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1. Introduction

Let f be a function holomorphic at infinity. Then f can be represented as a power series
— /
k
f(Z)=Z;,C- (1.1)
k=0

A diagonal Padé approzimant to f is a rational function [n/n]s=py,/q, of type (n,n)
(i.e., deg(pn),deg(gn)<n) that has maximal order of contact with f at infinity [45], [8].
It is obtained from the solutions of the linear system

Ro(2) = () (2)-a() =0 ) a2 (12)

whose coefficients are the moments f; in (1.1). System (1.2) is always solvable and no
solution of it can be such that ¢, =0 (we may thus assume that g, is monic). In general,
a solution is not unique, but different solutions yield exactly the same rational function
[n/n]r. Thus, each solution of (1.2) is of the form (Ip,,, lg,), where (p,, ¢,) is the unique
solution of minimal degree. Hereafter, (p,,q,) will always stand for this unique pair of
polynomials.

Padé approximant [n/n|, as well as the index n, are called normal if deg(g,)=n
[38, §2.3]. The occurrence of non-normal indices is a consequence of overinterpolation.

That is, if n is a normal index and(!)

f(z)— [%L(z) ~2mCHED ag 2 o0

(1) We say that a(z)~b(z) if 0<liminf, e |a(z)/b(2)|<limsup,_, . |a(z)/b(z)|<oco.
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for some (>0, then [n/n];=[(n+7)/(n+j)]s for j€{0,...,1}, and n+{+1 is normal.
Assume now that the germ (1.1) is analytically continuable along any path in C\ A
for some fixed set A. Suppose further that this continuation is multi-valued in C\ 4, i.e.,

f has branch-type singularities at some points in A. For brevity, we denote this by
f€AC\A). (1.3)

The theory of Padé approximants to functions with branch points was initiated by Nut-
tall. In the pioneering paper [39] he considered the class of functions (1.3) with an even
number of branch points (forming the set A) and principal singularities of the square

root type. Convergence in logarithmic capacity [48], [49] of Padé approximants, i.e.,

lim cp({ze K: ‘f(z)— [QL(Z)‘ >5}) =0, foralle>0, (1.4)

n— o0 n
was proven uniformly on compact subsets of C\ A, where A is a system of arcs which is
completely determined by the location of the branch points. Nuttall characterized this
system of arcs as the system that has minimal logarithmic capacity among all systems
of cuts making the function f single-valued in their complement. That is,
A)= mi oD 1.5
cp(A)= min cp(9D). (1.5)
where we denote by Dy the collection of all connected domains containing the point at
infinity in which f is holomorphic and single-valued.
In [39] he has conjectured that for any function f in A(C\A) with any finite number

of branch points that are arbitrarily positioned in the complex plane, i.e.,
#A<oo and ACC, (1.6)

and with an arbitrary type of branching singularities at those points, the diagonal Padé
approximants converge to f in logarithmic capacity away from the system of cuts A
characterized by the property of minimal logarithmic capacity.

Thus, Nuttall in his conjecture put forward an important relation between the maxi-
mal domain where the multi-valued function f has a single-valued branch and the domain
of convergence of the diagonal Padé approximants to f constructed solely based on the
series representation (1.1). The Padé approximants, which are rational functions and
thus single-valued, approximate a single-valued holomorphic branch of f in the domain
of their convergence. At the same time most of their poles tend to the boundary of the
domain of convergence and the support of the limiting distribution of these poles models

the system of cuts that makes the function f single-valued (see also [40]).
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The complete proof of Nuttall’s conjecture (even in a more general setting) was
taken up by Stahl. In a series of fundamental papers [50]—-[53], [55] he proved, for a
multi-valued function fe€A(C\A) with cp(A)=0 (no more restrictions!), the following
facts:

(i) existence of a domain D*€Dy such that the boundary A=0D*satisfies (1.5);

(ii) weak (n-th root) asymptotics for the denominators of the Padé approximants
(1.2)

1
lim —log|g,(2)|=—-V¥2(2), ze€D", (1.7)

n—oo N

where V¥2:=— [log|z—t|dwa(t) is the logarithmic potential of the equilibrium mea-
sure wa, minimizing the energy functional I[u]:= [ V#(z)du(z) among all probability
measures f on A, i.e., [lwa]:=min,a)—1 I[pul;

(iii) a convergence theorem in the sense of (1.4).

The aim of the present paper is to establish strong (or Szegé-type, see [58, Chap-
ter XII]) asymptotics of the Nuttall-Stahl polynomials gy. In other words, to identify the
limit

. q .
lim =% =? in D*,
n—oo PN

where the polynomials ¢,, are the denominators of the diagonal Padé approximants (1.2)
to functions (1.3) satisfying (1.6), and ® is a properly chosen normalizing function.

Interest in the strong asymptotics comes, for example, from the problem of uniform
convergence of the diagonal Padé approximants. Indeed, the weak type of convergence
such as the convergence in capacity in Nuttall’s conjecture and Stahl theorem is not a
mere technical shortcoming. Indeed, even though most of the poles (full measure) of
the approximants approach the system of the extremal cuts A, a small number of them
(measure zero) may cluster away from A and impede the uniform convergence. Such
poles are called spurious or wandering. Clearly, controlling these poles is the key for
understanding the uniform convergence.

There are many special cases of the Nuttall-Stahl polynomials that have been stud-

ied in detail including their strong asymptotics. Perhaps the most famous examples are

the Padé approximants to functions 1/v/22—1 and v/22—1—2 (the simplest meromor-
phic functions on a two sheeted Riemann surface of genus zero), where the Nuttall-Stahl
polynomials g, turn out to be the classical Chebyshév polynomials of the first and second
kind, respectively. The study of the diagonal Padé approximants for functions meromor-
phic on certain Riemann surfaces of genus 1 by means of elliptic functions was initiated
in the works of Duma [19] and Akhiezer [2], see also [37] by Nikishin. Supporting his
conjecture, Nuttall considered two important classes of functions with branch points for

which he obtained strong asymptotics of the diagonal Padé approximants [42], [44]. In a
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Figure 1: The left-hand figure depicts the case where A is comprised of non-intersecting
analytic arcs, while the right-hand figure illustrates the case where three arcs share a

common endpoint.

joint paper with Singh [44], a generalization of the class of functions considered in [39]
(even number of quadratic type branch points) was studied. A peculiarity of this class,
as well as its prototype from [39], is that A, the system of extremal cuts (1.5), consists
of non-intersecting analytic arcs; see Figure 1 (a).
In [42] (see also [23]) Nuttall investigated the behavior of the Padé approximants for
functions with three non-collinear branch points. Namely, functions of the form
3

3
f(z)::H(zfej)o‘j, osz(C:Zaj:O. (1.8)
j=1 j=1
Analytic arcs of the system of extremal cuts for these functions (contrary to the functions
from the previous class) share a common endpoint; see Figure 1 (b). In order to shed
some light on the behavior of the spurious poles, Stahl studied strong asymptotics of the

diagonal Padé approximants for hyperelliptic functions [54]; see also [55].

An important feature of the diagonal Padé approximants, which plays a key role in
the study of their asymptotics, is the orthogonality of their denominators. It is quite
simple to see that (1.2) and the Cauchy theorem (taking into account the definition of
Dy in (1.5)) lead to

/qn(z)zjf(z)dZZO, j€{0,...,n—1},
oD

where the integral is taken along the oriented boundary 0D of a domain D from Dy.
For the extremal domain D*€Dy of f satisfying (1.3) and (1.6), the boundary A=90D*
consists of a finite union of analytic Jordan arcs. Hence, choosing an orientation of A

(as a set of Jordan arcs), we can introduce in general complex-valued weight function

o) =(f"=f7)), teA, (1.9)

which turns q,, into non-Hermitian orthogonal polynomials. That is,

/ g () o(t)dt=0, je{0,...,n—1}. (1.10)
A
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Asymptotic analysis of the non-Hermitian orthogonal polynomials is a difficult problem
substantially different from the study of the asymptotics of the polynomials orthogonal
with respect to a Hermitian inner product, i.e., the case where p is real-valued and ACR.

In [52], Stahl developed a new method of study of the weak (nth root) asymptotics
(1.7) of the polynomials orthogonal with respect to complez-valued weights. As discussed
above, this resulted in the proof of Nuttall’s conjecture. The method of Stahl was later
extended by Gonchar and Rakhmanov in [27] to include the weak (nth root) asymptotics
of the polynomials orthogonal with respect to varying complex-valued weights, i.e., to
include the case where the weight function g:=g,, in (1.10) depends on n, the degree of the
polynomial ¢,. Orthogonal polynomials with varying weights play an important role in
analysis of multipoint Padé approximants, best (Chebyshév) rational approximants (see
[26], [25]), and in many other applications (for example in description of the eigenvalue
distribution of random matrices [14]).

The methods of obtaining strong asymptotics of the polynomials orthogonal with
respect to a complex weight are based on a certain boundary value problem for analytic
functions (Riemann-Hilbert problem). Namely,

R} —R, =qn,0 onA, (1.11)

where R,,, defined in (1.2), are the reminder functions for Padé approximants (or func-
tions of the second kind for polynomials (1.10)). These functions can also be expressed

Rn(z):/Aq"(t)‘Q(t) dt Rn(z):(’)(znlﬂ> 85 1=+ 00. (1.12)

t—z 2mi’
The boundary value problem (1.11) naturally follows from (1.2) and the Sokhotskii~
Plemelj formulae. This approach appeared in the works of Nuttall in connection with

as

the study of the strong asymptotics of the Hermite-Padé polynomials; see the review [41].
In [43] Nuttall transformed the boundary condition (1.11) into a singular integral equa-
tion and on this basis obtained the formulae of strong asymptotics for polynomials (1.10)
orthogonal on the interval A:=[—1,1] with respect to a holomorphic complex-valued

weight

o)=L GeH(D), A0 A=[-L1]

where H(A) is a class of functions holomorphic in some neighborhood of A. Here ¢ can

also be a complex-valued non-vanishing Dini continuous function on [—1,1] [10]. The
most general known extension of this class of orthogonal polynomials is due to Suetin

[56], [57] who considered the convergence domain D* €Dy for the function
1
Vit=er) .. (t=esg12)
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e; €C, when the boundary A=0D* consists of g+1 disjoint Jordan arcs (like in [44], see
Figure 1 (a)). Elaborating on the singular integral method of Nuttall, he derived strong

asymptotics for polynomials (1.10) orthogonal on A with respect to the complex weight

o(z)

\/(tfel) (t762g+2),

o(x):=

where g is a Hélder continuous and non-vanishing function on A. In [12], Baratchart
and the second author have studied strong asymptotics for polynomials (1.10) via the
singular integral method in the elliptic case g=1, but under the assumptions that g is
Dini continuous and non-vanishing on A, where the latter is connected and consists of
three arcs that meet at one of the branch points (exactly the same set up as in [42];
see Figure 1(b)). The strong asymptotics of Nuttall-Stahl polynomials arising from
the function (1.8) was derived in the recent work [36] in three different ways, including
singular integral equation method of Nuttall and the matrix Riemann—Hilbert method.

The latter approach facilitated substantial progress in proving new results for the
strong asymptotics of orthogonal polynomials and is based on a matrix-valued Riemann—
Hilbert boundary value problem. The core of the method lies in formulating a Riemann—
Hilbert problem for 2 x 2 matrices (due to Fokas, Its, and Kitaev [20], [21]) whose entries
are orthogonal polynomials (1.10) and functions of the second kind (1.12) to which the
steepest descent analysis (due to Deift and Zhou [17]) is applied as n—o0o. This method
was initially designed to study the asymptotics of integrable partial differential equations
and was later applied to prove asymptotic results for polynomials orthogonal on the real
axis with respect to real-valued analytic weights, including varying weights (depending
on n) [15], [16], [30], [32] and related questions from random matrix theory. It has
also been noticed (see [7], [33], [3], [28], [34], [31], [13], [11]) that the method works for
the non-Hermitian orthogonality in the complex plane with respect to complex-valued
weights.

In the present paper we apply the matrix Riemann—Hilbert method to obtain strong
asymptotics of Padé approximants for functions with branch points (i.e., we obtain strong
asymptotics of Nuttall-Stahl polynomials). To capture the geometry of multi-connected
domains we use the Riemann theta functions as done in [15], but keep our presentation
in the spirit of [4], [5].

This paper is structured as follows. In the next section we introduce necessary no-
tation and state our main result. In §3 and §4 we describe in greater detail the geometry
of the problem. Namely, §3 is devoted to the existence and properties of the extremal
domain D* for the functions of the form (1.3) and (1.6). Here, for completeness of the

presentation, we present some results and proofs from the unpublished manuscript [46].
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Further, §4 is designed to highlight main properties of the Riemann surface of the deriv-
ative of the complex Green function of the extremal domain D*. In §5 and §6 we devote
our attention to a solution of a certain boundary value problem on R which is auxiliary
to our main results. In the last three sections we carry out the matrix Riemann—Hilbert
analysis. In §7 we state the corresponding matrix Riemann—Hilbert problem, renormalize
it, and perform some invertible transformations that simplify the forthcoming analysis.
In §8 we deduce the asymptotic (as n—00) solution of the initial Riemann—Hilbert prob-

lem, and finally in §9 we derive the strong asymptotics of Nuttall-Stahl polynomials.

2. Main results

The main objective of this work is to describe the asymptotics of the diagonal Padé
approximants to algebraic functions. We restrict our attention to functions that have
no poles, finitely many branch points, all of which are of an integrable order, and whose
contour of minimal capacity satisfies some generic conditions, §2.1. Such functions can
be written as Cauchy integrals of their jumps across the corresponding minimal capacity
contours. We therefore enlarge the considered class of functions to Cauchy integrals of
densities that behave like the non-vanishing jumps of algebraic functions, §2.2. It turns
out that the asymptotics of Padé approximants is described by solutions of a specific
boundary value problem on a Riemann surface corresponding to the minimal capacity
contour. This surface and its connection to the contour are described in §2.3, while the
boundary value problem as well as its solution are stated in §2.4. The main results of

this paper are presented in §2.5.

2.1. Functions with branch points

Let f be a function holomorphic at infinity that extends analytically, but in a multi-
valued fashion, along any path in the extended complex plane that omits a finite number

of points. That is,
feAC\A), A:={ar}, 2<#A<oo. (2.1)

Without loss of generality we may assume that f(co)=0, since subtracting a constant
from f changes the Padé approximant in a trivial manner.

We impose two general restrictions on the functions (2.1). The first restriction is
related to the character of singularities at the branch points. Namely, we assume that the

branch points are algebro-logarithmic. Which means that in a small enough neighborhood
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az

Figure 2: Schematic example of A, depicting the set E={ay, ..., a5} U{b1, b}, the arcs

Ay, and their orientation.

of each aj, the function f has a representation

(Z_ak)a(ak)7

log(z—ay), (22)

FO =) (), 0=
where —1<a(a)<0, and hy and hy are holomorphic around ay. The second restriction
is related to the disposition of the branch points. Denote by D* the extremal domain for

f in the sense of Stahl. It is known, Proposition 3.3, that

A=C\D*=EU| Ay, (2.3)
k

where |J,, Ay, is a finite union of open analytic Jordan arcs and E is a finite set of points
such that each element of E is an endpoint for at least one arc Ag, see Figure 2. In what

follows, we suppose that the points forming A are in a generic position (GP).

Condition GP. We assume that
(i) each point in FNA is incident with exactly one arc from | J, Ag;
(ii) each point in E\ A is incident with exactly three arcs from | J, Ag.

The above condition describes a generic case for the set A. Meaning that if the set
A does not satisfy this condition, then there is a small perturbation of the positions of
these points such that new set A obeys Condition GP.

Denote by ga the Green function for D* with a pole at infinity, §3. That is, ga
is the unique function which is harmonic in D*\{oo}, has zero boundary values on A
and diverges to infinity like log |z| as |z|—o0. It is known [48, Theorem 5.2.1] that the
logarithm of the logarithmic capacity of A satisfies

logep(A) = lim (log|z| ~ga (=)

As shown in [46], see also (3.9) below, it holds that

h(z):=(20:9a)(2) =
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where 20,:=0,—10,, B is a monic polynomial of degree deg(A)—2, and

A(z):=]]G-a), {a1,..ap}:=ANE.
k=1

Since ga =0 on A, so is its tangential derivative at each smooth point of ATUA™. Hence,
h(t)7s, t€A*) is purely imaginary, where 7; is the complex number corresponding to
the tangent vector to A at ¢t. In particular, the integral of h(t)dt along A* is purely
imaginary.

Condition GP has the following implications on B [47, §8]. Let m be the number
of the connected components of A. Then B has p—2m simple zeros that we denote by

b1,...,bp—2m and all the other zeros are of even multiplicities. In particular,
E:= {ala"'7ap}u{bla'~-abp—2m}- (25)

If we set g:=p—m—1, then |E|=2g+2. Moreover, we can write

p—2m g
Bz)=[] z=b)) ] (=07 (2.6)
j=1 j=p—2m+1

where the elements of {b, 211, ..., by} are the zeros of B of even multiplicities m;,;, each

listed %mbj times.

2.2. Cauchy-type integrals

Let f be a function of the form (2.1)—(2.2) with contour A in (2.3) satisfying Con-
dition GP. We orient the arcs Ay comprising A so that the arcs sharing a common
endpoint either are all oriented towards this endpoint or away from it, see Figure 2. As
the complement of A is connected, i.e., A forms no loop, such an orientation is always
possible and, in fact, there are only two such choices which are inverse to each other.

According to the chosen orientation we distinguish the left (+) and the right (-) sides of

f(z):/AW dt z€ D*, (2.7)

each arc. Then

t—z  2mi’
where the integration on A is taking place according to the chosen orientation.
Let ee E\ A. Then e is incident with exactly three arcs, which we denote for con-
venience by A.;, j€{1,2,3}. Since e is not a point of branching for f, the jumps
(f"=f7)la.,. are holomorphic around e and enjoy the property

(S =faci (= )ac+ (= )la., =0, (2.8)
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where we also used the fact that the arcs A, ; have similar orientation as viewed from e.
Set ae):=0 for each e€ E\ A and fix a,be E that are adjacent to each other by an
arc Ap CA. Then the jump of f across Ay can be written as

(fF =) =wi(f;2)(z=a) D (z=b)*®), ze Ay, (2.9)

where we fix branches of (z—a)*(® and (z—b)*®) that are holomorphic across Ay and
wi(f;+) is a holomorphic and non-vanishing function in some neighborhood of Ay.

Keeping in mind (2.8) and (2.9), we introduce the following class of weights on A.

Definition 2.1. A weight function ¢ on A belongs to the class Wh if

OlA. 1 +0 Ac 2 +o0 Ae3 =0 (210)

in a neighborhood of each e€ E\ A, where A, ;, j€{1,2,3}, are the arcs incident with e;
and, Ay incident with a and b,

0lay(2) =wi(2)(z—a)* (z=b)*", (2.11)

where wy is holomorphic and non-vanishing in some neighborhood of Ay and {(z—
e)*}ecr is a collection of functions holomorphic in some neighborhood of A\{e}, with
ae.>—1 and a.=0 for ee E\ A.

For a weight o€ WAa, we set

é(z)::/Atg(ii;;, ze D" (2.12)

It follows from (2.7)—(2.9) that a function f satisfying (2.1)-(2.2) and Condition GP,
and whose jump f*—f~ is non-vanishing on A\{ai,...,ap} can be written in the form
(2.12) for a Wa-weight.

2.3. Riemann surface

Denote by 2R the Riemann surface of h defined in (2.4). We represent R as a two-sheeted
ramified cover of C constructed in the following manner. Two copies of C are cut along
every arc Ag. These copies are joined at each point of E and along the cuts in such
a manner that the right (resp. left) side of the arc Ay belonging to the first copy, say
RO is joined with the left (resp. right) side of the same arc Ay only belonging to the
second copy, R, It can be readily verified that 9 is a hyperelliptic Riemann surface of

genus ¢.
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According to our construction, each arc Ay together with its endpoints corresponds
to a cycle, say Ly, on R. We set L:=J, Ly, denote by 7 the canonical projection
m:R—C, and define

D) .=REIN=H(D*) and 209 :=DInr71(z)

for 5€{0,1} and z€ D*. We orient each Lj in such a manner that D(®) remains on the

left when the cycle is traversed in the positive direction. For future use, we set {bgl) ?:1
to be points on R such that
7(Y)=b; and bV e DVUL, je{l,...g}. (2.13)

For any (sectionally) meromorphic function r on 58 we keep denoting by r the pull-
back function from () onto C, and we denote by r* the pull-back function from %"
onto C. We also consider any function on C naturally defined on (9. In particular, h
is a rational function over R such that h*=—h (as usual, a function is rational over R if
the only singularities of this function on fR are polar).

Denote by {ax}]_; and {by}{_; the following homology basis for R. Let C;(A),
j€{1,...,m}, be the connected components of A. Set p;:=|{a1, ..., ap}NC;(A)|. Clearly,

p:Z;n:l p;j. Relabel, if necessary, the points {a1,...,a,} in such a manner that

{apo+~~-+Pj—1+1v ] aPo+...+pj} C Cj(A)v

where pg:=0. Then, for each j€{2,...,m}, we choose p;—1 b-cycles as the cycles Ly
that contain the points ap,4...4p; 142, s Upo+t...4p,;, and we choose p; —2 b-cycles as the
cycles Ly that contain as,...,a,,. We assume that the orientation of the b-cycles is
induced by the orientation of the corresponding cycles Li. The a-cycles are chosen to
be mutually disjoint except at as, which belongs to all of them. It is assumed that each
cycle aj intersect the corresponding cycle by only at one point, the one that belongs to
{as, ...,ap}, and that
A¢ :=n(aN D) =7 (a,nDW).

The a-cycles are oriented in such a manner that the tangent vectors to a; and by, form the
right pair at the point of their intersection. We also assume that each arc A{ naturally
inherits the orientation of a;N D). In particular, the + side of a;ND® and the — side
of aN DM project onto the + side of A%, see Figure 3.

We set

g g
R:=9R\|J(arUby) and R:=R\| ] a,
k=1 k=1
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Figure 3: The choice of the b-cycles and the parts of the a-cycles belonging to D(®

(thicker lines necessarily oriented towards the corresponding b-cycles).

observe that R is a simply connected subdomain of R. And define (see also §4.2)

®(z):=exp </az h(t) dt) for ze R. (2.14)

1
Then ® is a holomorphic and non-vanishing function on R except for a simple pole at
009 and a simple zero at co(!) whose pull-back functions are reciprocals of each other,
ie.,
g
®d* =1 in D,:=D"\| J Af. (2.15)
k=1

Furthermore, ® possesses continuous traces on both sides of each a- and b-cycle which

satisfy
ot €™ e on ay
— = ) ’ 2.16
b { eQﬂ'z‘rk on bka ( )
where the constants wy and 75 are real and can be expressed as
1 1
=—— h(t) dt d = h(t)dt 2.17

ke{l,...,¢}. In fact, it holds that wy=wa (7(Lg)), where wa is the equilibrium measure
of A [48]. Moreover, it is true that
@(z)zﬁw—l—(’)(l) as z—o00, |¢|=1. (2.18)
In what follows, we shall assume without loss of generality that £=1. Indeed, if
E#£1, set Ag:={€z:2z€ A} and g¢(2):=0(£z), 2€A¢, where g is a function defined as in
(2.11). Then
n

d¢(2):=8(¢2) and [g]@{(Z)ZEL(fz), 2 eT\Ag.
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Thus, the asymptotic behavior of [n/n]; is entirely determined by the asymptotic behav-
ior of [n/n]s.. Moreover, ®a,(2)=®a(£z) and therefore ®a, (2)=z/cp(A)+O(1). That
is, we can always rotate the initial setup of the problem so that (2.18) holds with £=1
without altering the asymptotic behavior.

Recall that a Riemann surface of genus g has exactly g linearly independent holo-
morphic differentials (see §4.1). For a vector €, let €7 be its transpose. We denote
by

d9 = (dQy, ..., dQ,)T

the column vector of g linearly independent holomorphic differentials normalized so that

fdﬁ €, foreach ke{1,...,g}, (2.19)
ak

where {€}}]_, is the standard basis for RY. Further, we set

B = (7{ ko):,k_l' (2.20)

J

It is known that Bg is symmetric and has positive definite imaginary part.

2.4. Auxiliary boundary value problem

Let 0€WAa. Define

7_"2: (Tl,...,Tg)T, (221)

for some fixed determination of log(o/h*) continuous on A\ E, where the constants w;,
and 7; are defined as in (2.17) and we understand log(o/h*) on L as the lift log(o/h™")e.

Further, let {t;}; be an arbitrary finite collection of points on . An integral divisor
(or an effective divisor) corresponding to this collection is defined as a formal symbol
> tj- We call a divisor 3, t; special if it contains at least one pair of involution-
symmetric points; that is, if there exist t;#t; such that 7(t;)=m(t)) or multiple copies
of points from E (with a slight abuse of notation, we keep using E for 7~ 1(E)).

Given constants and points as in (2.21) and (2.13), respectively, there exist divisors
> 91 tn,j, see §4.3 and §6.1 below, such that

g tng .
> /bm A=, 4+n(D+Bo7) (mod periods df), (2.22)
J=1""%;
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where the path of integration belongs to R (for definiteness, we shall consider each
endpoint of integration belonging to the boundary of R as a point on the positive side
of the corresponding a- or b-cycle) and the equivalence of two vectors ¢, e€C? is defined

by ¢=¢ (mod periods dﬁ) if and only if ¢—e=74Bqni for some 7, meZ9.

PROPOSITION 2.2. Solutions of (2.22) are either unique or special. If (2.22) is not
uniquely solvable for some index n, then all the solutions for this index assume the form

g—2k k

0 1
Dottt
j=1 j=1

whe_re the divisor Z?;f’c t; is fized and non-special, and {z;}s_, are arbitrary points
in C.
If for some index n a divisor solving (2.22) has the form

g—l1
Z t;-+koo® + (1—k)oo™

=1

where 1>0, k€{0,...,1}, and Ef;ll t; is a non-special divisor such that |7(t;)|<oo, then
g—1
> it (k+5)o00 @+ (1—k—j)ool)
i=1

solves (2.22) for the index n+j for each je{—k,..,l—k}. In particular, (2.22) is
uniquely solvable for the indices n—k and n+1—k.

If 329, tn,j uniquely solves (2.22) and does not contain 00 52€{0,1}, then (2.22)
is uniquely solvable for the index n—(—1)* and {t, ;}_; N {t,_ (1)~} =2.

Remark 2.3. Proposition 2.2 says that the non-unique solutions of (2.22) occur in
blocks. The last unique solution before such a block consists of a non-special finite divisor
and multiple copies of co®. Trading one point oo™ for co(® and leaving the rest of
the points unchanged produces a solution of (2.22) (necessarily non-unique as it contains
an involution-symmetric pair oo(1)+oo(0)) for the subsequent index. Proceeding in this
manner, a solution with the same non-special finite divisor and all the remaining points
being 00(® is produced, which starts a block of unique solutions. In particular, there

cannot be more than g—1 non-unique solutions in a row.

Definition 2.4. In what follows, we always understand Z§=1 t,,; as either the unique
solution of (2.22), or the solution where all the involution-symmetric pairs are taken to
be 0o +00(®). Under this convention, given €>0, we say that an index n belongs to
N, CN if and only if

(i) the divisor Y°9_, t,, ; satisfies |m(t, ;)|<1/e for all t,, ;€RO);

(if) the divisor Y9_, t,_1; satisfies [7(t,1;)|<1/e for all £, ;€RD).
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To show that Definition 2.4 is meaningful, we need to discuss limit points of

g
(St} . wen
j=1 neN’

where convergence is understood in the topology of R9/%,, that is, ]9 quotient by the
symmetric group X,4. The following proposition shows that these limiting divisors posses

the same block structure as the divisors themselves.

PROPOSITION 2.5. Let N be such that all the limit points of {>"7_; tn,itnen are of
the form

9—2k—lo—l k
Z tmLZ(sz)Jrzi(l))Jrlooo(O)Jrhoo(l) (2.23)
i=1 i=1
for a fized non-special divisor Zf;fk_lo_ll ti, |7(t;)|<oo, and arbitrary {z;}%_,cCC.

Then all the limit points of the sequence {>_7_ tntjitnen, j€{—lo—k,....,li+k}, are of
the form

g—2k—lo—11 K
STt (W +w) o+t h—K)oo® + (I —j+k—k Yoo, (2.24)
=1 =1

where 0<k <min{lop+k+7, 11 +k—35} and {w;}¥_, CC.

If {377 1 tnitnenw converges to a non-special divisor Z?Zl t; that does not contain
00, 32€{0,1}, then the sequence {3 1 tu_(—1)=,itnen also converges. The limit, say
Z?Zl w;, is non-special and such that {t;}I_,N{w;}I_=2.

Remark 2.6. Proposition 2.5 shows that the sets N, are well defined for all € small
enough. Indeed, let {>°7 ; t, ;}new be a subsequence that converges in RY/%, (it
exists by compactness of R). Naturally, the limiting divisor can be written in the
form (2.23). Then it follows (2.24) that the sequence {}.7_; t,,—1,—k.i}nernw converges
to Zf:_fk_lo_ll t;4 (11 +1o+2k)oo™) . Further, by the second part of the proposition, the
sequence {>9_, t,_1o—k—1,ifnen also converges and the limit, say 25:1 w;, does not
contain oo, Thus, {n—Ily—k:ncN'}CN, for any ¢ satisfying | (t;)| <1 if t; €R® and
e|lm(w;)| <1 if w;e R,

Equipped with the solutions of (2.22), we can construct the Szegd functions of o
on R, which are the solutions of a sequence of boundary value problems on L.

PROPOSITION 2.7. For each n€N there exists a function S, with continuous traces
on both sides of (LUUj_, ax)\E such that S,®" is meromorphic in R\ L and

(S,®")" = (hﬂ) (S.®")*  on L\E. (2.25)
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If we let m(t) be the number of times (possibly zero) that t appears in {tn,j}gzl, then

Sy, has a zero of multiplicity m(t) at each te{tn,j}gzl\({aj}§:1U{b§1)}?:1) and

|Sn(z("))| ~ |Z_a|m(a)/2—(—1)"(1+2aa)/4 as 209 s qc€ {aj}P

j=1
1S, (20| ~ |z —b|(8)/2=1/24H(=1)7 /4 as 29 —be {b; -1, (2.26)
m —m 1
1S (2| ~ |z — b|m(®)=ma/2 as 20— be (oMY o,

where %mb s the multiplicity of b in {bﬁl)}?:pﬁmﬂ. Moreover, with the exception of
these points, S, is non-vanishing and finite.

Conversely, if for given neN there exists a function S with continuous traces on
(LUUY_, ax)\E such that S®" is meromorphic in R\L and S satisfies (2.25) and
(2.26) with 2?21 tn,; replaced by some divisor » t;, then >, t; solves (2.22) for the
index n and S=pS, for a polynomial p such that (pom)=3_;t;—> tn ;.

Finally, given €>0 and >0, there exists a constant Cz . <oo such that

Sp_1(z) Sp(c0®)

1
<Ck e 2.27
Sn(z) Sp—1(coM) ’ (227)

for neN. and zeR,, =R\, Ne(tn ;), where Ne(ty ;) is a connected neighborhood
of tn; such that w(Nz(ty, ;)) is the £-ball centered at t, ; in the spherical metric.(*)

Remark 2.8. The integers m(e), e€ E, in the first two lines of (2.26) are either 0

or 1, as otherwise Z?:l t,; would be special.

Remark 2.9. The estimate in (2.27) cannot be improved in the sense that, setting

1
— ::maX{math_lvjem(l) |7r(tn,1,j)|,maxtn7j€m<o) |7 (tn,;)]},
n

if €, =0 for some subsequence of indices n, then C; ., —o0.

Remark 2.10. We would like to stress that S, is unique for n€N,, £>0, as (2.22) is

uniquely solvable for all such indices.

Propositions 2.2-2.7 are proved in §6.

(?) The metric defined by dist(z1, 22)=2|21 —22|(14|21|?) "2 (14|22|2) "1/ if |21],|22| <co and
dist(z, 00)=2(1+4]z|2)~1/2.
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2.5. Main theorem

Let {[n/n];}nen be the sequence of diagonal Padé approximants to the function g. As
before, denote by ¢, the denominator polynomial of [n/n]; (the Nuttall-Stahl orthogonal
polynomial, see (1.10)) and by R,, the reminder function of [n/n]s, defined in (1.2) (the
function of the second kind for g,s, see (1.12)). Recall that by S,, and S} we denote
the pull-back functions of S, on % from D© and D™ to D*, respectively. Then the

following theorem holds.

THEOREM 2.11. Let A be a minimal capacity contour as constructed in §2.1 subject
to Condition GP and assumption £=1 in (2.18). Further, let ¢ be given by (2.12) with
0€EWA, N¢ be as in Definition 2.4 for fired €>0, and S, be given by Proposition 2.7.
Then for all neN, it holds that

qn = (1 +U71,1)'Ynsn@n+vn2')/;:sn—l(pnil7

B hs:_ (2.28)
R,=(1 +Un1)'ynq)—: +Upav q>n711 7

locally uniformly in D*, where |v,j|<c(€)/n in C, v,;(c0)=0 and

cp(A)H!

*

nfl(oo) .

*

and ) =

Moreover, it holds locally uniformly in A\E that

an = (1+Un1)'7n((5nq)n)++(an)n)_)+Un27:1((5n71q)"_1>+ +<Sn71q)n_l)_)v
+

hS;, L RSE_ N (2.29)
Ri:(l“r‘vnl)’)/n( on > +'Un2’yn< (I)n_11> .

Before proceeding, we would like to make several remarks regarding the statement
of Theorem 2.11.

Remark 2.12. If the set A consists of two points, then A is an interval joining them.
In this case the conclusion of Theorem 2.11 is contained in [41], [6], [32], [11]. Moreover,
the Riemann surface R has genus zero and therefore ® is simply the conformal map of
D* onto {z:|z|>1} mapping infinity into infinity and having positive derivative there,

while S, =S, is the classical Szegd function.

Remark 2.13. Notice that both pull-back functions S,, and hS;; are holomorphic in
D*. Moreover, S, has exactly g zeros on R that do depend on n. It can be deduced
from (2.28) that ¢, has a zero in the vicinity of each zero of S,, that belongs to D).

These zeros are called spurious or wandering as their location is determined by the
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geometry of R and, in general, they do not approach A with n while the rest of the
zeros of g, do. On the other hand, those zeros of S,, that belong to D™ are the zeros of
the pull-back function S} and therefore describe locations of the zeros of R, (points of

overinterpolation).

Remark 2.14. Even though our analysis allows us to treat only normal indices that
are also asymptotically normal, formulae (2.28) illuminate what happens in the degener-
ate cases. If for an index n the solution of (2.22) is unique and contains I copies of oo,
the function S} vanishes at infinity to order [. The latter combined with the second line
of (2.28) shows that [n/n], is geometrically close to overinterpolating ¢ at infinity to
order [. Then it is possible that there exists a small perturbation of o (which leaves the
vector ¢, unaltered) that turns the index n into the last normal index before an [-sized
block of non-normal indices, which corresponds to the fact that solutions of (2.22) are
special for the next [—1 indices and the solution for the index n+I[ contains [ copies

of 00(®),
Observe that ¢—[n/nlz=R,/q, by (1.2) applied with f:=¢. Thus, the following

result on uniform convergence is a consequence of Theorem 2.11.

COROLLARY 2.15. Under the conditions of Theorem 2.11, it holds for n€N, that

o— {%L: <1+O<i>)§i©§1 (2.30)

in D*N7(R,,.¢), where O(1/n) is uniform for each fized £>0.

3. Extremal domains

In this section we discuss existence and properties of the extremal domain D* €Dy for
a function f, which is holomorphic at infinity and can be continued as a multi-valued
function to the whole complex plane deprived of a polar set A, see (1.3). Recall that the
compact set A:=9D* defined in (1.5) is such that f is single-valued in its complement
and has minimal logarithmic capacity among all such compacta.

As mentioned in the introduction, the question of existence and characteristic prop-
erties of A was settled by Stahl in the most general settings. Namely, he showed that
the following theorem holds ([50, Theorems 1 and 2] and [51, Theorem 1]).

THEOREM S Let feA(C\A) with cp(A)=0. Then there exists a unique D*€Dy,
called the extremal domain for f, such that, for A=C\ D*,

cp(A) <cp(0D) for any D € Dy,
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and if cp(A)=cp(0D) for some DeDy, then DCD* and cp(D*\D)=0. Moreover,
A:=EqUE U, Ak, where EgCA, Ey is a finite set of points, and Ay, are open analytic

Jordan arcs. Furthermore, it holds that

O9a _O9a A, (3.1)
k

on, On_

where ga is the Green function for D* and ni are the one-sided normals on each Ay.

Let now f and A be as in (2.1). Denote by K the collection of all compact sets K
such that C\K€D; and K is the union of a finite number of disjoint continua each of
which contains at least two points from A. That is, K such that C\ K €D; and

for some g<oo, where the K satisfy
#(AQK])>27 KJ\aKJ:@ and KZij:@fOI'Z#_]

Observe that the inclusion {C\ K:K €K} C Dy is proper. However, it can be shown using
the monodromy theorem (see, for example, [9, Lemma 8]) that A€K. Considering only
sets in K and functions with finitely many branch points allows one to significantly alter
and simplify the proof of Theorem S, see [46, Theorems 2 and 3]. Although [46] has
never been published, generalizations of the method proposed there were used to prove
extensions of Theorem S for classes of weighted capacities, see [29], [35] and [9]. Below,
in a sequence of propositions, we state the simplified version of Theorem S and adduce

its proof as devised in [46] solely for the completeness of the exposition.
PROPOSITION 3.1. There exists A€K such that cp(A)<cp(K) for any KeK.

Proof. Let {K,},€N be a sequence in K such that
K,)— inf cp(K)=:c as .
ep( )—>é1élccp( )=:c asn— o0

Then there exists R>0 such that K, CDr:={z:|z|<R} for all n large enough. Indeed,
it is known (see [48, Theorem 5.3.2]) that cp(K,)>cp(y)>idiam(y), where v is any
continuum in K, and diam(y) is the diameter of 7. As « contains at least two points
from A, the claim follows.

For any K€Kg:=KNDg and >0, set (K).:={z:dist(z, K)<e}. We endow Kg

with the Hausdorff metric, i.e.,

dH(Kl, K2) ::inf{e Ky C (KQ)E and Ko C (Kl)g}.
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By standard properties of the Hausdorff distance [18, §3.16], closg, (Kr), the closure
of Kr in the dy-metric, is a compact metric space. Notice that a compact set which
is the dgy-limit of a sequence of continua is itself a continuum. Observe also that the
process of taking the dg-limit cannot increase the number of the connected components
since the e-neighborhoods of the components of the limiting set will become disjoint as
€—0. Thus, each element of closg, (Kr) still consists of a finite number of continua
each containing at least two points from A but now possibly with multiply connected
complement. However, the polynomial convex hull of such a set, that is, the union of the
set with the bounded components of its complement, again belongs to Kr and has the
same logarithmic capacity [48, Theorem 5.2.3].

Let A*eclosg, (Kgr) be a limit point of {K, }nen. In other words, dy(A*, K,)—0
as n—o00, n€N; CN. We shall show that

cp(A™) =c. (3.2)

To this end, denote by K¢:={z:gx () <log(1+£)}, £>0, where gx is the Green function
with pole at infinity for the complement of K. It can be easily shown [48, Theorem 5.2.1]
that

ep(K) = (1+8)cp(K). (33)

Put cp:=inf{cp(y)}, where the infimum is taken over all connected components v of K,
and all n€N;. Recall that each component v of any K, contains at least two points
from A. Thus, it holds that co>0 since cp(v)>+diam(y).

We claim that for any £€(0,1) and §< 3¢y we have that

(Kn)s C Ky, (3.4)
for all n large enough. Granted the claim, it holds by (3.3) that
cp(A%) < (14&)ep(Kn), (3.5)

since A*C(K,)sCKS:. Thus, by taking the limit as n tends to infinity in (3.5), we get
that
c<ep(A*) < (1+8)e, (3.6)

where the lower bound follows from the very definition of ¢ since the polynomial convex
hull of A* say A, belongs to K and has the same capacity as A*. As & was arbitrary,
(3.6) yields (3.2) with A as above. Thus it only remains to prove (3.4).

We first show that for any continuum -y containing at least two points, it holds that

dist(y,5°) = 1&%cp(v), (3.7)
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where 7°:={z:g,(2)=log(1+€)}. Let ¥ be a conformal map of {z:|z|>1} onto C\vy
such that ¥(oo)=o00. It can be readily verified that |¥(z)z~%|—cp(7) as z— oo and that
g=log |[U |, where U~! is the inverse of ¥. Then it follows from [24, Theorem IV.2.1]
that

vw»wméw;) 2> 1. (3.8)

Let 2,67 and 2z€7° be such that dist(y,7°)=|z;1 —22|. Denote by (z1,22) the open
segment joining z; and z,. Observe that ¥~! maps the annular domain bounded by ~y
and 3¢ onto the annulus {z:1<|z|<1+£}. Denote by S the intersection of U=1((zy, 22))
with this annulus. Clearly, the angular projection of S onto the real line is equal to
(1,14&). Then

o ~E 1
a3 = [ el = W)zl > (o) | (1= ) 10
(21,22) U—1((21,22)) D—1((21,22)) |Z|
1 1 g%cp(v)
>cp(y /(1—) dz| = cp(y / (1—) dz| = —
) 5 |2 i ) (1,148) |2|? 421 1+¢

where we used (3.8). This proves (3.7), since we assumed that £<1.

Now, let v, be a connected component of K,, such that dist(K,, K&)=dist(7,, K2).
By the maximal principle for harmonic functions, it holds that g, >gx, for z¢ K,,, and
therefore 75 C K<. Thus,

dist (K, K2) > dist(yn, 35) = 1&%¢

by (3.7) and the definition of ¢g. This finishes the proof of the proposition. O

Let A be as in Proposition 3.1. Observe that A has no interior as otherwise there
would exist A’CA with smaller logarithmic capacity which still belongs to . It turns
out that ga has a rather special structure that we describe in the following proposition,
which was originally proven in this form in [46, Theorem 3] (the method of proof, but in

a more general form, was also used in [35]).

PROPOSITION 3.2. Let A be as in Proposition 3.1. Then

ga(2) =Re (/a ié:i dT) , (3.9)

where A was defined in (2.4), B is a monic polynomial of degree p—2, and the square

root is chosen so that z1/B(z)/A(z)—=1 as z—o0.
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Proof. Denote by wg the equilibrium measure of a compact set K and by I[u] the

logarithmic energy of a compactly supported measure y, i.e.,
I =~ [ [ tog |z~ rldu(a) du(r).
Then it is known that
ga(z) :I[wA]—i—/log |z—7| dwa (1),
which immediately implies that

@:90)() = 5 [ 2210, (3.10)

2 Z—T

where 8z::%(8w—i8y). Since ga=0 on A, it holds that

sa(2)=re(2 [ (@.03)(r) v

ai

for any the path of integration in D*. Thus, to prove (3.9), we need to show that

B(2) dwa(T) Y
— = —_— 3.11
A(z) </ z2—T ( )
for some monic polynomial B, deg(B)=p—2.
Let O be a neighborhood of A. Define

Then § generates a local variation of O according to the rule z—zt:=2+16(2), where ¢

is a complex parameter. Since

o(w)—4
|w — 2| = |w— 2| l—i-tM , (3.12)
w—z
this transformation is injective for all |t|<to <M, where
o(w)—4
M := max_ M‘ < 00. (3.13)
w,z€0 w—=z

Moreover, the transformation § naturally induces a variation of subsets of O, by the rule
Ews E'={2':2€ E}, and measures supported in O, by u—ut, u(E")=u(E).
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Let p be a positive measure supported in O with finite logarithmic energy I[u].
Observe that the pull-back measure u' satisfies the following substitution rule: du’(z")=
dp(z). Then it follows from (3.12) that

I[ut]—f[u]=—//log
~ _Re (// 1og(1+t‘5<“2_i(z)> du(z) d,u(w))

for all |¢|<tg. Since the argument of the logarithm in (3.14) has modulus less than 2, it
holds that

1“W’ dpu(=) dya(uw)

(3.14)

It~ I[] = ~Re(t5(11) +O(*)) (3.15)

)= [[ =) i 2) ap(w).

Let now {u;}; be a family of measures on A such that (u;)!=wa:. Then

for all |t|<tg, where

() = 0(wa) ast—0. (3.16)

Indeed, by the very definition of the equilibrium measure it holds that the differences
I[pi]—Iwa] and I[wh]—1I[wa:] are non-negative. Thus,

0

I —Iwa] = I[pe] —Iwar] +H [war] —I[wa] (3.17)

<
<[]~ Iwad) + k]~ Ifwa] = Re(t(3(1) —3(wa))+O(12))

for |t|<to by (3.15). Clearly, |0(u)|<M|p| by (3.13), where |u| is the total variation of p.
Since py and wa are positive measures of unit mass, (3.17) implies that I[u:]—I[wa] as
t—0. The latter yields that p;—wa by the uniqueness of the equilibrium measure, (%)
which immediately implies (3.16) by the very definition of weak* convergence.

Now, observe that af =ay, for any ke{1,...,p}. Hence, A*eK for all [¢t|<ty. In par-
ticular, this means that cp(A?)>cp(A) and therefore I[wa:]<I[wa] as cp(K)=e vl
Thus, it holds that

0 < Iwa]—Iwar] < I[pe] —Iwar] =Re [t6(pe) +O(t%)] =Re [to(wa)+o(t)] (3.18)
by (3.15) and (3.16). Clearly, (3.18) is positive only if

§(wa) =0. (3.19)

(3) The measure wa is the unique probability measure that minimizes energy functional I[-] among
all probability measures supported on A. As any weak limit point of {u¢}+ has the same energy as wa
by the principle of descent [49, Theorem 1.6.8] and (3.17), the claim follows.
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Further, we observe that there exists a polynomial in u, say
B(u; z,w) = ag(z, w) +a1(z, w)ut...+a,_3(z, w)uP > +uP~2,
where each ai(z,w) is a polynomial in z and w, such that
(w—u)A(z) — (z—u)A(w)+(z—w) A(u) = (z—w) (z —u) (w—u) B(u; z, w). (3.20)

Indeed, the left-hand side of (3.20) is a polynomial of degree p in each of the variables
z, w, and u that vanishes when u=z, u=w, and z=w. Then
0(z)—6 A A
@=b) A Aw) g

z—w  (z—u)(z—w) (w—u)(z—w)

by (3.20). So, we have by the definition of §(wa) and (3.19) that

D)= [ Bl w) s () dos () = ) [ [ LEEEB) i ([ sty

which shows the validity of (3.11), and thus also of (3.9). O

Using Proposition 3.2, we can describe the structure of a set A as it was done in
[51], that is, with the help of the critical trajectories of a quadratic differential [47, §8].
Recall that a quadratic differential is an expression of the form Q(z)dz?, where Q is a
meromorphic function in some domain. We are interested only in the case where @ is a
rational function.

A trajectory of the quadratic differential Q(z)dz? is a smooth (in fact, analytic)
maximal Jordan arc or curve such that Q(z(t))z/(t)?>>0 for any parametrization. The
zeros and poles of the differential are called critical points. The zeros and simple poles of
the differential are called finite critical points. The order of the point at infinity is equal
to the order of ) at infinity minus 4; for instance, if () has a double zero at infinity, then
Q(z) dz* has a double pole there.

A trajectory is called critical if it joins two not necessarily distinct critical points
and at least one of them is finite. A trajectory is called closed if it is a Jordan curve
and is called recurrent if its closure has non-trivial planar Lebesgue measure (such a
trajectory is not a Jordan arc or a curve). A differential is called closed if it has only
critical and closed trajectories.

If e is a finite critical point of order k, then there are k42 critical trajectories
emanating from e under equally spaced angles. If e is a double pole and the differential
has a positive residue at e, then there are no trajectories emanating from e and the

trajectories around e are closed, that is, they encircle e.
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PrOPOSITION 3.3. Let A be as in Proposition 3.1 and the polynomials A and B be
as in Proposition 3.2. Then (2.3) holds with |J, Ay being the union of the non-closed
critical trajectories of the closed quadratic differential (—B/A)(z)dz* and E being the
symmetric difference of the set {a1,...,a,} and the set of those zeros of B that belong
to the closure of |J, Ax. The remaining zeros of B, say {by,...,b,}, are of even order
and of total multiplicity 2(m—1), where m is the number of connected components of A.
Furthermore, (3.1) holds.

Proof. In [35, Lemma 5. 2] it is shown that A is a subset of the closure of the critical

trajectories of (—B/A)(z)dz*. Since (3.9) can be rewritten as

—Tm / () D,
A7)
the critical trajectories of (—B/A)(z) dz? are the level lines of ga and thus (—B/A)(z) dz>
is a closed differential. By its very nature, A has connected complement and therefore
the closed critical trajectories do not belong to A. Since 20,ga=+/B/A is holomorphic

in D*, all the non-closed critical trajectories belong to A and all the zeros of B that

belong to the closed critical trajectories are of even order. Let us show that their total
multiplicity is equal to 2(m—1). This will follow from the fact that the total multiplicity
of the zeros of B belonging to any connected component of A is equal to the the number
of zeros of A belonging to the same component minus 2.

To prove the claim, we introduce the following counting process. Given a connected
compact set whose complement is connected and consists of open Jordan arcs connecting
isolated points, we call a connecting point outer if there is only one arc emanating from
it, otherwise we call it inner. Assume further that there are at least 3 arcs emanating
from each inner connecting point. We count inner connecting points according to their
multiplicity which we define to be the number of arcs incident with the point minus 2.
Suppose further that the number of outer points is p’ and the number of inner connecting
points is p’ —2 counting multiplicities. Now, form a new connected set in the following
fashion. Fix p of the previously outer points and link each of them by Jordan arcs to
p chosen distinct points in the complex plane in such a fashion that the new set still
has connected complement and each of the previously outer points is connected to at
least two newly chosen points. Then the new set has p’—p+p outer connecting points
(p'—p of the old ones and p of the new ones) and p' —2+ (p+p—2p)=p’ —p+p—2 inner
connecting points. That is, the difference between the outer and inner connecting points
is again 2. Clearly, starting from any two points in E connected by a Jordan arc, one
can use the previous process to recover the whole connected component of A containing

the two starting points, which proves the claim.
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— —a a
—a a

Figure 4: Both figures here depict the system of cuts A for the quadratic differential
((22=1?)dz?)/(2* = (a®*+a*)2? +1), where |a|]=1 and b is real and depends on a. On the
left-hand figure Arg(a)=47 which forces b=0. On the right-hand one, Arg(a)<3m, in
which case b>0.

To prove (3.1), observe that by (3.10) and (3.11) we have that

6gA - o B
o 2Re(n+0,9a) =Re {ni ( 1 )J ,

where ny are the unimodular complex numbers corresponding to n.. Since the tangential

derivative of g is zero, so is the imaginary part of the product n(\/B/A)+. Asn,=—n_
and (\/B/A);=—(\/B/A)_, (3.1) follows. O

Propositions 3.1-3.3 are sufficient to prove Theorem 2.11. As an offshoot of Theo-
rem 2.11 we find that the contour A is unique, since (2.28) and (2.29) imply that all but
finitely many zeros of [n/n]; converge to A. However, this fact can be proved directly
[50, Theorem 2]. Moreover, it can be shown that property (3.1) uniquely characterizes
A among smooth cuts making f single-valued [9, Theorem 6].

While Propositions 3.1-3.3 deal with the most general situation of an arbitrary
finite set A, condition GP introduced in §2 is designed to rule out some degenerate cases.
Namely, it is possible for some zeros of the polynomial B to coincide with zeros of the
polynomial A. This happens, for example, when all the points in A are collinear. In this
case, the minimal capacity cut A is simply the smallest line segment containing all the
points in A, and the zeros of B are exactly the zeros of A excluding two that are the
end points of A. Tt is also possible for the polynomial B to have zeros of multiplicities
greater than one that belong to A. These zeros serve as endpoints to more than three
arcs (multiplicity plus 2), see Figure 4 (a). However, under small perturbations of the

set A, these zeros separate to form a set A satisfying condition GP, see Figure 4 (b).

4. Riemann surface

Let R be the Riemann surface of h described in §2.3. That is, R is a hyperelliptic

Riemann surface of genus g with 2¢g+2 branch (ramification) points E and the canonical
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projection (covering map) m:R—C. We use bold letters z, w, and t to denote generic
points on R and designate the symbol -* to stand for the conformal involution acting on

the points of R according to the rule

2" =217 for z=209, e {0,1}.

4.1. Abelian differentials

For a rational function on R, say f, we denote by (f) the divisor of f, i.e., a formal

= > 2= Y w,

z:f(z)=0 w:f(w)=00

symbol defined by

where each zero z (resp. pole w) appears as many times as its multiplicity. A meromor-
phic differential on R is a differential of the form fdz, where f is a rational function
on R. The divisor of fdz is defined by

(fd2):=(f)+(dz) = (f)+)_ e—200 —2001).
eel

It is more convenient to write meromorphic differentials with the help of

1/2
)= (-1 (T[-e)) o we (o)
eckE

where the square root is taken so h(z(?))/29t1 =1 as z—o0. Clearly, h is a rational

function on R with the divisor

(h)= Z e—(g+1)00® —(g+1)o0.
ecE
Then arbitrary meromorphic differential can be written as fdfvl, dﬁ::dz/ h, and respec-

tively
(f d) = (f)+(g—=1)o0? +(g—1)ocV).

A meromorphic differential is called holomorphic if (f d2)>0 (its divisor is integral).
Since for any polynomial ¢, it holds that

(Lom)= Y (20420)—deg(t) (00! +00M),
z:0(z)=0

the holomorphic differentials are exactly those of the form £dS, deg(¢)<g. Thus, there
are exactly ¢ linearly independent holomorphic differentials on PR. Under the normaliza-
tion (2.19), these are exactly the differentials dy.
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Let now wy, WQGSY%, w1 #wa. We denote by dyw, w, the abelian differential of the
third kind having two simple poles at wi and wy with respective residues 1 and —1, and

normalized so that
f Qs =0, jE {1, g} (4.1)
a

J

It is also known that
wo
j{ Ay wy = —2772'/ aQ,, je{l,..,g}, (4.2)
bj W1

where the path of integration lies entirely in R.

4.2. Green differential

The Green differential dG is the differential d€2, 1) o0 modified by a suitable holomor-
phic differential to have purely imaginary periods. In fact, it holds that

dG(z)=h(z)dz, zeR, (4.3)

where h was introduced in (2.4). Indeed, the value of the integral of dG along any cycle
in 9%\{00(0) Uoo(l)} is purely imaginary as it is a linear combination of its periods on the
a- and b-cycles with integer coefficients, and the residues at co(®) and oo with purely
imaginary coefficients. Thus, Re( fazl(o)dG) is the Green function for D(®) and is therefore
equal to gp lifted to D). Hence, the claim follows from Proposition 3.2.

For ze R\ {c0(®), 0oV}, put

G(z) ::/z dG. (4.4)

1
Then G is a multi-valued analytic function on R\ {co(?), co()} which is single-valued in
M. Moreover, it easily follows from (4.3) and the fact that a; is a branch point for R
that

GN4G(zM)=0 (mod 2mi) in D,. (4.5)

Furthermore, for any point z€|J]_, (ayUby) it holds that

— fbk_ dG =2miwy, if z€ay\byg,

4.6
fak dGZQWiTk, ifZEbk\ak, ( )

6*()-G-(@)={
where the constants wy, and 73, are as defined in (2.17) (clearly, the integrated differential
in (2.17) is dG). As all the periods of dG are purely imaginary, the constants wy and 7%
are real. With the above notation, we can write

g
dG = dQ ) oo +2mi Y 7 AL (4.7)

Jj=1
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Indeed, the difference between dG and the right-hand side of (4.7) is a holomorphic
differential with zero periods on a-cycles and therefore is identically zero since it should

be a linear combination of differentials satisfying (2.19). In particular, it follows from
(4.2) and (4.7) that

0)

G

/ dQY=3+BqT. (4.8)
so (1)
Using the Green deferential dG, we can equivalently redefine @ introduced in (2.14)
by
z

®d(z) :=exp(G(z)), P 20y = +.... 4.9
(@)= esp(Gla). ()= = (19)

Then @ is a meromorphic function on R which, apart from a simple pole at co(®) and a
simple zero at co(!), is non-vanishing and finite. Moreover, ® possesses continuous traces
on both sides of each a;, and by that satisfy (2.16) by (4.6), and (2.15) by (4.5). Let us
also mention that the pull-back function of ® from :|(?) onto D,, which we continue to
denote by @, is holomorphic and non-vanishing in D, except for a simple pole at infinity.

It possesses continuous traces that satisfy

QT /P =e2mr  on AY,

. 4.10
O Pt=e2"0%  on Ay, ( )

by (2.16), (2.15), and the holomorphy of ® across the cycles Ly that are not b-cycles,

where we set 0 :=7;, if Ap=n(b;,), and d;:=0 otherwise.

4.3. Jacobi inversion problem

Let r be a rational function on C. Then ro7 is a rational function on 9% with involution-

symmetric divisor, i.e.,
(rom) :th—ZWj :Zt;—Zw;.
J J J J

As R is hyperelliptic, any rational function over R with no more than g poles is necessarily
of this form [44, Lemma 4.3]. Recall that a divisor is called principal if it is a divisor
of a rational function. Thus, the involution-symmetric divisors are always principal. By

Abel’s theorem, a divisor Z?Zl t; —Zé.:l w; is principal if and only if £=[ and

o o
> / d=0 (mod periods df).
i Wi
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In fact, it is known that given an arbitrary integral divisor Z?:l w; and any vector ¢

there exists an integral divisor Z?:l t; such that
It ~
Z/ dQY=¢ (mod periods df2). (4.11)
j=17ws

The problem of finding a divisor 25:1 t; for given C'is called the Jacobi inversion problem.
The solution of this problem is unique up to a principal divisor. That is, if

g
Z t; —{principal divisor} (4.12)
j=1

is an integral divisor, then it also solves (4.11). Immediately one can see that the principal

divisor in (4.12) should have at most g poles. As discussed before, such divisors come

only from rational functions over C. Hence, if Z?:l t;, a solution of (4.11), is special,
that is, contains at least one pair of involution-symmetric points, then replacing this pair
by another such pair produces a different solution of the same Jacobi inversion problem.

However, if Z?:l t; is not special, then it solves (4.11) uniquely.

4.4. Riemann theta function

The theta function associated with Bg is an entire transcendental function of g complex

variables defined by

0(ii) :=  _ exp(miit’ Boii+2miii" i), e CY.
neLI
As shown by Riemann, the symmetry of Bg and positive definiteness of its imaginary
part ensure the convergence of the series for any . It can be directly checked that 6

enjoys the following periodicity properties:
O(ii+ 7+ Bai) = exp(—mim! Boin—2mim? @)0 (i), 7,mcZ9. (4.13)

The theta function can be lifted to R in the following manner. Define a vector Q of

holomorphic and single-valued functions in R by

ﬁ(z);:/ a9, zeR. (4.14)

1
This vector function has continuous traces on each side of the a- and b-cycles which, by
(2.19) and (2.20), satisfy

ke{l,..g). (4.15)

—

—, = —Bq€ér on ag,
€L on bk,
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It readily follows from (4.15) that each €y, is, in fact, holomorphic in %\bk It is known

that
gfl

0(d) = U= (mod periods dS}) (4.16)
j=1

for some divisor Z?;l t;, where K is the vector of Riemann constants defined by

— (Bq)
(R),:= Bl ;;f Q; d0y, je{l.g).
J
Let Z?zl t; and ijl z; be non-special divisors. Set

0(G(z)—>9_, G(t;)—K)
0(C(z) -4, Uz)-K )

7j=1

@(Z'Zg 15, 2.5= 123)’ (4.17)

It follows from (4.15) that this is a meromorphic and single-valued function in R (mul-
tiplicatively multi-valued in $R). Furthermore, by (4.16), © has a pole at each z; and a
zero at each t; (coinciding points mean increased multiplicity), and by (4.13) it satisfies
®+< ;] 1455 25— 1Zj) =0 (z; ?:11:]-, Z?:lzj) eXP(QWiZ?:1(Qk(Zj)_Qk(tj)))
(4.18)
for zeay \{UJ_, z;UUJ_, t;}.

If the divisor Z?Zl t; (resp. Z?Zl z;) in (4.17) is special, then the numerator (resp.
denominator) is identically zero by (4.16). This difficulty can be circumvented in the
following way. Let wq, wo €R\{w} for some weR and set
0((z)—E(w1) — (9—1)O(w") - K )
0((z)— U (w2) — (9- 1) (w*) =K )
Since the divisors w;+(g—1)w* are non-special, O(-; w1, W) is a multiplicatively multi-

O(z; w1, wsy):= (4.19)

valued meromorphic function on R with a simple zero at wy, a simple pole at ws, and
otherwise non-vanishing and finite. Moreover, it is meromorphic and single-valued in R
and

O" (z; w1, w2) =07 (z; w1, wa) exp(2mi(Qp(Wa) — Qe (w1))) (4.20)
for z€ay \ {w1, wa}. Observe that the jump does not depend on £(w*). Thus, an analytic
continuation argument and (4.20) immediately show that ©(-;wy, ws) can be defined
(up to a multiplicative constant) using any divisor Zf;ll t;, as long as wi+2?;11 t; is
non-special, and that

G(z;zgzl tj72?:1 Z] H J?ZJ
O(w; Y7 1 t5, 57 1 2)) @ (w; t],z])
for any fixed w¢ {UJ_, z;UUJ_; t;}. Let us pomt out that even though the construction

(4.17) is simpler, it requires only non-special divisors, while this restriction is not needed
for (4.19).
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5. Boundary value problems on L

This is a technical section needed to prove Proposition 2.7. The results of this section will
be applied to the logarithm of p€Wa, which is holomorphic across each arc comprising
A. However, here we treat more general Hélder continuous densities as this generalization
comes at no cost (analyticity of the weight ¢ will be essential for the Riemann—Hilbert

analysis carried in §7 and §8). In what follows, we describe properties of

1

47y

U(z):= — fwszzz, zeR\L, (5.1)

for a given function ¥ on L. Before we proceed, let us derive an explicit expression for
dQ), ,~. To this end, set

Hi(2) ::ik e :2/%1012;%, kel g} (5.2)

w—2z
Clearly, each Hy, is a holomorphic function on %R\ ay that satisfies
hH —hH, =4mi on ag, (5.3)

due to Sokhotskii-Plemelj formulae (see [22]) as is apparent from the second integral

representation in (5.2). Then, using the functions Hy, we can write

Ay 4 (W) = w)— Y (hHj)(z) d%(w). (5.4)
k=1

5.1. Holder continuous densities

Let ¢ be a function on L\ E with Holder continuous extension to each cycle Ly and ¥
be given by (5.1). The differential df2, ,~ plays the role of the Cauchy kernel on 2t with
a discontinuity. Indeed, it follows from (5.4) that
g
Z U, ( Z Va, (2
j k=1

= 4mi Z% t— zh
(5.5)

Each function ¥y, is holomorphic in R\ (L;U{oo(®), 0oV} with Hélder continuous
traces on L; that satisfy

g

k=1

U~V =1, (5.6)

Clearly, ¥y, (e)=0 for ec E'\\ L;. Moreover, by (5.6) and the identity ¥, (z)+¥r,(z*)=0,
it holds that
Uy, (+9) 5 L1 Yl (e) as e (5.7)
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for univalent ends e€ ENL;. To describe the behavior of ¥z near trivalent ends, recall
that A splits any disk centered at e of small enough radius into three sectors. Two of
these sectors contain part of A; in their boundary and one sector does not. Recall further
that ii(z) changes sign after crossing each of the subarcs of A. Thus, it holds for trivalent
ends e ENL; that

U, (z(”))—>:|:%(—1)”¢|Lj (e) asz—e, (5.8)

where + sign corresponds to the approach within the sectors partially bounded by A;
and the — sign corresponds to the approach within the sector which does not contain A;
as part of its boundary.

Similarly, each W, is a holomorphic function in R\ (axU{oo(®, 0c0M}) with Hélder

continuous traces on aj, that, by (5.3), satisfy
it v, o
Analogously to (5.7), one can verify that ¥,, (¢)=0 for e€ E'\a;, and

—1)*
Wak(z(”))%%f PdQy as z—ecapNk. (5.10)
L

Combining all of the above, we get that ¥ is a holomorphic function in E)A‘{\L including
at 00(® and co where it holds that

qf(oo<0>):—qf(oo<1>):ff wdﬁ—ﬁf YdG (5.11)
L L

by (4.7). Moreover, it has Holder continuous traces on both sides of (LU, a;)\ E that,
according to (5.6) and (5.9), satisfy

Tt = { ¥ on I\E, (5.12)
— fLwko, on ag\ F.

Finally, the behavior at e€ E' can be deduced from (5.7), (5.8), and (5.10).

5.2. Logarithmic discontinuities

Assume now that v has logarithmic singularities at e€ F, which, obviously, violates the
condition of global Hélder continuity of ¢ on the cycles L. However, global Holder
continuity is not necessary for ¥ to be well defined. In fact, it is known that the traces

U+ are Holder continuous at t€L as long as ) is locally Holder continuous around this
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point. Thus, we only need to describe the behavior of U near the e€ E where 9 has a
singularity.

Let a be a fixed univalent end of A and A; be the arc incident with a. Further,
let ¢ be a fixed determination of alog(- —a) which is holomorphic around each arc Ay
(except at a when k=j), and where « is a constant. As before, define ¥ by (5.1). It
clearly follows from (5.5) that we only need to describe the behavior of ¥y, around a as
the behavior of the other terms is unchanged. To this end, it can be readily verified that

_ I(z) Y(t) dt
Vi, ()= 2mi Ja, t—2 hH(t)

(5.13)

Denote by U, s a ball centered at a of radius ¢, where § is chosen small enough so that the
intersection A;NU, s is an analytic arc. Denote also by Ua*’ s the maximal open subset
of Us,5\A; in which ¢ is holomorphic and AT COU, 5 if A; is oriented towards a and
AT COUS 5 if Aj is oriented away from a. Set

arg(a—z):=arg(z—a)£m in U, (5.14)

It can be readily verified that thus defined log(a—z):=log|a—z|+iarg(a—z) is holomor-
phic in U, s\ A;. Then, arguing as in [22, equations (8.34)—(8.35)], that is, by identifying
a function with the same jump across A; as the one of integral in (5.13), we get that

1 Y(t) dt  alogla—z)

oy NI “ 3T +{terms that are holomorphic at a} (5.15)

in U, 5\A;. Multiplying both sides of (5.15) by &, we get that (5.7) is replaced by
\Ile(z(”))—(—l)”%alog(a—z)—>O as z—a. (5.16)

Let now b be a trivalent end of A and ¢ be a fixed determination of «log(-—b)
analytic across A, where ¢, as before, is a constant. Further, let Ay ; be the arcs incident
with b. Fix €{1,2,3} and let log(b—z) be defined by (5.14) with respect to Ap;. Then
(5.15) still takes place within the sectors delimited by Ay ;UAp ;41 and Ay UA, _1,
where [+1 is understood cyclicly within {1,2,3}. However, within the sector delimited
by Api+1UA 1, the right-hand side of (5.15) has to be multiplied by —1 to ensure
analyticity across Ay ;41UAp;—1. Then, multiplying both sides of (5.15) by A, we get
that

U, , (") F(-1)*Lalog(b—2) +0 asz—b, (5.17)

where the — sign corresponds to the approach within the sectors delimited by Ay ;UAy 141
and Ay ;UAp 1, and the + sign corresponds to the approach within the sector delimited
by the pair A ;11 UA ;1. Hence, the behavior of U near b is completely determined by
the behavior of the sum Z‘?:l Up,,.
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5.3. Auxiliary functions

For an arbitrary £€RY set ¥z to be a function on L such that

e = { 27i(Z)r  on by,
° 0 otherwise.
Define further )
Sz(z) ::exp(,% 1/15sz’z*)7 zeR\L. (5.18)
dmi Jp,

Then Sz is a holomorphic and non-vanishing function in E)N‘i, with Holder continuous

non-vanishing traces on both sides of each a- and b-cycle which, by (5.12) and (2.20),

satisfy
v Sa{ exp(2mi(Z)) on by, (5.19)
T Lexp(—27i(Ba®)k) on ag,
for ke{1,...,g}. Observe also that
9 —
Sz = kH1 S, (5.20)

where, as before, {€},}{_; is the standard basis in RY.
Now, let p€WAa and log o be a fixed branch holomorphic across each A in A. Define

1 ~
Slog o(2) :=e€xp (47” -7{L log(oem) sz,z*> , z€R\L. (5.21)

Then, as in the case of (5.18), it follows from (5.12) that Sieg , is a holomorphic function
in g%\L and

QoT on L\ E,

exp(— fL log(gom)dQy) on ax\E, ke{l,..,g}. (5.22)

Siog e = Stog g{
If @ is a univalent end of A and A is the arc incident with a, then g|a; (2)=w;(2)(z —a)*,
where w; is holomorphic and non-vanishing in some neighborhood of A; and (z—a)®*
is a branch holomorphic around Aj;\{a}. Let (a—z)** be the branch defined by (5.14).
Then (a—2)% =(z—a)* exp(+a,mi) in U, 5, where U, 5 are defined as in (5.14). Thus,
it holds by (5.7) and (5.16) that
SIQOg g(z) . g +
“ols) — exp j:ozamfz €a,(a,2) ¢ log(oom)dSd, | as U 532 —a, (5.23)
k=1 L
where €a, (a,2)=0 if a¢ay, and e,, (a,z)==*1 if a€a, and z—acai. If b is a trivalent
end of A, we let Ay ;, j€{1,2,3}, be the arcs incident with b. Further, let S ; be a
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sector delimited by Ay ;41 within a disk centered at b of small enough radius, where j+1
is understood cyclicly within {1,2,3}. Then it follows from (5.8) that

Q|Ab,]‘—l (b)Q|Ab,j+1 (b)

Siose(*) = == =)

as Sp ;22— b. (5.24)

Finally, we can deduce the behavior of Sig, at 0@ from (5.11) in a straightforward
fashion.

Now, let log h* be a fixed branch continuous on A\ E. Define Siog 1, as in (5.21) with
log o replaced by logh*. Then Sigp enjoys the same properties Siog, does except for
(5.23) and (5.24) as h is not holomorphic across A\ F, unlike p. In particular, it holds
that

_ htom on L\E,
Slf)gh = Slogh{ n (525)
exp(— §, log(h"om)dQy) on ap\E, ke{l,..g}.
Moreover, it can be easily verified that (5.23) gets replaced by
S2 2 - g
k;lg(hzg) — exXp (:ng *; €a,(a, 2) %L log(h*om) ko) as z—a, (5.26)

with — sign when A; is oriented towards a (one needs to take U, 5=Uq,s\A;j and U, ;=92
in (5.16)), and + sign when A; is oriented away from a (U, s=Uq,s\A; and U, ;=9).

Similarly, (5.24) is replaced by

Slzog h(Z)

where the sign + corresponds to the case when the arcs incident with b are oriented

—>eXp(i7;> as z— b, (5.27)

towards b, and the sign — corresponds to the other case (this conclusion is deduced from
(5.8) and (5.17) applied to each arc incident with b).

6. Szeg6 functions

In this section we prove Propositions 2.2-2.7.

6.1. Proof of Proposition 2.2

It follows from the discussion in §4.3 that a solution of (2.22) is either unique or special;
and in the latter case any pair of involution-symmetric points can be replaced by any

other such pair. According to the convention adopted in Definition 2.4, we denote by
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Z?zl ty,,; the divisor that either uniquely solves (2.22), or solves (2.22) and all the
involution-symmetric pairs are taken to be co(®) 4001,
Let Z?zl b§1) be as in (2.13) and &, 7, and ¢, be as in (2.21). Notice that, by (4.8),
it holds that
50 (®

Z / " dQ+m / dQ =, +(n+m)([@+Ba7) (mod periods df). (6.1)
oo(l)
Then, if
g—1
Dty = t+koo® +(1—k)ool,
j=1 j=1

where {tj}g;iciﬁ\{oo(o),oo(l)}, it holds by (6.1) that

g
Z totm,; = Z tj+ (k+m)oo® 4 (1—k—m)oo

for each me{—k,...,l—k}. The uniqueness of the solutions for m=—k,—k immediately
follows from the fact that Z?:l ty+m,; is not special for these indices.

Now, let 2?21 t,,; be the unique solution of (2.22) that does not contain 000
»€{0,1}. If Z?:l t,—(—1)~,; was not the unique solution, it would contain at least one
pair 0o 400 and therefore Z?:l t,,; would contain o00*) by the first part of the
proof. Thus, Z?Zl tn—(—1)=,; solves (2.22) uniquely, and it only remains to show that

{tn N {tn (1= }_1 =2 (6.2)

Assume the contrary. For definiteness, let ¢’ <g be the number of distinct points in the
divisors Z?:l t, ; and Z?Zl t,_(—1)~,;, and label the common points by indices ranging
from ¢’+1 to g. If (6.2) were false, then it would follow from (2.22) and (4.8) that

00(®

g tn,; . o _
Z/ dQ—(—l)”/ dQ2=0 (mod periods df).
j=17tn—(-1)= ooV

That is, the divisor

q' g

D b=t (cyxy— (—1)700@ 4 (=1)*c0)

j=1 j=1
would be principal. However, since ¢’ +1<g, such divisors come solely from rational
functions over C and their zeros as well as poles appear in involution-symmetric pairs.
Hence, the divisor Z?;l t,,,; would either contain an involution-symmetric pair or oo(%),
As both conclusions are impossible, (6.2) indeed holds. This completes the proof of
Proposition 2.2.
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6.2. Proof of Proposition 2.5

Let N”CN’ be a subsequence of indices such that the divisors > 9 _| t,,4;m converge to
a divisor Y 7_, w; as n—oc along N” and for a fixed index jE{—lo—k‘, .,l1+k}. Then
the continuity of 0 implies that

n+j,m - 9 —
N“gﬂw Z /<1> sy /<1> aft = Z (W) =,

=1

g ﬁ(b%)) (recall also the convention that all the paths of integration

where p:=
belong to R and therefore the right-hand side of the equality above does not depend on

the labeling of > t,,1;m and > b%)). Hence, it holds that

lim  (G,+(n+))(@+Ba) = Y A(wp)—Ts,

N’"3n—oc0

where, from now on, all the equivalences are understood mod periods dSY. Set l=lp—1.

Assume first that [>0. Then, analogously to the previous computation, we have that

g—2k—lo—1x
. = — SV — Fa a o)y _ =
ngl‘lnrgoo(cg—i—n(w%—lggr)) = m§:1 Q(t,)+HIQ2(c0™)) =1y

since 9(z(0)=—0(zM).

In what follows, we assume that [4+25>0, otherwise, if [+25j<0, each occurrence of
009 and 1427 in the proof below needs to be replaced by co(*) and —(1+25), respectively.
Then (4.8) and the just mentioned anti-symmetry of §) yield that

_(]—Qk—lo—ll
lim (Gp+(n+))@+Baf) = Y Q)+ (1+25)B(00) -

N'3n—o0
m=1

Hence, it is true that

972k7l07l1

iﬁ (W)= 3 D(tn) (14270,

m=1

Therefore, for any collection {ul}ilﬁk 7cC it holds by Abel’s theorem that the divisor

g—2k—lo—l1 li+k—j

Z tn+ Z (ul® +ulD)+(14+25) 00 0)72 Wi

m=1 m=1 m=1

is principal (I;+k—j needs to be replaced by lo+k+j when [4+25<0). As the integral

part of this divisor has at most g elements, the divisor should be involution-symmetric.
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However, if ng%flofllt +(1425)00® is non- void it is non-special and therefore
9 Wy is equal to 920y SRS, )Jru V4 (1425)00@. If it is void,

g _1 Wi, is an arbitrary involution-symmetric divisor. In any case, this is exactly what

is clauned by the proposition. Clearly, the case [ <0 can be treated similarly.
To prove the last assertion of the proposition, observe that the divisors Z?zl t; and

9__w, are connected by the relation
j=1"J Yy

9 oo
> ()~ (-1 [

j=1 oo j=1

Hence, by Abel’s theorem, the divisor 329_, t;—> 7, w;—(—1)%00(® 4 (=1)*00™ is
principal. Since Z?Zl tj—f—oo(l_") is non-special, the claim follows as in the end of the

proof of Proposition 2.2.

6.3. Proof of Proposition 2.7

Any vector w€CY can be uniquely and continuously written as ¥+ Bqy, ¥, y€RY, since

the imaginary part of Bq is positive definite. Hence, we can define

. 9 _
Tn+Bai, = Z/m Z ~a")). (6.3)

As the image of the closure of R under  is bounded in CY , it holds that

|Z0|, || < const. (6.4)
independently of n, where |¢|2:=>"7_, |(€)x|?. Set further

Zo+Bay, :=¢,

Then it follows from the very choice of Z?zl ty ;, see (2.22), that there exist unique

vectors 7y, My, €Z9 such that
To+nd==Tn+), and Yo+nT =y, +ny. (6.5)
Therefore, we immediately deduce from (6.4) that
|y — 1], |(2n—1)T =1, — 1], |n7—7, | < const. (6.6)

independently of n.
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Let now Sz and Sp;,, be defined by (5.18). Then it is an easy consequence of (6.6)
and (5.20) that

S,
’
Sﬁinfl

2n—1
Sz
Sﬁn Smnfl

0 < const. < ‘

Sm
S’n

< const. < 0o (6.7)
uniformly in R. Notice also that
<Smn >+ B <Smn ){ exp(—2minTy) on by, (6.8)
SZ S exp(—27i(Bq(m, —nT))r) on ay. '
Using definitions (4.17) and (4.19), set
g g g
S OIS IIEAERS | CEES!

where the first formula is used for non-special divisors > t,, ; and the second one other-
1)

wise. Then ©,, is a meromorphic function in R with poles at bg» , zeros at t, ; (as usual,
coinciding points mean increased multiplicity), and which otherwise is non-vanishing and

finite. It also follows from (4.20), (4.18), and (6.3) that
O =0, exp(—27i(Z,+Ba¥n)r) on ag. (6.9)
Finally, let Siogp and Siog, be defined as in §5.3 with the branch of the difference

log o—log h* chosen to match the one used in (2.21) to define &,. Set

Slogh Smn
Stogp ST

7

Sy =

(6.10)

Then S, is a meromorphic function in g%\L and S, ®" is meromorphic in R\ L by (2.16),
(5.22), (5.25), (6.8), (6.9), and (6.5). Clearly, the same equations also yield that S, ®"
satisfies (2.25). Finally, (2.26) follows from (5.23), (5.24), (5.26), (5.27), combined with
the reciprocal symmetry of Siog, and Siog s on different sheets of SR, and the properties
of ©,.

Now, let S be as described in the statement of Proposition 2.7. Then by the principle

of analytic continuation S/S, is a rational function over 98 with the divisor

g
D ti=> tn.
R

Since rational functions have as many zeros as poles, the divisor Zj t; has exactly g

elements. Further, as explained in §4.3, the principal divisors with strictly fewer than



STRONG ASYMPTOTICS OF NUTTALL—STAHL POLYNOMIALS 257

g+1 poles are necessarily involution-symmetric; that is, they come from the lifts of
rational functions on C to R. It also follows from Proposition 2.2 that Z?zl t, ; consists
of a non-special part and a number of pairs oo™ +o00(®). Hence, Zj t; has the same
non-special part as Z]g=1 t, ; and the same number of involution-symmetric pairs. Due
to Proposition 2.2, the latter means that Zj t; solves (2.22). Lastly, as all the poles of
the rational function S/S,, are equally split between 0 and oo this is a polynomial.

It remains to show the validity of (2.27). It follows from the definition of S,, and
(6.7) that we only need to estimate

O,_1(z) O, (c0®)
O,(z) O, _1(co®)’

To this end, denote by €2 and €! the closures of {22 tnjtnen. and {37 tn_1j tnen.
in the MR9/¥,-topology. Neither of these sets contain special divisors. Indeed, both
sequences consist of non-special divisors, and therefore we only need to consider the

limiting ones. The limit points belonging to € are necessarily of the form

g—2k—1 k
S tmt Y (#0425 +loo™
m=1 m=1

where Y7 % 2k |7 (t)| <00, is non-special and {2, }¥,_, CC. If k>0, Proposition 2.5,
applied Wlth lo=0, l;=1, and j=—1, would imply that ¢! contains divisors of the form

g—2k—1
St +Z (W +wD)+ (k=K —1)00® + (14+1+k—k )oo™
m=1
0<k' <k—1. In particular, it would be true that I+1+k—k’>2, which is impossible by
the very definition of N.. Since the set €! can be examined similarly, the claim follows.
Hence, given >, t;€C%, we can define O (z; >t 00,0 1)) via (4.17). By the very
definition of ¢¥, it holds that

0<|0(co™; 367,37 b1V)| < o0

Moreover, compactness of €¥ and the continuity of > Q( ;) with respect to 3, t; imply
that there are uniform constants ¢(¢¥) and C(€*) such that

0< (@) <|O(cc™; 30,85, 30,0)) | < C(eh) <

for any > it €¢F. Analogously, observe that the absolute value of ©,,_;/0,, is bounded

above in MR, s as it is a meromorphic function in R with poles given by the divisor
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> ; tnj. The fact that this bound is uniform follows again from the continuity of 0 and
compactness of €&,
For future reference, let us point out that a slight modification of the above consid-
erations and (6.7) lead to the estimates
Sh hS}_,
’5n(00) Sp-1(o0)

that holds uniformly in D*\{J,cg{2:|z—e| <&} for all neN..

b

‘ <Crep <00 (6.11)

7. Riemann—Hilbert problem

In what follows, we adopt the notation ¢™?3 for the diagonal matrix
(5 o)
0 ¢—m ’
(o )
o3 = .
7o -1

Moreover, for brevity, we put ya:=cp(A).

where o3 is the Pauli matrix

7.1. Initial Riemann—Hilbert problem

Let YV be a 2x2 matrix function. Consider the following Riemann-Hilbert problem for
Y (RHP-Y):
(a) Y isanalytic in C\A and lim,_,o, Y(2)2~ "3 =1, where Z is the identity matrix;

(b) Y has continuous traces on each Ay that satisfy

_ L o),
y+—y_<0 1>,

(¢) Yisbounded near each e€ E\ A and the behavior of ) near each e€ A is described

by

1 —e|%e

o( [z=el ) if o <0,
1 |z—e|®e
11 —

(9( og |2 e'), if o, =0,
1 log|z—e]
11

(’)( ), if ae >0,
11

as D*>z—e.
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The connection between RHP-) and polynomials orthogonal with respect to ¢ was
first realized by Fokas, Its, and Kitaev [20, 21] and lies in the following.

LEMMA 7.1. If a solution of RHP-Y exists then it is unique. Moreover, in this case
deg(gn)=n, Rn_1(2)~z"

n

as z— 00, and the solution of RHP-Y is given by

y:( & B ) (7.1)

Mp—-19n-1 mn—an—l

where my, is a constant such that m,_1R,_1(z)=2""(1+0(1)) near infinity. Conversely,
if deg(gn)=n and Rp_1(2)~2z"" as z—00, then Y defined in (7.1) solves RHP-Y.

Proof. In the case when A=[—1,1] and ¢>0 on A this lemma has been proven in
[32, Lemma 2.3]. It has been explained in [11] that the lemma translates without change
to the case of a general closed analytic arc and a general analytic non-vanishing weight
0, and yields the uniqueness of the solution of RHP-) whenever it exists. For a general
contour A the claim follows from the fact that R,=>, R, where

t—z 2mi t—=z 211

and therefore the behavior of R, near ecA is deduced from the behavior R, there.
On the other hand, for each arc A, ; incident with e€ E\ A (see notation in (2.8)), the
respective function R, behaves as

0e,j(€)

S log(z—e€) —l—R;j (2),

where the function RY ; has a definite limit at e and the logarithm is holomorphic outside
of A, ; (see [22, §8.1]). Using (2.10), we get that

0e,3(€)
27

R(2) =24 g,z o)+

0 2(€)
2

arg, o (2 —e)+ arg, 3(z—e)+Re(2),

where R} has a definite limit at e and arg, ;(2—e) has the branch cut along A, ;. Thus,
Y is bounded in the vicinity of each e€ E'\ A.
Suppose now that the solution, say y:[yjk]jk:h of RHP-) exists. Then

Vi1 = 2"+ {lower-order terms},

by the normalization in RHP-Y (a). Moreover, by RHP-Y (b), 4; has no jump on
A and hence it is holomorphic in the whole complex plane. Thus, );1 is necessarily

a polynomial of degree n by Liouville’s theorem. Further, since Vj2=0(z"""1) and
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satisfies RHP-Y (b), it holds that )5 is the Cauchy transform of Vi1 0. From the latter,
we easily deduce that Yq; satisfies the orthogonality relation (1.10). Applying the same
arguments to the second row of )}, we obtain that Vo1=m,_1¢,_1 and YVos=m,_1R,_1
where m,,_1 is well defined.

Conversely, let deg(gn)=n and R,_1(2)=0(2"") as z—o00. Then it can be easily
checked, by direct examination of (a)—(c), that ), given by (7.1), solves RHP-). O

7.2. Renormalized Riemann—Hilbert problem
Suppose now that RHP-) is solvable and ) is the solution. Define
T =y " YD "3, (7.2)

where, as before, we use the same symbol ® for the pull-back function of ® from D).
By (4.9), it holds that lim,_,o 2/®(2)="~a, and therefore

: _ . —MNnos —Nnos3 2 7LO'3_
zlggo T(2)= Zhj& YA V()2 (@(z)) =T. (7.3)
Moreover, it holds by (4.10) that
(@‘F)*’HUS — (@*)*ngef%rinwkag (74)

on each Af. Finally, on each Ay we have that

(] 8 )@y (@R @ 00

01 0 (@ /)"
‘ _ (7.5)
_ <6271'1n(5;c ((I)+)72n eQﬂ'zn&kQ >
0 eQﬂ'inék (@—)72n ’

where the second equality holds again by (4.10) and d, are defined as in (4.10). Combining
(7.3)-(7.5), we see that 7 solves the following Riemann—Hilbert problem (RHP-T):

(a) 7 is analytic in D, and 7 (00)=1T;

(b) 7 has continuous traces on | J, ArUlJ, A} that satisfy

6727rinwk0'3 on each AZ7
7-+ -7 627Tin5k ((I)+)f2n 627rin5k 0
} on each Ag;
0 e27‘mn§;c ((I)*)*?n

(c) we have that, near each e€ E, T behaves as described in RHP-Y (¢) only with
D* replaced by D,.
Trivially, the following lemma holds.

LEMMA 7.2. RHP-T is solvable if and only if RHP-Y is solvable. When solutions
of RHP-T and RHP-Y ezist, they are unique and connected by (7.2).
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Figure 5: Left figure: the arcs Ae’j introduced in the construction of the lens ¥ near a
trivalent end. Right figure: the full lens ¥ consisting of the arcs Ay (not labeled), the
arcs A}, and the outer arcs Ay (the choice of £ is determined by the chosen orientation

of the corresponding arc Ag). The shaded areas are the domains Qi+ (not labeled).

7.3. Opening of lenses

As is standard in the Riemann—Hilbert approach, the second transformation of RHP-Y
is based on the following factorization of the jump matrix (7.5) in RHP-T (b):

((‘I)_;Q"/‘Q 2)(—6‘2’gn‘sk/g eQ”i;L‘Sk@)((@)Ln/Q (1)>

where we used (4.10). This factorization allows us to consider a Riemann-Hilbert problem
with jumps on a lens-shaped contour ¥ (see the right-hand part of Figure 5), which is
defined as follows. For each trivalent end e, we let A, ;, j€{1,2,3}, be the arcs in A
incident with e. For definiteness, assume that they are ordered counter-clockwise; that
is, when encircling e in the counter-clockwise direction we first encounter A, ;, then
Ag 2, and then A, 3. Let U, be a disk centered at e of radius ¢, and assume that ¢ is
small enough so that the intersection of the disk with any A, ; is a Jordan arc and the
disk itself is contained in the domain of holomorphy of each w. ; (see (2.11)). Firstly,
let A@Jv, j€{1,2,3}, be three open analytic arcs incident with e and some point on the
circumference of U, . placed so that the arc Aeyj splits the sector formed by A, ;_1 and
A jt1, where we understand j=+1 cyclicly within the set {1,2,3}. We orient the arcs Aeyj
so that all the arcs including A, ; are simultaneously oriented either towards e or away
from e (see the left-hand side of Figure 5). Secondly, let Ay be an arc with one univalent
and one trivalent endpoint, denote the latter by e. Then we choose open analytic arcs
A+ CD, so that AkUAMUAe,j and AkUAk_UAeJ (I=j+1 if Ay is oriented towards

e and [=j—1 otherwise) delimit two simply connected domains, say Q. and j_, that
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lie to the left and right of Ay (see the right-hand side of Figure 5). We orient Ay the
way Aj is oriented and assume that they lie within the domain of holomorphy of wy.
The cases where Ay is incident with two univalent ends or two trivalent ends, we treat
similarly with the obvious modifications. Finally, we require all the arcs Ay, Ags, A,
and Ae,j to be mutually disjoint, in particular, we then have that AfNQ;. =9 for all
possible pairs of k and j.

Suppose now that RHP-7 is solvable and 7 is the solution. Define S on C\X by

T( 1 O) in each Qg+,
S:= FO /o 1 (7.6)
T outside the lens X.

Then S solves the following Riemann-Hilbert problem (RHP-S):
) S is analytic in C\¥ and S(00)=T;
) S has continuous traces on ¥ that satisfy

bl) S.=8_ e 2™nwi%s on each AY;

) 5.5

0 27rzn5k
_67271'@’715;6/9 0
1
@7271/9

(a
(b
(
( > on each Ay;

(b3) S+=S_< ?) on each Agy;

1 0 A
(b4) S+:3( . ) on each A, ;;
7" (1/0ej-1+1/0e 1) 1

(¢) Sisbounded near each e€ E'\ A and the behavior of S near each e€ A is described
by

1 |z—e|
(9( |zl ), if . <0, asC\X3z—e,
1 |z—e|®

1 — 1 —
O( oglz—e| logl|z el)y if 0, =0, asC\N5z-re,
log|z—e| log|z—e]

11

(’)(1 ) ), if e >0, as z— e outside the lens ¥,
|z—e|~% 1 . -

@ | - L) if e >0, as z— e inside the lens 3.
z—e| 7%

Then the following lemma holds.

LEMMA 7.3. RHP-S is solvable if and only if RHP-T is solvable. When solutions
of RHP-S and RHP-T ezist, they are unique and connected by (7.6).

Proof. By construction, the solution of RHP-7 yields a solution of RHP-S. Con-
versely, let ./* be a solution of RHP-S. It can be readily verified that .7*, obtained
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from .#* by inverting (7.6), satisfies RHP-7 (a)-(b). Denote by 7} the jk-entry of 77,
j,ke{1,2}. The appropriate behavior of 5 near the points of £ follows immediately
from RHP-S (c) and (7.6). Thus, we only need to show that 7;7=0(1) in the vicinity of
E and only for e€ A.

Observe that by simply inverting transformation (7.6), we get that

o), if . <0,
O(l — if e =0
Tiy={ QB zeh Hae=0 &
O(|]z—e|~ %), if a. >0 and z is inside the lens,
o), if @ >0 and z is outside the lens,
for j=1,2. However, each .77 solves the following scalar boundary value problem:
B 6—27rinwk on Aa’
¢ =¢ { 2mindy (H+)—2 Ui 28 (7.8)
ek (F) 72" on (|, Ay,

where ¢ is a holomorphic function in D,. It can be easily checked using (4.10) that &—™
is the canonical solution of (7.8). Hence, the functions ¢;:=77®", j=1,2, are analytic
in C\ E. Moreover, according to (7.7), the singularities of these functions at the points
ecE cannot be essential. Thus, they are either removable or polar. In fact, since ¢;(z)
is either O(1) or O(log |z—e|) as z approaches e outside of the lens X, ¢; can only have
removable singularities at these points. Hence, ¢;(2)=0(1) and subsequently .71 =0(1)
near each e€ E (clearly, these functions have the form ¢®~", where ¢ is a polynomial of

degree at most n). O

8. Asymptotic analysis
8.1. Analysis in the bulk

As ®~2" converges to zero geometrically fast away from A, the second jump matrix in
RHP-S(b) is close to the identity on |J Agy. Thus, the main term of the asymptotics of
S in D, is determined by the following Riemann-Hilbert problem (RHP-N):

(a) A is analytic in D, and N (c0)=1Z;

(b) A has continuous traces on [JArU|JAY that satisfy RHP-S (b1)—(b2).

As usual, we denote by S, and S} the pull-back functions of S,, on R defined in
Proposition 2.7.

LEMMA 8.1. If neN,, then RHP-N is solvable and the solution is given by

O s (e st ) oY
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Moreover, det(N)=1 on C, and it holds that N behaves like

(0<|z—e|-<2ae+l>/4> O(|z—e|Zo-1)/1)

o —1/4))2
o/t oz ) (O (52

as Dy,>z—e for univalent and trivalent ends e€ E, respectively.

Proof. Observe that whenever n€N; it holds that S, (c0)S_;(00)#0 by construc-
tion and therefore A is well defined for such indices. Since S,, and h®S}; are holomorphic
functions in D, by (2.26), A is an analytic matrix functions there. The normaliza-
tion N (00)=Z follows from the analyticity of S, and S} at infinity and the fact that
(h®)(2)=1/va+O(1/z). Further, for any A§ we have that

N, = (I/SH(OO) 0 ) ( 8;6727rinwk h(S;;)feQWinwk )
+= 0 va/Sk_1(00) (Sp1/®) e 2minwn  p(SE_ )" e2minw
:Nie—%rinwkog?

where we used (2.16), analyticity of S, ®™ across the a-cycles, and the fact that S} /S, =
(8%)~/(SE)*. Moreover, for each Ay it holds that

S:t _ (S*)¥6727rin6k <h+>
n n 0 )

by (4.10), (2.25), and (2.15). Then

N — (l/Sn(oo) 0 ) ( —(hS*)~e=2mmd /o S e2mindk )
+= 0 Ya/SE_1(00) —(hSZ,lfb)‘e_Qﬂm‘sk/Q (Sn_1/<1>)‘62”"5’°g

:N ( 0 627rin5kg>
- 76727rin5k/g 0

on Ay, again by (4.10), (2.25), (2.15), and since h™=—h" there. Thus, N as defined
n (8.1) solves RHP-N. Equations (8.2) readily follow from (2.26). Finally, as the
determinants of the jump matrices in RHP-A (b) are equal to 1, det(N) is a holomorphic
function in C\ E. However, it follows from (8.2) that

det(NV)(z) < const.|z—e| /2 asz—ecE.

Thus, det(N) is a holomorphic function in the entire extended complex plane and must

therefore be constant. From the normalization at infinity, we get that det(N)=1. O
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8.2. Local analysis near univalent ends

In the previous section we described the main term of the asymptotics of S away from
A. In this section we shall do the same but near the points in A. Recall that there exists
exactly one k=k(a) such that the arc Ay, is incident with a. Until the end of this section,
we fix k to be this integer. Moreover, we let J, to be the possibly empty index set such
that Af has a as its endpoint for each j€J,.

8.2.1. Riemann—Hilbert problem for local parametrix

Let >0 be small enough so that the intersection of the ball of radius § centered at a,
say U, s, with each of the arcs comprising > and incident with a is again a Jordan arc.
We are seeking the solution of the following RHP-P,:

(a) P, is analytic in U, 5\%;

(b) on each side of U, sNX, P, has continuous traces satisfying RHP-S (b1)—(b3);

(c) near a and within U, 5, P, has the behavior described by RHP-S (c);

(d) P,N"'=Z+0O(1/n) uniformly on U, s\%, where N is given by (8.1).

We solve RHP-P, only for n€N.. For these indices the above problem is well posed,
as det(N)=1 by Lemma 8.1, and therefore N'~! is an analytic matrix function in D,.
In fact, the solution does not depend on the value of e, however, the term O(1/n) in
RHP-P, (d) depends on ¢ as well as §. That is, this estimate is uniform with n for each
fixed € and J, but is not uniform with respect to € or  approaching zero.

To describe the solution of RHP-P, we need to define three special objects. The
first one is the so-called G-function whose square conformally maps U, s into some neigh-
borhood of the origin in such a fashion that Ay is mapped into the negative reals. The
second one is a holomorphic matrix function needed to satisfy RHP-P, (d). The third is
a holomorphic matrix function that solves an auxiliary Riemann—Hilbert problem with

constant jumps.

8.2.2. G-Function

Set
Ga(z)::/ Bt dt, =€ Uns\Ap.

Then G, is a holomorphic function in U, 5\ A such that

|Pe %=1 inU,s. (8.3)
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Indeed, since both a; and a belong to A and the Green differential dG has purely imag-
inary periods, the integral f;l dG is purely imaginary itself. It is also true that

Gi+G, =0 on AgNU,s, (8.4)

since h* +h~ =0 on A. Moreover, it holds that the traces G have purely imaginary values
on Ay, as the same is true for h*(t) dt (recall that the quadratic differential h?(z) dz? is
negative on Ay). The last observation and (8.4) imply that G2 is a holomorphic function

in U,,s that assumes negative values on ApNU, s. Furthermore,
(G2)' (@] = 2lim [h(0)] |t ~a]"/? £0. (8.5)

Property (8.5) implies that G2 is univalent in some neighborhood of a. Without loss of
generality, we may assume that § is small enough for G2 to be univalent in U, 5. Hence,
G? maps U, s conformally onto some neighborhood of the origin. In particular, this
means that Ay can be extended as an analytic arc beyond a by the preimage of [0, 00)
under G2, and we denote this extension by Ay.

Let I.:={z:Arg(z)=27}, I:={z:Arg(z)=n}, and I_:={z:Arg(z)=—27} be three
semi-infinite rays oriented towards the origin. Since we had some freedom in choosing

the arcs Ay, we require that
G2 (AR UAL )NU, ) C I UT .

The latter is possible as G7 is conformal around a. We denote by U s (vesp. U, 5) the
open subset of U, s that is mapped by G2 into the upper (resp. lower) half-plane. Clearly,
there are two possibilities, either A;HCU; s and therefore Ay is oriented towards a, or
A+ CU, 5 and, respectively, Ay is oriented away from a (see Figure 6).

Finally, since the traces GE are purely imaginary on A;yNU, s, satisfy (8.4) there,
and the increment of the argument of GG, is m when a is encircled in the clockwise direction
from a point on AxNU, s back to itself, we can define the square root of G, such that it
satisfies

(GYH =+i(GY?)™  on ApNU, s, (8.6)

where the sign + is used when Ay is oriented towards a and the sign — otherwise.

8.2.3. Matrix function &£

Let arg(z—a) be the branch of the argument of z—a that was used in the definition of o

in (2.11). Without loss of generality we assume that its branch cut is Ag. Put

W= (®"w,*(a—)*/*)7 in U, 5\ A, (8.7)
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Figure 6: Schematic representation of the arcs Ay, Ay, Ajs, the domains U;” 5 (shaded
part of the disk) and U, s (unshaded part of the disk), and two possible cases: Ay CU : 5
(Ay oriented towards a) and Ay CU; 5 (Ay oriented away from a).

where we take the principal value of the square root of wy (we assume that § is small
enough, so wy, is holomorphic and non-vanishing in U, 5) and use the branch (5.14) to
define (a—-)®/2. Then it holds that

(wy/?(a—-)a/?)? = ¢*eamiy in Uss (8.8)
and
(w2 (a=)"/2)* (w*(a—)**/%) " =0 on ANV s, (8.9)
So the matrix function N'W is holomorphic in U, s\ (AkUUJa A?> and

0

1
N+W+:NW( O> on AkﬂUa’g.

Moreover, it is, in fact, holomorphic across each A?, JE€J,, as
NW, =N 2mmeios )y e2mineios — NLW_

by (7.4) and since W is diagonal. Hence, we deduce from (8.4) that NWe™"Ca%s is
holomorphic in U, 5\ Ay and has the same jump across Ay as N'W. Define

1 1 ]
& ::NWefnG“‘mﬁ ( i q?)(ﬂ'nGa)”i*/Q,

where the sign — is used when A is oriented towards a and the sign + otherwise. Since

the product

e (0 D e
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is equal to Z by (8.6), the matrix function &£ is holomorphic in U, s\{a}. Now, the
second part of (8.2) and (8.7) yield that all the entries of A'W behave like O(|z—a|~/4)
as z—a. Hence, it follows from (8.5) that the entries of £ can have at most square-root

singularities there, which is possible only if £ is analytic in the whole disk U, s.

8.2.4. Matrix functions ¥ and ¥

The following construction was introduced in [32, Theorem 6.3]. Let I, and K, be the
modified Bessel functions and H&l) and Héf) be the Hankel functions [1, Chapter 9]. Set

¥ to be the following sectionally holomorphic matrix function:

vt 1) (i/m)Ka(2€1/?)
\IJ(C) —‘I/(C,Oé) T (27TZC1/21(;(2<1/2) _2(;1/2[(&(2(1/2))
for |Arg(C)\<%7r;

_( 3ESE0V) SHD Q02 anioy
Y0 (b ym-or sy et )

for %W<Arg(C)<7r;

_( 1HP (=Y —SH Q=0 amioy/2
0= (_oclisiuyoom scrmdoon )

for —m<Arg(¢)<—2m. Here Arg(¢)€(—m,n] denotes the principal determination of the
argument of . Assume that the rays I, I, and I_ defined in §8.2.2 are oriented towards
the origin. Using known properties of I, K, H((Xl), H((f), and their derivatives, it can
be checked that WU is the solution of the following Riemann—Hilbert problem RHP-W:
(a) ¥ is a holomorphic matrix function in C\ (JUI UI_);
(b) ¥ has continuous traces on I, UI_UI that satisfy

1 0
) on I,
(e:i:oﬂrz 1 ) +

(0 1) on [;
-1 0

U, =0
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(¢) U has the following behavior near 0:

of 16172 Ige if <0 0

Ao (e )’ if a<0, as(—0,
O(log|§| 10g|C|)7 ifa=0, as(—0,

log|¢] log|(]

72 qemery =01 ;
oKl I0s). az0, wsco0m an)<dm
o172 ™Y 050, as¢—0in 2n<|Arg(Q)] <

¢lmer2 j¢lmer2 ) ’ ’ |

(d) ¥ has the following behavior near oco:

1 /1 4
W(Q)= @rct ) (1) @O ) explc )
Vi 1
uniformly in C\ (JUI,UI_).
Finally, we set W:=c3WUos. It can be readily checked that this matrix function
satisfies RHP-¥ with the orientations of the rays I, I, and I_ reversed.

8.2.5. Solution of RHP-P,.
With the notation introduced above, the following lemma holds.

LEMMA 8.2. For neNg, a solution of RHP-P, is given by
Pa=EUW!, (= (4n) G2, (8.10)

if Ay, is oriented towards a and with U replaced by ¥ otherwise, where U=U(-;0q).

Proof. Assume that Ay, and respectively Ay., is oriented towards a. In this case
G? preserves the orientation of these arcs and we use (8.10) with W. The analyticity of
& implies that the jumps of P, are those of WW~!. By the very definition of G2 and ¥,
UW~! has jumps only on £NU, s, and is otherwise holomorphic. This shows the validity
of RHP-P, (a). It can also be readily verified that RHP-P, (b) is fulfilled by using (7.4),
(8.8), and (8.9). Next, observe that RHP-P, (c) follows from RHP-W (c) upon recalling
that |G2(2)|~|z—a| and [W(z)|~|z—a|(*2/2)73 as z—a. Observe now that with ¢ defined
as in (8.10), it holds by the definition of £ and RHP-V¥ (d) that

1
n

Pa/\/_l —I:NWe_"Ga‘73O< )encaasw—lN—l :NO(:L>N_1
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on OU, s, where we also used (8.3). Multiplying the last three matrices, we find that the
entries of the obtained matrix contain all possible products of S, /Sy, (00), hS}: /Sy (o),
Spn—1/Sk_1(c0), and hS}:_,/Sk_1(00). Then it follows from (6.11) used with €< that
the moduli of the entires of P, "' —Z are of order O(1/n) uniformly for n€N,. This
finishes the proof of the lemma, since the case where Ay is oriented away from a can be

examined analogously. O

8.3. Local analysis near trivalent ends

In this section we continue to investigate the behavior of S near the points in £. How-
ever, now we concentrate on the zeros of h, that is, the trivalent ends of A. As in the
construction of the lens ¥, let Ay ;, be the arcs comprising A incident with b which are

numbered in a counter-clockwise fashion.

8.3.1. Riemann—Hilbert problem for local parametrix

As before, we denote by Uy 5 a disk centered at b of small enough radius ¢ (“small enough”
is specified as we proceed with the solution of RHP-P;). We are seeking the solution of
the following RHP-P:

(a) Py is analytic in Up 5\ %;

(b) Py has continuous traces on each side of U, sNE that satisfy RHP-S (b2) and
(bd);

(c¢) Py is bounded in the vicinity of b;

(d) PoN~'=Z+0O(1/n) uniformly on U, s\%, where N is given by (8.1).
As in the case of RHP-P,, we consider only the indices n€N, and the estimate O(1/n)
in RHP-P, (d) is not uniform with respect to ¢ or ¢ approaching zero. Constructions
similar to the one presented below appeared in [13] and [36].

8.3.2. G-function

Let, for convenience, Sy, be the sectorial subset of U s bounded by Ap 41, Ap x—1, and
OUy 5. Define

Go(2) ::(-1)’6[ Bt dt, € Spp.

Thus defined, the function G} satisfies

|®e®|=1 in S, USy3 and |Pe =1 in Spo. (8.11)
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The same reasoning as in (8.4) yields that G} is a holomorphic function in Up s\ Ap 2
whose traces on Ay 1NUsp s and Ay 3NUp 5 as well as on both side of A, 2NUy s are purely
imaginary and G} +G;, =0 on A 2NU; 5. The last observation implies that, for § small
enough, G% is a holomorphic function in U, s that assumes negative values on each
Ay NUps.

Recall that h? has a simple zero at b and therefore |h(z)|~|z—b|"/? as z—b. This,
in turn, implies that we can holomorphically define a cubic root of G? in Uy s. In what
follows, we set Gi/ ® to be a conformal map of Uy s onto some neighborhood of the origin
such that

Gy (Ab e NUss) C I, (8.12)

where we set Ij:={z:arg(z)=3m(2k—1)}, k€{1,2,3}, and these rays are oriented to-
wards the origin. Moreover, since we had some freedom in choosing the arcs Ab,k, we
require that

Gy (Db NUss) C I, (8.13)

where Ij:={z:Arg(z)=2m(k—2)}, k€{1,2,3}, and the rays are once again oriented to-
wards the origin. Such a choice is always possible as G maps the sector Sp DA;,, k onto
a neighborhood of the origin cut along I5.

Finally, since the traces G; are purely imaginary on A, 2NUs s, satisty Gf=—G,
there, and since the increment of the argument of G; is 3w when b is encircled in the
clockwise direction from a point on Ay 2NUy 5 back to itself, we can define the sixth root
of Gy, which is equivalent to the fourth root of Gg/ 3, that satisfies

(G =+i(Gy/) on Ap2nUs, (8.14)

where the + sign is used when Ay are oriented towards b and the — sign otherwise.

8.3.3. The matrix function &€

Recall our notation gy r=0|a, . For each function g, fix a continuous branch of the
square root ,/0p 5. Let N be the solution of RHP-N presented in §8.1. Set
(Z(I)n \Y 0b,34/0b,2 )03 in Sb )
PR
v/ 9b,1
(iq)”‘ Qb k=1yEOh k1 )03 in Sp2US) 3.
V/0b,k ' '

W=
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Then the matrix function N'W is holomorphic in Uy 5\Ur A, & and satisfies

0 -1
< ) on Ab,l mUb,(Sv

1
NW, =NV 0 1
( ) on (Ap2UAp3)NUp,s.
-1 0
Further, put
NWenGbUS n Sb$1 USb,37
NW( )enGbUS in Sb,27
F1 0

where we use the upper signs when the arcs Ay are oriented towards b and the lower

ones otherwise. Then £* is a holomorphic matrix function in Uy 5\ Ay 2 and

0 1
€i=5*< ) O) on Ap2NUss,

since Gy =—G, there. Finally, define

5::5*( 1/2 ¢1/2)G03/s(3n>"3/6
Fi/2 —ij2) " 2 ’

where we use the — sign when the arcs Ay, are oriented towards b and the + sign otherwise.

Since the product

() D e

is equal to Z by (8.14), where we use the upper signs when the arcs Ay are oriented
towards b and the lower ones otherwise, the matrix function £ is holomorphic in Up 5\ {b}.
Since |Gy (2)|*/6~|z—b|'/* as z—b and by the first part of (8.2), the entries of £ can have

at most square-root singularities there. Therefore £ is analytic in the whole disk Uy 5.

8.3.4. The matrix function Y

The following construction is a modification of the one introduced in [16, §7]. Let Ai be

the Airy function. Set

Ai(¢) Ai(et/3¢) )em /6

TO(O = (Ai'(() e4m/3Ai'(e4m/3O
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and . (O ._(Ai(o _e4m/3Ai(62ﬂi/3<)> rics/6
T A A )C '

Further, put

Yo, if Arg(¢) € (3
ro( 11 (1)) if Avg(C) € (2, 7),

It is known that

as (—oo in the angle |Arg(¢)| <. From this, it was deduced in [16, Lemma 7.4] that

r e—ﬂ'i/ﬁ N
Q)= ﬁ( (
as (—oo for |[Arg(¢)|€ (3, 2m)U(3m, 7). Asymptotics for [Arg(¢)|€ (0, 37) can be ob-
tained by multiplying the left-hand side of (8.15) by the matrix

(%)

1 0

from the right. Altogether, it can be checked as in [16, §7] that T is the solution of the
following Riemann—Hilbert problem RHP-Y:

(a) Y is a holomorphic matrix function in C\J, (IxUI});

(b) T has continuous traces on | J, (IxUI},) that satisfy the jump relations described
by Figure 7;

1

o > (T+O(C%2)) exp(—§C3/203> (8.15)

(c) each entry of T has a finite non-zero limit at the origin from within each sector;

(d) the behavior of T near oo is governed by (8.15).

Finally, if we set TSZO'3TO'3, it can be readily checked that this matrix function
satisfies RHP-T with the orientations of the rays I and I, reversed.
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Figure 7: The jump matrices that describe the relations between the traces of T on
Uk(Ik UIk).

8.3.5. Solution of RHP-P,

With the notation introduced above, the following lemma holds.

LEMMA 8.3. For neN., a solution of RHP-Py is given by
Py =2y SeTW L, = (PG, (8.16)

if the arcs Ay y, are oriented towards b and with T replaced by T otherwise.

Proof. Assume that the arcs Ay ) are oriented towards b. As £ is holomorphic in
Up.s, it can be readily verified using (8.12) and (8.13) that YW~! satisfies RHP-P, (b).
It is also evident that YW™! has no other jumps and therefore RHP-P, (a) is fulfilled.
Since all the matrices are bounded in the vicinity of b, also RHP-P, (c¢) holds. Observe
now that, with ¢ defined as in (8.16), it holds by the definition of £ and (8.15) that

PN —I:NWe"GbU3O<1)6_"GbU3W_1./\f_1
n
on 8Ub,5 ﬂa(Sb’l USbyg) and

PbN_l—ZzNW(O 1)e"GW3(9(1>e—"Gm(O _1)W‘1N‘1
-1 0 n 10

on U, sNOSp 2. As in the case of RHP-P, (d), these representations yield RHP-P;, (d) on
account of (8.11) and (6.11) used with £<4. This finishes the proof of the lemma, since

the case where the arcs Ay are oriented away from b can be examined analogously. O
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Al A

Ua2,5

Figure 8: Contour 3 for ¥ from Figure 5.

8.4. Final transformation

Denote by ¥ the reduced system of contours that we define as

g
D= <2\<AU U vesu U Ag))u U oU..s
332) k=1 e€E
(see Figure 8). For this new system we consider the following Riemann-Hilbert problem
(RHP-R):
(a) R is a holomorphic matrix function in C\¥ and R(c0)=1;
(b) the traces of R on each side of 3 are continuous except at the branching points
of ¥, where they have definite limits from each sector and along each Jordan arc in .

Moreover, they satisfy

PN on 9U, s for each e€ E,
R.=R_ 1 0 ~
" J\/( Con )N‘l on 3\ U AU.,.s.
® /Q 1 ecE

Then the following lemma holds.

LEMMA 8.4. The solution of RHP-R ezists for all neN. large enough and satisfies
1
R=I+O<n), (8.17)

where O(1/n) holds uniformly in C (but not uniformly with respect to ¢).
Proof. By RHP-P, (d) and RHP-P, (d), we have that RHP-R (b) can be written as

ror (zr0(1)) o1
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uniformly on |J . OU.s. Further, as ®~2" converges to zero geometrically fast away
from A, the jump of R on E\U cer OUe 5 is geometrically uniformly close to Z. Hence,
(8.18) holds uniformly on 5. Thus, by [14, Corollary 7.108], RHP-R is solvable for all n
large enough and R. converge to zero on 3 in L2-sense as fast as 1 /n. The latter yields
(8.17) locally uniformly in C\X. To show that (8.17) holds at z€X, we deform ¥ to a
new contour that avoids z. As the jump in RHP-R is given by analytic matrix functions,
one can state an equivalent problem on this new contour, the solution to which is an
analytic continuation of R. However, now we have that (8.17) holds locally around z.
Compactness of 3 finishes the proof of (8.17). O

Now, it can be verified directly from Lemmas 8.1, 8.2, and 8.4 that the following
lemma holds.
LEMMA 8.5. The solution of RHP-S exists for all n€N, large enough and is given
by
RN in C\ (iu Ue,5>,
S:= eLE'JE (8.19)
RP. in Ues for each e€ E,
where R is the solution of RHP-R.

It is an immediate consequence of Lemmas 7.2, 7.3, and 8.5 that the following result
holds.

LEMMA 8.6. If Condition GP is fulfilled, then the solution of RHP-Y uniquely ex-
ists for all neN; large enough and can be expressed by reversing the transformations

Y—=T—S using (7.2) and (7.6) with S given by (8.19).

9. Asymptotics of Nuttall-Stahl polynomials
9.1. Proof of Theorem 2.11

Assume that n€N,. For any given closed set in D* it can easily be arranged that this

set lies exterior to the lens . Thus, the matrix ) is on this closed set given by
V=4 RN D",

where R is the solution of RHP-R given by Lemma 8.5 and A is the solution of RHP-A
given by (8.1). Then

Sn YASn—1 hS}, Yah®S;

B S R T T EO NGO R CS
RN = . . (9.1)

v Sn +(1+4v )7’YASn—1 v 7h5" +(1+v );YA}LCI)S”_1

"5, (0) "esr (o) " Su(o0) "Sr (o0)
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with |v,k|<c(€)/n uniformly in C by (8.17). Therefore (2.28) follows from (7.1).

To derive asymptotic behavior of ¢, and R, on A\E, we need to consider what
happens within the lens ¥ and outside the disks U, 5. We shall consider the asymptotics
of Y from within (J, Qx4 (the “upper” part of the lens X) the behavior of Y in (J,, Qi

can be derived in a similar fashion. We deduce from Lemma 8.6 that

— AN03 ]‘ O +\nosz __ . nos ((I)+)n O
2=t R, (b )@ @i, (S0 0

locally uniformly on A\ E. Therefore, it holds that

Vi = (RN} (7a®7)"+(RN) 574 (@) 7" /e,
Viz=(RN) 1 (7a/2)".

Hence, we get (2.29) from (9.1), (7.1), and (2.25). O

9.2. Proof of Corollary 2.15

Since —[n/n]s=R./qn, it follows from (2.28) that

n

@_{”} _ Sy h 14 vm+ (0ne®) (75/ ) (S5 -1/ S5)
0 Sn (I)2n 1+Un1+(Un2/(1))(’y;;/7n)(snfl/sn) '

Since vye is vanishing at infinity, it follows from (8.17) that |v,2®|, |vne/P|<c(e)/n
uniformly in D*. Thus, (2.30) is a consequence of (2.27). O
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