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Introduction

This paper grew out of an attempt to understand how much information is stored in
topological cyclic homology, or more precisely in the cyclotomic spectrum calculating
topological cyclic homology.

Let A be an associative and unital ring. The K-theory spectrum K(A) of A can
be defined as the group completion of the E,,-monoid of finite projective A-modules.
This is an important invariant of A that is very hard to compute in practice. For this
reason, various approximations to K(A) have been studied, notably Connes—Tsygan’s
cyclic homology HC(A), and its variant, negative cyclic homology HC™ (A). These are
obtained from the Hochschild homology HH(A), which (if A is flat over Z) is obtained
as the geometric realization of the simplicial object

ARz ARz A=} ARz A =3 A.

In fact, this is a cyclic object in the sense of Connes, which essentially means that there is
a Z/(n+1)-action on the nth term, which commutes in a suitable way with the structure
maps; here, this action is given by the obvious permutation of tensor factors. On the
geometric realization of a cyclic object, there is a canonical continuous action of the circle
group T=S", so T acts on the topological space HH(A). One can also regard HH(A), via
the Dold-Kan correspondence, as an object of the oo-derived category D(Z). One can

then define cyclic homology as the homotopy orbits
HC(A) = HH(A)q

taken in the oco-derived category D(Z), and similarly negative cyclic homology as the
homotopy fixed points
HC™ (A)=HH(A)"T

of the circle action.(!) A calculation of Connes shows that, if A is a smooth (commutative)
Q-algebra, then HC™ (A) is essentially given by the de Rham cohomology of A. In this
way, HC™ (A4) can be regarded as a generalization of the de Rham cohomology to non-
commutative rings.

The following important theorem is due to Goodwillie. To state it, we consider the
object HC™ (A)€D(Z) as a generalized Eilenberg-MacLane spectrum.

THEOREM 1.1. (Goodwillie, [40]) There is a trace map

tr: K(A) — HC™(A),

(1) For a comparison with classical chain complex level definitions, cf. e.g. [54].
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which is functorial in A. If A— A is a surjection of associative and unital algebras with

nilpotent kernel, then the diagram

K(A)g —— HC (A2Q)

J J

K(A)g —— HC™ (A®Q)

is homotopy cartesian. Here, —g denotes rationalization of a spectrum.

The trace map K(A)—HC™ (A) is often referred to as the Jones—Goodwillie trace
map; the composite K (A)—HH(A) with the projection HC™ (A)=HH(A)"T -HH(A) was
known before, and is called the Dennis trace map.

An important problem was to find a generalization of this theorem to the non-
rational case. This was eventually solved through the development of topological cyclic
homology.

As it is more natural, we start from now on directly in the more general setting
of an associative and unital ring spectrum A, i.e. an Ej-algebra in the oo-category of
spectra Sp in the language of [71]. An example is given by Eilenberg-MacLane spectra
associated with usual associative and unital rings, but for the next step it is important
to switch into the category of spectra.

Namely, one looks at the topological Hochschild homology THH(A) of A, which is

given by the geometric realization of the simplicial object

AR AR A=} AR A= A,

Here, we write ®g for the symmetric monoidal tensor product of spectra, which is some-
times also called the smash product; the base SESp denotes the sphere spectrum. Again,
this simplicial object is actually a cyclic object, and so there is a canonical T-action on
THH(A).

We remark that we have phrased the previous discussion in the oo-category of spec-
tra, so we get THH(A) as a T-equivariant object in the co-category Sp, i.e. as an object
of the functor co-category Fun(BT, Sp), where BT~CP> is the topological classifying
space of T.

)

One could then define “topological negative cyclic homology” as
TC™ (A)=THH(A)"T;

we warn the reader that this is not a standard definition, but a close variant has recently
been investigated by Hesselholt [46]. There is a still a trace map tr: K(A)—TC™ (A4),
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but the analogue of Theorem 1.1 does not hold true. However, TC™ (A) is interesting:
If A is a smooth [F,-algebra, then TC™ (A) is essentially given by the de Rham-Witt
cohomology of A over IF,,. This fact is related to computations of Hesselholt [45], but in
a more precise form it is [14, Theorem 1.10].

It was an insight of Bokstedt—Hsiang-Madsen [23] how to correct this. Their def-
inition of topological cyclic homology TC(A),(?) however, requires us to lift the pre-
vious discussion to a 1-categorical level first. Namely, we use the symmetric monoidal
1-category of orthogonal spectra Sp?; cf. Definition I1.2.1 below. We denote the symmet-
ric monoidal tensor product in this category by A and refer to it as the smash product, as
in this 1-categorical model it is closely related to the smash product of pointed spaces.
It is known that any E;-algebra in Sp can be lifted to an associative and unital ring in
Sp@, and we fix such a lift A. In this case, we can form the cyclic object

= ANANAT ANA = A,
whose geometric realization defines a T-equivariant object THH(A) in the 1-category
Sp?.(%) The crucial observation now is that this contains a wealth of information.

In fact, Bokstedt—Hsiang—Madsen use a slightly different cyclic object, called the
Bokstedt construction; i.e., they are using a different 1-categorical model for the smash
product, cf. Definition I11.4.3 below.(*) The relation between these constructions is the
subject of current investigations, and we refer to [6] and [29] for a discussion of this
point. In the following, we denote by THH(A) the realization of the cyclic object defined
through the Bokstedt construction.

Now the surprising statement is that, for any n>1, the point-set fized points
THH(A)" € Sp°,

under the cyclic subgroup C,, CT of order n, are well defined, in the sense that a homotopy
equivalence A— A’ induces a homotopy equivalence THH(A)®» —THH(A')%.(5) If n=p

is prime, this follows from the existence of a natural cofiber sequence

THH(A)c, — THH(A) — &» THH(A),

(?) We warn the novice in the theory that topological cyclic homology does not relate to topological
Hochschild homology in the same way that cyclic homology relates to Hochschild homology; rather,
topological cyclic homology is an improved version of “topological negative cyclic homology” taking into
account extra structure.

(3) We need to assume here that A is cofibrant, otherwise the smash products need to be derived.

(*) With this modification, one does not need to assume that A is cofibrant, only a very mild
condition on basepoints (see Lemma II1.5.2).

(5) For this statement, it is necessary to use the Bokstedt construction; a priori, there is no reason
that the C),-fixed points have any homotopy invariant meaning, and different constructions can lead to
different C),-fixed points. Additionally, one has to impose further point-set conditions on A (cf. [68,
Definition 4.7 and Theorem 8.1]), or derive the fixed points functor.
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where ®» denotes the so-called geometric fixed points, and a natural T-equivariant

equivalence
®,: @ THH(A) — THH(A),

which is a special property of THH(A). This leads to the statement that THH(A) is an
orthogonal cyclotomic spectrum, which is a T-equivariant object X of Sp© together with

commuting T-equivariant equivalences
D, 0 X =5 X;

cf. Definition I1.3.6. Here, on the left-hand side, there is a canonical action of T/C,,

which we identify with T via the pth power map. The above construction gives a functor
Alg(Sp?) — Cyc Sp?,
A (THH(A), (®p)per),

from associative and unital rings in Sp® to the category of orthogonal cyclotomic spectra
CycSp®. Here and in the following, P denotes the set of primes. Defining a suitable
notion of weak equivalences of orthogonal cyclotomic spectra, this functor factors over

the oo-category of Eq-algebras in Sp, and we denote this functor by

Algg, (Sp) — Cyc Sp=",
Ar— (THH(A), ((I’p)p)a

where Cyc Spg™ denotes the co-category obtained from Cyc Sp® by inverting weak equiv-
alences; we refer to objects of Cyc Sp8°" as genuine cyclotomic spectra.
One possible definition for the topological cyclic homology TC(A) is now as the

mapping space
TC(A) = Ma’prc Speen ((Sa ((I)p)pe]l")v (THH(A), ((I)p)peIP’))

in the oo-category Cyc Sp&”, where (S, (®,),cp) denotes the cyclotomic sphere spectrum
(obtained for example as THH(S)); in fact, this mapping space refines canonically to a

Cn for varying n was

spectrum. () A more explicit definition directly in terms of THH(A)
given by Bokstedt—Hsiang—Madsen; we refer to §I1.4 for the definition. We remark that
there is a natural map

TC(A) — TC™ (A)=THH(A)"T
which comes from a forgetful functor from Cyc Sp8" to the oco-category of T-equivariant
objects in Sp.

Finally, we can state the analogue of Theorem 1.1.

(6) This mapping spectrum TC(A) is equivalent to Goodwillie’s integral TC; see Remark 11.6.10.
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THEOREM 1.2. (Dundas-Goodwillie-McCarthy [32]) There is a trace map
tr: K(A) — TC(A),

called the cyclotomic trace map, functorial in A. If A—A is a map of connective

associative and unital algebras in Sp such that mgA—moA has nilpotent kernel, then

K(A) —— TC(A)

| ]

K(A) —— TC(A)

is homotopy cartesian.

Despite the elegance of this definition, it is hard to unravel exactly how much infor-
mation is stored in the cyclotomic spectrum (THH(A), (®,),), and what its homotopy
invariant meaning is. Note that, for applications, one usually assumes that A is connec-
tive, as only then Theorem 1.2 applies. In the connective case, it turns out that one can

completely understand all the structure.

Definition 1.3. A cyclotomic spectrum is a T-equivariant object X in the co-category
Sp together with T/C,~T-equivariant maps ¢,:X — X*“» for all primes p. Let CycSp

denote the co-category of cyclotomic spectra.

Here,
X% = cofib (X e, s XCr)

denotes the Tate construction. Note that, if (X, (®,)pep) is a genuine cyclotomic spec-

trum, then X, endowed with the maps
Op: X =2 P X — X1

is a cyclotomic spectrum, using the natural maps ®¢» X — X*C» fitting into the diagram

Xne, X% PCr X
Xne X hCp X1Cp

P

Note that contrary to the case of orthogonal cyclotomic spectra, we do not ask for any
compatibility between the maps ¢, for different primes p.

Our main theorem is the following.
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THEOREM 1.4. The forgetful functor CycSp&s™—CycSp is an equivalence of oo-

categories, when restricted to the full subcategories of bounded below spectra.
In particular, we get the following alternative formula for TC(A).

COROLLARY 1.5. For any connective ring spectrum A€ Algg, (Sp), there is a natural
fiber sequence

T (‘PZT_Can)peﬂ”
%

TC(A) — THH(A)" [J(THE(A) ) T,

peEP

where
can: THH(A)"T ~ (THH(A)"»)"(T/Cp) — (THH(A)"“»)"T — (THH(A)'C»)"T

denotes the canonical projection, using the isomorphism T/C,=T in the middle identifi-

cation.

Remark 1.6. One could rewrite the above fiber sequence also as an equalizer

hT
(‘Pp )per

TC(A) = Eq( THH(A)"* [T es(THH(A) )T ),

can

which may be more appropriate for comparison with point-set level descriptions of spec-
tra, where it is usually impossible to form differences of maps of spectra. As this is not
a concern in the co-category of spectra, we will stick with the more compact notation of

a fiber sequence.

In fact, cf. Lemma I11.4.2, the term (THH(A)!*“»)"T can be identified with the p-
completion of THH(A)!T, and thus HP(THH(A)tCP)hT can be identified with the profinite
completion of THH(A)!T. Thus, there is a functorial fiber sequence

TC(A) — THH(A)"T — (THH(A)'™)".

Intuitively, Theorem 1.4 says that the only extra structure present on THH(A)
besides its T-action is a Frobenius for every prime p. If p is invertible on A, this is
actually no datum, as then THH(A)!*“»=0. For example, if A is a smooth F,-algebra,
we see that the only extra structure on THH(A) besides the T-action is a Frobenius ¢,.
Recall that THH(A) with its T-action gave rise to TC™ (A), which was essentially the
de Rham-Witt cohomology of A. Then, the extra structure amounts to the Frobenius
on de Rham-Witt cohomology. Under these interpretations, the formula for TC(A)
above closely resembles the definition of syntomic cohomology; cf. [35]. We note that
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the analogy between TC and syntomic cohomology has been known, and pursued for
example by Kaledin, [57], [58]; see also at the end of the introduction of [13] for an early
suggestion of such a relation. As explained to us by Kaledin, our main theorem is closely
related to his results relating cyclotomic complexes and filtered Dieudonné modules.

By Theorem 1.4, the information stored in the genuine cyclotomic spectrum
(THH(A), (®p)p)

can be characterized explicitly. In order for this to be useful, however, we need to give
a direct construction of this information. In other words, for AcAlgg (Sp), we have to

define directly a T/C,=T-equivariant Frobenius map
¢p: THH(A) — THH(A)™“r.

We will give two discussions of this, first for associative algebras, and then indicate a
much more direct construction for E,.-algebras.
Let us discuss the associative case for simplicity for p=2. Note that, by definition,

the source THH(A) is the realization of the cyclic spectrum
Cs
LB ARsA = A

By simplicial subdivision, the target THH(A)*“ is given by —*“2 applied to the geometric

realization of the ASP-spectrum starting with

C4 C2
@ )
% A5 ABsAGs A =} AR5 A.

Here, A5P denotes a certain category lying over the cyclic category A°P. We will in fact

construct a map from the A°P-spectrum

Ca

B!
E?, ARsA—= A

towards the A°P-spectrum starting with

Cy

@
E% (A®SA®SA®§A)t02 f— (A@SA)tCQ.
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Here, the number of arrows has reduced (corresponding to factorization over the pro-
jection AS” —A°P), as some arrows become canonically equal after applying —*“2. Con-
structing such a map is enough, as the geometric realization of this A°P-spectrum maps
canonically towards THH(A)*“? (but the map is not an equivalence), as the geometric
realization is a colimit.

We see that for the construction of the map o, we need to construct a map
A— (A®gA)'C?;

this will induce the other maps by the use of suitable symmetric monoidal structures.
This is answered by our second theorem. In the statement, we use that X+ X*C» is a

lax symmetric monoidal functor, which we prove in Theorem 1.3.1.

THEOREM 1.7. For a prime p, consider the lax symmetric monoidal functor

Tp: Sp — Sp.
X+— (X ®g...05 X)),
N————

p factors

where Cy, acts by cyclic permutation of the p factors. Then, T), is exact, and there is a

unique lax symmetric monoidal transformation

Aprid — Ty,
X+— (X ®g...05 X)),

Moreover, if X is bounded below, i.e. there is some n€Z such that m; X =0 for i<n,

then the map
X > Tp(X)=(X®s..0s X)Cr

identifies T,(X) with the p-completion of X.

This is related to results of Lunge-Nielsen-Rognes, [80]. They call the functor T, the
topological Singer construction, and they prove the second part of the theorem when X
is in addition of finite type. Note that the second part of the theorem is a generalization
of the Segal conjecture for the group C, (proved by Lin [66] and Gunawardena [44]),
which states that SC» is equivalent to the p-completion of the sphere spectrum S.

Now we can explain the direct construction of THH(A) as a cyclotomic spectrum
in case A is an E-algebra. Indeed, by a theorem of McClure-Schwinzl-Vogt [79],
THH(A) is the initial T-equivariant E,-algebra equipped with a non-equivariant map
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of E-algebras A—THH(A). This induces a Cp-equivariant map A®s...0s A—THH(A)

by tensoring, and thus a map of E,-algebras
(A®s...05 A)'“» — THH(A)>.
On the other hand, by the Tate diagonal, we have a map of E,,-algebras
A— (A®s...@5A)tCr.
Their composition gives a map of E,.-algebras
A— (A®s...05 A)'“? — THH(A)>,

where the target has a residual T/C,=T-action. By the universal property of THH(A),
this induces a unique T-equivariant map ¢,: THH(A)—THH(A)!C? of E.-algebras, as
desired.

Finally, let us give a summary of the contents of the different chapters; we refer to
the individual introductions to the chapters for more details. In Chapter I, we prove
basic results about the Tate construction. Next, in Chapter II, we prove Theorem 1.4.
In Chapter III, we discuss the cyclotomic spectrum THH(A) intrinsically to our new
approach and relate it to previous constructions. In the final Chapter IV, we discuss
various examples from the point of view of this paper.

In place of giving a Leitfaden for the whole paper, let us give an individual Leitfaden
for several different topics covered in this paper. In all cases, the Tate construction as

summarized in 1.1, 1.3, is relevant.

Classical construction of THH: I1.2 — I1.3 — II1.4 — IIL5.

New construction of THH: II.1 — III.1 — III.2 — III.3.

Comparison results: 1.2 — 11.4 — I1.5 — I1.6 — IIL.6.

THH for commutative rings: III.1 — Proposition I11.3.1 — IV.2 — IV.4 « 1.2

Moreover, there are three appendices. In Appendix A, we review some facts about
symmetric monoidal oco-categories that we use. Most importantly, we prove that, for
a symmetric monoidal model category M with associated oo-category C=N (M)[W 1],
the oo-category C is again symmetric monoidal, and the localization functor N(M)—C
is lax symmetric monoidal (and symmetric monoidal when restricted to cofibrant ob-
jects); cf. Theorem A.7. We deduce this from a general functoriality assertion for the
Dwyer—Kan localization, which seems to be new. In Appendix B, we recall some basic
results about Connes’ cyclic category A, and related combinatorial categories, as well as
the geometric realization of cyclic spaces. Finally, in Appendix C we summarize some
facts about homotopy colimits in various categories of spaces and spectra.
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Chapter I. The Tate construction

Recall that, if G is a finite group acting on an abelian group M, then the Tate cohomology
H {(G, M) is defined by splicing together cohomology and homology. More precisely,
f]i(G, M)=H G, M) if i>0, ﬁ[ifl(G, M)=H_;(G,M) if i<0, and there is an exact
sequence

0— H (G, M) — Mg 265 MY — H(G, M) — 0.

Our goal in this chapter is to discuss the co-categorical analogue of this construction.
In §1.1 we recall the norm map Nmg: X, — X" defined for any finite group G
acting on a spectrum X, following the presentation of Lurie [71, §6.1.6]. Using this,
we can define the Tate construction X*“=cofib(Nm¢g: X»q —)XhG). In §1.2, we prove a
very concrete result about the vanishing of the Tate construction which is the essential
computational input into Theorem 1.4. In §1.3, we prove that the Tate construction is lax
symmetric monoidal, which is required for many arguments later. This is a classical fact,
however all constructions of this lax symmetric monoidal structure that we know use some
form of genuine equivariant homotopy theory. By contrast, our construction is direct,
and moreover proves that the lax symmetric monoidal structure is unique (and therefore
necessarily agrees with other constructions). The argument uses Verdier quotients of
stable oo-categories, and we prove some basic results about them in Theorems 1.3.3
and 1.3.6, amplifying the discussion in [18, §5]. In §.4, we use these ideas to construct
norm maps in much greater generality, following ideas of Klein [59], and verify that the
resulting Tate constructions, classically known as Farrell-Tate cohomology, are again lax

symmetric monoidal in many cases. This is used later only in the case of the circle T.

I.1. The Tate construction for finite groups

We start with some brief recollections on norm maps in oco-categorical situations. For

this, we follow closely [71, §6.1.6]. The following classes of oo-categories will be relevant
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to us.

Definition 1.1.1. Let C be an co-category.

(i) The oo-category C is pointed if it admits an object which is both initial and final;
such objects are called zero objects.

(ii) The oo-category C is preadditive if it is pointed, finite products and finite co-
products exist, and for any two objects X,Y €C, the map

<1dX 0>:X|_|Y—>X><Y
0 idy

is an equivalence. Here, 06 Hom¢ (X, Y') denotes the composition X —+0—Y for any zero
object 0eC.

If C is preadditive, we write X®Y for XUY~XxY. If C is preadditive, then
moHome (X,Y) acquires the structure of a commutative monoid for all X, Y eC.

(iii) The co-category C is additive if it is preadditive and moHom¢(X,Y) is a group
for all X, Y eC.

(iv) The oo-category C is stable if it is additive, all finite limits and colimits exist,
and the loop functor Q:C—C, X+—0xx0, is an equivalence.

We refer to [71, Chapter 1] for an extensive discussion of stable co-categories. These
notions are also discussed in [37]. Note that in [71, §6.1.6] Lurie uses the term semiad-

ditive in place of preadditive.

Definition 1.1.2. Let G be a group, and C an oco-category. A (G-equivariant object
in C is a functor BG—C, where BG is a fixed classifying space for G. The oo-category

CBC of G-equivariant objects in C is the functor co-category Fun(BG,C).

Remark 1.1.3. We are tempted to write C“ in place of CB¢

standard usage by algebraists. However, this leads to conflicts with the notation CX for

, which is closer to
a general Kan complex X that we will use momentarily. This conflict is related to the fact
that algebraists write H*(G, M) for group cohomology of G acting on a G-module M,
where topologists would rather write H*(BG, M).

Remark 1.1.4. Applying this definition in the case of the oco-category of spectra
C=Sp, one gets a notion of G-equivariant spectrum. This notion is different from the
notions usually considered in equivariant stable homotopy theory,(”) and we discuss their
relation in §I1.2 below. To avoid possible confusion, we will refer to G-equivariant objects

in Sp as spectra with G-action instead of G-equivariant spectra.

(") It is even more naive than what is usually called naive.
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Definition 1.1.5. Let G be a group, and C an co-category.
(i) Assume that C admits all colimits indexed by BG. The homotopy orbits functor

is given by

.nBG
—hg.C ——>C,

(F: BG —C)+— colimpg F.

(ii) Assume that C admits all limits indexed by BG. The homotopy fized points
functor is given by

7hG’:CBG' C,

(F:BG—C)—limpg F.

Remark 1.1.6. Note that, in the setting of Definition I.1.5, it might be tempting to
drop the word “homotopy”, i.e. to refer to these objects as “orbits” and “fixed points”
and denote them by —¢ and —&, since in an co-categorical setting this is the only thing
that makes sense. However, later in the paper we will need some elements of equivariant
homotopy theory, so that there is another spectrum referred to as “fixed points”. In

order to avoid confusion we use the prefix “homotopy”.

Now, assume that G is finite, and that C is a sufficiently nice co-category, in a sense

that will be made precise as we go along. We construct a norm map
Nmg: Xy — XhG

as a natural transformation of functors —pc— —"¢:CB¢ (. The construction will be
carried out in several steps.

For any Kan complex X, let CX=Fun(X,C) be the functor co-category. For any
map f: X =Y of Kan complexes, there is a pullback functor

f*:¢Y =Fun(Y,C) — Fun(X,C) =C*.

We denote the left (resp. right) adjoint of f* by fi (resp. f.), if it exists. In light of
[69, Proposition 4.3.3.7], we will also refer to fi (resp. f.) as the left (resp. right) Kan
extension along f: X =Y.

As an example, note that, if f: BG— x* is the projection to a point, then the resulting
functors fi, f.:CP¢ —C are given by —,g and —"C, respectively.

We will often use the following construction, where we make the implicit assumption

that all functors are defined, i.e. that C has sufficiently many (co)limits.
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Construction 1.1.7. Let f: X —=Y be a map of Kan complexes, and §: X - X xy X

be the diagonal. Assume that there is a natural transformation
Nmg: 6 — 0,

of functors CX —CX>*¥X and that Nm; is an equivalence.
Let po, p1: X Xy X — X denote the projections onto the first and second factor. We
get a natural transformation

*

* * % ngl * *
Py —> 0.0 ph =0 =~ S =007 p] — i,
and, by adjunction, a map idex —po.p;. Now, consider the diagram

Xxy X 25X

17

X——Y.

By [71, Lemma 6.1.6.3] (cf. [71, Definition 4.7.4.13] for the definition of right adjointable
diagrams), the natural transformation f* f.—po.p} is an equivalence. We get a natural
transformation idex — f* f, of functors CX —CX, which is adjoint to a natural transfor-

mation Nmy: fi— f, of functors C* —C.

Recall that a map f: X =Y of Kan complexes is (—1)-truncated if all fibers of f are
either empty or contractible.(®) Equivalently, §: X — X xy X is an equivalence. In this

case, Nmy exists tautologically.

LeMmMma 1.1.8. ([71, Proposition 6.1.6.7]) If C is a pointed oo-category, then the
functors fi and f. exist for all (—1)-truncated maps f: X =Y, and Nmy: fi— f. is an

equivalence.

Thus, if C is pointed, we can now play the game for O-truncated maps f: X —Y, as
then 6: X — X xy X is (—1)-truncated, and so Nm; exists and is an equivalence. We say
that a O-truncated map f: X —Y has finite fibers if all fibers of f are equivalent to finite

sets.

LemMma 1.1.9. ([71, Proposition 6.1.6.12]) If C is a preadditive oco-category, then
the functors fy and f. exist for all O-truncated maps f: X—=Y with finite fibers, and

Nmy: fi— f. is an equivalence.

(®) Here and in the following, all fibers of maps of Kan complexes are understood to be homotopy
fibers.
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Therefore, if C is preadditive, we can go one step further, and pass to 1-truncated
maps f: X =Y. We say that a 1-truncated map f: X =Y is a relative finite groupoid if all
fibers of f have finitely many connected components, and each connected component is
the classifying space of a finite group. Note that, if f: X =Y is a relative finite groupoid,
then §: X — X xy X is a O-truncated map with finite fibers.

Definition 1.1.10. Let C be a preadditive co-category which admits limits and co-
limits indexed by classifying spaces of finite groups. Let f: X—Y be a map of Kan

complexes which is a relative finite groupoid. The norm map
Nmgy: fi — f
is the natural transformation of functors CX —CY given by Construction 1.1.7.

Ezample 1.1.11. Let C be a preadditive oo-category which admits limits and colimits
indexed by BG for some finite group G. Applying the previous definition in the special

case of the projection f: BG—*, we get a natural transformation
Nmg: Xpg — XhG
of functors CB¢ —C.

Ezample 1.1.12. Let C be a preadditive co-category which admits limits and colimits
indexed by BG for some finite group GG. Assume that G is a normal subgroup of some
(topological) group H. In this case, for any H-equivariant object X €CPH the G-
homotopy orbits and G-homotopy fixed points acquire a remaining H/G-action. More
precisely, consider the projection f: BH— B(H/G). Then, by [71, Proposition 6.1.6.3],
the functors

fi, fu:CBH _y cBU/G)

sit in commutative diagrams

cBH _I' . oB(H/G) cBH _ I, oB(H/G)
J{ J{ and l J{
CBG ¢ cre ¢,

where the vertical functors are the forgetful functors. By abuse of notation, we sometimes

denote these functors simply by

—ha, 7hG:CBH *)CB(H/G)

We claim that, in this situation, the natural transformation Nmg: —pg— —"¢ of functors
CBE C refines to a natural transformation Nmy: fi— f. of functors CBH —CBH/G),

i.e. Nm¢ is H/G-equivariant. Indeed, Nmy is a special case of Definition 1.1.10.
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Definition 1.1.13. Let C be a stable co-category which admits all limits and colimits

indexed by BG for some finite group G. The Tate construction is the functor

_thcBG C,

X — cofib(Nmg: Xp,q — X%).

If G is a normal subgroup of a (topological) group H, we also write —*¢ for the functor
7tG: CBH SN CB(H/G),
X +—cofib(Nmy: i X — f.X),

where f: BH— B(H/G) denotes the projection.

We will use this definition in particular in the case where C=Sp is the oco-category
of spectra. More generally, one can apply it to the co-category R-Mod of module spectra
over any associative ring spectrum R€ Alg(Sp); this includes the case of the co-derived
category of S-modules for some usual associative ring S by taking R=HS. However,
limits and colimits in R-Mod are compatible with the forgetful functor R-Mod—Sp, as
are the norm maps, so that the resulting Tate constructions are also compatible.

If one takes the Tate spectrum of an Eilenberg—MacLane spectrum HM for a G-
module M, then one gets back classical Tate cohomology, more precisely 7;(HM*¢)=
H~(G,M). As an example, we have H* (Cp, Z)=F,[t*!], with t of degree 2. We see in
this example that there is a canonical ring structure on Tate (co)homology. This is in

fact a general phenomenon, which is encoded in the statement that the functor

—1¢.9pBY 5 Sp

admits a canonical lax symmetric monoidal structure. We will discuss this further below

in §1.3. For now, we will ignore all multiplicative structure.

I.2. The Tate orbit lemma

In this section, we prove the key lemma in the proof of Theorem 1.4, which we call the
Tate orbit lemma. Let X be a spectrum with a Cj2-action for a prime p. The homotopy
orbits Xjc, and the homotopy fixed points X hCp have a remaining C,2 /Cp-action which

allows us to take Tate spectra.

LEMMA 1.2.1. (Tate orbit lemma) Let X be a spectrum with a Cpz-action. Assume
that X is bounded below, i.e. there exists some n€Z such that m;(X)=0 for i<n. Then,

(Xng, )@/ 0.
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LEMMA 1.2.2. (Tate fixpoint lemma) Assume that X is bounded above, i.e. there
exists some n€Z such that m;(X)=0 for i>n. Then,

(Xth)t(Cpfz/Cp) ~ 0

Ezample 1.2.3. We give some examples to show that neither the Tate orbit lemma
nor the Tate fixpoint lemma are satisfied for all spectra.(?)

(i) For the sphere spectrum S with trivial Cp2-action we claim that (ShCr)tCp2/C
is equivalent to the p-completion of the sphere spectrum. In particular, it is non-trivial
and S does not satisfy the conclusion of the Tate fixpoint lemma.

To see this, note that there is a fiber sequence
hC c
ShC,, — S St P,

and it follows from the Segal conjecture that St¢» :S]’D\ is the p-completion of the sphere
spectrum; cf. Remark IT1.1.6 below. Since the map S—S*» that leads to this equivalence
is equivariant for the trivial action on the source (cf. Example I1.1.2 (ii)), it follows that
the residual C,2 /Cp-action on St is trivial. Applying —*(“»2/ ) to the displayed fiber
sequence, we get a fiber sequence

(S, )1 (Cr2/ ) —s (ShCr)HCp2/O) s (§1)H(Cr2/Co),
Here, the first term is zero by Lemma I.2.1. The last term is given by
(S;\)t(CPQ/Cp) — (Sg)tcp ~StCr ~ SQ,

using Lemma 1.2.9 in the middle identification, and the Segal conjecture in the last

identification. Thus, we see that

hCy\H(Co2 /Cp) 0 QA
(S )( 2/ )_Sp,

as desired.

(ii) Dualizing the previous example, one can check that the Anderson dual of the
sphere spectrum does not satisfy the Tate orbit lemma. We leave the details to the
reader.

(ili) Let X=KU be periodic complex K-theory with trivial C)2-action. We claim
that X does not satisfy the Tate orbit lemma. We will prove in Lemma I1.4.1 below

(°) One can, however, check that they hold for all chain complexes, as then both (thp)t(cp2/cl’)

and (thp)t(ciﬂ2 /€%) are modules over the Eoo-ring spectrum (HZ”(’VP)t(CP2 /Cp) .
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that, for every spectrum X that satisfies the Tate orbit lemma, we get an equivalence
(X1Cn)M(Cp2/Cr) ~ X2 We now check that this cannot be the case for X =KU. First,

we compute that
. (KU ) 2 KU, ((2))/[p)(z) = KU..(())/((z = 1)" ~1),

where we have used a well-known formula for Tate spectra of complex oriented cohomol-
ogy theories; see e.g. [41, Proposition 3.20] or [5, §2]. This is a rational spectrum, as one
can see by a direct computation. The homotopy groups are given by the cyclotomic field
Qp(¢p) in even degrees and are trivial in odd degrees. The remaining C,2/C)p-action on
this spectrum extends to a T/Cjp-action. This implies that it acts trivially on homotopy
groups. Since we are in a rational situation, this implies that taking further homotopy
fixed points does not have any effect, i.e.

7, (KU ) MOz /%)) = KU, @Qp(¢y)-
The Tate-spectrum for the Cp2-action, on the other hand, has homotopy groups
™. (KU = KU, ((2))/[p°] (x)

The p-series of the multiplicative group law is given by [p%](2)=(z—1)?" —1. This spec-
trum is again rational, as in this ring 2P” is divisible by p, so that inverting = also

inverts p. In fact, one computes that

(KU ) 2 KU, @(Qp(Gp) @ Qp(G2))-

But the homotopy groups of this spectrum have a different dimension over Q, than the
homotopy groups of (KU*“»)MC2/C%)  Thus, we get that (KU'“r)"(Cp2/Cr) p KUz
Therefore, KU with trivial C)2-action does not satisfy the Tate orbit lemma.

We try to keep our proofs of Lemmas [.2.1 and 1.2.2 as elementary as possible; in
particular, we want to avoid the use of homotopy coherent multiplicative structures. If
one is willing to use the multiplicativity of the Tate construction (see §1.3), one can give
a shorter proof.(1?)

The following lemma gives the key computation in the proofs of Lemmas 1.2.1
and 1.2.2.

(19) Indeed, as below, one reduces the problem to Eilenberg-MacLane spectra X, in which case both

(thp)t(cPZ/Cp) and (XhCP)t(CP2/c") are modules over the Eoo-ring spectrum (HZhCP)t(cP2/C”).

Thus, it suffices to see that (HZhCP)t(CP2/Cp) ~0, which follows from half of Lemma 1.2.7.



ON TOPOLOGICAL CYCLIC HOMOLOGY 221

LeMMA 1.2.4. Let X=HF, with trivial Cj2-action. For any integer >0, we have
(T[zi,2¢+1]Xth)t(cp2/C") ~0, (T[f2i71,72i]th”)t(C‘”2/C”) ~0.

Moreover, the conclusions of Lemmas 1.2.1 and 1.2.2 hold for X.

Proof. In the proof, we use freely the computation of H*(C,,F,)=H;(C,,F,)=F,,
the ring structure on cohomology, and the module structure on homology, as well as the
similar results for C)2. These structures are standard and can be found in most books
about cohomology of groups; e.g. [27, Chapter XII, §7].

We start with the following vanishing result.

LEMMA L1.2.5. Let A€D(F,)B be a Cp,-equivariant chain complex of F,-vector
space whose only non-zero cohomology groups are H°(A,F,)=H'(A,F,)=F,, with (nec-

essarily) trivial Cp-action. Assume that the extension class in
o MapD(]Fp)Bcp (Fp[—1], Fp[1]) = HQ(va Fp)=Fp

corresponding to A is non-zero. Then, A*Cr»~(.

Proof. We note that there is a unique A up to equivalence with the given properties.

Consider the complex
-1
B:Fy[Cy] L Fy[Cpl,

where v acts by the cyclic permutation action on C,,. The Cp-action on B is given by the
regular representation F,,[C}] in both degrees. One checks directly that the only non-zero
cohomology groups of B are H(B,F,)=H'(B,F,)=F,, and B!“»~0, as F,[C,]!»~0
because F,,[C,] is an induced Cp-module. In particular, B must correspond to a non-zero
class in H?(C,,F,), as otherwise B!Cr ~FLC @®F,[—1]*“» 0. Thus, A~B, and hence
AtCr ~ BtCp (). O

Now take A:T[2i,2i+1]Fp,hcp[727:71] (resp. A:T[_Qi_l,_gi]]FZCP[

2i]). By the usual
computation of H(C),F,)=F, and H;(C,,F,)=F,, we see that the only non-zero coho-
mology groups of A are given by H°(A,F,)=H"'(A,F,)=F,. It remains to see that A is
not Cp2 /Cp-equivariantly split.

Note that there is a class a€ Ho;y1(Cp2, Fp)=F, (vesp. a€ H?(C2,F,)=F,) which
projects onto a generator of Ha;41(Cp,F,) (resp. H*(C)p,F,)). Cap (resp. cup) product

with a induces a C)2/C)p-equivariant equivalence
hC
T[fl,O]Fp v~ A

Thus, it suffices to prove that 7_; g IFZCP is not C)2 /Cp-equivariantly split.
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Now we look at the contributions in total degree 1 to the Fs-spectral sequence
H'(Cys /Cpo HY (G F,)) = H (G, ).
If 11 Fy " is Cp2/Cp-equivariantly split, the differential
HO(Cyi [Cyo HY(Cy, By)) — H2(Cp |y, HO(C, )
is zero, which implies that both
HO(Cyp Cy B (Cpu ) =F, and  H(Cyo /Cyp H(C,. F,)) =F,
survive the spectral sequence, which would imply that H'(Cp2,F,)=F>. However,
HY(Cp2,F,)=F,

is 1-dimensional, which is a contradiction.
It remains to prove the last sentence of the lemma. Note that, by splicing together

the result for different 7, we see that, for all >0,
(Te2it1Xne, ) (/) 20 and (75951 X"Or)1(D2/%) .

Now, the result follows from the convergence lemma below. O
LEMMA 1.2.6. Let Y be a spectrum with G-action for some finite group G.
(i) The natural maps
V'Y — lim,, (1<, Y)"C,
Y — lim, (7<n Y e,
Y% 5 lim, (1<, V)"

are equivalences.

(ii) The natural maps

colimy, (75, Y)"¢ — YhG,
COlimn (7‘> nY)hG — YhG;

>—

colim,, (1>, Y)'¢ — V¢

are equivalences.
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Proof. In the first part, the result for —" is clear, as limits commute with limits.
It remains to prove the result for —,¢, as then the case of —t¢ follows by passing to the

cofiber. But, for any n, the map
Yhe — (7<nY )na

is n-connected, as Y —7¢,Y is n-connected and taking homotopy orbits only increases
connectivity. Passing to the limit n— oo gives the result. The second part follows in the

same way. O

LEMMA 1.2.7. Let M be an abelian group with Cpz-action, and let X=HDM be the
corresponding Eilenberg-MacLane spectrum with Cp2-action. Then X satisfies the con-

clusions of Lemmas 1.2.1 and 1.2.2.

Proof. We start with the Tate fixpoint lemma. First, observe that the functor taking

an abelian group M with Cpz-action to
(HM"Cr)H /) — cofib((HM" )¢ , /0,y — HM"?)

commutes with filtered colimits. Indeed, it suffices to check this for the functors sending
M to HM"®» and HM"C»? (as homotopy orbits and cofibers are colimits and thus
commute with all colimits), where the observation that group cohomology H®(C),, M)
and H'(Cyp2, M) commute with filtered colimits is used.

Thus, we may assume that M is a finitely generated abelian group. We may also
assume that M is torsion free, by resolving M by a 2-term complex of torsion-free abelian
groups with Cpe-action. Now, M/p is a finite-dimensional Fj-vector space with Cj2-
action. As C2 is a p-group, it follows that M /p is a successive extension of [, with
trivial Cpe-action. Thus, M/p satisfies the Tate fixpoint lemma, by Lemma 1.2.4. It
follows that multiplication by p induces an automorphism of (H M hcp)t(cvz /Cv), Thus,
we can pass to the filtered colimit M[1/p] of M along multiplication by p, and assume
that multiplication by p is an isomorphism on M. Thus, the same is true for Y =HM"C»
and then Y*(©»2/Cr) —( by the following standard observation.

LEMMA 1.2.8. Let Y be a spectrum with Cp-action such that multiplication by p is
an isomorphism on ;Y for all i€Z. Then, Y*tCr~0.

Proof. The assumptions imply that ;Y% =(7;Y)%, 7iYnhe,=(mY)c,, and the

C

norm map (m;Y )¢, —(m;Y)“7 is an isomorphism, giving the claim. O

For the Tate orbit lemma, we do not see a direct way to prove that one can pass
to filtered colimits. However, in this case, (H thp)t(cp2 /) is p-complete, by the next

lemma.
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LEMMA 1.2.9. Let X be a spectrum with Cp-action which is bounded below. Then,
X' is p-complete and equivalent to (X;\)tcp.

tC

Proof. Since —*» is an exact functor, it commutes with smashing with the Moore

spectrum S/p Thus, the canonical map
X C X C
tCp N ( /\)t P

is a p-adic equivalence. If X is bounded below, then so is XPA. Thus, it suffices to show
the first part of the lemma.

By Lemma 1.2.6 and the fact that limits of p-complete spectra are p-complete, we
may assume that X is bounded. We can then filter X by Eilenberg—MacLane spectra, and
reduce to an Eilenberg—MacLane spectrum X =H M|i] concentrated in a single degree i.
But the Tate cohomology 1{_\1*(6’1,7 M) is p-torsion. Thus also X*C» is p-torsion, and in

particular p-complete. O
As (Hthp)t(Cp2 /%) ig p-complete, it suffices to show that
(HMyc,)" @2/ [p~0,

in order to prove that (Hthp)t(Cp2 /C9) ~0. As above, we may also assume that M is

p-torsion free. In that case,
(HMng,) /) [p~ (H(M/p)nc, )2/,

so we may assume that M is killed by p. If v is a generator of Cp2, it follows that
(7,1)172 =~P"—1=0 on M, so that M has a filtration of length at most p*> whose terms
have trivial Cp2-action. Therefore, we may further assume that M has trivial Cp2-action.

Thus, M is an Fp-vector space with trivial Cj2-action. Applying Lemma 1.2.4, we
see that, for all >0,

(Tai 2601 H My, )2/ 97) ~ 0,
as this functor commutes with infinite direct sums. This implies that
(HMpc, )" /) =0

as in the final paragraph of the proof of Lemma 1.2.4. O

Proof of Lemmas 1.2.1 and 1.2.2. Consider first Lemma 1.2.1. We have to show that
(X hcp)t(cv2/ “») =0 for X bounded below. Equivalently, we have to prove that the norm
map

Xne, — (Xnc,)"r

is an equivalence. By Lemma 1.2.6 (i), both sides are given by the limit of the values at
T<nX. Thus, we may assume that X is bounded. Filtering X, we may then assume that
X =H M]i] is an Eilenberg-MacLane spectrum, where the result is given by Lemma 1.2.7.

For Lemma 1.2.2, one argues similarly, using Lemma 1.2.6 (ii) and Lemma 1.2.7. O
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1.3. Multiplicativity of the Tate construction

Let G be a finite group. Recall that, as a right adjoint to the symmetric monoidal functor
Sp—SpP¢ sending a spectrum to the spectrum with trivial G-action, the homotopy fixed
point functor —"¢:SpBE Sp admits a canonical lax symmetric monoidal structure;
cf. [71, Corollary 7.3.2.7]. We refer to Appendix A for a general discussion of symmetric
monoidal co-categories. In this section, we show that the functor —*¢: SpB“ —Sp admits
a unique lax symmetric monoidal structure which makes the natural transformation

—hG 5 _tG Jax symmetric monoidal. More precisely, we have the following.

THEOREM 1.3.1. The space consisting of all pairs of a lax symmetric monoidal struc-
ture on the functor —*G together with a lax symmetric monoidal refinement of the natural

G

transformation —"G ——tG s contractible.

It is well known in genuine equivariant homotopy theory that the Tate construction
admits a canonical lax symmetric monoidal structure; cf. the discussion after Proposi-
tion I1.2.13 below. However, we are not aware that the uniqueness assertion was known
before. Moreover, we do not know a previous construction of the lax symmetric monoidal
structure on the Tate construction that avoids the use of genuine equivariant homotopy
theory.

For the proof, we need to use some properties of Verdier localizations of stable

oo-categories. These are discussed in [18, §5], but we need some finer structural analysis.

Definition 1.3.2. Let C be a stable co-category.

(i) A stable subcategory of C is a full subcategory DCC such that D is stable and
the inclusion DCC is exact.

(i) Assume that C is a stably symmetric monoidal stable oco-category.(1!) A stable
subcategory DCC is a ®-ideal if, for all X €C and Y €D, one has X®Y €D.

We need the following results about the Verdier localization of stable co-categories.

THEOREM 1.3.3. Let C be a small, stable co-category and DCC a stable subcategory.
(i) Let W be the collection of all arrows in C whose cone lies in D. Then the
Dwyer-Kan localization C/D:=C[W~1](12) is a stable co-category, and C—C/D is an

exact functor. If £ is another stable co-category, then composition with C—C /D induces

(1) By “stably symmetric monoidal” we mean that the tensor product is exact in each variable
separately.

(12) For an co-category C and a class of edges W CCy the Dwyer-Kan localization C[/W~1] is the
universal co-category with a functor C— C[W~1] that sends W to equivalences. We use the slightly non-
standard term Dwyer—Kan localization to distinguish this concept from the related notion of Bousfield
localization, which is called localization in [69].
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an equivalence between Fun™ (C/D, €) and the full subcategory of Fun™ (C, ) consisting
of those functors which send all objects of D to zero.
(ii) Let X,Y €C with image X,Y €C/D. The mapping space in C/D is given by

Mape p(X,Y) ~ colimzep ,, Mape (X, cofib(Z —Y)),
where the colimit is filtered. In particular, the Yoneda functor

C/D — Fun(C?,S),

factors over the Ind-category:
C/D — Ind(C) CFun(C, S).

This is an exact functor of stable co-categories, and sends the image Y €C/D of Y C
to the formal colimit colimzep,, cofib(Z—Y)€Ind(C).

(iii) Assume that & is a presentable stable oo-category. Then, the full inclusion
Fun™ (C/D, &) CFun®™ (C, £) is right adjoint to a localization in the sense of [69, Defini-

tion 5.2.7.2]. The corresponding localization functor
Fun™ (C, £) — Fun™(C/D, £) CFun™(C, )

s given by taking an ezxact functor F:C—E& to the composite

Ind(

C/D —Tnd(C) 22 ma(e) —s &,

where the first functor comes from Theorem 1.3.3 (ii) and the last functor is taking the

colimit in £.

We note that it follows from the definition of C/D that on homotopy categories
h(C/D)=hC/hD is the Verdier quotient of triangulated categories. Part (iii) says that
any exact functor F:C— & has a universal approximation that factors over the quotient
C/D.

Proof. First, we prove part (ii). For the moment, we write C[W ~!] in place of C/D,
as we do not yet know (i).

We start with a general observation about mapping spaces in C[W 1] for any small
oo-category C with a collection W of arrows. Recall that there is a model of C[W ~!]
which has the same objects as C, and we will sometimes tacitly identify objects of C and
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C[W 1] in the following. By definition, the oo-category C[W ~!] has the property that,
for any oo-category D,
Fun(C[W 1], D) C Fun(C, D)

is the full subcategory of those functors taking all arrows in W to equivalences. Applying

this in the case D=8 the oco-category of spaces, we have the full inclusion
Fun(C[W~1],S) C Fun(C, S)

of presentable co-categories (cf. [69, Proposition 5.5.3.6]) which preserves all limits (and

colimits). By the adjoint functor theorem, [69, Corollary 5.5.2.9], it admits a left adjoint

L:Fun(C,S) — Fun(C[W 1], S).
The following lemma gives a description of the mapping spaces in C[W 1] in terms of L.

LEMMA 1.3.4. For every object X €C with image X €C[W 1], the functor
Mapey-1)(X, —)
is given by L(Mapy(X,—)). Moreover, the diagram
CP —— Fun(C, S)
| |

CIW=1°P —— Fun(C[W 1], S)

of oo-categories commutes, where the horizontal maps are the Yoneda embeddings.

Proof. For any object X €C and functor F:C[W~1]—S, we have

MapFun(C[Wfl],S) (L(Mapc (X’ _))’ F) = Ma‘pFun(C,S) (MapC(Xv _), F|C) = F(X)a

by adjunction and the Yoneda lemma in C. In particular, if f: X —Y is a morphism in

W such that X —Y is an equivalence, then
L(Mapc (Y, —)) — L(Mape (X, —))
is an equivalence by the Yoneda lemma in Fun(C[W ~1]). This implies that the composite
C°P — Fun(C, S) - Fun(C[W 1], S)
factors uniquely over C[W~1]. To see that the resulting functor
CW 1P — Fun(C[W~1],8)

is the Yoneda embedding, it suffices to check on the restriction to C°P (by the universal
property of C[W~1]°P). But this follows from the first displayed equation in the proof,
and the Yoneda lemma in Fun(C°P[W~1],S). O
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In our case, we can give a description of L. Indeed, given any functor F:C—S, we
can form a new functor L(F'):C—S which sends X €C to

colimyep,, F(cofib(Y — X)).

Note that, as D has all finite colimits, the index category is filtered. Also, there is a natu-
ral transformation F— L(F') functorial in F. If F sends arrows in W to equivalences, then
F— L(F) is an equivalence, and in general L(F') will send arrows in W to equivalences.
From this, one checks easily, using [69, Proposition 5.2.7.4], that L: Fun(C, S) »Fun(C, S)
is a localization functor with essential image given by Fun(C[W 1], S); i.e. L is the desired
left adjoint. Now part (ii) follows from Lemma I1.3.4.

Now we prove part (i). Note that it suffices to see that C[W 1] is a stable oo-
category for which the functor C—C[W ~!] is exact, as the desired universal property
will then follow from the universal property of C[W~1!]. It follows from the formula
in (ii) that C—C[W '] commutes with all finite colimits, as filtered colimits commute
with finite limits in S. Applying this observation to the dual co-categories, we see that
C—C[W 1] also commutes with all finite limits. In particular, one checks that C[W 1]
is pointed, preadditive and additive. As any pushout diagram in C[W ~!] can be lifted to
C, where one can take the pushout which is preserved by C—C[W 1], it follows from [69,
Corollary 4.4.2.4] that C[W ~!] has all finite colimits. Dually, it has all finite limits. The
loop space functor X—0xx0 and the suspension functor X+—0Lx0 are now defined
on C[W~1!] and commute with the loop space and suspension functors on C. To check
whether the adjunction morphisms are equivalences, it suffices to check after restriction
to C, where it holds by assumption. This finishes the proof of (i).

The statement in part (iii) follows by a straightforward check of the criterion [69,
Proposition 5.2.7.4 (3)]. O

In [18, §5], the Verdier quotient is defined indirectly through the passage to Ind-
categories. We note that our definition agrees with theirs. More precisely, one has the

following result.

PRrOPOSITION 1.3.5. Let C be a small, stable co-category and let DCC be a stable
subcategory. Then the Ind-category Ind(C) is a presentable stable oo-category, Ind(D)C
Ind(C) is a presentable stable subcategory, and the canonical functor

Ind(C) — Ind(C/D)
has kernel(*?) given by Ind(D). Moreover, the functor Ind(C)—Ind(C/D) is a localiza-
tion in the sense of [69, Definition 5.2.7.2], with fully faithful right adjoint

Ind(C/D) — Ind(C)

(13) The kernel is the full subcategory of Ind(C) consisting of all objects that are mapped to a zero
object under the functor Ind(C)— Ind(C/D).
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given by the unique colimit-preserving functor whose restriction to C/D is given by the
functor in Theorem 1.3.3 (ii).

Proof. First note that, by passing to Ind-categories, we get a colimit-preserving map
Ind(C) — Ind(C/D)

between presentable stable oco-categories; by the adjoint functor theorem [69, Corol-
lary 5.5.2.9], it has a right adjoint R. On C/DCInd(C/D), the functor R is given by the
functor from Theorem 1.3.3 (ii). We claim that R commutes with all colimits; as it is
exact, it suffices to check that it commutes with all filtered colimits. This is a formal
consequence of the fact that Ind(C)—Ind(C/D) takes compact objects to compact objects
[69, Proposition 5.5.7.2]: It suffices to check that, for any C'€C and any filtered system
C;€C/D, the map

colim; Home (C, R(Cy)) — Home¢ /p (C, colim; Cy)
is an equivalence, where C€C/D is the image of C. Indeed, the left-hand side is
Home (C, colim; R(C}))

and the right-hand side is

Home (C, R(colim; C;)),
and the adjunction for general objects of Ind(C) follows by passing to a limit. But the
displayed equation is an equivalence, by using adjunction on the left-hand side, and the
fact that CeC/DCInd(C/D) is compact.

Now it follows from [69, Proposition 5.2.7.4] that Ind(C) —Ind(C/D) is a localization,
as the required equivalences on the adjunction map can be checked on C, where they follow
from the description of R in Theorem 1.3.3 (ii). Thus, we can regard Ind(C/D)CInd(C)
as the full subcategory of local objects.

Finally, we show that the kernel of Ind(C)—Ind(C/D) is exactly Ind(D). Indeed,
for any filtered colimit colim; C; €Ind(C) with C;€C, one can compute the localization as
R(colim; C;)=colim; R(C;), where the fiber of C;— R(C;) is a filtered colimit of objects
of D, by Theorem 1.3.3 (ii). Passing to a filtered colimit, we see that the fiber of

colim; C; — R(colim; Cy) = colim; R(C;)

is in Ind(D). In particular, if R(colim; C;)~0, then colim; C;€Ind(D). O

Moreover, we need the following multiplicative properties of the Verdier quotient.
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THEOREM 1.3.6. Let C be a small, stably symmetric monoidal stable co-category and
DCC be a stable subcategory which is a ®-ideal.

(i) There is a unique way to simultaneously endow the Verdier quotient C/D and
the functor C—C/D with a symmetric monoidal structure. If & is another symmetric
monoidal stable co-category, then composition with C—C/D induces an equivalence be-
tween Fun{X(C/D,E) and the full subcategory of Funix(C,&) of those functors which
send all objects of D to zero.

(ii) Assume that & is a presentably symmetric monoidal stable co-category. Then
the full inclusion FunX(C/D,E)CFunf(C, &) is right adjoint to a localization in the

sense of [69, Definition 5.2.7.2]. The corresponding localization functor

Fun{X (C, &) — FunfX (C/D, £) C FunfX (C, &)

lax lax lax

s given by taking an exact lax symmetric monoidal functor F:C—E& to the composite

Ind(F)
—

C/D —Ind(C) Ind(€) — €,

where the first functor comes from Theorem 1.3.3 (ii) and the final functor is taking the

colimit in €. Both functors are canonically lax symmetric monoidal.

In other words, combining part (ii) with Theorem 1.3.3 (iii), we see that, for any
exact lax symmetric monoidal functor F':C—¢&, the universal approximation that factors
over C/D acquires a unique lax symmetric monoidal structure for which the relevant

natural transformation is lax symmetric monoidal.

Proof. We apply the results of Appendix A, and more specifically Proposition A.5.
The oo-category C/D is, by definition, the Dwyer-Kan localization C[W ] at the class
W of morphisms whose cone lies in DCC. Thus, we have to check that, for such a
morphism f€W the tensor product f®c for any object c€C is again in W. But this is
clear since D is a tensor ideal and the tensor product is exact, i.e. the cone of f®c is
the tensor product of the cone of f with ¢. Then, we invoke Proposition A.5 to get a
unique symmetric monoidal structure on C/D with a symmetric monoidal refinement of

the functor C—C/D such that, for every symmetric monoidal co-category &, the functor
Fun.x (C/D, E) — Funj.x (C, &)

is fully faithful with essential image those functors that send W to equivalences in &£. If
£ is stable, this functor induces equivalences between the respective full subcategories of
exact functors by Theorem 1.3.3 (i), since exactness can be tested after forgetting the lax

symmetric monoidal structures.
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For part (ii), we note that the functor

Funj (C, £) — Fun{x(C/D, £) — Funi.x(C, &)

lax lax

is well defined, as all functors in the composition
¢/D —Ind(€) 2 md(s) — €,

are naturally lax symmetric monoidal. For the first functor, this follows from Proposi-
tion 1.3.5, as Ind(C/D)—Ind(C) is right adjoint to the symmetric monoidal projection
Ind(C)—Ind(C/D), and thus lax symmetric monoidal, by [71, Corollary 7.3.2.7]. To
check the criterion of [69, Proposition 5.2.7.4], it suffices to check it without the lax sym-
metric monoidal structures, as a lax symmetric monoidal natural transformation is an
equivalence if and only if the underlying natural transformation is an equivalence. Thus,

it follows from Theorem 1.3.3 (iii) that it is a localization functor as claimed. O

Now, we apply the Verdier localization in our setup. Thus, let C=Sp?% be the stable

oo-category of spectra with G-action.

Definition 1.3.7. Let SpfldGQSpBG be the stable subcategory generated by spectra
of the form @geG X with permutation G-action, where X €Sp is a spectrum.

BG
ind »

if and only if it can be built in finitely many steps by taking cones of maps between

In other words, all induced spectra are in Sp and an object of SpB¢ lies in Spﬁg

objects already known to lie in Spﬁg. Note that not any map between induced spectra

Pbx—Py

geG geG

with G-action

comes from a map of spectra X —Y, so that one can build many objects in SpfldG which
are not themselves induced.

We will need the following properties of Sp{fg.

LEMMA 1.3.8. Let X €SpB¢.
i) If XeSpB%, then the Tate construction X'“~0 vanishes.
ind
ii) For all Y €SpBY . the tensor product X QY is in Sp2S. In other words, we have
ind ind

that SpB§ CSpBPY is a ®-ideal.

(iii) The natural maps

COhmYG(Sp-Bg)/X Y —X

and

colimy ¢ (sp56), cofib(Y — X)h¢ — colimy ¢ (sp56), cofib(Y — X)!¢ = xt¢

are equivalences.
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Note that part (iii) says that any object of SpP% is canonically a filtered colimit
(cf. Theorem 1.3.3 (ii)) of objects in Sp2§. In particular, Sp2§ cannot be closed under

filtered colimits.

Proof. In part (i), note that the full subcategory of Sp?“ on which the Tate con-
struction vanishes is a stable subcategory. Thus, to prove (i), it suffices to prove that

the Tate construction vanishes on induced spectra. But, for a finite group G, one has

(®), (2"

geG geG

identifications

under which the norm map is the identity.

In part (ii), given X €SpP%, the full subcategory of all Y €SpPY for which X®Y €
SpB¢ is a stable subcategory. Thus, it suffices to show that X @Y € SpB§ if Y=@,cZ
is an induced spectrum with G-action. But in that case there is a (non-equivariant)
map of spectra X®Z—X®Y given by inclusion of one summand, which is adjoint to a

G-equivariant map of spectra

P x0z—Xxev,
geG

which is easily seen to be an equivalence. But the left-hand side is an induced spectrum,
and so X®Y€Spfl§.
For part (iii), we check that, for all ¢€Z, the map

colimYG(Spch Y —m X

nd )/ X

is an isomorphism; this is enough for the first equivalence, as the colimit is filtered,
and thus commutes with 7;. By translation, we may assume that ¢=0. First, we check
surjectivity. If a€my X, then there is a corresponding map of spectra S— X, which gives a
G-equivariant map Y:=€p gec S X such that a lies in the image of moY. Similarly, one
checks injectivity: if Y e (Spf]dG)/X and Beker(myY —mpX), then there is a corresponding
map S—Y whose composite S—»Y — X is zero. Let ?:coﬁb(@gea S—Y), which is an
object of Spﬁg which comes with an induced map to X, so that there is a factorization
Y —Y — X. By construction, the element § dies in myY. As the colimit is filtered, this
finishes the proof.

For the second equivalence in (iii), note that, for all Y €(Sp2{),x, there are fiber

sequences

cofib(Y = X)pg — cofib(Y — X)"C — cofib(Y — X)!¢ = X1C,
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Passing to the filtered colimit over all Y, the left term vanishes as
colimy ¢ (gppa)  cofib(Y = X)ne = (colimy¢ gppe),  cofib(Y — X))na =0,

by the first equivalence of (iii). O
We can now prove Theorem 1.3.1.

Proof of Theorem 1.3.1. First, we give an argument ignoring set-theoretic issues. In
Theorem 1.3.6, we take C=Sp®“ and D=SpZ§. Thus, by Lemma 1.3.8 (i) and Theo-
rem 1.3.3 (i), —*¢ factors over a functor which we still denote —*“:C/D—Sp. Note that,

by Theorem 1.3.6 (i) and Lemma 1.3.8 (ii), any lax symmetric monoidal structure on —*¢

hG

with a lax symmetric monoidal transformation —"*¢ — —*¢ gives rise to an exact lax sym-

metric monoidal functor H:C/D—Sp such that the composite of the projection C—C/D
with H receives a lax symmetric monoidal transformation from —"¢, and conversely.

On the other hand, taking F=—"%:C=SpP% —+&=Sp in Theorem 1.3.6 (ii), there
is a universal exact lax symmetric monoidal functor H:C/D—& with a lax symmetric
monoidal transformation from F to the composite of the projection C—C/D with H. It
remains to see that the underlying functor of H is given by —*¢. As the localization
functors of Theorem 1.3.6 (ii) and Theorem 1.3.3 (iii) are compatible, it suffices to check
this without multiplicative structures. In that case, the universal property of H gives
a unique natural transformation H——!¢, which we claim to be an equivalence. But
this follows from the description of the localization functor in Theorem I.3.3 (iii), the
description of the functor C/D—Ind(C) in Theorem 1.3.3 (ii), and the computation of
Lemma I.3.8 (iii).

This argument does not work as written, as SpP% is not a small co-category. How-
ever, we may choose a regular cardinal s such that —"¢ and —*¢ are s-accessible func-
tors. One can then run the argument for the full subcategory of s-compact objects SpEZ¢
in SpBY, which is also the category of G-equivariant objects in the full subcategory of
»-compect objects Sp,, in Sp. It is still lax symmetric monoidal, and we get a unique lax
symmetric monoidal structure on —*¢: SpEG—>Sp which is compatible with the structure

on —"¢. One may now pass to Ind,.-categories to get the desired result. O
We will need the following corollary to the uniqueness assertion in Theorem 1.3.1.

COROLLARY 1.3.9. Let G be a finite group, and assume that G is a normal sub-
group of a (topological) group H. The functor —t¢:SpPH SpBH/G) qdmits a natural
lax symmetric monoidal structure which makes the natural transformation —"¢ — -G of
functors SpPH —SpBH/G) oz symmetric monoidal, compatibly with the natural trans-

formation of lax symmetric monoidal functors —"% — —tG:SpBE 4 Sp.
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In particular, we get a lax symmetric monoidal functor

_tCp. §pBT __y GpB(T/Cy)

refining —t»: SpPC» —Sp, where T is the circle group.

Proof. We have a map from B(H/G) to the space of Kan complexes equivalent to
BG (without base points, which however do not play any role), given by fibers of the
projection BH— B(H/G). Composing with the map S+Sp® and the natural trans-
formation between the functors —"¢ and —*¢ to Sp, we get a map from B(H/G) to
the oo-category A, whose objects are pairs of symmetric monoidal co-categories C and
D, with a lax symmetric monoidal functor F;:C—D, a functor of the underlying oo-
categories F5:C—D and a natural transformation F;—F5. We claim that we can lift
this uniquely (up to a contractible choice) to a map from B(H/G) to the oo-category
B, whose objects are pairs of symmetric monoidal oco-categories C and D with two lax
symmetric monoidal functors Fiy, F5:C—D and a lax symmetric monoidal transforma-
tion F;—Fy. Indeed, there is a functor B— A4, and after replacing B by an equivalent
oo-category, we may assume that it is a categorical fibration. By Theorem 1.3.1, we know
that the map

B(H/G)x2B— B(H/G)
has contractible fibers. But this is a categorical fibration over a Kan complex, thus a
cartesian fibration by [69, Proposition 3.3.1.8]. As its fibers are contractible, it is a right
fibration by [69, Proposition 2.4.2.4], and thus a trivial Kan fibration by (the dual of)
[69, Lemma 2.1.3.4]. In particular, the space of sections is contractible.

Thus, we can lift canonically to a functor B(H/G)— B. Taking the limit of this dia-
gram in B (which is computed objectwise), we arrive at the desired diagram of lax sym-
metric monoidal functors —"¢, —tG: SpBH ,SpBH/G) with a lax symmetric monoidal
transformation —"¢ ——*¢ The resulting diagram maps to the corresponding diagram
indexed by x€ B(H/G), so it is compatible with the natural transformation of lax sym-
metric monoidal functors —"¢ ——*¢: SpBE 5 Sp. O

1.4. Farrell-Tate cohomology

In this section, we briefly mention a generalization of the Tate construction to general
groups G, including compact and infinite discrete groups. In fact, most of what we do
works for a general Kan complex S in place of BG.

Recall that Farrell [34] had generalized Tate cohomology to infinite discrete groups

of finite virtual cohomological dimension. He essentially constructed a norm map

(Dpe®X )ng —» X"C
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for a certain G-equivariant object Dpg, but he worked only on the level of abelian
groups. Klein generalized this to spectra [59], and gave a universal characterization of
the resulting cohomology theory [60].

Here, we prove the following general result. It is closely related to Klein’s axioms in
[60]. We have also been informed by Tobias Barthel that he has obtained similar results

in current work in progress.

THEOREM 1.4.1. Let S be a Kan complex, and consider the oo-category Sp°=
Fun(S,Sp). Let p:S—* be the projection to the point. Then p*:Sp—Sp° has a left
adjoint pi: Sp® —Sp given by homology, and a right adjoint p.:Sp® —Sp given by coho-
mology.

(i) The co-category Sp® is a compactly generated presentable stable oo-category.
For every s€S, the functor s;:Sp—Sp® takes compact objects to compact objects, and
for varying s€S, the objects 1S generate Sp®.

(ii) There is an initial functor pI:Sp®—Sp with a natural transformation p,—pl,
with the property that pl vanishes on compact objects.

(iii) The functor pL:Sp®—Sp is the unique functor with a natural transformation
p«—pL such that pl vanishes on all compact objects, and the fiber of p,—pl commutes
with all colimits.

(iv) The fiber of p.—pl is given by X+>p(Ds®X) for a unique object Dg€Sp®.
The object Dg is given as follows. Considering S as an oco-category, one has a functor
Map: SxS—S, sending a pair (s,t) of points in S to the space of paths between s and t.
Then, Dg is given by the composition

Dg: S — Fun(S,S) Z—+> Fun(S, Sp) = Sp* - Sp.

(v) The map p(Ds®—)—ps« is final in the category of colimit-preserving functors
from Sp® to Sp over p., i.e. it is an assembly map in the sense of Weiss—Williams, [91].
(vi) Assume that, for all s€S and X €Sp, one has pl (s X)~0. Then, there is a
unique laz symmetric monoidal structure on pl which makes the natural transformation

P —)p*T lax symmetric monoidal.

We note that, by [59, Corollary 10.2], the condition in (vi) is satisfied if S=BG,
where G is a compact Lie group. In fact, in the case of groups, the functor s, for
s:x— BG being the inclusion of the base point, is given by induction, and the condition
is asking that the generalized Tate cohomology vanishes on induced representations.

This theorem suggests the following definition.

Definition 1.4.2. The Spivak-Klein dualizing spectrum of S is the object Dg€Sp?
mentioned in Theorem I.4.1 (iv).
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In classical language, this is a parameterized spectrum over S in the sense of May—
Sigurdsson [78], and it has been discussed in this form by Klein [62, §5]. By Theo-
rem 1.4.1 (iv), the fiber over any point s€S is given by

%rg 23 Map(s, t).

Klein observed that this gives a homotopy-theoretic definition of the Spivak fibration for
finite CW complexes [88]. In particular, if S is a closed manifold of dimension d, then,
by Poincaré duality, Dg is fiberwise a sphere spectrum shifted into degree —d. In the
case S=BG for a topological group G, the dualizing spectrum has also been described

by Klein [59]. In that case, one has the formula
DBG = (ZioG)hGa

regarded as a spectrum with G-action via the remaining G-action from the other side.

This is a spectral version of the I'-module
H*(T', Z[I)

that appears in Bieri-Eckmann duality of discrete groups [15]. The norm map takes the

form

(Z) Y@ X)hg — XMC,

If the functor p,:Sp® —Sp commutes with all colimits, for example if S is a finite
CW complex, then, by Theorem 1.4.1 (v), the map p(Ds®X)—p,X is an equivalence
for all X €Sp®, as p, itself is colimit-preserving. This is a topological version of Bieri-
Eckmann duality [15], which states that for certain discrete groups I', there are functorial

isomorphisms

Hyi(T, DroX)=H' (T, X)

for the I-module Dp=H®(T',Z[I']), and some d depending on I'. In general, the norm
map encodes a “generalized Poincaré duality on S”, and the cofiber p? of the norm map
can be regarded as a “failure of generalized Poincaré duality on S”. In the proof, we will
ignore all set-theoretic issues. These can be resolved by passing to »-compact objects as
in the proof of Theorem 1.3.1.
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Proof of Theorem 1.4.1. By [69, Proposition 5.5.3.6] and [71, Proposition 1.1.3.1],
Sp? is presentable and stable. As s* commutes with all colimits (and in particular
filtered colimits), it follows that s; preserves compact objects. Now a map f: X =Y of
objects in Sp® is an equivalence if and only if for all s€S and i€Z, the induced map
m;8* X —m;s*Y is an isomorphism. But 7;s* X =Hom(S[i], s* X)=Hom(s;S[i], X), so that
the objects sS are generators.

Now part (ii) follows from Theorem I1.3.3 (iii), applied to C=Sp® and D=(Sp~),, the
compact objects in C. By Theorem 1.3.3 (iii), the functor pI can be computed as follows.
It sends any X €Sp° to

colimy ¢ (sps),, P+ cofib(Y — X).

For part (iii), we claim first that fib(p, —p!) does indeed commute with all colimits. By
definition, all functors are exact, so we have to show that the fiber commutes with all
filtered colimits. For this, assume that X =colim; X; is a filtered colimit. In that case,

as all objects of (Sp?),, are compact,

(Sps)w/X = COhmi (Sps)w/Xi .
Commuting colimits using [69, Proposition 4.2.3.8 and Corollary 4.2.3.10], one sees that

fib(p.(X) = pL (X)) = colimy¢(sps),,  P+Y = colim; colimy¢(sps),, . P+Y
= colim; fib(p. (X;) — pT (X;)),

as desired. For the uniqueness, note that colimit-preserving functors from Sp® to Sp
are equivalent to exact functors from (Sp?),, to Sp by [69, Proposition 5.5.1.9]; but we
are given an exact functor from (Sp),, to Sp, namely the restriction of p,. The same
argument proves (v).

For part (iv), note that colimit-preserving functors Sp® — Sp are equivalent to colimit-
preserving functors S —Sp by [71, Corollary 1.4.4.5]. These, in turn, are given by
functors S—Sp by [69, Theorem 5.1.5.6], i.e. objects of Sp®. Unraveling, any colimit-
preserving functor F: Sp® —Sp is given by F(X)=p(D®X) for a unique object D€Sp®.
To identify Dg in our case, we look at the family of compact objects F: S—(Sp®),, send-
ing s€S to s1S, i.e. we consider A;SeFun(S xS, Sp) as a functor S—Fun(S, Sp) for the
diagonal A:S—SxS. The functor p!" vanishes identically, so

as functors S—Sp. Unraveling definitions, the left side is just Dg, and the right side
gives the desired formula.
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Finally, in part (vi), note that if p! vanishes on all objects of the form s X, then
we can use Theorem 1.3.6 (ii) to produce the desired lax symmetric monoidal structure
as in the proof of Theorem 1.3.1, by applying it to C=Sp® and the full subcategory D
generated by X for all s€S, X &Sp, which is a ®-ideal. O

COROLLARY 1.4.3. Consider the co-category SpPT of spectra with T-action. There
is a natural transformation X(—pt)——"T which exhibits ¥ (—ut) as the universal colimit

preserving functor mapping to the target. The cofiber —tT

admits a unique lax symmetric
monoidal structure making —"T——*T lax symmetric monoidal.
Moreover, for any n>1, consider the functors —"Cn —t¢n:SpBT 5 Sp which factor
over SpPCn. Then, there is a unique (laz symmetric monoidal) natural transformation
tT tC

——"“n making the diagram

AT 4T

|

_hC, y _tCn

of (lax symmetric monoidal) functors commute.

Proof. The first part follows from Theorem 1.4.1 and [59, Theorem 10.1 and Corol-
lary 10.2]. For the second part, we first check the result without lax symmetric monoidal
structures. Then, by the universal property of —*T, it suffices to show that —*“» vanishes
on the spectra sS[i], where s:%— BT is the inclusion of a point, and i€Z. For this,
it suffices to show that sS[i] is compact as an object of SpP | i.e. f*:SpPT—SpBCn
preserves compact objects, where f: BC;,— BT is the canonical map. For this, it suffices
to show that f, commutes with all colimits. But the fibers of f, are given by cohomology
of T/C,,, which is a finite CW complex (a circle).

To get the result with lax symmetric monoidal structures, we need to check that —*¢»
vanishes on all induced spectra s;X for XeSp. Although one can give more abstract
reasons, let us just check this by hand. First, note that s; commutes with all limits,
as its fibers are given by homology of T, which is a finite CW complex; in fact, s
decreases coconnectivity by at most 1, and so also the composition (si)pc, commutes
with Postnikov limits as in Lemma 1.2.6 (ii). Thus, by taking the limit over all 7<, X,
we may assume that X is bounded above, say X is coconnective. Now all functors
commute with filtered colimits, so one may assume that X is bounded, and then that
X is an Eilenberg-MacLane spectrum, in fact X=HZ. It remains to compute —!¢»
on HZ[SY|=s/HZ. As the homotopy of (HZ[S'])!“" is a module over the homotopy of
(HZ)*“» which is a 2-periodic ring, it suffices to see that m;(HZ[S])nc, vanishes for
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i>1. But this is given by m;(HZ[S'/C,,])=m; HZ[S"], which is non-zero only in degrees
0 and 1. O

We will need the following small computation. It also follows directly from the
known computation of 7,(HZ)'" as the ring Z((X)), but we argue directly with our
slightly inexplicit definition of (HZ)'T.

LEMMA 1.4.4. Consider HZcSp®T endowed with the trivial T-action. The natural
map (HZ)'™ —(HZ)'C" induces isomorphisms

mi(HZ)" Jn o~ i (HZ) O

Proof. The result is classical on m; for i<0, as it becomes a result about group
cohomology. Note that, by adjunction, there is a natural map HZ[S']—HZ, and —'T
and —*“» vanish on HZ[S] (the latter by the proof of the previous corollary). On the
other hand, the cone of HZ[S']— HZ is given by HZ[2] with necessarily trivial T-action.
Inductively, we may replace HZ by HZ/[2i] for all >0, and then the result is clear in any
given degree by taking ¢ large enough. O

Chapter II. Cyclotomic spectra

In this chapter, we define the oo-category of cyclotomic spectra. More precisely, we define
two variants: One is the classical definition in terms of genuine equivariant homotopy
theory, as an orthogonal T-spectrum X together with commuting T/Cj,>T-equivariant
equivalences ®,: ®C» X~ X. The other variant is co-categorical, and is a T-equivariant
object X in the oo-category Sp, together with T=T/C)-equivariant maps p,: X — X ‘r.
The goal of this chapter is to prove that these notions are equivalent on bounded below
objects.

First, we define the oco-category of cyclotomic spectra in §II.1. Next, we review
the genuine equivariant homotopy theory going into the classical definition of cyclotomic
spectra and topological Hochschild homology in §I1.2 and §I1.3. In §I1.4, we give a direct
proof of Corollary 1.5. We note that a part of the proof, Corollary 11.4.9, establishes a
generalization of Ravenel’s observation [82] that the Segal conjecture for C), implies the
Segal conjecture for Cpn; cf. also [90] and [21]. Afterwards, in §IL.5 and §IL.6, we prove
Theorem 1.4.

I1.1. Cyclotomic spectra and TC

In this section we give our new definition of cyclotomic spectra. The following definition
gives the objects of an co-category that will be defined in Definition II.1.6.
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In the following, we will use that, for a spectrum X with T-action, the spectrum
X*C» can be equipped with the residual T/ Cp-action which is identified with a T-action
using the pth power map T/C,=T. Moreover, Cpe CT denotes the subgroup of elements
of p-power torsion which is isomorphic to the Priifer group Q,/Z,.(*) Again, we have

a canonical identification Cpee /Cp=Cpe given by the pth power map.

Definition I1.1.1. (i) A cyclotomic spectrum is a spectrum X with T-action together
with T-equivariant maps ¢,: X =X tCv for every prime p.
(ii) For a fixed prime p, a p-cyclotomic spectrum is a spectrum X with C)pee-action

and a Cpe-equivariant map ¢,: X — X *Cr.

Ezxample 11.1.2. We give some examples of cyclotomic spectra.

(i) For every associative and unital ring spectrum Re€Algg (Sp), the topological
Hochschild homology THH(R) is a cyclotomic spectrum; cf. §II1.2 below.

(ii) Counsider the sphere spectrum S equipped with the trivial T-action. There are
canonical maps gop:S%StCP given as the composition S—S"“» —S*C». These maps are
T=T/Cp-equivariant: To make them equivariant, we need to lift the map S—Str to a

map S%(Stcp)h(qr/cp), as the T-action on S is trivial. But we have a natural map

S — ShT ~ (Shcp)h('lf/cp) N (Stcp)h('lf/cp).

This defines a cyclotomic spectrum which is in fact equivalent to THH(S). Note (cf. Re-
mark III.1.6 below) that it is a consequence of the Segal conjecture that the maps ¢,
are p-completions. We refer to this cyclotomic spectrum as the cyclotomic sphere and
denote it also by S.

(iii) For every cyclotomic spectrum, we get a p-cyclotomic spectrum by restriction.
In particular we can consider THH(R) and S as p-cyclotomic spectra and do not distin-

guish these notationally.

Remark 11.1.3. One can define a slightly different notion of p-cyclotomic spectrum,
as a spectrum with a T-action and a T=T/Cp-equivariant map ¢,: X — Xt This is
what has been used (in a different language) in the literature before [19]. We however
prefer to restrict the action to a Cp-action, since this is sufficient for the definition of
TC(—,p) below and makes the construction more canonical; in particular, it is necessary
for the interpretation of TC(—,p), as the mapping spectrum from S in the oo-category
of p-cyclotomic spectra. The functor from the oco-category of p-cyclotomic spectra with

T-action to the co-category of p-cyclotomic spectra as defined above is fully faithful when

(**) One has Cpoo 22Qy /Zp=Q/Z,) =Z[1/p]/Z, but the second author is very confused by the no-
tation Z/p° that is sometimes used, and suggests to change it to any of the previous alternatives, or to
p~°Z/7Z.
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restricted to the subcategory of p-complete and bounded below objects (so that X*Cr
is also p-complete by Lemma 1.2.9). However, not every Cpe-action on a p-complete
spectrum extends to a T-action, since a Cpe-action can act non-trivially on homotopy

groups.

Let us now make the definition of cyclotomic spectra more precise, by defining the
relevant oo-categories.

As in Definition 1.1.2, we denote the oco-category of spectra equipped with a T-
action by SpPT=Fun(BT, Sp). Note that, here, T is regarded as a topological group, and
BT~CP* denotes the corresponding topological classifying space. We warn the reader
again that this notion of G-equivariant spectrum is different from the notions usually
considered in equivariant stable homotopy theory, and we discuss their relation in §I1.2
below.

Note that the co-category of cyclotomic spectra is the oo-category of X €SpPT to-
gether with maps X — X*C». This is a special case of the following general definition.

Definition 11.1.4. Let C and D be oo-categories, and F,G:C—D be functors. The

lax equalizer () of F and G is the co-category

LEq(F,G) = LEq( C :2; D )

defined as the pullback
LEq(F,G) — DA’

l l(eVO 7eV1)
(F,G)

C———DxD

of simplicial sets. In particular, objects of LEq(F, G) are given by pairs (¢, f) of an object
ceC and a map f: F(¢c)—G(c) in D.

ProrosiTiON I1.1.5. Consider a cartesian diagam

LEq(F,G) — DA

l l(eVO 7eV1)
¢ &9 X

(1%) In accordance to classical 2-category theory it would be more precise to call this construction
an inserter. But, since we want to emphasize the relation to the equalizer, we go with the current
terminology. We thank Emily Riehl for a discussion of this point.
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as in Definition 11.1.4.
(i) The pullback

LEq(F,G) — DA

J{ J(evo,evl)
(F,G)

F.G
C——DxD

is a homotopy cartesian diagram of oo-categories.

(ii) Let X,Y eLEq(F, Q) be two objects, given by pairs (cx, fx) and (cy, fy), where
ex,cy €C, and fx:F(cx)—G(cx) and fy:F(cy)—G(cy) are maps in D. Then, the
space Mapy pq(p.c)(X,Y) is given by the equalizer

(fx)"G

Mapp(F(ex), Glev)) ).
(fy)«F

Mapy gq(r,q) (X, Y) =~ EQ( Mape(cx, cy)
Moreover, a map f: X—Y in LEq(F,G) is an equivalence if and only if its image in C
s an equivalence.

(iii) If C and D are stable co-categories, and F and G are exact, then LEq(F,G)
is a stable co-category, and the functor LEq(F, G)—C is exact.

(iv) If C is presentable, D is accessible, F' is colimit-preserving and G is accessible,
then LEq(F, G) is presentable, and the functor LEq(F,G)—C is colimit-preserving.

(v) Assume that p: K—LEq(F,G) is a diagram such that the composite diagram
K—LEq(F,G)—C admits a limit, and this limit is preserved by the functor G:C—7D.
Then, p admits a limit, and the functor LEq(F, G)—C preserves this limit.

In part (ii), we denote for any co-category C by
Mapy:CPxC— S

the functor defined in [69, §5.1.3]. It is functorial in both variables, but its definition
is rather involved. There are more explicit models for the mapping spaces with less
functoriality, for example the Kan complex Homg‘(X ,Y) with n-simplices given by the
set of (n+1)-simplices A" —C whose restriction to A{%"} is constant at X, and
which send the vertex A{"+1} to V; cf. [69, §1.2.2].

In part (iv), recall that a functor between accessible co-categories is accessible if it
commutes with small »-filtered colimits for some (large enough) . For the definition of
accessible and presentable co-categories, we refer to [69, Definitions 5.4.2.1 and 5.5.0.1].

Proof. For part (i), it is enough to show that the functor (evo,evl):DA1—>D><D
of co-categories is a categorical fibration, which follows from [69, Corollaries 2.3.2.5
and 2.4.6.5).
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For part (ii), note that it follows from the definition of Hom® that there is a pullback

diagram of simplicial sets

Hom{gy(p) (X, Y) Hom[ i (fx, fy)

| J

Hom% (cx,cy) —— Hom% (F(cx ), F(ey)) x HomE(G(ex ), Gley)).
This is a homotopy pullback in the Quillen model structure, as the map
HomgAl (fx, fy) —Hom® (F(cx), Fey)) x HomE(G(ex), G(ey))
is a Kan fibration by [69, Corollary 2.3.2.5 and Lemma 2.4.4.1]. Therefore, the diagram

MapLEq(F,G)(Xa Y) Mappar (fx, fy)

J J

Map;(cx, cy) — Mapp (F(cx), F(ey)) xMapp(G(ex), G(ey))

is a pullback in S. To finish the identification of mapping spaces in part (ii), it suffices

to observe that the right vertical map is the equalizer of

Mapyp, (F(ex), F(ey)) xMapp(G(ex), G(ey)) == Mapp(F(cx), G(cy)),

which follows by unraveling the definitions. For the final sentence of (ii), note that, if
f: X—=Y is amap in LEq(F, G) which becomes an equivalence in C, then, by the formula

for the mapping spaces, one sees that

f*: MapLEq(F,G’) (Yv Z) — MapLEq(F,G’) (Xv Z)

is an equivalence for all ZeLEq(F, G); thus, by the Yoneda lemma, f is an equivalence.

For part (iii), note first that DxD and DA are again stable by [71, Proposi-
tion 1.1.3.1]. Now, the pullback of a diagram of stable co-categories along exact functors
is again stable by [71, Proposition 1.1.4.2].

For part (iv), note first that by [69, Proposition 5.4.4.3], DxD and DA' are again
accessible. By [69, Proposition 5.4.6.6], LEq(F,G) is accessible. It remains to see that
LEq(F, G) admits all small colimits, and that LEq(F, G) —C preserves all small colimits.

Let K be some small simplicial set with a map p: K —LEq(F,G). First, we check that
an extension p”: K* - LEq(F, G) is a colimit of p if the composition K* —LEq(F, G)—C
is a colimit of K —LEq(F,G)—C. Indeed, this follows from the Yoneda characterization
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of colimits [69, Lemma 4.2.4.3], the description of mapping spaces in part (ii), and the
assumption that F' preserves all small colimits. Thus, it remains to see that we can
always extend p to a map p”: K* - LEq(F, G) whose image in C is a colimit diagram.

By assumption, the composition K—LEq(F,G)—C can be extended to a colimit
diagram a: K”—C. Moreover, F(a): K*—D is still a colimit diagram, while G(a): K*—D
may not be a colimit diagram. However, we have the map K —LEq(F, G)—)DAI, which is
given by a map K x Al —D with restriction to K x{0} equal to F(a)|x, and restriction
to K x{1} equal to G(a)|x. By the universal property of the colimit F'(a), this can
be extended to a map D: K” x A' D with restriction to K”>x{0} given by F(a), and
restriction to K” x {1} given by G(a). Thus, (a, D) defines a map

P K” —5 CxpypD™ =LEq(F,G),

whose image in C is a colimit diagram, as desired.

For part (v), use the dual argument to the one given in part (iv). O

Now, we can define the oo-categories of (p-)cyclotomic spectra. Recall from Defini-
tion 1.1.13 the functors

_tCp. §pBT _y GpB(T/Cr) ~ g BT

and
_th: SpBCpoo N SpB(Cpoo /Cp) ~ SpBCpoo )

Definition 11.1.6. (i) The oo-category of cyclotomic spectra is the lax equalizer
CycSp:= LEq( Sp”" =3 [1,ep SP”" )

where the two functors have pth components given by the functors id: SpZT —SpBT and
_tCy. §pBT L, SpB(T/Cy) mgp BT,

(ii) The oco-category of p-cyclotomic spectra is the lax equalizer
CycSpp = LEq( SpBCree == SpBCr= )

of the functors id: SpBC»> —SpBCr= and —tCr: SpBCr> —§pB(Cre/Cr) ~SpBCpe

CoROLLARY II.1.7. The oo-categories CycSp and CycSp, are presentable stable
oo-categories. The forgetful functors CycSp—Sp and CycSp,—Sp reflect equivalences,

are exact, and preserve all small colimits.
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Proof. The Tate spectrum functor X — X*C» is accessible, as it is the cofiber of func-
tors which admit adjoints; cf. [69, Proposition 5.4.7.7]. Moreover, the forgetful functor
SpP& —Sp preserves all small colimits and reflects equivalences by [69, Corollary 5.1.2.3].

In particular, it is exact. Now, all statements follow from Proposition II.1.5. O

For every pair of objects in a stable co-category C, the mapping space refines to a
mapping spectrum. In fact, by [71, Corollary 1.4.2.23], for every X €C°P the left-exact
functor

Map(X,—):C — S

from the stable co-category C lifts uniquely to an exact functor
map(X, —):C — Sp.
Varying X, i.e. by looking at the functor
C°P — Fun™™*(C, S) ~ Fun™(C, Sp),
we get a functor map: C°? xC— Sp.

Definition 11.1.8. (i) Let (X, (wp)pep) be a cyclotomic spectrum. The integral topo-
logical cyclic homology TC(X) of X is the mapping spectrum mapcy. s, (S, X ) €Sp.

(ii) Let (X, pp) be a p-cyclotomic spectrum. The p-typical topological cyclic ho-
mology TC(X, p) is the mapping spectrum mapcy, Sp, (S, X).

(iii) Let ReAlgg, (Sp) be an associative ring spectrum. Then, TC(R):=TC(THH(R))
and TC(R,p):=TC(THH(R), p).

In fact, by Proposition I1.1.5 (ii), it is easy to compute TC(X) and TC(X, p).

PrROPOSITION I1.1.9. (i) Let (X, (¢p)per) be a cyclotomic spectrum. There is a

functorial fiber sequence
TC(X) — XhT (" —can)per H(Xtcp)mr
peP

where the maps are given by
SDZT: XhT — (Xtc'p)hT
and
can: XhT ~ (Xth)h(T/Cp) ~ (XhC,,)h']I‘ s (Xth)h']I"
where the middle equivalence comes from the p-th power map T/Cp=T.

(i) Let (X, ¢p) be a p-cyclotomic spectrum. There is a functorial fiber sequence

an

hcpoo ¢
TCO(X, p) —s XNCpe F2 9,

)

(Xth )thoc

with notation as in part (i).
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Proof. Note that the fiber of a difference map is equivalent to the equalizer of the
two maps. By the equivalence Fun®™ (Cyc Sp, Sp)~Fun™*(Cyc Sp, S) (resp. for Cyc Spp)
via composition with 2°° it suffices to check the formulas for the mapping space. Thus,

the result follows from Proposition II.1.5 (ii). O

I1.2. Equivariant stable homotopy theory

In this section we introduce the necessary preliminaries to talk about genuine cyclotomic
spectra and the classical definition of TC. For this, we need to recall the definition of
genuine equivariant spectra. There are many references, including [64], [74], [49]. We will
refer to the discussion given by Schwede [85], which has the advantage that the objects
considered are the most concrete. Another reference for this model and the results is [86,
Chapter II1].

Until recently, all discussions of genuine equivariant stable homotopy theory were
relying on explicit point-set models of spectra; now, an oo-categorical foundation has
been laid out by Barwick [10], based on a result of Guillou-May [43]. However, we prefer
to stick here with the traditional explicit point-set models. In particular, Schwede uses
an explicit symmetric monoidal 1-category of spectra, the category of orthogonal spectra.

In the following, all topological spaces are compactly generated weak Hausdorff spaces.

Definition 11.2.1. ([85, Definition 1.1, §1])

(1) An orthogonal spectrum X is the collection of

(i) a pointed space X, for all n>0,

(ii) a continuous action of the orthogonal group O(n) on X,,, preserving the base
point, and

(iii) base-point-preserving maps o,,: X, AS*— X, 41,

subject to the condition that, for all n,m>0, the iterated structure maps
nim-1°(Onim_oNS ) o..o(a,AS™ 1) X AS™ — Xoim

are O(n) x O(m)CO(n+m)-equivariant. ()
(2) Let X be an orthogonal spectrum and i€Z. The ith stable homotopy group of
X is
m X =colimgy 74 n (X,).

(16) There is a more conceptual definition of orthogonal spectra as pointed, continuous functors
O— Top, on a topologically enriched category O whose objects are finite-dimensional inner product
spaces V and W, and whose mapping spaces are the Thom spaces Th(§) of the orthogonal complement
bundle £ — L(V, W), where L(V, W) is the space of linear isometric embeddings. The space Th(¢) is also
homeomorphic to a certain subspace of the space of pointed maps SY — SV, where SV and SW are the
1-point compactifications of V' and W.
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(3) A map of orthogonal spectra f: X =Y is a stable equivalence if, for all i€Z, the

induced map m; f: m; X —m;Y is an isomorphism.

Orthogonal spectra are naturally organized into a 1-category, which we denote Sp©.
An example of orthogonal spectrum is given by the sphere spectrum S€Sp® with S,,=S5",
where S™ is the 1-point compactification of R™ (with its standard inner product), pointed
at 0o, and with its natural O(n)-action. The category Sp® admits a natural symmetric
monoidal structure called the smash product; we refer to [85, §1] for the definition. The
sphere spectrum is a unit object in this symmetric monoidal structure. Note that, for
an orthogonal spectrum, the maps X,, +Q.X, 11 adjunct to o, need not be equivalences,
so they would sometimes only be called “prespectra’. Here, we call orthogonal spectra
for which these maps are weak equivalences orthogonal 2-spectra. It is known that any
orthogonal spectrum is stably equivalent to an orthogonal Q-spectrum. This is actually
a special property of orthogonal spectra, and fails for symmetric spectra, where one has
to be more careful with the naive definition of stable homotopy groups given above.

Moreover, cf. [75], if one inverts the stable equivalences in N(Sp®), the resulting
oo-category is equivalent to the oo-category Sp of spectra; under this equivalence, the
stable homotopy groups of an orthogonal spectrum as defined above correspond to the
homotopy groups of the associated spectrum. On general orthogonal spectra, the functor
N(Sp®)—Sp is not compatible with the symmetric monoidal structure: The issue is that
if f: X—=Y and f: X’ =Y’ are stable equivalences of orthogonal spectra, then in general
AN XAX' Y AY' is not a stable equivalence. However, this is true if X, Y, X’
and Y are cofibrant, and the lax symmetric monoidal functor N (Sp?®)—Sp is symmetric
monoidal when restricted to the full subcategory of cofibrant orthogonal spectra. We refer
to Appendix A, in particular Theorem A.7, for a general discussion of the relation between
symmetric monoidal structures on a model category, and the associated co-category. In
particular, Theorem A.7 shows that the functor N(Sp®)—Sp is lax symmetric monoidal
(without restricting to cofibrant objects).

Let G be a finite group. It is now easy to define a symmetric monoidal 1-category
of orthogonal G-spectra. The definition seems different from classical definitions which
make reference to deloopings for all representation spheres; the equivalence of the result-

ing notions is discussed in detail in [85, Remark 2.7].

Definition 11.2.2. ([85, Definition 2.1]) An orthogonal G-spectrum is an orthogonal
spectrum X with an action of G, i.e. the category GSp® of orthogonal G-spectra is given
by Fun(BG, Sp©).

The resulting category inherits a natural symmetric monoidal structure which is

given by the smash product of the underlying orthogonal spectra with diagonal G-action.
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However, it is more subtle to define the relevant notion of weak equivalence; namely, the
notion of equivalence used in genuine equivariant stable homotopy theory is significantly
stronger than a morphism in GSp® inducing a stable equivalence of the underlying or-
thogonal spectra. Roughly, it asks that certain set-theoretic fixed points are preserved
by weak equivalences.

To define the relevant notion of weak equivalence, we make use of a functor from
orthogonal G-spectra to orthogonal spectra known as the “geometric fixed points”.

Definition 11.2.3. (i) Let X be an orthogonal G-spectrum, and let V be a represen-
tation of G on an n-dimensional inner product space over R. We define a new based
space

X(V)= LR, V), Ao Xn

(cf. [85, equation (2.2)]), which comes equipped with a G-action through the diagonal
G-action. Here, L(R™,V) denotes the linear isometries between V' and R™, which has a
natural action by O(n) via precomposition making it an O(n)-torsor.

(ii) Let pg denote the regular representation of G. Define an orthogonal spectrum

®C X, called the geometric fixed points of X, whose nth term is given by
(®°X), =X (R"®0c)"

(cf. [85, §7.3]), where the fixed points are the set-theoretic fixed points.
(iii) Let f: X =Y be a map of orthogonal G-spectra. Then f is an equivalence if, for
all subgroups H CG, the map ®7 X —®HY is a stable equivalence of orthogonal spectra.

By [85, Theorem 7.11], the definition of equivalence in part (iii) agrees with the

notion of m,-isomorphism used in [85].

PROPOSITION 11.2.4. ([85, Proposition 7.14]) The functor ®%:GSp? —Sp® has a
natural lax symmetric monoidal structure. When X and Y are cofibrant G -spectra, the
map ®¢XNPFYY @Y (X AY) is a stable equivalence.

Now, we pass to the corresponding oco-categories.

Definition 11.2.5. Let G be a finite group.

(i) The co-category of genuine G-equivariant spectra is the co-category GSp ob-
tained from N(GSp®) by inverting equivalences of orthogonal G-spectra. It inherits a
natural symmetric monoidal structure compatible with the smash product of cofibrant
orthogonal G-spectra.

(ii) Assume that H is a subgroup of G. The geometric fixed point functor

" GSp — Sp
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is the symmetric monoidal functor obtained from ®: GSp® —Sp? by restricting to cofi-

brant orthogonal G-spectra, and inverting equivalences of orthogonal G-spectra.

We note that it is very important to pay attention to the notational difference
between the 1-category GSp® and the oo-category GSp. Since our arguments and results
will mix the two worlds, this can otherwise easily lead to confusion. Eventually we will
only be interested in the oco-category GSp, but the most convenient way to construct
functors or give proofs is often to work in the model.

There is another fixed point functor for orthogonal G-spectra, taking an orthogonal
G-spectrum X to the orthogonal spectrum whose nth term is given by the set-theoretic
fixed points X&. Unfortunately, if f: X =Y is an equivalence of orthogonal G-spectra,
the induced map (X&), —(Y,%),, of orthogonal spectra need not be a stable equivalence.
However, this is true for orthogonal G-Q-spectra; cf. [85, §7.1] and [85, Definition 3.18]
for the definition of orthogonal G-{2-spectra which refers to the deloopings of Defini-
tion I1.2.3 (i) for general representations of V. Thus, one can derive the functor, and get

a functor of co-categories

—".GSp—Sp

for all subgroups H of GG, usually simply called the fixed point functor. To better linguis-
tically distinguish it from other fixed point functors, we refer to it as the genuine fixed
point functor. As the trivial representation embeds naturally into gg, there is a natu-
ral transformation —7 —®¥ of functors GSp—Sp. Moreover, all functors and natural

transformations in sight are lax symmetric monoidal; cf. [85, Propositions 7.13 and 7.14].

Remark 11.2.6. It was proved by Guillou-May [43] that one can describe GSp equiv-
alently in terms of the data of the spectra X for all subgroups H CG, equipped with
the structure of a spectral Mackey functor; i.e., roughly, for any inclusion H'CH one
has a restriction map XH 5 XH and a norm map XH/HXH, and, if ge@, there is a
conjugation equivalence X7 ~X g 'Hg satisfying many compatibilities. From this point
of view, one can define the co-category GSp without reference to a point-set model for
the category of spectra, as done by Barwick [10]. The advantage of this point of view
is that it makes it easier to generalize: For example one can replace Sp by other stable

oo-categories, or the group by a profinite group.

Note that any equivalence of orthogonal G-spectra is in particular an equivalence of
the underlying orthogonal spectra (as ®1¢} X is the underlying orthogonal spectrum). It

follows that there is a natural functor

GSp —» SpP¢
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from genuine G-equivariant spectra to spectra with G-action. In particular, there is yet

another fixed point functor, namely the homotopy fixed points
—"H. GSp — SpPY — Sp.

As the set-theoretic fixed points map naturally to the homotopy fixed points, one has a
natural transformation of lax symmetric monoidal functors —# — —"# from GSp to Sp.
However, this map does not factor over the geometric fixed points, and in fact the geo-
metric fixed points have no direct relation to the homotopy fixed points.

We need the following result about the functor GSp—SpZ%. Recall that we are now
in an oo-categorical setting and the next results are purely formulated in terms of these
oo-categories. The proofs will of course use their presentation through relative categories

such as Sp©.

THEOREM I1.2.7. The functor GSp—SpP% admits a fully faithful right adjoint
Ba:SpPE —GSp. The essential image of Bg is the full subcategory of all X €GSp for
which the natural map X7 — X" js an equivalence for all subgroups H CG; we refer to

these objects as Borel-complete.

In other words, the co-category SpP¢ of spectra with G-action can be regarded as a
full subcategory GSpp of the co-category GSp consisting of the Borel-complete genuine
G-equivariant spectra. Under the equivalence GSpp~Sp?%, the functors —# and —"#

match for all subgroups H of G.

Proof. Fix a (compactly generated weak Hausdorff) contractible space EG with free
G-action. Consider the functor of 1-categories L: GSp® —GSp? sending an orthogonal
G-spectrum X=(X,), to Map(EG, X,,),, where Map(EG, X,,) is pointed at the map
sending EG to the base point of X,; cf. [85, Example 5.2]. As explained there, this
defines a functor GSp® —+GSp?, and if X is an orthogonal G-Q-spectrum, then L(X) is

again an orthogonal G-Q)-spectrum. It follows from the usual definition
XM = Map(EH, X)"

of the homotopy fixed points (and the possibility of choosing FH=FEG for all subgroups
H of G) that
LX) =x"" =p(x)"

for all subgroups H of G. In particular, using [85, Theorem 7.11], if f: X —Y is a map of
orthogonal G-{)-spectra which induces a stable equivalence of the underlying orthogonal
spectra, for example if f is an equivalence of orthogonal G-spectra, then L(f) is an
equivalence of orthogonal G-spectra. Moreover, L(X) is always Borel-complete.
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There is a natural transformation id— L of functors GSp® —GSp?, as there are natu-
ral maps X, »Map(EG, X,,) (compatibly with all structure maps) given by the constant
maps. After restricting to orthogonal G-{2-spectra and inverting weak equivalences, we
get a functor of oo-categories L: GSp— GSp with a natural transformation id— L, which
satisfies the criterion of [69, Proposition 5.2.7.4], as follows from the previous discus-
sion. Moreover, the image can be characterized as the full subcategory GSpp CGSp of
Borel-complete objects.

As GSp—SpPB¢ factors over L, it remains to prove that the functor GSpg—SpZ¢
is an equivalence of oo-categories. Note that the functor N (GSpO)gGSp B inverts all
morphisms which are equivalences of the underlying spectrum; it follows from [75, The-
orem 9.2] and [71, Proposition 1.3.4.25] that inverting these in N(GSp?) gives SpZY, so
one gets a natural functor Bg: SpP%—GSpp. It follows from the construction that Bg

and GSpgp—SpP¢ are inverse equivalences. O

COROLLARY I1.2.8. There is a natural lax symmetric monoidal structure on the
right adjoint Bg:SpP% —GSp, and a natural refinement of the adjunction map id— Bg

of functors GSp—GSp to a lax symmetric monoidal transformation.

Proof. Tt follows from [71, Corollary 7.3.2.7] that a right adjoint to a symmetric
monoidal functor is naturally lax symmetric monoidal, with the adjunction being a lax
symmetric monoidal transformation. In the relevant case of a localization, this also
follows from [71, Proposition 2.2.1.9]. O

To go on, we need to define a residual G'/H-action on X and ®7X in case H is
normal in G. In the case of X this is easy: Restricted to orthogonal G-Q-spectra,
the functor GSp? —Sp? is given by (X,,)n+> (XH),,, which has an evident G/ H-action.
This functor takes orthogonal G-Q-spectra to orthogonal G/H-{Q-spectra, and is com-
patible with composition, i.e. (X H )G/ H_XG  In particular, it maps equivalences to
equivalences, and we get an induced (lax symmetric monoidal) functor GSp—(G/H)Sp
of co-categories.

The situation is more subtle in the case of ®¥ X. The issue is that the nth space
X(R"®0p5) has no evident G/H-action, as G does not act on gg. To repair this,
one effectively needs to replace gy by a representation on which G-acts, and in fact in
the definition of geometric fixed points, it only really matters that gg:R, and that og
contains all representations of H. This replacement is best done by choosing a complete

G-universe in the sense of the following definition.

Definition 11.2.9. A complete G-universe is a representation U of G on a countably
dimensional inner product R-vector space that is a direct sum of countably many copies
of each irreducible representation of G.
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Note that, if ¢/ is a complete G-universe and H C( is a subgroup, then it is also a
complete H-universe. Moreover, if H is normal in G, then the subrepresentation U of
H-fixed vectors is a complete G/H-universe. Therefore, if one has fixed a complete G-
universe, one gets corresponding compatible complete G’-universes for all subquotients
of G, and in the following we will always fix a complete G-universe for the biggest
group G around, and endow all other groups with their induced complete universes.
In the following, for a given universe U, we write Veld if V is a finite-dimensional G-
subrepresentation of &/. These naturally form a poset.

Definition 11.2.10. Let G be a finite group with a complete G-universe U, and let

H CG be a normal subgroup. The geometric fixed point functor
o GSp? — (G/H)Sp®

is given by sending X € GSp® to the orthogonal G/ H-spectrum @gX whose nth term is
given by
hocolim X (R"@V)#,
veu
VH=0
where O(n) acts on R™, and the G-action factors over a G/H-action. The structure maps

are the evident maps.

For this definition, we use the explicit model given by the Bousfield—Kan formula for
the homotopy colimit taken in compactly generated weak Hausdorff topological spaces.
We review the Bousfield-Kan formula in Appendix C.

Now we compare this model of the geometric fixed points to the definition ®.

LEMMA I1.2.11. For every G-spectrum X there is a zig-zag of stable equivalences of
orthogonal spectra <I>GXH<T>5X%<I>5X which is natural in X .(*7)

Proof. We first define
&S X :=hocolim X (R" ¢
U ocolim X (R*® 0c ®V)
VH=0

Now, there is a map

PEX = X (R"®0q®0)¢ Hho&o&mX(R”@gg@V)G

€
VH=0
induced from the map into the homotopy colimit, and another map
@5 X =hocolim X (R"@®V)¢ — hocolim X (R" V).
u qcolim X (R*®V)™ — hocolim X (R" ®ec®V)

VH=(0 VH=0

(1) We thank Stefan Schwede for a helpful discussion of this point.
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which is induced from the standard inclusion R— (g,)¢ which sends 1 to the unit vector

Y geR[G] = oc.

VIG &

Both of these maps induce maps of orthogonal spectra, as we let n vary.
Now, we have to check that these maps are stable equivalences. This can be checked
on homotopy groups, where it is well known (note that the hocolim’s become an actual

colimit upon taking stable homotopy groups, by the results of Appendix C). O
We need the following proposition.

ProprosITION 11.2.12. Let G be a finite group with complete G -universe U, and let
HCH'CG be normal subgroups. There is a natural transformation ¢5H/Ho¢5—>¢>g/ of
functors GSp® —(G/H")Sp®. For each X €GSp?, the map

H'/H

D,

(27 (X)) — ] (X)

is an equivalence of orthogonal (G/H')-spectra.
Proof. Let us compute @g 1,{/ H(@g (X)). Tt is given by the spectrum whose nth term
is

H/H'

hocolim ( (R A hocolim(L(R* ), A X, a :

ol DR W) Aoy hogom( DR ). Aotay) Xt s
WH' =0 VH=0

Here, dy and dy denote the dimensions of V' and W. Note that, as H acts trivially on

L(R W), one can pull in this smash product; also, taking fixed points commutes with

all hocolim’s, by Lemma C.13. Thus, a simple rewriting gives

’

. . dw+d H
h]?vceol/l[gn hO‘S(E)Zl/}m(L(R wrdv WaV), NO(dw +dv) Xntdw+dv )
wH = VH=0
Combining the hocolim’s into a single index category gives a map to the hocolim over all
pairs (W, V). But note that such pairs (W, V) are equivalent to Ueld with U# =0 via
U=W &V indeed, one can recover W=U and V as the orthogonal complement of W.

Thus, we get a map to

’

hOUC(G)Zl/}Hl(L(RdU ) U)+ /\O(dU) X7L+du )H )

UH' =0

which is precisely the nth term of ® "X. We leave it to the reader to verify that this is
compatible with all extra structure.
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It is clear that this defines a stable equivalence of the underlying orthogonal spectra,
as it is even a levelwise equivalence. In particular, one sees that CIDZIj takes equivalences
of orthogonal G-spectra to equivalences of orthogonal G/H-spectra. The compatibility
of the geometric fixed point functor with composition then implies that the natural
transformation fbg ,l,/ H(@g (X))—®'(X) is an equivalence of orthogonal G/ H-spectra.

O

In particular, we get functors ®: GSp—(G/H)Sp of co-categories which are com-
patible with composition; we will ignore the choice of U after passing to oco-categories,
as e.g. by Proposition I1.2.14 below, this functor is canonically independent of the
choice. The natural transformation —# — ®# lifts to a natural transformation of functors
GSp— (G/H)Sp, by restricting to orthogonal G-Q2-spectra. One can compute the fiber
of the map —# —®* in terms of data for subgroups of H; cf. [85, Proposition 7.6]. For
example, there is the following result of Hesselholt—-Madsen; [47, Proposition 2.1].

ProrosiTIiON 11.2.13. Let G be a cyclic group of p-power order, and H=Cp,CG be
the subgroup of order p. For X € GSp there is a natural fiber sequence
Xne — XC — (9 X) /O
of spectra, where the second map is the map induced on genuine G/Cy-fized points by the
natural transformation —» —®% of lax symmetric monoidal functors GSp— (G /C,)Sp.

Note that, if one applies this diagram to the map X —Bg(X) from X to its Borel

completion, one gets a commutative diagram

Xne N XG (q)CpX)G/Cp
Xne XhG XtG7

where both rows are fiber sequences, and the functors in the right square are all lax
symmetric monoidal, and the transformations are lax symmetric monoidal.(*®) In par-
ticular, one sees that the functor —*¢: SpP% - Sp has a natural lax symmetric monoidal
structure making the transformation —"¢——*¢ of functors Sp”%¢ —Sp lax symmetric
monoidal. Indeed, —¢: Sp2% —Sp can be written as the composition

(®Cr)G/Cp

SpB¢ Be, gsp Sp

(1) For the identification of the different norm maps Xp,q— X"G | one can for example use Theo-
rem 1.4.1.
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of lax symmetric monoidal functors. This is the classical proof that —*¢: SpB% —Sp has
a natural lax symmetric monoidal structure for cyclic groups G of prime power order.(?)
By Theorem 1.3.1, we see that this lax symmetric monoidal structure agrees with the
one constructed there.

As another application of the relation between genuine and geometric fixed points,

one has the following proposition.

ProrosiTION I1.2.14. Let G be a finite group, and HCG be a normal subgroup.
The functor ®7: GSp— (G/H)Sp has a fully faithful right adjoint Ry (G /H)Sp—GSp.
The essential tmage of Ry is the full subcategory GSp>g CGSp of all X€GSp such
that XN ~0 for all subgroups NCG that do not contain H. On GSp>m, the natural
transformation —% —®H: GSps y—(G/H)Sp is an equivalence.

Note that, by [85, Theorem 7.11], the condition on the essential image can be re-
placed by the condition ®V X ~0 for all subgroups N CG that do not contain H. Also, the
proposition implies, as in Corollary I11.2.8, that Ry has a natural lax symmetric monoidal
structure. Moreover, one sees that one can redefine ®¥: GSp— (G/H)Sp, equivalently,
as the composition of the localization GSp—GSp>p and —H which shows that ® is

independent of all choices.

Proof. Choose a (compactly generated weak Hausdorff) space EP with G-action
which has the property that EP is empty, but, for all subgroups N of G that do not
contain H, EPY is contractible. Let EP be the based G-space given as the homotopy
cofiber of the map EP,—S" mapping EP to the non-basepoint of S°. Then, EPN is
contractible for all subgroups N of G that do not contain H, while EPN is given by S°,
if N contains H.

Consider the functor L: GSp® —GSp® sending X to EPAX. By [85, Proposi-
tion 5.4], this functor preserves equivalences of orthogonal G-spectra. Moreover, the
natural map S0 EP induces a natural transformation id— L. It follows from [85, Propo-
sition 7.6] that, for all X €GSp?, one has ®N L(X)~0 if N does not contain H, while
PN X PN L(X) is an equivalence if N contains H. This implies that the induced func-
tor L: GSp—GSp, with its natural transformation id— L, satisfies the hypothesis of [69,
Proposition 5.2.7.4], and the essential image of L is given by GSp>g.

As ®H: GSp—(G/H)Sp factors over L, it remains to see that the functor

o GSp;H — (G/H)Sp

(19) For general groups G one can write —*C as the composition SpB& Be, GSp®—EG> GSp;G> Sp,
where EG is the pointed G-space obtained as the cofiber of the map EG4— S° (see in the proof of
Proposition 11.2.14 for a similar construction). All three functors are lax symmetric monoidal, the
middle one since it is a smashing localization of G'Sp.
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is an equivalence. Note that there is a functor R': (G/H)Sp—GSp, by letting G act
through its quotient G/H, and the composition (G/H)Sp%GSpi(G/H)Sp is equiv-

alent to the identity as follows from the definition. Consider the functor
LoR': (G/H)Sp — GSp>mn.

We will show that both compositions of Lo R’ and ®F are equivalent to the identity. For
the composition ®#oLoR'~®H o R’ we have already done this. For the other one, we

note that there is a natural transformation
LoR ®" ~LoR o ¢ — [ ~id: GSps>y — GSp>p

as there is a natural transformation R’c— —id on orthogonal G-Q2-spectra (given by
inclusion of fixed points). To check whether this is a natural equivalence, we may apply
®H as . GSpspy—(G/H)Sp reflects equivalences; this reduces us to the assertion
about the other composition that we have already proved. O

In order to prepare for the definition of genuine cyclotomic spectra in the next
section, we need to introduce variants of the previous definition, when G is no longer

required to be finite. We will need the following two cases.

Definition 11.2.15. (i) The co-category CpSp of genuine Cpe-equivariant spectra
is the limit of the co-categories Cp»Sp, for Cpn CCpe varying along the forgetful functors
CpnSp—Cpn-15p.(*)

(ii) The category TSp? of orthogonal T-spectra is the category of orthogonal spectra
with continuous T-action. Let F be the set of finite subgroups C,,CT. A map f: X =Y
of orthogonal T-spectra is an F-equivalence if the induced map of orthogonal C,,-spectra
is an equivalence for all finite subgroups C,, CT. The oo-category TSpr of F-genuine
T-equivariant spectra is obtained by inverting the F-equivalences in N (TSp®).

In both cases, the functors — and ®# make sense for all finite subgroups H of Cpe
and T, respectively, and they satisfy the same properties as before. An obvious variant
of Theorem II.2.7 and Proposition II.2.14 holds for CpSp and TSpr. In the case of
Cpe=Sp, this follows formally by passing to the limit. In the case of TSpr, one has to

repeat the arguments.

COROLLARY I1.2.16. For the functors Rc,: Cpec Sp— CpeoSp and Rg,: TSpr—TSpr,
we have the formula
XH/C  f 0, CH,

Re X)H ~
(Fe, X) {O, otherwise.

(20) This co-category is equivalent to the underlying co-category of the model category studied by
Degrijse, Hausmann, Liick, Patchkoria and Schwede in [28]. We thank Irakli Patchkoria for sharing his
idea to use the Priifer group instead of the full circle group T long before this project was started.
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Proof. The formulas only use finite fixed points, thus we can use Proposition I1.2.14.
We immediately get that (R, X)¥ ~0if C,ZH. If C,,CH, then we get

(Ro, X)) = ((Re, X))/ (0% R, X)H/r x X H/

where the last equivalence follows since R¢, is fully faithful, i.e. the counit of the ad-

junction is an equivalence. O

I1.3. Genuine cyclotomic spectra

In this section we give the definition of the oco-category of genuine cyclotomic spectra
and genuine p-cyclotomic spectra. We start with a discussion of genuine p-cyclotomic
spectra.

Definition 11.3.1. A genuine p-cyclotomic spectrum is a genuine Cpeo-spectrum X

together with an equivalence ®,: P X =5 X in Cpe=Sp, where
® X € (Cpos /C,)Sp =~ Cpee Sp

via the pth power map Cpee /Cp=Cpe. The co-category of genuine p-cyclotomic spectra

is the equalizer

id
CyeSpf™ =Ba( CpeSp =3 CyeSp ).

Every genuine p-cyclotomic spectrum (X, ®,) has an associated p-cyclotomic spec-
trum, in the sense of Definition I1.1.6 (ii). Indeed, there is a functor CpeSp— SpBCre
and one can compose the inverse map X —®“» X with the geometric fixed points of the
Borel completion ®C» X %@CPBCPOO (X); the corresponding map of underlying spectra
with Cpee-action is a Cp~-equivariant map X —X tC»  where the Cpoe-action on the right

is the residual Cpe /Cp-action via the pth power map Cpoo /Cp=Clhoo.
ProrosiTION 11.3.2. The assignment described above defines a functor

gen

CycSpj

— Cyc Spyp.

Proof. As the equalizer is a full subcategory of the lax equalizer, it suffices to con-

struct a functor

LEq( CpSp % Cp=Sp ) —> LEq( SpPCr= % SpPCe ).



258 T. NIKOLAUS AND P. SCHOLZE

But there is the natural functor Cpee Sp—SpP&r> which commutes with the first functor
id in the lax equalizer; for the second functor, there is a natural transformation between
the composition

C
Cpoe Sp —225 e Sp — SpBEre

and the composition

BCpoo BCpoo
)

Oy Sp — SpPGr= — g,

by passing to the underlying spectrum in the natural transformation ®C» %CDCPBCPOC.
For the identification of —*“» with the underlying spectrum of @CPBCPN, cf. Proposi-
tion I1.2.13.

In this situation, one always gets an induced functor of lax equalizers, by looking at
the definition (Definition II.1.4). O

Next, we introduce the category of genuine cyclotomic spectra as described in [47,

§2]. For the definition, we need to fix a complete T-universe U/; more precisely, we fix

U:@CM,

kEZ
i>1

where T acts on Cy, ; via the k-th power of the embedding T<C*. For this universe, we

U = @ Cs,i,

kenZ
i>1

have an identification

which is a representation of T/C,,. Now, there is a natural isomorphism

which sends the summand (C;M»QZ/IC” for kenZ and i>1 identically to the summand
Ch/n,i CU. This isomorphism is equivariant for the T/C, =T-action given by the nth

power. We get functors
(IDZS" :TSp® — (T/C,,)Sp? ~TSp®
such that there are natural coherent F-equivalences
Dp oS — DL

as in Proposition 11.2.12. By inverting F-equivalences, one gets an action of the multi-
plicative monoid N+ of positive integers on the oo-category TSpr.
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Definition 11.3.3. The oo-category of genuine cyclotomic spectra is given by the

homotopy fixed points of N+ on the co-category of F-genuine T-equivariant spectra,
Cyc Spee® = (TSpx)">0.

Roughly, the objects of CycSp#™ are objects X € TSpr together with equivalences
®,: X~ X for all n>1 which are homotopy-coherently commutative.

ProproOSITION I1.3.4. There is a natural functor

Cyc Sp&" —s Cyc Sp = SpP* X[, ., 5p7e H Cyc Spy.

peP

D

Proof. For any p, we have a natural functor CycSp&®"—CycSp§™ given by the
natural functor TSpz— CpeSp, remembering only ®,. The induced functor

CycSpE™” — [ [ SpP<r=
pEP

lifts to a functor Cyc Sp&®® —SpBT by looking at the underlying spectrum with T-action
of XeTSpr. O

Remark 11.3.5. The functor Cyc Sp&™" —CycSp a priori seems to lose a lot of in-
formation: For example, it entirely forgets all non-trivial fixed point spectra and all

coherence isomorphisms between the different ®,,.

In [47, Definition 2.2], the definition of (genuine) cyclotomic spectra is different
in that one takes the homotopy fixed points of Ny on the category TSp®, i.e. before
inverting weak equivalences (or rather lax fixed points where one requires the structure

maps to be weak equivalences). Let us call these objects orthogonal cyclotomic spectra.

Definition 11.3.6. An orthogonal cyclotomic spectrum is an object X €TSp® to-
gether with F-equivalences of orthogonal T-spectra ®,,: CIJS"X%X in TSp® ~(T/C,,)Sp®
for all n>1, such that, for all m,n>1, the diagram

q)gn ((I)ng) é q)gmnX

A (@m)l rbmn

oonx — X

commutes. A map f: X —Y of orthogonal cyclotomic spectra is an equivalence if it is
an F-equivalence of the underlying object in TSp®. Let CycSp?® denote the category of
orthogonal cyclotomic spectra.
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It may appear more natural to take the morphisms <I>5"X — X in the other direc-
tion, but the point-set definition of topological Hochschild homology as an orthogonal
cyclotomic spectrum actually requires this direction; cf. §II1.5 below. We note that
Hesselholt—-Madsen ask that ®,, be an equivalence of orthogonal T-spectra (not merely
an F-equivalence), i.e. it also induces an equivalence on the genuine T-fixed points. Also,
they ask that X be a T-Q-spectrum, where we allow X to be merely a (pre)spectrum.
Our definition follows the conventions of Blumberg—Mandell, [19, Definition 4.7].(?!) In
[19, §5], Blumberg-Mandell construct a “model-*-category” structure on the category of
orthogonal cyclotomic spectra. It is unfortunately not a model category, as the geometric
fixed point functor does not commute with all colimits; this is however only a feature
of the point-set model. It follows from a result of Barwick-Kan [12] that if one inverts
weak equivalences in the model-*-category of orthogonal cyclotomic spectra, one gets the

oo-category Cyc Spse™.

THEOREM I1.3.7. The morphism N(CycSp?)— CycSp#e” is the universal functor

of oo-categories inverting the equivalences of orthogonal cyclotomic spectra.
Proof. This follows from [11, Lemma 3.24]. O

One can also make a similar discussion for p-cyclotomic spectra; however, in this
case, our Definition II.1.6 (ii) differs from previous definitions in that we only require an
action of the subgroup Cpe of T. If one changes our definition to a T-action, one could
compare Definition I1.3.1 with the definitions of p-cyclotomic spectra in [47] and [19], as
in Theorem I1.3.7.

Finally, we can state our main theorem. It uses spectra TC®"(X,p) for a genuine
p-cyclotomic spectrum X and TCE"(X) for a genuine cyclotomic spectrum X, whose
definition we recall in §I1.4 below. Recall that, by TC(X) (resp. TC(X,p)), we denote
the functors defined in Definition I1.1.8.

THEOREM I1.3.8. (i) Let Xe€CycSps™ be a genuine cyclotomic spectrum whose

underlying spectrum is bounded below. Then, there is an equivalence of spectra
TCE" (X)) ~TC(X).

(ii) Let X eCyc Spy™ be a genuine p-cyclotomic spectrum whose underlying spec-

trum is bounded below. Then, there is an equivalence of spectra

TCs*(X,p) ~TC(X,p).

(?!) Their commutative diagram in [19, Definition 4.7] looks different from ours, and does not
seem to ask for a relation between ®p,pn, and @, Py; we believe ours is the correct one, following [47,
Definition 2.2].
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Moreover, the forgetful functors CycSp#*"—CycSp and CycSp;™—CycSp, are
equivalences of oo-categories when restricted to the respective subcategories of bounded

below spectra.

11.4. Equivalence of TC

In this section, we prove parts (i) and (ii) of Theorem II.3.8. In other words, if X is a

genuine cyclotomic spectrum whose underlying spectrum is bounded below, then
TC*"(X) ~TC(X).

We recall the definition of TC®"(X) in Definition I1.4.4 and diagram (1) below. The
proof relies on some consequences of the Tate orbit lemma (Lemma I1.2.1), which we record
first. Here and in the following, we identify Cyn/Cpm =Cpn-m, so for example if X is a
spectrum with Cyn-action, then X hCpm g considered as a spectrum with Cpn-m-action
via the identification Cyn /Cpm =Cpn—m.

LEMMA I1.4.1. Let X €SpB" be a spectrum with Cpn-action that is bounded below.

Then, the canonical morphism XtCen %(Xtcp)hcp”‘1 is an equivalence.

Proof. First, by applying the Tate orbit lemma to thpnfz, we see that, for n>2,

the norm morphism

N: Xnoyn — (Xne,, )"

is an equivalence. Then, by induction, the map
Cone
N: Xpcyn — (Xne, )" ot
is an equivalence. This norm morphism fits into a diagram

Xthn thpn Xthn

| | |

(thp)thn—l — (Xth)thn_l — (Xtcp)hcpn_l,

which commutes, since all maps in the left square are norm maps, and the right vertical
map is defined as the cofiber. Now, since the left and middle vertical maps are equiva-
lences and the rows are fiber sequences, it follows that the right vertical morphism is an

equivalence as well. O

In the following lemma, we use the Tate construction for T defined in Corollary 1.4.3.
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LEMMA 11.4.2. If X is a spectrum bounded below with T-action, then (X!C»)PT s
p-complete and the canonical morphism X*T— (X*Cr)'T exhibits it as the p-completion
of X'T.

Remark 11.4.3. This lemma leads to a further simplification of the fiber sequence
TC(X)— X"T (pp" —can)per I—I(Xtcp)mr7
P
as one can identify the final term with the profinite completion of X*T, in case X is a
cyclotomic spectrum bounded below.
Proof. The canonical morphism (X *C»)hT — (XtCp)hCpee :l'gl(XtCP )hCm is an equiv-
alence, since both sides are p-complete by Lemma 1.2.9 and Cpe —T is a p-adic equiva-

lence. Thus, by Lemma I1.4.1, in the commutative diagram

Xt']l‘ (Xth )hT

| |

@(Xtcpn ) ]_(iﬁl(XtCP )thn ,

all corners except possibly for X*T are equivalent. Thus, it remains to prove that the
canonical map XtT%Ljén(XtCP") is a p-completion.

By Lemma 1.2.6, we may assume that X is bounded, so that, by a filtration, we
may assume that X=H M is an Eilenberg—MacLane spectrum. Note that, in this case,
the T-action on M is necessarily trivial. We may also assume that M is torsion free by

passing to a 2-term resolution by torsion-free groups. We find that

M, if i even,
0, ifiodd,

M/p™, if i even,

(1) = { o
0, if 7 odd.

and m;(HM'Cr) = {
The maps in the limit diagram are given by the obvious projections M — M/p™, by

Lemma 1.4.4, so the result follows. O

Now, let X be a genuine p-cyclotomic spectrum in the sense of Definition II.3.1.
Let us recall the definition of TC®"(X,p) by Bokstedt—Hsiang-Madsen [23]. First, X
has genuine C)--fixed points X C for all n>0, and there are maps F: X" - X Cpn-1
for n>1 which are the inclusion of fixed points. Moreover, for all n>1, there are maps
R:X%" X%~ and R and F commute (coherently). The maps R: X" — X Cpm—1
arise as the composition of the map X" — (®C» X)“»"~* that exists for any genuine Cjyn-
equivariant spectrum, and the equivalence (> X )CP"*1 ~ X %=1 which comes from the
genuine cyclotomic structure on X.

These structures determine TC®#" (X, p) as follows.
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Definition 11.4.4. Let X be a genuine p-cyclotomic spectrum. Define
TR(X,p) =lim X",
which has an action of F', and
TCER(X, p) = Eq( TR(X, p) ?d; TR(X, p) ) ~lim Eq( XCon %; XCpn-1 )
To compare this with our definition, we need the following lemma, which follows

directly from (the discussion following) Proposition I1.2.13.

LEMMA I1.4.5. Let X be a genuine Cpn-equivariant spectrum. There is a natural
pullback diagram of spectra

X Cpm R (@CPX)CPW—l

| |

X hCpn XtCpn
for all n>1.

Note that, while the upper spectra depend on the genuine Cp»-equivariant structure

of X, the lower spectra only depend on the underlying spectrum with Cpn-action.

PROPOSITION I1.4.6. Let X be a genuine Cpn-equivariant spectrum. Assume that
the underlying spectrum is bounded below. Then, for every n>1, there exists a canonical

pullback square

X Cpn (@CPX)Cpn—l

|

X hCpn (XtC'p )hcpnfl )
Proof. Combine Lemma I1.4.1 with Lemma I1.4.5. O

COROLLARY I1.4.7. Let X be a genuine Cpn-equivariant spectrum. Assume that the

spectra,

X, 0% X, d%2 X, ..., dCm-1X



264 T. NIKOLAUS AND P. SCHOLZE

are all bounded below. Then, we have a diagram

chn @Cpn X

J

(q)cpn—1 X)th — ((pcpn—l X)th

|

((I)sz X)hcp"72 _ ..

|

((I)CPX)thn—l BN (((I)CPX)th)thn—2

|

X hCpn (Xth)thnf1

which exhibits X" as a limit of the right side (i.e. an iterated pullback).
Proof. Use induction on n and Proposition 11.4.6. O

Remark 11.4.8. One can use the last corollary to give a description of the full subcat-
egory of C,» Sp consisting of those genuine Cj,»-equivariant spectra all of whose geometric
fixed points are bounded below. An object then explicitly consists of a sequence

X, %X, .. &% X
of bounded below spectra with Cpn /Ci-action together with Cyn /Cpi-equivariant mor-
phisms
(bcpiX N (@Cpifl X)th

for all 1<i<n. One can prove these equivalences for example similarly to our proof of
Theorem I1.6.3 in §II.6 and §II.5. Vice versa, one can also deduce our Theorem I1.6.3
from these equivalences.

Note that this description is quite different from the description as Mackey functors,
which is in terms of the genuine fixed points; a general translation appears in work of
Glasman [39]. One can also go a step further and give a description of the category of
all genuine Cpn-spectra or T-spectra (without connectivity hypothesis) along these lines,
but the resulting description is more complicated and less tractable as it contains a lot
of coherence data. This approach has recently appeared in work of Ayala—Mazel-Gee—
Rozenblyum [8].
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Let us note the following corollary. This generalizes a result of Ravenel [82], that
proves the Segal conjecture for Cp», by reduction to €. This had been further general-
ized to THH by Tsalidis [90], and then by Bokstedt—Bruner-Lunge-Nielsen—Rognes [21,
Theorem 2.5], who proved the following theorem under a finite-type hypothesis.

COROLLARY I1.4.9. Let X be a genuine Cpn -equivariant spectrum, and assume that
for any Ye{X, P X, .., <I>CP"*1X}, the spectrum Y 1is bounded below, and the map

(YOr)p — (Vhr))

induces an isomorphism on m; for all i>k. Then, the map (X)) — (X" ) induces

an isomorphism on m; for all i>k.

Asin [21, Theorem 2.5], this result also holds true if one instead measures connectiv-
ity after taking function spectra from some W in the localizing ideal of spectra generated
by S[1/p]/S. Note that, for cyclotomic spectra, one needs to check the hypothesis only
for Y=X.

Proof. Note that, for 1<i<n, one has <I>Cﬂ((I>CP'“1X):<I>CpiX. Therefore, using
Lemma II.4.5 for the genuine C)p-equivariant spectrum Qi1 X , we see that the as-

sumption is equivalent to the condition that
D G A

induces an isomorphism on 7; for all i>k after p-completion. Now, we use that, in
Corollary I1.4.7, all the short vertical maps induce an isomorphism on ; for all i >k after

p-completion. It follows that the long left vertical map does the same, as desired. O

THEOREM 11.4.10. Let X be a genuine p-cyclotomic spectrum such that the under-
lying spectrum is bounded below. Then, there is a canonical fiber sequence

hC

T(sen (X,p) _ .y XhCpee ¥p

oo
P™ —can

(X )hCpoo

In particular, we get an equivalence TCE" (X, p)~TC(X, p).

Proof. By Proposition I1.4.6 and the equivalence X ~®» X we inductively get an
equivalence

X~ xhCor XMCom=1 X ey X

(Xtcp )hcpn—l
cf. also Corollary 11.4.7. Here, the projection to the right is always the tautological one,
and the projection to the left is ¢, (or more precisely the induced map on homotopy fixed
points). Under this equivalence, the map R: X%»" —X Cpn=1 corresponds to forgetting
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the first factor and F: XCr" — X1 corresponds to forgetting the last factor followed
by the maps X hCpk _y xhCpr—1 applied factorwise.

Now, we have to compute the fiber of R—F: X% X% To that end, we
consider the following square

R —F’ hC
XM .. x X Xt x X

©p —canl lapp—can

(Xth)thnfl % .. % XtC» ﬂ) (Xth)thn—2 X ..o x Xt

Here, R’ forgets the first factor, F’ forgets the last factor and projects X"Crr — XCpi-1
R” forgets the first factor, and F” forgets the last factor and projects (XtCr)"Cot —
(X1Cr)hCoh=1 " Also, ¢, denotes the various maps X"r* —(XtC)"“k and can the

various maps X "Crt — (X 1Cp)hCpr—1

. It is easy to see that the diagram commutes (since
the lower-right is a product; this can be checked for every factor separately), and by
design the vertical fibers are X»" and X Cpn=1 with the induced map given by R—F'.
Now, we compute the fibers horizontally. We get X"*“»" via the diagonal embedding
for the upper line and analogously (X tCP)hCP"*l via the diagonal embedding for the
lower line. Therefore, the fiber of R—F: X" — X“"=1 is equivalent to the fiber of
(pp—can: thp"'%(XtCP)hCP"*l. Finally, we take the limit over n to get the desired

result. O

Recall from [32, Lemma 6.4.3.2] Goodwillie’s definition of the integral topological
cyclic homology for a genuine cyclotomic spectrum X in the sense of Definition 11.3.3. Tt
is defined(??) by the pullback square

TCE(X) —— X T

]

[Tper TC* (X, p)y —— [Tep(X)™

Note that the homotopy fixed points (X]g\)hT in the lower-right corner are equivalent to
(Xzf)hcp“’, since the inclusion Cp —T is a p-adic equivalence. Taking homotopy fixed
points commutes with p-completion, since the mod-p Moore spectrum M (Z/p)=S/p is
a finite spectrum, and fixed points of a p-complete spectrum stay p-complete. It follows
that the right vertical map is a profinite completion, and therefore also the left vertical

map is a profinite completion.

(22) This is not the definition initially given by Goodwillie, but it is equivalent to the corrected
version of Goodwillie’s definition as we learned from B. Dundas, and we take it as a definition here.
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THEOREM 11.4.11. Let X be a genuine cyclotomic spectrum such that the underlying

spectrum is bounded below. Then, there is a canonical fiber sequence

Tcgcn(X) _y xhT (" —can)per H(Xtcp)h']r.
peP

In particular, we get an equivalence TC#"(X)~TC(X).

Proof. We consider the commutative diagram

TCE™ (X) ——— X7

| |

[Tper TC* (X, )y —— [Lep(X)" —— [ea (X)) r)"Cr=.

Here, the lower line is the product over all p of the p-completions of the fiber sequences
from Theorem I1.4.10, and the square is the pullback defining TC®#"(X). Now, by

Lemma 1.2.9 and using that Cp« —T is a p-adic equivalence, the natural maps
(Xth)h’H‘ N ((XZ/)\)th)thoc

are equivalences for all primes p. Thus, we can fill the diagram to a commutative diagram

TCgen(X) Xh'ﬂ' Hpe]P’(Xth)hT

| J y

[per TO" (X, ) — [pep(X7)"™ —— Tep(X7) ) .

Now the result follows formally as the lower line is a fiber sequence, the left square is a

pullback and the right map is an equivalence. O

I1.5. Coalgebras for endofunctors

In this section we investigate the relation between the categories of coalgebras and fixed
points for endofunctors. This will be applied in the proof of the equivalence between
“genuine” and “naive” cyclotomic spectra that will be given in the next section (Theo-
rem 11.6.3 and Theorem 11.6.9), where the key step is to upgrade the lax map X — X*C»
to an equivalence Y ~®»Y of a related object Y.

Definition 11.5.1. Let C be an co-category and F:C—C be an endofunctor. Then an
F-coalgebra is given by an object X €C together with a morphism X —FX. A fixpoint
of F is an object X €C together with an equivalence X —»FX.
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We define the co-category CoAlgy(C) as the lax equalizer

CoAlg,(C) =LEq( C ?d; c)

of co-categories; cf. Definition I1.1.4 for the notion of lax equalizers. If the oco-category
C is clear from the context, we will only write CoAlg,. The co-category Fixp=Fixp(C)
is the full subcategory Fixyp CCoAlg spanned by the fixed points. The example that is
relevant for us is that C is the oco-category CpeSp of genuine Cpe-spectra and F' is the
endofunctor ®» as discussed in Definition I11.2.15. The reader should have this example
in mind, but we prefer to give the discussion abstractly.

If C is presentable and F' is accessible, then it follows from Proposition I1.1.5 that
CoAlgy is presentable and that the forgetful functor CoAlgy—C preserves all colimits.
Now, assume that the functor F' preserves all colimits, i.e. admits a right adjoint G.
Then, Fixp is an equalizer in the co-category Prl of presentable co-categories and colimit
preserving functors (see [69, Proposition 5.5.3.13] for a discussion of limits in Pr"). As
such, it is itself presentable and the forgetful functor Fixp—C preserves all colimits.
As a consequence, the inclusion ¢: Fixp CCoAlg, preserves all colimits, and thus, by
the adjoint functor theorem [69, Corollary 5.5.2.9], the functor ¢ admits a right adjoint
R,: CoAlgr—Fixp. We do not know of an explicit way of describing the colocalization

tR, in general, but we will give a formula under some extra hypothesis now.

Construction 11.5.2. There is an endofunctor F given on objects by
F:CoAlg, — CoAlg,
(X 25 FX)— (FX 225 F2X),

which comes with a natural transformation p:id—F. As a functor, F is induced from

the map of diagrams of co-categories
id id
(CjC)ﬂ(CﬁC),
F F

using the functoriality of the lax equalizer. Similarly, the transformation p can be de-

scribed as a functor

LEq( c ?d c ) —>LEq( c ?d c )Al SN

id
which is given in components as the projection LEq ( c—=¢C )HC’AI7 and the map
F

1 1 1 2 2
CXCchA —)CA <A ’ECA xCAlOA
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which sends X — F X to the 2-simplices

The last map, which we described on vertices refines to a map of simplicial sets since it

is a composition of degeneracy maps and the map F:C—C.

Recall the standing assumption that the underlying oco-category C is presentable,
and that I preserves all colimits. By the adjoint functor theorem, the functor F from
Construction I1.5.2 admits a right adjoint Rz: CoAlg —CoAlg. We will describe Ry
more explicitly below (Lemma II1.5.4). There is a transformation v: Rp—id obtained as

the adjoint of the transformation p from Construction I1.5.2.

ProprosITION 11.5.3. The endofunctor tR,: CoAlgp—CoAlgy is given by the limit

of the following diagram of endofunctors

RZv Rzv
3 F 2 F Vo,

Rp

Proof. As a first step, we use that the inclusion ¢: Fixp CCoAlgy not only admits a
right adjoint, but also a left adjoint L,: CoAlgr— Fixp which can be described concretely
as follows: the composition of L, with the inclusion ¢: Fixp— CoAlg is given by the
colimit of functors

Foo=lim(id 5 F 2 p2 0 s ),

To see this, we have to show that F..:CoAlgp—CoAlgy is a localization (more
precisely, the transformation id— Fi,, coming from the colimit structure maps), and that
the local objects for this localization are precisely given by the fixed-point coalgebras.
We first note that, by definition of F', the subcategory Fixr CCoAlgy can be described
as those coalgebras X for which the transformation px:X—F(X) is an equivalence.
Since F preserves colimits, it follows immediately that, for a given coalgebra X, the
coalgebra F,, X is a fixed point. We also make the observation that, for a given fixed
point X €Fixp, the canonical map X — Fs X is an equivalence. If follows now that Fio
applied twice is equivalent to Fi,, which shows that Fl, is a localization (using [69,
Proposition 5.2.7.4]), and also that the local objects are precisely the fixed points.

Now, the functor ¢L,: CoAlg— CoAlg is left adjoint to the functor ¢R,: CoAlgp—
CoAlgy.. Thus, the formula for F., as a colimit implies immediately the claim, as the
right adjoint to a colimit is the limit of the respective right adjoints. O
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Note that the limit in Proposition 11.5.3 is taken in the oo-category of endofunc-
tors of F-coalgebras which makes it potentially complicated to understand, since limits
of coalgebras can be hard to analyze. However, if for a given coalgebra X — FX the

endofunctor F':C—C preserves the limit of underlying objects of the diagram
.—RLX — RZX — RpX — X,

then, by Proposition II.1.5 (v), the limit of coalgebras is given by the underlying limit.
This will be the case in our application, and the reader should keep this case in mind.
Now, we give a formula for the functor Rg: CoAlg— CoAlgy, which was by defini-
tion the right adjoint of the functor F: CoAlg,— CoAlgy from Construction I1.5.2. To
simplify the treatment, we make some extra assumptions on F. Recall that, by assump-
tion, F':C—C admits a right adjoint. Denote this right adjoint by Rp:C—C. We assume
that the counit of the adjunction F'Rp—id¢ be a natural equivalence. This is equivalent
to Rp being fully faithful. We will denote by 7:id¢ — RpF' the unit of the adjunction.

We moreover assume that F' preserves pullbacks.

LEMMA I1.5.4. The functor Rg:CoAlgr—CoAlgyr takes a coalgebra XZFX to
the coalgebra RF(XLFX):YLFY whose underlying object Y 1is the pullback

Y —— RpX

e

X S RyFX

in C, and where the coalgebra structure ¢: Y — FY is given by the left vertical map under
the identification FY =3 FRp X — X induced by applying F to the upper horizontal map
in the diagram and the counit of the adjunction between F and Rp.

Moreover, the counit FRp—id is an equivalence.

Proof. We will check the universal mapping property using the explicit description
of mapping spaces in oo-categories of coalgebras given in Proposition II.1.5 (ii). We get
that maps from an arbitrary coalgebra Z— F'Z into the coalgebra Y — FY ~ X are given
by the equalizer

EQ(MapC (Za Y) :; MapC(Za X))
We use the definition of Rz X as a pullback to identify the first term with

1\/IELI)C(Z7 RFX) XMapc(Z,RFFX)Ma’pC(ZvX)'
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Under this identification, the two maps to Map.(Z, X) are given as follows: the first
map is given by the projection to the second factor. The second map is given by the

projection to the first factor followed by the map
Mape(Z, RpX) —— Mape(FZ, FRpX) — Mape (FZ, X) — Map,(Z, X),

where the middle equivalence is induced by the counit of the adjunction, and the final

map is precomposition with Z— FZ. As a result we find that

Eq(Map(Z,Y) == Map.(Z, X)) ~ Eq(Map(Z, RpX) == Map,(Z, RpFX))

R

Ea(Mape(FZ, X) = Mape (FZ, FX))

1

MapCoAlgF (F(Z), X)

This shows the universal property, finishing the identification of Rz(X). The explicit
description implies that the counit FRp(X)—X is an equivalence, as on underlying

objects, it is given by the equivalence FRp X ~X. O

COROLLARY I1.5.5. Under the same assumptions as for Lemma 11.5.4, the underly-
ing object of the k-fold iteration R’I%X s equivalent to

k k—1
RFXXR’;FXRF XXR’;;IFX'“XRFFXX’

where the maps to the right are induced by the coalgebra map X —F X and the maps to
the left are induced by the unit n. In this description, the map R%X%Rf{lX can be
described as forgetting the first factor.

Proof. This follows by induction on n using that R, as a right adjoint, preserves

pullbacks and F' does so by assumption. O

Now, let us specialize the general discussion given here to the case of interest. We
let C be the oo-category CpeSp of genuine Cpe-spectra and F be the endofunctor ®» as
discussed in Definition I1.2.15. Then the co-category of genuine p-cyclotomic spectra is
given by the fixed points of ®“» (see Definition I1.3.1). In this case, all the assumptions
made above are satisfied: CpeSp is presentable as a limit of presentable oo-categories
along adjoint functors, the functor ®» preserves all colimits, and its right adjoint is fully

faithful, as follows from Proposition II.2.14 and the discussion after Definition I1.2.15.

THEOREM I1.5.6. The inclusion 1: Cyc Spg®" CCoAlgge, (CpeSp) admits a right ad-
joint R, such that the counit tR,—id of the adjunction induces an equivalence of under-

lying non-equivariant spectra.
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Proof. Let us follow the notation of Proposition I1.2.14 and denote the right adjoint
of ®¢» by Re,: CpeoSp—CpesSp.  Then, the right adjoint of O will be denoted by
Rz, : CoAlgge, —CoAlgge, .

We have that (Rc, X )%™ ~X%m=1 for m>1 and (Rc, X))t} ~0, as shown in Corol-
lary 11.2.16. If we use the formula given in Corollary I1.5.5, then we obtain that, for
(X, p: X > FX)eCoAlgge,, the underlying object of Rk@ X has genuine fixed points
given by ’

(RE X)) o XCom—t x XCom=ht1 5 x X,
p

((DCI?X)CPm‘_k (@CPX)Canfl
We see from this formula that, as soon as k gets bigger than m, this becomes independent
of k. Thus, the limit of the fixed points
3 s\ Cpm FOp Vo oo ROy Cym V. yvCym
...—>(R5PX) » ~—+(R5PX) 7 ——— (Rg, X)) —— X (2)
is eventually constant.
We see from Lemma I1.5.4 that ®“» Rz ~id as endofunctors of CoAlgge, (Cpe<Sp).
Thus, we get that ®“» applied to the tower .. Rgz X = Rg, X — X is given by the tower

= ReX — Rg, X — X — @ X,

which is also eventually constant on all fixed points. In particular, ®“» commutes with
the limit of the tower. Thus, by Proposition II.1.5 (v), the limit of coalgebras is computed
as the limit of underlying objects. Then, by Proposition 11.5.3, we get that the limit of
the sequence (2) are the Cpm-fixed points of the spectrum R,X. Specializing to m=0,

we obtain that the canonical map (1R, X){¢t — X{¢} is an equivalence, as desired. O

Now we study a slightly more complicated situation that will be relevant for global
cyclotomic spectra. Therefore, let F; and F5 be two commuting endomorphisms of an co-
category C. By this, we mean that they come with a chosen equivalence FjoFy~F50F},
or equivalently they define an action of the monoid (NxN,+) on the oco-category C,
where (1,0) acts by Fy and (0,1) acts by Fy. Since actions of monoids on co-categories
can always be strictified (e.g. using [69, Proposition 4.2.4.4]), we may assume without
loss of generality that F; and Fy commute strictly as endomorphisms of simplicial sets.
We will make this assumption to simplify the discussion.

Then, F; induces an endofunctor CoAlgp, (C) —CoAlgp, (C) which sends the coalge-
bra X — F1 X to the coalgebra Fo X — Fo F; X =F; F5 X (defined as in Construction I1.5.2).
This endofunctor restricts to an endofunctor of Fixg, (C) CCoAlgy (C). Our goal is to
study the oco-category

CoAlgp, f,(C):=CoAlgy, (CoAlgp, (C)).
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In fact, we will directly consider the situation of countably many commuting endofunctors
(F1, Fs,...). This can again be described as an action of the monoid (Nsg, - )=2(®2, N, +)

which we assume to be strict for simplicity. Then, we inductively define

COAlgF1 veorsFn (€)= COAlan (COAlgFl,...,Fn_l )(C),
CoAlg(Fi)iEN €)= @1 CoAlgp, . F, (0).

Remark 11.5.7. Informally, an object in the oo-category CoAlg Fi)ieN(C) consists of

e an object X €C;

e morphisms X — F;(X) for all ieN;

e a homotopy between the two resulting maps X — F; F;(X) for all pairs of distinct
1, J€N;

e a 2-simplex between the three 1-simplices in the mapping space

for all triples of distinct i, j, k€EN;
o ...
We will not need a description of this type, and therefore will not give a precise

formulation and proof of this fact.

If we assume that C is presentable and all F; are accessible, then the oo-category
CoAlg( Fi)ien (C) is presentable. To see this, we first inductively show that all co-categories
CoAlgy,

CoAlg(f,),..(C) is presentable as a limit of presentable oo-categories along colimit-

,,,,, r, (C) are presentable, by Proposition II.1.5 (iv). Then, we conclude that
preserving functors. Also, this shows that the forgetful functor to CoAlg,),  (C)—C

preserves all colimits.

LEMMA I1.5.8. Let C be a presentable co-category with commuting endofunctors F;.
Moreover, assume that all the functors F; are accessible and preserve the terminal object
of C.

(i) Assume that, for an object X €C, the objects F;(F;(X)) are terminal for all
distinct i, j€N. Then, isomorphism classes of (F;)ien-coalgebra structures on X are in
bijection with isomorphism classes of families of morphisms ¢;: X — F;(X) for all i, with
no further dependencies between different ¢;’s.

(ii) In the situation of (i), assume that X has a coalgebra structure giving rise to
morphisms ;: X —F;(X) for all i. Then, for any coalgebra Y € CoAlgp,). . (C), the
mapping space MapCOAlgwi)ieN(C)(Y’X) s equivalent to the equalizer

Eq(Mape (Y, X) =3 [[;2, Mapc (Y, F;X) ).
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(iil) Assume that, for all distinct i,j€N and all X €C, the object F;(F;(X)) is

terminal. Then CoAlg g, (C) is equivalent to the lax equalizer

(idid,..)
LEq(C — 4 [ P C).
(F1)F2)"')

Proof. We prove parts (i) and (ii) by induction on the number of commuting endo-
morphisms (or rather the obvious analogue of the first two statements for a finite number
of endofunctors). Then, part (iii) follows from parts (i) and (ii) and Proposition II.1.5.

Thus, fix X e€C such that F;(F;(X)) is terminal for all distinct ¢, j€N. For a sin-
gle endomorphism, the result follows from Proposition II.1.5 (ii). Thus, assume that
parts (i) and (ii) have been shown for endomorphisms Fi, ..., F;, and we are given an
additional endomorphism F, ;. We know, by induction, that a refinement of X to
an object of CoAlg(p, . p,)(C) is given by choosing maps X —Fj(X) for i<n. Now, a
refinement to an object of CoAlgp, g, p,.,)(C)~CoAlgp . (CoAlgp  g,)(C)) con-
sists of a map X — F),11(X) of objects in CoAlg g, p,1(C). We observe that F,11(X)
also satisfies the hypothesis of (i). Invoking part (ii) of the inductive hypothesis and
the fact that F;(F,+1(X)) is terminal for i<n, we deduce that a map X —F,1(X) in
CoAlg(p, ... ., (C) is equivalent to a map X —F),11(X) in C. This shows part (i).

To prove part (ii), we use the formula for mapping spaces in a lax equalizer given in

Proposition I1.1.5: the space of maps for any coalgebra
Y € CoAlgy, ., (CoAlgp, . F,)(C))

to X is given by the equalizer

By part (ii) of the inductive hypothesis, the first term is given by the equalizer
Eq(Map (Y, X) =3 [T}, Mapc(Y, Fi(X))),

and similarly the second term by

Eq(Mape (Y, Fr1 (X)) == [Ty Mape (Y, Fi(Fop (X)) ) 2 Mape (Y, Fop1 (X)),

where we have used that F;(F,4+1(X)) is terminal for all i<n. As a result, we get that

the mapping space in question is given by an iterated equalizer which is equivalent to

Eq(Mape (Y, X) = [T Mape (Y, Fi(X))),
which finishes part (ii) of the induction.
This induction shows parts (i) and (ii) for a finite number of endomorphisms. Now,
the claim for a countable number follows by passing to the limit and noting that, in a
limit of co-categories, the mapping spaces are given by limits as well. O
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Now, we define
P ien €< COAlg(Fi)ieN )

to be the full subcategory consisting of the objects for which all the morphisms X — F; (X)

are equivalences.

LEMMA I1.5.9. Let C be an oco-category with commuting endofunctors (Fy, Fs,...).

Then, we have an equivalence
FiX(Fz‘)iEN(C) ~ M=o

Proof. We have that
ChN>0 ~ 0PN @(ChNk)

and also that PNV ~ (ChNk )hN. Using this decomposition and induction, we can reduce
the statement to showing that, for a single endomorphism, Fixp(C)~C". But this
follows, since the homotopy fixed points for N are the same as the equalizer of the
morphism C—C given by acting with 1€N and the identity. This can, for example, be

seen using that N is the free A,.-space on one generator. O

Now, we assume that all the commuting endofunctors F;: C—C are colimit-preserving

and that C is presentable. Then, the co-category

Fix(p,) C)c COAlg(Fi)ieN )

ien(

is presentable, since it is a limit of presentable co-categories along left adjoint funtors,
by Proposition I1.5.9. Moreover, the inclusion into CoAlg ). . preserves all colimits.
Thus, it admits a right adjoint. Our goal is to study this right adjoint. The idea is to

factor it into inclusions

r, (CoAlgp

L":FIXFl n+17Fn+21"')

gFiXFH ----- Fn—l(COAlan,Fn+1,‘..)

.....

and understand the individual right adjoints R,,. To this end, we note that we have an

endofunctor
Fn:FiXFl ,,,,, anl(COAlan,erl,m) __)FiXFl ----- anl(COAlan,Fn+1,‘..)

which is on underlying objects given by X — F,, X. This follows using Construction I1.5.2

and the isomorphism of simplicial sets
Fixp,,.. F, . (COAlan,FnH,‘..) = COAlan (Fixp, .. P, (COAlan+1,Fn+2,...))‘

Invoking the results given at the begining of the section, we also see that F,, admits a
right adjoint Rp which comes with a natural transformation v: Rp —id, and that the

following result is true.
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LEMMA I1.5.10. The endofunctor v, R,, is given by the limit of the following diagram

of endofunctors
2
Re, v Rp, v

2
RE,

v

..— R} Rg, id.

Now, as a last step, it remains to give a formula for the right adjoint R . To get such
a formula, we will make very strong assumptions (with the geometric fixed point functor
®% in mind). So, we will assume that, for all n, the functor F,,:C—C admits a fully
faithful right adjoint R, such that, for all i#n, the canonical morphism F;Rp, —Rp, F;
adjoint to F,, F;Rp, =F;F, Rr, ~F; is an equivalence. Moreover, we assume that all the

functors F; commute with pullbacks.

LEMMA I1.5.11. Under these assumptions, the underlying object of R’I% X for a
given object X €Fixp, F, ,(CoAlgp, p, ., ) is equivalent to

k k—1
RF,LX XRIIC‘_‘/’LFXRFTL XXR’I‘}ZlFX“'XRFnFXX’

where the maps to the right are induced by the coalgebra map X —F, X and the maps

to the left are induced by the unit n of the adjunction between F,, and Rp,. In this
- k k-1 : :

description, the map RFW,X%RFH X can be described as forgetting the first factor.

Proof. We deduce this from Corollary I1.5.5. To this end, consider the co-category

D:= FiXFl,...,Fn,l (COAlgF

n+1,Fn+2,~~~)‘

Then, as discussed above, the co-category in question is CoAlg FP (D), where FP: D—D s
the canonical extension of the functor F,, to D. We claim that there is a similar canonical
extension RP:D—D of R,; this follows from the assumption that R, commutes with
all the F; for i#n. With a similar argument, one can extend the unit and counit of
the adjunction. In this way, we deduce that the functor RP is right adjoint to F? as
endofunctors of D. Moreover RP is also fully faithful, since this is equivalent to the fact
that the counit of the adjunction is an equivalence.

Now, we can apply Corollary I1.5.5 to compute the structure of the right adjoint
Rg, to F,: CoAlgy, (D)—CoAlgp, (D). This then gives the formula for the underlying
functor as well, since the forgetful functor D—C preserves all pullbacks as a consequence
of the fact that all F; do. O

For the application, we let C be the co-category TSpr and consider the commuting
endofunctors F,:=®%»»  where p1,pa, ... is the list of primes. These functors commute
up to coherent equivalence, by the discussion before Definition 11.3.3. Without loss of
generality, we may assume that they strictly commute to be able to apply the preceding
discussion. We first have to verify that the assumptions of Lemma I1.5.11 are satisfied.
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LEMMA I1.5.12. The canonical morphism
®“»Rc, — Re, @7

of endofunctors TSpr—TSpr is an equivalence for all primes p#q.

Proof. We show that the morphism
(®“» R, X)# — (Rc, @9 X)H

is an equivalence for all objects X € TSpx and all finite subgroups H CT.

We distinguish two cases. Assume first that C; Z H. Then, we immediately get that
(Rc, @ X)) ~0. Next, we have to understand (®“» R, X)™. There is a transformation
of lax symmetric monoidal functors —» —®C».

Thus, (®°»Rc, X)™ is a module over (chS)ﬁ , where H is the preimage of H under
the pth power morphism T—T. Since p and ¢ are different and H does not contain Cg,
it follows that also H does not contain Cq. Thus, we get that (chS)ﬁ ~(. Therefore,
also (#“» Rc, X)™ ~0 which finishes the argument.

Note that, in particular, it follows that ®¢» Rc, X lies in the essential image of R¢, .
By Proposition 11.2.14, it suffices to show that the natural map @CPRCqX%ch dCr X

is an equivalence after applying ®“«. But
c Cp s 3Cp ~ &Cr HC ~ &Ca HC
b~ 1 Ro, ™ =PV = VPOV Rp, = ®TIDTP R

as desired. O

THEOREM 11.5.13. The inclusion
t: Cyc Sp8°" ~ Fixgeny, ., (TSpx) C CoAlg(q)cp)pep (TSpx)

admits a right adjoint R, such that the counit tR,—id of the adjunction induces an

equivalence on underlying spectra.

Proof. We let C be the co-category TSpr and consider the commuting endofunctors
F,,:=®C%n  where p;,pa, ... is the list of primes. We first prove that the inclusion

tn: Cngr = =Fixp, _F, (COAlanH,FnH,..,) CFixp . .F,_, (COAlan,F,H_l,...) =Cn

admits a right adjoint R, such that the counit of the adjunction induces an equivalence
on underlying spectra. We use the notation of Lemma I1.5.11 and invoke Corollary 11.2.16
to deduce (similarly to the proof of Theorem II.5.6) that we have

k; C,m xC, ~ C m—kxChr C,m xXC\
(RCPX) P ~ X" X(Cpcpx)cpm—kxcr X ...X((bcpx)cpm,l xop X 7P
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for r coprime to p. For fixed value of m and r, this term stabilizes in k. The same is true
if we apply geometric fixed points to this sequence by an isotropy separation argument
(or by a direct calulation that the resulting tower is equivalent to the initial tower as in
the proof of Theorem I1.5.6). Therefore, we deduce that the limit of the diagram

2

R% v Rz
3 Fp 2 F,
— » R

Y v,
‘an id .

of objects in TSp# commutes with all endofunctors ®¢». Thus, it is the underlying object
of the limit in the oo-category Fixp, . g, ,(CoAlgg, g ., ). Therefore, Lemma I1.5.10
implies that this is the underlying object of the right adjoint R, which we try to under-
stand. Then, specializing the formula above to =0 and m=0, we obtain that the counit
of the adjunction between F,, and R 7, induces an equivalence (1,R,, X el Xietas
desired.

Now, the right adjoint of the full inclusion

L @(CH) = FiX((I)cp)pe]P (TSpx) C COAlg((I)Cp)peP (TSpx)=Cy

is the colimit of the right adjoints

R, R., R,

Cl > Cg > C3

For each finite subgroup C,, CT, the genuine C,,-fixed points in this limit stabilizer;
namely, they are constant after passing all primes dividing m. This again implies that
the limit is preserved by all ®¢», and so the limit can be calculated on the underlying

objects in TSpx, which gives the claim of the theorem. O

I1.6. Equivalence of co-categories of cyclotomic spectra

We start this section by proving that, for a fixed prime p, our co-category of p-cyclotomic
spectra is equivalent to the co-category of genuine p-cyclotomic spectra, when restricted
to bounded below spectra. The “forgetful” functor

Cyc Spp™ — Cyc Spy (3)

from Proposition I1.3.2 restricts to a functor of bounded below objects on both sides.
By the adjoint functor theorem (and the results about presentability and colimits of
the last section), the functor (3) admits a right adjoint functor. We will try to under-
stand the right adjoint well enough to prove that this functor induces an equivalence of
subcategories of bounded below cyclotomic spectra.
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To this end, we factor the forgetful functor (3) as

Cyc Spg™ = Fixge, (Cpeo Sp) ——— CoAlggc, (CpeSp)

v

CoAlg_yic, (SpBCr>=) = Cyc Sp,.

Here, the first functor ¢ is the inclusion and the second functor U takes the underlying
naive spectrum. See also the construction II1.3.2 of the forgetful functor. Both functors
in this diagram admit right adjoints by the adjoint functor theorem, the right adjoint
R of the first functor was discussed in the last section, and the right adjoint B of the
second functor U will be discussed now.

Recall the notion of Borel complete spectra and the Borel completion from Theo-
rem I1.2.7. The following lemma is the non-formal input in our proof, and a consequence
of the Tate orbit lemma (Lemma I1.2.1).

LEMMA I1.6.1. Let X be a Borel complete object in CpeSp whose underlying spec-
trum s bounded below. Then, the object @CPXECpoeSp is also Borel complete. In

particular, the canonical map
c ~ tC,
" Be,o Y — B, (YI°F)

is an equivalence for every bounded below spectrum Y with Cpeo-action.

Proof. As X is bounded below, we get from Proposition 11.4.6 a pullback square

X Cpn ((DCPX)Cp"*1

J |

X hCpn (Xth )hcpn—l ;

where we want to remind the reader of the discussion following Proposition 11.2.13 for
the definition of the right-hand map. To show that ®“» X is Borel complete, we have to
verify that the right-hand map is an equivalence. This now follows, since the left-hand

side is an equivalence by assumption. O

LEMMA I1.6.2. Let (X, ¢,)€CycSp, be a bounded below cyclotomic spectum. Then,
the right adjoint B: Cyc Sp,— CoAlgge, (CpeSp) of the forgetful functor applied to (X, ¢,)
is given by the Borel complete spectrum Bc, .. X € Cpee Sp with the coalgebra structure map

Be, e 0pt Beyoo X — Beyoo (X'€7) = @7 (Be, o X).

The counit UB(X, ¢)— (X, @) is an equivalence.
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Proof. We have to check the universal mapping property. Thus, let (Y, ®,) be a
®C»-coalgebra. Then, the mapping space in the oo-category CoAlggc, (CpeSp) from
(Y, ®,) to (Bc,- X, Bo,w ¢p) is given by the equalizer of the diagram

(D). P

Mapcpoo Sp(Y, Be,oo X)—/—= Mapcpm Sp(Y, Be,o Xtcp) ,

(Bcpoc Qpp)*

as we can see from Proposition II.1.5 (ii). But, since the Borel functor Bg, .. is right
adjoint to the forgetful functor Cpe Sp—SpB&r> | this equalizer can be rewritten as the

equalizer of

(pyp) (=1°7)

MapSchpm (Y, X) MapSchpm (Y, Xth) s

(pp)«

where we have written (Y, ¢y,,) for the corresponding naive p-cyclotomic spectrum. This
last equalizer is again, by Proposition II.1.5 (ii), the mapping space between the cyclo-

tomic spectra (Y, ¢y,,,) and (X, ¢p) in the co-category Cyc Sp,,. This shows the claim. O

THEOREM IL.6.3. The forgetful functor CycSpy™ —CycSpy, induces an equivalence
between the subcategories of those objects whose underlying non-equivariant spectra are

bounded below.

Proof. We have to show that the composition
Uou: CycSps™ — CycSpy,

is an equivalence of co-categories when restricted to full subcategories of bounded below
objects. As we have argued before both functors U as well as ¢+ have right adjoints B
and R, and thus the composition has a right adjoint. We show that the unit and the
counit of the adjunction are equivalences. First, we observe that the functor Uec. reflects
equivalences. This follows since equivalences of genuine p-cyclotomic spectra can be
detected on underlying spectra, as they can be detected on geometric fixed points.

Thus, it is sufficient to check that the counit of the adjunction is an equivalence,
i.e. the map

URB(X)— X

is an equivalence of spectra for every bounded below spectrum X € Cyc Sp,. This follows
from Lemma I1.6.2 and Theorem I1.5.6. O

Remark 11.6.4. With the same proof one also gets an equivalence between genuine
and naive oo-categories of p-cyclotomic spectra which support a T-action (as opposed to
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a Cpeo-action); see Remark II.1.3. This variant of the genuine p-cyclotomic co-category is
in fact equivalent to the underlying co-category of the model-*-category of p-cyclotomic
spectra considered by Blumberg-Mandell, as shown by Barwick—Glasman [11] (cf. Theo-
rem 11.3.7 above). We have decided for the slightly different oo-category of p-cyclotomic
spectra, since the Cpeo-action is sufficient to get TC(—, p), and this avoids the completion

issues that show up in the work of Blumberg-Mandell [19].

Remark 11.6.5. With the same methods (but much easier, since Lemma I1.6.1 is
almost a tautology in this situation) we also get an unstable statement, namely that
a genuine Cpe-space X with an equivalence of Cpw-spaces X — X ©» is essentially the

same as a naive Cpe-space together with a Cpe-equivariant map X —X hCyp

Now, we prove the global analogue of the statement above, namely that our oo-
category of cyclotomic spectra is equivalent to the oo-category of genuine cyclotomic
spectra when restricted to bounded below spectra. Similar to the p-primary case we
consider the subcategories of Cyc Sp#" and Cyc Sp of objects whose underlying spectra
are bounded below. The “forgetful” functor

gen

Cyc Sp#®™ — Cyc Sp (4)

from Proposition 11.3.4 takes bounded below objects to bounded below objects. By the
adjoint functor theorem and the results of the last section the forgetful functor (4) admits

a right adjoint functor. We factor the functor (4) as

CycSp#" =Fix(gop _, (TSpr) ———— CoAlg gy, , (TSpr)
JU
CoAlg(Jcp)pEP(SpBT) ~ Cyc Sp.

Here, the first functor ¢ is the inclusion and the second functor U takes the underlying

naive spectrum. The equivalence
CoAlg(_tcp)pGP (SpPT) ~ CycSp
follows from Lemma I1.5.8. We now want to understand the right adjoint functor of the

functor U.

LEMMA 11.6.6. Let X be a Borel complete object in TSpr whose underlying spectrum
is bounded below. Then, for every prime p, the spectrum ®» X €TSpr is also Borel

complete.
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Proof. We know that the underlying spectrum with T-action of ®“» X is given by
Xt cSpBT. As in Theorem I1.2.7, we consider the associated Borel complete spectrum
B(X*“?)eTSpr. There is a morphism ®» X —B(X*C?) as the unit of the adjunction.
We need to show that this map is an equivalence, i.e. that it is an equivalence on all
geometric fixed points for finite subgroups H CT. For H being a cyclic p-group this has
already been done in Lemma I1.6.1. Thus, we may restrict our attention to subgroups
H that have g-torsion for some prime g#p. In this case, it follows from the next lemma
that ®H Cr X ~®H X ~0, where H={heT:hPc H}.

If X is an algebra object, it follows from Corollary I1.2.8 that the map ®%» X —
B(X'®») is a map of algebras. Since geometric fixed points are lax symmetric monoidal,
we get that also the map

P X — o B(X'1%)

is a map of algebras. Since the source is zero, this also implies that the target is zero.
Now, since every Borel complete spectrum X is a module over the Borel complete sphere,
it follows that, for all Borel complete spectra X, the spectrum ®# B(X'“») is zero, and
thus the claim. O

LEMMA I1.6.7. Let X be a Borel complete G -spectrum for some finite group G which
is not a p-group for some prime p. Then, ®E(X)~0.

Proof. As X is a module over the Borel complete sphere spectrum, we may assume
that X is the Borel complete sphere spectrum. In this case, ®“ X is an E.-algebra, and
it suffices to see that 1=0€my®“X. There is a map of E-algebras S"'¢=X¢ 53¢ X
and there are norm maps X — X% for all proper subgroups H GG whose composite
XH 5 XC 58X is homotopic to zero. Let ICmyS"® be the ideal generated by the
images of the norm maps mo X —mo X . It suffices to see that I contains a unit. For

this, note that there is a natural surjective map
WoghG — ’/T()ZhG =7

whose kernel lies in the Jacobson radical. More precisely, we can write

ShG hG

= hm(TgnS) s

and the map
) (Tg,LS)hG — 7

is surjective with nilpotent and finite kernel. By finiteness of all 7 (7<,S)"“, we get

moS"E =lim 7o (1<, S)"C.
n
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Now, if an element o€ moS"“ maps to a unit in Z, then it maps to a unit in all 7o (7<,S)"<,

and therefore is a unit in muS"C.

Now, note that the transfer maps X # =S" — X =S"% sit in commutative diagrams

WoShH EE— WoShG

| o )

7 ————— 7.

If G is not a p-group, then (by the existence of p-Sylow subgroups) the ideal of Z
generated by [G:H] for proper subgroups H of G is given by Z. By the above, this

implies that I contains a unit, as desired. O

Recall that the functor
U: CoAlg@cp)pEP (TSpr) — C0A1¢‘3(715c~,,)pe]p (SpBT) ~ Cyc Sp

has a right adjoint. The next lemma is analogous to Lemma I1.6.2.

LEMMA I1.6.8. Let X€CycSp be a bounded below cyclotomic spectrum. Then, the
right adjoint B: Cyc Sp%CoAIg(q)cp)pem (TSpx) applied to X has underlying object given
by the Borel complete spectrum BrX €TSpgr, and the counit UB(X,p)— (X, ) is an

equivalence.

Proof. Consider the Borel complete spectrum BrX with the maps
BrX — Bp(X1%)~ 3% Br X,

where we have used Lemma I1.6.6. We also note that we have ®» &% By X ~0 for distinct
primes p and ¢, by Lemma I1.6.7. Thus, by Lemma II.5.8 (i), this equips BrX with the
structure of an object in CoAlg((I,cp)pep(TSpf). Moreover, for any other object Y in
CoAlg(@cp)pem (TSpx), we get, by Lemma I1.5.8 (ii), the equivalence of mapping spaces

MapCoAlg(q) . (TSpr) (Y7 BTX)

“Plpe
~ BEq(Maprg,,. (Y, BrX) = [1,ep Maprpg, . (Y, Br(X'r)))
~ Eq(Mapg,o:(UY, X) =3 [],,cp Mapg,: (UY, X*r))
~Mapeycs, (UY, X). O
THEOREM 11.6.9. The forgetful functor CycSp®"— CycSp induces an equivalence

between the subcategories of those objects whose underlying non-equivariant spectra are

bounded below.
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Proof. As in the proof of Theorem I1.6.3, this follows from Theorem I1.5.13 and
Lemma I1.6.8. O

Remark 11.6.10. From Theorem I1.6.9 and the definition TC(X)=mapg,.s,(S, X),
we deduce that TC(X)~mapcy. gpzes (S, X) for a genuine cyclotomic spectrum X bounded
below. We also know that this is equivalent to Goodwillie’s integral TC, by Theo-
rem I1.4.11. Since the bounded-below part of the co-category Cyc Sp&°" is equivalent to
the bounded-below part of the co-category underlying the model-*-category of Blumberg
and Mandell, by Theorem I1.3.7 we deduce that the mapping spectrum in their category
is also equivalent to Goodwillie’s integral TC. Blumberg and Mandell have only shown
this equivalence after p-completion and not integrally. In this sense, our result refines
their result. It would be interesting to see a proof of this fact in the language of [19]. We
have been informed that such a discussion will be given in forthcoming work of Calvin
Woo.

Chapter III. Topological Hochschild homology

In this chapter, we discuss the construction of topological Hochschild homology as a
cyclotomic spectrum.

We start by giving our new construction in §§III.1-II1.3. More precisely, in §I11.1 we
introduce the Tate diagonal of Theorem 1.7, which we also prove in that section. In §I11.2,
it is explained how this gives the construction of the cyclotomic structure maps, once
one has a finer functoriality of the Tate diagonal, in particular, that it is lax symmetric
monoidal. These finer functorialities are obtained in §II1.3 as an application of strong
uniqueness results from [81].

Afterwards, we recall the classical definition of THH in terms of genuine equivariant
homotopy theory. This uses critically the Bokstedt construction, which is analyzed in
detail in §II1.4, where we collect various results from the literature, in particular that it is
equivalent to the usual smash product, and that it interacts well with the geometric fixed
points functor. In §IIL.5, this is used to give the classical construction of THH(A) as an
orthogonal cyclotomic spectrum. In the final §II1.6, we prove that our new construction

is equivalent to the classical construction.

ITI1.1. The Tate diagonal

Our new definition of the cyclotomic structure on topological Hochschild homology needs
a certain construction that we call the Tate diagonal, and which we define in this section.
Recall that there is no diagonal map in the oco-category of spectra, i.e. for a general
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spectrum X there is no map X —X®X which is symmetric, i.e. factors through the
homotopy fixed points (X®X)"C2 - X®X. Of course, if X is a suspension spectrum
3°Y for a space Y, then there is such a map induced by the diagonal map of spaces
AY Y xY.

We give a substitute for this map in the stable situation, which we call the Tate
diagonal. This has been considered at various places in the literature before, cf. e.g. [61,
§10], [80], [48]. As an input for the construction, we need the following result, variants
of which have been first observed (in a slightlty different form and language, since Tate
spectra were not invented) by Jones and Wegmann [56]; see also the treatment of May
in [24, Chapter I1.3] (specifically, Theorem 3.4). A modern reference in the precise form
that we need is [70, Proposition 2.2.3].

ProrosiTiON III.1.1. Let p be a prime. The functor T,,: Sp—Sp taking a spectrum
XeSp to
(X®..0X)C%

is ezact, where X ®...9 X denotes the p-fold self tensor product with the Cy,-action given

by cyclic permutation of the factors.

Proof. Let us first check the weaker statement that 7, preserves sums. Thus, we

compute
tCy
Ty(Xo®X,) =~ P Xi1®...®Xip>
(i1,011p) €40, 1}
tCp
~T,(Xo)oT,(X1)® P &b Xi1®...®X,-p> :

[ilv"vip] (il""aip)e[ilv“')ip]

where, in the second sum, [i1,...,4,] runs through a set of representatives of orbits of the
cyclic Cp-action on the set S={0,1}?\{(0,...,0),(1,...,1)}. As p is prime, these orbits

are all isomorphic to Cp. Thus, each summand

@ Xi1®-~-®Xip

(il,...,ip)e[il,...,ip]

is a Cp-spectrum which is induced up from the trivial subgroup {1}CC,. But, on in-
duced C)-spectra, the Tate construction vanishes. Thus, the projection to the first two
summands is an equivalence from T),(Xo®X7) to Tp,(Xo) DT, (X1).

In general, it suffices to check that 7}, commutes with extensions. Now, if

Xo —))?—)Xl



286 T. NIKOLAUS AND P. SCHOLZE

is any fiber sequence (i.e., exact triangle) in Sp, then one gets a corresponding filtration

of X®...®X whose successive filtration steps are given by Xy®...® Xy,

b X, ®..0X,,

(ilv---vip)e[ilw--aip]

for varying [i1,...,4,] in S/C), (ordered by their sum i;+...44,), and X1 ®...0X;7. As

—*% is an exact operation and kills all intermediate steps, we see that

(X0®...0X)!? — (X©..0 X)) — (X1©...0 X))

is again a fiber sequence, as desired. O

PROPOSITION I11.1.2. Consider the full subcategory Fun™ (Sp, Sp) CFun(Sp, Sp) of
exact functors. Let idgpeFunEx(Sp7 Sp) denote the identity functor.
For any FEFunEX(Sp, Sp), evaluation at the sphere spectrum SESp induces an

equivalence

Mappypex (sp,sp) (Idsp, F7) — Homg, (S, F(S)) =Q* F(S).
Here, 2°°:Sp— & denotes the usual functor from spectra to spaces.

Proof. As in [81, Proposition 6.3], this is a consequence of [71, Corollary 1.4.2.23]
and the Yoneda lemma. Namely, by [71, Corollary 1.4.2.23], Fun™ (Sp, Sp) is equivalent
to Fun™™(Sp, S) via composition with Q°°. Here, Fun"**(Sp, S) CFun(Sp, S) is the full
subcategory of left exact, i.e. finite-limit-preserving, functors. But maps in the latter

from a corepresentable functor are computed by the Yoneda lemma. O

CoRroOLLARY IIL.1.3. The space of natural transformations from ids, to T, as func-
tors Sp—Sp, is equivalent to Q°T,(S)=Homg (S, T,(S)).

Definition 1I1.1.4. The Tate diagonal is the natural transformation

Ap: idsp — Tp,

X — (X®..0X)"%,

of endofunctors of Sp which, under the equivalence of Proposition III.1.2, corresponds to

the map
S — T, (S) = S'Cr

which is the composition S—S"C» —»StCr.
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Remark 111.1.5. The spectrum (X ®...® X )!“» and the map X — (X ®...® X)!» play
a crucial role in the paper [80] by Lunge-Nielsen and Rognes, and are called the topological
Singer construction there. Also, the construction of the map X —(X®...®X)! is
essentially equivalent to the construction of the Hill-Hopkins-Ravenel norm for C,, (see
[49, Appendix A .4]), since the fixed points of the norm NEP X , and in fact the full genuine
Cp-equivariant spectrum can be recovered from the isotropy separation square

(N X)X

| j

(X®.0X)% —— (X®...0X)tC;

see e.g. [76, Theorem 6.24] or [39, Example 3.26].
Remark 111.1.6. The Segal conjecture, proved in this version by Lin for p=2 [66]
and Gunawardena for odd p [44], implies that the map

AL(S):S — T (S) =S

realizes StC» as the p-adic completion of S. In particular, St“» is connective, which is in
stark contrast with HZ!“». Contemplating the resulting spectral sequence

ﬁi(Cp,w_jS) :>7T_i_jS1/)\

implies that there is an infinite number of differentials relating the stable homotopy
groups of spheres in an intricate pattern. Note that, in fact, this is one base case of the
Segal conjecture, which for p=2 predates the general conjecture (cf. [1]) and to which
the general case is reduced in [25].

Following up on the previous remark, there is the following generalization of the

Segal conjecture for C.

THEOREM II1.1.7. Let X €Sp be bounded below. Then, the map
Ay X = (X®...0X)C

ezhibits (X®...9X)!% as the p-completion of X.

If X=S is the sphere spectrum, this is the Segal conjecture (for the group C,). In
[80], Theorem III.1.7 is proved if all homotopy groups of X are finitely generated. Here,
we simply observe that, actually, the general version of the theorem follows essentially
formally from the base case X=HI,. The base case X=HT, is a difficult calculation
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with an Adams type spectral sequence, and we cannot offer new insight into this part.
The case X =HT5 had also been treated by Jones and Wegmann [56, Theorems 3.1 and
3.2].

Note that the statement is false, if we drop the bounded below condition. For
example, (KU ® KU)!“2 is easily seen to be rational, e.g. using that it is a module over
the Cs-Tate spectrum of the KU-local sphere with trivial action. The latter is rational,
since in the K (1)-local setting all Tate spectra vanish; see Greenlees—Sadofsky [42] or
Hovey—Sadofsky [53].

It would be interesting to find a corresponding generalization of the Segal conjecture
for any finite group G in place of C),. In the case of G=C)n, this should follow from
Theorem II1.1.7 and Corollary I11.4.9.

Proof. By shifting, we may assume that X is connective. We claim that both sides
are the limit of the values at 7¢,, X. For the left side, this is clear, and for the right side,
we have to prove that

(X@...@X)hcp —)hmn(Tan@...@Tan)hc

P

and
(X®...0X)"% —lim, (<, X ®...07<, X )P

are equivalences. For the first, we note that the map
X®..0X —)Tan®...®T<nX

is n-connected (as X is connective), and thus so is the map on homotopy orbits; passing

to the limit as n—o0 gives the result. For the second, it suffices to show that
X®.0X —lim, T¢n X®...07<n X

is an equivalence, as homotopy fixed points commute with limits. But as noted before,
the map
X®..0X —)Tan®...®T<nX

is n-connected, so, in the limit as n— 00, one gets an equivalence.

Therefore, we may assume that X is bounded, and then (as both sides are exact)
that X=HM is an Eilenberg-MacLane spectrum, where we may assume that M is p-
torsion free. By Lemma 1.2.9, the right side is p-complete. Therefore, we need to show
that A, is a p-adic equivalence, i.e. an equivalence after smashing with S/p. Equivalently,
by exactness again, we need to prove that A, is an equivalence for X=H (M /p).
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Now, V=M/p is a (possibly infinite) direct sum of copies of F,. Unfortunately,
it is not clear that the functor X+ (X®...X)*“» commutes with infinite direct sums;
the issue is that homotopy fixed points do not commute with infinite direct sums if the

spectra are not bounded above. We argue as follows. For any n, consider the functor
T(: X — (t<n(X ®...0 X))

Then, by Lemma 1.2.6, the natural transformation 7, —lim, TIS") is an equivalence.
Moreover, for all n, T,g") commutes with infinite direct sums.
Now, we know (by [80]) that

HF, — T,(HF,) =lim, T\" (HF,)
is an equivalence. We claim that, for all i€Z and n, m—Tlgn)(H F,) is finite. Indeed,
T<n(HFp®...0 HF,)

has only finitely many non-zero homotopy groups, each of which is finite. Thus, by
looking at the Tate spectral sequence

H(Cpym_jT<n(HF,®..Q HF)) = 7_;_j(T<n(HF,®... HF,))!

we see that there are only finitely many possible contributions to each degree.
Therefore, by Mittag-Leffler, the maps

m HF, — 7T, (HF,)) — lim,, 7, T\™) (HF,,)

are isomorphisms for all 1€Z. Now we observe the following.

LEMMA II1.1.8. Let (Sn)n>0 be a sequence of finite sets, and assume that Seo=

lim,, Sy, is finite. Then, the map (Soo)n>0—(Sn)n>0 is a pro-isomorphism.

Proof. As S is finite, the map S, — S, is injective for all sufficiently large n. It
remains to see that, given any large n, the map S,,— 95, factors over S, CS,, if m is
large enough. For this consider the system (S, Xs, (Sn\Sec))m- This is a projective
system of finite sets with empty inverse limit. Thus, by compactness, one of these finite

sets has to be empty. O

Thus, we know that, for all i€Z, the map

T HE, — (m TS (HF,))n,
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is a pro-isomorphism. This statement passes to infinite direct sums, so we see that for

any [Fp-vector space V, the map
mHV — (m T (HV))n

(which is a direct sum of the map above) is a pro-isomorphism. In particular, the right-

hand side is pro-constant, so that
T Tp(HV) 2 lim, m T\ (HV) = m; HV,
as desired. ]

Remark 111.1.9. In fact, the existence of the Tate diagonal is a special feature of
spectra, and does not exist in classical algebra. One could try to repeat the construction
of the Tate diagonal in the oco-derived category D(Z) of Z-modules. The Tate construc-
tion makes sense in D(Z), as in every other stable co-category which admits orbits and
fixed points. The construction of the Tate diagonal however makes use of a universal
property of the stable co-category of spectra; the analogues of Proposition II1.1.2 and
[81, Corollary 6.9 (1)] fail in D(Z). To get a valid analogue, one would need to require
that the endofunctors are HZ-linear, which is extra structure. The point is that the
analogue of the functor T}, (from Proposition III.1.1 above) in D(Z) is not an HZ-linear

functor.
In fact, we can prove the following no-go theorem.
TurorEM I11.1.10. Every natural transformation C—(C®z...@zC)% of functors
D(Z)—D(Z) induces the zero map in homology
H.(C) — H,((C®z...050)1°) = H*(Cp; C®...05C).
In particular, there is no lax symmetric monoidal transformation C—(C®gz...27C)1C.

Proof. Let H:D(Z)—Sp be the Eilenberg-MacLane spectrum functor. Under this
functor, the tensor product of chain complexes corresponds to the tensor product of
spectra over HZ. We deduce that the forgetful functor H preserves all limits and colimits,
and admits a lax symmetric monoidal structure.

We first claim that, for every transformation AZ: C'— (C'®z...®2C)'“" of chain com-

plexes, the underlying transformation of spectra factors as
(HC®...9 HC)tCr
>
a.AP/ - lcan

HC———— H(C®y...0;0)t%
H(AZ)

P
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for some a€Z. Here, can is the canonical lax symmetric monoidal structure map. To see

this claim, we observe as before that the functor D(Z)—Sp given by
C+— H((C®Z®ZC)tC”)

is exact. The functor H: D(Z)—Sp is corepresented as a stable functor by the unit Z[0]€
D(Z), so by (the version for D(Z) of) Proposition II1.1.2 (cf. [81, Proposition 6.3]), we
conclude that the set of natural transformations HC — H(C'®z...@zC)*C> is in bijection
with

ToH(Z®y...9272)% =T,

can

Now, the map HCi(HC@...@HC’)tCP L H(C®z...02C)t induced from the Tate
diagonal induces on my for C'=HZ the canonical projection Z—IF,. Thus, for a given
AZ, we can choose a€Z (well defined modulo p) so that the diagram (5) commutes (up
to homotopy).

Now, consider the Eq-algebra Z[0]€ D(Z). Then HZ is an E.-ring spectrum and

we have a commutative diagram of spectra

tCp

alA m
HZ ——— (HZ®..@ HZ)**» —= H7!C»
|-
H(AD) H(m;?)

HZ —" 3 H(Z®y...RzZ)!C» HZC .

The commutativity of the diagram now implies that the upper horizontal map HZ—
HZ!Cv of spectra is HZ-linear, as the lower line comes from a map in D(Z). Note that
every map Z—Z'“» in D(Z) factors over T@Ztcp. However, the upper horizontal map is
a times the Frobenius ¢pz that will be studied in §IV.1 below. In particular, it follows
from Theorem IV.1.15 that a times the map @pz: HZ— HZ!» does not factor over

T<oHZ!? unless a=0 mod p, so we can take a=0. O

Note that the proof shows a bit more than is stated, namely that every transforma-
tion C—(C®z...07C)*CP is trivial (as a natural transformation) on underlying spectra.
Now, every map C' — D in D(Z) such that the underlying map of spectra is nullhomotopic
is already nullhomotopic itself. To see this, we can write C~@®H,;C[i] and D~@®H;D][i],
and thereby reduce to the case of chain complexes concentrated in a single degree. Then
there are only two cases: either C' and D are concentrated in the same degree, in which
case we can detect non-triviality already on homology (and thus for the spectrum map
on homotopy). If D is one degree higher than C, then the map f: C'— D is zero, pre-
cisely if the fiber fib(f)—C admits a section. Since fib(f) is by the long exact sequence
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concentrated in the same degree as C, this can also be tested on homology. The forgetful
functor from chain complexes to spectra preserves fiber sequences, so this can also be
seen on homotopy groups of the underlying spectrum.

Thus, every transformation C—(C®z...27C)! as in Theorem II1.1.10 is point-
wise the zero transformation. We do however not know if this implies also that every

transformation itself is zero as a transformation of functors.

II1.2. The construction of THH

In this section, we give the direct oo-categorical construction of topological Hochschild
homology as a cyclotomic spectrum in our sense. We will do this for associative ring
spectra. One can more generally define topological Hochschild homology for spectrally
enriched oco-categories and variants of the constructions here give a cyclotomic structure
in this generality. Also, we note that one can give a more geometric approach to these
structures using the language of factorization homology, which has the advantage that it
generalizes to higher dimensions. However, we prefer to stick to the more concrete and
combinatorial description here.

Let A be an associative algebra in the symmetric monoidal co-category Sp, in the
sense of the following definition.

Definition 111.2.1. ([71, Definition 4.1.1.6]) The co-category Algg (Sp) of associative
algebras, or E;-algebras, in the symmetric monoidal oco-category Sp is given by the co-

category of operad maps
A®: N(Ass®) — Sp®.

Equivalently, it is the oo-category of functors
N(Ass®) — Sp®

over N(Fin,) that carry inert maps to inert maps.

We refer to Appendix A for a discussion of inert maps and to Appendix B for a
discussion of NAss®. The final condition essentially says that for all n>1, the image
of the unique object (n)as in Ass® mapping to (n)€Fin, is given by (A4, ..., A)€Sp™,
where A€Sp is the image of (1)ass; this condition is spelled out more precisely in the
next proposition.

The operad Ass® is somewhat complicated. One can give an equivalent and simpler

definition of associative algebras.
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PROPOSITION II1.2.2. Consider the natural functor A°® —Ass® from Appendiz B.
Then, restriction along this functor defines an equivalence between Algg (Sp) and the

oo-category of functors A®: N(A°P)—Sp® making the diagram

N(A°P) _AC Sp®

]

N(Fin,)
commute, and satisfying the ‘Segal’ condition.

By the ‘Segal’ condition we mean the following. Let A:A®([1})€Sp%§1):Sp. Con-
sider the object A®([n])e Sp%b> ~Sp™, which we may identify with a sequence A1, ..., A, €
C of spectra. Then the n maps [1]—[n] sending [1]={0,1} to {i—1,i}C[n] for i=1,....,n
induce maps o': (n)— (1) which map all elements except for i€(n) to the base point.
The induced functor g!: Sp":Sp%i> —>Sp(<§<)1> =Sp takes the tuple (A44,..., A,) to A; by def-
inition. In particular, the map A®([n])—A®([1])=A induces a map A;=0{A%([n])— A.

The condition is that this map is always an equivalence.

Proof. This is essentially [71, Proposition 4.1.2.15]; cf. [71, Definition 2.1.2.7] for the
definition of an algebra object over an operad. One needs to check that the condition
imposed implies that the functor carries inert morphisms to inert morphisms in general,

which is an easy verification (using that Sp is symmetric monoidal). O

Now, given A€ Algg (Sp), we can form the cyclic spectrum
o ®
N(AP) L N(Ass®,) 2 Sp2, —2 Sp,

where ® is the symmetric monoidal functor taking a sequence (Xi, ..., X,,) of spectra to
X1®...0X,, as discussed after Proposition I11.3.2 above, and V* is the functor discussed
in Proposition B.1 of Appendix B. Note that this cyclic spectrum is just making precise
the diagram

Cg CQ
= ARARA = AvA =3 A.

Definition 111.2.3. For an E;-ring spectrum A we let THH(A)€Sp®T be the geomet-

ric realization(??) of the cyclic spectrum

N(AP) YN (Ass8,) 275 5p®, &5 Sp.

act

(23) For the notion of geometric realization of cyclic objects in this co-categorical setting, see Propo-
sition B.5.
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Now, we give the construction of the cyclotomic structure on THH(A), that is T/C,=
T-equivariant maps

©p: THH(A) — THH(A)'»
for all primes p. The idea is to extend the Tate diagonal to a map of cyclic spectra

Cg C2

@ @
...%A@’?’ EA‘X’Q ——= A

b e

o = (AB3R)IC0 = (AB20)1C0 —3 (APP)Cn,
Cs Cy

where the lower cyclic object is a variant of the subdivision of the upper one.

Let us first describe this second cyclic object more precisely. Let Freec, be the
category of finite free Cp,-sets S, which has a natural map to the category of finite sets
via S+ S=S8/C,. We start by looking at the simplicial subdivision, corresponding to
pullback along the functor

sy ASP —5 AP,
[n]Ap — [np]A.

This gives a functor

®
N(AJP) — N(Freec,) X N (Fin) N(Ass2)) A N (Freec,) X N (Fin) Spe,.

act

Note that the target category consists of pairs (5, (Xs)se5-5/c,) of a finite free C)-set
and spectra X5 parameterized by s€.S=5/C,. We need to compose this with the functor
which takes

(S, (Xs)ses=s/c,) € N(Freec,) X x (rin) SPart
to Q.,cs X;€SpPBCr. This is the composite of the functor

N(Freecp) X N (Fin) Sp?}t — (Spgt)Bcp

)

(S, (X§)§e§) — (Sv (XE)SGS)a

from Proposition 111.3.6 below, and ®: (Sp%,, )B¢» —SpBCr.

Now, we have the functor

_tCp
N(AgP) — N(Freec, ) Xy (rin) SPiey — (SPiy) P9 = SpP%r — Sp,



ON TOPOLOGICAL CYCLIC HOMOLOGY 295

which is BC,-equivariant (using that —tC» is BCj-equivariant, by Theorem 1.4.1). Thus,
it factors over a functor

N(AP) =N(AP)/BC, — Sp,

which gives the desired construction of the cyclic spectrum

- § (A®3p)tcp = (A®2p)tc,, — (A®p)tcp_ (6)
J J

Cg C2

The geometric realization of this cyclic spectrum is by definition (see Proposition B.5
in Appendix B) the colimit of its restriction to the paracyclic category NA,,. Com-

muting —¢

» and the colimit, the geometric realization of the cyclic object (6) maps
T-equivariantly to THH(A)*“», where we have identified the geometric realization of the
subdivision of a cylic object with the geometric realization of the initial cyclic object
using the usual equivalence; see Propositions B.19 and B.20 in Appendix B. It remains

to construct the map

Cg C2

@ @
§A®3EA®2 ——=A

b e

S () O = () = (4
O L

C3 C2

of cyclic spectra. Equivalently, we have to construct a natural transformation of BC)-

equivariant functors from
®
N(Agp) — N(Freec, ) X n(Fin) Sp?, — Sp2, — Sp

to
_tC
N(Agp) — N(F‘reecp) X N (Fin) Spgt — <Sp§:t)BCP &) Schp _P> Sp.

This follows from Corollary II1.3.8 in the next section, which gives a natural BC)-

equivariant natural transformation from the functor
®
I: N(Freec,) X N (Fin) Sp?Ct — Spfit —Sp
given by

(S, (X§e§:5/cp)) — ® X5
se8
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to the functor

BC,

~ ® _tCyp
Tp: N(Freecp) X N (Fin) Spfit — (sz?ct) — SPBCP —5Sp

given by

(S, (XEESZS/C,,)) — (® Xg)tc”~
ses

Composing this natural transformation with the functor
N(Agp) — N(Freec,) X N(Fin) Sp;@Ct

induced by A, this finishes our construction of the cyclotomic structure on THH(A),
modulo the required functoriality of the Tate diagonal that will be established in the

next section.

I11.3. Functoriality of the Tate diagonal

As explained in the last section, we need to equip the Tate diagonal A, with stronger
functoriality, and we also need a version in many variables. We start by noting that, by
Theorem 1.3.1, the functor
Tp: Sp — Sp,
X+— (X®..0X)C,
acquires a canonical lax symmetric monoidal structure. We can now also make the

natural transformation A,:idgp, —7}, into a lax symmetric monoidal transformation.

ProrosiTION I11.3.1. There is a unique lax symmetric monoidal transformation
Ap: idsp — Tp.
The underlying transformation of functors is given by the transformation from Defini-

tion 111.1.4.

Proof. This follows from [81, Corollary 6.9 (1)], which states that the identity is

initial among exact lax symmetric monoidal functors from Sp to Sp. O

Now, for the construction of the cyclotomic structure maps, we need to construct a

natural transformation between the two BC)p-equivariant functors

N(Freec, ) X n(Fin) SPaet — SP»
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which are given by

and

respectively. If one trivializes a free C,-set to S=S x Cp, the transformation is given by

tC,
® % — QXX — (@ i)

seS 53 s€ES

where the first map is the tensor product of A, for all €5, and the second map uses
that —*C» is lax symmetric monoidal. One needs to see that this map does not depend
on the chosen trivialization of S.

In fact, to get this natural transformation I —>FTvp7 we will do something stronger.
Namely, we will make both functors lax symmetric monoidal, and then show that there
is a unique lax symmetric monoidal transformation. For this, we have to recall a few
results about lax symmetric monoidal functors.

First, cf. Appendix A, we recall that, for any symmetric monoidal oco-category C

(more generally, for any oo-operad ), one can form a new symmetric monoidal oo-
®

act

category CS. whose underlying co-category is given by

C?t = C® XN(Fin*)N(FiD),

C

where Fin is the category of finite (possibly empty) sets, and the functor Fin— Fin, adds

a disjoint base point. The fiber of C2, over a finite set I€Fin is given by C’. Here, the
®

act
takes (X;)icr€C! and (X;);jes€CY to (Xi)kerus €CTYY. There is a natural lax symmetric
®

act

symmetric monoidal structure on C2, is given by a “disjoint union” type operation; it

monoidal functor C—CS, whose underlying functor is the inclusion into the fiber of C

over the 1-element set.

ProrosITION I11.3.2. Let C and D be symmetric monoidal co-categories. Restric-

tion along CCCY, is an equivalence of oco-categories

Fun® (C®

act?

D) ~Funyx(C, D).

Proof. This is a special case of [71, Proposition 2.2.4.9]. O
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Note in particular that the identity C—C corresponds to a functor ®: C2, —C, which

act

is informally given by sending a list (X7, ..., X,,) of objects in C to X;®...QX,,. Another
®

act

way to construct it is by noting that C2 — N (Fin) is a cocartesian fibration, and N (Fin)

has a final object. This implies that the colimit of the corresponding functor N(Fin)—
Cato, is given by the fiber C:C%) over the final object (1)€N(Fin), and there is a
natural functor from C2, to the colimit C; cf. [69, Corollary 3.3.4.3]. Moreover, the

functor ®: C%, —C can also be characterised as the left adjoint to the inclusion CCCS,;

see Remark II1.3.4 below.
In the situation of Proposition I11.3.2, it will be useful to understand lax symmetric

monoidal functors from C®

~ as well. For this, we use the following statement.

LEMMA TII1.3.3. Let C and D be symmetric monoidal oco-categories. Then, the
canonical inclusion
Fun®(C® D)QFunlaX(C®

act» act?

D)

admits a right adjoint R. The composition

D) 2, Pung c2

act?

Funy,, (C2

act»

D) —— Funjax (C, D)

®

is given by restriction along the lax symmetric monoidal functor C—Cgyy.

Proof. We will use the concrete proof of [71, Proposition 2.2.4.9] in which it is shown

that the composition

Fung, (CZ D) AN Funy.«x(C, D)

act?

D) C Funyay (C

act»

)®— N Fin, for the sym-
®

act*

is an equivalence of co-categories. To do this, let us write ¢: (C2,

metric monoidal oco-category whose underlying oco-category is C Then, Lurie proves

the following two facts:
(i) Every lax symmetric monoidal functor C—D which is considered as an object of

Fun N(Fin*)(C‘@, D®) admits a relative left Kan extension to a functor in
Funy gin,) ((Caee)®, D).

(i) A functor in Funy(pin.)((Ci)®, D®) is symmetric monoidal precisely if it is the

relative left Kan extension of its restriction to C® C(C%,)®.

This finishes Lurie’s argument using [69, Proposition 4.3.2.15]. In particular, we see
that the inclusion Fung, (CS,, D) CFunyay (CS,, D) is equivalent to the relative left Kan

act?

extension functor
iy: Funyay (C, D) — Funjay (C2

act?

D).
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This functor is left adjoint to the restriction functor

i*: Funjay, (C2

oty D) = Funpx (C, D)

as an argument similar to [69, Proposition 4.3.2.17] shows: the composition i*i is equiv-
alent to the identity giving a candidate for the unit of the adjunction. Then one uses [69,
Lemma 4.3.2.12] to verify that the induced map on mapping spaces is an equivalence to
get the adjunction property. O

Remark 111.3.4. For a symmetric monoidal oco-category C the full, lax symmetric
monoidal inclusion CCCY, admits a symmetric monoidal left adjoint L as we will show

now. From this, one can deduce that, in the situation of Lemma II1.3.3, the right adjoint

R: Funy,, (C2

act?

D) — Fung (C2

act?

D) ~Funy.«(C, D)

admits a further right adjoint given by precomposition with L.

Let us start by proving that the underlying functor admits a left adjoint. To this
®

©.CC®. The object lies over some finite pointed

end, assume we are given an object ¢€C
set (equivalent to) (n). There is a unique active morphism (n)—(1). Now choose a
cocartesian lift f:c—c in C® covering this morphism in N Fin,. Then, the morphism f
lies in C2, and the object ¢ lies in CCCE,. Moreover, f is initial among morphisms in
C®

. from € to an object in CCCY,. This follows since every such morphism has to cover

act
the active morphism (n)— (1) and from the defining property of cocartesian lifts. As a
result, we find that c is the reflection of ¢ into CCCY,. Since this reflection exists for
every ¢€C®, the inclusion CCCY, admits a left adjoint L. On a more informal level, the
object € is given by a list ¢q, ..., ¢, of objects of C. Then, ¢=L(¢) is given by the tensor
product ¢1 ®...Qcy,.

Now, we show that the left adjoint L is a symmetric monoidal localization. To
this end, we have to verify the assumptions of [71, Proposition 2.2.1.9] given in [71,
Definition 2.2.1.6 and Example 2.2.1.7]. Thus, we have to show that, for every morphism
f:é—d in C® such that Lf is an equivalence in C and every object €, the morphism

&
act-

L(f@®e) is an equivalence in C, where @ is the tensor product in C Unwinding the
definitions, this amounts to the following: we have that ¢ is given by a list ¢y, ..., ¢y,
d by a list dy, ...,d,, and € by a list ey, ...,e,. Then, the induced morphism L(f) is, by
assumption, an equivalence ¢; ®...Qc, —d; ®...Qd,,. But then clearly also the morphism
L(f®e):c1®...0c,Re1R...0¢e, —d1Q...0d,, ®e1®...Qe, is an equivalence in C.

We remark that the left adjoint L€Fung (CS,,C) corresponds, under the equivalence

Fung (C,,C) ~>Fun., (C,C), to the identity functor.

act?
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Remark 111.3.5. In fact, Proposition I11.3.2 and Lemma II1.3.3 hold true if C (or
rather C®) is replaced by any oco-operad O%. Let us briefly record the statements, as
we will need them later. As before, D is a symmetric monoidal co-category. Let O®
be an oc-operad with symmetric monoidal envelope 0%, =0® x N(Fin,) N (Fin). There
is a natural map of co-operads O® — (0%, )®. Restriction along this functor defines an
equivalence

Fung (02, D) ~ Algy (D),

act?

where the right-hand side denotes the oo-category of O-algebras in D; equivalently, of

oc-operad maps O%® —D®. Moreover, the full inclusion

Fung (02, D) — Funy,, (02, , D)

act» act»

admits a right adjoint given by the composition Funj,, (02, D) — Algy (D) ~Fung (02, , D),

act? act?

where the first functor is restriction along O® — (0%, )®.

act

Recall that we want to construct a natural transformation between two BC)-equivariant
functors

N (Freec, ) X n(rin) SPaet — SP,

which are given by

and

Ty (S, (Xs)ses) — ((XS)X>C

respectively. More precisely, the first functor
I: N(Freec,) X N (Fin) Sp?;t —Sp
is the symmetric monoidal functor given by the composition of the projection to Sp%.,

and ®: Spe, —Sp.

For the second functor, we first have to construct a symmetric monoidal functor

N (Freec,) X N (Fin) Spgt — (Sp?ct)BCP,

(5, (X5)5e5) — (5, (X5)ses)-
ProrosiTION II1.3.6. For any symmetric monoidal oco-category C and any integer
p=1, there is a natural symmetric monoidal functor

N(FI’GQCP) XN(Fin) C;X::t — (C® )BCP,

act

(5, (Xs)se5) — (5, (Xs)ses)-
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Proof. We observe that, as in the proof of Lemma II1.3.7 below,
Fung (N(Freecp) X N (Fin) Cgm D)= Fun(N(ToGC), Funy.x(C, D))

for any symmetric monoidal co-category D (here applied to D=(CS,

2:)BC%), where Torc,

is the category of Cp-torsors. This can be constructed as the composite of the lax
®

= and a functor

symmetric monoidal embedding C —C
N(Torc,) — Fung (€, E8°7) = Fun(BC,, Fung (£, £))

which exists for any symmetric monoidal co-category € (here, applied to £=C%,). For
this, note that Fung(€,€) is itself symmetric monoidal (using the pointwise tensor
product), and so the identity lifts to a unique symmetric monoidal functor from the
symmetric monoidal envelope N(Fin)= of the trivial category. Restricting the functor

N(Fin)~ —Fung (€, &) to Cp-torsors gives the desired symmetric monoidal functor
N(Torc,) — Fun(BC,, Fung (€,£)). O

Composing the resulting symmetric monoidal functor

N (Freec, ) X n(rin) SPhee — (Spiee) 77
with the lax symmetric monoidal functors ®: (Sp%.,)P¢ —SpPCr and —C»: SpBCr —Sp,

we get the desired lax symmetric monoidal functor
Tp: N(Freec,) X n(Fin) Sp%, — Sp.

In fact, the lax symmetric monoidal functors I and Tp are BC),-equivariant for the natural
action on the source (acting on the set S), and the trivial action on the target. This is

_tCp. SpBCp

clear for I, and for fp, the only critical step is the functor —Sp, where it

follows from the uniqueness results in Theorem 1.4.1.

Now, consider the co-category of all lax symmetric monoidal functors
Funpax (N (Freec, ) X n(Fin) SpZ.,Sp).

We call a functor F: N(Freec, ) X n(Fin) Sp2., —+Sp partially ezact if, for every Cp-torsor
S, the induced functor F'(S, —): Sp—Sp, obtained by restriction to

{S} X {x} SpC N(Freecp) X N (Fin) Sp?cta

is exact. This leads to the following lemma, which will also be critical to comparing our
new construction with the old construction of THH.
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LEMMA II1.3.7. The functor I is initial among all lax symmetric monoidal functors
N (Freec, ) X (Fin) Sp?, — Sp

which are partially exact.

Proof. By Lemma II1.3.3, or rather the oo-operad version of Remark II1.3.5, it is
enough to prove the similar assertion in the oo-category of symmetric monoidal and
partially exact functors. Now, we claim that restriction along

N(TOI‘CP) X Sp g N(Freecp) X N (Fin) Sp?ct
induces an equivalence of co-categories
Fung (N (Freec, ) X N (Fin) Sp%..,Sp) ~ Fun(N(Torc, ), Funia (Sp, Sp)),

where Torg, is the category of Cp-torsors. As partially exact functors correspond to
Fun(N (Torg, ), Funi2 (Sp, Sp)) on the right, the result will then follow from [81, Corollary
6.9 (1)].

By [71, Theorem 2.4.3.18], the oo-category Fun(N(Torg, ), Funi..(Sp, Sp)) is equiv-
alent to the co-category of oo-operad maps from N(Torcp)‘-' xN(Fin*)Sp® to Sp®. Here,
N(Torc, )" is the cocartesian oo-operad associated with N(Torc,); cf. [71, §2.4.3]. Now,
as in Proposition II1.3.2, the oo-category of operad maps from any oc-operad O% to
Sp® is equivalent to the co-category of symmetric monoidal functors from the symmet-

ric monoidal envelope 0%, to Sp; cf. [71, Proposition 2.2.4.9]. But the envelope of

act

N(Torc, )" X N (Fin,)SP® is
(N(Torcp)u X N (Fin.,) Sp®) X N (Fin,) N (Fin) ~ N (Freec, ) X x(Fin) Sp2.,
using the equivalence
N(Torc,)” X n(Fin,) N (Fin) ~ N (Freec, ).

Unraveling, we have proved the desired assertion. O

The following corollary is immediate, and finishes our construction of THH as a

cyclotomic spectrum.

COROLLARY 1IL.3.8. The BC),-equivariant laxz symmetric monoidal functor

Tp: N (Freec, ) X n(Fin) SPae, — SP,

s (@)

ses
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receives an essentially unique BCy-equivariant lax symmetric monoidal transformation

from

I: N(Freec, ) X n(rin) SPas — SP

(S, (X5)5e5) — ® Xs.
se8

III.4. The Bokstedt construction

The classical definition of topological Hochschild homology as an orthogonal cyclotomic
spectrum relies on a specific construction of the smash product of orthogonal spectra,
known as the Bokstedt construction. In fact, the Bokstedt construction can also be
applied to any finite number of orthogonal spectra, and already the case of a single
orthogonal spectrum is interesting, where it leads to a fibrant replacement functor.

Bokstedt’s construction is based on the following category.

Definition 111.4.1. We denote by Z the category of finite (possibly empty) sets and

injective maps.

If A is any orthogonal spectrum, one has a natural functor from Z to pointed spaces,
taking a finite set 1={1,...,i}, 120, to A;; here, we make use of the action of the sym-
metric group X; CO(%) on A; to show that this is, as a functor, independent of the choice
of isomorphism I22{1,...,i}. More precisely, we send I to the value A(R!), where R is
equipped with the standard inner product and we use the fact that we can canonically
evaluate A on every inner product space as in Definition 11.2.3.

Note that Z is not filtered. However, one has Bokstedt’s important “approximation
lemma”. As Z has an initial object, the statement of the following lemma is equivalent

to the similar statement in pointed spaces.

LEMMA II1.4.2. ([32, Lemma 2.2.3]) Let F:I"—S be a map to the oo-category of
spaces, t€L™ be an object, and I} CI"™ be the full subcategory of objects supporting a
map from x. Assume that F sends all maps in I} to k-connected maps of spaces. Then,

the map

F(x) — colimzn F
is k-connected.

Intuitively, this says that colimz» F' behaves like a filtered colimit if the maps become

sufficiently connective.
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The advantage of Z over the category corresponding to the ordered set of positive
integers is that Z has a natural symmetric monoidal structure, given by the disjoint
union. This will be critical in the following.

From now on, as in §I1.2 above, we use specific strictly functorial models of homotopy
colimits taken in (pointed) compactly generated weak Hausdorff topological spaces, as

defined in Appendix C, and write hocolim to denote these functors.
Definition 111.4.3. Consider the symmetric monoidal category Sp® of orthogonal
spectra. Bokstedt’s construction is the lax symmetric monoidal functor

B:(Sp?)2, — Sp?

act

that takes a finite family of orthogonal spectra (X;);cs to the orthogonal spectrum whose

nth term is

hocolim Map, ( /\ st Sn/\/\(Xi)Ii)

(I)ier €2 i€l i€l
with O(n)-action on S™, and the natural structure maps.

Here Map, denotes the space of based maps. Note that this can indeed be promoted
®

to a functor out of (Sp?)%,,, i.e. if one has a map f: [—J of finite sets, Xi,YjGSpO for

1€l and j€J, and maps /\ieffl(j) X;—Y; of orthogonal spectra, one gets induced maps

hocolim Map*</\ Sli,S"/\/\(Xi)h) — hocolim Map*( /\ SIf,S”/\/\(}/j)Ij),

I;); It I.): TJ
(1)1616 iel iel (J)JEJE jeJ jeJ

which, on the index categories, is given by sending (I;);er to (Ij:|_|i€f,1(j) Ii)jeJ' In-

deed, under this map of index categories, the spheres

AS = A"

iel jeJ

agree (up to canonical isomorphism), and there is a natural map

A XD — AT

i€l jeJ
by definition of the smash product of orthogonal spectra; cf. [85, §1]. Moreover, B is
indeed lax symmetric monoidal: Given orthogonal spectra (X;);cr and (Yj);ecs, as well
as integers m and n, one needs to produce O(m) x O(n)-equivariant maps from the smash
product of
hocolim Map, St sma N\ (X;
bocolim, Map. ( /\ eon

i€l i€l
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and

hocolim Map*( /\ Sli §mA /\(YJ)I])

I;)jes€L’
Ui)ses jed jed

to

hocolim Map*< N\ S SmAST A N (Xe)n A\ (Yk)1k>,
(Ik)kerus €1 keI kel keJ
compatible with the structure maps. The desired transformation is given by smashing
the maps.
Now, we need the following result of Shipley, which follows directly from [87, Corol-
lary 4.2.4].(%*) Here we say that a map (X;)ier—(Y;)jes in (Sp?)%, is a stable equiv-

alence if it lies over an equivalence f:I—J in Fin and the maps X;—Y};(; are stable

equivalences for all i€1.
THEOREM 111.4.4. The functor B takes stable equivalences to stable equivalences.

Proof. Apart from the comparison between orthogonal and symmetric groups we
note that Shipley works with simplicial sets instead of topological spaces. As a result
the homotopy colimits in Definition I11.4.3 has in her setting always automatically the
correct homotopy type. We claim that this is also true in our setting. To see this we
take all the spaces

Map, ( A Sfi,S”A/\(Xi)h>
i€l iel
for varying n together, so that we obtain a diagram Z'—Sp® over which we take the
homotopy colimit. The result is the same orthogonal spectrum as in Definition I11.4.3,
since Bousfield-Kan-type homotopy colimits are computed levelwise. The advantage is
that the combined homotopy colimit has the correct stable homotopy type by Propo-
sition C.11 of Appendix C. This then lets us apply [87, Corollary 4.2.4] to finish the
proof. O

Now we use Theorem A.7 from Appendix A to see that the symmetric monoidal
oo-category Sp%, is the Dwyer-Kan localization of (Sp?)%., at the stable equivalences
as described above. In particular, if we compose B with the functor NSp® —Sp, then
the results of Appendix A and the preceding theorem imply that it factors over a lax

symmetric monoidal functor

B:SpZ., — Sp.

(?%) Shipley works with simplicial symmetric spectra, but every orthogonal spectrum gives rise to
a symmetric spectrum by taking the singular complex and restriction of symmetry groups. Note that in
orthogonal spectra, it is not necessary to apply the level-fibrant replacement functor L’.
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THEOREM II1.4.5. There is a unique (up to contractible choice) transformation of
laz symmetric monoidal functors from ®:Sp%., —Sp to B: Sp2., —Sp. This natural trans-

formation is an equivalence.

Proof. Shipley shows in [87, Proposition 4.2.3 and Corollary 4.2.4] that the functor
B:SpZ,—Sp is not only lax symmetric monoidal, but actually symmetric monoidal.
Note that this is only true on the level of co-categories and not on the model. Moreover,
the composite functor

B
Sp CSp&, — Sp

is equivalent to the identity by [87, Theorem 3.1.6]. Since this functor is exact and lax
symmetric monoidal, it follows from [81, Corollary 6.9 (1)] that there is no choice involved

in the equivalence. By Proposition II1.3.2, every such functor is equivalent to ®. O

In other words, we have verified that the Bokstedt construction is a model for the
oo-categorical tensor product of spectra.

As mentioned in the introduction, the main advantage of the Bokstedt construction
over the usual smash product of orthogonal spectra is its behaviour with respect to
geometric fixed points. More precisely, for any orthogonal spectrum X, and integer

p>1,(%) there is a natural map
d% B(X, ..., X) — B(X)

of orthogonal spectra, which is moreover a stable equivalence.

In fact, there is a many-variables version of this statement. Namely, for any finite
free Cp-set S, with S=S5/C,, consider a family of orthogonal spectra (Xs)sc5. Then,
there is a natural Cp-action on the orthogonal spectrum B((X5)scs), by acting on the

index set S, and a natural map
O B((X5)ses) — B((X5)ses):

which is a stable equivalence.
Let us formalize this statement, including all functorialities. As above, let Freec,
denote the category of finite free Cp-sets. Then, our source category is

Freec, Xpin(SP) -

Here, objects are pairs of a finite free Cj-set S with quotient S=S/ Cp, together with
orthogonal spectra X5 indexed by 5€S. We consider two functors

Freec, Xpin (Sp?)%., — Sp°.

(2%) Although we write p here, it is not yet required to be a prime.
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®

act

®

act

The first is given by projection to (Sp?)%., and composition with B: (Sp©)

denote this simply by

B: Freec, xFin(SpO)® —Sp?,

act
(5, (X5)se5) — B((X5)se5)-
The other functor first applies the functor

Freec, xrin(Sp?) oy — ((Sp?)) 27,

act act

(S, (X5)5e5) — (9, (X5)ses),
composes with the Bokstedt construction

B: ((Sp?)ae) 7" — (Sp?) P = CSp?,

act

and then applies
&, »: C,Sp® — Sp°
for some fixed choice of complete Cj,-universe &/. We denote this second functor by
By: Freec, X pin(Sp?) %, — SpY,

Cyp
(S, (X5)ses5) > 0" B((X5)ses)-
Construction 111.4.6. There is a natural transformation
Cyp
B, — B: @ B((X5)ses) — B((X5)ses)

of functors

Freec, X Fin(Sp?) 5, — SpY.

—Sp?.

307

‘We

Indeed, note that by definition the nth space (@Z/C,”B((Xg)ses))n of the left-hand side is

given by
CP
hocolim(hocolimMap*( /\ Sls 8P ASY A /\ XS,15)> )

Veu I,)ezs
Vv Cp—0 (Zs) ses ses

For any V €l with V¢» =0, we have to construct a map

Cp
h lim M St Sn/\S A Xsl
((OSC)OIgl ap*</\ 1 , v /\ ,3>)

ses seS

— hocolim Map*( /\ S8 A N XSJS>.

I5)ez’s v v
(Is)€ 58 5eS
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By construction of hocolim, the C),-fixed points are given by the C),-fixed points over the
hocolim over C)p-fixed points in the index category. Note that the C),-fixed points of s

are given by 75. Thus, we have to construct a map

Cp
hocolimMap*( Sls 8" ASY A XsJS)
(Is)ez” 3/6\5' S/G\S

—>hocolimMap*< /\ Sls 8™ A /\ XS,IS>.
(I)ez” se8 <

But any Cj-equivariant map induces a map between C)-fixed points. Moreover,

(As) = Ast

seS 5e8

and o,
(S”/\SV/\ /\ Xg,15> =S"A /\ X1,
seS 5e8
using that in general (AAB)“» =A% AB%% (AA..ANA)“?=A for p factors of A, and
(SV) is a O-sphere, as V »=0. Thus, restricting a map to the Cp-fixed points gives

the desired map. It is easy to see that it is functorial.
Finally, we can state the main theorem about the Bokstedt construction.

THEOREM II1.4.7. For any
(S, (Xs)se5) € Freec, xrin(Sp?) i,
the natural map
By (S, (Xs)ses) — B(S. (Xe)ses): B B((Xs)ses) — B((Xs)ses)

s a stable equivalence.

Proof. This is essentially due to Hesselholt and Madsen, [47, Proposition 2.5]. Let
us sketch the argument. First, one reduces to the case that all Xz are bounded below,
in the sense that there is some integer m such that m; X5, =0 for i<n—m. Indeed,
any orthogonal spectrum X can be written as a filtered colimit of orthogonal spectra
X (™) which are bounded below such that the maps XZ-(m) — X; are homeomorphisms for
1<m. Indeed, one can consider a truncated version of orthogonal spectra keeping track
only of the spaces X; for i<<m; then, the restriction functor has a left adjoint, whose
composite with the restriction functor is the identity, and which takes values in bounded
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below orthogonal spectra.(2°)

the colimit of the statement for the X (™)’s which are bounded below.

Now, the statement for general X follows by passage to

Now we have to estimate the connectivity of the map

G
Map*< N\ S%,8mASY AN XS,IS> —>Map*< N S5t AN Xs,15>,

sES s€S 5€S s€8

as Ve, with VC» =0, gets larger and (Ig)EIg gets larger. Note that the right-hand

side can also be written as

Cp
Map*( N\ S%.85mASY AN XM,) :

3eS seS

This shows that the homotopy fiber of the first map can be identified with

CP
Map*< N S/ N\ S8 ASY A N X;,,S> :

ses seS ses

Now, as in the proof of [47, Proposition 2.5], we use that the connectivity of Map, (A, B)“»
is at least the minimum of conn(B*)—dim(A*), where H runs over all subgroups of C,,
and conn denotes the connectivity.
If H=C), then
H
(A
seS seS

is a point, while the connectivity of
H
(S"/\SV/\ N XS,[S> =85"A N X1,
ses 5e8

is at least n+) . _g(is—m), where ig=|I5|. Here, we have used our assumption that all
X; are bounded below. This term goes to oo with (I5)eZ5.
If HGC,, then for fixed (I5)€Z¥, the term

dim( AERIAAN Sfa>H

seS se8

(26) In the language of orthogonal spectra as pointed continuous functors O— Top, from the cat-
egory of finite-dimensional inner product spaces with Thom spaces as mapping spaces, these functors
correspond to restriction to the full subcategory O,, of spaces of dimension <m, and the left Kan
extension from O, to O.
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is bounded, while the connectivity of

H
(S”/\Sv/\ A XSJS)

ses

goes to oo with V €U, as it is at least the connectivity of (SV)H:SVH, which gets large.

More precisely, let oc, denote the regular representation of C). Then,

H
dim< NS/ N\ st) =dimog, 3 is,

seS = 58

and the connectivity of
H
(S”/\SV/\ N XSJS)
seS
is at least

n+dim VH +dim Qgp (is—m).
€

192

|

In this case, the difference is given by
n+dim V¥ —dim ggp |S|m.
Let
ny = II}lgiI‘l/(n—Fdim VH _dim ggp|§|m)

denote the minimum of these numbers for varying H V. Note that ny —o0, as V' gets
large.

Choosing (I5)€Z” in the approximation lemma (Lemma II1.4.2) such that

n+y (is—m)=ny,
seS

we see that the connectivity of the map

Cy
hocolim Map*< N\ S5, 8mASY AN XSJS) — hocolim Map*< JANCRREWAN XS,,S>

Ve7TSs VeTS
(Is)€T seS seS (Is)eT 5€S8 5€8

is at least ny. Now, as Vel with VC»=0 gets large, one has ny —00, so we get an
equivalence in the homotopy colimit over V. O
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IT11.5. The classical construction of THH

In this section, we recall the construction of Hesselholt—Madsen of topological Hochschild
homology as an orthogonal cyclotomic spectrum; see [47, §2.4].

In order to be (essentially) in the setup of Hesselholt-Madsen, we take as input an
orthogonal ring spectrum R. Recall (cf. [85, §1]) that an orthogonal ring spectrum is
defined as an assocative algebra object in the symmetric monoidal 1-category Sp® of
orthogonal spectra.

Note that in orthogonal spectra, one can write down the cyclic bar construction

.=} RARNR= RAR=} R,

and a construction of THH as a cyclotomic spectrum based on this has recently been
given in [6]. The classical construction proceeds with a slightly different cyclic object,
which is essentially a fibrant replacement of this diagram. This has the advantage that
one can read off the genuine fixed points, relevant to the definition of TC, directly.

Definition 111.5.1. Let R be an orthogonal ring spectrum.
(i) For any pointed space X, define a pointed space with T-action THH(R; X) as
the geometric realization of the cyclic space(?”) sending [k]a €A°P, k>1, to

B(R,...,R)= hocolim Map, (S A...AST" X AR, A...AR5,),
(I1,...,I)ET*

where Map, is the based mapping space.
(ii) The orthogonal T-spectrum THH(R) has the mth term given by THH(R; S™),
with the O(m)-action induced by the action on S™. The structure maps o, are the

natural maps
THH(R; S™)AS* — THH(R; S™AS') = THH(R; S™ ).
Note that, in the language of Appendix B, the cyclic spectrum THH.(R) which
realizes to THH(R) is given by the composition of the natural map

op @
AP — Assy,

with the map
Ass®, — (Sp?)®

act act

(?7) We refer to Appendix B for our conventions concerning Connes’ category A and the geometric
realization of cyclic spaces.
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defining the orthogonal ring spectrum R, and the Bokstedt construction

B: ($p°)%, — Sp°.
We now verify that the ‘naive’ geometric realization of this cyclic spectrum has the
‘correct’ homotopy type. According to Corollary B.16, we have to verify that THH. (R; X)

is proper, i.e. that all the latching maps are levelwise h-cofibrations.

LEMMA II1.5.2. ([68, Lemma 6.17]) Assume that the orthogonal ring spectrum R is
levelwise well pointed and that the unit in the zeroth space S°— Ry is an h-cofibration.

Then, the cyclic spaces

THH. (R; X): A°®» — Top
are proper for all X.

Proof. In the cited reference it is shown that the degeneracies of the associated
simplicial objects are h-cofibrations. But this implies, by [65, Corollary 2.4], that it is
proper. O

Remark T11.5.3. In fact, if we are just interested in the correct homotopy type of the
orthogonal spectrum THH(R), one can get away with slightly less assumptions on the
orthogonal ring spectrum R since we really only need that the maps from the latching
objects to the layers of the underlying simplicial diagram of THH.(R)€ Fun(A°P, Sp®)
are h-cofibrations of orthogonal spectra (see the discussion in Appendix C around Propo-
sition C.11). For this, we do not need that R is levelwise well pointed, but only that the
unit S— R is an h-cofibration of orthogonal spectra. Since we do not need this generality
and the conditions on R given above are in practice almost always satisfied, we will not

prove this slightly more general result here.

We have to define the cyclotomic structure maps. For this, we fix the complete
T-universe

UZ@CM,

kEZ
i>1

as in the definition of orthogonal cyclotomic spectra (Definition I1.3.6). Here, T acts on
Ck,; via the kth power of the embedding T<+C*. We note that, with this choice of U,

the functor

& 7: C,Sp° — Sp°,
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for any p>1, actually takes values in TSp®.(?®) Indeed, in the formula
C . n C
®,7(X),, =hocolim X (R 4
0 (X)n qcolim (R"@V)*r,
VEr=0

there is a remaining T-action on V. The resulting functor
& »: C,Sp° — TSp®

is BCp-equivariant, where BC), acts on the category C’pSpO by noting that any object
has a Cp-action (which commutes with itself), and similarly in TSp?, any object has a
Cp CT-action. The BC),-equivariance means that the two C),-actions on

hocolim X (R"@ V)%,
veu
VEr=0
one on X, and one on V (via restriction along C, CT), agree. But this is clear, as we are
looking at the C),-fixed points under the diagonal action. Now, let us recall the definition

of
& ” THH(R) € TSp®.

Its n-th space is given by
(®5» THH(R)),, = hocolim THH (R; §* AS" )"
u Veu '
VEr=0

where the Cp-action on THH (R; STAS V) is given by the diagonal action combining the
action on the representation V' and the action of C;, CT on THH. We give a reinterpreta-
tion of this formula as follows, using the functor B, from Construction III.4.6. Note that,
by simplicial subdivision, THH(R) is also the geometric realization of the ApP-orthogonal

spectrum given by restriction along the functor
ASP — A°P
p )
(], — [pnla,

of the cyclic orthogonal spectrum defining THH(R) (see Proposition B.19). This ApP-
orthogonal spectrum is equivalently given by the composition of

op . ®
AP — Freec, XpinAss,e

(?8) The reader may be surprised by this extra T-action. It is a feature of this point-set model, and
the action is homotopically trivial. However, for the point-set construction of the cyclotomic structure,
it is critical.
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with

®
act

®

o
Freec, XrinAss,,, — Freec, Xpin(Sp® )au

the functor
Freec, xFin(SpO)ﬁt — ((Spo)it)Bva

and the Bokstedt construction

Bt ((Sp?)se) 7" — (8p?) P = CSp©.

act

This discussion leads to the following proposition.

ProPOSITION I11.5.4. There is a natural map of orthogonal spectra from @5” THH(R)

to the geometric realization of the AJP-orthogonal spectrum, given as the composition of

®

op . ® R @]
AP — Freec, XpinAss,., — Freec, Xrin(Sp™)aet

with the functor
®

act

(S, (X5)ses) — @y B((Xs)ses)-

By: Freec, Xpin(SpO) —SpY,
This map is a homeomorphism of orthogonal spectra.

Proof. This follows from the preceding by passing to the homotopy colimit over
all V. More precisely, we consider the canonical map

|y, (sd THH. (R))| — @y, | sd’ THH. (R)| = ®,”|THH. (R)|,

which exists, by definition of the functor @f{p. Geometric realization commutes with tak-
ing fixed points (Lemma C.13). Since it also commutes with taking geometric realization

and shifts, we conclude that this map is a homeomorphism. O

The problem with this formula is that a priori, we lose track of the T-action on
@g” THH(R). Namely, the T-action above is not related to the circle action coming from
the ApP-structure. This is because T also implicitly acts on the variable V €l. However,

the T-action can be recovered by using the refinement of @Z’J to a functor
®5: C,Sp° —s TSpO.
More precisely, using this refinement, we get a similar refinement

BE:Freecp xFin(SpO)® — TSpP.

act
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This functor is again BCjp-equivariant, as @5" is. In particular, the BC)-equivariant
map
®

o B, o)

Agp — Freecp XFiIlASSEBCt — Freecp XFin(Sp )act —E, TSp

gives rise to an orthogonal spectrum with a continuous (T xT)/C)p-action. Restricting
to the diagonal T/C,=T-action, we get an orthogonal spectrum with T-action; cf. also

Proposition B.21. The following proposition follows by unraveling the definitions.

PROPOSITION II1.5.5. The T-equivariant orthogonal spectrum ¢5p THH(R)€TSp?

has a natural map to the object of TSp® corresponding to the BC)y,-equivariant functor

®

BTF
ASP — Freec, X pinAssey, — Freec, xpin(Sp©)a, — TSp?,
under the functor of Proposition B.21. This map is a homeomorphism of T-orthogonal

spectra.
Proof. This follows with the same proof as Proposition I11.5.4. O
In this picture, one can also recover THH(R)€TSp? itself.

PROPOSITION II1.5.6. The T-equivariant orthogonal spectrum THH(R)E€TSp® is
given by the object of TSp® corresponding to the BC,,-equivariant functor

®

act

— Freec, xFin(SpO)® B, Spo - TSpO,

op .
AP — Freec, XpinAss oot

where B is as in Construction 111.4.6, and in the final inclusion, we equip any orthogonal

spectrum with the trivial T-action.

Finally, Construction III.4.6 produces a natural transformation of BC)j-equivariant

functors from

®

act

BT
— Freec, Xpin (Sp2) &, —2 TSp?

op .
AP — Freec, XpinAss oot

to
®

act

— Freec, xFin(SpO)® £, Sp® C TSp?.

act

AP — Freec, XpinAss

Applying Proposition B.21 and the maps constructed above, we get the desired map
®,: &, THH(R) — THH(R)

of objects of TSp®. By Proposition I11.5.5 and Theorem I11.4.7, the maps ®,, are equiv-
alences of the underlying orthogonal spectra. Moreover, it is easy to see that the maps
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®,, sit in commutative diagrams as in Definition I1.3.6. Using for all integers p, ¢>1 the

resulting commutative diagram

@ 1®y THH(R) —— &, THH(R)

l@sq (®p) J‘Dm

q>q
&1 THH(R) ——— THH(R),

one sees that also <I>5q (®,) is an equivalence of underlying orthogonal spectra. This

implies that ®, is an F-equivalence, as desired.

IT1.6. Comparison

In this section, we compare the constructions of §II1.2 and §III.5. A similar comparison
between the Bokstedt model for THH and the cyclic bar construction model for THH
(in the model category of [6]) will also appear in [29].

We start with an associative orthogonal ring spectrum R€ Alg(Sp?), regarded as a

functor
R®: Ass® — (Sp9)®

of operads. Let
A®: N(Ass®) — Sp®

denote the associated [E;-algebra A€ Algg, (Sp).
First, we have to compare the cyclic spectra computing THH. Recall that in §III.2,
it is given by the composite

N(A°P) — N(ASS® ) & Sp&., @, Sp,

act

and in §IIL.5, it is given by the composite

®
AP — Ass®, BELEN (Sp9)2, 55 9p0,

where B denotes the Bokstedt construction. Here, the comparison of these cyclic objects

is an immediate consequence of Theorem II1.4.5. To compare the geometric realizations,

we combine Lemma I11.5.2 and Corollary B.16 to obtain the following result.

THEOREM II1.6.1. Let R be an orthogonal ring spectrum that is levelwise well-
pointed and such that the zeroth component of the unit S°— Ry is an h-cofibration. Then,

there is a natural (naive) T-equivariant equivalence between the classical construction of
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THH(R) using Bokstedt’s construction as in Definition I111.5.1 and the oo-categorical ver-
sion THH(A) using the cyclic bar construction as in Definition 111.2.3 of the associated
E1-ring spectrum A. More precisely, there is a commutative square of lax symmetric

monoidal functors

N Alg(Sp©)yen —— 25 NTSp®

J J

Algg, (Sp) — L, gpBT

in which the vertical functors are Dwyer—Kan localizations and
Alg(Sp?)wen € Alg(Sp?)

denotes the subcategory of all orthogonal ring spectra which satisfy the above well-pointed-

ness condition. O

It remains to identify the Frobenius maps, so fix a prime p. In §III.5, the Frobe-
nius map THH(R)—THH(R)!“» is the composition of the inverse of the equivalence
®_”» THH(R)—THH(R) and the natural map ®;,” THH(R)—THH(R)!®». Recall that,
for the construction of the map @51” THH(R)—THH(R), the source <I>5p THH(R) was
modelled by the BCp-equivariant functor

B
ASP — Freec, XpinAssg, _Re, Freec, Xrin(Sp°)5, —= TSp®,
pictorially
(C3pXT)/Cp (CQPXT)/CiJ (CPXT)/CIJ
(G (G N
§<I>"B R) =3 &, B(R, ..., R) =3 ®;* B(R, ..., R). (7)
— —
p 2p P

Here and in the following, we lie a little bit, as there are actually p times as many arrows
as are drawn (as we are dealing with a AgP-object), which are however permuted by the
BC)p-equivariance.

Moreover, the target THH(R) is modelled by the BC)-equivariant functor

AP — Freec, X pinAss® 2, Sp©,

act act

R®
—— Freec, X pin (Sp?)%

pictorially
C3P/CP C2P/Cp CP/CP

@) ) (3
.=} B(R, R, R) =} B(R,R) = B(R). (8)
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The natural transformation then comes from the natural transformation BE — B of BC)-
equivariant functors

Freec, X pin (Sp?)gey — TSp?

in Construction I11.4.6 (which is T-equivariant).
Similarly, in §III.2, the Frobenius map THH(A)—THH(A)!“» was constructed by
modelling THH(A) by the BC)-equivariant functor

®
N(Agp) — N(Freec, ) X n(Fin) N(Ass® ) A7 N (Freec, ) X N(Fin) Sp8., 1, Sp,

act

pictorially
C3p/cp C2p/cp Cp/cp
(3 G
S ARARA S ARA. =3 A (9)

Moreover, THH(A)*“» admits a natural map from the realization (in the sense of Propo-
sition B.22) of the BC)-equivariant functor

o A® Tp
N(App) — N(Freec, ) X N(Fin) N(Ass® ) — N(Freec, ) X N (Fin) Sp?f:t — Sp,

act

pictorially
C3p/cp CQT‘/C:D CP/CP

Y Y Y
= (AT = (A (8] (10)

Now, the natural transformation comes from the natural transformation 1 %Tp of BC)-
equivariant functors

N (Freec,) X n/(rin) SPae — SP,

given by Corollary I11.3.8.
We compare all different constructions by invoking Lemma II1.3.7. For this, we need

to rewrite everything in terms of lax symmetric monoidal functors on

N(Freecp) X N (Fin) Sp?ct'

T
p b

our version @5": C,Sp? —TSp? of the geometric fixed points functor is not lax symmetric

Unfortunately, one of the functors, namely B, is not lax symmetric monoidal, because
monoidal.

For this reason, we need to recall a few things about different models of the geometric
fixed points functor ®C»: CpSp—Sp. First, as a consequence of Proposition 11.2.14, we
can upgrade the functoriality of the geometric fixed points functor ®»: Cj,Sp— Sp.
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Construction 111.6.2. There is a natural BC)y-equivariant symmetric monoidal func-

tor

®<»: C,Sp — Sp.

Proof. We define <I>§o” as the composition of the BC)-equivariant smashing localiza-

tion C,Sp—CpSp>c, and the BCy-equivariant lax symmetric monoidal functor
—:C,Spsc, € C,Sp — Sp. O

We need to compare this with the models ®¢» and @5‘7 used above. Note that ®C»
is lax symmetric monoidal but not BCjp-equivariant, while @5": C,Sp? —TSp® is BC,-
equivariant, but not lax symmetric monoidal. Here, i denotes our fixed T-universe, as
usual. First, we define a related functor that is both BCp-equivariant and lax symmetric

monoidal.

Construction I11.6.3. We construct a BCp-equivariant lax symmetric monoidal func-
tor
@y CpSp© — TSp©

as follows. It takes a Cj-equivariant orthogonal spectrum X to the orthogonal spectrum

QZTIaX(X ) whose nth space is given by

Cp
C .
;. (X), =hocolim X ( R" i)
1/ (X)n = hocolim GB@V)
(Vi)eu! el
v, =0

i

where Z denotes Bokstedt’s category of finite sets with injective maps. The structure
maps are the evident maps, and there is a T-action given by acting on the V;’s diagonally.
The functor is BCp-equivariant, as the Cp-action on X agrees with the Cj, CT-action
through the V;’s on the fixed points for the diagonal action. The lax symmetric monoidal
structure is induced by the map

(1, (Vi) EZ/H)? (J, (WJ) euJ) — (U, (‘/i?Wj) EUILIJ)

on index categories, and the natural maps
CP Cp Cp
X(R"@@ m) AY(Rm@@ WJ) — (XAY) (R"+m@@@ @Wj)
= jeJ il jeJ

on spaces.
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Construction 111.6.4. There is a natural BC)-equivariant transformation from
& 7: C,Sp° —> TSp°
to
c
D"t CpSp? —> TSP,

Indeed, this comes from the inclusion of the terms given by a fixed 1-element set I€Z.
Also, this natural transformation induces stable equivalences @5” (X) —><I>5f’1aX(X ) of
the underlying orthogonal spectra for all X ECpSpO. Indeed, the homotopy colimit in the

definition of @gplaX(X ) is over homotopy equivalences, so this follows from Lemma I11.4.2.

Construction I11.6.5. There is a natural lax symmetric monoidal transformation

from

&% C,8p° —» Sp°® C TSp?,
(Xn)n — (X (00, @R™)P)p,

to
C,
DNyt CpSP? — TSP,

Indeed, this comes from the inclusion of the term given by I={1,...,n}€Z and
Vi=..=V,=0c,/R

into the homotopy colimit.

Moreover, this natural transformation induces stable equivalences
C Cp
o p(X)%q)U,lax(‘Xv

of the underlying orthogonal spectra for all X €C,Sp®.

Finally, we can state the desired compatibility between the point-set constructions

and the abstract definition.
ProrosiTiON I11.6.6. The diagram

C.

(Pupax
C,Sp° —, TSp®
J Cp \
C,Sp = Sp SpBT

of BC}-equivariant lax symmetric monoidal functors commutes.
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We note that the proof is strictly speaking a construction.

Proof. We first note that, by the results of Appendix A, the composition

C
U,lax

b P
C,Sp? — TSp? — SpBT
factors uniquely over a BC)p-equivariant lax symmetric monoidal functor
F:C,Sp— Sp”T.

This functor has the property that it factors over the localization C,Sp>c, (as the
underlying functor is equivalent to the usual ®“»). Thus, it remains to compare the

two BCp-equivariant lax symmetric monoidal functors
Sy =, F:CpSpsc, — Sp”T.

But there is a natural BC)p-equivariant lax symmetric monoidal transformation

~Cr — @y CpSpG — TSP

by inclusion of X (R")% =(X (R")ASPicr V1) into X (R"@E,; V;)7; here,

C,Sp§ € C,Sp®
denotes the C,-{)-spectra. Passing to the associated BC)p-equivariant lax symmetric

monoidal transformation CpSp%SpBT and restricting to CpSpxc,, we get the desired
result. O

Now, we get a number of related BC),-equivariant lax symmetric monoidal functors.

(i) The functor

B;)T,lax: Freec, xFin(SpO)?;t —TSp?,

Cyp
(S, (X§)§e§) (I)u,laxB((X§)s€S)'
(ii) The functor

By oot Freec, Xpin(Sp?)i — Sp,

(S, (Xs5)se5) — ®Sr B((Xs)ses)-
(iii) The functor

B: Freec, Xpin(SpO)® — Spo7

act

(S, (XE)geg) — B((X§)§€5')-
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(iv) The functor

I: N(Freec, ) X n(Fin) SPae; — S,
(S, (X5)se3) — X) Xs.
5eS
(v) The functor

T,: N (Freec, ) X n(Fin) SPast — SPs

tCy
(5. (Xses)— (@)
ses
Moreover, they are related by a number of BC)p-equivariant lax symmetric monoidal

natural transformations.

(T1) A natural transformation BT

1ax — B (after composing B with Sp® —TSp®).

This comes from the obvious adaptation of Construction II1.4.6.

(T2) A natural transformation Bg’lax

— By« (after composing Bg’lax with TSp® —
Sp®BT and B, » with Sp—SpPT). This comes from Proposition I11.6.6.

(T3) A natural transformation I— B (after composing B with Sp® —Sp). This
comes from Theorem I11.4.5.

(T4) A natural transformation I—)Tvp from Corollary I11.3.8.

(T5) A natural transformation Bp)oo—>fp. This comes from Theorem II1.4.5 and

the natural BC),-equivariant lax symmetric monoidal transformation
<I>OCOP —y 1O, CpSp — Sp,

which arises by writing —*C» as the composition of the (BC)p-equivariant, lax symmetric
monoidal) Borel completion functor C,Sp—C,Spp and q)fg. Here, we use that the
Borel completion functor is a localization (cf. Theorem I1.2.7), and thus automatically
BCp-equivariant and lax symmetric monoidal.

The main theorem relating all these functors and natural transformations is now

given by the following.

B, ~, B, I and fp with the respective

‘forgetful’ BC)-equivariant lax symmetric monoidal functor to SpPT factor uniquely over

THEOREM IIL.6.7. The compositions of BT

p,lax?

BCy-equivariant lax symmetric monoidal and partially exact functors
N (Freec, ) X N(Fin) Sp, — SpPT.

Moreover, (the image of ) I is initial in the co-category of BC)-equivariant lax symmetric

monoidal and partially exvact functors N(Freec,) X n(rin) Sp%, —SpST.
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Proof. The factorization follows from the results of Appendix A. The initiality of I
follows from Lemma II1.3.7. O

Let us quickly explain how this leads to the desired comparison. We want to show

that the natural diagram

THH(R) +—2 &< THH(R)

Fo

THH(A) —22— THH(A)!C»

commutes. Here, as explained above, all objects arise from certain BC)-equivariant func-
tors N(A9P)—SpPT by the mechanism of Proposition B.22 (except THH(A)*“>, which
however admits a natural map from such an object, over which everything else factors).
These BCp-equivariant functors N (Agp)%SpBT are obtained by composing the BC)-

equivariant functor
®
N(Agp) — N(Freec, ) X N (Fin) N(Ass®,) A, N (Freec,) X (Fin) Sp2.,

with B for THH(R), with B} for @5” THH(R), with I for THH(A), and with fp for (the
variant of) THH(A)*“». In this translation, the upper horizontal map comes from the
and Bg’lax%B from (T1) above.
The left vertical map comes from the map I— B in (T3) above. The right vertical map
BT\~ By in (T2) and B, o, —T, in (T5)

p,lax
above. Finally, the lower horizontal map comes from the map I—T, in (T4) above. By

map B;T%B which is the composition of BE%BE’MX

oy T ’]1‘
comes from the composition of B, =B, |, .

Theorem II1.6.7, the resulting diagram

T
p,lax
B+—— BT By
(TB)W: J/(TE))
I (T4) 7

of BC)-equivariant functors commutes. In fact, the outer part of the diagram commutes
as BCp-equivariant lax symmetric monoidal functors as I is initial by Theorem II1.6.7,
and the small upper triangle commutes BC),-equivariantly by construction (on the point-
set model). Thus, we have finally proven the following comparison.
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COROLLARY II1.6.8. Let R be an orthogonal ring spectrum which is levelwise well-
pointed and such that the unit S°—Ry is an h-cofibration. Then, under the equiva-
lence of Theorem I11.6.1 the two constructions of cyclotomic structure maps THH(A)—
THH(A)'“, where A is the object of Algg (Sp) associated with the 1-categorical object
ReAlg(Sp©), are equivalent, functorially in R.

Chapter IV. Examples

In this final chapter, we discuss some examples from the point of view of this paper, as
well as some complements.

We start in §IV.1 by defining a certain Frobenius-type map R— R!C» defined on any
Eoo-ring spectrum R, which in the case of classical rings recovers the usual Frobenius
on my, and the Steenrod operations on higher-homotopy groups. This relies on the
symmetric monoidal properties of the Tate diagonal. In §IV.2 we give a more direct
construction and characterization of the cyclotomic structure on THH(A) for an Eo.-
ring A, in terms of this E,,-Frobenius map. In §IV.3 we discuss the case of loop spaces,
and finally, in §IV.4, we discuss rings of characteristic p. In particular, we give a simple
and complete formula for the Eo-algebra in cyclotomic spectra THH(HF)).

IV.1. The Tate-valued Frobenius

In this section we define a variant of the Frobenius homomorphism for an E,,-ring spec-

trum R. In the next section, we explain the relation to the Frobenius on THH.
Definition IV.1.1. Let R be an E-ring spectrum and p a prime. The Tate-valued
Frobenius of R is the E-ring map defined as the composition
A tC
¢or: R—"3 (R®...@R)"Cr 2" R!Cr,
where m: R®...© R— R is the multiplication map, which is a Cp-equivariant map of Eq-
ring spectra when R is equipped with the trivial action.

Ezample IV.1.2. (i) Assume that R=H A for an ordinary commutative ring A. In
that case, the Frobenius homomorphism is a map HA— HA!C». In degree zero, this

recovers the usual Frobenius homomorphism

A— A/p=H"(C,, A) =moH A,

ar—saP.
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We will see below that on higher-homotopy groups, the Frobenius recovers the Steenrod
operations.

(ii) If R is a p-complete spectrum that is compact in the category of p-complete
spectra, then, as a consequence of the Segal conjecture, the canonical map R— R"“r —
R'*“» induced by pullback along BC,—pt and the canonical map is an equivalence. Thus,
in this case, the Tate-valued Frobenius can be considered as an E.,-endomorphism of R.

For example, if R:SI/,\ is the p-complete sphere spectrum, the Frobenius endomor-
phism is given by the identity map. To make this more interesting, consider for every n>1
the unique E-ring spectrum Sy (r,,.) with the following properties: it is p-complete, the
map S)) =Sy (g, ) is étale (in the sense of [71, Definition 7.5.0.4]) and it induces on mo the
unique ring homomorphism Z,=W (F,) =W (F,»). We get a Frobenius endomorphism

Sw (E,n) = Sw(E,n)-

We claim that it is the unique E,-map that induces on 7y the Frobenius of the Witt
vectors W (IF,n). To see this, we compare it by naturality of the Tate-valued Frobenius to
its zeroth Postnikov section. This is the Eilenberg-MacLane spectrum HW (F,n) whose
Frobenius is described in part (1).

Our goal is to describe the effect of the Tate-valued Frobenius in terms of power
operations. For this, we analyze some further properties of the Tate diagonal.

LEMMA IV.1.3. There is a unique lax symmetric monoidal factorization of the Tate
diagonal
(X®...0X)1Cr)F;

J

X47?—4X®M®Xy%,

where F = Aut(C,)=C)p_1 acts on C, (and is equal to the Weyl group of C, inside of
Y,), and the vertical map is the inclusion of (homotopy) fized points. For a suspension

spectrum X =%X°Y there is a unique lax symmetric monoidal factorization

(EPY ®...05LY )

=

Zi’oy T> (EfY@@EiOY)th
P
Proof. For the first assertion, we construct the map

X — (X®..0 X)tC)F
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as in Proposition I11.3.1. To this end, we only need to observe that the functor

Sp — Sp,
X— (X®...0 X))

is exact. This follows from the fact that the functor X (X ®...0 X )" is exact and
that taking homotopy fixed points is exact as well. The commutativity of the diagram
follows from the uniqueness part of Proposition I11.3.1.

For the second assertion, we first note that there is a map
XY — (Y ®...0X°Y)">r

induced from the space level diagonal. Thus, we have to compare two lax symmet-
ric monoidal transformations between functors S—Sp, and the result follows from [81,
Corollary 6.9 (4)], which says that the suspension spectrum functor ¥° is initial among

all lax symmetric monoidal functors S— Sp. O

COROLLARY IV.1.4. The Tate-valued Frobenius factors, as an Eq-map, as a com-
position R—(R'C»)Ms — RiCr.

Note that the order p—1 of ;' is invertible in R'C». Therefore, the homotopy fixed
points are purely algebraic, i.e. the homotopy groups of the fixed points are the fixed
points of the homotopy groups. We will also refer to this refinement as the Tate-valued

Frobenius, and we hope that it will be clear which one we mean.

COROLLARY IV.1.5. Let M be an Eo.-monoid in S, so that the suspension spectrum

R=S[M] is an Ex-ring spectrum. The Frobenius of R admits a canonical factorization
R— (Rhcp)hF; — thp )

Proof. Lemma IV.1.3. O

Remark TV.1.6. In fact, Lemma IV.1.3 shows that the map factors not only through

(Rhcp)hlﬁ‘; ~ Rh(Cp ><1]F;< ),

but through R"*». This is not much more general, since the canonical map R"*» —
RMCpxFL) g a p-local equivalence. This relies on a transfer argument using the fact C, C
¥, is a p-Sylow subgroup, F,’ is its Weyl group (equivalently, C, x[F¢ is the normalizer
of Cp in X)), and that C, intersects any non-trivial conjugate trivially.
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LEMMA IV.1.7. The lax symmetric monoidal transformation
Q%°(A,): Q% — QT
of underlying spaces factors naturally as
0506 Agoo x ((QOOX)Xp)th __>QOO(X®p)th
. (Qoo (X®p)th)hIF;f _can . QooTp(Xv)hIE‘;)< ]
Proof. In the statement of the Lemma we have two potentially different lax symmet-
ric monoidal transformations from 2°°:Sp—S to the functor Q*°7, ; 2| But the functor

2% is initial among lax symmetric monoidal functors Sp—S which is shown in [81,

Corollary 6.9 (2)]. Thus the two transformations are canonically equivalent. O

COROLLARY IV.1.8. Let X be a bounded below p-complete spectrum. For i>1, there

are canonical isomorphisms
Ti(X®...X)") 2m(X)on(X®...9X)he,)
of abelian groups, induced by the norm
Nm: (X ®...0 X)he, — (X ®...0X)"C
and the space level diagonal
X — Q®°(X®..0X)"%,
Moreover, there is a short exact sequence
0—m((X®...0X)ne,) — 1o (X ®...0 X)) — 70 (X) — 0.
Proof. Consider the fiber sequence
(X®..0X)nc, — (X®..0X)"" — (X®..0X)r
which gives rise to a long exact sequence in homotopy groups. The final term
(X®..0X)C%

receives the Tate diagonal A, from X, which is an equivalence by Theorem III.1.7. By
Lemma IV.1.7, the map A, lifts after applying 2°° through the middle term of the fiber
sequence. In particular, we get that, on the level of homotopy groups, we have a canonical
splitting of the map

(X ®..0X)"%) — 1,(X®..0X)%) =m;(X)

for :>0. If ¢>1, then the splitting is a group homomorphism as the higher-homotopy
groups of a space are groups. O
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COROLLARY IV.1.9. For an E.-ring spectrum R, the Frobenius morphism factors

on underlying multiplicative Eo-monoids as
Q°R Py (QooR)hEp N (QooRth)h]F;f 7
where P, is the composition of the diagonal and the multiplication map.

The last statement shows that the Frobenius is expressible in terms of the power
operations. We refer to [9] for a discussion of power operations and the references there.

The power operation is the map
P,:R°(X) — R°(X x BY))

for a space X which is induced by postcomposition with the map denoted by P, above.
For a precise comparison to a more standard formulation of power operations in terms

of extended powers, see Lemma IV.1.20 below.

COROLLARY IV.1.10. For an Ey-ring spectrum R and a space X, postcomposition

with the Tate-valued Frobenius is given on homotopy classes of maps by the composition
(22X, R] = R(X) —2 RO(X x BY,) = [° X, RM»] S, [51%0 X (R!Cr)MFy ],

where P, is the usual power operation for R and the last map on the right is induced
by postcomposition with the forgetful map Rhgpﬁ(Rhcp)hF: and the canonical map
(fihC'p)h]F;< _>(Rth)h]F;< ]

Remark IV.1.11. Note that the power operation P, is multiplicative but not addi-
tive. The way this is usually corrected is by taking the quotient of the ring R°(BY,)
by the transfer ideal ICRY(X x BY,,). The transfer ideal is the image of the trans-
fer R°(X)—R°(X xBY,). The Tate construction can be considered as homotopically

corrected version of this quotient. In fact, there is a canonical map of rings
RY(X xBY,)/I — [ X, RtC"]

which however in practice is far from being an isomorphism. By Corollary 1V.1.10, the

obvious diagram of maps of rings

RO(X) —— RY(X x B%,)/I

|

[B° X, RIC]

then commutes.
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We discuss two examples of the Tate-valued Frobenius, namely KU and HIF,. First
let KU be the periodic complex K-theory spectrum with homotopy groups m, KU
Z[B*], with |8|=2. As in Example 1.2.3 (iii), we find that

7 KU 2 KU((8)/(t41)"=1) 2 7. KU ©Q, (Gy),
where ¢, is a pth root of unity. The action of F)\ =Gal(Q,(¢p)/Qp) is given by the Galois
action. Therefore, we get
7 (KU o KU ®Q,(¢,) 7 =7 KU @Q,.
Altogether, we find that the natural constant map KU—s(KU"C»)MFy S22 (KUtCr )y
(where the first map is pullback along B(C), xF,’)—pt) extends to an equivalence
KUN1/p] = (KU'Cr)hEs (11)

More generally, for every space X, we look at the mapping spectrum map(X, KU) =KUX

and see with the same argument that the constant map induces an equivalence
(KU )p[1/p] = ((KUX) Cr )y
In particular, for a compact space X (*°) we find that m is given by KU(X)®Q,.

PROPOSITION IV.1.12. (i) For every compact space X the Tate-valued Frobenius
(or rather its refinement as in Corollary IV.1.4) of KUX is given on mo by

KU"(X) — KU (X)2Q,
V=P (V),

where YP: KU (X) =KUY (X) is the p-th Adams operation and yP(V) is considered as
an element in KU° (X)®Q, under the canonical inclusion from KU’ (X).
(ii) Under the identification (11), the Frobenius

vp: KU — KUZA,[l/p]
agrees with the p-th stable Adams operation(*°)
1y KU — KU[1/p]

composed with the natural “completion” map KU[l/p]—)KU;\[l/p]. This composition
sends the Bott element B to pB (recall that S=L—1 for the Hopf bundle L=0p1(—1)
and that 1,(L)=LP for every line bundle).

(??) By compact, we mean a compact object in the co-category S of spaces, i.e. weakly equivalent
to a retract of a finite CW complex.

(3%) Note that the endomorphism ¥P: KU%(X)— KU?(X) does not refine to a stable cohomology
operation, and hence not to a map of spectra. But, after inverting p, it does. One direct way to construct
P: KU—KU[1/p] as a map of Eco-ring spectra is to use Snaith’s theorem KU=S[CP>][3~!], and then
induce it from the pth power map CP>° — CP°.
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Proof. For the first part, we follow closely Atiyah’s paper [7]. Since X is compact,

we have
To(KUX)hCn) My = KU® (X x B(C, xFX)) =KU®(X) @KU’ (BC,)r

and
7o (KU1 )P — KUY (X)2Q,.

According to Corollary IV.1.10 we have to understand the map
KU®(X) —2 KUY (X) @KUY (BC,)Fs <2 KU (X)®Q,.

Now KU"(BC,)F , =Z®Zyp, where Z is the summand corresponding to the trivial repre-
sentation and Z,, is the augmentation ideal generated by [N]—p, where N is the regular
representation of C}, and p is the trivial representation of rank p. In the computation
above, the power series generator ¢ is chosen to corresponds to the element N—p. As a
result, we see that, under the canonical map KUO(BCP)F; —Qp, the summand Z goes to
ZCQ, and N—p goes to —p (since N is an induced representation, and thus lies in the
image of the transfer map).
The map
KU°(X) — KU%(X)@KU"(BC,)»

is induced by taking a vector bundle V over X to the tensor power V®? considered
as a Cp-equivariant vector bundle over X which induces a vector bundle over X x BC,,.
Atiyah calls this operation the cyclic power operation and computes its effect on a general
K-theory class VeKU’(X) in [7, p. 180, equation (2.6)]:

Vi— (VP,0°(V))

where V? is the p-fold product in the ring KU°(X) and 67: KU(X)—KU’(X) is a
certain (unstable) cohomology operation of K-theory. The most important property
of 6P for us is that, in Atiyah’s conventions, the pth Adams operation P is given by
YP(V)=VP—pfP (V). Thus, if we send the element (V?, HP(V))EKUO(X)@)KUO(BCP)]F?
to KU%(X)®Q,, then we get ¢(V). This shows part (i) of the proposition.

For part (ii), we note that, for a compact space X, the Frobenius KUX — (KUX )*C»
is given by mapping X to the Frobenius KU—KU?, Thus, if we want to understand
the map KU—KU'" as a transformation of cohomology theories, we can use part (i).
In particular, for X=.52 and the Bott element 3=L—1€ KU°(5?), with L—S? being

the Hopf bundle, we find that

©p(B) =P (B)=LP—1=p(L—1)=pB e KU"(S?).
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Thus using part (i) we conclude that the map ¢): KU%KUQ[I/p] sends 3 to pf, and that
it agrees on 8 with ¥P. But since the target is rational, we can rationalize the source, and
KUg is as a rational Eo-spectrum freely generated by the Bott class. Thus, an E,-map
out of KUg is uniquely determined by its effect on 8. This shows part (ii). O

Remark TV.1.13. If one works, following Atiyah, with genuine equivariant K-theory,
then the statement of Proposition IV.1.12 becomes a bit cleaner, since Q, is replaced
by Z[1/p]. More precisely, for a genuine Cp-equivariant Eo-ring spectrum R (a term
which we have not and will not define in this paper) the Tate-valued Frobenius refines

can

to a map R—®C» R R*Cr . This first map is usually an uncompleted version of the

Tate-valued Frobenius.

Remark IV.1.14. There is another argument to prove Proposition 1V.1.12, which is
somewhat simpler but less explicit. Let us give the argument for p=2, the odd case being
similar. One looks at the space level diagonal of the space K(Z,2), and composes it with

the addition to get a map
K(Z,2) — (K(Z,2)x K (Z,2))"“? — K(Z,2)"%? = K(Z,2) UK (Z,2).

This map factors as
K(7,2) 25 K(Z,2) 25 K(7,2)hC

where triv is trivial inclusion (i.e. pullback along BCy—pt). But there is a map of Eoo-
spaces K(Z,2)—Q> KU where the multiplicative Eo-structure of KU is taken. As a

result, we get that we have a commutative diagram

K(Z,2) ——— 4 Q®KU

L

K(Z,2) — 2, (Q°° KU)hC:

where triv now denotes the trivial inclusion for KU. Classes in KU(X) factor through
K(Z,2) precisely if they are represented by line bundles. Thus, the commutative diagram
tells us that the power operation and the Tate-valued Frobenius are given on classes of
line bundles by taking the line bundle to the second power. But then the splitting

principle implies that it has to be the Adams operation.

Now, we consider the Eilenberg-MacLane spectrum HIF,. The Tate-valued Frobe-
nius is a map

op: HF, — (HFC?)o
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Recall that, if p is odd, then
n_ HF'C» = H*(C,,F,) =F,((t)) @Ale)
with [t{=—2 and |e|=—1 in cohomological grading; if p=2, then
W—*HF;CP =H*(Cp, Fp) =Fp(()),

with |s|=—1. Here, we write F,((¢)) for the graded ring F,[t*], since both are isomorphic
and this convention makes things work out more cleanly later. We note that H IF;,CP is

an HF,-module spectrum, and as such there is a splitting

HF!C» = [ HF,[n] =& HF,[n].
nez nez

The action of F; on fIl(Cp,FP):Hl(CP,IFp):Hom(Cp,IFp):IFp'fle is given by the

inverse of the natural multiplication action, and the action of F,; on
H™'=ker(Nm:F, = F,) =F,-¢

is trivial. As it is a ring action, it follows that in general the action on ¢’ is given by the
ith power of F'. Therefore, we see that

(HF)'%> =[] HF2ln] and (HFC7)" > =[] (HF,[n(p—1)]&HE,[n(p—1)+1]).
neZ nez
where the second holds for all odd p. Similarly, we have
(HZ)'®> =[] HF2[2n] and (HZ')% =[] HF,[n(p—1)),
newz ne”Z

where again the second holds for odd p. The following theorem says that the effect of the
Frobenius morphism on higher-homotopy groups is given by the Steenrod operations. We
thank Jacob Lurie for pointing out this result to us. For p=2 this has in effect already
been shown by Jones and Wegmann; see Lemma 5.4 and the formulas in [56] and, for

odd p, Chapter 1 of [64]. We thank John Rognes for making us aware of this fact.

THEOREM IV.1.15. The Frobenius endomorphism HFP%(HFZC”)W? is given as a

map of spectra by the product over all Steenrod squares
Sq': HFy — HF5[i], >0,
for p=2, and by the product over all Steenrod powers

P HF, — HF,[i(p—1)], i>0
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and
BP": HF, — HF,[i(p—1)+1],

for p odd, where B denotes the Bockstein.
The Frobenius endomorphism HZ%(HZtCP)hFS is giwen by the product over all
Sq*r for p=2, and by the product over all P'r for odd p, where r: HZ— HF,, denotes

the reduction map.

Proof. In Proposition IV.1.16 below, we will describe the Frobenius map for HIF,
as a map of cohomology theories. Since there are no phantoms between HIF,-modules,
this shows the claim for IF,. The claim for the integers follows from the naturality of the

Frobenius map under the reduction map HZ— HIF,,. O

We want to understand the effect of
op: HF), — (HIFZCP)MF;

as a transformation of multiplicative cohomology theories. To this end, note that, by the
above, for every space X the cohomology theory (H ]F;,C’”)w; evaluated on X gives the
graded ring

H*(X;F) (P 1) ®@A(e)  with [P~ =—2(p—1) and |e|=—1.

ProproOSITION IV.1.16. As a map of cohomology theories evaluated on a space X,
the Tate-valued Frobemius gop:HIFp—>(H]FZCp)hF§ is given, for p=2, by

H*(X;Fy) — H*(X;F2)((s))
mHiSqi(x)si
i=0
and, for p odd, by
H*(X;F,) — H*(X;F,) ((tP~1))@Ale)
r— i P! (x)t‘p‘”%i BP ()t~ e,
i=0

=0

In order to prove this result, we have to employ power operations in positive degrees
and prove an analogue of Corollary IV.1.10 for those. Let us start by explaining a
conceptual framework for power operations in positive degree that we have learned from
Charles Rezk. Let R be an E-ring spectrum. Then, we form the underlying space of

the n-fold suspension Q2°°(X™R) and take its space level diagonal

Q®T"R— (AT R)*P)">r,
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Since 2*° is lax symmetric monoidal and limit preserving there is a canonical map
((QooEnR) Xp)hEp SN QOO((E”R)@)p)hEP,

Now, (X"R)®P is equivalent to X"PR®P as a spectrum, but X, acts on the suspension
coordinates. In fact, as a spectrum with ¥,-action, this is equivalent to the tensor
product of R®P with the representation sphere(!) S™¢ where n-o denotes the n-fold
sum of the natural representation o of ¥, on R?. We will denote the tensor product with

the suspension spectrum X°°5™¢ of this representation sphere by ¥™¢ so that we find
Q%°((Z"R)®P)Er ~ 0 (Lm0 REP)IE

Now, we can postcompose with the multiplication of R, which is a 3,-equivariant

map R®P— R to obtain a map
P QXY R — Q®(SMOR)r (12)

where X, acts trivially on R. We compare this map with the n-fold suspension of the
Tate-valued Frobenius

S op: "R — X"(RCr )
We first compare the targets, which is done in the next lemma.

LEMMA IV.1.17. For every Eo-ring spectrum R and every n€Z, there is an equiv-

alence
Zn(Rth)h]F; =~ ((anR)th)h]F; .

Proof. Consider the functor

Tp: Modg — MOdR,
M— (M®g...05 M)Cr)H5

Then, we have that
((Z™¢R)!CP)M2 ~ T (S R).

The functor fp is exact, by the same argument as in Proposition III.1.1. Thus, there is

an equivalence
ST, (R) = T, (X" R).

for every neZ. O

(31) The representation sphere SV for a real representation V is the 1-point compactification of V.
It has a canonical basepoint, namely the added point co€ SV .
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LEMMA IV.1.18. For an Eo-ring spectrum R, there is a commutative diagram

Q®°YnR QFE"or Qoozn(Rth)h]F;

| i
Qoo(zn@R)hEp can Qoo((zn-gR)th)h]F;
of spaces.

Proof. The n-fold supension of the Tate-valued Frobenius is by definition obtained

from the n-fold supension of the Tate valued diagonal
S"AR: B R — N ((ROP)1Cr) My

by postcomposition with the p-fold multiplication of R (here our notation slightly differs
from the notation for the Tate-valued diagonal used before). By the exactness of the
source and target, this is the same as the diagonal of the n-fold suspension, which is a
morphism

Asng: SR — (S 2 R®P)1Cr)hF,

and the targets of the two maps are identified by the canonical equivalence
Zn((R®p)tC”)hF; o~ ((En.gR@)p)th)hF; )
This equivalence fits, by constructio,n into a commutative square

S((ROP)ICr ) E S (RO
(R = (S eR) ),

where the vertical maps are the multiplications of R, and the lower horizontal map is
the map of Lemma IV.1.17. Now, we can use Lemma IV.1.7 to see that the space level
diagonal of Q>°(X"R) factors the Tate diagonal of X" R. Thus, we get that

can OPrlf: QXY"R Qoo((zn'gR)th)hIFpX
is equivalent to 2°° of the composition
moAsnp: SR —s ((SVOR)Cr)Ey

By what we have said above the last map is canonically equivalent to the clockwise
composition in the diagram of the lemma. O
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Now, we claim that evaluation of the map P QXY R—Q®(X"2R)"*» on a space
X is the classical power operation in positive degrees. To see this, we give a slightly
different description of homotopy classes of maps [S° X, (X" ¢R)"*»] in terms of twisted
R-cohomology of X x BY,,.

First, if V—X is a real vector bundle over a topological space(®*?) we will write
X~V for the Thom spectrum of the negative of this bundle. For the definition of this
spectrum see the discussion in the proof of Lemma IV.1.19 below. Then, for a spectrum
R, we define the V-twisted R-cohomology by RV (X):=[X~V, R]. For V being the trivial

rank-n bundle, this recovers degree-n cohomology of R.

LEMMA 1V.1.19. There is an isomorphism
R™¢(X x BY,) 2 [27°X, (X" ¢R)"r],

where n-p is considered as a vector bundle over BX,xX by pulling back the bundle

associated with the representation over BY, along the projection.

Proof. To see this, we recall a possible definition of X~V following [4] and [3]. First,
one considers the spherical fibration SY — X associated with V' by taking the fiberwise
1-point compactifications. Taking fiberwise suspension spectra (where the basepoints at
infinity are taken into account) yields a parameterized spectrum SY over X (3?) and we
can take the tensor inverse S~V in parameterized spectra over X. Now, for the terminal
map p: X —pt, there is a pullback morphism p*:Sp—Sp*X which has a left adjoint denoted
p1:SpX —Sp. Then, X ~V:=p,(S™V). To see that this agrees with the usual definition of
Thom spectra, we note the following facts:

(1) the usual Thom space XV of a vector bundle V over X is just pi(SY), where
p1 now denotes the unstable version, i.e. the left adjoint to the functor p*: S, —(S)x )«
This left adjoint just identifies the section at infinity of SV, which is the way the Thom
space is built.

(2) The usual definition of the associated Thom spectrum (i.e the Thom spectrum
of the positive bundle V) is the suspension spectrum XXV where the basepoint is
taken into account (which we will abusively also denote by XV in general, but we do

not drop the > for the moment). This is also the same as p;SY, since the stable and

(32) Here, as usual, we implicitly consider the topological space X as an object in the co-category
of spaces. Then, a rank-n vector bundle over X really is a map X —+ BO(n). We use the total space
terminology V — X just as a placeholder and to make contact to classical terminology.

(33) We think of parameterized spectra over a space X as functors X —Sp. As an oco-category,
SpX :=Fun(X, Sp).
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unstable version of p; commute with the suspension functors, more precisely the diagram

Sp¥ LN Sp

in Caty, commutes. This can be seen by passing to the diagram of right adjoints.

(3) The classically defined Thom spectrum XX VER™ is equivalent to the n-fold
suspension of the Thom spectrum X°°X"V. The same is true for pSY®R" | since we have
SVER" ~3n 8V in SpX and since p is left adjoint.

(4) Finally, the spectrum X~V would be classically defined by finding a vector
bundle W over X such that V@W=R" (i.e. such that —V =W —R"), and then setting
X V=222 X" Such a W exists for a finite CW complex X, but not in general, and
thus one has to take the colimit over finite approximations of X. But we first assume that
W exists. Then, the spectrum X~V is characterized by the property that, suspending n

times, we get X°X"W. The same is true for p)S™", since we have
STV ~py (Z"S_V) ~p (S_V+Rn) ~pSW.

As a last step, we note that, for a colimit X ~colim X; in S, we find that both descriptions
of Thom spectra are compatible with colimits.

Now, we try to compute RY (X)=[X"", R] for some space X. Since XV =p SV,
we find that, by adjunction, such homotopy classes are the same as maps in the homotopy
category Sp~ from S~V to p*R which is the constant parameterized spectrum over X
with value R. But then we find

map(S™Y,p*R) =map(S°, SV @xp*R) =p.(S¥ @xp*R),

where p,:SpX —Sp is the right adjoint to p* and ®x is the pointwise tensor product of

parameterized spectra over X. Now, we specialize to the case of interest:

R"(XxBX,)=[(XxBX,) "¢ R = [LXQBX ™" R|
= [ETX, map(BY"p R)| =[BT X, p. (S @px, p* R)],
where p: BX, —pt. But, by definition, parameterized spectra over BY,, are the same as

spectra with ¥,-action and under this identification p, corresponds to taking homotopy
fixed points, so that p.(S"2®@ps, p*R) is equivalent to (X"¢R)"». O
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Now, we can describe the pth power operation in degree n following the formulation

that we learned from Rezk as the map
R"(X)— R™?(X)
described as follows: represent a degree-n cohomology class on X by a map X " —R,
where n is short for the trivial rank-n bundle over X (that is, X ™ is just the n-fold
desuspension of ¥ X). Take the pth extended power
(X)) ns, — (R®P)ns, (13)
The source is equivalent to the Thom spectrum (D,X)~", where D, X is the space
(X x...xX)px, and W is the vector bundle obtained from the p-fold external sum of the
trivial rank-n bundle with itself (with its permutation action). As a bundle, W is pulled
back from the bundle n-g over the space B, along the canonical map D, X — BX,,.
Thus, if we pull this bundle further back along the diagonal X x B¥X,—D,X, we get the
bundle also denoted by n-g, but now considered as a bundle over X x BY,, (following the
notation from before). Therefore, we obtain a canonical map
(X xBY,) "¢ — (D, X)~".

Now, we take the map in (13) and precompose with the map just described and postcom-
pose with the multiplication map (R®?),s, — R to obtain an element in R™?(X). This
describes the power operation P": R™(X)—R™¢(X).(**) The clash of notation between
this power operation with the space level map P}’ in (12) is justified by the next result.

LEMMA IV.1.20. The power operation R™(X)— R™2(X) (as just described) is given
under the identifications R™(X)=[X,%"R] and R™°(X)=[X, (X"2R)">r] by postcom-
position with the map P as described before Lemma IV.1.18.

Proof. Consider the following commutative diagram

(X, Q°Y"R] — = 3 [N°X,%"R] —————— [X ", R]

_Xp ®p ®p

[(XXP (Q®X"R)*P|"r —— [(2°X)®P, (X" R)®P|%r —=— [(X —")®P, ROP]%r
A A A
[Xv (QOOEnR)Xp]Zp EE—— [EioX, (EnR)®p]2p % [anvg,R@)p]Ep

My M

[X, Q®(Em0) Ry — = [N X, S eR]® — = [X "¢ R]¥r,

(3%) Note that we could have more generally started with a class in RY (X) for some non-trivial
bundle V— X and would have obtained a class in RV'Q(X), but we will not need this extra generality
here.
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where we denote by [—, —]*» homotopy classes of Y p-equivariant maps between spaces
(resp. spectra) with X,-action (not to be confused with ¥,-fixed points of the action
on the set of non-equivariant homotopy classes). If there is no obvious X, action on an
object, for example on X or R, then it is considered as equipped with the trivial action.

Now, we note that the composition of the first two maps in the left vertical column

is equivalent to postcomposition with the space-valued diagonal
(X, Q%" R] — [ X, (QF°X"R)*P]¥»,
Since ¥, acts trivially on the source, the target is also isomorphic to the group
X, (25" R)*P)"r).

Under this isomorphism the map is given by postcomposition with the refined diago-
nal QOOZ"R—>((Q°°E")XP)E”. Thus, by definition of P’, we see that the left vertical
composition in the big diagram is equivalent to postcomposition with P

For the right column in the big diagram, we note that the composition of the last

two maps is equivalent to the composition

[(X—n)®p7 R®p]27’ — [(X—n)®17 R@p ] (A% ;m)

h3p> “YhE, [(XT" s, B,

which is straightforward to check. Since (X ™"?),x, ~(X xBYX,)™"™¢, we see that the
composition in the right column of the big diagram is given by the power operation Pzﬂ“.

Together, this shows the claim. O
For the next statement, we will abusively denote the composition
(EnpR)hEp - ((anR)th)h]F;f can ((Zn'gR)th)hIF;f =~ En(Rth)h]F;
by ‘can’ as well. Here the first map forgets fixed point information and the last map is
the inverse of the equivalence of Lemma IV.1.17.

THEOREM IV.1.21. For an E-ring spectrum R and every space X, postcomposition
with the n-th suspension of the Tate-valued Frobenius E”R—)Z"(thp)wpx s given by

the composition

n P; n: ~ o] n. h¥ can o] n tCp \ hIF X
R*(X) —25 R™(BS, x X) 2 [ X, (S R)" ] <2, [£° X, 27 (RICr) M7

where P} is the degree-n power operation for R, as discussed above.

Proof. This is an immediate consequence of Lemmas IV.1.18 and IV.1.20. O
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It is easy to see that, for varying degrees the power operation
Py:R*(X) — R"¢(BY, x X)

is a map of graded rings using the usual monoidal properties of Thom spectra. Thus, the
last corollary is most effectively used by considering it as a factorization of the Frobenius
as a map of graded rings. Unfortunately, it is sometimes not so easy to identify the graded
ring R*?(BX, x X). However, in the case of ordinary cohomology with F, coefficients,

this is possible, as we will see now.

Proof of Proposition IV.1.16. The result follows from Theorem IV.1.21 and the fact
that the power operations of HF, are given by the Steenrod operations; see e.g. [89] or
[24, Chapter VIII.2]. But let us be a bit more careful and identify the groups and the
maps that show up in Theorem IV.1.21 for HTF,.

The definition of the Steenrod operations in [24, Chapter VIII.2] is the following.
One considers the power operation

[ X, X"HF,] — [2°X, ("¢ HF,)"*?]
and composes with the projection
(22X, (X" CHF,) "] — [E°X, (X" ¢HF,)"C].

If p is odd, then the natural representation ¢ of C, on RP is oriented (with the usual
orientation of RP declaring es,...,e, to be a positive basis). Thus, we have a Thom
isomorphism X" ¢HI,~¥"P HIF,, which is an equivalence in SpBCr. Similarly, if p=2,
then any vector bundle has a Thom isomorphism with HFs-coefficients, so again we find

a Thom isomorphism X" ¢HF,~¥"? HF,. Consequently, we get a map
(XXX, X"HF,] — [B7°X, (" ¢HF,)"Cr| =[R2 X, (S"P HF,)""].
Identifying HIE"ZC”:ngo HF,[m], this gives a map

H"(X,F,) — [[ B (X, Fp)

i>0

whose components are, by definition, the Steenrod operations. In particular, composing

further with the map
(S CHF,)"r — (5™ HF,) “r = 5" HFLC,

which is an isomorphism in cohomological degrees > —np, we get the desired description
of ¢, by Theorem IV.1.21. O
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IV.2. Commutative algebras

In this section we given an easier description of the cyclotomic structure on THH(A) for
an Ey-ring spectrum A. First, we show that, if A is an E.-ring spectrum, then THH(A)
is again an E.-ring spectrum. This follows from the following construction.

Construction IV.2.1. The co-categories Cyc Sp and Cyc Sp, of (p-)cyclotomic spec-
tra have a natural symmetric monoidal structure. This follows from the following two
observations:

(i) If C is a symmetric monoidal oo-category, then C¥=Fun(S,C) is naturally a
symmetric monoidal oco-category for any simplicial set S. Indeed, one can define the
total space as Fun(S,C)® =Fun(S,C%) X pun(s,n (Fin.)) N (Fin,), and it is easy to verify
that this defines a symmetric monoidal oco-category, since exponentials of cocartesian
fibrations are again cocartesian [69, Corollary 3.2.2.12].

(ii) If C and D are symmetric monoidal oco-categories, F:C—D is a symmetric
monoidal functor and G:C—7D is a lax symmetric monoidal functor, then LEq(F,G)
has a natural structure as a symmetric monoidal co-category. Indeed, one can define the

total space as the pullback

LEq(F,G)® —— (D®)4

J (F®,G®) J

c® D® x D%,

where (D‘X))ﬁ1 Q(D®)Al is the full subcategory consisting of those morphisms which lie
over identities in N Finfl, and where F'® G®:C® —D® are the functors on total spaces.
In particular, LEq(F, G)® is a full subcategory of LEq(F®, G®), and for any symmetric
monoidal co-category £, giving a symmetric monoidal (resp. lax symmetric monoidal)
functor £€—LEq(F, G) is equivalent to giving a symmetric monoidal (resp. lax symmet-
ric monoidal) functor H:E—C together with a lax symmetric monoidal transformation
F-H—G-H.

Moreover, Algg (Sp) is naturally a symmetric monoidal oo-category. It follows from
the discussion of lax symmetric monoidal structures on all intervening objects in §§III.1-

II1.3 that the functor
THH: Algg, (Sp) — CycSp

is naturally a lax symmetric monoidal functor. In fact, it is symmetric monoidal as this
can be checked on the underlying spectrum, where one uses that geometric realizations (or

more generally sifted colimits) commute with tensor products in a presentably symmetric
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monoidal co-category. In particular, THH maps E.-algebras to E,-algebras. Moreover,

we recall that
Algg_ (Sp) = Algg__ (Algg, (Sp)),

so indeed THH(A) is an E-algebra in cyclotomic spectra if A is an E..-algebra. Con-
cretely, this means that THH(A) is a T-equivariant E..-algebra in spectra together with
a T/C,=T-equivariant map ¢,: THH(A)—THH(A)!“? of E,.-algebras.

Moreover, we note that the inclusion of the bottom cells in the cyclic objects define

a commutative diagram

(A®...0 A)C —— THH(A)!C.

In fact, one has a lax symmetric monoidal functor from Algg (Sp) to the symmetric
monoidal co-category of such diagrams. In particular, if A is an E..-algebra, then all

maps are E.-ring maps.
Recall the following fact.

PRrROPOSITION IV.2.2. (McClure-Schwénzl-Vogt [79]) For an Eo-ring spectrum A,
the map A—THH(A) is initial among all maps from A to an Eo-ring spectrum equipped
with a T-action (through Es-maps).

Proof. We have to prove that THH(A) is the tensor of A with S! in the co-category
of Eoo-ring spectra. We use the simplicial model for the circle S! given as S.=A!/9A!
which has n+1 different (possible degenerate) n-vertices S,,. Thus, we have in the oo-
category S of spaces the colimit S'~colimaor S,. Therefore, we get that the tensor of
R with S! is given by

colimpor R®%" ~ THH(R),

where we have used that R®S» = R®("+1) ig the (n+1)-fold coproduct in the co-category
of Eoo-ring spectra; cf. [71, Proposition 3.2.4.7]. O

From the Eo,-map A—THH(A), we get a Cp-equivariant E,-map
A®..@A— THH(A)

by taking the coproduct in the category of E,-algebras of all the translates by elements
of C, CT of the map (note that A®...®A is the induced Cj-object in E,-rings). This
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is the map that can also be described through the p-fold subdivision. Thus, in the
commutative square
A—— THH(A) (14)

J{AP J‘Pp
(A®..@ A)*“» — 5 THH(A)'C»

of Eo-rings, the lower map is explicit, giving rise to an explicit map A—THH(A)!> of
Eo-rings, where T=T/C,, acts on THH(A)*“». In view of the above universal property
of THH(A), we conclude the following.

COROLLARY 1V.2.3. For an Eo-ring A, the Frobenius ¢, is the unique T-equivariant
Eo.-map THH(A)—THH(A)!“> that makes the diagram (14) commutative.

Note that this can also be used to define ¢, in this situation. Moreover, this obser-
vation can be used to prove that the various definitions of E.-ring structures on THH(A)
in the literature are equivalent to ours.

A consequence of Proposition 1V.2.2 is that, for E,-ring spectra A, there is always
a map 7: THH(A)— A which is a retract of the map A—THH(A). The map 7 is, by
construction, T-equivariant when A is equipped with the trivial T-action, in contrast to
the map in the other direction.

COROLLARY 1V.2.4. For an E-ring A the composition
tC.
A—> THH(A) 225 THH(A)!%» =" A!Cr

is equivalent to the Tate-valued Frobenius (see Definition IV.1.1).

Proof. We have a commutative diagram

A—— s THH(A)

JAP J/% (15)

tCp
(A®..@A)t¢ —— THH(A)!“» —s AtCr,
Therefore, it suffices to show that the composition
A®..®A— THH(A) — A

is as a Cp-equivariant map equivalent to the multiplication of A. The source is, as a
Cp-object in E-algebras, induced from A. Therefore, this amounts to checking that the
map A—THH(A)— A is equivalent to the identity, which is true by definition. O
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A slightly different perspective on the construction of ¢, in the commutative case is
due to Jacob Lurie. To this end, let R=THH(A), or more generally let R be any E-ring
spectrum with Cp-action. Then, we have a map of E-ring spectra which can informally

be described as
m: R®...QR — R,

P
r®..Qr, — H ot (ry),
i=1
where 0€C), is a generator. The precise way of defining this map is by the observation
that the left-hand side is the induced Eo-ring spectrum with an action by C,. Then,
we get the desired map m by the universal property. This also shows that the map m
is Cp-equivariant where the left-hand side is equipped with the cyclic action and the

right-hand map with the given action. Now, consider the composite map
. A —~tC.
$p: R—" (R®...9R)!“» " RCr

This is an equivariant version of the Frobenius map discussed above. Now, in the case
where R=THH(A), we not only have a Cp-action, but a T-action, and the map @, is,
by functoriality, T-equivariant, where the target is equipped with the T-action obtained
from the T-action on R that extends the Cj-action. This action of T on R'“» has the
property that C, CT acts trivially, so that the T-action factors over the residual T/C)-
action on R*“» that we have used several times before. As a result, we get a factorization
of the map ¢, through the homotopy orbits of the Cp-action on R in the oo-category of
Eo-ring spectra. Writing R=THH(A) as the tensor of A with T in the oo-category of
Eo-rings, these homotopy orbits are the tensor of A with T/C, =T in the oo-category
of Eo-rings. Thus, they are equivalent to THH(A) itself, in a T=T/C)-equivariant way.
In total, we get a T-equivariant map of E,,-rings

@: THH(A) — THH(A)!“>.
It follows from the construction that it sits in a commutative diagram of E,.-rings

A— ,THH(A)

[

(A®..®@A)tC —— THH(A)*">,

so it must by Corollary IV.2.3 agree with ¢,,.
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IV.3. Loop spaces

Finally, we will recover some specific computations using our formalism. We start with
the historically first computation, namely Bokstedt—Hsiang-Madsen’s computation of TC
for suspension spectra of based loop spaces. Recall that, for any connected based space
(Y, %) €S,, the (based) loop space QY is an Ej-group in the oco-category of spaces.(*°)
As ¥2°: §—Sp is symmetric monoidal with respect to x on & and ® on Sp, this implies
that its suspension spectrum

S[QY] =22V

is an E;-algebra in spectra.(3%) Thus, we can form the cyclotomic spectrum THH(S[QY]).
The first goal is to identify this spectrum with its cyclotomic structure explicitly. This
is Corollary IV.3.3 below.

By definition, THH(S[QY']) is the geometric realization of the cyclic spectrum

(=7)® ®
SE, — Sp, — Sp.

a

N(AOP)V—O>N(ASS® ) ave

act

As ¥¢° is symmetric monoidal and preserves colimits, we can write this as X% of the

geometric realization of the cyclic space

BYQY: N(AP) Vs N(AssE,) 71 88, %55,

act act

In order to identify the geometric realization of this space, we first need an auxiliary
result. We formulate this slightly more generally.

For an E;-monoid M in &, we denote the analogue of THH by B“°M. This is, as
in the case QY above, given by the geometric realization of the cyclic bar construction
B&°M and admits a canonical T-action; see Proposition B.22 in Appendix B.

LEMMA IV.3.1. Let M be an Eq-monoid in spaces.
(i) The cyclic bar construction BY°M admits a canonical T-action and a canonical
T-equivariant map
¢p: BYCAM — (chcM)th
for every prime p.

(ii) There is a commutative diagram

M——'  Boe)f

I |-

(M x...x M)"Cr — 5 Beve N fhCy

(3%) Conversely, any Eq-group is of this form: the category of Eq-groups in spaces is equivalent to
connected based spaces; cf. [69, Lemma 7.2.2.11].
(36) We prefer the notation S[2Y] to emphasize the role as group algebra.
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where the upper horizontal map is the inclusion of M into the colimit and the lower
horizontal map is induced from the inclusion of the [p]-th object into the colimit.

(iii) Upon taking the suspension spectrum, the map 1, refines the cyclotomic struc-
ture of THH(S[M])=XB%¥°M, in the sense that there is a commutative diagram

EiOBCyCMghp 2 (BYCM"Cr)

|- |

(EiochcM)th ,can (EiochcM)th.

Proof. The existence of the T-action on B¥°M follows immediately from the results
in Appendix B. Thus, we have to construct the “cyclotomic structure” on BY°M and
show the compatibility. To this end, we just repeat the steps in the construction of
the cyclotomic structure on THH; see §II1.2. We replace every occurrence of the Tate
diagonal by the space level diagonal M — (M x...x M)"“». More precisely, we want to

construct a map of cyclic objects

C3 CZ

N @)
=M == M= M (16)

N

S S e = (),
J U

03 C2

where the bottom cyclic objects is constructed as the one involving the Tate construction
in §II1.2. Thus, analogous to the construction there, this follows from the fact that there
is a natural BC)-equivariant transformation from the functor

I N(Free(;p) XN(Fin)S® — 8% 48

act act

to the functor

~ _hep
Hy: N(Freec, ) % n(pin) S&y — (8&,) B¢ 25 88 — 758

B
act)

This transformation exists, because the analogue of Lemma II1.3.7 is true for the func-
tor I': it is initial among all lax symmetric monoidal functors N (Freec, ) X n(rin)S—S.
This follows from the combination of the argument in the proof of Lemma I11.3.7 and the
fact that the identity S—& is initial among all lax symmetric monoidal endofunctors;
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see [81, Corollary 6.8 (1)]. This proves part (i) and part (ii). For the third part, we claim

that there is a comparison of maps of cyclic spectra, between the suspension
BB M — ((SB) 7)) Cr

of the map (16) and the map
SEBYOM — ((BFBY)9P))

that leads to the cyclotomic structure on THH(S[M]) as a map of cyclic spectra. Clearly,
there is a natural comparison map between the targets given by the canonical map from
homotopy fixed points to the Tate construction. Thus, we have to compare two differ-
ent maps from N°BYCM to ((X°BY€)®P))iC . Both arise as lax symmetric monoidal
transformations from the functor

1" N(Freecp) X N (Fin) S® — S®

act act

58— Sp
to the functor

tC.
)BCP &)SBCP _>SpBCp i)s

act act

fpl N(Freecp) X N (Fin) S® — (S®

Then, the claim follows since the functor I” is initial among lax symmetric monoidal func-
tors N(Freec, ) X n(rin)S —Sp. This follows again with the argument of Lemma III1.3.7
and the fact that the suspension spectrum functor S—Sp is initial, as shown in [81,
Corollary 6.9 (2)]. O

In the case where M =QY is the loop space of a connected based space Y, one can
identify B®°M with the free loop space LY =Map(S!,Y) of Y.

ProrosITION 1V.3.2. Assume that M=QY is the loop space of a connected base
space Y.

(i) There is a natural T-equivariant equivalence
BY°M ~ LY = Map(S',Y),

where T acts on LY through its action on S*.
(ii) Under the equivalence B¥°*M~LY , the T=T/C,-equivariant map

T,Z)p: BYCM —s (chcM)th

is identified with the T=T/C)-equivariant map LY —LY"®» induced by the p-fold cov-
ering S'—S*.
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Proof. This is a classical fact; see e.g. [67, Theorem 7.3.11]. We give a direct proof
in our language.

First, we note that the functor x: S&, —& (which sends a lists of objects (X7, ..., X,,)
to the product [], X; in S) extends to a functor x:S®—S. This extension is called a
cartesian structure by Lurie (see [71, Definition 2.4.1.1]) and exists by construction of
cartesian symmetric monoidal oco-categories [71, Proposition 2.4.1.5]. Note that this
extension does not exist for general symmetric monoidal co-categories.

Now, we construct a canonical, T-equivariant map ¢: B¥°QY — LY. By adjunction,
such a map is the same as a map ¢’: B¥°QY x S' =Y. Since the map ¢ is supposed to be
T-equivariant, the map ¢’ has to be T-equivariant for the diagonal action on the source
and the trivial action on the target. But such a map is the same as a non-equivariant
map ¢”: BY°QY —Y. Now, using the fact that S is an oco-topos, we can realize Y as the
geometric realization BY of the bar construction of QY i.e. the simplicial object given

by the composition

®
B.QY: N(AP) 2% N(Ass®) 2 8% X5 5.

Here, the first map Cut is given by the functor sending [n]€A to the set of cuts of [n] as

described in Appendix B. Now, we claim that there is a map j*B&°QY —B.QY, where

j: A°P — A°P is the natural functor; see Corollary B.2 in Appendix B. This natural map

is induced from a natural transformation in the (non-commutative) diagram

N(A%P) —2 5 N(Ass®)

N

N(AP) s N(AssZ,).!

To understand the construction of the transformation, we first note that the counter-
clockwise composition in the diagram is given by the functor that sends a finite ordered
set S€A°P to the set Cut(S),, which is obtained from Cut(S) by forgetting the existing
basepoint and adding a new disjoint basepoint. This fact follows directly from unfolding
the definitions given in Appendix B: the functor j sends a linearly ordered set S the
linearly ordered set Zx.S (with lexicographic order), the functor —° sends this to the
set of non-empty cuts, and then the last functor V takes the quotient by the Z action
which means that two cuts are identified if they differ by an integer. Therefore, we can
shift any cut into S=S5x0C;(S), and thus obtain the set Cut(S) of cuts of S in which
the cuts @IS and SUQ are identified by definition. The last functor then only adds a
disjoint basepoint.



ON TOPOLOGICAL CYCLIC HOMOLOGY 349

Now, the transformation in question is given by the canonical map Cut(S),—
Cut(S). Informally the map j*B&°QY —B.QY is given by the morphism of simplicial

objects

QY XQY X QY = QY xQY =3 QY

A

gQYxQYE%QY:;pt,

in which the first factor in the upper lines corresponds to the old basepoint [SU@] in
Cut(S).. After realization, the map j*B&°QY —B.QY gives us the desired map ¢”, and
thus also the T-equivariant map ¢: BY°QY — LY.

In order to show that the map ¢ is an equivalence in the oco-category of spaces, we
try to understand the fiber of the map ¢”: [ B¥°QY|—|B.QY|~Y. As a first step, we
consider the sequence pt, —Cut(S), —Cut(S) of functors from A°P— N(Ass®), where
the first term is the constant functor and the first map is given by sending pt to the old
basepoint [SU@]€Cut(S). The composition is given by the trivial map. This sequence
gives rise to a diagram

(QY). — BPQY — B.QY

of simplicial spaces, where the first term is the constant simplicial space on QY and the
first map is given by the inclusion into the first factor (in the ordering chosen in the
displayed diagram (17)). The compositon of the two maps comes with a chosen nullho-
motopy induced from the fact that the composition pt, —Cut(S) is trivial. With this
structure, the sequence (2Y).—B&¥°QY —B.QY is a fiber sequence in the oo-category
Fun(NA°P S) of simplicial spaces. By construction, the map ¢ induces a comparison
from the realization of this fiber sequence to the fiber sequence

QY — LY —Y

in §. Thus, in order to show that ¢ is an equivalence, it suffices to show that the
realization of the simplicial fiber sequence (QY),— B&°QY — B.QY is a fiber sequence
in the co-category S. There are criteria in terms of model categories to check this, which
can be used to prove this fact (see e.g. [2]), but we want to give a direct co-categorical
argument.

We start with the following general observation: consider a fiber sequence of (pointed)
simplicial spaces X.—Y.— Z. such that Y. and Z, are groupoid objects in §. That means
that, for each partition [n]=SyUS; such that SyNS; consists of a single element s, the
canonical map Y, =Yg, Xy, Ys, is an equivalence, and similarly for Z.; see [69, Defini-

tion 6.1.2.7]. We claim that, in this situation, the induced map from |X.| into the fiber
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F of the map |Y.|—|Z.

To see this, we use that, since S is an oo-topos, the groupoid objects Y. and Z, are

is (—1)-connected, i.e. an inclusion of connected components.

effective. This means that the associated augmented simplicial objects Y," and Z, aug-
mented over the geometric realizations, are Cech nerves. Concretely, that means that the
canonical map Y,,—Y1 X|y,|... X|y,| Y1 is an equivalence for every n, and similarly for Z..
Recall that we denote by F' the fiber of the map |Y,
with taking fibers, we deduce that, for each n, the induced map

. Since pullbacks commute

—|Z.

X, —XiXp..xpX;

is an equivalence. We conclude that X, is the Cech nerve of the map Xo— F. Thus, the
—F is (—1)-connected by [69, Proposition 6.2.3.4].

In our situation, it is clear that BG. is a groupoid object. It is straightforward

map |X.

to check that B¥¢ is a groupoid objects as well (in fact, it is equivalent to the inertia
groupoid of BG.). Thus, we know that the map from QY =|QY,| to the fiber F of the map
|BYeQY |—|B.QY| is (—1)-connected. Therefore, it suffices to check that it is surjective
on my. We already know that the composition QY — F—|B¥°QY| is surjective on o,

since it is the inclusion of the bottom cell into the geometric realization. Thus, it is

enough to show that mo(F)—7o|BY°QY | is injective. Using the long exact sequence
m[BYQY | L 11 [B.QY | — mo| F| — mo[BYeQY,

this follows from the surjectivity of f which is a consequence of the fact that the simplicial
map B¥°QY — B.QY admits a section. This section can be constructed explicitly. We
can, without loss of generality, replace QY by a strict topological group, and then write
down the section in the simplicial diagram (17). We leave the details to the reader.

For part (ii), we need to identify two natural T=T/Cp-equivariant transformations
LY — LY"% =Map(S*, V)" = Map(S'/C,,Y) ~ LY,

i.e. equivalently two natural T-equivariant maps LY —LY. Such a map is the same
as a non-equivariant map LY —Y. Since the map is natural in Y (in pointed maps),
we can use the fact that LY =Map,(S!,Y) and Y=Map,(pt,,Y) together with the
Yoneda lemma to see that such maps are in bijective correspondence with pointed maps
pt, —S1. There are up to equivalence two such maps: the map which hits both connected
components and the map which sends both points to the basepoint in S!. The first
map leads to the map LY —LY"C" as stated, and the second map leads to the map
LY — LY"C» which sends every loop in Y to the constant loop at the basepoint of Y.
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We have to rule out the second possibility. By Lemma IV.3.1, we have a commutative
square
QY ——— LY
J{A pr
(QY)*P)hCr s [YhCp,

The upper map is given by the canonical inclusion, since, in the equivalence BY°QY ~ LY,
this corresponds to the inclusion of the bottom cell of the simplicial diagram B®Y°¢Q,Y".
The lower line is also equivalent to the inclusion QY — LY under the obvious identifica-
tions, as one sees similarly. Under these identifications, the left-hand map corresponds
to the identity map QY —QY. As a result, the map LY —LY"®» =LY cannot be the
trivial map which sends every map to the constant map. Thus, it has to be equivalent
to the identity which finishes to proof. O

Now, we can prove the first result about the structure of THH(S[QY]), for ¥ a
pointed connected space.

COROLLARY 1V.3.3. There is a natural T-equivariant equivalence
THH(S[QY]) ~¥°LY,

where LY =Map(S',Y) denotes the free loop space of Y with its natural T-action. Under

this equivalence, the T-equivariant map
¢p : THH(S[QY]) — THH(S[QY])Cr
s giwen by the composite
YRLY — (EPLY)"Cr — (R LY )1,

where the first map is induced by the map LY — LY coming from the p-fold covering

St — 81, and the second map is induced by the projection —"Cr ——tCr.

Proof. This is immediate from Lemma IV.3.1 and Proposition IV.3.2. O

In particular, in this case, the Frobenius map X —X*“» factors over X"C». More
generally, we say that a Frobenius lift on a p-cyclotomic spectrum (X, ;) is a Cpeo-
equivariant factorization of the morphism ¢,: X —X tC» as the composite of a map
Pp: X — X" and the projection X"Cr — XtC».

Recall that if X is a p-cyclotomic spectrum which is bounded below, then

TC(X)) =TC(X)) =TC(X), p).
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In order words, the p-completion of TC(X) can be computed in terms of XpA as either
TC(X,') or TC(X}', p); this follows from the discussion in §I1.4. Note also that in this

case the Cpe-action on Xé\ extends automatically to a T-action.

ProrosiTiON 1V.3.4. For a bounded below p-complete p-cyclotomic spectrum X
with a Frobenius lift P X — X" we obtain a pullback square of the form

TC(X) —— SXpp
[,
X

X.
Proof. We have a pullback diagram
TC(X,p) 0

L |

X hT id-2y xhT can"’ (XtCr)hT

id &,

by Proposition I1.1.9 (which states that the outer square can be extended to a pullback),
and the factorization of the lower maps by assumption. Now, we take the pullback of

the right-hand square and claim that we obtain a diagram of the form

TC(Xa p) X Xpr 0
Lo b
bt % xhT _can™ (XtCr)hT

in which all squares are pullbacks. As TC(X)=TC(X,p), it remains to see that the fiber
of the map X"T— (X*“»)T is given by ¥ X}, which follows from Lemma I1.4.2. Thus,

we get a pullback square of the form
TC(X) —— XXt
X hT -2 XhT
Then, the proposition is implied by the next lemma. O

LEMMA IV.3.5. For every p-complete p-cyclotomic spectrum X with a Frobenius
lift @p: X —X"Cr | the commutative square

id —gpT

Xh']I‘ Xh’]I‘
| .. ]
X—X

s a pullback of spectra.
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Proof. Note that the T=T/C)p-equivariant map @,: X —X hCp is equivalently given
by a natural transformation v, of functors BT — Sp from X f,: BT —BT—Sp to X: BT—
Sp, where f,: BT— BT denotes the map induced by the degree-p selfmap of T. Under
GhT. xhT

this identification, the map ¢, — X"7T is given by the composite

limBT ’Lllp

f»
XhT (Xofp)hT XhT,

where lim gt 1/)1,:1/1;"]?. Now, we use that, for any functor Y: BT—Sp, one can write

Y"T=limY and BT=CP>= U cp»
BT -

as the inverse limit
Hm, cpr

where one has natural fiber sequences for all n>0,

Oy — limY — lim Y,
cpn cpn-1
where we also write Y for the underlying spectrum. The map f,: BT —BT can be
modelled by the map raising all coordinates to the pth power on CP*°, and preserves
the skeleta CP™. Thus,
[ XM — XM

is an inverse limit of compatible maps
fpilim X — lim X,
cpr cPn

which are homotopic to multiplication by p" on the homotopy fibers Q"X (as f, is a
map of degree p"™ on CP™). It follows that the composite map

~ fo
(’DZ’H‘:X}L’H‘ 2y (Xof,)hT Yo xhT

is an inverse limit of maps on limgpn X, and it is enough to show that id —@ZT induces
homotopy equivalences on all homotopy fibers Q27X for n>1. But, by the above consid-
erations, {EZT is the composite of f; and limpr ¢, and therefore is divisible by f;=p™ on
02" X, which implies that id —@ZT is a p-adic homotopy equivalence on Q2" X for n>1
(as can be checked after smashing with S/p, where the map becomes homotopic to the

identity), and thus a homotopy equivalence (as X is p-complete). O

In particular, we recover the computation of TC(S[QY]), as given by Bokstedt—
Hsiang-Madsen.
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THEOREM IV.3.6. For a connected based space Y, we have a pullback square

TC(S[QY]) —— S(SFLY )pr

| b

NRLY — 2 oLy,

after p-completion.

Note that there is a further simplification of this pullback square that has been
made in [22].(*7) In particular, Proposition 3.9 of this article states that, for a simply

connected space Y, the further square

-
SRLY — s NRLY

J (17~ J

pey TP sy

is also a pullback square after p-completion. Combining this with Theorem IV.3.6, they
obtain that

TC(S[QY]) XY @fib(ev o tr).

Our results actually imply a related result concerning the Segal conjecture for loop spaces.
This generalizes a theorem proven by Carlsson in [26] for finite, simply connected CW

complexes.

THEOREM IV.3.7. Let Y be a simply connected based space, and regard
Y°LY =THH(S[QY])
as a cyclotomic spectrum. Then, the Frobenius
0p: SPLY — (R LYt
is a p-completion. Thus, for every cyclic p-group Cpn CT the induced map
(EPLY)" — (LY )"

is a p-adic equivalence.

(37) We thank John Rognes for making us aware of this reference.
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Proof. The second assertion follows from the first one, by Corollary 11.4.9. Thus, we
have to prove the first one. To this end, we write (as in the proof of Proposition IV.2.2) the
circle T as the homotopy colimit of discrete sets T~colimaopr S,,. Then, we obtain that the
free loop space LY is given by the limit of a cosimplicial space [n]—Map(S,,,Y)~Y "1
If we replace the simplicial circle by its p-fold edgewise subdivision, then we similarly get

(n+1)

an equivalence LY ~lima Y? . Now, we claim that the suspension spectrum functor

preserves these limits, i.e. that we have an equivalence
YXLY o~ hgn(szy)@p(““).

To see this, we claim more precisely that the fibers in the associated tower of this cosim-
plicial spectrum become highly connective. This is proven by Kuhn in [63], and uses that
Y is simply connected. See also [73, §2.5] for a short discussion.

It follows that this limit also commutes with the Tate construction —¢

»: indeed, for
the —"C» part, this is clear, and for the —nc,-part it follows from the connectivity claim.

Therefore, in addition to the equivalence
YOLY o~ 1%11(2301/)@("“)
from above (taking p=1), we get the identification
(555 LY )" s lign (5357 ) 27 0) o

Now, under these identifications, the map ¢, is given by the limit of the Tate diago-
nals A,. Thus, the claim follows from Theorem II1.1.7 and the fact that limits commute

with p-completion. O

IV.4. Rings of characteristic p

Now, we revisit a few results about TC(A) if A is a ring of characteristic p (in the sense
that p=0 in mpA). In particular, we give a complete description of the E-algebra in
cyclotomic spectra THH(HTF,).

We start with the case A=HF,. Our goal is to give the computation of TC(HF),)
using as input only Bokstedt’s description of 7, THH(HF)) as a polynomial algebra. Let
us recall this result.

First, we compute Hochschild homology. Recall that, for a classical associative and
unital ring A, the Hochschild homology HH(A) is the geometric realization of the cyclic
object

L L L
A ALAT A A= A.
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If A is a usual ring which is flat over Z, this is the usual cyclic ring; if A is not flat,
the tensor products need to be derived, and one can define HH(A) more concretely as
the realization of the simplicial object HH(A.) of a simplicial resolution A. of A by flat
Z-algebras.

PrROPOSITION IV.4.1. Let A be a commutative and unital ring. There is a descend-
ing separated filtration of HH(A) with graded pieces given by (/\ZA L a/z)[i], where L,z
denotes the cotangent complex, and the exterior power is derived.

Proof. For every commutative ring A the chain complex HH(A) is naturally associ-
ated with a simplicial commutative ring by definition of the Bar construction. Thus, on
homotopy, we get a graded commutative A algebra which has the property that elements
in odd degree square to zero. Moreover, the T-action equips HH,(A) with a differential

that is compatible with the ring structure. As a result, we get a map of CDGAs
Q%7 — HH, (A)=m, HH(A).

This map is always an isomorphism in degree *<1 and, if A=Z[X,,i€I] is a free (or

smooth) Z-algebra, it is an isomorphism by the Hochschild-Kostant—Rosenberg theorem.

In general, we can choose a simplicial resolution A,— A such that all A, are free Z-

algebras, in which case we filter HH(A.) by the simplicial objects 7>; HH(A.). One

checks that this is independent of all choices, and the graded pieces are by definition

(AaLayz)[il. 0
Moreover, there is a natural map THH(H A)— H HH(A).

PROPOSITION IV.4.2. For any associative and unital ring A, the map
m; THH(HA) — m; H HH(A) = H; HH(A)

s an isomorphism for i<2.

Proof. The truncation in degrees <2 of THH(H A) depends only on

reo(HAS HA® HA) ~ reoH Ay Ay A),
T<1(HAQHA) 27’<1H<A %)Z A),
T<oHA>THA,

which gives the result. O

Now note that Ly, /7, =F,[1] (with canonical generator given by pel/I*=H\Lg, 7, ,
where I=ker(Z—F,)), and A} Ls, /z, =T*(F,)[i]=F,[i] for all i>0, where I' denotes
the divided powers. Thus, Proposition IV.4.1 implies the following computation of
Hochschild homology.
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PROPOSITION IV.4.3. The homology groups of HH(F,) are given by

H,HH(F,) = { Fy, if i>0 is even,
0, otherwise.
Let ue Hy HH(F,) denote the canonical generator. Then, H,HH(F,) is isomorphic to

the divided power algebra in u over F,.

By Proposition 1V.4.2, we have 7 THH(HF,)=0 and = THH(HF,)=F,-u. Now,

we can state the following theorem of Bokstedt.

THEOREM IV.4.4. (Bokstedt) The homotopy groups of THH(HF,) are given by

m; THH(HF,) = { Fp, if 12 0. is even,
0, otherwise.

Moreover, m, THH(HTF),) is isomorphic to the polynomial algebra in u over F,,. O

In other words, mo; THH(HTF,)=F,-u’. This theorem is rather striking in the simple

answer it gives (a priori, it might involve the stable homotopy groups of spheres).

Remark 1V.4.5. We cannot give new insights into the proof of Bokstedt’s theorem,
which is proved by a computation with the Bokstedt spectral sequence using Dyer—Lashoff
operations in an essential way. However, there is a short argument, given in [16] and
[17], deducing it from the following theorem of Mahowald-Hopkins.

(i) The free Eq-algebra in Sp with a chosen nullhomotopy p=0 is given by HF,,.

(ii) Equivalently, one can write HF), as the Thom spectrum of the map

2°8% — Pic(S))
of Eg-groups(*®) induced by the map of pointed spaces
St — BGLy(S)) — Pic(S))

given by the element 1—pem; (B GL1(S)))=Z, noting that Q>S? is the free Eo-group

generated by S'.

(®®) Recall that, if R is an Eco-ring spectrum (often S), G is an E,,-group in spaces and Z: G Pic(R)
is a map of E,-groups, then the Thom spectrum is the E,-ring R[G, Z], which is the twisted form colimg Z
of the group ring R[G]=R®sS[G], where S[G]=XG. For example, if G is discrete, this is given by
R|G,I]= T4, where Z, are invertible R-modules with Z, ® g Z, =27, , so that one can make R[G,Z]
geG+g g g g
in the obvious way into a ring.
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In order to compute TC(HTF,), the most important ingredient is THH(HTF,)"T. Note

that there is a convergent spectral sequence
EY = H(BT,7_; THH(HF,)) = 7_;_; THH(HF,)""

(as usual, in cohomological Serre grading). Here, by Bokstedt’s theorem (and because
BT=CP® is even), all contributions are in even total degree, so the spectral sequence will
necessarily degenerate. In particular, it follows that 7, THH(HF,)"T —7, THH(HTF,) is

surjective, and there are elements
@€ m THH(HF,)"" and ve€r_, THH(HF,)"

projecting to u€my THH(HF,) and the natural generator of H?(BT, o THH(HF,))=F,
that pulls back to the orientation class of CP', respectively.

To compute 7, THH(HF,)"™, it remains to understand the extensions. This can
actually be done by hand.

PROPOSITION IV.4.6. The homotopy groups of THH(HF,)"T are given by

m; THH(HF,)"" = { Ly, if i is even,
0, otherwise.

More precisely, for i>0,
7o THH(HF,)"" =Z,,-@'  and m_o THH(HF,)"" =7Z,-v",
and one can choose @ and V, so that uwv=pemg THH(HIFp)hT. Therefore,
7 THH(HF )" = 7, (i, v]/ (v —p).
Proof. We use that the spectral sequence
EY = H(BT,7_; THH(HF,)) = 7_;_; THH(HF,)""

is multiplicative. (As it degenerates at Fs, no subtleties regarding the multiplicative
structure on the spectral sequence arise.) By Lemma IV.4.7 below, the image of pe
7o THH(HTF,)"T, which necessarily lies in the first step of the abutment filtration, maps
to the class

wv e Ey~% = H*(BT, m, THH(HF,)) =F,.

By multiplicativity, this implies that, for all i>1, the image of p'€my THH(HF,)"T,

which lies in the ith step of the abutment filtration, maps to the class

u'v' € By" 7% = H* (BT, mp; THH(HF,)) =F,,.
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In particular, the powers of p hit all contributions to total degree zero, so

mo THH(HF,)"" =7Z,.
Multiplying by powers of #, resp. v, we get the given description of all homotopy groups.
Changing @ by a unit, we can then arrange that av=p. O

LEMMA IV.4.7. The image of pemo THH(HF,)"T in H*(BT, 7> THH(HF,)) is given
by uv.

Proof. The statement depends only on 7<o THH(HF,)~7<oH HH(F,). Thus, it is

enough to show that the image of
p € Ho(r<o HH(F,))""

in H?(BT,Hs;HH(F,))~F,-uv is uwv. This is a standard computation in Hochschild
homology, so we only sketch the argument.

It is enough to prove the same result for the image of p in Hy lim¢p: (7<2 HH(F,)),
noting that H?(BT, H, HH(F,))=H?*(CP', H, HH(F,)). But we can understand the
CP'-spectrum 7<o HH(F,). In fact, the truncation in degrees <2 is equivalent to the
truncation by the second filtration step in the filtration of Proposition IV.4.1. For a
general commutative ring A, the quotient HH(A) of HH(A) by this second filtration step
is an extension

L/z[1] — HH(A) — A,
and its CP!-structure is given by a selfmap

FH(A) — HH(A)[-1].

If A is smooth over Z, this selfmap factors for degree reasons as
HH(A) — A— Q) ;, — HH(A)[-1];

here, the middle map can be checked to be the derivative. By left Kan extension, this

shows that, in general, the selfmap is given by

HH(A) — A—1L4/z — HH(A)[-1].

Also note that

lim HH(A) = ib(HH(A) — HA(4)[-1)).

Applying this to A=F, (where HH(F,)=7<2 HH(F,)) shows that

HO (%:HP;% HH(IFP) = (Fp — ]L]Fp/z).
It is a standard computation in commutative algebra that the map F, =L, 72 (F,-u)[1]
is given by the extension Z/p?Z, with p mapping to the generator u. This finishes the
proof. [
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Now, it is easy to compute m, THH(HTF,)!T, which forms another ingredient in
TC(HF,).

COROLLARY 1V.4.8. The homotopy groups of THH(HF,)T are given by
7. THH(HF,)'T =7, [v*].
In particular, for all even i1€Z, the map
7 THH(HF )" =27, — 7, THH(HTF,)"" = 7,

is injective. If i<0, it is an isomorphism, while if i=25>0, it has image p'Z,.

Proof. There is the Tate spectral sequence
EY =n_;(x_; THH(HF,))"" = 7_;_; THH(HTF,)'",

which is again multiplicative, and concentrated in even total degree. Comparing with
the spectral sequence for THH(H Fp)mr, we get the result in negative homotopical degree.

Using multiplicativity, the result follows in positive homotopical degrees. O

Interestingly, we can also identify the Frobenius map
o THH(HF,)"" — THH(HF,)"",

up to scalars.

PROPOSITION 1V.4.9. For all even i€Z, the map
miphT i THH(HF,)"T 27, — m THH(HF,)' > 7,

1s injective. If =0, it is an isomorphism, while if i=—2j<0, the image is given by
VI,

Proof. As tv=p and the map is multiplicative, it follows that the maps must be
injective, and that they are isomorphisms either in positive or in negative degrees. As-
sume that they are isomorphisms in negative degrees. Then, we look at the commutative
diagram

hT

o THH(HF,)"® ——2", & ) THH(HF,)*T —— r_, HF'!

| | |

7y THH(HF,) ——2* s x_, THH(HF,)!Cr — > n_, HF,?.
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Note that the lower-left corner is equal to zero, so, if the upper-left arrow is surjective,
then the map
Zypv=m_o THH(HF,)"" — 7_o HF"» =T,

must be zero. But v maps to a non-zero class in W,QHIF;T, by construction, and this

el
class maps to a non-zero element of m_s HF, *. O

COROLLARY IV.4.10. The homotopy groups of TC(HF,) are given by

Zp, if i=0,—1,

0, otherwise.

7 TC(HF,) = {

In particular, this implies that THH(HF,) is a T-equivariant 7> TC(HF,)=HZ,-
algebra, and the Frobenius map

¢p: THH(HF,) — THH(HTF,)!°"

is a T=T/Cp-equivariant map of E..- HZ,-algebras.

Proof. Note that HIF,, is p-complete, so TC(HF,)=TC(HF,, p), which is p-complete,

so there is a fiber sequence

can 7@2'[

TC(HF,) — THH(HF,)"" ——— THH(HTF,)"".

The second and third term have only even homotopy groups, so we get exact sequences

can —cpZT

0 — ma; TC(HTF,) — m9; THH(HT,,)"" To; THH(HT,)'"

—> T2i—1 TC(HFP) —0.

But if i£0, then the middle map is the difference of an isomorphism and a map divisible
by p between two copies of Z,; thus, an isomorphism. For ¢=0, we must have @ZT:id,

as everything is a Z,-algebra. The result follows. O

Remark 1V.4.11. Note that the map ¢,: THH(HF,)"T - THH(HF,)!" can be ex-

tended uniquely to a map of E..-rings

hT

(THH(HT,)")[p~ ] ~ THH(HF,)" [p~!] LN THH(HF,)" [p~]

by inverting p in the source, which also inverts v. The homotopy groups of these spectra
are given by the ring Q,[v*!]. This is the “meromorphic extension” used on the level of
homotopy groups by Hesselholt in [46, Proposition 4.2].
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In fact, we can now completely identify THH(HTF),) as an E-algebra in cyclotomic

spectra. For this, we use the following formulas for T-equivariant chain complexes.

LEMMA 1V.4.12. The following natural transformations of functors D(Z)ET —D(Z),

induced by the respective lax symmetric monoidal structures, are equivalences:

XhT®Zh'ﬂ‘Z —)X,
XhT®ZhT Z'T —s AXtT7

X @0 21 — X1 pn>1.

Proof. For the first, note that Z is compact as Z"T-module, so the left-hand side
commutes with all limits, so, using Postnikov towers, we may assume that X is bounded
above, say coconnective. Then, the left-hand side commutes with filtered colimits and is
exact, so it suffices to consider the statement for X =7, where it is clear.

Now, for the second, note that by Theorem 1.4.1, it is enough to check that the
homotopy fiber of X T ® pyznz HZ!'™ — X"T commutes with all colimits. But this follows
from the first, noting that the homotopy fiber XZyr of Z" —Z!T is a filtered colimit of
perfect complexes.

For the third, note that by Lemma 1.4.4, one has an equivalence of chain complexes
ZtCn ~7'T /n. In particular, Z!" is a perfect Z!T-module. Thus, —®ym Z!“" commutes
with all limits and colimits. By Lemma 1.2.6, we may then assume that X is bounded,
or even that X is a flat Z-module concentrated in degree zero. Then, it follows from a
direct computation. O

We can now prove the following corollary.

COROLLARY 1V.4.13. The T-equivariant map of Eo-algebras HZ,—THH(HF,)

induces a T/Cp-equivariant equivalence of Eoc-algebras
HZ!P» ~ THH(HF,)"“".

In particular, m, THH(HTF,)!% =F,[v+1].

Moreover, the T=T/C,-equivariant map of Eo,-algebras
¢p: THH(HF,) — THH(HTF,)!“"

identifies THH(HT,) with the connective cover 7o THH(HT,)!» :T>0HZ;CP.

Proof. Using Lemma IV.4.12, we see that

THH(HTF,)'» ~ THH(HF,)" /p,
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which implies that 7, THH(HF,,)!“» ~F,[v*!]. This is also the homotopy of H Z;,C’), and
any graded ring endomorphism of F, [v*1] is an isomorphism.

For the second claim, it is enough to show that
Tupp: 1 THH(HTF,) — 7. THH(HT,,)'“>

is an isomorphism in non-negative degrees. But this follows from the commutative dia-

gram
hT
THH(HF,)"" —* THH(HF,)""
THH(HF,) —~— THH(HF,)!C»,
and the explicit descriptions of the other three maps. O

This last corollary can be used to identify THH(F),) as an E-cyclotomic spectrum as
follows. First note that, for every spectrum X, there is a cyclotomic spectrum X "1V whose
underlying spectrum is X equipped with the trivial T-action and the Frobenius given by
the T-equivariant composition X — XCr Z2%5 XtCr where the first map is pullback along
BC,—pt. For example, S"V is the cyclotomic sphere, cf. Example I1.1.2 (ii). Another
way of writing X"V is as the X-indexed colimit of the constant diagram in cyclotomic

spectra with value the cyclotomic sphere. This shows the following statement.

ProOPOSITION 1V.4.14. There is an adjunction
—tiv: Sp 7= CycSp:TC.

The computation of TC(HF,) shows that there is a map HZ,—TC(HF,) which
then, by adjunction, induces a map of cyclotomic spectra

HZY"Y — THH(HF,).

Construction IV.4.15. Let X be a connective cyclotomic spectrum. We construct a
new connective cyclotomic spectrum sh, X as follows:

The underlying spectrum of sh, X with T-action is 750(X*?) (where as usual this
carries the residual action). This spectrum is p-complete, thus the Frobenius maps ¢; for
l#p are zero as the target is zero. The Frobenius ¢, is induced by the initial Frobenius,
which we interpret as a map X —750(X'“?) (since X is connective) by applying the
functor 750(—'“7) which commutes with itself.

The cyclotomic spectrum sh, X comes with a natural map X —sh,X of cyclotomic
spectra induced by (.
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COROLLARY 1V.4.16. In the diagram induced from the map HZ;,“V%THH(FP) of
cyclotomic spectra
HZ{" — 5 THH(F,)

J |

shy, HZ!Y —=— sh, THH(F,,),

the right and the lower map are equivalences of Es-cyclotomic spectra, i.e.
THH(F,) ~ sh, (HZ').

In other words, the cyclotomic E-ring THH(HF,) is given by 7>0H Z;C’) with its
remaining T=T/Cp-action, and the Frobenius ¢, is given by realizing 7>¢H Zf,c” as the
connective cover of

(rooHZy )" = HZY”,

where the equality follows from the Tate orbit lemma (or the first part of the corol-
lary). From this, one can deduce that one can choose @€m THH(HF,)"T and ve
m_o THH(HF,)"" such that dv=p and @}"(v)=pv. In particular, this shows that the
constants A, in [47, Proposition 5.4] can be taken as 1. Indeed, by Corollary I1.4.9, we
see that, for all n>1,

tCpn+1

THH(HF,)“" ~ 150 THH(HF,)"“" ~150HZ, :

and all maps become explicit.

Remark IV.4.17. A consequence of Corollary IV.4.13 is that H Z;CP =HZ7!°» admits
an E-HIF-algebra structure. Is there a direct way to see this, and is this also true if p
is not a prime?

As a word of warning, we note that this HIF,-algebra structure on H Z;,C" is incom-
patible with its natural HZ,-algebra structure. In fact, there are at least three different
maps of Ee-algebras HZ,—HZY": The natural one via HZ,—HZ1."? —HZY" the

Tate-valued Frobenius, and the composition HZ,— HF,—H Z;C” .

Now, finally, let A be an Es-algebra of characteristic p, i.e. p=0 in mA. Fixing
a nullhomotopy from p to 0, we get that A is an E,-HF,-algebra, by Remark IV.4.5.
Then, THH(A) is a module spectrum over THH(HT,) compatibly with the cyclotomic
structure. In particular, THH(A) is a module over 750 TC(HF,)=HZ,, compatibly with

the cyclotomic structure. This implies that there is a fiber sequence

can 7@,0;;“

TC(A) — THH(A)"T THH(A)'T,
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even if A is not bounded below, as, for HZ-module spectra, the Tate orbit lemma is

always valid. Moreover,
THH(A)" ~ THH(A)"" @ g HZ, = THH(A)" [0 ™'],

by Lemma IV.4.12.

In particular, note that, as v divides p, we have automatically
THH(A)"[p™"] = THH(A)" [p~']
via the canonical map, and so one can regard
@l THH(A)"T — THH(A)""

as a self-map THH(A)!T[p~1]—THH(A)!"[p~!], after inverting p.

Appendix A. Symmetric monoidal co-categories

In this appendix we recall the notion of a symmetric monoidal co-category from [71]
which is used in an essential way throughout the whole paper. We also discuss Dwyer—
Kan localizations of symmetric monoidal co-categories following Hinich [50].

In order to prepare for the definition of a symmetric monoidal oco-category, recall
that Fin, is the category of finite pointed sets. We denote by (n)€Fin, the set {0,1,...,n}
pointed at 0. For i=1,...,n, we denote by o': (n)— (1) the projection sending all elements
to 0, except for i€ (n).

Definition A.1. ([71, Definition 2.0.0.7]) A symmetric monoidal co-category is a
cocartesian fibration
C® — N(Fin,),

of simplicial sets, such that the functor

(Qli)?:lz C(%) B 1—[1 C%

is an equivalence for all n>0.

Given a symmetric monoidal co-category C®, we denote by C :C% the “underlying”
oo-category, and will sometimes, by abuse of notation, simply say that C is a symmetric
monoidal oco-category. Note that, by the condition imposed in the definition, one has
C(‘% ~C™. For a general map f: (n)— (m), the corresponding functor f!:Ca) :C”—)C%ﬂ

C™ is given informally by (Xi,..., X;) €C™ (¢ 1) X;)i€C™.

>2
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Another piece of notation that we need is the “active part” of C®, defined as

C?t =Cc® X N (Fin,) N (Fin),

C

where Fin is the category of finite (possibly empty) sets, and the functor Fin—Fin, is
given by adding an additional base point. By [71, Definitions 2.1.2.1, Definition 2.1.2.3
and Remark 2.2.4.3], this agrees with the definition in [71, Remark 2.2.4.3], noting that
FinCFin, is the subcategory with all objects and active morphisms.

A morphism f: (n)—(m) in Fin, is called inert if, for every 0#i€ (m), the preimage

f71(i) contains exactly one element [71, Definition 2.1.1.8.].

Definition A.2. Let p:C® — N (Fin,) and ¢: D® — N(Fin,) be symmetric monoidal
oo-categories. A symmetric monoidal functor is a functor F®:C® —D® such that p=
goF'® and such that F'® carries p-cocartesian lifts to g-cocartesian lifts.

A lax symmetric monoidal functor is a functor F®:C® —D® such that p=¢o F'® and
such that F'® carries p-cocartesian lifts of inert morphisms in N(Fin,) to g-cocartesian
lifts.

For a given (lax) symmetric monoidal functor F®:C® —D® we will write
F:= (F®)<1>:C—>D

and refer to it as the underlying functor. Abusively we will very often only say that F'is a
(lax) symmetric monoidal functor. The co-category of lax symmetric monoidal functors
is denoted by Funi,y(C,D) and defined as a full subcategory of Funpy(gin,)(C%¥, D¥).

Similarly, we denote the full subcategory of symmetric monoidal functors by
Fung (C, D) C Fun«(C, D).

Remark A.3. Lax symmetric monoidal functors are the same as maps between the
underlying oo-operads of symmetric monoidal co-categories; see [71, §2.1.2]. These oo-
operad maps C® —D® are also called C-algebras in D. This is reasonable terminology in
the context of operads, but in the context of symmetric monoidal categories we prefer the
term lax symmetric monoidal functors. But note that a lot of constructions done with

lax symmetric monoidal functors are more naturally done in the context of co-operads.

For the rest of the section, we discuss Dwyer—Kan localizations of symmetric monoidal
oo-categories. Therefore, assume that we are given a symmetric monoidal co-category
C® and a class of edges W CC; in the underlying co-category called weak equivalences.
We define a new class W® of edges in C® consisting of all morphisms in Cffl) lying over
an identity morphism id(,, in N(Fin.) and which correspond, under the equivalence
C® ~C™, to products of edges in W. By definition, the functor C® — N(Fin,) sends

(n) ™
edges in W@ to identities in N (Fin.).
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Definition A.4. We define an co-category C[W ~!]® — N (Fin,) together with a func-
tor i:C® —C[W 1% over N(Fin,) such that i exhibits C[W~1]® as the Dwyer—Kan lo-
calization of C® at the class W® and such that C[W~!]®— N (Fin,) is a categorical
fibration.

The definition determines C[W ~!]® up to contractible choices, therefore we assume
that a choice is made once and for all. We warn the reader that, despite the notation,
we do not claim that in general for the co-category C[W 1% the fiber over (1)€Fin,
is equivalent to the Dwyer—Kan localization C[W ], nor that C[W~1]® — N (Fin,) is a

symmetric monoidal oco-category. However, this will be the case in favourable situations.

PROPOSITION A.5. (Hinich) Assume that the tensor product ®@:CxC—C preserves
weak equivalences separately in both variables. Then the following statements hold:

(i) C[W—11® - N (Fin,) is a symmetric monoidal co-category.

(ii) The functor i:C® —C[W1|® is symmetric monoidal.

(iii) The underlying functor iny exhibits C[W‘l]?}i> as the Dwyer—Kan localization
of C at W.

(iv) More generally, for every oo-category K equipped with a map K— N (Fin,), the
pullback C[W*I]XN(Fin*)K%K is the Dwyer—Kan localization of CXn(rpin,) K —K at
the class of weak equivalences obtained by pullback from W®.

(v) For every other symmetric monoidal co-category D the functor i induces equiv-

alences
Funy, (C(W™'],D) — Fun{’, (C,D) and Fung(C[W '], D) — Fun}} (C, D),

where the superscript W denotes the full subcategories of functors which send W to

equivalences.

Proof. The first three assertions are Proposition 3.2.2 in [50]. The claim (4) follows
immediately from Proposition 2.1.4 in [50], since cocartesian fibrations are stable under
pullback and equivalence can be tested fiberwise. The last assertion follows as follows:

by construction we have that ¢ induces an equivalence
FunN(Fin*) (C[Wil}‘gv D®) — Fun%(Fin* ) (C®a D®)a

thus we only need to check that this equivalence respects functors which preserve co-
cartesian lifts of (inert) morphisms in N(Fin,). But this is clear by the fact that ¢ is

symmetric monoidal and the uniqueness of cocartesian lifts. O

Note that claim (iv) of Proposition A.5 in particular implies that C[W 1], is the
®

Dwyer-Kan localization of Cg/.

We note that this proposition also follows from the meth-
ods that we develop below, which are inspired by but logically independent of Hinich’s

results.
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Remark A.6. Under the same assumption as for Proposition A.5, a symmetric
monoidal Dwyer—Kan localization of C® is constructed in [71, Proposition 4.1.7.4] by dif-
ferent methods. It also satisfies the universal property Fung (C[W ~1], D) i)Fung (C,D).
Thus, the two constructions are equivalent. But we also need the lax symmetric monoidal
statement (iv) of Proposition A.5, which does not seem to follow directly from the con-

struction given by Lurie.

Now, finally, we consider the case of a symmetric monoidal model category M.
Recall that this means that M is a closed symmetric monoidal category, a model category
and the two structures are compatible in the following sense: the tensor functor ®:C xC—
C is a left Quillen bifunctor and for every cofibrant replacement Q1—1 of the tensor
unit 1€C and every cofibrant object X €C the morphism Q1®X —-1® X=X is a weak
equivalence. Note that the latter condition is automatically satisfied if the tensor unit
is cofibrant, which is also sometimes assumed for a symmetric monoidal model category.
See, for example, [52, §4] for a discussion of symmetric monoidal model categories.

In the case of a symmetric monoidal model category M, the assumption of Propo-
sition A.5 is not satisfied since the tensor product ®: M x M— M does not necessarily
preserve weak equivalences in both variables separately. It does however if we restrict
attention to the full subcategory M.CM of cofibrant objects. As a result, we get
that N(M.)[W~=1]® — N Fin, is a symmetric monoidal co-category. The underlying co-
category N(M.)[W~1] is equivalent to the Dwyer-Kan localization N(M)[W ] by a
result of Dwyer and Kan; see [33, Proposition 5.2]. We now prove a similar statement

for the symmetric monoidal version.

THEOREM A.7. Let M be a symmetric monoidal model category.

(1) The functor N(M)[W=1® — N(Fin,) defines a symmetric monoidal co-category.

(2) The functor i: N(M)®— N (M)W Y€ is lax symmetric monoidal.

(3) The underlying functor iy exhibits N(./\/l)[VV_l}fzi> as the Dwyer—Kan localiza-
tion of N(M) at W.

(4) More generally, for every oo-category K equipped with a map K— N (Finy), the
pullback N(M)[W 1@ X N(Fin,) K = K is the Dwyer-Kan localization of

N(M)® XN(Fin*)K__> K.

(5) For every symmetric monoidal co-category D, the functor i induces an equiva-
lence
Funjo (N (M)W '], D) — Funf) (N (M), D),

where the superscript W denotes the full subcategory of functors which send W to equiv-

alences in D.
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(6) The inclusion of the cofibrant objects M.— M induces an equivalence
N(M)[WH® — N(M)[W®
of symmetric monoidal co-categories.

The theorem will follow as a special case of a more general claim about Dwyer—Kan
localizations in families. To this end, we generalize the results given in [50, §2]. For the
next definition, we will need the notion of an absolute right Kan extension. Recall first

that a diagram of oco-categories of the form

X (18)

12X

X’T>Y

is said to exhibit g as a right Kan extension of f along i, if it is terminal in the co-category

I\

X' Y

of all completions of the diagrams

to a diagram as above. Note that diagram (18) does not commute, only up to a non-
invertible 2-cell, as indicated. We say that g is an absolute right Kan extension if, for
every functor p: Y =Y’ to an oco-category Y’, the induced diagram

[

X/ Y/
Py
exhibits pg as the right Kan extension of pf along i.

Definition A.8. Let p: X —S be a cocartesian fibration, where S is an oo-category
equipped with a subset W of edges in X. We say that p is left derivable, if the following
conditions are satisfied:

(1) The morphisms in W are sent to identities by p.

(2) For every morphism s: a—b in S the functor s1: X, — X, is left derivable, i.e. there

exists an absolute right Kan extension Ls; in the diagram

X, — 2 X,
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This means that the morphism X, [W;!]— X,[W, '] is the absolute right Kan extension
of Xo— Xp—Xp[W; '] along X, — X, [W;1].
(3) For every 2-simplex

in S, the canonical morphism Lt o Ls;— Luy of functors X,[W, 1] — X [W!] is an equiv-

alence.

Ezxample A.9. Assume that, for a cocartesian fibration X —.S with a marking W
condition (1) is satisfied, and that all the functors si: X, — X} have the property that
$1(W,) CWp. Then, X — S is left derivable. In this case, the absolute right Kan extension

X, ——— X,

is given by the factorization using the universal property of Dwyer—Kan localizations and
the 2-cell is an equivalence. To see this, we just note that right Kan extension is a right

adjoint to the fully faithful restriction functor
Fun(X,[W ™, X, [W, 1)) = Fun™ (X, Xp[W, 1)) € Fun(X,, X, [W, 1]).

Therefore if a functor s; already lies in the subcategory of functors that preserve weak
equivalences, then the right adjoint does not change it. The same remains true after
postcomposition with another functor, so that it is in fact an absolute right Kan exten-
sion.

For example if we have a symmetric monoidal co-category C satisfying the assump-
tions of Proposition A.5 then C® — N Fin, with the class W® (as defined before Defini-
tion A.4) is left derivable.

Ezxample A.10. Let M and N be model categories and F: M—N a left Quillen
functor. Then the cocartesian fibration X — A! classified by the functor NF: NM— NN
is left derivable for the class of weak equivalences that are given by the weak equivalences
in M and V.

To see this we recall the well known fact, that the derived functor in the sense of
Quillen model categories is the (absolute) right Kan extension. We will give a quick
proof of this. For simplicity we assume that M has a functorial cofibrant replacement,
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i.e. for every X in M there is a cofibrant replacement X.— X that depends naturally
on X. This is not necessary for the statement, but simplifies the proof considerably and
is in practice almost always satisfied, in particular in all our applications. The argument
for the more general case follows the arguments given in [50, §1] or [33, §5].

As a first step we consider the functor
R:Fun(N(M),D) — Fun(N(M),D) and R(G)(X)=G(X.)

for a general co-category D. The functor R comes with a natural transformation R—id

induced from the maps X.— X and if G lies in the full subcategory
Fun"' (N (M), D) C Fun(N(M), D)

then the transformation R(G)— G is an equivalence. In particular R sends the full sub-
category Fun"’' (N (M), D) to itself. Now assume that we are given a functor G with the
property that R(G) lies in Fun" (N (M), D). Then we claim that the morphism R(G)—G
exhibits R(G) as the right Kan extension of G' along N(M)— N(M)[W 1] or said dif-
ferently the reflection of G into the full subcategory Fun'’ (N (M), D) CFun(N (M), D).

To see this we consider the subcategory
Fun'(N (M), D) C Fun(N(M), D))

given by all functors G: NM—D for which RG lies in Fun" (N (M), D). By what we

have said before we have in particular
Fun"’' (N (M), D) C Fun’ (N (M), D).

Now since G lies by assumption in Fun’(N(M), D) it obviously suffices to check that RG
is the reflection from Fun'(N (M), D) into Fun"’ (N(M), D) (since we only need to check
the universal property against objects of Fun" (N (M), D)). But on the subcategory
Fun’(N (M), D) the endofunctor G defines a colocalization with local objects the functors
in Fun" (N (M), D) which can be seen using [69, Proposition 5.2.7.4]. Since this proof
works for all D we see that R(G) is in fact the absolute right Kan extension.

Now we specialize the case that we have considered before to the case where D=
NN[W= and G is the functor NM—NN—NN[W~!]. By the properties of a left
Quillen functor it follows that the functor RG(X)=F(X.):NM— NN [W 1] preserves
weak equivalences. Thus it factors to a functor which is the absolute right Kan extension.
But RG is by definition exactly the left derived functor in the sense of Quillen.
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Example A.11. As a variant of the example before assume that we have a Quillen
bifunctor B: M x M’—N. Then the left derived bifunctor is also the absolute right Kan
extension. This follows as in Example A.10. Thus the cocartesian fibration over Al

classified by B with the obvious notion of weak equivalence is also left derivable.

Ezxample A.12. Let M, N, O be model categories and F: M—N and G: N —O be
left Quillen functors. Then we claim that the resulting cocartesian fibration X —AZ2

classified by the diagram
NN)

R

GF N(O)

is left derivable, where we use the obvious choice of weak equivalences. Since the functors
F, G and GF are left derivable as we have seen in Example A.10, we can deduce that
condition (2) of Definition A.8 is satisfied. To verify condition (3), we need to verify
that the right Kan extension of the composite GF' is equivalent to the compositions of
the right Kan extensions of F' and G. But this is obvious by the formula for right Kan

extensions of model categories.

Example A.13. Let M be a symmetric monoidal model category. We consider the
cocartesian fibration N(M®)— N Fin, and equip it with the class of weak equivalences
W€, as described before Definition A.4. This is left derivable in the sense of Defini-
tion A.8. To see this, we just observe that all the functors in question are a composition
of inert and active maps in N Fin,. For the active maps, we get multi-Quillen functors,
which are left derivable by Example A.11. The inert maps just preserve weak equiva-
lences. It then follows as in Example A.12 that also the compositions are left derivable
and that the derived functors (i.e. absolute right Kan extensions) of these functors

compose. This proves that the cocartesian fibration is left derivable.

Let p: X —S be a left derivable cocartesian fibration. Then, we form the Dwyer—
Kan localization i: X — X [W ~!], which comes with a functor X[W~1]— S obtained by
the universal property. We can arrange for this functor to be a categorical fibration which
we assume from now on. It might be important to recall that, if we choose two different
equivalent categorical fibrations which are equivalent over S, then one is cocartesian if
and only if the other is. This makes the following statement, which is the key result

about left derivable cocartesian fibrations, model independent.

PrOPOSITION A.14. Let p: X —S be a left derivable cocartesian fibration over an
oo-category S. Then, the following statements are true:
(1) The functor X[W~1]—S is a cocartesian fibration.
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(2) For every object a€S, the morphism i,: X,—X[W ™Y, ezhibits X[W~1], as
the Dwyer—-Kan localization of X, at the weak equivalences W,,.

(3) For every morphism s:a—b in S, the associated diagram

X, ——— X,

b s
XW1, — X1,

exhibits s| as the absolute right Kan extension of the composition X, Xy— X[W ™1,

along Xo—X[W™1],. Here, s| is the functor associated with the cocartesian fibration
X[W=1 =S, and the 2-cell is the natural transformation obtained from the functor X —
X[W=1] over S.

Let us first assume this result and draw some consequences, in particular we deduce
Theorem A.7 from it.

COROLLARY A.15. Assume that we are given a left derivable cocartesian fibration
p: X—S.

(1) For every oo-category K with a morphism K—S, the morphism X xgK—
XW 1 xsK—=K exhibits X[W Y xgK as the Dwyer—Kan localization of X xsK at
the edges in X xg K that are mapped to W. Then,

(2) If a morphism s:a—b in S has the property that the functor s;: X,— X pre-

serves weak equivalences, then the functor X — X[W Y] preserves s-cocartesian lifts.

Proof. Since left derivable cocartesian fibrations are clearly stable under pullback,
we can deduce from Proposition A.14 that (X x g K)[W~1]—= K is cocartesian, the fibers
are Dwyer—Kan localizations of the fibers of X xg K — K and the induced functors are
given by right Kan extensions of the corresponding functors for the cocartesian fibration
X xgK—K. Then, the canonical map into the pullback X[W ~!]xg¢K— K, which is
also cocartesian, is a fiberwise equivalence and also compatible with base change. This
implies that it is an equivalence, which proves part (1).

To see property (2), we note that under the assumption that s, preserves weak
equivalences, the (absolute) right Kan extension of s: X, — X, — X [W 1], is given by
the extension using the universal property of X [W 1], as the Dwyer-Kan extension (see

Example A.9 above for an argument). Therefore, we get that the 2-cell in the diagram

X, —>2 X,

| =~ |

XWX,



374 T. NIKOLAUS AND P. SCHOLZE

is invertible. But this implies the claim. O

Proof of Theorem A.7. By Example A.13, a symmetric monoidal model category
NM® N Fin, is a left derivable cocartesian fibration. As a result, we deduce from
Proposition A.14 that the resulting functor NM[W=1]® — N Fin, is a cocartesian fibra-
tion. The fact that it is a symmetric monoidal co-category easily follows from the fact
that a Dwyer—Kan localization of a product category CxC’ at a product class W x W'
is, by the canonical map, equivalent to the product C[W =] xC’[W ~!]. This shows (1).

For (2) we observe that the functor fi: N M%L>—>N M?m associated with an inert
morphism f: (n)—(m) is given, up to equivalence, by product projection, since the inert
morphisms are generated by the o' of Definition A.1. Thus, by the definition of W,
the functor fi preserves weak equivalences. We can now apply (2) of Corollary A.15 to
deduce that i: NM® — NM[W ~1]® preserves cocartesian lifts of inert morphisms. This
shows that it is a lax symmetric monoidal functor.

Assertions (3) and (4) of Theorem A.7 immediately follow from (2) of Proposi-
tion A.15 and (1) of Corollary A.14.

For (5) we first observe that it is immediate that we get, for every symmetric

monoidal co-category C® —8, an equivalence
Funy pin, (NM[W12,08) ~ Funl¥ oy (NME,CP).

In fact, we get such an equivalence for every categorical fibration in place of C®, but we
will not need this extra generality here. Now since the cocartesian lifts of inert morphisms
in NM[W =112 all come from NM (as shown above) we get that the above equivalence

restricts to an equivalence
Funy, (C[W 1], D) — Fun{, (C, D)

as desired.

Finally, to prove claim (6), we make use of the following two observations: first, the
functor NM (W1 5 NM[W~1]® over N Fin, is fiberwise over N Fin, an equivalence,
since it is fiberwise given by products of the functor N M [W~1]— NM[W 1], which is
an equivalence, and secondly it sends cocartesian lifts to cocartesian lifts, i.e. is a sym-
metric monoidal functor. For the latter, we use the universal property of NM.[W~!] to
see that it is symmetric monoidal precisely if the functor NM® — NM® — NM[W ~1®
is symmetric monoidal, which is true by construction of the derived functors (see Ex-
ample A.13). But this finishes the proof, since a functor between cocartesian fibrations
which takes cocartesian lifts to cocartesian lifts and is a fiberwise equivalence is already
an equivalence on total spaces. 0
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Now, we only have to prove Proposition A.14. The main idea is to use descent in
the base S to do this. Therefore, we first give the descent statement for cocartesian

fibrations that we will use.

LEMMA A16. (1) Let X—S be a cocartesian fibration and let S=colim S;, i.e. S
1s the colimit in Cats of a diagram F:I—Cats,. Then, X is the colimit of X xg.5;.
(2) Assume conversely that we are given a diagram I%(Catoo)Al of cocartesian

fibrations X;—S;, so that, for each morphism i—j in I, the square

X, —— X

|

S;—S;

is a pullback. Choose X =colim X;—S=colim S; to be a categorical fibration. Then,

X — S is cocartesian and the canonical maps X;—X X gS; are equivalences.

Proof. We first claim that, for a cocartesian fibration X — S, the base change functor
(Catoo)/s — (Catoo)/X

preserves colimits.(3?) To see this, we use that this functor can be modelled by the strict
pullback functor from the category of simplicial sets over S to the category of simplicial
sets over X (both equipped with the Joyal model structure). This functor preserves
cofibrations and colimits. Since it also preserves weak equivalences by [69, 3.3.1.3], it is
a left Quillen functor, which implies that it preserve all homotopy colimits and therefore
the claim.

Now, if we are in the situation of (1), then we write the identity functor S—S
as a colimit of the functors S;—S in (Caty),s. By pullback along X —S5, we get the
equivalence colim(S; x g X)~ X, as desired.

For (2) we first use that the co-category of cocartesian fibrations over S is equiva-
lent to the functor oo-category Fun(S, Cat,). This equivalence is natural in S, in the
sense that pullback of cocartesian fibrations corresponds to pullback of functors, see
[69, Proposition 3.2.1.4]. Using this translation, we see that we have a family of func-
tors F;: S;—Cats, corresponding to X;—S; such that the pullback of F; along S;—.S;
is given by Fj. Thus, we can glue those functors together to a functor F:S—Cat,
which corresponds to a cocartesian fibration X’—.S. By construction, we know that the
pullback X’xgS;—S; is equivalent to X;—S;. Thus, we can deduce by (1) that X’ is
equivalent to X =colim X;. This shows part (2). O

(3%) This is more generally true for flat categorical fibrations in the sense of [71, Definition B.3.8],
but not for any map between co-categories, since Catoo is not locally cartesian closed.
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LEMMA A.17. Let CCCaty, be the smallest full subcategory of the co-category Catoo
that contains A° and A', and that is closed under all small colimits. Then, the inclusion

CCCaty, is an equivalence of oco-categories.

Proof. This is well known, but for convenience we give a quick proof. First, we note
that the n-simplex A” is in Cats equivalent to the iterated pushout AlUa1U...Upo AL
In particular, all simplicies A™ lie in C. Now we show that C contains all co-categories
represented by finite simplicial sets S. To see this, we use induction on the dimension
of S. But then it suffices, by a further induction on the top-dimensional simplices, to show
that, if S in C, then also SUgan A™€C. But this follows from the induction hypothesis,
since JA™ is of dimension n—1 and A" is in C as remarked above. Now, finally, every
arbitrary simplicial set is a filtered colimit of finite simplicial sets, which finishes the

proof. 0

Proof of Proposition A.14. The proof will be given in two steps: the first part is
the proof of the statement of Proposition A.14 for left derivable cocartesian fibrations
X8 with S=A° and S=A'. In the second part, we prove that, if Proposition A.14
is true for all left derivable cocartesian fibrations over some family S; of co-categories
which are the vertices of a diagram I — Cat.,, then the proposition is also true for all left
derivable cocartesian fibrations over the colimit S=colim; S; in Cat.,. Together, these
two assertions then imply the claim, using Lemma A.17.

In the case S=A’, there is nothing to show. For the case S=A!, we use that
the co-category of cocartesian fibrations X —A! is equivalent to the co-category of dia-
grams ¢: Al —Cat, i.e. functors F': Xo— X for co-categories Xy and X;. The inverse
of this equivalence is given by the mapping simplex construction M (¢)—Al; see [69,
Definition 3.2.2.6]. Explicitly, we have that M(¢) is given by the pushout

id
XO A) X0><A1

]

X; ——— M(9)

of simplicial sets. Since the upper vertical map is a cofibration, this is also a pushout in
the co-category Cata.(19)

Now, to prove the proposition for a given left derivable cocartesian fibration X —Al,
we present it as M(¢)—A! for the associated diagram Xo—X;. Since X —A! is left

(40) This pushout is in fact a special case of a more general statement, namely that the total space
of every cocartesian fibration is the oplax colimit of its classifying functor; see [38].
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derivable, we know that we can find an absolute right Kan extension diagram

X0%X1

~

Xo[Wy ] 5 X (Wi,

In particular, this means that we have a natural transformation h: Xox A — X, [W; 1.
When we denote the lower line of the diagram by ¢, we have an associated mapping
simplex M(¢’). Moreover, we claim that there is a canonical map M(¢)— M (¢') over
S induced by the diagram above. More precisely, we act on the Xy x Al factor of M(¢)
with the natural transformation h and on the X; factor with the functor X; — X, [Wl_l],
and the two maps fit together on Xy x{1}. We claim that this functor p: M (¢)— M (¢')
exhibits M (¢') as the Dwyer-Kan localization at the weak equivalences W. To this
end, we first note that p sends W by construction to equivalences in M(¢'). Then, it
suffices to show that it satisfies the universal property of the Dwyer—Kan localization.
Thus, consider an arbitrary oco-category D and consider the co-category Fun(M (¢'), D).

Decomposing this functor category into a pullback
Fun(M (¢'), D) —— Fun(Xo[W, '] x A', D)
Fun(X; Wi '], D) ——— Fun(Xo[W; '], D),
we see that it is (on the nose) equivalent to the oo-category of diagrams
Xo [Wo_l]

LF\L
=z
x[Wwi'll——D

Go

with a not-necessarily invertible 2-cell (i.e.natural transformation) Go—G1°LF. The ver-
tical morphism LF is an absolute right Kan extension (along the morphism Xo— Xo[W; ']
that is not in the picture), which implies that G;oLF is also a right Kan extension along
the same morphism. Thus, by the universal property of the right Kan extension, we get
that the space of natural transformations Gyg—G1oLF as in the diagram is equivalent
to the space of natural transformations in the induced diagram

Xo — Xo[W5 1]
FJ e \

Xy —— Xy Wil ——D.
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Together, this shows that the oo-category of functors Fun(M(¢'), D) is equivalent to
the co-category that consists of a functor Gf: Xo—D which sends W to equivalences, a
functor GY: X1 —D which sends W to equivalences and a transformation G} F —G{. But
this is by exactly the category Fun" (M (@), D) which follows as above using the colimit
description of M(¢). Together, this shows that M (¢’) is a Dwyer-Kan localization.
Therefore, we conclude that the Dwyer-Kan localization is a cocartesian fibration with
the desired properties, and thus that Proposition A.14 for S=A! is true.

As a next step, we assume that Proposition A.14 is true for oco-categories S;, and
we are given a colimit diagram I® —Cats. We denote the cone point by S. If we
have a left derivable cocartesian fibration X —.5, we deduce from Lemma A.16 that we
have an equivalence X ~colim;(X xgS5;). By assumption, we know that all the Dwyer—
Kan localizations (X XSSi)[Wi_l]—)S,» are cocartesian fibrations, where W; denotes the
pulled back class of weak equivalences. Moreover, we know that the fibers are given by
the Dwyer—Kan localizations and that the induced morphisms are given by absolute right

Kan extension. We claim that, for each morphism ¢—j in I, the induced diagram

(X xs8)[W, 1] —— (X x58;)[W; 1]

| |

S; S;

is a pullback. This follows as in the proof of Corollary A.15: first we note that the
pullback of (XXSSj)[WJfl] along §;—S; is also a cocartesian fibration, and then use
that the map from (X x 5S;)[W, '] into this pullback is a fiberwise equivalence (since the
fibers are by assumption Dwyer—Kan equivalences) and preserves cocartesian lifts (since
these are given by the right Kan extension).

We deduce, from Lemma A.16, that the colimit colim(X x gS;)[W; '] —colim S; =S

is a cocartesian fibration. Now, we claim that the colimit
X =~ colim(X xgS;) — colim(X x.9;)[W, "]

exhibits the target as the Dwyer—Kan localization of the source at the weak equiva-
lences W. To see this, we verify the universal property. Therefore, let D be an arbitraty
oo-category; then, we get
Fun(colim(X x 55;)[W; ], D) ~lim Fun((X x 5.5;)[W; '], D)
~lim Fun"* (X x5;), D) ~ Fun" (X, D).
In a more abstract language, we have used that the Dwyer—Kan localization functor

from relative co-categories to co-categories preserves colimits. Together, this shows that
X[W~1—5 is a cocartesian fibration.
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Moreover, we deduce also from Lemma A.16 that the pullback of X[W~1] along
S;—S is given by (X x 5.5;)[W;!]. By assumption, we know for the latter that the fibers
are given by Dwyer—Kan localizations. Since every object of the co-category S=colim S;
lies (up to equivalence) in some S;, this implies that also the fibers of X[W~1]—S are
given by Dwyer-Kan localizations. Moreover, the same reasoning immediately shows

that, for every morphism s: a—b in S that factors through one of the S;’s, the square

X, —2 X,

|~ |

XW1, —— X[W~1,
exhibits an absolute right Kan extension. But then, the same also follows for compositions
of such morphisms by assumption (3) in Definition A.14 of a left derivable cocartesian
fibration. Since every morphism in S is a finite composition of morphisms that factor
through one of the S;’s, this finishes the proof. O

Appendix B. Cyclic objects

In this appendix, we briefly recall conventions regarding Connes’ cyclic category A. In
fact, we will need several related combinatorial categories A, A, A, for 1<p< oo, and
the associative operad Ass®, with its natural map to the commutative operad Fin,.
Moreover, we recall the geometric realization of cyclic spaces, both in the topological
case, and in the oo-categorical case.

First, Fin, is the category of pointed finite sets. For all n>0, we write (n)€Fin,
for the finite set {0, 1,...,n} pointed at 0. Next, there is the associative operad Ass®.
Its objects are given by pointed finite sets, and, for n>0, we write (n)ASSEAss® for the

finite pointed set (n) regarded as an object of Ass®. The set of morphisms

HOHIASS® (<n>Assa <m>ASS)

is given by the set of all maps f: (n)— (m) of finite pointed sets together with a linear
ordering on the inverse image f~!(i)C(n) for all i€{1,...,m}C(m). To define composi-
tion, note that, if f: S—7T is map of finite sets with a linear ordering ¢ <...<t,, on T and
on the individual preimages f~1(t1),..., f~!(tm), then one gets a natural linear ordering
on S, ordering preimages of t; before preimages of o, etc., before preimages of ¢,,. By
definition, there is a natural functor Ass® —Fin, forgetting the linear ordering.

Note that, if C is a symmetric monoidal co-category with total space C® — N (Fin,),
then associative algebras are given by certain functors N (Ass®)—C® over N(Fin,). Con-
cretely, this amounts to an object A€C together with maps @) jef—1(3) A— A, whenever
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(n)—(m) is a map in Ass® and i€{1,....,m}C(m). This explains the requirement of
the linear ordering on f~1(i), as the multiplication morphisms in an associative algebras
depend on the order of the factors.

As usual, A denotes the category of totally ordered non-empty finite sets, and, for
n>0, we let [n]={0,1,...,n}€A. There is a natural functor A°? —Fin,, which sends a
totally ordered, non-empty finite set .S to the set of cuts, i.e. the set of disjoint decompo-
sition §S=.57U.55 with the property that, for all s; €S, and so €S53, we have s; <ss, and
we identify the disjoint decomposition SU@ and @LS. The set of cuts is pointed at the
trivial decomposition S=SU@. Note that, in particular, up to isomorphism, [n]€A°P
maps to (n)€Fin,.

In fact, there is a natural functor A°?— Ass® over Fin,. Recall that the functor
A°P —Fin, was given by SrCut(S).(*) If f:S—T is a map of totally ordered non-
empty finite sets, and S=S5111S55 is a cut of S, with S; and S5 non-empty, then the set of
cuts of T pulling back to .S;U.Ss is naturally a totally ordered set, as it is a subset of the
cuts of T into two non-empty sets, which is totally ordered as follows: a cut TyUTo=T
is less than or equal to a cut T{UTy=T if T3 CTy, and consequently T52T. This gives
the required functor A% — Ass®.

Now, we construct Connes’ cyclic category A. We start with the definition of the
paracyclic category As. It is the full subcategory Ao, CZPoSet consisting of all objects
isomorphic to (1/n)Z for n>1. Here, PoSet is the category or partially ordered sets
and non-decreasing maps, ZPoSet is the category of objects in PoSet equipped with a
Z-action, and we consider (1/n)Z as an object with its natural ordering and the Z-action

given by addition.We will use the notation
1
[TL}AQO =-7ZcAs.
n

There is an action of BZ on A, defined as restriction of the action of BZ on the functor
category Fun(BZ,PoSet). Concretely, this means that there is an action of Z on the
morphism spaces of A, with the generator o of Z sending a morphism f:(1/n)Z—
(1/m)Z to o(f): (1/n)Z—(1/m)Z given by o(f)=f+1. Now, for any integer p>1, we
define a category A, as the category with the same objects as Ao, but with the morphism

spaces divided by the action of oP. Equivalently,
Ap=Aoo/B(pZ).

For p=1, we abbreviate A=A;. Thus, the objects of A, are, up to isomorphism, still given

by the integers (1/n)Z for n>1, and we denote the corresponding object by [n]a, €Ap.

(1) Note that, as a pointed simplicial set, the functor A°P— Fin, is isomorphic to ST=A!/OAT.
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Note that, by definition, there is a remaining BC,=BZ/B(pZ)-action on the category
A,, and

A=A,/BC,.

We note that the category A, is self-dual. Namely, one can send a map f:S—T to the
function f°:T—S given by

fo(x)=min{y: f(y) > x}.

Then, f° is non-decreasing, Z-equivariant, i.e. f°(xz+1)=f°(z)+1, and for all z€T and
y€S, one has f(y)>z if and only if y> f°(x). In particular, one can recover f from f°
by

fy) =max{z: f*(z) <y}

We warn the reader that this is not the same as (f°)°. Another description of the map
f° is given by identifiying an object S€A, with the set S° of non-trivial cuts of S.
For this identification, an element s€S is sent to the cut S=S,;US5>,. Since the set of
non-trivial cuts is naturally contravariant, this can also be used to desribe f°:T—S for
a given map f:S—T. The self-duality Aoo~A2 is BZ-equivariant, and thus descends
to a self-duality of A, for all 1<p< oo, in particular of A.

We need to relate A with the other combinatorial categories. For this, note that

there is a natural functor

V:A—Fin

sending T'€ A, to T'/Z. Concretely, this functor sends [n]a_, to the finite set {0,1/n,2/n,
..y (n—=1)/n}. In fact, one has V=Homy ([1]o, —): A—Fin via the transformation taking
a map f:[1]a—[n]a to the image of V(f): V([1]a) =V ([n]a)-

ProrosiTiON B.1. The functor V: A—Fin refines to a functor

VA — Ass®, = Ass® Xy, Fin,

act —

still denoted V.

We note that we will mostly use the composition
VAP~ A — Ass?,

with the self-duality of A.
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Proof. In order to lift the morphism V: A—Fin through Ass®., we have to supply
orderings on the preimages of points of S/Z—T/Z for an equivalence class of order-

preserving, Z-equivariant morphisms f: S—T. But, if i€T/Z with lift 1€T, then
focs

is totally ordered (as a subset of S), and canonically independent of the choices of i and

the representative f, because of the Z-equivariance. O

In particular, we get a natural functor
Ay — A

sending a map f:[n]pa—[1]a to V([n]a) equipped with the total ordering induced by f,
using Proposition B.1. We claim that this is an equivalence. To see this, we construct an
inverse functor. In fact, there is a natural functor A— A sending [n—1]={0,1,...,n—1}
to (1/n)Z=7Zx[n—1] with the lexicographic ordering and the action given by addition
in the first factor. This clearly extends to all finite linearly ordered sets with the same
formula, i.e. we send S to Z xS with lexicographic ordering. With this description, the
functoriality is also clear. As A has a final object [0], this gives a map A=A/, _,
which induces the desired functor A—A/[j,. One checks easily that the two functors

are inverse to each other, resulting in the following corollary.

COROLLARY B.2. The functors described above give an equivalence of categories
A~ A/[I]A

In particular, we get a natural functor A— A sending [n] to [n+1]a, or equivalently
a functor j: A°? — A°P. Note that, by the considerations above, this actually factors over

a functor joo: A°?—A%. The following result is critical.
THEOREM B.3. The functor joo: NA°®—NA of co-categories is cofinal.

Proof. By Quillen’s Theorem A ([69, Theorem 4.1.3.1]), this is equivalent to the
statement that, for all T€A.,, the simplicial set given by the nerve of the category
C=A,p=Axp A7 is weakly contractible, that means contractible in the Quillen
model structure.

We first establish a criterion to prove weak contractibility in terms of “coverings”.
Assume that, for a given oo-category C, there is a family of full, saturated(*?) subcate-
gories U; CC for 1€, with the property that all finite intersections of the U;’s are weakly

(42) Saturated means that every object, morphism, etc. which is equivalent to one in the subcategory
also lies in the subcategory. Thus, this really means that we have a full simplicial subset in the sense
that it is induced from a subset of the vertices and a higher simplex is in the subsimplicial set precisely
if all its vertices are.



ON TOPOLOGICAL CYCLIC HOMOLOGY 383

contractible and that we have an equality of simplicial sets C=|J,;.; U; (this is not just
a condition on the objects, but also on the higher simplices). Then, we claim that C is
weakly contractible as well.

To prove this criterion, we first observe that C is the filtered colimit of the finite
partial unions, thus we may assume that I is finite. Inductively, we assume that we
know the claim for all oo-categories with a covering consisting of n contractible, full
subcategories. We will show that C=UyU...UU, is contractible. We consider the following
pushout diagram of simplicial sets

(UQU...UUn_l)ﬂUn — U,

| |

Uyu...ul,,_1 — U(]U...UUn,

which is also a pushout in the Kan—Quillen model structure, since all the maps involved
are cofibrations. By assumption, the three upper-left corners are weakly contractible. It
follows that U, U...UU, is also weakly contractible which shows the claim.

We now apply this criterion to the co-category C=A p=Ax_ A /7 with the “cov-
ering” given by

U :=C[t,t+1), teT,

where Cla,b) for a,beT is the full subcategory of C which consists of pairs (S, ), where
SeA and ¢: jooS—T such that ¢(S)Cla,b)CT. Here, S is considered as the subset
{0} X SCZxS5=j(S), which is a fundamental region for the Z-action on ju(.5).

Finite intersections of U,’s are always also of the form Cla,b), where b<a+1. Thus,
in order to verify the assumptions of our criterion, we have to show that all those C[a, b)
are weakly contractible. For every choice of such a,b€T, we can choose an isomorphism
T=(1/n)Z such that a and b correspond to 0 and k/n with k<n, so that we have to
show that C[0,k/n)CA 1 /n)z is weakly contractible. But this category is equivalent to
A (-1, which has a terminal object. [

COROLLARY B.4. The oo-category NASL is sifted, in the sense of [69, Defini-
tion 5.5.8.1]. Moreover, denoting by |X|€S the homotopy type of a simplicial set X,

INAs| is contractible, and
INA|=|NAw|/BZ=BBZ=K(Z,2)= BT ~CP>.
Proof. The first part follows from Theorem B.3 and [69, Lemma 5.5.8.4]. Thus, |A]
is contractible, by [69, Lemma 5.5.8.7]; we could have deduced this also more directly
from [69, Proposition 4.1.1.3 (3)]. Now, the final assertion follows from the definition of

A as a quotient and the observation that the BZ-action on A, is free, thus the orbits
are also the homotopy orbits after taking nerves. O
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Now we need to discuss geometric realizations. First, we do the case of co-categories.

PROPOSITION B.5. For any oo-category C admitting geometric realizations of sim-

plicial objects, there is a natural functor
Fun(N(A°P),C) — CBT

from cyclic objects in C to T-equivariant objects in C. The underlying object of C is
given by
(F: N(A°P) = C) > colimy(aory j*F.

Proof. The functor can be constructed as the composition
Fun(N (A°P),C) — Fun®#(N(A%),C) — Fun®%(pt, C) =CBPZ = CPT.
Here, in the middle, we use the BZ=T-equivariant functor
colim y(popy: Fun(N(AZF),C) — C.

By Theorem B.3, the underlying functor to C is given by colim y(aoep) 7%, which also shows

existence of the colimit. O

Now, we discuss the geometric realization functor for cyclic topological spaces. Our
strategy is to deduce these from a realization of paracyclic topological spaces in parallel
to the oo-categorical case. But first, we recall the geometric realization of simplicial

spaces.

Construction B.6. Let Top denote the category of compactly generated weak Haus-

dorff spaces. There is a natural functor
|—|: Fun(A°P, Top) — Top

constructed as follows. We have the topological n-simplex

n

|A"| = {(xo, ) €0, "y = 1} 2L (y1y s yn) €[0,1]" :n < oo <Y},
=0

where y;=x¢+...+x;_1. Together, all the simplices A™ can be given the structure of
a cosimplicial space, i.e. a functor A—Top. We explain in a second how this is done.

Using this cosimplicial space, the geometric realization of a simplicial space X. is defined

/SEAXSX|AS|(]_[an|A”>/~-

neN

as the coend
| X.

Recall that, a priori, this colimit is taken in compactly generated weak Hausdorff spaces,
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but it turns out that the topological space is also given by the colimit of the same diagram
taken in topological spaces; cf. [86, Appendix A, Proposition A.35]. Thus, we do not need

to take any weak Hausdorffification, and the points of this space are what one thinks.

We now describe the cosimplicial structure on |A®|: this is usually constructed in
barycentric coordinates by sending a map of ordered sets s: [n]—[m] to the unique affine
linear map |A™|—|A™| given on vertices by s. We present a slightly different way to
do this using increasing coordinates, which has also been used by Milnor and Joyal.(*?)
First, we say that a linearly ordered set is an interval if it has a minimal and a maximal
element which are distinct. An example is given by the unit interval [0,1]CR with its
natural ordering. A morphism of intervals is a non-decreasing map that sends the minimal
element to the minimal element and the maximal element to the maximal element. There

is a functor —°: A—1Int, where Int is the category of intervals, given as
S°=Homa (S, [1]) ={S=SoUS1:s<t for s€ Sy and t € 51},

where S° has the natural ordering as a set of maps into a poset. It is not hard to see that
S° is indeed an interval. In fact, the functor —° exhibits the category of finite intervals

as the opposite category of A. Now, we define for S€A the geometric realization
|A®| := Homp, (S, [0, 1]),

with the topology induced from [0, 1]. For S=[n], we have S°=[n+1] and |A®| recovers
the description of |A™] in increasing coordinates, as above. The point is that this de-
scription of |A™| makes the functoriality in order-preserving maps [n]—[m] clear. This
description also shows the (well-known) fact that the group of continuous, orientation-
preserving homeomorphisms of the intervall [0, 1] acts canonically on the geometric real-

ization of every simplicial set or space.

We will need the well-known fact that geometric realization models the homotopy
colimit. Recall that a simplicial topological space X, is called proper, if for each n the

inclusion
n—1

U si(Xn-1) & Xa

i=0
is a Hurewicz cofibration,(**) where s; are the degeneracy maps X,_;—X,. This
is for example the case if it is “good” in the sense that all degeneracy maps are h-
cofibrations; see [65, Corollary 2.4]. We denote by Fun(A°P, Top)pop the full subcat-

egory of Fun(A°P, Top) consisting of the proper simplicial spaces. Every space can be

(*3) We thank Peter Teichner for suggesting that this description extends to cyclic spaces and
helpful discussions of this point.

(44) Usually closed cofibration is required, but since we are working within weak Hausdorff com-
pactly generated spaces, this is automatic.
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functorially replaced by a weakly equivalent good one, so that this inclusion induces an

equivalences on the associated oco-categories.

LEMMA B.7. The diagram of functors

NFun(A°P, Top) prop i) NTop

| J

Fun(N(A°P),8) —<2 4§

commutes (up to a natural equivalence), where the vertical maps are the Dwyer—Kan

localization maps.

Proof. The key fact is that the geometric realization functor, when restricted to
proper simplicial spaces, preserves weak equivalences. This is a well-known fact that we
review in Proposition C.3 of the next section.

Now we use the Reedy model structure on Fun(A°P, Top): this is a model structure
on Fun(A°P, Top) for which the weak equivalences are levelwise and every cofibrant object
is proper (but it has to satisfy more conditions, since proper is only Reedy cofibrant for the
Strom model structure and we are working with the standard Quillen model structure).
For the Reedy model structure geometric realization becomes a left Quillen functor; see
[83] or [51, Chapter 15] for proofs and precise statements. It follows that geometric
realization can be left derived to induce a left adjoint functor of co-categories. Since for
proper simplicial spaces weak equivalences are already preserved, it follows that the left
derived functor is given by evaluation on a proper simplicial space and one does not have
to replace cofibrantly in the Reedy model structure. The right adjoint is given by the
right derived functor of the functor which sends a topological space X to the simplicial
space X |2l This functor clearly preserves all weak equivalences and is equivalent to the
diagonal functor. Putting everything together, this shows that the induced functor from
the geometric realization as restricted to proper simplicial spaces is left adjoint to the

diagonal functor, thus it is equivalent to the colimit. O

Remark B.8. One can get rid of the assumption that the simplicial space has to be
proper, by replacing the functor |—| with the fat geometric realization, that is the coend
over the category A™ CA which has the same objects as A but only injective, order-
preserving maps as morphisms. This amounts to taking the geometric realization without
quotenting by the degeneracy maps. The disadvantage is that this fat realization is much
bigger then the ordinary one and does not preserve products anymore, for example the

terminal object in simplicial spaces is sent to the infinite-dimensional simplex A®°.
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We now discuss the geometric realization of paracyclic spaces. This will eventually

also lead to the notion of geometric realization of cyclic spaces.

Construction B.9. We construct a BZ-equivariant functor
|—|: Fun(A2L, Top) — RTop,

where RTop denotes the 1-category of topological spaces equipped with a continuous
action of the additive group of the reals. The action of BZ on the source is induced
from the action on A and on the target by the action on the reals (or rather on BR as
RTop is the category of continuous functors from BR to Top). The functor |—| will be
constructed similarly to the geometric realization of simplicial sets.

We consider the real line R as a poset with its standard ordering and as equipped

with a Z-action by addition. For every T'€ Ao, we define
AL |:={f: T° - R| f non-decreasing and Z-equivariant}.

We topologize this as a subspace of the space of maps into R with its standard topology.
This space also carries a natural action by the additive group of real numbers R given by
postcomposition with a translation. Together, this construction defines a BZ-equivariant
functor Ao, —RTop.

Now, for an arbitrary paracyclic topological space X., we define the geometric real-

ization by the coend

IX.

=/ X AL = [ [(Xrx|AZ )/ ~
TEA

T
in RTop. This functor is BZ-equivariant, since the functor T+s|AL | is.

Recall that a cyclic space is a functor X.:A°? —Top, which, by definition of A, is
the same as a BZ-equivariant functor AS2— Top. Since we are in a 1-categorical setting,
this is just a condition on the functor, namely that is sends f and f+1 to the same map
of topological spaces for each morphism f in A%. In this sense, we consider the category
of cyclic spaces as a full subcategory of paracyclic spaces. Now, since the realization
functor |—|: Fun(A%, Top)—RTop is equivariant, it follows that, for a cyclic space X.,
the action of ZCR on the realization |X.

T=R/Z-action. This T-space is what we refer to as the geometric realization of the

is trivial, and thus the action factors to a

cyclic space.(*%) Similarly, for a functor AP —Top, the action of pZCR is trivial, so that

we obtain a R/pZ-action.

(45) One could alternatively repeat Construction B.9 using cyclic spaces instead of paracyclic spaces,
and S instead of R. We leave the details to the reader.
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Ezample B.10. Counsider an object of Ay, of the form j,(S)=Zx S for an object
SeA (in fact, every object of Ay, is, up to isomorphism, of this form). There is a

canonical morphism
A5 — |Adz )]

given by sending a map s: S°— [0, 1] to the unique Z-equivariant extension §: joo(S)* =R
along the canonical inclusion S°Cj.(S)°. Now, using this map and the fact that R acts

. ]
on |AJOZ°( )|, we get a canonical map

AT xR — [AL= ),

(s,) — 5+a.

This map is a homeomophism, as one easily checks by writing down the inverse.

Remark B.11. For S=[n]€A, we get an equivalence |[A"!|=|A"|xR. One can use
this to directly define the geometric realization. Then, one has to equip the spaces |A™|x
R by hand with the structure of a coparacyclic space. Chasing through the identifications,
one finds that the cyclic operator (i.e. addition with 1/(n+1)) acts as

(37(), ooy Ly Oé) — (.’L’n7.’170, vy Tp—1, a_xn)v

where the z;’s are the barycentric simplex coordinates in |A"| and a€R. This shows
that our geometric realization is compatible with the classical discussions; see e.g. the

discussion in [55].

LEMMA B.12. For a paracyclic topological space X., the underlying space of the

geometric realization |X.| is naturally homeomorphic to the geometric realization of the

underlying simplicial space j5 X..

Proof. Since both are defined by coend formulas and j* preserves colimits, it is
enough to check that there is a natural homeomorphism |AZL|22|j*AL | for T€A,. Here,
§*AL is the simplicial set obtained from the representable AL : A% —Set by pullback
along j: A—A,,. By definition, we have

"M% = TT (1A% xHoma _ (joo (S), T))/ ~
SeA

There is a natural map from this coend to |AL | given as in Example B.10: it sends a
pair (s, f) consisting of an element s:.5°—[0,1] in |[A®| and a map f:joo(S)—T to the
composition of f°:T°—jo,(5)° with the extension §: jo, (S)°—R. This is well defined and
natural in 7. Thus, we have to show that this map |j*AL |—|AZ | is a homeomorphism
for every T€A .
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To this end, we construct an inverse map. For an element t€|AZ | given by a map
t: T°—R, we let n be the unique natural number such that T2(1/n)Z, i.e. the cardinality

of T/Z. Then, we consider the unique map

1
——7Z—T
] ,
with f(1/(n+1))=mint !(Rso) (where we have identified 7" and T° as usual) and
f(k/(n+1)) is the successor of f((k—1)/(n+1)) for 1<k<n.(*5) Using this map, we
obtain a factorization of ¢ as
o J° 1 . s
T°—— —7° —R,
n+1
with 5(0)=0 and 5(1)=1, i.e. § is the extension of some s:[n]°—[0,1]. In fact, this
factorization determines s uniquely, since the elements 1/(n+1),...,n/(n+1) all lie in the
image of f°, but 0 and 1 do not lie in the image. Together, this construction determines
a map

ALl — [A" [ xHoma _ (joo[n], T) — |5 AL], (19)

which is, by construction, left inverse to the map [j*AL|—|AL| in question, i.e. the
composition [AL |—[j*AL |—|AL | is the identity. We show that it is also right inverse,
i.e. the composition

57 Acel = [AGe] — 57 A%

is the identity as well. We claim that this can be reduced to showing that the map
| A" x Hom}y"™ (joo [n], T) — |j* AL (20)

is surjective, where Homi:io (Joo[n], T') denotes the set of those maps

1
iln]=—7Z T
Jooln] .

that are injective when restricted to {0,1/(n+1),...,n/(n+1)}C(1/(n+1))Z (and n is
still determined by T'2(1/n)Z). In this case, the map (1/(n+1))Z—T is automatically

surjective. The surjectivity of (20) is indeed sufficient, since, for an object

(s, f) € |A"| x Hom}y (jooln], T),

(%6) Note that k=1 is also included, so that f(0) is the successor of mint~!(Rx(). We recommend
that the reader computes the map f and f° under the isomorphism 72¢(1/n)Z which sends min ¢ 1 (Rx0)
to 0, as an illustration.
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the factorization of the associated map t=35of° is given by the pair (s, f) itself, as one
sees from the construction.

In order to see that the map (20) is indeed surjective, we use the following more
general criterion. Let X be a simplicial set. We call a simplex A" — X essential if it is
non-degenerate and it is not the face of another non-degenerate simplex. We denote the
subset of essential n-simplicies by X;**CX,,. Then, the claim is that the map

IT qam=x5=) — x|

[nleA
given in the evident way is surjective. This fact is straightforward to check, using the
fact that the geometric realization can be built from the non-degenerate cells. Now, we
identify the essential simplices of j*AZ . The non-degenerate k-simplices are given by the

maps (1/(k+1))Z—T that are injective when restricted to {0,1/(k+1),...,k/(k+1)}C

1
k+1

the ones showing up in (20). This shows the surjectivity of the map (20).

Z and the essential k-simplices are the ones for which, moreover, k=n, i.e. exactly

We have now shown that the two maps are inverse to each other. It remains to show
that the composition (19) is continuous. This follows since the only non-continuous part
of the first map are the “jumps” of the minimum, which are identified in the realization.
This finishes the proof.

Note that one could alternatively investigate the non-degenerated cells of the simpli-
cial set j*((1/n)Z), to see that this describes a cell structure of Rx A"~1. This is more

instructive (but a little harder to formalize) than our proof, and is left to the reader. [

We now obtain the analogue of Lemma B.7. We call a paracyclic space X, (i.e. a
functor Fun(AS2, Top)) proper, if the restriction j* X, is proper as a simplicial space. We
denote by Fun(ASP, Top)prop CFun(A®, Top) the full subcategory of proper paracyclic

spaces.

ProrosiTioN B.13. The diagram

NFun(A22, Top)prop l—_|> NRTop

|

Fun(N(A%),S) —< 5

commutes as a diagram of BZ-equivariant functors.(*”) Here, S is equipped with the
trivial BZ-action, and the right-hand functor is, as a BZ-equivariant functor, given by
the Dwyer—Kan localization map NRTop—Fun(BR,S) followed by the forgetful functor
Fun(BR, S) = S.(*%)

(47) This means that it commutes up to a natural equivalence, which is specified up to a contractible
choice.
(*8) Note that the 1-categorical forgetful functor RTop— Top is not BZ-equivariant.
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Proof. Since the geometric realization of a paracyclic space is the geometric realiza-
tion of the underlying simplicial set, we can deduce from Lemma B.7 that the functor
NFun(A2, Top)prop — NRTop preserves weak equivalences and also colimits. Thus, it is
a left adjoint functor. Then, also similarly to Lemma B.7, we see that the right adjoint
is given by the right derived functor of the right adjoint of the realization. This functor
is given by sending a topological space X with R-action to the paracyclic space

[n]a. — Mapg(|AL |, X) = Map(A" ™, X) ~ X,
where we have used the equivalence of Remark B.11. It is as a BZ-equivariant functor
equivalent to the diagonal functor. This implies the claim. O

Passing to BZ-fixed points now immediately gives the following important corollary,

where a cyclic space is called proper if the underlying simplicial space is.

COROLLARY B.14. The diagram

NFun(A°P, Top) prop l} NTTop

| |

Fun(N(A°P),S) ——— SBT

commutes, where the lower horizontal functor is the one constructed in Proposition B.5.

We also need a version of the previous proposition for spectra. For this, note that

Construction B.9 induces a functor
Fun(A%, Sp®) — RSp?,

by applying it in every degree and taking basepoints into account (note that geometric
realization preserves the point). We say that a simplicial or paracyclic spectrum is proper,

if it is levelwise proper (after forgetting basepoints).

ProrosiTioN B.15. The diagram

NFun(A%, Sp©),0p ——s NRSp®

J |

Fun(N(A%), Sp) —<™ gy,

of BZ-equivariant functors commutes.
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Proof. This follows from Proposition B.13, since “colimits can be taken levelwise”:
if we Dwyer—Kan localize Sp® at the levelwise equivalences, then we get an co-category
PreSp which we call the co-category of prespectra. By [69, Proposition 4.2.4.4], this is
equivalent to the functor category Fun(hcNO, S, ), where O is the topologically enriched
category described in the footnote of Definition II.2.1. The objects of O are, up to
equivalence, just the natural numbers, and they correspond to the levels of the orthogonal
spectrum. Now, we use the fact that filtered colimits of pointed spaces are computed
as the colimit of the underlying diagram of spaces and the fact that colimits in functor
categories are computed pointwise to deduce that for PreSp in place of Sp the square in
question evidently commutes.

Finally, we use that Sp is a Bousfield localization of PreSp, i.e. a reflective full

subcategory. This implies that there is a commutative square

Fun(N(AS), PreSp) <ol preSp

J |

Fun(N(AS), Sp) _ colim Sp
of BZ-equivariant functors. To see this, we pass to the square of right adjoints. Pasting
the two squares together, then finishes the proof. O

COROLLARY B.16. The diagram

NFun(A°P, Sp?) prop — NTSp®

J |

Fun(N(A°P),Sp) —— Sp

commutes. O

As a final topic, we need to discuss simplicial subdivision. Recall the category
A=A /B(pZ), which comes with a natural functor A,—A, identifying A=A,/BC,.
Geometrically, note that |As| is contractible, while |Ap|=|As|/B(pZ)~B(R/pZ)~BT,
and |Ap|—|A| is a BC)-torsor.

On the other hand, there is another functor sd,: A, —A which induces a homotopy
equivalence of geometric realizations, and sends [n]x, to [pn]a. It is constructed as
follows. There is an endofunctor sdy: Ao — Ao sending [n]a_ to [pn]a., and a map
f:(1/n)Z—(1/m)Z to the map (1/p)f(p-—): (1/pn)Z—(1/pm)Z. More generally, for
an arbitrary object T €A, we introduce a new object sd,(T))=(1/p)T with the same
underlying order set as T', and the action of n€Z given by multiplication with pn.
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The functor sd,: Ao — A passes to the quotient by BZ, to give the desired functor
sdp: Ap — A

Note that, as sd,: Aso — A necessarily induces a homotopy equivalence |As |~|As], SO

the preceding discussion implies that sd,: A,— A also induces a homotopy equivalence
|Ap|~|A].

ProPOSITION B.17. The diagrams

Ao —— AP Ay —— AP
lsdp lsdp and J(sdp lsdp
Ao —— AP A —=— A°P

commute.

Proof. 1t is enough to consider the first diagram. On objects, commutation is clear,

and on morphisms, both composite functors send f to f°. O

We need a compatibility between simplicial subdivision and the functor A— Ass&,.
Indeed, using the category Freec, of finite free Cj-sets and its functor S —S5=5/C, to

finite sets, there is a natural commutative diagram

~

A v Ass®

op
A act

L, ]

Agp = Ap —r Freec, XpinAss

AP = LA v Ass®

act»

®

act

where the upper-left vertical arrows are the projection A,—A=A,/(BC)), and the upper-
right vertical arrow is the projection to Ass>... Moreover, for the lower-right vertical
arrow, recall that Ass®, is the category of finite sets with maps given by maps with
total orderings on preimages. Then, the lower-right vertical functor is given by the
projection to the first factor Freec,, with total orderings on preimages induced by the
second factor. Finally, the functor V,, sends [n]a, to the pair (V(sd,([n]a,)), V([n]a)),
noting that V(sd,([n]a,)) has a natural Cp-action induced from the Cy-action on [n]s,,

whose quotient is given by V([n]a).
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Proposition B.5 works with A, in place of A, as do Corollaries B.14 and B.16.
However, there is an extra twist to the story here. Namely, there is a BCp-action on A,
and thus on

Fun(N(A3P),C)

for any oo-category C. There is also a BCp-action on CBT by the natural action of BC),
on BT induced by the inclusion C,CT.

LEMMA B.18. Let C be an co-category that admits geometric realizations. The func-

tors
Fun(N(A%),C) —CP",  Fun(A,Top) — TTop and Fun(A%,Sp?) — TSp?

are BC,-equivariant, and the commutative diagrams

NFun(ApP, Top)prop — NTTop NFun(AP, SP?) prop — NTSp?
l J( and l J
Fun(N(A9P), §) ———— SP7T Fun(N (AgP), Sp) —— SpP”

commute BC,-equivariantly.

Proof. First, the construction of the BCj-equivariant functor Fun(N(AP), C)—CBT

works exactly as in Proposition B.5: it is constructed as the composition
Fun(N (A%P), C) — Fun®®? (N (A%), ) — Fun®®?) (pt, €) = PPFE) = BT,

All of the involved functors are BC)-equivariant, since they are obtained as B(pZ) fixed
points of functors that are BZ-equivariant.

Now, the rest of the proposition follows analogously by taking fixed points, since
the constructions of geometric realizations come from BZ-equivariant functors (Con-
struction B.9) and the diagrams already commute BZ-equivariantly (Propositions B.13
and B.15). O

Using the functor sd,: A, —A, we get for every cyclic object X a subdivided A,-
object sd;X , and we recall the well-known fact that they have the same geometric

realization.

PrOPOSITION B.19. Let C be an oco-category that admits geometric realizations.
(i) The diagram of functors

Fun(A°P,C) —— CBZ

Jsdp

Fun(AgP,C) —— CB%
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commutes.
(ii) For a proper paracyclic topological space (resp. spectrum) X, there is a natural

T-equivariant homeomorphism
| X2 sd; X,

compatible with the co-categorical equivalence, under the comparison of Proposition B.13

(resp. Proposition B.15).

In our construction of the cyclotomic structure maps, we need to commute the

C

Tate construction —¢“» with a geometric realization. Let us describe this abstractly; we

consider the case C=Sp for concreteness. There is a natural functor
Fun(A;P, Sp) — Fun(A°P, Sp)

intuitively given by sending [n] Agp =Xy, to [1] Aop HX:;CP, using the natural Cp-action

on X,. Concretely, using the natural BCp-action on AP, one has
Fun(A;P, Sp) = Fun?¢» (AP, SpBCr),
and composing with the BCp-equivariant functor —tC%: SpBC 5 8p, one gets the functor
Fun(A;P, Sp) = Fun®¢r (AP, SpBYr) — FunPCr (AP, Sp) =Fun(A°P, Sp).
PROPOSITION B.20. There is a natural transformation from the composition
o % o BT
Fun(A;P, Sp) ——— Fun(A°P, Sp) — Sp
to the composition
_tC
Fun(AP, Sp) — SpPT —, SpBT/Cr) ~ gp BT,
Proof. Under the equivalence
Fun(A;P, Sp) = FunP¢» (AP, SpPr) = Fun®% (A% SpBCr),
the first functor is the composition
_tC colim , o
Fun®%#(A%P, SpBFhr) SN Fun®%(A°P, Sp) L pan B2 (pt, Sp) = Sp?T,
and the second functor is the composition

cohonp

_tCp
Fun®#(A%P, SpBCr) — 2= Fun®% (%, SpPr) ——— Fun®%(x, Sp) = SpPT.
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Generally, if C, D and & are oco-categories such that D and £ admit C-indexed colimits

and G: D—¢ is a functor, then there is a natural transformation of functors
Fun(C,D) — €&

from

(F:C—D)—colime Go F

to

(F:C—D)— G(colime F),

given by the universal property of the colimit. Applying this to C=A%, D=SpPr £=Sp
and G=—"C»:SpBC —Sp, and passing to BZ-equivariant objects, gives the result. [

We need a small variant of the above constructions, in the case of BC)j-equivariant

functors

AP — TTop,

where BC), acts on TTop via the natural inclusion C,, CT. Namely, given such a functor,
the usual geometric realization gives an object of (T x T)Top, but the BC),-equivariance
implies that it is actually an object of ((T xT)/C,)Top, where C,, is embedded diagonally.
Thus, we can restrict to the diagonal T/C, =T, and get an object of TTop. We get the

following proposition.

PRrOPOSITION B.21. There are natural functors
Fun?¢» (AP, TTop) — TTop

from the category Fun®%» (AP, TTop) of BCp-equivariant functors AyP—TTop to TTop,

and

Fun”“? (A%P, TSp®) — TSp®

from the category Fun®®» (AP, TSp®) of BC,-equivariant functors Agp—VJTSpO to TSp®.
On the subcategory of functors factoring over a functor A°?=AJP / BC),— Top CTTop
(resp. AOp:Agp/BCp%SpOQ’]I‘SpO), this is given by the usual geometric realization func-

tor discussed in Construction B.9 and subsequently.

This construction can also be done in co-categories.
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ProprosSITION B.22. For any oo-category C admitting geometric realizations, there
is a natural functor

Fun” (N (A9P), PT) — BT

from the category Fun®%» (N(ASP),CPT) of BCy-equivariant functors N(AP)—CPT to
CBT.  Restricting this construction to functors factoring as Agp/BCp:AOPHC%CBT,
this agrees with the functor from Proposition B.5.

Moreover, the diagrams

FU.DBCP (Agpv TTOp)Prop — TTop FunBcp (Agp’ Tspo)pmp - TSpO
J l and l l
FunB (N (AZP), §7) —— 877, Fun®% (N (A7), SpT) —— Sp*”
commute.

Proof. The construction of the functor
Fun” (N (A%P),CPT) — BT
is the same as above: as CBT has geometric realizations, one has a functor
Fun(N (ASP), C5T) — (€PT)PT =BT = Fun(B(TxT), C).

By Lemma B.18, this functor is BCp-equivariant for the BC)-action on the left-hand
side given by the action on AP, and the BC),-action on the right by acting on the second
copy of T. It follows that we get an induced functor

Fun® (N(A3?,€5T)) — Fun (B(T xT), ),

where BC,, acts on B(TxT) through the diagonal embedding (as BC,, acts on the left
also on BT). But

Fun®“ (B(TxT),C) = Fun(B((TxT)/C,),C),

which has a natural map to CBT by restricting to the diagonal T/C,C(TxT)/C,, and
identifying T/C,=T.

As all intervening functors in the construction commute with the functors Top—S&
(resp. Sp® —Sp), we get the desired commutative diagrams. O
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Appendix C. Homotopy colimits

In this section we briefly recall the classical construction of homotopy colimits of (pointed)
topological spaces and orthogonal spectra, following Bousfield and Kan. The material in
this section is well known and standard, but in the literature there are varying statements,
especially the precise cofibrancy conditions that are imposed differ. We thank Steffen
Sagave and Irakli Patchkoria for explaining some of the subtleties that arise and guidance
through the literature. We also found the write-up [72] very useful.

As before, we work in the category of compactly generated weak Hausdorff spaces
throughout. We need the following well-known basic result, for which it is essential to

work in compactly generated weak Hausdorff spaces.

ProrosiTiON C.1. The geometric realization functor
| —|: Fun(A°P, Top) — Top

of Construction B.6 commutes with finite limits.

Proof. We first note that |—| commutes with finite products, which is shown in
[86, Proposition A.37 (ii)]. It remains to show that, for a pullback diagram of simplicial
spaces, the resulting diagram of realizations is again a pullback diagram. We claim that
the composition

Fun(A°P, Top) N Top ., Set

preserves finite limits, where U takes the underlying set of a topological space. To see
this, we use that the underlying set of the geometric realization is just the coend of the
underlying sets of the spaces, by [86, Appendix A, Proposition A.35 (ii)]. In particular,

the composite functor Uo|—| is given by the composition

Fun(A°P, Top) LN Fun(A°P, Set) I Set

The first functor preserves all limits, and the second functor commutes with finite limits,
by [36, Chapter III].(*%)
Thus, in the diagram

| XXy, Z| —— | X | X v, || Z.
| X x Z.| — | X.| x| Z.],

(49) The argument breaks down to showing that the cosimplicial set U|A*|: A— Set is a filtered
colimit of corepresentables, which follows easily from our description in terms of intervals as in Con-
struction B.6.
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the upper horizontal map is a bijection, and the lower horizontal map is a homeomor-
phism. But the vertical maps are closed embeddings, using [86, Proposition A.35 (iii)]

for the left vertical map, so the result follows. O

Recall that a map A— X of topological spaces is called a Hurewicz cofibration (or

simply h-cofibration) if it has the homotopy extension property, i.e. if the induced map
AxTUpxqoy X x {0} — X' xI

admits a retract, where I=[0, 1] is the interval. Now we state the technical key lemma for
all results in this section. The first reference for this is [20, Proposition 4.8 (b), p. 249],

but see also the discussion in [72, Proposition 1.1].

LeEMMA C.2. (Gluing Lemma) Consider a diagram of spaces
B+——

A
l

B +—A —— (',

—C

~

where the maps A—B and A'— B’ are h-cofibrations, and the vertical maps are weak
homotopy equivalences. Then, also the induced map on pushouts BUAC—B'Ua/C’ is a

weak homotopy equivalence.

For the next statement, recall that we call a simplicial space X. proper if all the

maps L, X —X,, are h-cofibrations, where

n—2 n—1
L,X :COEQ< H Xn—o = H;Zol Xn1 > = U 5i(Xn-1) C Xn1
i=0 =0

is the nth latching object. The following proposition is well known; cf. [77, Theorem A.4].
This also follows from [31, Theorem A.7 and Reformulation A.8]. We give a quick proof
based on the gluing lemma, which also seems to be folklore (see e.g. [72]).

ProrosiTioN C.3. Let f: X.—Y. be a map of proper simplicial spaces that is a

levelwise weak homotopy equivalence. Then, the realization | X, Y.

—

is a weak homotopy

equivalence as well.

Proof. Every simplicial space X. admits a skeletal filtration

ISk® X.| C Sk’ X.| C|Sk* X.

c..clx],
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where each |Sk™ X.

is obtained by the following pushout

L,X x |An|ULnX><‘3An‘Xn>< ‘3An‘ — X, X A"

| |

| Skt X, | Sk™ X.|.

If X. is proper, the pushout product axiom implies that the upper morphism is an h-
cofibration.

As a first step, we show that, under the assumptions of the proposition, the induced
map |Sk™ X.|—|Sk" Y.
gluing lemma, it suffices to show that, for all n, the maps L,, X — L, Y are weak homotopy

is a weak equivalence. By the above considerations and the

equivalences. This can be seen by a similar induction over the dimension and the number
of summands in the union (J!'—) 8i(X,_1).
Now, we know that all maps |Sk™ X,|—|Sk™ Y,

follows by passing to the limit. This does not create problems, since all maps involved

are weak equivalences, and the result

in this filtered limit are h-cofibrations. The directed colimit of those is a homotopy

colimit. O

Note that the last proposition is slightly surprising from the point of view of model
categories, since it mixes h-cofibrations and weak homotopy equivalences. In particular,
it can not be proved abstractly for any model category (it can not even be stated in this
generality).

Now, we can come to the discussion of homotopy colimits. Thus, let I be a small

category and consider a functor X: I—Top.

Definition C.4. The (Bousfield-Kan) homotopy colimit of X is defined as the geo-

metric realization

T xG.)

10— —in

hoc?lim X =

It is fairly straightforward to compute that the latching object of the simplicial
space in question is a disjoint union of X (i,,) over some subset of all strings ig—>...—>iy,.
Explicitly, it is the subcategory where at least one of the morphisms is the identity.

Clearly, the inclusion of a component into a disjoint union is an h-cofibration.

ProposITION C.5. For a transformation X —X' between functors X, X’: I—Top
such that every map X(i)—X'(i) is a weak homotopy equivalence, the induced map

hocolim; X —hocolim; X’ is also a weak homotopy equivalence.
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Moreover, the homotopy colimit models the co-categorical colimit, in the sense that

the diagram

hocolimj

NFun(l, Top) ——— NTop

| |

Fun(NI,8) — <™ .S

commutes. The vertical maps are the Dwyer—Kan localizations at the (levelwise) weak

homotopy equivalences.

Proof. Only the second part needs to be verified. But for this, we use that the
model categorical homotopy colimit is equivalent to the co-categorical colimit. The
comparison between the model categorical colimit (with respect to the projective model
structure) and the Bosufield Kan formula is classical; see for example [30], under some
more restrictive cofibrancy assumptions. But the first part of this proposition show that
this is unnecessary, since cofibrant replacement does not change the weak homotopy type

of the homotopy colimit. O

Now, we talk about pointed spaces. First of all, if we have a pointed simplicial space
X.: A’ - Top,, then the geometric realization is again canonically pointed, since the
geometric realization of the constant simplicial diagram is again a point, so we do not need
to modify the geometric realization. The situation is different for the homotopy colimit of
a diagram X:I—Top,. To see this, let us compute the homotopy colimit of the constant
diagram [—Top, with i—>pt for each i€l. By definition, this geometric realization is
the geometric realization of the simplicial set NI, the nerve of the category I. This
geometric realization is not homeomorphic to the point (aside from trivial cases). This

makes the following definition necessary.

Definition C.6. Let X.:I—Top, be a diagram of pointed topological spaces. The

reduced homotopy colimit is defined as the quotient

hoc?limX = hOC(I)lim X/ hOC(I)liIn pt
where hocolimj X refers to the homotopy colimit of the underlying unpointed diagram,
in the sense of Definition C.4.

Now, recall that a based space X is called well pointed, if the inclusion pt—X of

the basepoint is an h-cofibration.

PropPoSITION C.7. For a transformation X —X' between functors X, X': I—Top,

such that every map X (i)— X' (i) is a weak homotopy equivalence, the induced map

—_~—

hoccl)limX — hoc?limX !
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is also a weak homotopy equivalence, provided that all spaces X (i) and X'(i) are well
pointed. Moreover, the reduced homotopy colimit models the oo-categorical colimit of

pointed spaces.

Proof. The reduced homotopy colimit is homeomorphic to the geometric realization

Vo X()

10— —bin

of the simplicial space

ho/cg)me >~

)

and thus we have to show that this simplicial space is proper. But the latching inclusions
are given by pushout against the basepoint inclusions, so that they are h-cofibrations
if all involved spaces are well pointed. The statement about the oo-categorical colimit

follows as in Proposition C.5. O

In practice, we will abusively only write hocolim; X instead of ho/c_o\li/mIX , if it is
clear from the context that we are working in pointed topological spaces.

Finally, we discuss homotopy colimits in the category Sp® of orthogonal spectra.
If we just apply the results about pointed spaces levelwise and use that all colimits are
computed levelwise, then we get that, for levelwise well-pointed orthogonal spectra, the
Bousfield-Kan formula computes the correct co-categorical colimit. But we will see now
that more is true: the Bousfield-Kan formula always computes the correct colimit, even
for non-well-pointed diagrams! This miracle has to do with stability and is in contrast
to the case of pointed spaces.

To prove this fact, we have to input a version of the gluing lemma for orthogonal
spectra which does not hold for pointed spaces. To this end, recall that a map A— X of
orthogonal spectra is called an h-cofibration if it has the homotopy extension property

in the category of orthogonal spectra. Equivalently, if there is a retract of the map
ANT Uppngo XASY — X AT,

where we have used that orthogonal spectra are tensored over pointed spaces. Then, we
have the following version of the gluing lemma, which is proved in [75, Theorem 7.4 (iii)]
for prespectra and in [74, Theorem 3.5 (iii)] for orthogonal G-spectra (just specialize to
G=pt).

LEMMA C.8. (Gluing lemma) If we have a diagram of orthogonal spectra

B+——A——C

A

B+ A — ",
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where the maps A—B and A’— B’ are h-cofibrations and the vertical maps are stable

equivalences, then also the induced map on pushouts
BUAC—>B/UA/C/

is a stable equivalence.

Remark C.9. Note that the analogous notion of h-cofibration for pointed spaces
is what is called pointed h-cofibration. For a map of pointed spaces being a pointed
h-cofibration is a weaker condition than for the underlying map of spaces being an h-
cofibration. For example, the map pt— X is always a pointed h-cofibration for every
pointed space X. But it is only an underlying h-cofibration, if the space X is well
pointed. The crucial difference between pointed spaces and orthogonal spectra is that
the analogous statement to the gluing lemma (Lemma C.8) is wrong in pointed spaces.

We rather need that the underlying maps are h-cofibrations.

Definition C.10. For a diagram I—Sp® the (Bousfield-Kan) homotopy colimit
hoc?lim X eSp®

is defined by levelwise application of the reduced homotopy colimit of Definition C.6.

ProprosITION C.11. For a transformation X — X' between diagrams of orthogonal
spectra. X, X': I—Sp® such that every map X (i)— X' (i) is a stable equivalence, the in-
duced map

hOC(I)limX — hoc?limX !

is also a stable equivalence. Moreover, the homotopy colimit models the oco-categorical

colimit of orthogonal spectra.(°°)

Proof. This follows formally exactly as in the case of spaces (Proposition C.3) from
the gluing lemma, using the fact that the inclusions X -+ X VY of wedge summands are
h-cofibrations. Thus, the relevant simplicial object is Reedy h-cofibrant. We now use
the fact that there is a pushout-product axiom for h-cofibrations of orthogonal spectra,
when smashing with h-cofibrations of spaces, which is due to Schwéinzel-Vogt [84, Corol-
lary 2.9]; see also [72, Proposition 4.3] and the references there. We apply this to the
smash with the maps |0A™|, —|A"™|,, then the statement follows as in Proposition C.3
from the inductive construction of the geometric realization and finally the fact that the

filtered colimit along h-cofibrations again is the homotopy colimit. O

(59) We thank I. Patchkoria and C. Malkiewich for making us aware of a little inaccuracy in an
earlier version of the proof of this statement.
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LEMMA C.12. The homotopy colimit functor hocolim: Fun(I,Sp?)—Sp® commutes
with geometric realizations, i.e. for a diagram X:A°° —Fun(I,Sp?) there is a canonical

homeomorphism

|hoc<l)lim(XZ-)| & hOC(I)lim | X

Proof. Geometric realization commutes with colimits, since it is a coend and the
smash product commutes with colimits in both variables seperately. As a result, the
statement can, by definition of homotopy colimits, be reduced to showing that geometric
realization commutes with another geometric realization. But this means that taking
vertical and horizontal geometric realization of a bisimplicial space is the same as the
other way around. The latter fact is standard and can be seen by a formal reduction to

simplices, where it is obvious. O

Now, we consider the category of orthogonal G-spectra for G a finite group G (or
a compact Lie group). By continuity of the functor hocolim, we get that, for a diagram
I—GSp?, the homotopy colimit hocolim; X gets an induced G-action, and thus can be

considered as a orthogonal G-spectrum itself. The following lemma will be crucial.

LEMMA C.13. The fized points functor —C: GSp® —Sp® commutes with geometric
realizations and homotopy colimits, i.e. for diagrams Y: A°° +GSp® and X:1—GSp®
the canonical maps
YG

— Y,

¢ and hOC(I)lim(XZ-G) — (hoc?lim X;)¢

are homeomorphisms. The same is true if we replace Sp® by spaces or pointed spaces.

Proof. We first show that geometric realization commutes with taking fixed points
in spaces. The statements about spectra (and pointed spaces) then follows, since it is
just applied levelwise. Fixed points for a finite group are a finite limit. Fixed points for a
compact Lie group G can be computed by taking a finite set of topological generators of G,
and then taking fixed points for those. This way, we see that it is also essentially a finite
limit. Now, the result follows from the observation that geometric realization as a functor
from simplicial objects in Top to Top commutes with finite limits; cf. Proposition C.1.
Y.

Finally, the homotopy colimit is the geometric realization , where Y, is the sim-

plicial object in Sp® with
V.= \/ X..
10—>...—>ln
Thus, it suffices to show that wedge sums commute with taking fixed points if the action
is basepoint preserving. But this is obvious. O
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We note that the fixed points functor itself needs to be derived, and thus the above
lemma a priori does not have any homotopical meaning (of course it can be derived but
we shall not need this here). Also, we note that taking fixed points does not commute

with general colimits of spaces.

PropPoOSITION C.14. For a transformation X — X' between diagrams of orthogonal
G -spectra X, X': I—-+GSp® such that every map X (i)— X' (i) is an equivariant equiva-
lence (i.e. a stable equivalence on all geometric fized points, see Definition 11.2.3) the
induced map

hoccl)limX — hoc?limX !

1s also an equivariant equivalence of G -spectra. Moreover, the homotopy colimit models

the oo-categorical colimit of orthogonal G -spectra.

Proof. By definition, we have to check that all maps
fI)H(hOC(I)limXi) — @H(hOC(I)lisz{)

for HCG are stable equivalences. Since geometric fixed points are, by definition, given
by taking fixed points after an index shift, it follows from Lemma C.13 that it commutes

with homotopy colimits, so that this above map is isomorphic to the map

hocolim ® (X;) — hocolim & (X]).
il iel

This map is a stable equivalence by Proposition C.11, since by assumption all the maps
O (X;)—®H(X]) are stable equivalences. O

Note that the last statement can also be proven more directly from the gluing lemma
for G-orthogonal spectra, as proven in [74, Theorem 3.5 (iii)], but we need Lemma C.13

independently.
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