows from the fact that the map between the
partially full Hecke algebras is obtained by first reducing the partially full Hecke
algebra in characteristic 0 modulo p to get an action on DT'(F); and then restricting
it to the subspace S'(F),. Hence, we see that A Pf is finite over AL

Therefore, dim AF Pf = dim AF and dim TF ' = dim TF By the Gouvea—Mazur
infinite fern argument we see that dim TF > 4 (see [Emerton 2011, Corollary 2.28;
Gouvéa and Mazur 1998, Theorem 1]). Hence, dim Ag > dim Tg —2>2.
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Now suppose that p is not a new ['-modular representation. Thus, as remarked
before, there exists a proper divisor M; of N such that p is a new I'(M;)-modular
representation (we can take it to be the smallest divisor of N such that the eigenspace
corresponding to the system of eigenvalues corresponding to p is nonzero in
STM2)(F)). If My = 1, then we know that dim AL™? = 2 by Theorem III of
[BK]. If M; > 1, then since p is a new I'(Mj;)-modular representation, repeat-
ing the argument given in the previous paragraph for Ag(Mﬁ) and TE(ME) gives
dim Ag(Mﬁ) > 2. (We can do this since, all the results till the previous section are
valid for any level not divisible by p. This condition is satisfied by M as it divides
N which is coprime to p.) Thus, in any case, we see that dim Ag(Mﬁ) > 2. By
Lemma 21, we have a surjective map Aplj — Aplj(Mﬁ). Hence, dim Ag > 2 when
0 is not a new I'-modular representation. Thus, Theorem 1 is proved for all the
['-modular representations p.

8. Proof of Theorem 3

Theorem 22 (Bockle, Diamond—Flach-Guo, Gouvéa—Mazur, Kisin). Under the
hypotheses of Theorem 3, the natural map R; — Tg'(N ) is an isomorphism between
local rings of dimension 4.

Proof. If p is a I'j(N)-modular representation which also satisfies the hypotheses
of Theorem 3, then mimicking the proof of Theorem 18 of [BK] gives the result
of the theorem. We can mimic the argument since, under all these assumptions,
the infinite fern argument of Gouvéa—Mazur and [Bockle 2001, Theorems 2.8, 3.1
and 3.9; Diamond 1996, Theorem 1.1; Diamond et al. 2004, Theorem 3.6; Kisin
2004, Main Theorem], which are the key ingredients of the proof of Theorem 18 of
[BK], hold. Note that the Hecke algebra appearing in [Bockle 2001, Theorem 3.9]
is of a higher level N such that N| N’ and N and N’ have the same prime factors
(see the discussion after [Bockle 2001, Theorem 2.7] for more details). But the
hypotheses of Theorem 3, along with [Carayol 1989, Proposition 2], ensure that all
eigenforms of level N’ lifting p arise from newforms of level dividing N, which
means that the natural restriction map Tg'(N ) Tgl(N ) is an isomorphism. U

Lemma 23. Under the hypotheses of Theorem 3, the algebra TEI(N ) is flat over A
for the structure of A-algebra on TEI(N ) defined at the end of Section 3.2.

Proof. The proof is similar to that of Lemma 19 of [BK], but we need to make a
few changes. Let p be a I'1(NV)-modular representation. If the p-primary part of
(Z/NZ)* is [ [;Z] Z/ p“ Z, then the universal deformation ring of det p is

Riets = ALY, ..., Yl /(v =1, ..., vF" — 1. )
Thus, if p does not divide ¢ (N), then Ryei; = A. Using the same arguments as
used in the proof of [BK, Lemma 19], we get that R is flat over Rge 5. Since Rget 5
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is finite and free over A, it is also flat over A. So, we get that R is flat over A. To
verify that the map A — R; — Tgl(N) is the same as the map A — Tg'(N) given
at the end of Section 3.2, we first show that it is true for all the primes ¢ € 1+ pZ,
which are 1 (mod N). This is shown in exactly the same way as it is showed for all
the primes g € 1+ pZ,, in the proof of [BK, Lemma 19]. Since we are choosing the
primes which are 1 (mod N), the nebentypus is trivial at those primes and hence, we
can use the argument used in the proof of [BK, Lemma 19] without modifications.
By Dirichlet’s theorem on primes in arithmetic progressions, we know that the set
of all such primes is dense in 1 + pZ,. Thus, by continuity, we see that the two
maps considered above are the same. Under the hypotheses of Theorem 3, the map
R; — Tg'(N ) is an isomorphism. Hence, we conclude that Tgl(N ) is flat over A for
the A-algebra structure defined on T5') at the end of Section 3.2. O

There is a surjective map TEI(N ) Ag‘(N ) whose kernel contains mATgl(N ) by
Proposition 16. Hence, we get a surjective map TEI(N)/mATFgl(N) — Agl(N). Since
TEI(N ) is flat over A by Lemma 23, it follows, from [Eisenbud 1995, Theorem 10.10],
that the Krull dimension of T)'™ /my T5Y) is equal to dim THV) —2=4-2=2.
Thus, the Krull dimension of AJ'") is at most 2. But, by Theorem 1, the dimension
of AJI™) is at least 2. Hence, the dimension of A7') is exactly 2. This concludes
the proof of first part of Theorem 3 for the I'1(N) case.

Let us assume that p satisfies the hypothesis of Theorem 3 and is also new.
Then we have proved that Tg'(N )-Pf i3 an integral extension of Tg'(N ) and Ag‘(N )-pf
is an integral extension of AL'™Y). By Proposition 16, we see that the kernel
of the natural map TN V-PE . ATIVPE jg gy TTN)PE - Thys, the kernel of the
natural map Tg'(’v ) Agl(N ) is contained in every prime ideal of TEI(N )-Pf contain-
ing mATg 1(N).pf Hence, by the going-up theorem, the kernel is contained in every
prime ideal of T5'Y) containing ma T}'). Therefore, the natural surjective map
(THN /mpTEN)red — (ATIN)yred s an isomorphism. Under the hypothesis of
Theorem 3, the surjective map R; — TFI(N ) is an isomorphism. Thus, from the proof
of Lemma 23, it follows that (RO)red is isomorphic to (R;/ma R; yred (this follows
from the fact that the universal deformatlon ring of det p is given by Equation (2)
and hence, its maximal ideal is RNad(mA)) and the map R; — Tg'(N ) considered
above induces an isomorphism (RO)red — (Trl(N )/ mATTF'(N )yred - As seen before,
we have a surjective map (RO)red — (AFl(N Mred and this map factors through

(T5N /mpTE Ve Since both the maps (Ro)red — (THMN) /mp TE1VMyred gp
(TEN T H (V) yred (AFI(N))red are 1somorph1sms we see that (RO)red is iso-
morphic to (AJ'V )yred under the map mentioned above.

Now suppose p satisfies the hypotheses of Theorem 3 but is not new. Note
that, while proving the theorem for a new p of level NV, we use the result that
TP s an integral extension of Tg‘(N ) to prove that the kernel of the surjective
map TEI(N ) AEI(N ) is nilpotent modulo mATg’(N ), which in turn implies the
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isomorphism between (TEI(N)/mATg'(N))red and (Agl(N))red. This, along with the
isomorphism between R; and TEI(N ), gives us the isomorphism between (Rg)red
and (Agl(N )yred Tn the present situation, we know that R 5 and TEI(N ) are isomorphic.
So, to prove the theorem in the current case, it suffices to prove that T5')Pf js an
integral extension of T}'™). To prove this, we will first compare the Artin conductor
of p with the level N and then do a case by case analysis using the technique used
in the proof of Proposition 20. Let C be the Artin conductor of p. Recall that we
assume p to be semisimple. As there exists a newform of level N giving rise to p,
we see that N = C []r*"), where the product is over finitely many primes r and
v(r) <2 for every r (see [Carayol 1989, Proposition 2] and the discussion before
it). Note that the product may include some divisors of C.

Let £ be a prime dividing N. So, if f is an eigenform of level N lifting the system
of eigenvalues associated to p, then f comes from a newform g of level M such
that the highest power of £ dividing N /M is at most 2. Thus, f(z) = Zij g(diz),
where the d;’s are some divisors of N /M. Now we will analyze the action of U, on
f case by case to find a monic polynomial with coefficients in TENN ) satisfied by Uy.

Case 1. £|M but £4N/M: In this case, £1d; for all i and hence, f is new at £.
Therefore, from the proof of Proposition 20, we see that U, Q¢(U,)(f) = 0, where
Q¢ (x) 1s the characteristic polynomial of a lift of Frob, in Gg, ), as considered in
the proof of Proposition 20.

Case 2. £|M and £ || N/M: In this case, for every i either £ | d; or £1d; and g is an
eigenform for U,. So, U, f is an eigenform of level N /¢, which is also new at £ if
it is nonzero. So, by the same logic as in the previous case, U, Q¢(Uy) (U, f) = 0.

Case 3. £| M and ¢*>|N/M: In this case, for every i either £{d; or £ divides d; with
multiplicity at most 2 and g is an eigenform for U,. So, U 62 f is an eigenform of
level N /2 and it is new at £ when it is nonzero. Thus, we get Uy Qg(Ug)(Uezf) =0.

Case 4. £t M and €+1d; forall i: If £+ M and €1d, then it follows directly from the
description of the action of 7y and U, on the g-expansions of modular forms, along
with the assumption that g is an eigenform of level M, that U, stabilizes the subspace
of modular forms of level Md{ generated by g(dz) and g(£dz) (see [Bellaiche
2010, Lemma II1.7.2] and the discussion around it). Moreover, the characteristic
polynomial of U, over this subspace is (U2 — tr py(Frobg) U, + det pg (Froby)),
where p, is the p-adic Galois representation of Gg,u, attached to g. Thus, in this
case, we get that Q,(U,)(f) =0.

Case 5. £1M and ¢ divides at least one of the d;’s: Note that, Uyg(d;z) is an
eigenform of level N /£ if £ || d; and ngg(d,-z) is an eigenform of level N /€2 if €2 |d;.
This means that for all i, one of g(d;z), Urg(d;z) or Uezg(diz) is an eigenform
of level coprime to £. So, by case 4, we have Qg(Ug)(Uezg(d,-z)) =0foralli as
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both Q¢ (Ur)(Urg(diz)) =0 and Q,(Uy)(g(d;z)) =0 imply Q(U)(U7g(d;z)) =0.
Hence, we have Qg(Ug)(Uzzf) =

From the previous paragraphs, we conclude that, if f is an eigenform of level
N lifting p, then (U} Q,(U,)) f = 0, which means U} Q,(U;) = 0. As Q(x) is
a monic polynomial with coefficients in TL!™)| U, is integral over TL!™) for all
primes £ dividing N. Therefore, TEI(N )-Pf'is an integral extension of TF 1) and
ATIN-PT s an integral extension of ATIY). Now using the argument used for the
new case above, we get that (RO)recl is 1somorph1c to (AFl(N )yred This concludes
the proof of the second part of Theorem 3 for the I'{(NV) case.

Let p be a I'g(N)-modular representation which satisfies the hypothesis of
Theorem 3. Then, by the arguments above, it follows that AFI(N ) has Krull di-
mension 2 and (Ag‘(N yred i jsomorphic to (RO)red We have a natural surjective
map ALY — ATVN) By Theorem 1, the Krull dimension of AT s at least 2.
Hence, we conclude that the Krull dimension of AL/™) is exactly 2. If p does
not divide ¢ (IV), then as observed in the introduction, the natural surjective map
AN — AT s an isomorphism. Hence, we get that (ATV))ed is isomorphic
to (RO)red Thus, Theorem 3 is proved in the ['g(N) case.

Remark. Let p be a I'{(V)-modular representation satisfying the hypothesis of
Theorem 3 and assume p{¢ (N). Moreover, assume that if £|| N and p |+ 1, then
det p(I;) # 1. Hence, from the proof of Proposition 20 and the proof of Theorem 1,
we see that the kernel of the map T,'™) — ATV is my THV) As pté(N), the
kernel of the surjective map R; — R is mAR As p satlsﬁes the hypotheses of
Theorem 3, we get that R; =~ TTFl(N )/ Hence, by combining all the observations
above, we see that the natural surjectlve map R0 AT is an isomorphism.
Thus, for this case, we get a stronger statement than Theorem 3.

9. Proof of Theorem 2

Throughout this section I means either I'o(N) or I'1(N) with p{¢ (N). Assume that
0 is an unobstructed I'-modular representation. So, by assumption, the cotangent
space of RO has dimension 2 and this implies that its Krull dimension is at most 2.
We have a surJectlve morphism RO — Ar The Krull dimension of Alj is at least 2
by Theorem 1. Hence, the Krull dlmensmn of RO is exactly 2 and 1t is a regular
local ring of dimension 2. Therefore, by [Elsenbud 1995, Proposition 10.16], it is
isomorphic to F[[x, y]l. Hence, the surjective map Iég — Ag is an isomorphism.
This proves Theorem 2 for the cases considered above.

If p is an unobstructed I'j(N)-modular representation and p|¢(N), then we
have a surjective morphism ﬁg — (Agl(N yred By Theorem 1, the Krull dimension
of Ag'(N ), and hence also of (Agl(N )yred is at least 2. Therefore, the argument used
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in the previous paragraph proves Theorem 2 in this case as well. This completes
the proof of Theorem 2 in all the cases.

10. Unobstructed modular representations

In this section, we study I';(N)-modular representations to determine if and when
they can be unobstructed. If p is irreducible, then p is unobstructed in our sense if
and only if H' (Ga,nps ad0,5) has dimension 2 (see [BK, Section 1.4]). By Tate’s
global Euler characteristic formula, we see that dim H ! (Ga,np, ado,b) > 2 with
equality if and only if H Z(G@, Np» ad’ p) = 0. If p does not divide ¢ (N), then this
is equivalent to H>(Gq, Np»adp) =0,asadp=1® ad’p and, by the global Euler
characteristic formula, H Z(G@, Np» 1) = 0. Thus, in this case, p is unobstructed in
our sense if and only if it is unobstructed in the sense of Mazur [1989, Section 1.6].
The study of such unobstructed representations is carried out in [Weston 2004;
2005] when p does not divide ¢ (N).

However, if p is irreducible and p divides ¢ (IV), then the global Euler character-
istic formula tells us that H*(Gg_np, 1) #0 and hence, H*(Gq,np, adp) # 0. Thus,
we see that p is always obstructed in the sense of Mazur if p|¢(N) (see [Weston
2004, Theorem 4.5]). However, it is not clear a priori if p can be unobstructed in our
sense when p|¢ (N). We devote most of this section to study the unobstructedness
of reducible and irreducible p’s when p|¢(N).

Throughout this section, we assume that p|¢ (N) unless otherwise stated. Note
that, as p{ N and p|¢(N), there exists at least one prime divisor £ of N such that
pl€—1,ie.,£=1 (mod p). Let C be the category of local profinite F-algebras.
Let D; be the functor from C to Set of deformations of the pseudorepresentation
(tr p, det p) and Dg be its subfunctor of deformations with constant determinant.

Proposition 24. If p|¢ (N), then every reducible T'\(N)-modular representation is
obstructed.

Proof. Let p be a reducible I'{(V)-modular representation. Up to a twist, p is of the
form 1@ x where x is an odd character of G,y taking values in F. The character
x is odd because p is odd. By the main theorem of [Bellaiche 2012a], we have the
following exact sequence involving the tangent space of D:

0 — Tan(D; @ D,) - Tan(D;) — H' (Ga.np: x) ® H' (Ganp. x 1) = HX(Ganp. 12

Here, D, and D; are the deformation functors of x and 1 as characters of Gg,np,
and i is the map which sends a pair of deformations (&, 8) of (x, 1) on F[e]/ (€2)
to the deformation @ + S of trp =1+ x.

Let y be an element of Hl(G@,Np, xX)® Hl(G@,Np, x 1) which is the image of
some deformation (¢, d) of (tr p, det p) to F[e]/ (€2). Thus, d is a deformation of
det p = x and hence, an element of Tan(D, ) C Tan(D® D, ). Thus, subtracting the
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image of this element under the map i from (¢, d) gives us an element of Tan(D%)
whose image in Hl(G@,Np, X)® Hl(G@,Np, x 1) is still . Therefore, we have
an exact sequence:

0— Tan((Dy®D,)’) > Tan(DY) — H' (Ga.np. X)®H ' (Ganp. x ) = H (Ganp. 1)

Here, (D1 ® D, )0 is the subfunctor of D; ® D, parameterizing the deformations
(a, B) of (1, x) such that o is constant.

Observe that, dim H'! (Ga,np, 1) =n+1, where n is the number of prime divisors
of N which are 1 mod p. Hence, dim Tan((D; & DX)O) =n+1. Since, i is an
injective map, we get dim Tan(Dg) > n+ 1. Thus, if n > 2, then dim Tan(Dg) > 3.
Hence, p is obstructed when n > 2, i.e., when there are at least two primes dividing
N which are 1 mod p.

Let us now assume that n = 1. Thus, there is a unique prime £ which divides
N and which is 1 mod p. In this case, dim Hl(G@,Np, 1) =2 and by Tate’s global
Euler characteristic formula, dim H Z(G@, np» 1) = 1. From the exact sequence
above, we get that

dim Tan(D)) > 2 +dim H'(Ggnp, x) dim H'(Gg np, x ") — 2dim H*(Ga,np. 1).

We shall distinguish between two cases:

First case. XlG@z = 1: Note that a)pl(;@l =1, since £ =1 (mod p).
If x # wp, then, by the Greenberg—Wiles version of Poitou—Tate duality [Wash-
ington 1997, Theorem 2], we get that

dim H'(Ga,np, x) = dim H'(Gay,. Xl6q,) —dim H(Ga,, Xl6q,)
+dim H'(Ga,, xl6o,) —dim H(Ga,, xlgq,)-
As £ =1 (mod p), dim H' (Gq,, 1) =2. By the local Euler characteristic formula,
dim #'(Ga,. xl6q,) —dim H'(Ga,. Xl6o,) = 1 +dim H*(Ga,. Xl6o,) = 1.

Since, X|G@e =1, we see that dim Hl(G@,Np, X)=2—1+1=2.

If x = wp, then, using the Kummer exact sequence, we get that a class in
H! (Ga,np, wp) 18 represented by a cocycle of the form g — g(a)/a, with a € Q,
a? € Q@ and v, («”) = 0 for all primes ¢ { Np (See [Washington 1997, Section 1]
for more details). Hence, dim H' (Ga,np, wp) =n', where n’ = number of distinct
prime factors of Np. Hence, dim HI(G@,NP, wp) > 2. Since, x ! |Go, =1 as well,
the same argument gives us dim HI(G@,N[,, x H=2

Combining all the above calculations yields dim Tan(Dg) >24+2)2)—2(1)=4.
Hence, if n =1 and x|g,, = 1, then p is obstructed.

Second case. X|G@Z #1: As X|G@£ # 1, w, ® x # 1. Thus, HO(G@(, X|G@£) =0,
H*(Gay» Xl6q,) = H*(Gay, @, ® XlG,,) = 0 and hence, H'(Gg,, x|6q,) = 0.
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Similarly, we get that H' (Gay, X 1|G@ ) = 0. Thus, the calculations done in the
first case do not imply that dim Tan(DO) > 2 which is required to prove that p is
obstructed.

Assume that p is unobstructed. So, the dimension of the tangent space of R0 is 2.
By Theorem 1, its Krull dimension is at least 2. Hence, RO is isomorphic to [F[[x vl,
the power series ring in two variables. Let (""", g""V) be the universal pseudorep-
resentation with constant determinant in characteristic p deforming (tr g, det o).

By [Bellaiche and Chenevier 2009, Theorem 1.4.4, Chapter 1],

3 . R B
where B and C are finitely generated R0 modules and the diagonal entries reduce
to 1 and x modulo the maximal ideal of R0 By [Bellaiche and Chenevier 2009,
Theorem 1.5.5, Chapter 1], we get IIlJeCtIVC maps (B/m R0 B)* — EXtG@ (x, 1
and (C/mRoC)* — EXtG (1 x). Since we have

H'(Ga,, xl6o,) = H' (Gay, x 'eg,) =0,

it implies that ExtG e(X 1) = ExtG@ (1, x) = 0 and hence, B = C = 0. Thus,
U0V 6 i¢(Gg,) = k1 + k2, where k| and k7 are characters of Gq, taking values in
(RO)* and are deformations of 1 and ¥, respectively. Therefore, "™ o i, factors
through G , the abelianization of Gq,.

By local class field theory, G?QP =7 x 7. Let p° be the highest power of p
dividing £ — 1. Leta € G“b be the unique element of order p¢. Since, a has order
p¢ and F[[x, y] does not have any nontrivial element of order p, it follows that
k1(a) = ka(a) = 1. Let b be a lift of a in Gg,. Hence, "W o i (b) =2, ie., it is
constant. Hence, t o i;(b) = 2 for any deformation ¢ of tr o as a pseudocharacter
of Gg,np with constant determinant in characteristic p. But it is easy to construct
an explicit such deformation ¢ with ¢ oiy(b) # 2.

Indeed, to construct such a deformation, first observe that the maximal pro-p
subgroup G@ ﬁp of GabN is Z/p°Z x Z,. Consider a deformation loflasa
character of Gg,np to R = F[[x]I[y] /(y17 — 1) which maps Gg’ﬁp — 14+ mp in
the following way: the topological generator of Z, is mapped to 1 + x and the
generator of Z/p®Z is mapped to y. The character x /i, which we will denote
by x, is a deformation of x. Let p = 1@ x. Thus, (tr p, det p) is a deformation of
(tr p, det §) to R with constant determinant. We claim that tr(p o iy (b)) # 2.

To prove the claim, first consider the map i{® : G — G »p induced from
i by passing to the abelianizations of both the groups. By class field theory,
Ggﬁ Np = ]_[Zq, where the product is taken over primes ¢ which divide Np. By the
local-global compatibility of class field theory, the Zj component of G@ Np> lies
in the image of Z; C Gg’l under the map i} ® Thus, the unique element of Gf‘QP Np
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of order p° is i?b (a). Therefore,

tr(foie(b)) =1G@) + 1 (@) =y +y~".

If y +y~! =2, then it would imply (y — 1)?> = 0. But this relation does not hold
in R. Hence, tr(p oi¢(b)) # 2 and our claim is proved.

Thus, we get a contradiction to our hypothesis that o is unobstructed. Therefore,
in this case as well, p is obstructed.

Therefore, combining all the results above, we get that if p is a reducible I'j(N)-
modular representation and if p|¢(N), then p is obstructed. O

Remark. Now suppose that p is a reducible I'j(N)-modular representation and p
does not divide ¢(N). Up to atwist, p = 1 @ x. If ptp(N), then

dim H' (Gg np, 1) =1,

and Tate’s global Euler characteristic formula implies that H Z(G@’ nNp» 1) =0. The
exact sequence of [Bellaiche 2012a] considered on page 25 implies

dim Tan(DY) = 1 +dim H' (Ga,np. x) dim H' (Ga np, x 7).

If x = w,, then by the Kummer theory argument above, it follows that the number
of distinct prime divisors of Np is dim H'(Gg, Np» wp) and hence, greater than 1.
Hence, if x = w), a)p_l, then dim Tan(Dg) > 2, so in this case p is obstructed. If
X #F wp, ® p_l, then by the Greenberg—Wiles version of Poitou—Tate duality, we
get that

k+1<dim H (Gg.np, x) <k+1+dim A(x ™

wp)
and

K+1<dim H (Ganp, x " <k'+1+dim A’ (x0,),

where k is the number of prime divisors £ of N such that x |G@£ = a)p|G@£, k' is
the number of prime divisors £ of N such that x ! |G@( = wP|G@w A(X_la)p) is
the part of the p-torsion subgroup of the class group of the totally real abelian
extension F of Q fixed by Ker( X_la)p) on which Gal(F/Q) acts by X_la)p and
A’(xwp) is the part of the p-torsion subgroup of the class group of the totally real

abelian extension F’ of Q fixed by Ker(xw,) on which Gal(F’/Q) acts by xw,.

Proposition 25. Suppose p|¢p(N). Let p be an absolutely irreducible T'|(N)-
modular representation such that '5|G@z is reducible for at least one prime £ dividing
N which is 1 mod p. Then, p is obstructed.

Proof. Let p be an absolutely irreducible I'j{(N)-modular representation. By
[Weston 2005, Lemma 2.5], we have

dimg H*(Ga,np. adp) = dimg 11" (G np, 0p ® adp) + T np dimp H(Gg,, 0, ® adp).
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Note that adp = 1 @ ad’p. By Tate’s global Euler characteristic formula, we get
that dimy H Z(G@’ Np» 1) = n, where n = number of prime divisors of N which are
1 mod p. For a prime g, dimf HO(G@q, wp) is 1 if g is 1 mod p and 0, otherwise.
By removing the contributions of the trivial representation from both sides of the
formula above, we get

dimg H*(Ga,vp. ad’p) = dimg 1T (Ga, vy, 0, ®ad’ )+ Xq |y, dimg H (G, , @, ®ad’p).

Now, let € be a prime dividing N such that £ — 1 is divisible by p. Suppose that
PG, is reducible. Thus, PlGg, is an extension of a character x; by a character x,. If
X1 7 X2, then, by Tate’s local Euler characterlstlc formula ExtG ( X1, x2) = 0. So,
PlGa, = X1 D X2 and ad’ PlGa, =1®x1027" & x17 ' x2. As ple—1, wp(Ga,) =1
and HO(G@Z, wp ® adO,o) = HO(G@Z, ado,o) and in this case, both of them are
nonzero. Hence, if x| # x2, then, by the formula above, H? (Ga,nps ad’ 0) #0 and
0 1s obstructed.

If x1 = xo = x, then PlGq, is either x é x or a nontrivial extension of x by itself.
If Ple, =X D X, then clearly 1 C ad’p. If Plce, is a nontrivial extension of x by
itself, then choose a basis of p such that p(Gg,) is upper triangular and identify
ad0,5 with the subspace of trace 0 matrices of M>(F). Then, Gg, acts trivially on
the subspace of ad’5 generated by the element (8 (1)) Thus, 1 C ad’p in this case
also. Therefore, if x; = x», then

H’(Gq,, w, ®ad’p) = H(Gq,,ad’p) #0

and hence, by the formula above, H 2(G@,,\/p, ad’ p) # 0, which implies that p is
obstructed. This concludes the proof of Proposition 25. (|

We would like to determine the cases when the situation considered as above
would arise, i.e., when p|g,, would be reducible. Note that, if f is an eigenform
of level N and py is the Galois representation attached to it, then we know all the
possible descriptions of p¢|g,, for a prime £ dividing N. So, we will now analyze
all the possible descriptions of p¢|g,, for an eigenform f lifting p to determine
which of them will make p obstructed and when can they arise. This will give us
some conditions on p which will force it to be obstructed.

Let f be an eigenform of level N lifting p, £ be a prime dividing N which
is 1 mod p, py be the p-adic Galois representation attached to f and m, be the
£-component of the automorphic representation associated to f. If m, is either
principal series or special, then by the local Langlands correspondence, we see
that ,oflc@e, and hence ,5|G@[, is reducible (see Sections 3 and 5 of [Weston 2004 ]
for a similar analysis). This implies that p is obstructed. In particular, if £| N but
€24 N, then we know that 7y is either special or principal series (see [Carayol 1989,
Section 1.2]). If (p)’¢, the subspace of p on which I, acts trivially, is nonzero, then
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clearly plg,, is reducible. If there exists an eigenform f of level M which lifts
0 such that there exists at least one prime divisor £ of N which is 1 mod p and
which does not divide M, then p is unramified at £ and hence, plGaq, is reducible.
Therefore, in these cases, p is obstructed.

On the other hand, if m, is supercuspidal, then, as £ # 2, it follows, from
the local Langkinds correspondence, that PrlGa, is induced from a character x
of Gy = Gal(Qy/K), where K is a quadratic extension of Q, and moreover,
pf|G@£ is irreducible (see the proof of Proposition 3.2 of [Weston 2004]). Let
x° be the Gal(K /Q)-conjugate character of x. So, prlg, =~ x ® x°. If ,5|G@l
is reducible, then clearly ¥ = x?, where x and x¢ are the reductions of x and
x ¢ in characteristic p, respectively. This means that x/x° factors through the
maximal abelian pro-p quotient of Gg. But it follows, from local class field theory
and the assumption that p |£ — 1, that the maximal abelian pro-p extension of K
is also abelian over Q. So, if x/x? factors through the maximal abelian pro-p
quotient of G, then it implies that pf|g,, = Indgge x 1is reducible, contradicting
the hypothesis that it is irreducible. Thus, we see that if 7y is supercuspidal and
plf—1, then ,5|G@£ is not reducible. In summary we have:

Corollary 26. Suppose p|¢ (N). Let p be an absolutely irreducible I' (N )-modular
representation satisfying one of the following conditions:

(1) There exists at least one prime £ which is 1 mod p such that £|N and €*{ N.

(2) There exists an eigenform f of level M which lifts p such that there is at least
one prime divisor £ of N which is 1 mod p and which either does not divide M
or divides M with multiplicity 1.

(3) The subspace (p)' is nontrivial.
Then, p is obstructed.

The only case which remains to be considered is when PlGaq, is irreducible for
all the prime divisors £ of N which are 1 mod p. Let p be such a I';(N)-modular
representation. In this case, HO(G@K, wp ®ad0/3) = HO(G@L,, adoﬁ) =0 for all such
primes €. Note that, if f is any eigenform which lifts p, then the local component
m, of the automorphic representation associated to f is supercuspidal at all such
primes. The analysis of contributions coming from p and other prime divisors of N
in the formula above, which are not 1 mod p, is done in [Weston 2004, Sections 3-5;
2005, Section 3] to give conditions for vanishing of corresponding H®’s. We can
assume that those conditions hold as well so that we can ignore those primes. Note
that these conditions neither depend on each other nor put any restrictions on each
other. So assuming them together does not yield any immediate contradiction. Now,
moreover assume that o does not come from a weight 1 modular form. We need
this hypothesis to use the results of Section 3 of [Diamond et al. 2004]. We will
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analyze the only remaining group 111! (Gg, Np, @p ® ad’5) in this case following
the approach of Weston [2004; 2005].

Let g be an eigenform such that p, is a minimally ramified lift of o (such a lift
does exist; see [Diamond et al. 2004, Section 3.2]). Hence, it is an eigenform of
level N and its weight k lies between 2 and p — 1. Let K be a finite extension
of Q, generated by the eigenvalues of g, O be its ring of integers and m be its
maximal ideal. Denote by A, the module (K'/ 0)3 on which Gg, Np acts via adopg.
We define Hé(G@, Ap,) as in [Diamond et al. 2004, Section 2.1] (see also [Weston
2005, Section 2.2]).

By [Diamond et al. 2004, Theorem 2.15], we get that

H}(Ga, pg) = H{(Ga, pg(1)) =0,

where p, (1) is the Tate twist of p, and H}(G@, Pg), H}(G@, pg(1)) are the Bloch—
Kato Selmer groups defined as in Section 2.1 of [Diamond et al. 2004]. It follows,
from [Weston 2005, Lemma 2.6], that

dimg [T (Ga, np. wp ® ad’p) < dimp HS (G, A,)[m],

where H(Gq, Ap,)[m] is the m-torsion of H}(Ga, Ap,). Now, [Diamond et al.
2004, Theorem 3.7] implies that the length of Hé(G@, Ap,) is vm(n?). Here, vy,
is the m-adic valuation and n? is the congruence ideal of g defined in [Diamond
et al. 2004, Section 1.7]. From the proof of [Weston 2005, Proposition 4.2], we see
that vm(n? ) > 0 if and only if m is a congruence prime for g, i.e., if there exists an
eigenform /s which lifts p and which is not a Galois conjugate of g.

Let € be the nebentypus of g. Let i be a character of (Z/NZ)* whose order is a
power of p (there exists such a character as p |¢(N)). Thus, € and 1€ have the same
reduction modulo m. Hence, from [Carayol 1989, Proposition 3], it follows that there
exists an eigenform £ of level N and nebentypus e which lifts p. If 4 is a Galois
conjugate of g, then € ((Z/NZ)*) and yre((Z/N Z)*) will be Galois conjugates of
each other. Since, g is a minimal lift of p, the p-part of € ((Z/NZ)*) is trivial. But
the p-part of Yre((Z/NZ)*) is nontrivial as i is a character of p-power order. So,
they can’t be Galois conjugates of each other. Therefore, g and & are not Galois
conjugates of each other. Thus, m is a congruence prime for g and H(Gg, A pe) 7 0.
However, this does not ensure that IIT! (Gg, Nps @p @ ad’p) is nonzero because we
do not know whether the injection Hll(G@,N,,, wp @ ado,b) — Hé(G@, Ap)m]
given in the proof of Lemma 2.6 of [Weston 2005], which we used in the last
paragraph, is an isomorphism, and in general it is very difficult to prove such a
result (see [Weston 2005, Lemma 2.6, Remark 2.7] and the discussion preceding
them for more details). But, based on the calculations above, we do expect that
1! (Ga,np, wp ® ad0,5) 1s nonzero.
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Let us consider the modular representations coming from a weight-1 modular
form. In the proposition below, we do not put the condition p|¢ (). For a number
field L with ring of integers O, we denote by A(L)[p] the p-torsion subgroup of
the class group of L and we let

s o,
U(L) —ker((o 7 — QI_I[ (Oiv)P»'

Proposition 27. Let p be a I'|(N)-modular representation coming from a regular
modular form f of weight 1 which has either RM or CM by F (see [Bellaiche and
Dimitrov 2016] for the definition of regular). Let H be the extension of Q which is
fixed by Ker(ad®5). Moreover, assume the following conditions:

(1) If ¢|N and p|€+ 1, then £ does not stay inert in F.

(2) If € is a prime divisor of N, then p|cg, is irreducible.

(3) A(F)[p]l =0 and Homg (A(H)[p], ad’p) =0

(4) Homg (U(F), ad’p) = 0 and if F is imaginary, then Homg(U(H), ad’p) = 0

Then, p is unobstructed.

Proof. Note that, p = IndgfD 8, where F is a quadratic extension of Q@ which is either
real or imaginary and § : Gp — [* is a character, as it comes from a weight-1 form
which has RM or CM. Let Gal(F/Q) = G’ = {1,0}. As f is a regular weight-1
eigenform, /of|(;q;D = x1 D x2, where x; and x, are distinct, unramified characters
from Ga, > (@p)* So, F and the fixed field H of Ker(ado,o) are unramified at p.
From the hypothesis (2) above, we see that all prime divisors £ of N are either inert
or ramified in F.

Thus, from above, it follows that ado,b =e® Indgg X, where € is the character
of Gg of order 2 corresponding to F and y =§6/8°. So

H'(Ga.np. ad’p) = H' (Ga,np. €) ® H' (Ga,np. IndZ2 x).

We will analyze each part of this sum separately. We mostly follow the notation of
[Bellaiche and Dimitrov 2016].

First, we will look at the group H'(Gg, Np» €) appearing above. From the
inflation-restriction sequence, we see that H l(G@, Np, €) = (Hom(GFp s, F) ® e)G/,
where S is the set of the places of F dividing Np. From class field theory and the
hypothesis (3) above, we have the following exact sequence of G’-modules:

0 — Hom(G® ¢, F) — Hom( I1 9. [F) — Hom(O%, F).
v|Np
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Now, by hypothesis (1), we have:

Hom< [T or. [F) :Hom(l_[(’)pu IT [1z/«-vz. [F)

v|Np v|p LN v|L
plé—1

as F is unramified at p. The factors in the second product come from places of
F dividing such primes and, since £ is either inert or ramified in F, each factor
appears only once. Observe that G’ acts trivially on each of them. Thus,

(Hom( I][]z/e-vz [F)@E)G/=O.

EIN vle
ple—1

If F is imaginary, then O, is a finite group and its order is not divisible by p, as
p is unramified in F. Thus, U (F ) = 0% /(O%)? =0. Hence, in this case, it follows
that (Hom(]T,, » OF,, F) ® e) has dimension 1. Therefore, H'(Gg,np, €) has
dimension 1. If F is real, then the free part of O} has rank 1 and the torsion part
is {1, —1}. Suppose p is not splitin F. Then, it is inert in F and the fundamental
unit of F' generates the residue field of OF, over [,. Suppose p is split in F. Then
]_[v‘ » OF, = Z, x Z,, and the action of G’ switches them. Moreover, under the
G'-equivariant diagonal embedding Oy — [],|, O = Z}, x Z}, the fundamental
unit of F gets mapped to an element of the form (a, —a) as the nontrivial element
of G’ sends the unit to its inverse. So, it follows, from the discussion above and
hypothesis (4), that in both the cases, G’ acts trivially on the subspace of elements
of Hom(]_[v| » OF,, I]:) which vanish on O%. An element of Hom(G%® Fs [F) vanishes
on the fundamental unit. Thus, combmmg this and the previous paragraph, we see
that G’ acts trivially on Hom(G% Fs F), when F is totally real. It follows that, in
this case, H' (Ga,np, €)= (Hom(G‘}bS, P e) =0.

We shall now analyze the second factor appearing in the sum above. Let H be
the extension of @ which is fixed by Ker(ad’p). Thus, G = Gal(H/Q) is a dihedral
group D,, which is nonabelian and Indg? x is an irreducible representation of G.
By the arguments used above, we get that

H'(Ga,np, Indge x) = (H'(Gp,5,F) ® IndGe x)°.

By hypothesis (3), H'(Gy.s, F) is the subspace of Hom(]_[va O;}U, [F) vanishing
on 0% . Since H is unramified at p, we get

Hom( I1 % F) :Hom(l_[OHv [[z/rz. [F),

v|Np vlp

where the last product is taken over all places v of H which divide N and whose
residue fields have p-th roots of unity. If £ is a such a prime, then the G-submodule
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Hom(]_[v‘ 2L/ pZ, [F) of the module above is isomorphic to Indg , &, where Dy is the
image of Gg, under ad’5 and « is the character by which it acts on the p-th roots of
unity. Note that, by hypothesis (2) above, Indg;“iD x is an irreducible representation
of Dy for every £|N. So, (Hom([]Z/pZ, F) ® IndG® X)G =0.

Assume F is imaginary. As H is unramified at p and p1|G|, we see, using
arguments from [Bellaiche and Dimitrov 2016, Section 3.2], that every irreducible
representation of G occurs in Hom(G;‘}R ¢» ) with multiplicity at least 1. The addi-
tional multiplicities would only arise from U(H). But, from hypothesis (4) above,
we have Homg (U (H), Indgjf:D X) = 0. Therefore, Indg;‘éD X occurs in Hom(G}i}’ o)
with multiplicity 1. Hence, (Hom(Gp.,s, F) ® Ind3¢ x)° = H'(Go,np. Indgg x)
has dimension 1. If F is real, then Indg? x is totally odd. Thus, from the arguments
in [Bellaiche and Dimitrov 2016, Section 3.2], we see that Indgf:D X occurs in the
subspace of Hom([T,,, O} , F) vanishing on O}, with multiplicity 2. Note that,
we do not need to consider contribution from U(H) as IndgfpI x does not occur
in O3, /(O%,)?. Therefore, combining this with the previous paragraph, we see that
Indg;ﬁD X occurs in Hom(G‘;}” g» ) with multiplicity 2. Hence, H l(G@, Np> Indgf X)
has dimension 2.

Combining these results we see that if p satisfies the conditions of the proposition,
then H' (Ga,np, ado,é) has dimension 2. Hence, p is unobstructed in our sense. [

Remark. (1) The hypotheses (3) and (4) are similar to those used by Mazur [1989,
Sections 1.12 and 1.13], where he studies unobstructed representations unram-
ified outside a single prime. Note that, for a number field L, A(L(¢,)[p]=0
implies that U(L) = 0 (see the remark after Proposition 1 of [Boston 1990]).

(2) We know that G’ = Gal(F/Q) acts on A(F)[p] by the character €. So, if
A(F)[p] # 0, then it would contribute to H ! (Ga,np» €) in addition to what
we have calculated above. Hence, in this case, we have dim H! (G, Np»€) > 1.
Thus, considering the above calculations, we see that dim H ! (Ga,np, ad’ p)>2.
Hence, if A(F)[p] # 0, then p will be obstructed.

(3) Suppose f is a weight-1 form which has RM or CM by F, and there exists a
prime ¢ such that £| N and p|£ + 1. Moreover, assume that £ stays inert in F.
Thus, using the notations of the proof above, we see that

Hom( I1 9. [F) =Hom<l_[(’)pv [1[]z/e-vz]]z/rz. [F),

v|Np v|p ¢IN wv|e
ple-1
where the last product is taken over all the prime divisors ¢ of N which stay
inert in F and which are —1 mod p. Observe that, they are isomorphic to €
as G’ representations. The projection of the image of O}, in ]_[v‘ Np Oj;u onto
this product is also trivial as F is unramified at p. Hence, this product also
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contributes to H!(Gg, Np» €), making it bigger. All the other calculations at
the places above p in the proof above still remain valid. As a result, we see
that dim H'(Gq, Np» ad’p) > 2. Hence, in this case, p is obstructed.

Note that, the assumptions in the proposition above do not yield any immediate
contradiction. Thus, we see that our notion of unobstructedness is weaker than
Mazur’s notion of unobstructedness.

Proposition 28. Let p be a modular representation satisfying the hypotheses of
Proposition 27 and suppose p|¢(N). Let the p-primary part of (Z/NZ)* be
Z]pZ X --- X Z]p°dZ. Assume moreover that:

(1) p is a new I't{(N)-modular representation.

(2) For all primes € dividing N such that p|€> — 1, U, acts like O on all newforms
of level N which lift p.

Then, the corresponding local component A; of the mod p Hecke algebra is isomor-
phic to Fllx, yl[y1, ..., yn]/(yf“, R y,{’ ") and thus, is not reduced.

Proof. As p satisfies the hypotheses of Proposition 27, it satisfies the hypotheses
of Theorem 3 as well. Indeed, p comes from a regular, weight-1 form and is
unramified at p. So, plGa, is of the required form. If £ is a prime divisor of N
which is 1 mod p, then it splits completely in Q(¢,). As plgg, is irreducible,
/3|G@(;,,) is also irreducible. Therefore, from the results of Bockle [2001], Diamond
[1996], Diamond et al. [2004], and Kisin [2004], it follows that the surjective
map R; — TEI(N ) is an isomorphism. The hypothesis (2) along with the proof
of Proposition 20 and the proof of Theorem 1 implies that the kernel of the
surjective map Tg'(’v) — Agl(N)yis mATgl(N).e By Proposition 27, we see that
R;~Olx,y, Tllz1, ..., 221/ @) —1,..., 28" —1). Combining all of the above
gives us that A; =~ F[lx, yll[y1, - . ., yn]/(ylpel, P, O

Remark. (1) If the first condition of Proposition 28 is satisfied, then to check the
second condition, it is sufficient, by Lemma 19, to check that p|;, is irreducible.

(2) Suppose p is a I'{(V)-modular representation which satisfies the two assump-
tions of Proposition 28 and the assumptions of Theorem 3. Moreover, assume
plo(N) and let the p-primary part of (Z/NZ)* be Z/p“\Z x --- X Z] p*Z.
Then, from the proof above, we see that Ag'(N) >~ R;/(m, T). Now, as p # 2,

Rs~RAT, yi,....yvl/3] " =1, yF" =),

where Rg is the universal deformation ring of p with constant determinant (see
the proof of [BK, Lemma 19] for more details). So, A7) is isomorphic to
R’g [z1,..., zn]/(zi7 ', ..., z)") and hence, is not reduced. So, the assumptions
of Proposition 27 are not necessary to get nonreduced Hecke algebras but are
necessary to find the precise structure of the Hecke algebra.
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We now give some examples of nonreduced Hecke algebras following the pre-
vious remark. Let £ be a prime such that p|¢ — 1 and £ is 3 modulo 4. Let
K = Q(+/—¢) and let hg be its class number. If p splits in K, then define n to
be the smallest integer such that p is not split in the anticyclotomic extension of
degree £" of K and ¢"{hg. Otherwise, define it to be the smallest integer such
that €" { hi. Let x : Gk — Zy — Z/€"Z — F*, where the first map is given by the
anticyclotomic Z, extension of K, and the last map is the inclusion of the £"-th roots
of unity into F*. Now, we see, from a classical theorem of Hecke, that p= Indg}‘iD X
on Gq, p¢ is an odd, irreducible representation coming from a weight-1 newform f
of level ¢2"+3,
As x° = x~! and x has odd order, they are distinct characters of Gx and they
only coincide on ker(y). Now, £ ramifies in K and the prime v’ of K lying above
¢ ramifies in the anticyclotomic extension of K of degree ¢" as £"{hg. As a
consequence, we see that p|;, and plcg, are irreducible. As ¢ splits completely in
Q(¢&p), it follows that :5|G@<;p) is also irreducible. If p is inert in K, then clearly
plGa, is a sum of distinct characters as p is unramified in K. If p is split in K,
then for a place v of K above p, x and x° are distinct characters of Gk, , as x
has odd order and p does not split completely in the anticyclotomic extension of
K of degree £". As the anticyclotomic extension of K is unramified at p, we see
that plGa, is not a direct sum of characters which are cyclotomic twists of each
other. Therefore, 5 is a new I'; (£2"*3)-modular representation satisfying the two
conditions of Proposition 28 and the conditions of Theorem 3. Hence, from the
remark above, it follows that Agl(zzm) is not reduced.
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