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ABSTRACT. Let G be the group generated by the transformations x = a& +
by =i,a #0, a,b € k, char k of the affine plane k2. For affine algebraic plane
curves of the form y” = f(z) we reduce a calculation of its G-invariants to
calculation of the intersection of kernels of some locally nilpotent derivations.
We compute a complete set of independent invariants and then reconstruct a
curve from given values of these invariants.

1. INTRODUCTION

Consider an affine algebraic curve
C:F(z,y) = Z aijz'y’ =0,a; ; €Kk,
i+j<d
defined over field k, chark = 0. Let k[C] and k(C) be the algebras of polynomial
and rational functions of coefficients of the curve C. Those affine transforma-

tions of plane which preserve the algebraic form of equation F(z,y) generate a
group G which is a subgroup of the group of affine plane transformations. A func-

tion ¢(ap0,a1,0,...,040) € k(C) is called G-invariant if ¢(do0,a1,0,-..,8d,0) =
#(a0,0,01,05- - - ,aq,0) Where oo, d1,0,- .-, aq,0 are defined from the condition
F(gz,gy) = Z ai,j(9)" (9y)’ = Z a 'y’
i+j<d i+j<d

for all g € G. The curves C and C are said to be G-isomorphic if they lies on the
same G-orbit.
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The algebras of all G-invariant polynomials and rational functions we denote by
k[C]¢ and by k(C)%, respectively. One way to find elements of the algebra k[C]“
is the specification of invariants of associated ternary form of order d. In fact,
consider a vector space Ty generated by the ternary forms 3 bi,jmd_(“‘j Jyizd,

i+j<d
b;; € k endowed with the natural action of the group GLs := GL3(k). Given
G Ls-invariant function f of k(T,;)%, a specification f of the form bi j — a;j or
bi; — 0 in the case when a; ; ¢ k(C), gives us an element of k(C)¢.

But S Ls-invariants(thus and G Ls-invariants) of ternary forms are known only for
the cases d < 4, see [1]. Furthermore, analyzing of the Poincare series of the algebra
of invariants of ternary forms, [2], we see that the algebras are very complicated
and there is no chance to find theirs minimal generating set.

Since k(T;;)“"# coincides with k(7;)%" it implies that the algebra of invariants
is the intersection of kernels of some derivations of the algebra k(7y). Then in place
of the specification of coefficients of the form we may use a ”specification” of those
derivations.

First, consider a motivating example. Let

Cs : y? + apz® + 3a12% + 3asx + a3 =0,

and let Gy be the group generated by the translations x — aZ + b. It is easy to
show that j-invariant of the curve C5 equals ([3], p. 46):

3
(Cboag — a12)
ag? (4a13a3 — 6 azapaiaz — 3ar2as? + azap? + 4apas?)’
53
Up to constant factor j(C3) equal to T where S and T are the specification of two

7(Cs) = 6912

S Ls-invariants of ternary cubic, see [1], p.173.

From another viewpoint a direct calculation yields that the following is true:
D (j(Cs)) = 0 and H (j(C3)) = 0 where D, H denote the following derivations of
the algebra of rational functions k(C3) = k(ag, a1, a9, as) :

D(al) = iai_l, ’H(al) = (3 — z)az,z = O, 1, 2, 3.
From the computational point of view, the calculation of ker D N ker H is more

effective than the calculating of the algebra of invariants of the ternary cubic. We
will derive further that

3 ’ 2

3
ker D3 Nker H3 = k (a0a2 —a12) azat +2a1® — 3ayas ag
’ ’ ap ag '

In section 2, we give a full description of the algebras of polynomial and rational
invariants for the curve y™ = f(z). We compute a complete set of independent
invariants and then reconstruct a curve from given values of these invariants.

2. INVARIANTS OF CURVES y" = f(z).

Consider the curve
d

d )
Cra:y" =aoz? +dajz®™' + - +aq= Z%(.)Idz,n >1,
i
i=0
and let GG be the group generated by the following transformations
r=af+by=7g,a#0.
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It is clear that G is isomorphic to the group of the affine transformations of the
complex line k.

The algebra k(C,, )¢ consists of functions ¢(ag,ay, ..., aq) that have the invari-
ance property

qf)(éo, Ell, ey CNLd) = ¢(a0,a1, e ,ad).
Here a; denote the coefficients of the curve (i'n,d :
C d: zd: aq <d> (OéJNU + b)dii = zd: aq (d> e
" i=0 L i=0 !

The coefficients a; are given by the formulas

(1) a; =a""’ Z (;) a;_gb*.

k=0
The following statement holds
Theorem 2.1. We have
k(C’nyd)G = ker Dg Nker &y,
where Dy, £ denote the following derivations of the algebra k(C,, 4) :
Dala;) = ia;—1,Eq(a;) = (d — i)a;. (2)

A linear map D : k(C), q) — k(C,,.q) is called a derivation of the algebra k(C), 4)

it D(fg) = D(f)g+ fD(g), for all f,g € k(C), 4). The subalgebra ker D := {f €

k(C.q) | D(f) = 0} is called the kernel of the derivation D. The above derivation
Dy is called the basic Weitzenbock derivation.

Proof. Following the arguments of Hilbert [7],page 26, we differentiate with respect
to b both sides of the equality

¢(d0, dl, ey (~ld) = qb(ao,al, e ,ad),
and obtain in this way
0(ao.ir, .. a) Do | Bd(n. v, Ga) D01, D0(G0,dn.....dg) Dy _
0ag ob 0ay ob 0ay ab '
0a;
Substitute & = 1, b = 0 to ¢(ao, @1, .., aq) and taking into account that a—% o
1a;—1, we get: B
ag, A1y, 0 op(ag, .. .,a _ 0¢(ag,...,a
G 9¢(ao, 1, , 4d) 4923, (o : aa) b dag $(ao : aa) _
Oay Oas Oag
Since the function ¢(ao, - . ., aq) depends on the variables @; in the exact same way as
the function ¢(ag, a1, - . ., aq) depends on the a; then it implies that ¢(ag, a1, ..., aq)
satisfies the differential equation
. . 0 ey
a d¢(ag,ay ..., aq) 42, d¢(ag,ay ..., aq) 4 dag . P(ag, ay ..., ad) _ 0.
day Oas Oag

Thus, D4(¢) = 0. Now we differentiate with respect to a both sides of the same
equality

¢(ao, a1, ..., aq) = ¢ao, a1, - .., aaq).
8¢(a’07&'17"'7dd)% + aqb(a‘()valv"'?&d)% 4t 8¢(a0,d1,...,&d)% =0
8&0 Oa 8&1 Oa (%d Oa '
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Substitute & = 1,b = 0, to ¢(ao, a1, .., aq) and taking into account
o0a;
=(d—1 iy
Oa la=1b=0 (d=i)a
we get:
_ 0¢(ag,ay,...,a _ 0¢(ag,...,a _ O¢lag,...,a
do (ao L d)+(d_1)a1 ¢(o~ d)+m_~_ad_1 9( 0, 4 _
dao day daq—1

It implies that E4(¢p(ag, a1 ...,aq)) = 0.

The formulas (1) define a representation of two-parametric Lie group G on the
polynomial algebra k[ag, a1, . .., aq]. By construction of the operators Dy and ker £;
the formulas (2) define a representation of the corresponding Lie algebra of the
group G. It is well-known fact of the representation theory that algebras of invari-
ants of Lie group coincide with the algebra of invariant of its Lie algebra, see [3].
Thus

k(C,.0)¢ = ker Dy Nker &;.

The derivation £; sends the monomial ag"ai"* - --a}'® to the term
(mod +mi(d—1) +---mg_1)aial™ ---a;".
Let the number w (ag®al"* ---al'*) := mod + mi(d — 1) 4+ ---mg_; be called the
weight of the monomial a(*®al"* ---aj". In particular w(a;) = d — i.
A homogeneous polynomial f € k[C,, 4] be called isobaric if all their monomial
have equal weights. A weight w(f) of an isobaric polynomial f is called a weight of

its monomials. Since w(f) > 0, then k[C,, 4]°¢ = 0. It implies that k[C,, 4]¢ = 0.
If f, g are two isobaric polynomials then

éa (1) = win - wtan?.

Therefore the algebra k(C,, 4)%¢ is generated by rational functions which both de-
nominator and numerator has equal weight.
The kernel of the derivation Dy also is well-known, see [5], [6]. It is given by

ker Dy = k(ag, 22, - - -, 24),

where

i—2 .
zi=y (—1)F (;) ai_gaba Pl (0= 1) (=) et i =2, .., d
k=0

In particular, for d = 5 we get
_ 2
22 = G200 — a1
z3 = CLgCLg +2[113 - 3CL1GQCLO
24 =asad —3a* +6a12 az ap — 4ay az a?

25 = as aé +4a,° —10a1% az ap + 10 a2 aga% —5a1 a4a8.
d
_ i
i(d—1
ag( )

It is easy to see that w(z;) = i(n — 1). The following element has the zero

weight for any i. Therefore, the statement holds:
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Theorem 2.2.

d d d
G _ 22 Z3 Zd
k(Chn.a)” = k( 2(d—-1)’ 3(d—1)’ > d(d1)> :
Qg ag ag

For the curve

d
d .
ng syt =2+ daa 4+ Fag = a:d—i—Zad(,)xd_z.
’ i=1 !
and for the group G generated by translations © = & + b, the algebra of invariants
becomes simpler:

k (C’g)GO =k(29,23,...,24).
Theorem 2.3. (i) For arbitrary set of d — 1 numbers jo,j3,...,ja there exists a
curve C such that z;(C) = j;.
(1) For two curves C and C' the equalities z;(C) = z;(C") hold for 2 <i <d, if
and only if these curves are Gy-isomorphic.

Proof. (i). Consider the system of equations

2_ .
a2 —a1” = J2
az +2a1® —3ajaz = js
a4—3a14+6a12a2—4a1a3 :j4

d—2
d .
Y (k) aa-xa} + (d = 1)(=1)*af = jy
Put a1 = 0 we get a,, = jn, i.e., the curve
d\ . 4 .
C:y"=at4 <2)]2xd b+

has the required property z;(C) = j;.
(7). We may assume, without loss of generality, that the curve C has the form

AN )
C:y2:xd+(2)jgxd 24+

Suppose that for a curve
d

d ,
' y? =2t + daa?? +"'+ad_xd+zad(.>xdl'
i=1 !

holds z;(C") = #(C) = ji.
By solving the above system we obtain

1—2 .
. i AV
(2) ai—ji+a1+z_;(S>a1ji_s,z—2,3,...,d.

Comparing (3) with (1) we deduce that the curve C’ is obtained from the curve
C by the translation « + a;. O
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