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1. Introduction

On the phase space T" x B", we consider the Hamiltonian system generated by the C”

time-periodic Hamiltonian
H.(0,p,t)=Ho(p)+eH:(0,p,t), (0,p,t)€T"xB"xT,

where T=R/Z, B"™ is the unit ball in R around the origin, and £ >0 is a small parameter.
The equations
0=0,Hy+cd,H, and p=—cdyH

imply that the momenta p are constant in the case e=0. A question of general interest
in Hamiltonian dynamics is to understand the evolution of these momenta when >0 is
small (see e.g. [1], [2], [3]). In the present paper, we assume that Hy is convex, and, more

precisely,

I
— <OiHy< DI, (1)

and prove that a certain form of Arnold’s diffusion occur for many perturbations. We
assume that >4, and denote by S” the unit sphere in C"(T™ x B" xT).

THEOREM 1. There exist two continuous functions £ and g on S”, which are positive

on an open and dense set UCS”, and an open and dense subset V1 of

V= {H0+€H1 Hy €U and 0<5<€0(H1)}
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such that the following property holds for each Hamiltonian H €Vy:
There exist an orbit (0,p) of H. and a time TEN such that

lp(T) =p(0)[| > £(Hy).

The key point in this statement is that ¢(H;) does not depend on €€]0,e0(H;)[. In
§1.1, we give a more detailed description of the diffusion path. Moreover, an improved
version of the main theorem provides an explicit lower bound on I(H;) (see Theorem 2.1
and Remark 2.1).

The present work is in large part inspired by the work of Mather [52], [53], [54]. In
[52], Mather announced a much stronger version of Arnold diffusion for n=2. Our set V is
what Mather called a cusp residual set. Asin Mather’s work, the instability phenomenon
thus holds in an open dense subset of a cusp residual set. Our result is, however, quite
different. We obtain a much more restricted form of instability, which holds for any n>2.
The restricted character of the diffusion comes from the fact that we do not really solve
the problem of double resonance (but only finitely many, independent from e, double
resonances are really problematic). The proof of Mather’s result is partially written (see
[53]), and he has given lectures about some parts of the proof [54].(%)

The study of Arnold diffusion was initiated by the seminal paper of Arnold, [1], where
he describes a diffusion phenomenon on a specific example involving two independent
perturbations. A lot of work has then been devoted to describe more general situations
where similar constructions could be achieved. A unifying aspect of all these situations
is the presence of a normally hyperbolic cylinder, as was understood in [57] and [29];
see also [27], [28], [61], [62], [23], [24], [8]. These general classes of situations have been
referred to as a-priori unstable.

The Hamiltonian H, studied here is, on the contrary, called a-priori stable, because
no hyperbolic structure is present in the unperturbed system Hy. Our method will,
however, rely on the existence of a normally hyperbolic invariant cylinder. The novelty
here thus consists in proving that a-priori unstable methods do apply in the a-priori
stable case. Application of normal forms to construct normally 3-dimensional hyperbolic
invariant cylinders in a-priori stable situation in 3 degrees of freedom had already been
discussed in [45] and in [48]. The existence of normally hyperbolic cylinders with a length
independent from e in the a-priori stable case, in arbitrary dimension, have been proved
in [10], see also [9]. In the present paper, we obtain an explicit lower bound on the length
of such a cylinder. The quantity ¢(H7) in the statement of Theorem 1 is closely related

to this lower bound (see also Remark 2.1). Let us mention some additional works of

(1) After a preliminary version of this paper was completed for n=2 the problem of double reso-
nance was solved and existence of a strong form of Arnold diffusion is given in [40].
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interest around the problem of Arnold’s diffusion: [5], [6], [14], [13], [15], [16], [17], [18],
(21], [22], [26], [35], [36], [44], [41], [42], [43], [46], [49], [65], [66], [63], and many others.

1.1. Reduction to normal form

As is usual in the theory of instability, we build our unstable orbits around a resonance.
A frequency w€R" is said resonant if there exists k€Z"!, k#0, such that k-(w,1)=0.
The set of such integral vectors k forms a submodule A of Z"*!, and the dimension of
this module (which is also the dimension of the vector subspace of R"*1 it generates) is
called the order, or the dimension of the resonant frequency w.

In order to apply our proof, we have to consider a resonance of order n—1 or,
equivalently, of codimension 1. For definiteness and simplicity, we choose once and for

all to work with the resonance
where

Similarly, we use the notation
0=(0°,0/)cT" IxT and p=(*,p’)eR" xR,

which are the slow and fast variables associated with our resonance (see §2 for definitions).
More precisely, we will be working around the manifold defined by the equation

aps Ho(p) =0

in the phase space. In view of (1), this equation defines a C"~! curve I' in R", which
can also be described parametrically as the graph of a C"™~! function p2(p/): R"~! —R.
We will also use the notation p. (pf):=(p3(pf), p?)).

We define the averaged perturbation Z corresponding to the resonance I' by

Z(0%,p) :=/ Hy(6°,p°,67,p7 1) do! dt.
If the perturbation H;(#,p,t) is expanded as

s ri(k®-0° k67 41
H1(07pat):H1(9 76fapat): Z h[ks,k:f,l](p)eZ (k 0° k-0 +1 t)’

ks €Z”71
kS el
IEZ
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then
Z(0°,p) = hpe 0,0 (p)e*™ 7).
kS

Our first generic assumption, which defines the set f CS™ in Theorem 1, is on the shape

of Z. We assume that there exists a subarc I'y CT" such that the following hypotesis holds.

Hypothesis 1. There exists a real number )\6]0, %[ such that, for each peI'y, there
exists 02(p)€T™ ! such that the inequality

Z(6°,p) < Z(03(p), p)—d*(6°,6:(p)) (HZX)

holds for each 6%.

1.2. Single maximum

Thie condition (HZ\) implies that, for each peT';, the averaged perturbation Z(6, p) has
a unique non-degenerate maximum at 6%(p). In §1.5 we relax this condition and allow
bifurcations from one global maximum to a different one. Note that the set of functions
ZeCm (T 1 x B") satisfying Hypothesis 1 on some arc I'; CT is open and dense for each
r>2. As a consequence, we have that the set U of functions H; €S” (the unit sphere in
C"(T"x B™xT)) whose average Z satisfies Hypothesis 1 on some arc I'1 CI' is open and
dense in 8" if r>2.

The general principle of averaging theory is that the dynamics of H. is approximated
by the dynamics of the averaged Hamiltonian Hy+¢Z in a neighborhood of T" xI'. The
applicability of this principle is limited by the presence of additional resonances, that is
points p€I’ such that the remaining frequency 0,s Ho is rational. Although additional
resonances are dense in I', only finitely many of them, called punctures, are really prob-
lematic. More precisely, denoting by U,1/s(I'1) the e1/3_neighborhood of I'; in B™ and
by R(T'1,¢,0)CC"(T"x B™xT) the set of functions R(6,p,t): T" x B® x T—R such that

[Rllc2(rn xu_y /s (r1)xT) SO

We will prove in §2 the following result.

PROPOSITION 1.1. For each §€]0, 1], there exist a locally finite subset PsCT' and
€1 €10, 0[, such that the following holds:
For each compact arc Ty CT disjoint from Py, each Hi€S", and each £C|0, 1], there

exists a C"-smooth canonical change of coordinates

O:T"xBxT—T"xR"xT
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satisfying ||®—id|co<+/e and such that, in the new coordinates, the Hamiltonian
Hy+cH; takes the form

N.=Hy(p)+eZ(0°,p)+cR(6,p,t), (2)

with RER(T1, ¢, ).

The key aspects of this result is that the set Ps is locally finite and independent
from e. Because it is essential to have these properties of Ps, the conclusions on the

smallness of R are not very strong. Yet they are sufficient to obtain the following result.

THEOREM 1.2. Let us consider the C” Hamiltonian
Ne(6,p,t) = Ho(p)+e2(0°, p) +cR(0, p, 1), (3)
and assume that || Z]|c2<1 and that (HZ)\) holds on some arc T1CT of the form

Tyi={(p(p")) :p €la,as]}.

Then there exist positive constants § and €g, which depends only on n, Hy, and X\, and
such that, for each €€]0,g¢[, the following property holds for an open dense subset of
functions RER(T'1,¢€,0) (for the C" topology):

There exists an orbit (0(t),p(t)) and an integer TEN such that

Ip(0)=ps(a)l| <Ve and |[Ip(T)—p.(as)ll <Ve.

1.3. Derivation of Theorem 1 using Proposition 1.1 and Theorem 1.2

Given [>0, we denote by D"(l) the set of C" Hamiltonians with the following property:
There exists an orbit (0(¢),p(t)) and an integer T" such that ||p(T))—p(0)||>!. The set
Dr (1) is clearly open.

We now prove the existence of a continuous function ¢y on 8" which is positive on
U and such that each Hamiltonian H.=Hy+eH; with H; €l and e<eg(Hy) belongs to
the closure of D" (go(H1)).

For each H; CU, there exist a compact arc I'y CI" and a number )\6]0, %[ such that
the corresponding averaged perturbation Z satisfies Hypothesis 1 on I'y with constant
2X. We then consider the real § given by Theorem 1.2 (applied with the parameter \).
By possibly reducing the arc I'y, we may assume in addition that this arc is disjoint from
the set Py of punctures for this §. The following properties then hold:

e the averaged perturbation Z satisfies Hypothesis 1 on I'; with a constant A’ > \;

e the parameter § is associated with A by Theorem 1.2;

e the arc I'y is disjoint from the set Ps of punctures.
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We say that (I'1, A, d) is a compatible set of data if the second and third points above
are satisfied. Then, we denote by U(T'1, A, d) the set of H; €S" which satisfy the first
point. This is an open set, and we just proved that the union of all compatible sets of
data of these open sets covers U.

With each compatible set of data (I'1, A\, d) we associate the positive numbers

0:=3|p-—p+ll,

where py are the extremities of I'y, and 5(I'y, A, §):=min{ey, ¢, ¢}, where ¢, is associ-
ated with § by Proposition 1.1.

Using a partition of unity, we can build a continuous function €9 on " which is
positive on U and have the following property: For each Hi €U, there exists a compatible
set of data (T'y, A, §) such that Hy el (T, \,d) and go(Hy)<ea(T'1, A, 0).

For this function £y, we claim that each Hamiltonian H.=Hy+cH; with H; €U/ and
0<e<eo(Hy) belongs to the closure of D" (eg(Hy)).

Assuming the claim, we finish the proof of Theorem 1. For I>0, let us denote by V(1)
the open set of Hamiltonians of the form Hy+eHy, where Hy €U satisfies eo(H;)>1 and
€€]0,e9(Hy)[. The claim implies that D(I) is dense in V(1) for each [>0. The conclusion
of the theorem (with I(H1):=¢eo(H1)) then holds with the open set V1:=J,,(V(1)ND(1)),
which is open and dense in V={J,., V(I).

To prove the claim, let us consider a Hamiltonian H.=Hy+eH,, with H; €U and
€€]0,e9(Hy)[. We take a compatible set of data (T'1, A, ) such that Hy €U (T'1, A, d) and
eo(H1)<e2(T1, A, 0). We apply Proposition 1.1 to find a change of coordinates ® which
transforms the Hamiltonian Hy+ecH; to a Hamiltonian in the normal form ®*H.=N,
with RER(T'1,¢,0). The change of coordinates ® is fixed for the sequel of this discussion,
as well as €. By Theorem 1.2, the Hamiltonian N, can be approximated in the C" norm
by Hamiltonians N, admitting an orbit (8(¢), p(t)) such that p(0)=p_ and p(T)=p, for
some T €N. Let us denote by 1‘NIE::(<I>_1)*]Y75 the expression in the original coordinates
of N.. It can be made arbitrarily C"-close to H. by taking N. sufficiently close to N..
Since ||®—id ||co <+\/E, the extended H.-orbit

(z(t),y(t),t mod1):=d(6(¢),p(t),t mod1)
satisfies p(0)—p_[|< v and [[p(T) —p_|| <y, hence
y(T) =y ()| = llp+ —p-|-2VE > £ > eo(Hn).

In other words, we have H, €D(eo(H;)). We have proved that H. belongs to the closure
of D(eo(H1)). This ends the proof of Theorem 1.
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The Hamiltonian in normal form N. has the typical structure of what is called an
a-priori unstable system under Hypothesis 1. Actually, under the additional assumption
that ||R||c2 <9, with § sufficiently small with respect to e, the conclusion of Theorem 1.2
would follow from the various works on the a-priori unstable case; see [8], [23], [24], [29],
[36], [61], [62]. The difficulty here is the weak hypothesis made on the smallness of R,

and, in particular, the fact that ¢ is allowed to be much smaller than §.

1.4. Proof of Theorem 1.2

We give a proof based on several intermediate results that will be established in the
further sections of the paper. The first step is to establish the existence of a normally
hyperbolic cylinder. It is detailed in §3. As a consequence of the difficulties of our
situation, we get only a rough control on this cylinder, as was already the case in [10].
Some C' norms might blow up when ¢—0 (see (4)).

The second step consists in building unstable orbits along this cylinder under ad-
ditional generic assumptions. In the a-priori unstable case, where a regular cylinder is
present, several methods have been developed. Which of them can be extended to the
present situation is unclear. Here we manage to extend the variational approach of [§],
(23], [24] (which are based on Mather’s work). We use the framework of [8], but also
essentially appeal to ideas from [51] and [24] for the proof of one of the key genericity
results. A self-contained proof of the required genericity with many new ingredients is
presented in §5.

The second step consists of three main steps:

e along a resonance I prove existence of a normally hyperbolic cylinder C and derive
its properties (see Theorem 1.3);

e show that this cylinlder C contains a family of Mané sets A(c), c€T, each being
of Aubry—Mather type, i.e. a Lipschitz graph over the circle (see Theorem 1.4);

e using the notion of a forcing class [8] to generically construct orbits diffusing along
this cylinder C (see Theorem 1.5).

1.4.1. Existence and properties of a normally hyperbolic cylinder C

THEOREM 1.3. Let us consider the C™ Hamiltonian system (3) and assume that Z
satisfies (HZ\) on some arc T1CT of the form

Iy i={(p(p") :p’ €[, a,}.
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Then there exist constants C'>1>3>3§>0, which depend only on n, Hy, and A, and such
that, for each ¢ in ]0,0[, the following property holds for each function RER(I'1,¢€,9):

There exists a C? map
(0%, P*) (0, p?  1): Tx[a_ —se'/3 ay 43/ 3] x T — T 1 xR}
such that the cylinder
C:={(6°,p°) = (0%, P*) (0%, p",t) :pf € a_—se'/?, a, 433 and (67,t) e TxT}

18 weakly invariant with respect to N. in the sense that the Hamiltonian vector field is

tangent to C. The cylinder C is contained in the set
W= {(0,p.t):p7 €la—se"? ar 4" ], 10° =05 (0| < 3¢ and |p* —pi(p”)]| < 52v/E},

and it contains all the full orbits of N, contained in W. We have the estimates

<D [afeevinn
Sl [REfeen

le°(67, ) -6: ()| <C V.

A similar, weaker, result is proved in [10]. The present statement contains better
quantitative estimates. It follows from Theorem 3.1 below, which makes these estimates
even more explicit. The terms s¢'/? come from the fact that we only estimate R on the
e!/%-neighborhood of 'y, see the definition of R(I'1, €, d).

For convenience of notations we extend our system from T™ x B" x T to T™ x R™ x T.
It is more pleasant in many occasions to consider the time-1 Hamiltonian flow ¢ and the

discrete system that it generates on T™ x R"™. We will thus consider the cylinder
CO = {(qap) € T" xR™: (Q7p7 O) € C}

We will think of this cylinder as being ¢-invariant, although this is not precisely true, due
to the possibility that orbits may escape through the boundaries. If r is large enough, it
is possible to prove the existence of a really invariant cylinder closed by KAM-invariant
circles, but this is not useful here.

The presence of this normally hyperbolic invariant cylinder is another similarity
with the a-priori unstable case. The difference is that we only have rough control on the

present cylinders, with some estimates blowing up when e —0. As we will see, variational
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methods can still be used to build unstable orbits along the cylinder. We will use the
variational mechanism of [8]. Variational methods for this problem were initiated by
Mather; see [50] in an abstract setting. In a quite different direction, they were also used

by Bessi to study the Arnold’s example of [1]; see [15].

1.4.2. Weak KAM and Mather theory

We will use standard notations of weak KAM and Mather theory, we recall here the most
important ones for the convenience of the reader. We mostly use Fathi’s presentation in
terms of weak KAM solutions, see [31], and also [8] for the non-autonomous case. We
consider the Lagrangian function L(6,v,t) associated with N, (see §4 for the definition)
and, for each ceR"™, the function

Y

G.(6,6:) == min / (L3 (8),4(E), B)—c-4(8)) dt,

where the minimum is taken on the set of C! curves 7: [0, 1]—T" such that v(0)=6y and
~v(1)=6;. Tt is a classical fact that this minimum exists, and that the minimizers is the
projection of a Hamiltonian orbit. A (discrete) weak KAM solution at cohomology c is a
function ueC(T", R) such that

u(f) = qfrel]iRri(u(ﬁ—v)—f—Gc(H—v, 0)+a(c)),

where a(c) is the only real constant such that such a function u exists. For each curve
v:R—=T" and each S<T in Z, we thus have the inequalities

T

U(V(T))*U(V(S))<Gc(7(5),7(T))+(T*5)Oé(C)</S (L(y(£),¥(t), 1) —c-7(t) +a(c)) dt.
A curve 0: R—T" is said to be calibrated by wu if
T . .
U(9(T))—U(9(S))=/S (L(6(1),0(t), 1) —c-0(t) +-alc)) dt,

for each S<T in Z. The curve 6 is then the projection of a Hamiltonian orbit (¢, p), such

an orbit is called a calibrated orbit. We denote by

Z(u,c) CT"xR"

the union of all calibrated orbits (6, p)(¢) of the sets (0, p)(Z), or equivalently of the sets

(0,p)(0). In other words, these are the initial conditions of the orbits which are calibrated
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by u. By definition, the set 7 (u, c) is invariant under the time-1 Hamiltonian flow ¢, it

is moreover compact and not empty. We also denote by
sT(u,c) CT"xR"xT
the suspension of f(u, ¢), or in other words the set of points of the form
(6(t),p(t),t mod1)

for each t€R and each calibrated orbit (6,p). The set sZ(u, ¢) is compact and invariant
under the extended Hamiltonian flow. Note that sZ(u,c)N{t=0}=Z(u,c)x{0}. The
projection

Z(u,c)CT"

of Z(u, ) on T™ is the union of points #(0), where  is a calibrated curve. The projection
sZ(u,c) CT"xT

of sZ(u, ¢) on T" x T is the union of points (6(t), t mod 1), where t€R and 6 is a calibrated
curve. It is an important result of Mather theory that sT (u, c) is a Lipschitz graph above
sZ(u,c) (hence Z(u,c) is a Lipschitz graph above Z(u,c)). We finally define the Aubry
and Mané sets by

Ale)=(Z(u,¢), sA(c)=[")sZ(u,c), N(c)=|JZ(u,c), sN(c)=|]sL(u,c), (6)

u u

where the unions and the intersections are taken on the set of all weak KAM solutions u
at cohomology c. When a clear distinction is needed, we will call the sets sfl(c) and sN (c)
the suspended Aubry (and Maifié) sets. We denote by s.A(c) and sN(c) the projections
of sA(c) and sN(¢) on T x T, respectively. Similarly, A(c) and A (c) are the projections
of A(c) and N (¢) on T", respectively. The Aubry set A(c) is compact, non-empty and
invariant under the time-1 flow. It is a Lipschitz graph above the projected Aubry set
A(c). The Maiié set N(c) is compact and invariant. Its orbits (under the time-1 flow)
either belong, or are bi-asymptotic, to ~/éi(c)

In [8], an equivalence relation is introduced on the cohomology H!(T", R)=R",
called forcing relation. It will not be useful for the present exposition to recall the pre-
cise definition of this forcing relation. What is important is that, if ¢ and ¢’ belong to
the same forcing class, then there exists an orbit (6,p) and an integer T€N such that
p(0)=c and p(T)=c’. We will establish here that, in the presence of generic additional
assumptions, the resonant arc I'y is contained in a forcing class, which implies the con-

clusion of Theorem 1.2, but also the existence of various types of orbits, see [8, §5] for
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more details. To prove that I'y is contained in a forcing class, it is enough to prove that
each of its points is in the interior of its forcing class. This can be achieved using the
mechanisms exposed in [8], called the Mather mechanism and the Arnold mechanism,

under appropriate informations on the sets

A(c)cZ(u,c)CN(c), ceTy.

1.4.3. Localization and a graph theorem
The first step is to relate these sets to the normally hyperbolic cylinder Cy as follows.

THEOREM 1.4. In the context of Theorem 1.3, we may assume, by possibly reducing
the constant §>0, that the following additional property holds for each function Re
R(T1,e,9) with £€]0,4]:

For each cel'y, the Mané set /\7(0) is contained in the cylinder Cy. Moreover, the
restriction of the coordinate map 67: T" xR"*—=T to f(u,c) is a bi-Lipschitz homeomor-

phism for each weak KAM solution u at cohomology c.

Proof. The proof is based on estimates on weak KAM solutions that will be estab-
lished in §4. Let s be as given by Theorem 1.3. Theorem 4.1 (which is stated and proved
in §4) implies that the suspended Maiié set sA(c) is contained in the set

{116° =02 ()| < s¢:[|p* =P ()| < sev/E and [pf —cf| <aev/e},

provided RER(I'1, ¢, %) and £€]0,&0[ (a constant depending on »). As a consequence,
this inclusion holds for RER(I'1, ¢, 6) and £€]0, §[, with §=min(5'®, &q). The suspended
Maiié set sA (c) is then contained in the domain called W in the statement of Theo-
rem 1.3. It is thus contained in C, hence /\N/(C)CCO.

Let us consider a weak KAM solution u of V. at cohomology ¢ and prove the projec-
tion part of the statement. Let (6;,p;), i=1,2 be two points in f(u, ¢). By Theorem 4.2,

we have

Ip2—p1 | <9V Del|02—6: || < 9V De (|64 — 01 ||+ 1165 —651))-

Since the points belong to Cy, the last estimate in Theorem 1.3 implies that

S S 5
5o <0 (12 ) tof~o{l 1.

We get

Ip2—p1]| SICVD(2v/+V35)(|05 — 61| +9CV D (Ve+V3) |[p2—pi .
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If § is small enough and <4, then
9ICVD(Ve+V8) <ICVD(2Ve+V6) < 3,

hence

||p2 —p1|| < 90\/5(2\/§+\/5) \\95—9{\\+%Ilp2—p1||,

thus
Ip2—p1|l SICVD (4v/e+2V5 ) |0 01| < |6 —6]|. O

1.4.4. Structure of Aubry sets inside the cylinder and existence of diffusing
orbits

This last result, in conjunction with the theory of circle homeomorphisms, has strong
consequences:

All the orbits of Ay (c) have the same rotation number o(c)=(o/(c), 0), with o/ (c) €R.
Since the sub-differential da(c) of the convex function « is the rotation set of A(c), we
conclude that the function « is differentiable at each point of I'y, with da(c)=(0°(c),0).

When p*(c) is rational, the Mather minimizing measures are supported on periodic
orbits.

When °(c) is irrational, the invariant set fl(c) is uniquely ergodic. As a consequence,
there exists one and only one weak KAM solution (up to the addition of an additive
constant), hence N(¢)=A(c).

In the irrational case, we will have to consider homoclinic orbits. Such orbits can be
dealt with by considering the two-fold covering

&I — T,
0=(07,605,05,....05 ) —£(0)=(67,2605,605,....65_,).

The idea of using a covering to study homoclinic orbits comes from Fathi; see [30]. This

covering lifts to a symplectic covering

(TP R™ — T" x R™,

[1]

(gvp) = (aapfapiapga "'apqszfl) — E(va) = (5(0)7]9]0; %pivpgv "‘7pifl)a
and we define the lifted Hamiltonian N=NoZ. It is known, see [30], [25], [8], that

Apz(€e)==""(Axu(c)),
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where £*c= (cf, %c{, C5yeeny cfl_l). On the other hand, the inclusion

Nyez(§7¢) DE7 (N (e) =27 (An(c))
is not an equality. More precisely, in the present situation, the set A No-=(€) is the union of
two disjoint homeomorphic copies of the circle Ay (¢), and N, No=(€) contains heteroclinic
connections between these copies (which are the liftings of orbits homoclinic to Ay (c)).
More can be said if we are allowed to make a small perturbation to avoid degenerate sit-
uations. We recall that a metric space is called totally disconnected if its only connected
subsets are its points. The hypothesis of total disconnectedness in the following state-
ment can be seen as a weak form of transversality of the stable and unstable manifolds

of the invariant circle Ay (c).

THEOREM 1.5. In the context of Theorems 1.3 and 1.4, the following property holds
for a dense subset of functions RER(I'1,€,d) (for the C” topology). Each c€T’y is in
one of the following cases:

(1) 0/ (Z(u,c))CT for each weak KAM solution u at cohomology c;

(2) olc) is irrational, 67 (Ny(c))=T (hence, N (c) is an invariant circle), and

Nz (€ \E (N (e)

is totally disconnected.

The arc T’y is then contained in a forcing class, and hence the conclusion of Theo-
rem 1.2 holds.

Proof. By general results on Hamiltonian dynamics, the set R1 CR(T'1, €, dg) of func-
tions R such that the flow map ¢ does not admit any non-trivial invariant circle of rational
rotation number is C"-dense. This condition holds for example if N is Kupka Smale (in
the Hamiltonian sense, see [59] for example).

Since the coordinate map 6/ is a homeomorphism when restricted to 7 (u, ¢), this set
is an invariant circle if 67 (Z(u,c))=T. If RER, this implies that the rotation number
of (c) is irrational. In other words, for RER1, condition (1) can be violated only at points
¢ when ¢f () is irrational, and then Z(u, ¢)=A(c)=N(c) is an invariant circle.

When ReR;, it is possible to perturb R away from Cy in such a way that
Nnz(§e\E7 (N (e)

is totally disconnected for each value of ¢ such that N (c) is an invariant circle. This
second perturbation procedure is not easy because there are uncountably many such
values of ¢. This is the result of Theorem 5.1. A result of this kind was obtained in [24],

here we give a self-contained proof with many new ingredients; see §5.
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We now explain, under the additional condition ((1) or (2)), how the variational
mechanisms of [8] can be applied to prove that I'y is contained in a forcing class. It is
enough to prove that each point c€l'; is in the interior of its forcing class. We treat
separately the two cases.

In the first case, we can apply the Mather mechanism, see (0.11) in [8, §0.11]. In that
paper, the subspace Y (u,c) CR"™, defined as the set of cohomology classes of closed 1-
forms whose support is disjoint from Z(u, ¢), is associated with each weak KAM solution
u at cohomology ¢ (in [8], the notation R(G) is used). In the present case, we know that
the map 6/ restricted to 7 (u, f) is a bi-Lipschitz homeomorphism which is not onto. We
conclude that Y (u, ¢)=R™. Since this holds for each weak KAM solution u, we conclude

that
Y(c):= m Y (u,c)=R"

The result called Mather mechanism in [8] states that there is a small ball BCY (¢)
centered at 0 in Y such that the forcing class of ¢ contains ¢+ B. In the present situation,
we conclude that ¢ is in the interior of its forcing class.

In the second case, we can apply the Arnold’s mechanism; see [8, §9]. We work with
the Hamiltonian NoZ lifted to the 2-fold cover. By Proposition (7.3) in [8], it is enough
to prove that £*c is in the interior of its forcing class for the lifted Hamiltonian NoZ=;
this implies that c is in the interior of its forcing class for N.

The preimage Z~1(Ny(c)) is the union of two closed curves S; and S,. The set
N, Noz(£*c) contains these two curves, as well as a set ﬁlg of heteroclinic connections
from §1 to §27 and a set ﬁgl of heteroclinic connections from gg to 51. Theorem (9.2) in
[8] states that £*c is in the interior of its forcing class, provided Hiz and Hoy are totally
disconnnected. Actually, the hypothesis is stated in [8] in a slightly different way, we
explain in Appendix B that total disconnectedness actually implies the hypothesis of [8].
We conclude that each c€TI'y is in the interior of its forcing class. Since I'y is connected,
it is contained in a single forcing class. It is then a simple consequence of the definition
of the forcing relation, see [8, §5], that the conclusion of Theorem 1.2 holds. This ends
the proof of Theorem 1.2, using the results proved in the rest of the paper. O

1.5. Bifurcation points and a longer diffusion path

This section discusses some improvements on Theorems 1 and 1.2. There are two lim-
itations to the size of the resonant arc I'y CI' to which the above construction can be
applied.

The first limitation comes from the assumption that hypothesis (HZ\) should hold

on I'y. Given a resonant arc 'y CT, it is generic to satisfy this condition on a certain
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subarc I'y CT'9, but it is not generic to satisfy (HZA\) on the whole of I'y. The presence
of values of c€TI'y such that Z(-, ¢) has two non-degenerate maxima cannot be excluded.
In this section, we explain how a modification of the proof of Theorem 1.2 allows us to
get rid of this limitation.

The second limitation comes from the normal form theorem, and from the impos-
sibility to incorporate a finite set of additional resonances (punctures) in the domain
of our normal forms. This limitation is serious, and bypassing it would require specific
work around additional resonances, which will not be discussed here. Some preprints
on this issue appeared after the first version of the present work; see [20], [39], [40] (the
latter ones being sequels to the present work, and the first one is independent). Here,
the best we can achieve is to prove existence of diffusion orbits between two consecutive
punctures. The number of punctures is independant from ¢, it depends on the parameter
6 in Theorem 1.2, which can be computed using the non-degeneracy parameter \; see
Remark 2.1.

In order to get rid of the first limitation, we consider a second hypothesis on Z.

Hypothesis 2. There exists a real number A>0 and two points 95,95 in T"~! such
that the balls B(95,3)) and B(¥5,3\) are disjoint and such that, for each p€I'y, there
exist two local maxima 65 (p)eB(¥5,\) and 05(p)€ B(¥5, \) of the function Z(-,p) in
T ! satisfying

05.Z(07(p),p) <M, 93.Z(05(p), p) <A,

and
Z(6°,p) <max{Z(6] (p), p), Z(6] (p),p)} — A(min{d(6° —6), d(6° —63)})?

for each peTl'; and each #*€T" 1.

Given an arc 'y €R", the following property is generic in C"(T"~! xR", R):
The arc I's is a finite union of subarcs such that either Hypothesis 1 or 2 holds on
each of these subarcs, with a common constant A>0.

We have the following improvement on Theorem 1.2.

PROPOSITION 1.6. For the system (3), assume that there exists A>0 such that for
each c€Tl'y, either Hypothesis 1 or 2 holds for each c€T'y. Then there exists >0, which
depend only on n, Hy, and X\, and such that, for each £€]0,6[, the following property
holds for a dense subset of functions RER(T'1,¢,6) (for the C™ topology):

There exist an orbit (0,p) and an integer TEN such that

p(0)=p.(a-) and p(T)=p.(as).
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Proof of Proposition 1.6. We use the same framework as in the proof of Theorem 1.2,
so it is enough to prove that each element of I'; is in the interior of its forcing class.

Observe first that Theorem 3.1 can be applied to prove the existence of two invariant
cylinders C' and C? in the extended phase space T xR"™xT. Moreover, we can choose

the parameter » smaller than )\, in such a way that
0°(C1) C B(¥1,2\) and 6°(Cy) C B(93,2)).

As earlier, we denote by C} and C? the intersections with the section {t=0}. By Theo-
rem 4.12, we have
A(e)cciuc?

for each c€T';. Let us now introduce two smooth functions F;(6%): T~ —10,1], i€{1,2},
with the property that Fy =1 in B(¥5,2)), F1=0 outside of B(95,3)), Fo=1in B(v5, 2))
and F5=0 outside of B(95,3\)

Considering the modified Hamiltonians N — F; will help the description of the Mather
sets of N. One can check by inspection in the proofs (using that F; does not depend on
p) that Theorem 4.1 applies to N — F;, and allows to conclude that the Mafié set /\Nfl(c) of
N —F; is contained in C§. Let us denote by a;(c) the o function of N —F;. These objects

are closely related to Mather’s local Aubry sets.

LEMMA 1.7. For each c€T'q, the ;(c) are differentiable at ¢, and

a(c) =max{ay(c), az(c)}.

Moreover,
o if a(c)=aq(c)>az(c), then ./\Z’(c)z./i/’l(c);
o if a(c)=as(c)>a;(c), then N(c)=Na(c);

o if alc)=ai(c)=axs(c), then Ni(c)UN2(c)EN(c).

Proof. The functions a;(c) are C! for the same reason as a(c) is C! in the one-peak
case.

Since N —N; <N, we have «;(c)<a(c). On the other hand, we know that

a(0)=max(c:0(0 [ (90, -N)d).

m

where the maximum is taken over the set of invariant measures p. Since we know that
A(c)cChuc?, and since the maximizing measures are supported on the Aubry set, we
conclude that each ergodic maximizing measure is supported either on C! or on C2. If

the measure is supported in C?, then we have

ai(c)2C'Q(,u)_/(papN_N+Fi)d/":C'Q(N)_/(papN_N) dp=a(c).
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This proves the equality a(c)=max{a;(c), as(c)}.

As is explained in the proof of Theorem 4.12, there are two possibilities for the Mané
set N(c): either it is contained in one of the C§, or it intersects both of them, and then
also contains connections (because it is necessarily chain transitive).

If the Maiié set A(c) intersects Ci, then the intersection is a compact invariant
set, which thus support an invariant measure. This measure must be maximizing the
functional ¢ o(p)— [(p 9N — N dp), and thus also the functional

o)~ [(pON-N+F)d

As a consequence, we must have a(c)=a«;(c). O

We can prove, by the variational mechanisms of [8], that a point ¢ is in the interior
of its forcing class in the following three cases:

First case: the Mafié N/ (c) set is contained in one of the cylinders C§, and it does not
contain any invariant circle. Then the Mather mechanism applies as in the single-peak
case, and c is contained in the interior of its forcing class.

Second case: the Mafié set is an invariant circle (then necessarily contained in one of
the cylinders CA), it is uniquely ergodic, and Ny.z(¢)\E~1 (N (c)) is totally disconnected.
Then the Arnold’s mechanism applies as in the single peak case, and c is contained in
the interior of its forcing class.

Third case: the sets /\Nfl(c) are both non-empty and uniquely ergodic, and
N()\(Ni(e)UN3(e))

is totally disconnected. Then the Arnold’s mechanism applies directly (without taking a
cover), and c¢ is contained in the interior of its forcing class.

Each c€T'y is in one of these three cases provided the following set of additional
conditions holds:

e the sets /\N/'Z(c) are uniquely ergodic;

e the equality a;(c)=as(c) has finitely many solutions on I'y;

e the set N(c)\(N;(c)UN,(c)) is totally disconnected (and not empty) in case
a1 (c)=as(c);

e the set My.z(c)\E~1(N(c)) is totally disconnected whenever N(c) is an invariant
circle.

Let us now explain how these conditions can be imposed by a C” perturbation of R.

We start by considering a perturbation R; of R such that, for each rational number

0€Q\ {0}, there exists a unique Mather minimizing measure of rotation number o. Such
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a condition is known to be generic (because it concerns only countably many rotation
numbers); see [47], [25], [12], [11].

We then consider a perturbation Ry of the form R;—sFj, with a small s>0. It is
easy to see that the functions a%(c), c€l'y, associated with the Hamiltonian Hy+cZ+¢eRy

are

af(c)=a(c) and a3(c)=az(c)+s,

where a}(c) are the functions associated with Hyo+cZ+¢cR;. By Sard’s theorem, there
exist arbitrarily small regular values s of the difference o —ad. If s is such a value, then
0 is a regular value of the difference o} —a3, hence the equation af(c)=a3(c) has only
finitely many solutions on I'. Note that the perturbation is locally constant around the
cylinders C?, hence this second perturbation does not destroy the first property.

We then perform new perturbations supported away from C?, which preserve the
first two properties. The third property is not hard to obtain since it now concerns only
finitely many values of ¢. The last property is obtained using arguments of §5.

We have proved that the Hamiltonian R can be perturbed in such a way that each

point of I'; is in the interior of its forcing class. O

2. Normal forms

The goal of the present section is to prove Proposition 1.1 which allows to reduce The-
orem 1 to Theorem 1.2. This reduction to the normal form does not use the convexity
assumption. We put the initial Hamiltonian H. in normal form around a compact subarc

I'5 of the resonance
I'={p*=p.(p’)} ={p€R":0,: Hy=0}.

This global normal form is obtained by using mollifiers to glue local normal forms that
depends on the arithmetic properties of the frequencies. This allows a simpler proof for
instability, as we avoid the need to justify transitions between different local coordinates.

Recall that we study a resonance of order n—1 or, equivalently, of codimension 1.
The resonance of order n—1 is given by a lattice A spanned by n—1 linearly independent
vectors ki, ..., kn—1€(Z"\{0})xZ. Denote by 0=k;-0, wi=k;-VHy(p), j=1,..,n—1

and 0°=(03,...,05_,) the slow angles and by w®=(w},...,w

s s
o Yn—1

s _1) the slow actions, respec-
tively. Choose a complement angle 7 so that (6%,6/)cT" ! xT form a basis.
For pel we have w(p)=(0,0,s Ho(p)). We say that p has an additional resonance

if the remaining frequency 0,sHo(p) is rational. In order to reduce the system to an
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appropriate normal form, we must remove some additional resonances. More precisely,
we denote by D(K, s)C B the set of momenta p such that
o (19 Ho(p)]| <, and
e |k/9,sHo(p)+k'|>3Ks for each (k/, k')€Z? satisfying max{|k/|, |k'|} €]0, K].
The following result, which does not use the convexity of Hp, is a refinement of

Proposition 1.1:

THEOREM 2.1. (Normal Form) Let Hy(p) be a C* Hamiltonian. For each §€]0,1],
there exist positive parameters Ko, g, and 3 such that, for each C* Hamiltonian H, with

|H1||c2 <1, each K=Ky, and each <&y, there exists a smooth change of coordinates
O:T"xBXxT—T"xR"xT

satisfying ||®—id ||co </ and ||®—id ||c2 <& and such that, in the new coordinates, the
Hamiltonian Hy+¢eH; takes the form

N.=Hy(p)+eZ(0°,p)+cR(0,p,t),

with ||R||c2<d on T"xD(K, Be/*)xT. We can take Ko=c62, f=c6~'"", and go=

§67+5 Je, where ¢>0 is some constant depending only on n and ||Ho|cx.

The proof actually builds a symplectic diffeomorphism ® of T"*! x R**! of the form

(0,p,t,e) = (2(0,p,t), e+ f(0,p,1))

and such that

N.+e=(H.+e)od.
We have the estimates [|®—id ||co <+/2 and ||®—id || > <4.

Remark 2.1. (Distance between punctures) On the interval, the distance between
two adjacent rationals with denominator at most K is 1/K2. Choose K=K, as in
Theorem 2.1, the distance between adjacent punctures is at least D=1 /K?>D~1c=1§4,

The length of I'y is determined by the choice of §, which can be chosen optimally
in Theorem 1.3 and Theorem 4.1. Upon inspection of the proof, it is not difficult to
determine that § can be chosen to a power of A, which shows the distance between

punctures is polynomial in .

To prove Theorem 2.1 we proceed in three steps. We first obtain a global normal
form N, adapted to all resonances. We then show that this normal form takes the desired
form on the domain D(K,s). However, the averaging procedure lowers smoothness, in
particular, the technique requires the smoothness r>n+5. To obtain a result that does
not require this relation between r and n, we use a smooth approximation trick that goes
back to Moser.
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2.1. A global normal form adapted to all resonances

We first state a result for autonomous systems. The time-periodic version will come
as a corollary. Consider the Hamiltonian H, (¢, J)=Hy(J)+eH1(¢,J), where (¢, J)€
T™xR™ (later, we will take m=n+1). Let B={|J|<1} be the unit ball in R™. Given
any integer vector k€Z™\{0}, let [k]=max;{|k;|}. To avoid zero denominators in some
calculations, we make the unusual convention that [(0, ...,0)]=1. We fix once and for all
a bump function o: R—R to be a C*° such that

@ {1, if |2 < 1,
xTr)=
¢ 0, if|z|>2,

and 0<p(z)<1 in between. For each >0 and k€Z™, we define the function g (J)=
o(k-0;Hy/B'/*[k]), where >0 is a parameter.

THEOREM 2.2. There exists a constant c.,, >0, which depends only on m, such that
the following holds: given

e a C* Hamiltonian Hy(J);

e o C" Hamiltonian Hy(p,J) with ||Hy||cr=1;

e parameters r=m+4, 6€]0,1[, £€]0, 1], 3>0, K>0,
satisfying

o K>c¢p,dt/(r=m=3).

o Bzen(1+|Hollon)d ™/

o BVAL | Holles,
there exists a C? symplectic diffeomorphism ®:T™x B—T™ xR™ such that, in the new
coordinates, the Hamiltonian H.=Hy+cH, takes the form

HEO(I):H0+5R1+€R2

with

® Ri=3} jczmm k<K ok (J)hi(J)e2m*®) where hy,(J) is the k-th coefficient for the
Fourier expansion of Hq;

o [|Rzllc2 <6

o |[®—id|co<Iv/E and ||®—id |2 <.

If both Hy and Hy are smooth, then so is ®.

We now prove Theorem 2.2. To avoid cumbersome notation, we will denote by ¢,
various different constants depending only on the dimension m. We have the following
basic estimates about the Fourier series of a function g(¢, J). Given a multi-index o=

(01, .y i), we set [a|=a1+...+ . We also set s, =3 oy [k] ™71
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LEMMA 2.3. For g(¢, J)eC™(T™ x B), we have the following.
(1) If I1<r, we have [lge(J)e*™ ) || <[K]"|lgll -
(2) Let gp(J) be a series of functions such that the inequality

1072 gkllco < MK}~

holds for each multi-index o with |a|<l, for some M >0. Then, we have

Z gk(J)eQWi(k-go)

kezm

< e M.

cl
(3) Let H}(g:z‘kag;c(J)e%”'(k‘qb). Then, for I<r—m—1, we have

T gllor < st K™ gl
Proof. (1) Let us assume that k#0 and take j such that k;=[k]. Let a and n be

two multi-indices such that |a+n|<I. Finally, let b=r—1, and let 8 be the multi-index
8=(0,...,0,b,0,...,0), where 5;=b. We have

gk(J)e%ri(k-sa):/ (0, J)e27ri(k,sa—9) do = ; g(0+¢, J)e—Qm'(k»G) de,
and hence
Do g (gi(J) e ) = | Ben g0+, T)e~2mik0) g
:/m aﬂ”““}é;’zl({z;% J) —2mi(h0) gy

Since |a+G+n|<r, we conclude that
i(k- ||g||C’" —r
lgr ()™ * ) e < @rlk])? <lgller [k
(2) We have

lgr ()™ * | <

Z hk(J)eQ‘/ri(k~ga)

kezm

< Z clk| 7T M < epsepa M
Ct kezm
(recall that s, = jcpm [K|7™1).
(3) Using (1), we get
Iiegllen < Y- K lgller <llgller Km0 Y7 (k)7
[k|>K |k|>K

< ||g||Cer7T+l+l Z [k]fmfl' ]
kezm™
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Proof of Theorem 2.2. Let C?(gi), J) be the function that solves the cohomological
equation
{Hy,G}+H;=R1+R,,

where R, =II},H;. Observing that gy(J)=1 when k-0;H,=0, we have the following

explicit formula for G:

@(% J) = (2mi) ! Z We%i(k.@
|k|<K

where each of the functions (1—gx(J))hi(J)/(k-05Hp) is extended by continuity at the
points where the denominator vanishes. This function hence takes the value zero at these
points. G is well defined thanks to the smoothing terms 1— g, we introduced, as whenever
k-0yHy=0 we also have 1— ;=0 and that term is considered non-present. Since G as

defined above is only C?3, we will consider a smooth approximation

Glp. )= 3 gu()exmitko)

|k|<K
where g (J) are smooth functions which are sufficiently close to

(1—ox(J)hi(J)
(27T2)kaJHO(J)

in the C® norm.

Let ®! be the Hamiltonian flow generated by eG. Setting
Fi=Ri+R,+t(Hi—R1—R,),
we have the standard computation

8,5((H0+€Ft)0(1)t) = EatFtO(I)t+€{H0+€Ft, G}O(I)t
= (0, Fy+{Hy, G})o® +*{F;, G}o®' = *{F;, G} oD,

from which it follows that

1
HEO¢1=H0+ER1+€R++€2/ {Ft,G}O(I’tdt.
0

Let us estimate the C? norm of the function Ry:=R, +¢ fol{Ft, G}o®! dt. Tt follows from
Lemma 2.3 that
1R lo2 < st K742 | Hy

or <16
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We now focus on the term fol {F},G}o®!dt. To estimate the norm of F}, it is convenient
to write Fy=F,+(1—t)Ry, where F,=(1—t)R, +tH;. Notice that the Fourier expansion

of E is simply a constant times that of H;, Lemma 2.3 then implies that

1Ftles < ) KPP Hiller = s6m | Hillor
kezm™

provided that r>m+4, where we set 3¢, =) ;.. [k] "™ 1.

We now have to estimate the norm of Ry and G. This requires additional estimates
of the smoothing terms g as well as the small denominators k-0;Hy. We always assume
that 1€{0,1,2,3} in the following estimates:

— if pp(J)#1 then |(k-0;Hy) | <B e V4 k|~

(k0 Ho) | er SemB e GV Hy 1] on {orA1);

~ lo(Nller<emB™e | Hollps and [[1— 04 ()|l et <emB~'e™* | Hollga-

We have been using the following estimates on the derivative of composition of
functions: For f:R™—R and g:R™—R™ we have || foglct <cmll fllor(1+]gllL).

— For each multi-index «, with |a|<3, we have that

107e (1= 0k (1)) i (J) (k-85 Ho) ™)l co
< Y I=ekD el roall (k05 Ho) ™ | loal (o 1y

ajtastaz=a

Sem 3 (BImlem A g ]

aytaztas=a

cr
Xﬂf\a3|71€7(|a3\+1)/4HHOH\Cvale)

eI e DA e | o | 17 H o
In these computations, we have used the hypothesis 3c'/*<||Ho||ca. Since

Glo, )= 3 (1= 0u(T)hi(T) (k-0 Ho) 1209,
kezm

Lemma 2.3 implies (since r>m+1) the following:
~ Gller SemB1 e GV Hy 4 H o <67
We now turn our attention to Ri1=3; < ok (J)hi,(J)e2m1 k) getting
Nl <Rl
= llorhillor <emB~'e Ak~ Hollga | Hill -
~ |Rillor <emB~le V4| Ho||Lu || Hy || o, provided r>m+4.
We obtain
IFillor < [ Rallen+ I Feller < emB~'e ™4 Hollga | Hall o
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and

HFuGHloe < Y- I ElcionllGllgiesr < emB™ ™ | Holl sl Ha 12

[ +az|<3

Concerning the flow ®*, we observe that ||eG||cs <1, and get the following estimates (see,
e.g., [28, Lemma 3.15]):

1 —id e <emellGlos <emB | Holla| Hi v <5

[0 —id oo <emelGllor <emB > VEI ol 1 Hylcs <6E.

Finally, we obtain

el{F, GYo®'|lc2 < emel{Fr, GHlc2 12122 < emB™* [ Hollea | H[[Er < 50 m

2.2. Normal form away from additional resonances

We now return to our non-autonomous system and apply Theorem 2.2 around the reso-

nance under study. With the non-autonomous Hamiltonian
H.(0,p,t)=Ho(p)+eH (0,p,t): T"xR"xT—R
we associate the autonomous Hamiltonian
He(p,J)=Ho(I)+e+eH(0,1,1): T"t xR R,

where ¢=(0,t) and J=(I,e). We denote the frequencies w€R"*! by w=(w/,w?* wt)e
R ! xR xR, and define the set

QK,s):={weR"™ ||| >s and |kfw/ +k'W!| > 3sK for all (k°, k) € Z%},

where Z2- denotes the set of pairs (k/, k') of integers such that 0<max{k/, k'} <K. Note
that
D(K,s)={peR":(9,Ho(p),1) e QUK,s)}.

COROLLARY 2.4. There exists a constant ¢, >0, which depends only on n, such that
the following holds. Given

e a C* Hamiltonian Hy(p),

e o C” Hamiltonian Hy(0,p,t) with ||Hy|cr=1,

e parameters r=n+5, 6€]0, 1[, e€]0,1[, 5>0, K>0,
satisfying

o K>c,6~1/(r=n=4)

o (=cu (14| Hollos)d ™2,

o Be'/*<||Hyllcs.
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there exists a C? symplectic diffeomorphism ® of Tt xR" such that, in the new
coordinates, the Hamiltonian H.=Hy+¢cH; takes the form

N.=Hy+eZ+eR,

with
o |R||c2<6 on T"xD(K, Be'/*)x T,
o |P—id||co<IyE and ||®—id||c2<4.
The symplectic diffeomorphism ® is of the form

(i)(evpa ta 6) = (q)(95p7 t)7 6+f(9,p, t))
where ® is a diffeomorphism of T"xR™xT fizing the last variable t. The maps ® and

® are smooth if Hy and Hy are.

Proof. We apply Theorem 2.2 with f—js, m=n+1 and 5:%6. We get a diffeomor-
phism @ of T"*! xR™*! as the time-1 flow of the Hamiltonian G. By inspection in the
proof of Theorem 2.2, we observe that G does not depend on e, which implies that ® has
the desired form. We have

Hso®:ﬁ0(J)+5E1+5§2,
where ||1§2||ng%5 and
~ k'8, Hy+k*0, Hy+ Kkt ik
R1<97p’t): Z Q( z /351/4[];]) >gk(p)62 k(07t)'

[k]<K

Let us compute this sum under the assumption that pe D(K, 3c'/*) (or equivalently, that
(0,Hy, 1)€Q(K, Be'/*)). We have

k!-8,s Hy
pet/4[k]

~X )

and hence

kf-apr0+k58psH0+kt _
Bet/4[k] -

for k such that k*=0=Fk". For the other terms, we have, by definition of Q(K, s),

ksaps HO +kt
Bet/4[k]

k50, Ho+ k'
Bel/AK

=

s

and hence

k' -0,r Ho+k*0ps Ho+ k' N
ﬁ51/4[k] =
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and these terms vanish in the expansion of El. We conclude that

53 rik?.0f
Ri(0,p,t) = Z 9(ks.0,0) (D)€ w0

kfezn—1 [k/I<KK

hence ElzZ—H}(Z), with the notation of Lemma 2.3. Finally H.o®=Hy+cZ+cR>
with Rg:EQ—H}Z. From Lemma 2.3, we see that

I Z|lce <en K™ 377 Z)|or < en K™ P37 Hyllor < e K377 < S0

On the other hand, ||Ry|c2 <16, and hence || Ry|c2 <. O

2.3. Smooth approximation

We finally remove the restriction on r and obtain a smooth change of coordinates. If
r<n+>5, we use Lemma 2.5 below to approximate H; by an analytic function H;:=S5,H;

(with a parameter 7 that will be specified later).
LEMMA 2.5. ([60]) Let f:R™—=R be a C" function, with r>4. Then, for each 7>0,

there exists an analytic function S;f such that

187 f = flles <e(n, )| fllcsm™™  and )

<c(n, )| f]

CS

for each s>r, where c¢(n,r) is a constant which depends only on n and r.

In order to obtain a smooth change of variables, it is also convenient to approximate
Hy(p) in C*(B) by a smooth H(p) (using a standard mollification). We then apply
Corollary 2.4 to the Hamiltonian

H!:=Hj+ecH{ =Hj+e2H,

with Hy=H{ /||Hf||cr2, e2=¢||Hf||cr=, and some parameters ro =7 and d2<J to be spec-
ified later. We find a smooth change of coordinates ® such that

ﬁ:oé:ﬁg+€222+€2R2 :HS+€Z*+€HHT|

cr2 Ry

and ||Ra||c2 <02, where Z2(0°, p)= [ Had67 dt and Z*(0%,p)=[ H; d6” dt. As usual, we
have denoted by HE* and HO the autonomized Hamiltonians H;‘ =H?+eand HO =H{+e,

respectively. With the same map ®, we obtain

ﬁgoé iﬁo+€Z+6R
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with N N o
. . . Hi—Hy+(Hy—H)od
e R N A

In the expression above, the map ® is the trace on the (6, p,t) variables of the map ®.
Choosing 7':5;/(”_3), and assuming that |H§— Hpl|ca <ed/c(n,4) we get

~ ||H = Hillos <e(n, )05 229,

— ||H llor Seln,ra)dy 22,
|2* = Z) o <|| Hf = Hy | o <c(n,ra)dy ~/ 27,
~ [|®—id |2 <o <6<,
~ |(HY = H1)o®||c2 <c(n, m2) || Hf — Hi[|o2 (| @]l o2 + | @|2) <c(n, 5)| Hf — Hi |2,
|(Ho— H§)o®|| 2 <6/c(n,s),

and finally

(r—3)/(r2-3) 0
< _
|1R||c2 < e(n,12)d5 +c(n,r2)

We now set
§(r2=3)/(r=3)  §

2 c(n,rs) S 2
and get || R||c2 <d. To apply Corollary 2.4 as we just did, we need the following conditions
to hold on the parameters:

— K>c(n,ry)dr2=3)/(r=3)(r2=n=4) " which implies K}cnégl/(r7"74),

— B=c(n, r2)(2+ | Hollcs)6~(2=3/20=% which implies 3> ¢, (14| Hi[[c4)d; /2,

— B < (14| Hyl|ga)6m2=7)/4("=3) wwhich implies 6€§/4<||H§||C4.
We apply the above discussion with ro=2n+5 and get Theorem 2.1. Note the estimate

[id —B|lco < ay/Ea < 8y 2T B e

3. Normally hyperbolic cylinders

In this section, we study the C? Hamiltonian
Ne(8,p,t) = Ho(p)+cZ(6°, p)+eR(6, p, 1).
In the above notations we denote by p?(p/)€R™! the solution of the equation
8y Ho(p%(p7). p") =0.

We recall also the notation p, (pf):=(p(p’), pf) from the introduction. We assume that
| Z]l¢s <1, and that D' I<d2,Ho<D I for some D>1. To simplify the notation, we will
be using the O(-) notation, where f=0(g) means |f|<Cyg for a constant C' independent
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of e, A\, §, r, a~, and a*. We will not be keeping track of the parameter D, which is
considered fixed throughout the paper.
Given parameters
A€]0,1] and a <a,

we assume that for each p/€[a~,a"] there exists a local maximum 62(p/) of the map
05 Z(6°,p.(p’)), and that 6 is a C? function of p/. We assume in addition that

~I1<0}0:2(0: (). p (7)) < —NI (7)

for each p/ €[a~, a*], where as before I is the identity matrix. We shall at some occasions

lift the map 62 to a C? map taking values in R"~! without changing its name.

THEOREM 3.1. The following conclusion holds if b€)0,1[ is a sufficiently small con-
stant (how small does not depend on the parameters e, A, 6, a~, a™): If the parameters
A€J0,1], a” <a™, €, and § satisfy

0<e<bX”? and 0<I<bA/?
if |R|lc2<d, on the open set
{(0,p.t):p" €la”,a"[ and |p*—pi(p")|| <'/2}, (8)
and if (7) holds for each p’ €la~,a™], then there exists a C* map
(0%, P*) (07, p?  1): Tx[a™+Vbe,a™ —Voe | x T — Tt xR
such that the cylinder
C={(6°,p°)= (0%, P*)(67,p7 1) :p/ €[a™ +Vbe,a" —Vbe] and (87,1) e TxT}

1s weakly invariant with respect to N, in the sense that the Hamiltonian vector field is

tangent to C. The cylinder C is contained in the set
Vie {(0,p,0) ' € [0 +Vaz, 0" —VEE], 6702 (p") | <HYONY?
and ||p* —p (p)|| SOVEN2l2Y,
and it contains all the full orbits of N. contained in V. We have the estimates
1©°(67, 7, 1) =6 ()| SO 6+ A1 VE),
1220707, ) =p2 ()| S VEONT5+ 0712 /e),

503 A2 e+ A5 Gloh Ly 5
—5/4

Hapf ( ) s mH VERTING),

ops ops

apf a0/ ,t)
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Notice that the domain V is contained in the domain (8) where the assumption on

R is made.

Proof of Theorem 1.3. We derive Theorem 1.3 from Theorem 3.1 as follows. We
assume that Hypothesis (HZ\) holds on

I = {p.(p"):p €la_,a,]}.

Then the inequality
~I<30 2020, pu(pT)) < —2M

holds for pf €[a_,a.]. Since ||Z||¢s <1, the inequality
—I<02.0-2(6°,p) < NI

holds for each (6%, p) in the A-neighborhood of (8(a-),p«(a-)). The inequality

Z(0°,p(a-)) < Z(0(a-), ps(a-)) = Ad*(6°, 63 (a-))
implies that the function Z(-,p.(p/)) has a global maximum 6% (p/), which is contained
in the ball B(#%(a_),\), provided |pf —a_|<bA3 and b is small enough. By a similar
reasoning at a,, we extend the map p/+—0%(pf) to the interval [a_ —bA3 a, +b\%] in
such a way that, for each p/ in this interval, the point #2(p) is a local (and even global)
maximum of the function Z(-,p.(p’)) which satisfies the inequalities

—I1 <03, Z(05(p7), pu(p”)) < —AL

Taking a small b>0, we set 2=b"/5X3/2 and §=b>)\?. Assuming as in the statement of
Theorem 1.3 that the estimate ||R||c2<d holds on T" X U,1/s X T, hence on

{0.p,0):p" €]a-—5e"% a4+ 5P and ||[p*—pi ()| < 3¢/},
and that 56]0, 5[, we apply Theorem 3.1 on the interval
[a™,a"]:=[a_ —%51/3, a;}—%sl/ﬂ Cla_—bX\3 a, +bN\3].
If b (hence ) is small enough, then we have the inclusion

[a™+Ved,a" —Ved| Da_ —xe'/? a, +2e'7). O
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The proof of Theorem 3.1 occupies the rest of the section.

The Hamiltonian flow admits the following equation of motion:

0° = 0y Ho+£0p: Z+0,: R,
ps = —Eagsz—5895 }%7

07 =0, Hy+e0,s Z+0,s R, (9)
pf = —580.f R7
t=1.

The Hamiltonian structure of the flow is not used in the following proof.
It is convenient in the sequel to lift the angular variables to real variables and to
consider the above system as defined on R* ! xR* ! x Rx R xR. We will see this system

as a perturbation of the model system

0° =0,-Hy, p°=-c0p:2, 0/=0,,Hy, p'=0, i=1. (10)

The graph of the map
67,07, t) — (62(), P2 (p7))

on RxJa~,a"[xR is obviously invariant for the model flow. For each fixed p/, the point

(62 (p?), p2(p’)) is a hyperbolic fixed point of the partial system
éSZaPSHO(pSapf)a pS:_eaesZ(GS’pS’pf)’

where pf is seen as a parameter. This hyperbolicity is the key property we will use,
through the theory of normally hyperbolic invariant manifolds. It is not obvious to
apply this theory here because the model system itself depends on e, and because we
have to deal with the problem of non-invariant boundaries. We will however manage to
apply the quantitative version exposed in Appendix A.

We perform some changes of coordinates in order to put the system in the framework
of Appendix A. These coordinates appear naturally from the study of the model system
as follows. We set

B(p’) =02, Ho(p-(p”)) and  A(p’):=—05.9. Z(65(07), p (7).

If we fix the variable p/ and consider the model system in (6*,p*), we observed that this
system has a hyperbolic fixed point at (02(p’), p?(pf)). The linearized system at this
point is

60°=B(p")p°, p°=cA@p’)0".
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To put this system under a simpler form, it is useful to consider the matrix
T(p'):= (B'2(p!)(B* (") A ) B'*(p7)) 712 B2 (p7)) /2,

which is symmetric, positive definite, and satisfies 72 (pf) A(p/)T?(p?)=B(p’), as can be
checked by a direct computation. We finally introduce the symmetric positive definite

matrix
In the new variables

E=T71 ")+ 2T )" and n=T7"(p))6" — 12T ("),
the linearized system is reduced to the following block-diagonal form:

E=e2ApE, n=—e2Ap ),

see [10] for more details. This leads us to introduce the following set of new coordinates

for the full system

)0 =05 (7)) +e 2T () (p° — i (p7)),
)0 —0:(p7))— 2T () (0 - pi(pT)),

x=T

y=T
I=c"2pl and 0 =6,

where v is a parameter which will be taken later equal to §'/2. Note that

95:Oi(sl/QI)—F%T(el/QI)(x—Fy) and ps:pi(el/QI)—i-%81/2T_1(51/21)(x—y).

LeEMMA 3.2. We have A(pf)>+/A/D1T for each pf€la™,a*].

Proof. The matrix A is symmetric, hence it satisfies A>A,I, where A\, >0 is its

smallest eigenvalue. The real number A, is then an eigenvalue of the matrix

A O
0 —A

B
A 0

which is similar to

Since both A and B are square matrices of equal size, we conclude that A2 is an
eigenvalue of A~1B~1. Since [|[A7!||<A™! and ||B~!||<D, we have

AZ2<ATT BT < DA

We conclude that A\, >+/\/D. O
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The links between the various parameters ¢, 4, v, A, and g which appear in the
computations below will be specified later. We will however assume from the beginning
that

d<o<A<l, e<o<l, and 0<y<A<]1.

Let us first collect some estimates that will be useful to see that the system (9) is indeed

a perturbation of the model system.
LEMMA 3.3. We have the estimates
ITI=0\"YY, NT7H=001), (10T SON), [0y T~H SO/,
19,605 SO, [Ipillez =0(1), [|6° =6 <ON"V0),  |p°—pi] <O 0),
where o=max{||z||, |y||}
Proof. We recall that
T:(B1/2(B1/2AB1/2)71/2B1/2)1/2 and T*l:(Bfl/Q(BI/QABI/2)1/2371/2)1/2'

As D' I<BLDI and AI<A<I, we obtain that ||T||<O(A'/%) and that | T~||<O(1).
To estimate the derivative of T', we consider the map F: M+ M'/2? defined on positive

symmetric matrices. It is known that that
o0 1/2 1/2
dFM-N:/ e M Nt M gt
0

To verify this one can diagonalize M, perform integration, and match terms in
(M2 4-edFy;-N)(MY?4edFy;-N)=M+eN+0(e?). This implies that

ldE || < 31 M2~ < g1 2.
As a consequence, if M(py) is a positive symetric matrix depending on py, we have
18ps M| < 3112 [|0r M.

We apply this bound several times to estimate d,;T" and 0,¢ T~1. In our situation, we
have 0,5 A=0(1) and 8,; B=0(1). Using M=A and B, we get 9,;(A/2)=0(A"1/?)
and 0,7 (B'/2)=0(1), respectively. Using M=B/2ABY/2, we get

0,5 [(BY2ABY) % =0\ 112),
and then

||apf [T—lm < H(B—1/2(B1/2AB1/2)1/2B—1/2)—1/2” Hapf [B_1/2(Bl/2ABl/2)1/2B_1/2]||
=0\ YHONT2) =0(AT).
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Recalling that
18, (M| < MY (18,0 M,

we obtain (with M=T"1)
105 T < T2 10, (1] < By (M%) = O(A/4).

The other estimates are straightforward. O
COROLLARY 3.4. Let V be the image in the (z,y,1,0,t) coordinates of the domain

called V in the statement. We have

_ - +
T € {a: ol <BYONH x {y: Iyl < BYON/4 xR x [%w& f@—x/ﬁ} <R,

- - +
Vo {2 <2V x {y - |ly ]| < 2614274} xR x [fﬁm/& i‘@_ﬁ} xR

provided b is small enough.

From now on, we work on the region

prelaa’], Jel<eo Ilvl<e.
In view of Lemma 3.3, this region is contained in the (image in the new coordinates of
the) domain where the inequality | R||c2 < was assumed.

LEMMA 3.5. The equations of motion in the new coordinates take the form

—VeAWEeDz+ePONTV45+ 07349 +0(e),
§=VeAWED)y+e 2OV 42734 02) + 0 e),
I=0(Vz6),

where o=max{||z|, ||y||} is assumed to satisfy o<\. The expression for © is not useful

here.

Proof. The last part of the statement is obvious. We prove the part concerning z,
the calculations for g are exactly the same. In the original coordinates the vector field

(9) can be written as

0° =B(p")(p* —pi(p") +O(llp*—pi(p")*) +0(e),
=cA(p)(0°—03(p"))+O(e]|6° 03 (p")||>) +O(e6).
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As a consequence, we have

=T B(p*—p:)+e"/*TA(0°~02)
+THO(|lp* —pEl|*+e) +/2T-0(10° — 0z]|*+0)
+(0p T7H)pT (07 —05)+e71/2(0,s T)p? (p° —p5)

_T_1 (apf ei)pf _E_I/ZT(apfpi)pf-

We use the estimates of Lemma 3.3 to simplify (recall also that p/ =0(ed)):
&=T""B(p*—p})+e'*TA(6°—063)
+0(c0?+e)+0(e/PA™3/1 g2 4-£1/2 \"1/45)

+O(A"ted0)+ 0N 4ed0)+ O ted + A1/ 4c1/25). O

LEMMA 3.6. In the new coordinate system (x,y,©,I,t), the linearized system is

given by the matrix

VA 0 0 0 0
0 —yeA 0 0 O
L=1| 0 0 0 0 0|4+0KWedA\ Vit eXx 3/ o4eN 14\ /er),
0 0 00 0
0 00 0

where o=max{|[z, [[y[}.

Proof. Most of the estimates below are based on Lemma 3.3. In the original coor-

dinates, the matrix of the linearized system is:

O(e) Opepe Ho+0(e) 0 92, Ho+O(e) 0
—03.p:2 O(e) 0 O(e) 0

L=| 0() 0(1) 0 0(1) 0| +0(5¢),
0 0 0 0 0
0 0 0 0 0

In our notations we have

O(e) B+0(e++/ep) 0 0

cA+0(eA"4p) O(e) 0 0
L= O(e) o(1) 0 0(1) 0| +0(se),

0 0 0 0

0 0 0 0
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In the new coordinates, the matrix is the product

[ 9@y.6.Lt) | : [006°0°,67,p7.1)
IR CICENZNZN TN

(x,y,0,1,t)
‘We have
iT iT 0 O(vex™) 0
1 -1 _1 -1 s —3/4
a(6°,p°,07 p/ . t)] 2\/50T 2\fT 91 ﬁapfpﬁoo(g)\ J 8
o(z,y,0,1,t) | 7 ’
0 0 0 NG 0
0 0 0 0 1
and hence
T a(esvpsaofvpf7t) -1
= 5
{ N R
LVEBT1+0(eA™4) —L1/eBT7140(eA"Y4) 0 O(eA=3/*p+e3/2071) 0
1eAT+0(eA"1/2p) 1eAT+0(eN"Y29) 0 &320(A%4p+A71) 0
+ O(Ve) O(Ve) 0 O(Ve) 0
0 0 0 0 0
0 0 0 0 0

This expression is the result of a tedious, but straightforward, computation. Let us just
detail the computation of the coefficient on the first line, fourth row, which contains an

important cancellation:
VED. s HoOyps p+V/E02s  Ho+O(eA /4 g4£%/2X71)
= V/E0ys (Ops Ho(pu(p”))) +O(eA™3/ 0 +32A71) = O(eA ™31 p+32071).
pf \Up

‘We now write

T-1 127 9 0(671/2)\71/4) 0

A,y 0.1,1) | _ Tol —e 01/2T 3 O(c 1/(? 1/4) 8 |

a(6%,p5, 67, pl 1) ! . o, :

0 0 0 0 )

and compute that

VEA+O(VEA?4) O(/EA3/4p) 0 O(eA-) o
O(\/eEA—3/4p) CVEALO(EA ) 0 O(eA-5/Y) 0
L= O(Ve7) 0(v/&v) 0 OWE) 0
0 0 0 ; .
0 0 0 . .

+O(VESA 4y, O
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In order to prove the existence of a normally hyperbolic invariant strip (for the lifted
system), we apply Proposition A.7 to the system in coordinates (z,y,0,I,t). More
precisely, with the notations of appendix A, we set u=x, s=y, ¢1=(0,t), co=I, and

consider the domain

Q=RZxQ% =R%*x {ag—i—\[&

v wﬂ.

a+
N
We fix

y=V8, a= %, o=, (11)

observe that /eA>2al, by Lemma 3.2. We assume, as in the statement of the theorem,
that 0<e<bA®/2 and that 0<5<bA>/2. We apply Proposition A.7 with B*={u:|ju|| <o}
and B*={s:||s||<o} under the constraint

b71/4()\73/45+)\71/2\/g) < Q<b1/6A5/4, (12)
provided b€]0, 1] is small enough. Observe that, if b is small enough, the inequalities
b71/4(A73/46+>\71/2\/g) §2b1/4)\7/4 <b1/6A5/4

holds under our assumptions on the parameters, hence values of g satisfying (12) do exist.
It is easy to check under our assumptions on the parameters that such values of ¢ exist.
Let us check the isolating block condition under the condition (12). By Lemma 3.5, we

have
x> 20fjw]2— o]l O(/2A~454e1/2)=31g2 1)

if te B* and ye B*. If, in addition, ||z||=p, then
A< ], AT <M 2], Ve A<M,

and hence
i > 2al|z]]®— 2| *6*O(VeX) = al|z||?,

provided b is small enough. Similarly, 7-y<—ally||* on B*xdB?, provided b is small

enough. Concerning the linearized system, we have

Luw = VEA+O(Ved NV Ay L oA ™3/ g4 eX™/ 4 4 fey) = VEA+O (b5 VeEN) > o,
Lys = —eA+O0(bY/VeX) < —al
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on B" x B*x{,.. These inequalities holds when b is small enough because /eA>2al and
VeA<O(«). Finally, still with the notations of Proposition A.7, we can take

m=9 (\@‘Ml“vl HVENT Aot eN T A ey + \fé)
=VEXO(VONT3/ A p oA 4 /XM =Ver O (b1/0).

(13)

If b is small enough, we have 16m<a, and hence

K<27m<1
«@ 8’

and Proposition A.7 can be applied. The invariant strip obtained from the proof of
Proposition A.7 does not depend on the choice of g, as long as (12) holds. It contains all

the full orbits contained in

) N R
{2 [|z]| < B/ x {y: |yl < BN/} xR x %Jﬂ/& i‘—@—\/é xROV,

where V is the image in the new coordinates of the domain V defined in the statement
of Theorem 3.1 and where the last inclusion holds provided b is small enough, as follows
from Corollary 3.4. So our invariant strip contains all the full orbits contained in V. On
the other hand, we can take p=2b'/4\7/4, and since

. N N
{22 2] <262 AT} x {y [ly ]| < 26Y4AT/4} xR %JFJS, %_\fa xRCV

(still for b small enough, by Corollary 3.4), our invariant strip is contained in V.
The possibility of taking g:bl_l/4()\73/45+)\’1/2\/5) now implies that the cylinder

is actually contained in the domain where
||, [yl <by A3/ As+ A2 V).

Moreover, with this choice of p and using that K =0(m/ve\ ), we can obtain an improved

estimate of the Lipschitz constant K (notation from the appendix):

K =O0(VoN3/4 4 pA=5/4 1\ JeX"T/4)

\/5 3/4+bf1/45A_2+b;1/4\ﬁA_7/4+ﬁA_7/4)
VAT VEAT b eaTT)

VAT by A EATTY,

ol
S © O

(Vo
(
(
(Vé
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Observe finally that, since the system is (1/v)-periodic in © and 1-periodic in ¢, so is the

invariant strip given by Proposition A.7. We have obtained the existence of a C'* map

- +
we = (wS,we): (0,1,t) ERx | 2= +3, o — V5| xR — R xR~
e

VAR

which is 2K-Lipschitz, (1/7)-periodic in ©, l-periodic in ¢, and the graph of which is
tangent to the vector field. Our last task is to return to the original coordinates by

setting
(07, p! 1) =05 (p! )+ 1T (p”) - (W& +wS) (07,7 2pT 1),
Pe0),pl t) =pi (0! )+ EVET (0! ) - (Wl —wE) (707, 71/ 2p] 1)

All the estimates stated in Theorem 3.1 follow directly from these expressions, and from
the fact that ||dw®||<2K. This concludes the proof of Theorem 3.1.

(14)

4. Localization and Mather’s projected graph theorem

We study the system in normal form N.=Hy+ecZ+¢cR of Theorem 1.2 from the point of
view of Mather theory at a fixed cohomology c€R™ such that 9+ Hy(c)=0 (or in other
words such that c€T"). We assume that || Z||c2 <1, and that ||R||c2 <6 on {||p—c||<e'/?}.
We continue to assume (1), and, for simplicity, we assume that D is large enough and ¢

small enough for the following inequality to also hold:

1 2
5I<O;N.<DI

Most of our statement depend on the shape of the function Z.:0°——Z(0,¢). We will
most of the time assume that (HZ\) holds at ¢: There exists 62 such that

Z(0°,¢) < Z(02,c)—\d>(6%,67).
We will rewrite this inequality as
Z.(0%) < —Ad%(6°,6°),

with the notation ZC:Zcfmax Z.. Later in §4.4, we also consider the double peak
case, which is not necessary for the proof of Theorem 1.2, but is very natural. Our first

statement localizes the Mané set.

THEOREM 4.1. In the single peak case (when (HZM) holds at ¢), if §>0 is small
enough with respect to n, D, X, and € is small enough with respect to n, D, X\, §, then

the Mané set at cohomology c of the Hamiltonian N, satisfies

sN(c) C B(62,5"/%)xTx B(c, Va6 ") x TC T x TxR" xT.
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This statement is proved in §4.2. Our second statement is a quantitative version
of the celebrated Mather Lipschitz graph theorem, it does not rely on any particular
assumption on Z, besides || Z]|c2 < 1:

THEOREM 4.2. For each weak KAM solution u of N. at cohomology c, the set
f(u,c)CT" xXR™ is contained in a 9V De-Lipschitz graph above T".

This theorem is proved in §4.3. We will always assume in this section that ¢ is
sufficiently small with respect to n, Hy and A, and that ¢ is sufficiently small with respect
ton, Hg, A and 0.

4.1. Some inequalities

We will denote by N the Hamiltonian N. and by L the associated Lagrangian function,
which is defined by
L(6,v,t) =max(p-v—N(0,p,t)).
pER™

The function L is then C?, and the maps
0,p,t)— 0,N(0,p,t) and (0,v,t)— 0,L(0,v,t)

are diffeomorphisms of T™ x R™ x T, which are inverses of each other. The maximum in
the definition of L is reached at p=98,L(6,v,t). Since I/D<0,, N<DI, we have

I
= <OpwL< DI
D 0

We will also denote by Lo(v) the Lagrangian associated with Hp, or more explicitly
Lo(v):=sup,(p-v—Ho(p)). It satisfies

T
— < OppLo < DI.
D S%wlo

LEMMA 4.3. For each 9€[4De,e'/*], the image of the open set T™ x B(c, o) x T under
the diffeomorphism 0,N contains the set

T" x B <apH0(c), % 2s> xT.

In particular, if € is small enough, the image of ’H‘"xB(c,el/4) X T contains

E1/4
T XB(C,w> xT.
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Proof. In view of the estimate QZQ)H}I/D, each of the applications p— 0, N (6, p,t)
sends the ball B(c,r) to a set which contains the ball B(0,N(0,c¢,t),r/2D). Since

|0,N (0, ¢,t)—0,Ho(c)| <e+ed < 2,
we conclude that the image contains B(0,Hy(c), o/2D—2¢). O
LEMMA 4.4. The estimates
l00uL]|co <2De  and ||0ggL||co < 3¢
hold on T" x B(c,e'/3/4D)x T.
Proof. Note first that the estimates
|00pH|| <2¢ and |OgoH| <2e

hold on the domain T" x B(c,'/?) x T, which contains the image of

51/3
T XB(C, w)XT

under 9, L. Observing that 99 L=—0yN (0,0, Lc(0,v)), which implies that
OpoL(0,v,t) = —0po N (0,0, L(0,v,t),t) 0y L(6, v, t)
we deduce that |9, L||<2De on T" x B(c,'/?/4D) x T. The equality
Opo L(0,v,t) = —0pg N (6,0, L(0,v,t),t)—Ope N (6,0,L(0, v,1),t)0gp L(0, v, t),

implies that ||0pgL|| <24 (2¢)(2D¢) on T" x B(c,'/3/4D) x T. O

LEMMA 4.5. We have the estimate

|L(0,v,t)—(Lo(v)—eZ(6% ¢))| < 2e6

if [v—08,Ho(c)|<e/3/4D.

Proof. On the domain {|p—c|<e!/3}, we have

IN(0,p,t)— (Ho(p)+eZ(6%,¢))| < >/*+e6 < 2¢6.

If [v—0,Hp(c)|<e'/3/4D, then, by Lemma 4.3,

L(a,’l],p): sup [pv_N(95p7t)]
lp—cl<el/3
and, by Lemma 4.3 applied with R=0 and Z(6°,p)=Z(0°, c),

Lo(v)—6Z(9570):Sgp(p-v—Ho(p)—f:Z((?S,C)):l 78}1p1/3(p'v—Ho(p)—€Z(957C))- O
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Let us now estimate the value a(c) of the Mather function of N. We use the notation
Z.(0°):=Z(6%,¢c).
LEMMA 4.6. The value «(c) of the Mather function of N satisfies
|a(e)— (Ho(c)+emaxgs Z,.)| < 2¢4.
The reason behind this inequality is that the value a(c) of the Hamiltonian Hy+eZ,
is Ho(c)+emaxgs Ze.
Proof. On one hand, we have

a(c) <max Nc(t,6,¢) < Ho(c)+emax Z.+e max R(6,¢,t) < Ho(c)+emax Z.+€6.
(£.6) = (£,0)€Tn+1 9s

For the other inequality, we use that 0,s Hy=0. We consider the Haar measure  of the
torus T x {02 (c)} x {0Hy(c)} x T, where 62(c) is any point maximizing Z.. This measure
is not necessarily invariant under the Lagrangian flow of L, but it is invariant under the

Lagrangian flow of Lo—Z, (because 0, Hy=0) hence it is closed, which means that

[@us+0u1-0) du0,0.) =0
for each smooth function f(¢,0). See [4] and [32] (both inspired by [47]) for the notion of

closed measures. Each closed measure y has a rotation vector o(u):= [ v du(6,v,t)€R™,

and its action is not less than c-g(u)—a(c). Here, we have o(u)=08,Hy(c), and hence
a(c) = c-0,Ho(c) —/ Ldy=c-0pHo(c)—Lo(w)+eZ:(05(c)) —2cd
= Hy(c)+e maxgs Z,—2¢e0. O

LEMMA 4.7. If € is small enough (with respect to D and 0), we have the estimates

J— 2 o~
L(0,v,t)—c-vtalc) > %—EZC(HS)—%J, (15)
L(0,v,t)—c-v+alc) < D||lv—0Hy(c)||? —eZ,(6%)+4es, (16)

for each (0,v,t) €T xR" xR, where Z.(6°):=Z(6*, c)—maxg: Z(6°,c).
Proof. 1t is a direct computation:
Hv_apN(ev ¢ t) H2
2D

L(O,v,t) = cv—N(0,c,t)+

(lv=0,Ho(c))||—2¢)?
2D
> cv—a(c)+e(maxgs Zo— Zo(0°)) 326+ L= @I _ 6.2

>cv—Hy(c)—eZ.(0°)—ed+

L(9,v,t)<cv—N(0,c,t)+1D|lv—0,N(8,c,t)|?
<cw—Hy(c)—eZ.(0°)+e5+2D(||lv—0,Ho(c))||+2¢)?
<cv—a(c)+e(maxgs Z.—Z.(0%))+30+Dl|v—0,Ho(c))|*+8De?. O
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It is useful to consider suspended weak KAM solutions. Recall that we defined weak
KAM solutions associated with a Lagrangian L at cohomolgy ¢ as functions v on T™ such
that, for each t€N,

¢
) =int (a0 + [ (L6, 3(6)8) -39 +ale)) ds )
where the infimum is taken over the set of C! curves v: R—T™ such that v(t)=6. We can
similarly define suspended weak KAM solutions as functions u: T" x T— R such that

T

w(6,Tmod 1) = igf <u(7(5), S mod 1)—|—/ (L(y(2),4(t), t)+c-A(t)) dt) ,
S
for all real times S<T', where the infimum is taken over the space of C' curves ~: [S, T]—
T™ such that y(7")=6. There is a bijection between suspended weak KAM solutions u(6, t)
and genuine weak KAM solutions: Each suspended weak KAM solution (6, t) restricts
to a genuine weak KAM solution u(f)=u(6,0), and each genuine weak KAM solution
u(0) is the restriction of a unique suspended weak KAM solution «(6,t) which can be
defined by

u(e,tmodn:igf(uw(mw / (L(V(S)W(S),8)+c-ﬁ(8)+a(0))d8),

for each >0, where the infimum is taken on C! curves y: R—T" such that v(t)=6. We
shall use the same notation for a weak KAM solution v and the associated suspended
weak KAM solution. Curves v calibrated by the weak KAM solutions u(f) are also
calibrated by the corresponding suspended weak KAM solution in the sense that

u(y(t2), tz mod 1) —u(y(t1), t; mod 1) = / (L(1(5),4(5), )+ c-i(s)+a(c)) ds

for each time interval [t1, t2]. Let us now estimate the oscillation osc u:=max u—min u of
suspended weak KAM solutions. We consider a convex subset QCT" ™!, meaning that it

is the projection of a convex subset Q of R"~1, of diameter less than 2+/n.

LEMMA 4.8. Let u(f,t) be a suspended weak KAM solution of N at cohomology c.
Given two points (01,11), (02,t2) €T xQAXT, we have

u(fa,t2) —u(b1,t1) <104/ nDe(m+44),

where m:=—infq 20. We can in particular take Q=T""1, then m<1 and we conclude
that osc u<10v2nDe.
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Proof. We have 0>Z.>—m on Q. We take two points (0;,1;), i=1,2, in the domain

TxQxT, and consider the curve

0y —0, +[(T+ts—11)0Ho(c)]

0(t)=01+(t—t1) T4, T

)

where T€N is a parameter to be fixed later, #;€[0, 1], and 6; €[0, 1[x  are representatives
of the angular variables ¢; and 6;, and [w]€Z" is the component-wise integral part of w.
Note that 6(f;)=0; and 0(fo+T)=05, hence

t2+T . .
w(Ba, ta)— (b, 1) < / (LO(1), 8(t), 1) —e-6(t) +alc)) dt

t1

t2+T . ~
<[ (DI-0Hy )P -eZu(6" (1) +450)

t1

ngrT D
g/ (9n+€m+4€6> dt
i (T+ta—t1)?

9Dn

< o+ (T4 iy — )2 (m+49).
SThgq, T el )

This inequality holds for all T€N, in particular, we can choose T'€N so that

1/ <THiy—iy <3y 17—
s(mt 45 e m+45

and obtain u(fs, ta) —u(f1,t1)<10y/nDe(m+49). O

4.2. Localization of the invariant sets

We prove Theorem 4.1. It is enough to prove that the inclusion
sZ(u,c) C B(63(c),8"/%)x T x B(c, /26" 10) x T

holds for each (suspended) weak KAM solution u. We fix such a solution u(8, t) and prove
the inclusion. The following preliminary localization, which does not use any assumption
on the shape of Z, implies that the set sT (u,c) is contained (when ¢ is small enough) in

the domain {||p—c||<e'/3} where the assumption ||R||c2><d is made.

LEMMA 4.9. Let (0,p): [t1,t2] =T™ XR"™ be an orbit calibrated by w. If t, and to are
such that to—t; 25_1/27 then

Ip(t) —cll < Cve

for each t€[ty, ta], where C is a constant which depends on n and D. In particular,

sZ(u,c) CT"x B(c,C/2)xT C T x B(c,e'/3) x T.
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Proof. We denote by C; various positive constants which depend on n and D. Since
ZC<O, we have
lv—0pHo(c)||?
4D
As a consequence, L(0,v,t)>20ev/nD if |v—08,Hy(c)||>C1v/z. In view of Lemma 4.3,
we thus have

L(6,v,t) > —4ed.

L(6(t),6(t),t) > 20vVnDe
for each t such that ||p(t) —c||>Ca+/c. Since 0 is a calibrated curve, we have
ty .
/ L(6(t),0(t),t) dt <oscu
th

for each [t},t5]C[t1,t2]). In particular, by Lemma 4.8 we have 20ev/nD(ty—t1)>o0sc u.
Therefore, there exists a time to€[t1,t2] such that ||p(to)—c||=Cav/e. Let tz€lt1,ta]
be the time maximizing ||p(t)—c||. We assume for definiteness that t3>%y, and that
llp(t) — || = Cav/c for each tE(ty, ts] (otherwise we reduce the interval). The equations of
motion imply that ||p||<2¢ on [to, t3], hence t3=to+(||p(ts) —c||—C2v/€)/2¢, and, using
the above lower bound on L(6(t), 6(t),t),

20vVnDe > oscu = /t3 L(O(t), 6(t), t) dt = 10VnD(||p(t3) —c|| — Cav/E),

to
which implies that ||p(t3)—c||<(2+Cs)/E. O
We now assume that Z(0°,c)<Z(0,c)—\d?(0%,03), or, equivalently, that
Z.(0°) < —Ad(67,62),
and prove the horizontal part of Theorem 4.1, or more precisely that
sT(u,c) C TxB(#:(c),8"/5) x T. (17)

We consider the domain Q=B(0$,4,/5/X). On this domain, we have —8(5/)\<267

hence, by Lemma 4.8, the oscillation of u on TxQx T satisfies

Deé
0SCTx O xT U < 40 n)\g .

For 0°¢%), we have

s||2

lv=0pHo(c)|I* | Aed?(6°,0%) _ |lv d*(6°,03)
L —cv—a(c) > > ’
0,v,t)—cv—alc) D + 5 1D +Ae 5
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by Lemma 4.7. Let 8:R—T" be a curve calibrated by u, and let [t1,¢2] be an excur-
sion of 6% outside of (2, meaning that d(0°(t),07)>4+/d/X for each t€]ty, ta], and that
d(0°(t1),0:)=4 =d(0°(t2), 07). We have the inequalities

W /t ), ) —c-0(t)+a(e)) dt

N / <|o}D)nzmd?(w(t;e:(c»)dt.

If the curve 6*(t) is not contained in B(62,6'/%) for t€[ty,t], then there exists a time
interval [t3,t4]C[t1,t2] such that d(6(t),05)>36'° for te[tg,t4] d(0(t3),05)=216"/°=
d(0(t4),603), and maxcys, 4, d(6(t),05)>01/°. We then have f 16°(t)|| dt=6/°, and

hence \/W / <||93 ®)|12 )\Edz(HS(t;,Hi(C))>dt
2/; <||91(D)|2+)\5d2(95(2'5)’9i(6)))dt

1 ta > Ne(ty—t5)8%/5
z — G5 (t)|| dt _
4D(t4—t3)(/t3 1@l >+ 3

S 1 2/5+)\562/5(t4—t3)
4D(t47t3) 8
M 52/5
sf

which is a contradiction when § is small enough with respect to n, D, and A\. We have
proved (17).

We can now prove a better vertical localization of the set sT (u, ¢) than was obtained
in Lemma 4.9. On the domain Tx B(65,6'/%) x T, we have Z.>—1§2/5. We deduce from
Lemma 4.8 that

¢
106Y°vVnDe > u(B(ty), t2) —u(B(t1), t1) :/ Z(L(G(t)79(t),t)—c-9(t)+a(c)) dt
ty
for each curve 6: R—T" calibrated by u and each time interval [t1, t2]. We can choose the
time interval [t1,t5] as a maximal excursion outside of {||p—c||<3+/261/16}. On [t1,ts],
we have ||9—8pHo(c)||>\/561/16/5D (by Lemma 4.3), and hence
1/8 c51/8

: 8(5

We thus have

to—t1)e6!/®
% < 1051/5\/71D5,

and so 2¢(t —t1) <2 /261/16 (if § is small enough). As [|p||<2¢ and [|p(t1) —c||=24/61/16,
we conclude that [|p(t)—c|| <616 on [t,t5]. This ends the proof of Theorem 4.1.
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4.3. The Lipschitz constant

We prove Theorem 4.2. We will work here with weak KAM solutions rather than sus-
pended weak KAM solutions. We recall the concept of semi-concave function on T™. A

function u: T"—R is called K-semi-concave if the function
—LrNel?
z— u(r)— 5 K|zl

is concave on R™, where u is seen as a periodic function on R™. It is equivalent to require

that, for each 6€T", there exists a linear form [ on R™ such that the inequality
u(f+y) <u(8)+l-y+3 K|yl

holds for each yeR™. It is sufficient to check that, for each 6, there exists [ such that
this inequality holds for ||y||<1. We will need the following regularity result of Fathi; see
[31].

LEMMA 4.10. Let u; and us be K-semi-concave functions, and let ZCT™ be the

set of points where the sum wuji+us is minimal. Then the functions uy and us are
differentiable at each point of T, and the differential x> duy(z) is 6K -Lipschitz on T.

The weak KAM solutions of cohomology ¢ are the functions u: T™ —R such that

Y

T
u(f) :=min (U(V(O))Jr/o (L(v(#),3(8),t) —c-3 () +alc)) dt) :

for each T€N, where the minimum is taken over the set of C! curves v:[0,7]—T"
satisfying the final condition ~(7")=86.

PROPOSITION 4.11. For each c€R™, each weak KAM solution u at cohomology c is

% De-semi-concave.

Proof. Given TeN and #€T", there exists a curve ©: [0, T]—T" such that ©(T)=46

which is calibrated by u, which means that

u(0) = u(@(O))—i—/O (L(t,0(t), 0(t)) —c-O(t)+a(c)) dt.

We assume that T>e~'/2) which implies by Lemma 4.9 that ||p(t)—c||<C\/E, for a
constant C' independant of £ and . We deduce that ||© —d,Hy(c)|| <Cv/& (with a higher
constant C) for each t€[0,T]. We lift © (and the point §=0(T")) to a curve in R"” without

changing its name, and consider, for each x€R", the curve

@m(t)::(a(t)—i—t%,
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so that ©,(T)=60+x. Each of the curves O, ||| <1, satisfy |0, —8,Ho(c)||<CyE<e/?

(provided ¢ is small enough). We have the inequality

u(9+33)—u(9)</0 (L(@I(tLém(t),t)—L(@)(t%9(”7“_?) .

Use Lemma 4.4, we get

L(02(0), 6.(1),1) < L(O(1), 6(1), )+ B L(O(1), 6(1), 1) =
+87JL(6)(15),(#)(t),t)%Jr%6 % +2Det % +§ %

Using the Euler-Lagrange equation and integrating by parts, we conclude that

u(@+)—u(6) < (c+8,L(T, O(T),O(T))) -+ (f +De+ ;;) 2|2

for each TEN, T>e~'/2. Taking T€[\/D/e, /2D /c], we obtain
u(0+z) —u(0) < (c+0,L(T,O(T),0(T))) -2+ 5V Dela?

for each z€R™, ||z||<1. This ends the proof of the semi-concavity.

(18)

O

Proof of Theorem 4.2. Let u be a weak KAM solution, and let 4 be the conjugated
dual weak KAM solution. Then the set Z(u,c) can be characterized as follows: Its

projection Z(u,c) on T" is the set where u=1u, and

Z(u,c) ={(z,c+du(z)):x €Z(u,c)}.

Since —u is semi-concave, it is a consequence of Lemma 4.10 that the differential du(x)

exists for z€Z(u,c). Moreover, we can prove exactly as in Proposition 4.11 that — is

3 De-semi-concave. Lemma 4.10 then implies that the map x> du(z) is 9v/De-Lipschitz

on Z(u,c).

4.4. Double peak case

O

We now localize the Aubry and Mané sets in the more general case where (HZ)\) is

replaced by
Z.(6°) < —Amin{d(6°—65), d(6° —65)}>.

It is natural to relax (H Z\) in this way because, for a generic family of functions 26, cerl,

there exist values of ¢ for which Z, has two degenerate maxima. Note that Theorem 4.2
is still valid in this case, its proof does not use (HZ\). On the other hand, Theorem 4.1

is replaced by the following result.
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THEOREM 4.12. If 6>0 is small enough with respect to n, D and A, and if € is
small enough with respect to n, D, A\ and 9§, then the Aubry set at cohomology c of the

Hamiltonian N, satisfies
sA(c) C (B(63,6Y°)UB(63,6Y°)) X T x B(e, /e ') x T c T ' x TxR" x T.

If, moreover, the projection 6°(sA(c))CT" ! is contained in one of the (disjoint) balls
B(6:,6/5), then the projection 6°(sN(c))CT™ ' of the Marié set is contained in the
same ball B(63,6/).

Proof. We assume that 65603, and that § is small enough for the balls B(6%,25/%),
1=1,2, to be disjoint. We first show that

0°(sA(c)) € B(#5,0/5)UB(6s3,51/7).
As in the single peak case, we set 1 =44//\, and observe that

512 Y in{d(05—03%).d(05—03 2
Lw,v,t)fc.vfa(c»”ﬂ  Aemin{d( 21>, (6°—63)}

for 0°¢ B(05,71)UB(03,71). The 6° component of each orbit of the Aubry set spends
a finite amount of time outside of B(#5,r1)UB(65,r1). Each maximal orbit segment
outside of this union connects B(6;,71) to B(05,71) for some i€{1,2} and some je{1,2}.
Exactly as in the single peak case, the orbits segments connecting B(607,71) to itself are
contained in B(63,5'/). So the claim holds, provided there exists no orbit segment in
sA(c) connecting B(67,71) to B(05,r1) with i#j.

Assume for example that there exists an orbit segment 6:[t;,t3] —T™ connecting
B(65,r1) to B(65,r1). Then, given any suspended weak KAM solution w, the same

action estimates as in the single peak case imply that

Q(;?/?
8vD

As the Aubry set is chain recurrent, there must exist an orbit segment 0: [t1,£2] —T"

u(@(tg), tg) —u(&(tl), tl) 2

connecting B(05,71) to B(#5,r1), and we have

u(@(tg),tg) U(e(tl),t1)>8\/ﬁ5 .

By using Lemma 4.8 with Q=B(05,71) and Q=B(03,71), we get that

w(0(Ea), ) —u(0(t1), 1) <40 ”D;g

D¢
—~
o~

=
~—
~
—
~—
N
>~
s}

and  u(f(t), ta) —u(
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All these inequalities together imply that

nDed 2 \/E62/5,
A 8vD

which does not hold if § is small enough. This contradiction proves that no excursion

40

connecting B(#5,71) to B(65,71) can exist in the Aubry set. Note that we have used the
chain recurrence of the Aubry set, and that the conclusion does not in general apply to
the Mané set. We have proved that

sA(c) C Tx (B(65,5/5)UB(63,5'/°)) x T.

The vertical part of the localization follows exactly as in the single peak case.

In general, such a localization does not hold for the Mané set, which may contain
connections from one of the regions T x B(63,5'/°)xT to the other (but, in view of the
calculations above, not in both direction). If such a connection exists, then its a-limit is
contained in one of the domains T x B(6%, /%) x T, say T x B(#5,6/°) x T, and its w-limit
is contained in the other domain T x B(63,6/) x T. Recalling that the a and w limits of

the Mané set are contained in the Aubry set, we conclude that each of the intersections
sA(e)N(Tx B(6;,6Y°)xT)

is non-empty. This proves the last part of the statement O

5. Non-degeneracy of the barrier functions
In this section we prove the following result.

THEOREM 5.1. In the context of Theorem 1.5, by possibly taking a smaller dq, for
a residue set of RER=R(r,e,dy) the following hold: for any c€T'1 such that o(c) is
irrational and 67 (N (c))=T, the set Nn.z(¢*¢) =2 (Nn(c)) is totally disconnected.

This is a delicate perturbation problem, and a version of it for a-priori unstable
systems appeared in [24] and was discussed in [51]. In this section we give a self-contained

proof with many new ingredients.

5.1. Outline of the proof

In this section we prove Theorem 5.1 assuming some statements that are proved in later
subsections. Let L denote the Lagrangian associated with N.

e We define RiCR(r,e,68) to be the set of R such that 67 (Ny(c))#T whenever
of (c) is rational. The set R, is a residue subset of R. We also abuse notation and
denote by R the set of Hamiltonians of the form N=Hy+ecZ+cR, RER;.
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e We define
DW(N)={ceT:6/(Ny(c)) =T},

according to the previous item, for NeR; and c€I',(N), we necessarily have of(c)
irrational. In particular, Ax(c)=Ny(c) contains a unique static class. In view of the
upper semi-continuity of the Mané set, I',(N) is a compact subset of I'y.

o If NeR, and c€l',(N), then the Aubry set Ay.z(£*c)=E"'An(c) contains ex-
actly two static classes denoted g'l and g’g (with projections &1 and Sg). Then the Mané
set is the disjoint union

Nv.z(€*¢) = §1US:UH 15 UHo, (19)

where ﬁlg (and ﬁgl) is the set of heteroclinic orbits from <S~‘1 to <S~'2 (and vice versa).
Projections are denoted Hio and Hs;. Note that ./\7N05(§*c)fEflj\N/'N(c):ﬁuU?-ngl.
We will also use the notation S;(N, ¢) and ﬁij(N ,¢) when discussing the dependence on
N and c.

e For NeR, and cel.(N), the static classes S; and S, determine two elementary
forward and two backward weak KAM solutions

h(Cl»')v h(<2v')7 h('vCl)a h('vCZ)v Ciesia i:]-,Qv

where the barrier functions are evaluated for NoZ and £*c. The associated pseudographs
are denoted & (N, c) and &(N,c), i=1,2, respectively, and they do not depend of the
choices of points (; €87 and (o €S,. Define

b;V,c(a) = h(<1a 0)+h(0a CQ) _h(CIa CQ)

and b1+\/',c is similarly defined with {; and (, switched. The functions bﬁ,c do not depend
on the choice of points (1 €S; and (2 €S2, they are non-negative, and vanish, respectively,
on H12US1USy and on Ho US1USs.

Given c€T'1, we consider the compact subset JCCT" formed by points € such that
d(6°(c),6°)> 1. There exists 0>0 such that the Mafié set N'(N,c) is disjoint from K
for each c€T'1NB,(c) and NeR(r,¢,00). The compact set K=£"1(K) (£ is the double
covering) is then disjoint from Apy.z(£*c). Moreover, for these N and ¢, the set 7—1(K)
intersects each orbit of Ny.z(¢*¢)— An.z(£%¢).

Since the compact interval I'; is the union of finitely many compact segments, each
contained in a ball of the form B, (c), it suffices to prove Theorem 5.1 for each segment.
Therefore, we may assume without loss of generality that I'; is actually contained in one
of these balls. Then, there exists a compact set C such that

e For each ceTly and NeR(r,e,dp), K is disjoint from Ay.z(¢*c) and 7 1(K) in-
tersects each orbit of My.z(€*¢)—An.z(£*¢).
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We make this additional assumption for the sequel of the section.

LEMMA 5.2. For each (N,c)€Ry xTy, the set Nyoz(£¢)—E~ Ny (c) is totally dis-

connected if and only if the set
NNOE(S*C)QK: = (ng(N7 C)UHzl(N, C))ﬂK:

is totally disconnected.

Proof. The set Nn.=(£*c)NK is a compact metric space, so it is totally disconnected
if and only if it has topological dimension zero, see [38]. Assuming that this property
holds, the set N, ~Nez(£*c)Nm~1(K) is the disjoint union of two homeomorphic copies of
Nn.z(£*c)NK, hence it is compact and of zero topological dimension. As a consequence,
each of the sets ¢*(Ny.z(¢*c)NK), kEZ, is compact and of zero topological dimension,

where ¢* is the time-k Hamiltonian flow of N. The countable union

Nyz(€e)—An.z(€¢) = | " Wn.z(£"c)NK)
keZ
is then also of zero dimension. As a consequence, the projection Ny.=(£*c) —An.=(E*c)

is of zero topological dimension, and hence it is totally disconnected. O

We want to prove that a dense Gy set of Hamiltonians N €R; have the property
that My.z(£*¢)NK is totally disconnected for each c€l' (V). The Gs part follows from

the next lemma.

LEMMA 5.3. Let JCI'y and KCT"™ be compact subsets, then the set of remainders
ReR such that for all c€ JNT(N) the set of points

Q(N,c,K):=Nn.z(Ec)NK (20)

is totally disconnected, is a Gs set.

Proof. Consider a Hamiltonian N satisfying the conditions of the lemma. Then, for
every c€ JNIL(N), Q(N, ¢, K) is compact and totally disconnected, and hence has zero
topological dimension.

We call a compact subset (1/k)-disconnected if it admits a finite disjoint covering
by compact subsets of diameter at most 1/k. If N satisfies the conditions of the lemma,
then NMy.z(€*¢)NK is (1/k)-disconnected for each k€N and each ce JNT,(N). Since
the Mafié set is upper semi-continuous in the Hamiltonian (in the C? topology), so is
Nn.z(*c)NK and we have, for each fixed k, the following result:

There exists an open set I containing I',(N)NJ and a neighborhood U of N in C?
such that the set Nyr.z(£*¢)NK is (1/k)-disconnected for all ¢/ €I and all N'elUd.
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We now use the observation that I'.(NN) is upper semi-continuous in N, hence so
is JNT*(N) since J is compact. We deduce the existence of a smaller neighborhood
U'CU of N, such that JNT,(N')CI” for each N'el’. We have proved: the property
that Ny.z(£*c)NK is (1/k)-disconnected for each c€l'(N)NJ is C? open (and hence

C" open). The lemma follows by taking the intersection over k. O

We now adress the density part. Let us consider the product space
C"(T"xR"xT)xR"
with the standard norms on both spaces. Define the following subset
Q={(N,¢): NeRy, ceT(N)} CRxT; CC"(T"xR"xT)xR".

The following proposition allows us to perturb the functions b]i\,’c locally simultane-

ously for an open set of ¢. The proof is given in §5.2.

PROPOSITION 5.4. Let (No,cp)€Q and let KCT™ be a compact set disjoint from
Angoz(€*co). Then there is 0>0 such that for all NeR1NB,(Noy), o€ KNHi2(No, co),
and peC}(By(6o)) with |¢||cr <o, there exists a Hamiltonian N, such that the following
conditions hold:

(1) For all c€ By(co), the Aubry set ANon(g*c) coincides with An.=(E*¢), with the
same static classes. In particular, By (co) NIy (N)=Bg(co)NIw(N,).

(2) For all c€By(co)NT'«(N), there exists a constant e€R such that

b, o(0) =by (0)+p(0)+e, 0€Bs(bh). (21)

The same holds for o€ KNHa1 (No, o), with b replaced by b~ in (21). Moreover, for
each N€R1NBy(Ny), ||[Ny—Nlcr—0 when ||¢|cr—0.

We will use Proposition 5.4 to perturb all barrier functions near a given cg simultane-
ously. Because we are perturbing an uncountable family of functions, we need additional

information on how the functions bﬁ)c depends on c¢. The proof is given in §5.3.

PROPOSITION 5.5. For each N€R;, the maps C'_>b1+v,c and c—by . are %—H()’lder
from T.(N) to C°(T™, R).

This regularity implies that the set {by .:c€[*(N)} is compact and has Hausdorff
dimension at most 2 in C°(T",R). The following lemma will allow us to take advantage
of this fact.
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LEMMA 5.6. Let FCC°([—1,1]",R) be a compact set of finite Hausdorff dimension.
The following property is satisfied on a residue set of functions p€C™(R™,R) (with the
uniform C™ norm):

For each feF, the set of minima of the function f+¢ on [—1,1]" is totally discon-
nected.

As a consequence, for each open neighborhood Q2 of [—1,1]™ in R™, there exist arbi-

trarily C"-small compactly supported functions ¢: Q—R satisfying this property.

Proof. We first consider the case n=1. The set ]?:{c—f:fe]-',ceR} is compact
and of finite Hausdorff dimension (one more than the dimension of F). For each compact
subinterval JC[—1,1], the set F;CC(J,R) is also compact and finite-dimensional, since

the restriction map is Lipschitz. If J is non-trivial, the complement
®(J):=C"(R,R)—(F;NC"(R,R))

is open and dense in C"(R,R). To prove density, we consider a subspace HCC" (R, R) of
finite dimension larger than the Hausdorff dimension of F. We moreover assume that all
functions of H are compactly supported inside the interior of J. Given peC"(R,R), we
consider the affine space ¢+ H. Considering the C°([—1,1],R) distance, the Hausdorff
dimension of F;N(p+H) is not greater than the Hausdorff dimension of F, hence it is
less than the dimension of H. This implies that the complement (o+H )—j-: is dense
in ¢+ H endowed with the C° distance. Since the C° and C" norms are equivalent on
the finite-dimensional space p+ H, we conclude that ¢ belongs to the closure of ®(J) in
C"(R,R).

Let Ji, be a sequence of compact subintervals of [—1, 1] such that each open interval
contains one of the Jj. Then if o€, ®(J)) (this intersection is a dense G set), each of
the functions f+¢, f€F, has the property that it is not constant on any open interval,
hence its set of minima in [—1,1] is totally disconnected.

Let us now turn to the general case. We denote by m;: [—1,1]" —[—1, 1] the projec-
tions on the factors. We associate with each function fe€C?([-1,1]",R) the functions

fir L1 22— fi(x;) = gl)lnL f(z).
For each k and 4, the following property holds on an open and dense subset of functions
peC"(R™, R): None of the functions (f+¢);, f€F, is constant on J.

To prove density, we consider a function @€C"(R™,R). The map f~f; is Lips-
chitz, and hence the set F;(o)={(f+¢)i: fEF}CC?([—1,1],R) is compact and has finite
Hausdorff dimension. We can apply the result for n=1 to this family and obtain that
for generic p1 €C™(R,R), none of the functions

(f+p)itei=(f+o+ei)i
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for feF is constant on the interval Jj.

By taking the intersection over n and k, we obtain that, for generic ¢ €C"(R™,R),
each of the functions (f+¢); has a totally disconnected set of minima in [—1,1].

Since m;(argmin(f+¢))Cargmin(f+¢p);, this implies that argmin(f+¢) is totally

disconnected. O

Proof of Theorem 5.1. Let RoCR1 be the set of Hamiltonians N which have the
property that AMy.=(£*¢)NK is totally disconnected for each c€T,(N).

By Lemma 5.1, it is enough to prove that R is a dense G set. By Lemma 5.3, Ro
is a Gy, so left to prove is density.

Let us fix NgeR;y. For each 6yeNy.=(£*c)NK, we consider >0 small enough so
that Proposition 5.4 applies. We define the cube

Dy (60) = {9 max |07~ )] < 2\%} C B, (6p).
In view of Proposition 5.5, we may apply Lemma 5.6 to the family of functions b]i\,}c7
cel'1NI'(N) on the cube D, (6y) for each NeR,. We find arbitrarily small functions ¢
compactly supported in By (6) and such that each of the functions by, .+, c€l™*(N)NIy
have a totally disconnected set of minima in D, (6y). If NeR1NB,(Ny), we can apply
Proposition 5.4 to get Hamiltonians N, approximating IN. We obtain the following
results:

e The set of Hamiltonians N such that Ny.z(£*¢)ND,(0y) is totally disconnected
for each c€l',(N) is dense in R1NB,(Ny). By Lemma 5.3, it is a G5 set.

Since K is compact, there is a finite cover ICCU?Z1 D,,(0;), such that the above can
be applied on each D,,(6;) for some constant ¢;>0. For og=min; o;>0, we obtain the
following statement:

e For a residue set of N€B,,(Ng), the set Ny.z(£*c)ND,,(0;) is totally discon-
nected for all i=1, ...,k and c€T(N).

Taking the intersection over i, we obtain the following statement:

e For a residue set of N € B,,(Np), the set Ny.z(£*¢)NK is totally disconnected for
all ceT(N).

In particular, Ny is in the closure of Rs. O

5.2. Perturbing the Peierls’ barrier functions

Let L be the Lagrangian for N=Hy+cZ+eR. We define the generating function

Gn:R"XR® —R



ARNOLD DIFFUSION ALONG CRUMPLED NORMALLY HYPERBOLIC INVARIANT CYLINDERS 55

by

1
G (. 7') = min / Ly Atydi, A(0)=z, v(1)=x".
v 0

Note that Gy (z+k,2'+k)=Gr(z,2') for all 2,2’ €R™ and k€Z". If ¢ is sufficiently small,
there is a one-to-one correspondence between the time-1 map of the Euler-Lagrange flow
of L, and the generating function G . We will also consider the generating function of

the Hamiltonian N<Z (pull back of the double covering), which satisfies
Grez(x,2') =Gy (Ex, &), (22)

where we have lifted £ to a map R"—R"”. It is important to keep in mind that G .=
has an additional symmetry Gn.z(z,2')=Gn.z(z+3e1,2'+ Je1), where e1=(1,0, ...,0),

corresponding to the deck transformation of £&. We also denote

M
A%c(01a02):m,yin/ (L(’y,"y,t)—c~"y+aN(c))dt, 7(0):91a ’Y(M)ZQQGTTL7
0

and note that A%{ . and therefore hy . is completely determined by G n. We will perturb
the barrier functions by perturbing G .

Let U,V CR™ be open sets which projects injectively to T™, namely UN(U+k)=2
for all k€Z?. We define a perturbation block to be the set

By (U, V):=¢n(UxR"N(VxR™) CR"xR".

In other words, this is the set of pairs (6, p) such that 6€V and 7rg<I>;,1(97p)6U, where
¢n is the time-1 map of the Hamiltonian N. We can also consider By as a subset of
T™ xR"™ since V projects injectively to T™.

Given Uy CU CR™ and V CR™ as before, for € C%(V'), we define a perturbation of
the generating function (depending on ¢, Uy, Us, and V') by

G@(:c,x'):GN(:c,x')Jrg(:c)cp(x/), (23)
and extend it by periodicity:
Gy(z+k,2'+k)=Gy(z,2") for all ke Z™.

Here o: R"—R*U{0} is a standard mollifier function such that

olv,=1 and o|ys=0.

LEMMA 5.7. When ||¢|lcr is small enough, there exists a Tonelli Hamiltonian N,
whose generating function is equal to G,. Moreover, | N,—N|cr—0 as ||¢|cr—0.



56 P. BERNARD, V. KALOSHIN AND K. ZHANG

Proof. Let g(z,z')=0(z)p(a’), extended by periodicity, then | g|cr<Cllp|cr for
some C'>0 depending on g. Let G¢(z, ") be the generating function of the time-t map

of the Hamiltonian N. We consider the following functions
Gilz,2') =Gi(x,2") +s(t)g(z,2"),

where s:[0,1]—[0,1] is a C° mollifier function with s(t)=0 for t€[0, 1] and s(t)=1
for t€[2,1]. When |[|g||c2 is small enough, the functions G} uniquely determines exact
symplectic maps ¥;: T x R —T" xR".

It is easy to see that there exists an exact symplectic isotopy between 1, and ¢4,
then there is an exact symplectic isotopy between ¢, Loy, and id. In view of Propo-
sition 9.19 and Corollary 9.20 of [55], we get that {t¢;}o<i<1 is a Hamiltonian isotopy.
Moreover, since di;/dt is periodic in ¢, it must be generated by a time-periodic Hamil-
tonian N'(0,p,t). The maps are C"~! in (0, p) and C™ in ¢, the vector fields are C"~1
and the Hamiltonians are C".

Moreover, it is easy to see that ¥io¢p, L converges in C" ! to the identity uniformly
over t as ||g||cr—0. Since o6, ! has —N;o¢;+Njop; as Hamiltonian function (see [55,
Proposition 10.2]) we conclude that | Ny—N{|c»—0 as ||g||cr —0. O

The following lemma prepares us for the perturbation. For an orbit contained in

the psudograph &; (N, c), there exists a perturbation block that the orbit of (6, p) never
returns to in backward time. Moreover, the orbit also does not return to the “copy” of
the perturbation block under the deck transformation of =. This is important because

we would like to perturb the generating function G .= by perturbing only N.

LEMMA 5.8. Consider (Ny,co)€Q and (89, po) €Hia(No, o). Then there exist o>0,
and open sets V30y and Uy CUs CR™, such that the following conditions hold:

e the covering map &:T™—T™ is injective on Uy and V;

° U2u((72+§e1) and I_/U(‘_/—l—%el) are disjoint from Apny.z(£*c).
The following hold for each (N, c)€ QNB,(Ny, co):

(1) For 0V, let (8,p) be contained in the closure of the psudograph £ (N, c).

(1.a) (0,p)eBn.z(U1,V);

(1.b) the backward orbit ¢N"=(6,p) is asymptotic to S1(N,¢);

(1.c) for k=1, ¢5"=(6,p) is not contained in By.=(Us, V), nor in

Bn.z(Uz+3e1,V+ier).

(2) For 0V, let (A,p) be contained in the closure of the psudograph E>(N,c).
(2.a) The forward orbit ¢%, (0, p) is asymptotic to 52;
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(2.b) for k=1, ¢k (Z(0,p)) is not contained in Bn.=(Us, V), nor in
By.z(Ua+ge1,V+35er).
Moreover, an analogous statement holds for Hay, where the roles of & and & are
replaced by E and &, respectively.

Proof. First we claim the following statement: for any ¢>0 there is >0 such that,
if |0—6o|| <o and (N, ¢)€ By (No, co)NQ, then (6, p)e&; (N, ¢) implies the following con-
ditions:

(c1) [[p—poll<y; N

(c2) the backward orbit ¢*=(0,p) is asymptotic to Sy (N, c);

(c3) there exists M >0 such that k>M implies dist(¢y = (6, p), Si(N,c)) <.

We note that 6y €H12(No, cp) implies that the weak KAM solution h((q, ) is differ-
entiable at 6y, and therefore py is the unique super-differential. Item (cl) then follows
from semi-continuity of super-differentials, see Proposition C.1.

Since 0y €H12(No, co), we have, for h=hpny.z ¢+ c,

h(¢1,00)+N(0o,(2) = mein(h(g“l, )+h(-,C)) =h(C1, C2)- (24)

Assume, by contradiction, that for (N, cx)— (No, o) in Q, and (0, pr) €E1(Nk, ¢) with
0 — 0o, the backward orbit of (0, pr) accumulates to So(Ny, cx). This implies that

hNkOE7f*ck (C]]_Ca ek) = hNkOE,ﬁ*Ck (Cf7 C§)+hNkOE,£*ck (C§7 ek)a C{f S 817 Cg S 82-
Taking the limit as k— oo (by Proposition C.1), we obtain
hNgoz,exco (€1, 00) = ANgoz,e#co (€1, C2) Fhngoz, e (G2, 00), C1 €S, (2 €Sa.

Combining this with (24), we get (omitting the subscript of h)

h(C1,¢2) = h(C1, 00) +1 (0o, C2) = h(C1, C2) +h(C2, 00) +h (o, C2),

or h({2,00)+h(0g,2)=0, which is in contradiction with 6y¢Ss.

To prove (¢3) we again argue by contradiction. Let Ny, ¢k, 0k, and py be as before.
We assume that there exists My — 0o such that dist(¢n 2 (6k, pr), Si(N,c))=e. Let
mk:mbg,i\é’“ (0k, pr), using the fact that backward orbit of (6, px) is calibrated, we have

hyoz e (G Ok) = oz oo, (G mi) + AN .2 e, (M, Ok).

Up to taking a subsequence, assume my—mg and take the limit as k— oo to get

h(C1,00) = h(C1,mo)+h(mo, o) = h(C1, m0)+ir£}nQ(h(m0, Gi)+h(Ci,00)),
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where h is evaluated at NooZ, *¢o. Since h((y,mo)+h(mg, (1) >0, the above minimum

is not reached at (;. Therefore

h(Ch 90) > h(cla m0)+h(m07 C2)+h(<27 90) 2 h((h <2)+h(<27 90)7

but we showed (in the proof of (¢2)) that this is also impossible.

We now define the sets U and V. Since ¢;,§05 (00, po) is asymptotic to Sy (No, co),
projection via Z implies that qﬁ]}’;(E(Ho,po)) is asymptotic to Z(S1)=.An,(co). There
exists ¢t1 >0 such that

& 5" (E(Bo, o)) NE(B: (60, p0)) = 2,

and &(B,, (0p))NAn=2 for all NeB,, (Ng)NR;.

Applying claim (c1)—(c3) to t=3t1, we obtain the parameters ¢ and M. Since the
orbit of (6p,po) is wandering, there exists 0<o; <o such that (6,p)€ By, (0o, po) and
N e B,, (Np) imply that

&n"(E(Bo, (0, 0)))NE(By, (00, p0)) =2, 1<k<M.
Applying the relation Zc¢py.z2=¢N°Z, we get
Oz (E(Boy (60, 20)))NE'E(By, (60, p0)) =2, 1<k<M. (25)

For a pair o9<o7, which is determined later, choose o3 <9 using claim (cl) again
to ensure that any (6,p)€&1(N,c) with [|[§—6y||<os implies that ||p—po||<o2. Define
V=B, (0o),

U= |J  7dxiz(Boy(80) X Boy(p0)). (26)
NEB,,(No)

and Us=B,,(U;). Since Uy —>w¢]}(1]05(907p0), as 09,03—0, we can choose 09,03 small
enough such that

BNOE(U27 V) CBG’1 (90?])0)7 fOI' au Ne BO’S(NO)'

We now verify that for €V and (6,p)€&1(N,c), one has ¢y =(0,p) €U, due to (26).
Moreover, since

BNOE(UQ, V)UBNOE(UQ+%€1, ‘7+%61) C EflEBgl(ﬁo,po).

Formula (25) implies (1.c) for 1<k<M. On the other hand, (c3) ensures the same for
k>M as well.

The proof of (2.a) and (2.b) and the remaining part is analogous, so we omit it. [
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Proof of Proposition 5.4. Given 6y€ KNH12(No, co), let (6o, po) be the correspond-
ing point in ﬁ12(N0, ¢p). Choose 0>0, Uy, Uy, and V as in Lemma 5.8. For peC7(£V),
consider the perturbation NNV, via (23) using the neighborhoods Uy, £Us and {V. Note
that for W=U; or W=V we have { 1 ¢{W=WU (W+%el), and we will use this notation
throughout the proof. First, notice that according to Lemma 5.7, |N,—N|cr—0 as

el

o —0.

Item 1. We first show that the perturbation N, does not affect the Aubry set and the
static classes. Lemma 5.8 asserts that £ ~1¢U, and €71¢V are disjoint from Ap,.=(£%co).
For (N,c)€B,(Ny,co) and ¢ small enough, using semi-continuity, £ ~1¢U; and £71¢V
are disjoint from An.=({*c) and An,.=({*c). Then (23) and (22) implies that the L.z
action and Ly, .z action coincide on orbits of An.z(€*¢) and le‘poE (€*c). As a result,

An.=(€%¢) and ANW)E(&*C) must coincide with the same static classes.

Item 2. We proceed to prove (21). Let (0, p)€&1(N,c), then y(t):=mgo¢'(6,p) is a
calibrated orbit (on (—o0,0]) for the weak KAM solution hy, .z ¢«c(C1, ), With (1€8;.
Write v =~(t). Since (t) is backward asymptotic to Sy, there is i — 00 such that

hN«pOEﬁg*C(Cl’ 9) = kli)Holo AZ]-\I;on,E*c(’y*ik ) /VO>

= (27)
=lim Y (Gn,.z(1;,741) =& e (Vi1 =) +an,.z(€0),

k—oo | (
J=""

where in the last line 7 is lifted to R™. In view of (1.c) and (23), for any j<—2 we have
GN,=(VjsVi+1) =GN, (675, 6v541) = GN (€75, §v541) = GNez (V)5 Vit1)-
By the same reasoning, we have
GN,o2(7-1,7) = GNnez(V-1,70) +0(7=1)(70) = Gnez(V-1,70)-
Using (27), we get
hn,ozec(C1,0) = ]}g& AZ}(}'OE{*C(V—M :70) S hnoz g+c(C1,0).

Observe that the previous arguments hold when N, and N are switched, and the last
displayed formula becomes an equality. By the same reasoning, using Lemma 5.8, (2.a)
and (2.b), we obtain

hn, oz, ¢xc(0,(2) = hnozexc(0,(2), (2 €Sa.

Thus (21) follows. The proof for b~ is identical with two static classes switched. O
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5.3. Holder continuity of the barrier functions

We prove Proposition 5.5 by relating the barriers to the stable and unstable manifolds
of the Aubry sets.

Recall that the system N admits a weakly invariant cylinder C which contains the
Aubry set AN(C) for ceT'y. Using the covering map Z, we obtain Z~'C=C;UCs and
denote S;(N, ¢)=C;NE~1(A(c)), i=1,2, for all c€T,(N).

Recall that T',(N) is the set of c€I'; such that Ay(c) is an invariant curve contained
in C. Let c* be the c€I',(N) with the smallest and largest p/ component. Then the
component of C bounded by Ay (c*) is an invariant set for ¢, we denote it A,. Let Ay
and Ag be the lifts under =, then A; CC; are normally hyperbolic invariant manifolds for
ONoz.

They admit C? center stable and center unstable manifolds /%  which locally
are graphs above (0, p). These manifolds are foliated by the strong stable and unstable
manifolds W#*(z) of the points of A;, see Appendix A. The leaves W**(z) of this foliation
are C2, they are locally graphs above 6°. The foliation itself is C.

Consider c€T',(N), then for i=1,2, glv(N, ¢) is a Lipschitz invariant curve. Define
the sets

Wi (N = | W),
z€8;(N,c)
Since gl(N ,c) are Lipschitz graphs over 6/, and since W™* are C! foliations whose
leaves are graphs over 6°, Wiu/ (N, c) are Lipschitz graphs over # in a neighborhood of
‘S~'i. We will show that they coincide with the pseudographs &;(N,¢) in a neighborhood
of S;(N,¢).

LEMMA 5.9. For i,5=1,2, if (0,p)€&(N,c) is backward asymptotic to S;(N,c),
then there exrists M >0 such that ¢K/§E€Wj”(N, c) for each k>M.

Suppose an orbit is backward asymptotic to S1(N,¢), then it is asymptotic to the
normally hyperbolic set A;. This orbit is contained in the strong manifold of a point
z' €A which is asymptotic to S1 (N, ¢), but which in principle may not belong to S; (N, ¢).
To prove that 2z’ €81 (N, ¢), we need an argument similar to Theorem 1.4.

We need the following version of Proposition 4.11.

PROPOSITION 5.10. Suppose k>1/+/e. Then for each semi-concave function ug, the
function up =T uqy is 6D+/e—semi-concave and 6D\/ne— Lipschitz. A similar statement
holds for T(ku As a result, for any weak KAM solution u and k>1/\/¢, the set

O (Ge)

is a 6D+/e— Lipschitz graph over the 8 component.
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Proof. We observe that the proof of Proposition 4.3 applies as long as we replace
u(0) by ur and w(0(0)) by ug(0(0)). The assumption k>1/y/c ensures that we can
choose T'€[1/2+/¢,1/4/€] in that proof.

For the second part, observe that
¢Ek (gc,u) C gcﬂi?\gvcj?u
and the proof is similar to that of Theorem 4.1. O

For the rest of this section, ¢ denotes ¢n.z=.

Proof of Lemma 5.9. We only prove the lemma for the case i=j=1 as the other
cases are similar. Since z:=(0,p) is backward asymptotic to S1(V,c)CAq, then there
exists z; €Ay such that (6,p)EW™(z;1). Necessarily ¢%(z1) converges to Si(N,c). We
will show that z; €S1(N, ).

Arguing by contradiction, suppose z1 ¢ S1(NV, ¢), then using the fact that T'C;y is the
central direction, dist(¢~%21,S; (N, c)) converges at a maximal rate of o".

Set zF¥=¢"F(z1). Since Si(N,c) projects onto the #f component, for each k€N
there exists z5€S;(N,c) such that 67(2F)=607(25). According to Theorem 3.1, there
exists D;>1 such that C is a (D1/4/z )-graph over (67, p/), which implies that

 ValE = VEdt

Ip? (1) —p’ (25 b Z°p. (28)

for some Dy>1. Let zF=¢~%(z), then we have ||z —2F||<CAF. Suppose that k is large
enough so that C)\k<%D2_l\/ng. Then

" (%) =2 (z)I = I’ (=1) =2 (z5) 1= lIp” (%) =p! (D)1 = 511p7 (1) =2 (5)[I. (29)
Assume that k>1/+/e. We now use Proposition 5.10 to get, for some D3>1,
lp(=*) =p(=5) | < D3V/e(]|6°(2*) —6°(=5) | +1|67 (=*) —67 (=5)]))
< D3Ve(][6°(2%) —0°(=3) | +1167 (%) —67 (1)) (30)
< Dov/e([|6°(2") =0°(23) )+ Da D3 /eN*

keeping in mind that 67 (2F)=607(2%). Since 2¥, 25 €(C;, using Theorem 1.4, we get, for

small €,
16°(2%)=6°(25) | < [16° (1) —6° (25) [+ CA*
14++/d/¢
< T/(IW(Zf)*@f(ZS)II+pr(Zf)*pf(Z§)H)+C/\k

S 122 ! () =T (25) |+ ONR.
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Combining with (30), we get
Ip(z") = p(5) || <4C5 16" /2||p(2*) = p(25) || +2D2 D3 /EN.

When 3 151/2< 1, we get [|p(z*) —p(25)||<4D2D3/zA*, but this is in contradiction with
(28) and (29). 0

LEMMA 5.11. Let (N,co)€Q. There exist o1, o2, and M>0 such that, for all
cE€ By, (co)NT(N), we have, for i=1,2,
(1)
Ei(N, )N~ H(By, (Si(N,cp))) CWH(N,c).

This also implies that £(N,c)=&;(N,c) and is C! over B,,(S:(N,c)).

(2) For each (0,p)€&;(N,c), there exists k<M such that

¢ *(0,p) € By, (S1(N,c)USy(N, c)).

Proof. We prove statement (1) for i=1, the proof for i=2 being identical. We first
prove the statement for c=cy, and then extend to a neighborhood by continuity. First of
all, we refer to [8, Lemma 4.4], to get the existence of o3>0 such that every (8, p) €& (N, ¢)
with 0€ B,,(S1(V, ¢p)) is backward asymptotic to S;. By Lemma 5.9, there exists k
such that ¢=*(0,p) €W} (N, c). We now show that k can be chosen uniformly for all §&
m. Arguing by contradiction, if there is k;—oc and ¢~ (6;, p;) W (N, c)
for all 0<j <k;, after taking a convergent subsequence, we get (6;,p;) — (0x, p«) €E1(N, ¢),

whose backward orbit does not intersect Wi (N,c). This is a contradiction. Using a
similar compactness argument over ¢, we obtain the following statement:

There exists o4,05>0 and M >0, such that for all c€ B,,(co)NT«(N) and (0,p)€
By, (S(N, cp)) we have ¢~%(0,p)eW(N,c) for all k=M.

Finally, we choose o small enough so that B, (S1(N,co))Co M (B,, (S1(n,co))).
Since 81(N, ¢) is semi-continuous in ¢, this property extends to a small neighborhood of
cel' (N).

We now prove statement (2), for i=1. Assume that there exist o7>0, k;— o0,
and (6;,p;)€E1(N, ¢;) with ¢;—co, such that ¢ 7 (6;,p;)¢ By, (S1USs) for all 0<j<k;.
Taking the limit up to a subsequence, we obtain an orbit (6., p.) em not backward
asymptotic to S;USs, a contradiction. O

For each ceT', (), the set S (N, c) is a graph over 7, and hence there exists a map
Ne: T—T"™ x R™ such that S; (N, C) is the image of 1. and 7yson.(s)=s.
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LEMMA 5.12. There exists C1>0 such that
sup [[ne(s) = e (5)]| < Cafle—/||*/?

for each ¢ and ¢’ in T.(N).

Proof. We denote by D, different positive constants that may depend on & and J.
Since C; is a Lipschitz graph over (67, pf),

sup [|ne(s) —=ne (s)[| < D sup [|mprme(s) =mpsner ()] (31)
Each weak KAM solution u, is differentiable on &1 (N, ¢), and we have
TpoNe = ct+duc(mgone).

We have
/pd91/0d9+/duc(7r9°nc) da:’frpf(c)v
n n n

hence the symplectic area A(n., 7. ) of the domain of C; delimited by the curves n. and

Recall that the cylinder C; is given by a graph (6%, p*)=(0%, P*)(6/,p/). The estimates

(4) imply that, if v,v" are two vectors tangent to Cy, then
|(dO° AdP®)(v,0")| < CV8| doF Adp” (v,")],
and hence, if § is small enough,
|(dOAAP)(v,v)| = 1[(d67 NdpT)(v,0")].

Note that, given two C-Lipschitz functions 71, v2: T—R with v1(s)>~2(s), one has

1
Jen=ra)ds> 1 sup (9=l

Let Q denote the region on C; between 7. and 7. For ¢, €T, there are D3, Dy >1
such that

1
Dalle= | s (0= (€| = A > 3 | [ 067 |

1
> o= sup ||y one(s) = s omer (s)] .
4 s

= ;\ [ () =y () s .

Combining this with (31), we get our conclusion. O
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LEMMA 5.13. In the context of Lemma 5.11, consider for ¢, € By, (co)N«(N),
G €S1(N, ), and ({€S1(N, ), set

uc(-) =heee(Cr, ) =hnezeee(Crye)  and  up(-) =heeer (G, -) = hnoz e (C1, )
Then, for 0€ B,,(S1(N,co)),

(1) [Vue(0) = Vue (0)| <Calle—c'[|'/3;

(2) |uc(8) —uer (0) = Cs| < Calle—c'[|/2.

Moreover, the same holds with Sy replaced with Ss.

Proof. For 0€B,,(S1(N,cp)), let y=(6,Vu.(6)), and let 2€S1(N,c) be such that
yEW?*(z). We then define 2’ €S; (N, ') to be the unique such point with 6/ (z")=67(z).
Finally, define y' e W"(z") such that 8°(y’")=0°(y), which is possible since W*(z’) is locally
a graph over 6°.

We note that within the center unstable manifold W*(A), the NHIC A on one

hand, and 6*=60°(y) on the other hand, serves as two transversals to the strong unstable
foliation {W"(-)}. Since the foliation is C', there exists D; >0 such that

ly=y'll < Dill==2"|| < CL Dy le—<'[|/2,
where C; is the constant from Lemma 5.12. Let w=(0, Vu(0)), and noting that y'e
W(N,c")={(z,Vue (z))} which is locally a C! graph, we get, for Dy>0,
lw=y'[| < Dallmo(w) —mo(y") || = Dallmo (y) =76 ()| < D2lly—y/'ll,
therefore
IV () = Vue (0)| < w—yll < Jw—y | +]ly—y'I| < Dslly—y'| < Dalle—¢|| /2.

Item (1) follows. For item (2), we consider 8,6y € B,,(S1(N, ¢p)), then integrating item
(1) leads to
[ue(8) ~uer (6) = (uc(Bo) —ue (6))] < Dsle—¢'|| /2. (33)
Item (2) follows by taking Cs=u.(0y)—uc (0o). O
Proof of Proposition 5.5. Fix (N, cg)€Q and consider ¢€ By, (co) NI« (N) in the con-
text of Lemma 5.11. From item (2) of that lemma, for every #€T™, there exists a
calibrated orbit v: (—oo,0]—T", with v(0)=80, such that y(t) € By, (S1 (N, c)US2(N,¢c))
whenever t<—M. Then (omitting the subscript N-Z)

he-c(1,6) = min min min {he-c(Gr, G)+he- (G 0')+Ag..(0',0)}.

As heg-c((;,0') is uniformly 3-Holder in ¢ for 6/ € By, (S;(N,c)) and c€ By, (co) T« (N),
each A’g*c are uniformly Lipschitz in ¢, the family he«o(¢1,6) is %—Hélder in c. O
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Appendix A. Normally hyperbolic manifold

Let F:R" —R" be a C! vector field. We give sufficient conditions for the existence of
a Normally hyperbolic invariant graph of F. We split the space R™ as R™» xR™s x R™<,
and denote by z=(u, s, c) the points of R”. We denote by (F,, Fs, F.) the components
of F:

We study the flow of F' in the domain
Q=B"xB*x0°

where B" and B*® are the open Euclidean balls of radius r, and rs in R™* and R™s, and

Q¢ is a convex open subset of R"=. We denote by

Lyy(x) Lys(x) Lyc(x)
L(z)=dF(x)= | Ley(z) Lss(z) Lse()
Lew(z) Les(z)  Lee(x)

the linearized vector field at the point z. We assume that ||L(z)|| is bounded on 2, which
implies that each trajectory of F'is defined until it leaves 2. We denote by W€ the union
of full orbits contained in . In other words, this is the set of initial conditions z€)
such that there exists a solution z: R—€ of the equation ©=F(x) satisfying z(0)=xz. We
denote by W*¢ the set of points whose positive orbit remains inside 2. In other words,
this is the set of initial conditions €€ such that there exists a solution x: [0, 00) =€ of
the equation ©=F(z) satisfying x(0)=z. Finally, we denote by W"¢ the set of points
whose negative orbit remains inside ). In other words, this is the set of initial conditions
z€Q such that there exists a solution z: (00, 0]— of the equation £=F(z) satisfying

x(0)=z. These sets have specific features under the following assumptions.

Hypothesis 3. (Isolating block)

e F.=0 on B"x B*®x00¢;

e F,(u,s,c)-u>0on dB*x B*xQ¢%
e F.(u,s,c)-s<0 on B*xIB*xQ°.

Hypothesis 4. There exist positive constants o and m such that
o Lyy(x)>al and Lgs(x)<—al for each x€Q in the sense of quadratic forms;
e for each €4,

[ Lus (@) |4 | Lose () [+ L (@) |+ [ Lse (@) [+ Lew (@) | 4[| Les (2) [+ Lee (@) | < m.
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THEOREM A.1. Assume that Hypotheses 3 and 4 hold, and that

0<K =

1

a—2m 2
Then the set W*¢ is the graph of a C* function

w®: B®*x Q¢ — BY,
the set WU¢ is the graph of a C' function

w"%: BYx Q¢ — B?,
and the set W€ is the graph of a C* function

w’ = (wg, ws): Q° — B* x B®.
Moreover, we have the estimates
ldw*c|| < K, ||[dw"‘||< K, and |dw?||<2K.

Proof. These results could be reduced to several already existing ones, (see [33], [37],
[56], and [19]) or proved directly by well-known methods. We shall use [64, Theorem 1.1],
which is the closest to our needs because it is expressed in terms of vector fields. We
first derive some conclusions from the isolating block conditions. We denote by 7%¢ the

projection (u, s, c)—(s,c), and so on.

LEMMA A.2. If Hypothesis 3 holds, then
(W) =B*xQ°¢ and w“¢(W")=DB"xQ°.
Moreover, the closures of W3¢ and W€ satisfy
W CB"xB*xQ° and W"C B“xB*xQ°.

Proof. Let us define T (x)€]0, 0] as the first positive time where the orbit of x
hits the boundary 9. Let us denote by ¢(t,z) the flow of F. If T*(x)<oo (which is
equivalent to z ¢ W), we have (T (x), x) €0B™ x B* xQ°, as follows from Hypothesis 3.
Then, it is easy to check that the function T+ is continuous, and even C', at z.

We prove the first equality of the lemma by contradiction, and assume that there
exists a point (s,c)€B®xQ° such that W*¢ does not intersect the disc B x{s}x{c}.
Then, the first exit map

BYsur— 1 op(T" (u,s,¢), (u,s,¢)) € 0B*
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extends by continuity to a continuous retraction from B* to its boundary dB*. Such a
retraction does not exist. The proof of the other equality is similar.

Finally, we have
Wse C B"x B*xQ° = (B"x B*xQ°)U(0B" x B* xQ°).

Hypothesis 3 implies that each point of 9B*x B*x° has a neighborhood formed of
points which leave  after a small time. As a consequence, the set 9B% x B* x )¢ cannot
intersect W%, and we have proved that W*¢C B%x B* xQ¢. The other inclusion can be

proved in a similar way. O

In order to prove the statement of the Theorem concerning W#¢, we apply [64,
Theorem 1.1]. More precisely, using the notation of that paper, we set

w _ Fy(Ka,z)

Z:(S,C), f(a’ﬂz)* K , and g(a,z):(Fs(Ka,z),Fc(Ka,z)).

We have the estimates

LSS LSC

Ouf=Lyn>a and 0,9=
/ Y7 Ly Lee

]<m,

in the sense of quadratic forms. Moreover, we have the estimates

|3

10:f < 7= and  [|dagl| < Km.

K

Since
m+%—|—Km<2m+% =aq,

we conclude that Hypothesis 2 of [64] is satisfied. Hypothesis 1 of [64] is verified by the
domain 2, and Hypothesis 3 is precisely the conclusion of Lemma A.2. As a consequence,
we can apply Theorem 1.1 of [64], and conclude that the set W*¢ is the graph of a C*
and 1-Lipschitz map above B®xQ¢ in (a,z) coordinates, and therefore the graph of a
K-Lipschitz C! map w*¢: B* x Q2°— B in (u, s, ¢) coordinates.

In order to prove the statement concerning W4¢, we apply [64, Theorem 1.1] with

s Fy(Ka,z)

a:?7 Z:(U’?C)ﬂ f(a,z):* K ’

and g(a,z)=—(F,(Ka,z), F.(Ka,z)).
It is easy to check as above that all hypotheses are satisfied.
Let us now study the set We=W3¢NWue, First, let us prove that W¢ is a C! graph

above Q¢. We know that W*¢ is the graph of a K-Lipschitz C* function w®¢(s,c) and
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that WU is the graph of a K-Lipschitz C! function w“¢(u, ¢). The point (u, s, c) belongs
to W€ if and only if
u=w*(s,¢) and s=w""(u,c),
or in other words if and only if (u, s) is a fixed point of the K-Lipschitz C! map
(u, 8) — (W°(s, ¢), w"(u, c)).

For each c, this contracting map has a unique fixed point in B* x B®, which corresponds
to a point of WNWu, It follows from Lemma A.2 that this point is contained in
BYx B*. Then, it depends in a C! way on the parameter c. We have proved that W¢ is
the graph of a C! function w®. In order to estimate the Lipschitz constant of this graph,
we consider two points (u;, $;,¢;), i=0,1, in W°. We have

[[ur —uo|* < K2 ([|s1—s0 |1+ —col|*)
and

ls1—=s0l1* < K2 (|Jur —uol|* +ler —eo ).
Taking the sum gives

(1= K2)(luz —uol®+ |51 = s0[|*) < 2K3||er —co|?

and
2K?
I, 52) — (w50} < 4 T len —coll < 2K e —col,
since K <1/v/2. We conclude that w® is 2K-Lipschitz. O

It is useful to go a bit further in the study of the invariant manifold

W= {(wy(e), w(e), e)}-
This manifold is a partially hyperbolic invariant set, hence by the usual theory, to each
point x€W¢ is attached a strong stable manifold W#(x) and a strong unstable manifold
W (z), which are C! (and even C" if F is C"). The manifolds W"(x), x€ W€, partition
Wue although this partition is not usually a C! foliation. For each z€W"¢, we denote
by E*(z) the strong unstable space, which is the tangent space at x of the only unstable
manifold W*(xo) which contains xg. We define the exponents

1 —t 1 —t
ey:=— sup limsup M =— sup limsup M7
zeWe  t—oo t zeWue  t—oo t
veEEY(x) veEEY(x)
1 t
el := sup limsup log [lo(®)ll ,
rzeW,. t—o0 t
veT, W,
1 t
e, := inf liminf M,
zeW, t—oo t

veT, W,
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where v(t) is the solution of the linearized equation ©(t)=d I, -v(t) with initial condition
v(0)=v, and z(t) is the solution of &(t)=F-xz(t) starting from z(0)=x.

LEmMMA A.3. We have

—m—2mK <e, <ef <m+2mkK.

Proof. We consider an orbit x(t) W€, and a variational orbit v(t)=(u'(t), s'(t), ¢/ (t))
tangent to We. Observe that ||(u/, s')|| <2K]|/|| for each ¢, which implies that

The next lemma implies that the manifolds W*:¢(x) are the graphs of C* and K-
Lipschitz maps w;: B°— B" x Q¢ and wy: B*— B% x°.

=2/(¢/, Loyt 4+ Less' + Leed )| < 2(mA4-2Km) || ||2. O

LEMMA A 4. If x:|T, TT[—Q is an orbit of F, then the linearized equation v(t)=
dFy)-v(t) preserves the cone CU={|(s',c)|<K|u'||} in forward time, and the cone
co={||(v, )|<K]S||} in backward time.

We have E¥(x)CC" for each xeW™"¢, and E*(x)CC?® for each x€W?°.

Finally we have the estimate
ey = a—2mK > %a.

Proof. Let v(t)=(u'(t), s'(t), c'(t)) be a solution of the linearized equation along z(t).
Then

||u I = (u', Luwt'+ Luss'+ Lucc) > af|u’|* =ml(s', ) [[|u'] > (o —mE)||u||*
(this estimate will also provide the desired growth rate in the unstable direction) and
d !/ 2 / / / /
%H(s NP = (5", Leyu'+ Lsss'+Lsec') + (¢, Loyt + Less'+ Leec)
<mll(s", D1+ 11(s", ) < mK (1+K) o],

This implies that

d

GO PP > 52 (a-mE -7 ) [ 20,
recalling that m+m/K+mK <a. The estimates concerning C*® are similar. O

In general, the maps w; and wy are not better than Hélder continuous in z, but we

can obtain better regularity under stronger hypotheses.



70 P. BERNARD, V. KALOSHIN AND K. ZHANG

THEOREM A.5. In the context of Theorem A.1l, let us assume the additional as-
sumptions that F is C? and K<é (or equivalently, m<%a). Then each of the manifolds
we, Wue, Wee is C2, and the manifolds W (x), x€W¢, form a C' foliation of Wu¢
(similarly for W* in W¥). The foliations are C' in the strongest possible sense, namely
the map x+— E*(x) is C' on E*, which imply that the foliation admits C' charts, and

that the local holonomies are C1.

Proof. An easy computation shows that m+2mK < ia, and hence we obtain
ew>3a, el <ja, and e, >—ta.

This implies that e, >2e!, and so W€ is 2-normally hyperbolic, and hence it is C?, as

well as W and W*¢; see [33] and [37].

Moreover, we have the bunching condition e, >e!—e_

c)

larity of the unstable foliation; see [34], [58], and [29]. O

which implies the C'' regu-

We need the following easy addendum.

PROPOSITION A.6. Assume in addition that there exists a translation g of R™ such
that
g(Q)=Q° and Fo(ld®id®g)=F.

Then we have
,LUSCO(id(E@g):,wsc7 wuco(id®g>:wuc, and wcog:wc.

Proof. Tt follows immediately from the definition of the sets W*¢, W"¢ and W€ that
g(Ws)y=Wse g(WH ) =Wc and g(W°)=W¢. O

In applications the first condition of Hypothesis 3 is usually not satisfied, except in
the case where Q2°=R". In view of the applications we have in mind, it is useful to split

the central variables into two groups and consider
1
QF=R" x 0?2,

where (2°? is a convex open set in R"z, nl4+n2=n.. Given a positive parameter o, let
Q¢ be the set of points co €R" such that d(c,22)<o. This is a convex open subset of
R": containing Q°. We denote the product R™ x Q2 by QF and B" x B*x Q¢ by {),.
With the notation F.=(F,,, F.,), and denoting by W?*°(F,Q), W"¢(F,Q), W(F,Q) the
set of positive half orbits (resp. negative half orbits, full orbits) of F' contained in 2, we

have the following result.
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PROPOSITION A.7. Let F:R™ xR™ xQ¢ —R" xR" xR" be a C? vector field.
Assume that there exist \,m,c>0 such that
Fu(u,s,¢)-u>0 on 0B*x B xQ%;
Fy(u,s,¢)-s<0 on B*x9dB%xQ%;
Lyy(x)>2al and Les(x)<—al for each x€), in the sense of quadratic forms;
for each x€Q,,

[ Lus (@) |4 | Lse () [[ 4[| Liss (@) |4 | Eose (@) | 4[| Lew (@) 14 [ L (@) | 4[| Lee ()| < 5
o for each x€Q,\Q,

([ s (2) ||+ [ Le () [+ [ Lss (2) [ 4[| Lse () |

+”Lcu(x)||+HLcs(~T)||+||LCC(x)H+M

<m

Assume furthermore that

then there exist C? maps
w®: B*xQf — BY, w"“:BYxQ. — B®, and w:Q, — BYxB?’
satisfying the estimates
Jdw | <K, [dw'e| <K, and |ldwd]|<2K,

the graphs of which respectively contain W3¢(F,Q), W¥(F,Q), and W°(F,Y). Moreover,
the graphs of the restrictions of w*c, w"c, and we to, respectively, B®x Q¢ B*xQ° and
Q°, are tangent to the flow.

There exists an invariant C1 foliation of the graph of w“¢ whose leaves are graphs

of K-Lipschitz maps above B*. The set W'¢(F,Q) is a union of leaves: it has the
structure of an invariant C' lamination. Two points x and x' belong to the same leaf of
this lamination if and only if d(x(t),’(t))e**/* is bounded on R~.

If in addition there exists a group G of translations of R™1 such that
Fo(ld®id ®g®id) =F
for each geG, then the maps w* can be chosen such that
we (id ®g®id) =w?®®, w"(id®gRid)=w"", and w°(g®id)=w" (34)

for each geG. The lamination is also translation invariant.
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In contrast to the earlier results of this section, the map w*¢ is not uniquely defined,
and neither is its restriction to B®xQ°. Moreover, the intersection with Q of the graph
of w®® is not necessarily positively invariant. It can contain strictly the set W*¢(F, Q).

Similar remarks apply to w*® and w°.

Proof. We take a function p: 252 —[0, 1] such that
e 0=0 near the boundary of Q%;

e o=1 on Q°;

e ||do||<2/0 uniformly.

We claim that the vector field

F(’U,7 876) = (Fu(uu S, C1, CQ),FS(’LL, S, C1, 02)7Fcl (U, 8761762)7 Q(CQ)F62 (ua S, C1, 02))

satisfies all the hypotheses of Theorem A.1 on 2,. Note also that F=F on Q. Denoting

by L., the variational matrix associated with F', we see that

LCU(u) S’ C) = 0(62)LCU(U7 87 C)) LCS (u7 87 C) = Q(CZ)LCS(U7 s? C)?

Q(C2>Lc102 (U, S, C)?

~

O

s,

O

s,

—

£

“CIJ
o

<
I

)

~—~
Q

v

N~—
=~

O

s

O

s

—

£

)
o

<
~

S

S8

o

M

—

s
3
(9]

N—
I

and

Leye,(uy8,¢) = 0(c2)Leye, (u, 8, ¢)+do(ca) @F,, (u, s, ).

As a consequence, we have

| Zas (@) 1+ L (@) |4+l Lo () |4 | Lioe (@) | 4| Lew (@) |4 [ Lies (@) || 4[| Lee )|
= o(c2) (| Lus (@) |+ | Luc(@) |+ Los (@) [+ Lse (2) |+ Lew () [+ [ Les (2) [ 4| Lee(2) )
+[Fe, ()] llde(ca) |

<m.

The claim is proved. We define w*°, w"c, and w® as the maps given by Theorem A.1l
applied to F on Q. Since F=F on 2, we have W*(F,Q)CW*(F,Q,) for x&{sc,uc, c}.
These maps may depend on the choice of the function ¢ but, once the function o is
chosen, they are uniquely defined. In the case where a group G of translations exists
as in the statement, then we have ﬁo(id@id ®g®id):f‘ for each geG. The uniqueness
then implies (34). By definition, W*(ﬁ , Q) is the graph of w*, the statement follows

from this observation. O
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Appendix B. Disconnectedness of heteroclinic orbits

We consider a Tonelli Hamiltonian H, a cohomology ¢, and the associated Aubry and
Maiié sets A and A/. We assume that the Aubry set is the union of two static classes

g’i, i=1,2. The Mané set can then be written as the disjoint union
N =8U8UH 12UHa,

where ﬁlg is a set of heteroclinic orbits from g'l to 52, and ﬁgl is a set of heteroclinic

orbits from g’g to 5‘1. Morever, the sets
Ti2: =8 USUHy, and Ty =8 US,UHo
are invariant compact Lipschitz graphs. In the notations of [8], we have
Z1o=1(Es,)=Es, NEs, and I, =Z(Es,)=Es,AEs,.

In [8, §9] it is proved that the cohomology ¢ is in the interior of its forcing class
provided each of the sets 7?(12 and ﬁgl is neat in the following sense:

The set ﬁlg is neat if there exists a compact subset I€12 which contains one and
only one point in each orbit of P \Frs and which is acyclic, which means that there exists
an open neighborhood U of K15 in T'M such that the inclusion of U into T'M generates
the null map in homology.

In §1.4 of the present paper, we apply this result under the assumption that the sets
Hio and Hay are totally disconnected. We can do so in view of the following.

ProrosITION B.1. The set 7‘~l12 (or ﬁgl) is neat if it is totally disconnected.

Proof. We first recall that a compact metric space is totally disconnected if and only
if it has dimension zero, which means that each of its points has a basis of neighborhood
made of open and closed sets, see [38, §IL.4].

By removing small open neighborhoods of S; and S, in Zy9, we form a compact
subset of ﬁlg which contains at least one point in each orbit. This compact subset is
totally disconnected (it is a subset of 7?{12) hence each of its points is contained in an open
and closed set which is disjoint from both S; and S,. We cover our compact by finitely
many of these neighborhoods. Their union is a compact and open subset Q of Hy, which
contains at least one point in each orbit. The set Klgzzé—g@(é) is then compact and
open, and it contains exactly one point of each @-orbit. It is totally disconnected, and

therefore acyclic, in view of the following lemma. O

LEMMA B.2. Let M be a manifold and let K CM be a totally disconnected compact
subset of M. Then K is acyclic.
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Proof. The subset K has dimension zero; see [38]. As a consequence, each point of K
is contained in an open, closed, and acyclic neighborhood (small open sets are contained
in discs hence are acyclic). We cover K by finitely many of these subsets Uy, ..., Uy and
set Vi=Uy, Vo=Us\V; and V;=U;\V;_;. We obtain k open acyclic subsets V; which are

pairwise disjoint and cover K. This implies that K is acyclic. O

Appendix C. Continuity property of the Peierls’ barrier function

We counsider here a general Tonelli Lagrangian L. We recall, see [7, §4], that the difference

of two weak KAM solutions is constant on each static class.

ProrosiTiON C.1. Let Ly—L be a sequence of Tonelli Lagrangians T™ xR"™xT
converging in the C? compact open topology, and cp—c€R"~H(T", R). Assume that
Arp(c) has finitely many static classes. Let (€ AL, (ck) be such that (i —(o€AL(c), then
for any €T™, one has

lim hr, e, (Ce, 0) = he(Co, 6).
k—oo

Proof. First, since each A} (61,62) is continuous in L and ¢, we obtain

lim (bLk-,Ck (01’ 02) < klggo(A%“’ck (017 02)) = Aﬁ/{c(gh 02)

k—o0

taking infimum over N, we get limy_,o0 P, ¢, (01,02) <P o(01,02). Since hr (01, 02)=
O (61,02) if either 6 or 6, is in AL (c), we obtain

hm hck (Ck7 9) < hC(CO? 0)
k—o0
Given £, —0, let vi: [—Qg, 0] —=T™ be a sequence of extremal curves such that

Ye(—Qk) =Ck»  (0) =0
and
AZ¥ (G 0) < iy, (Cu, 0) +er

We note that on each interval [i, j]C[—Qp, 0] we have

AL (@), )
= A% (1 (= Qk), W (0)) = A (v (= Qi) W (1) — A7 (v (), 7 (0))
< h(Crs 0) = — (h(Cror Vi (4)) = Ao, Vi (= Q) — (A 71:(0)) — (G Y1 (5)))
<higer (G (F)) =Py e (o (7)) +Eks

(35)
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since A(Cr, Y6 (—Qk))=h((k, Cx)=0 and 7;(0)=60. Note that we omit the subscript Ly
and ¢ in the intermediate calculations.
Let i), and ¢}, be two consecutive visits of (i) to U=B;(AL(c)), we first show that

i}, —ix must be bounded as k—oo. Assume otherwise, then the curves

Vi (E+ik+1)] (0,6 —ir—2)

converge uniformly over compact sets to 7.:[0,00)—T". Assume that the weak KAM
solutions hp, c, (Ck, ) converge uniformly to a weak KAM solution u of L at the coho-
mology ¢; taking limit in (35) implies that +, must be calibrated by w. Therefore .
must accumulate to Ag (c), which is a contradiction.

Let Sy, ..., Sy be the static classes of A(L). Let U,=Bs(S,) and assume that ¢ is
small enough so that U, are all disjoint. Let us note that each «; determines sequences
qs€9{1,....,r}, s=1,..,r, and 0=ip<jo<...<i, <Jr <Qy as follows:

o set 19g=70=0;

e let 4y be the first visit of v(—i) to |, Uy and Uy, is the set that v(—i1) visits; let
J1 be the last visit to Uy, , namely ji=max{i: y(—i)€U,)};

e the process stops if js_1=—Q; we then set set
is:js:---:ir:jr:Qk and ¢s=..=¢q =¢s_1.

Otherwise, let 75 be the first visits to Uq U, for i>js_1, and U,, the set it visits.
Define j, to be the last visit to U,, and continue.
Then,

thka (Ckv 9) +€k
> AP ((~Qr), 1(0))

=D AT (i) (=) Y AT () (i) (36)

> AT (g (i), Yk (—dam1)) D (A(Ch Vi (=) = (G i (—4s))) — Tk,

where the subscript Li, ¢, was omitted in the last two lines. By restricting to a subse-
quence, we may assume that, for all v, the ordering of ¢1, ... ¢, is identical. Our previous
observation implies, for s=1, ..., 7, that is—js_1 are bounded as k—o00. By restricting to

another subsequence, we may assume i;—js—1 is constant for all k, and ~x(—is)—0s and

Yi(—js)—0, as k—oo. Note that, for s=1,...,r, 0,,0,€Bs(S,,), therefore, there exist
s, N5 €S,, such that ||6s—ns]|, |0, —n.|| <. Let us also note, by definition, that y=6;=0
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and 0, =60/.=(y. Define no=n{=0 and n,=n.=(. Up to taking a subsequence, assume
that the weak KAM solutions hr, ¢, (Ck, ) converge to u(-) uniformly. Taking the limit
as k—o0 in (36), we obtain

B by e, (G 0) 2 D (AY 7 (0,00 1) +u(8) —u(6))

s=1
r

> (AT (e y) Fulne) —u(n)) —4CS)

s=1

= (A7 e y) i e(Goyms) — i e(Go, ) — 4C6)
s=1

T

2 Z(hL,c(<07 77;71) _hL7C(CO7 77;) _406)

s=1

=hr.(Co. 1) —hi,e(Co,my) —4rCé
= hL’C(Co, 6‘) —4rC.

Since ¢ is arbitrary, we obtain limy_,oo hi, ¢, (Ciy 0) = hr,c(Co, 0). O
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