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1. Introduction

In this paper we consider the energy-critical non-linear wave equation

Ru—Au==%u/Y N2y, (z,t) eRN xR,
ul,_y=10 € H'(RY),
Oyu|,_,=u1 € L*(RN).

Here the — sign corresponds to the defocusing problem, while the + sign corresponds to
the focusing problem. The theory of the local Cauchy problem (CP) for this equation
was developed in many papers, see for instance [11], [17], [25], [33], [36], [37], [39], etc. In
particular, one can show that if ||(uo,u1)|| g1, ;2 <J, with § small, there exists a unique
solution with (u, dyu)eC(R; H'(RN)x L2(RN)) with the norm

Hu||L2<N+1>/<N—2> < 00
at

(i.e., the solution scatters in H'(RV)x L2(RY)). See §2 of this paper for a review and
an update of the results.

In the defocusing case, Struwe [42] in the radial case, when N =3, Grillakis [13] in the
general case when N=3, and then Grillakis [14], Shatah—Struwe [35], [36], [37], Bahouri-
Shatah [5], and Kapitanski [17], in higher dimensions, proved that this also holds for any
(ug,u1) with |[(uo,u1)|l g1 ;2 <oo and that (for 3<N<5) for more regular (ug,u;) the
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solution preserves the smoothness for all time. This topic has been the subject of intense
investigation. See the recent work of Tao [44] for a recent installment in it and further
references.

In the focusing case, these results do not hold. In fact, the classical identity

d2

el lu(z, t)|? d:lc:2/ ((&gu)Q—|Vu|2+|u(t)|2N/(N_2))dac (1.1)
RN RN

(see the work of H. Levine [24] and also §3 and §5) was used by Levine [24] to show that
if (ug,u;)€H?! x L? is such that

1 1 (N-2) _
E _ - 2, - 2 \-Y 4] 2N/(N-2) d
((Uo,ul)) /RN(2|V7.L0 +2|'LL1| ON |U0| QS'<O,

the solution must break down in finite time. Moreover,
|$|2 —(N—-2)/2
W= Wie = (14 )

is in H'(RY) and solves the elliptic equation
AW 4 |W YN =21 =,

so that scattering cannot always occur even for global (in time) solutions.
In this paper we initiate the detailed study of the focusing case (see also [23] for an

interesting recent work in this direction). We show the following result.

THEOREM 1.1. Let (uo,u1)€H1 x L?, 3<N<5. Assume that
E((uo,u1)) < E((W,0)).

Let w be the corresponding solution of the Cauchy problem, with mazximal interval of
existence I=(—T_(ug,u1), T (ug,u1)) (see Definition 2.13).
(1) If [an [Vuol? do< [on [VW|? da, then

I=(—00,00) and ||u||L2iN+1)/(N—2) < 00.
(i) If [en [Vuol?dz> [on [VW |2 dx, then

T, (up,u1) <oo and T-(ug,ur)<oo.
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Our proof follows the new point of view into these problems that we introduced
in [19], where we obtained the corresponding result for the energy-critical non-linear
Schrédinger equation for radial data. In §3 we prove some elementary variational es-
timates which yield the necessary coercivity for our arguments and which follows from
arguments in [19]. In §4, using the work of Bahouri-Gérard [4] and the concentration
compactness argument from [19], we produce a “critical element” for which scattering
fails and which enjoys a compactness property because of its criticality (Propositions 4.1
and 4.2). At this point, we show a crucial orthogonality property of “critical elements”
related to a second conservation law in the energy space (Propositions 4.10 and 4.11)
which exploits the finite speed of propagation for the wave equation and its Lorentz in-
variance. This is the extra ingredient that allows us to go beyond the radial case as in
[19]. In §5 and §6 we prove a rigidity theorem (Theorem 5.1), which allows us to conclude
the argument. The first case of the rigidity theorem deals with infinite time of existence.
This uses localized conservations laws of the type (1.1) and related ones, very much in
the spirit of the corresponding localized virial identity used in [19]. The second case of
the rigidity theorem deals with finite time of existence. This case is dealt with in [19]
through the use of the L? conservation law, which is absent for the wave equation. We
proceed in two stages. First we show that the solution must have self-similar behavior
(Proposition 5.7). Then, in §6, following Merle-Zaag [30] and earlier work on non-linear
heat equations by Giga—Kohn [10], we introduce self-similar variables and the new result-
ing equation, which has a monotonic energy. We then show that there exists a non-trivial
asymptotic solution w*, which solves a (degenerate) elliptic non-linear equation. Finally,
using the estimates that we proved on w* and the unique continuation principle, we show
that w* must be zero, a contradiction which gives our rigidity theorem. In §7 we prove

our main theorem as a consequence of the rigidity theorem.

Finally, we would like to point out that we expect that our arguments will extend
to N>6, using arguments similar to those in the work of Tao—Visan [45] for the lo-
cal solvability in time of the equation and the corresponding extension of the work of

Bahouri-Gérard [4] (the rest of the argument is independent of the dimension).

Acknowledgement. We are grateful for the referee’s careful reading of the manuscript
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2. A review of linear estimates and the Cauchy problem

In this section we will review the theory of the Cauchy problem

O2u—Au=u|Y N2y, (z,t) RN xR,
ul,_o=uo € HY(RY), (CP)
at“|t:0: uy € L2(RY),

i.e. the H1 critical, focusing Cauchy problem for the non-linear wave equation, and some
of the associated linear theory. We start out with some preliminary notation and linear

estimates. Consider thus the associated linear problem

02w—Aw=h, (z,t) eRN xR,
w|,_o=wo € H'(RV), (LCP)
dyw|,_,=w € L*(RY).

The solution operator to (LCP) is given by
w(z, t) = cos(tv/—A Ywo+(—A) "2 sin(tvV/—A Yw, +/ M

¢
0 Vv-A
tsin((t—s)vV=A)
=S5(t)((wo, w +/ _
()(( 0 1)) 0 M
LEMMA 2.1. (Strichartz estimates [25], [12]) There is a constant C, independent of
T, such that

h(s)ds

h(s)ds.

sup ([lw(®)| g1 +110sw(t)]| £2)
0<t<T
+ ||w||L3<N+1>/<N—1>W;/2,2<N+1>/(N—1> + ||6tw||L3<N+1>/<N—1>W;1/2,2<N+1>/<N—1>
+ ||’UJ||L5<N+1)/<N—2)L§(N+1>/(N—2> + ||wHL§N+2)/<N—2)L§<N+2>/(N—2>
S Cllwoll g @y +llwrll L2 @y HIAI paovsn s ovss 12 amven aves)-

LEMMA 2.2. (Trace theorem) Let wg, w1, h and w be as in Lemma 2.1. Then, for
ldI<%,

+sup
L2(dz1dz’) t

v w(l'l—dt x, t—dl’1>
T\WVI=R2TT T VI=a?

aw<x1—dt .’EI t—d1'1>
T\t ViIma

S C(llwoll g1 vy + 1wl L2y + Rl £y 22)-

sup
t L2(dz1dz’)

Proof. Let v(z,t)=U(t)f be given by @(f,t):e“|5|f(§), with f€L?. We will show

that
U(ilil—dt I/ t—dil?1>
Vi—d? V/1-d?

<Ol fllez,
L2(dzydz’)

sup
t
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which easily implies the desired estimate. But

vant) = [ e g [ emeetelen € fe) g de

]RN
— /N eiwléleit\/§%+|§'\2€iw'-€'f(fh ¢ de, de’,
R

so that

v(xl—dt ot dwl)
Vi—d?' T V1=d?
:/N (o106 [VT=E i(t—dan) JEHET V= ic' € f(¢) ge, de!
R
:/ eizl(51,d|§|)/\/ﬁeiw'-§’efidt&/\/ﬁeiﬂﬂ/\/ﬁf(g) d¢; d¢’
RN
:/ 111(51 d|€|)/m iz’ (f) d&, dfa
RN

where gy (&)=t /VI=d oitl|/V1=d® f(¢) 'We now define
_ &i—df¢]

and 7n'=¢,
T n=E
and compute
1-dg /|| —d&a/I€] —dén/|€]
NAErE Ve o1
0 1 0 .. 0
‘d” —det| 0 o 1 .. o0 |- (1—d§1/§|> <
dg : : o : Vi-d?
0 0 0 .. 1
for |d|< 7. The result now follows from Plancherel’s theorem. O

Remark 2.3. A density argument in fact shows that
Tr1— dt ’ t— d.’l?l
) X )

Vi-d?' V1-d?

t|—>w( )EC(R;Hl(RN)),
and similarly for dyw.
Remark 2.4. Let F(u):|u|4/(N_2)u. Then clearly, for 3< N <6,
|F(u)| < |u NF2/N=2),
[(VF)(u)
[(VF)(u)—(VF)(v)] < Clu—v|(Ju| © N/ IN=2) 4 || 6=N)/(N=2)
IV (F(u(x))) = Ve (F(0(x))| < Clu(@)[Y V=2 | Vu(z) - Vo(z)|
+C|Vo(@)|(|ul O N N=2) 4 || 6N/ (N=2) gy,

|< C|u\4/(N_2),
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We will also need a version of the chain rule for fractional derivatives (see [8], [21],
[40] and [46]).

LEMMA 2.5. Assume that F(0)=F’'(0)=0 and that for all a and b,
[F'(a+0)| SC(F'(@)[+[F'(0)])  and  |F"(a+b)| < C(IF"(a)|+[F" (D)]).
Then, for 0<a<l1,
IDF(u)llpz < CIEF" (u)ll gz [ D ul 22,
where 1/p=1/p1+1/p2, 1<p; <00, and

1D (F(u) = F(v))ll g
SCUF @l gz +1F @)l gz )1 D (w=v)| 22
HCIF" (@)l +IF" () L) Dl 2 + [ D0l g2 ) lu—v]l 125

where 1/p=1/r1+1/ro+1/r3, 1<r;<oco, and 1<p<oco.

Remark 2.6. In our application of Lemma 2.5, we will have
Fu)=|ul¥V =2y, 3<N5,
and

F'(u) = Cylu* V72,
F"(u) = Cy sign(uw)|u] Y N =271 = Oy sign(u)|u| 6N/ (N=2),

‘We will choose

2(N+1) 2(N+1) 1 1 1 2
=——= and =——+ sothat —=-———=——,
PTNT3 =N o p p2 N+1

and
2(N+1) 2(N+1) 1 1 1 1 6—N
=— d =—" that — =—-—————= ——.
"3 N_p e T N—1 @ oma o p re 13 2(N+1)
Notice that
4 2(N+1) 6-N  2(N+1)

and

PIN=27 N2 N—2"'T N—2
Let us now define the S(I) and the W(I) norms for an interval I by

vllscry = ||’UHL;(N+1)/<N—2)L3<N+1>/<N—2>,

||’UHW(1) = ””HLi(N“)/(N—“L§<N+1>/(N—1>'
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THEOREM 2.7. (See [33], [11], [36]) Let (uo,u1)€H'x L%, 150 be an interval and
(w0, 1)l 1y p2 <A. Then, for 3KN <5, there exists 6=0(A) such that if

1S (#) (o, w1)) | s(ry <9,

then there exists a unique solution u to (CP) in RN xI, with (u,dyu)eC(I; H x L?),
||Di/2u||w(1)+H8tD;1/2u||W(I)<oo and ||ul|gy<26. Moreover, if

(wo.k,u1k) = (ug,u1), as k— o0,

in H'x L2 (so that, for k large, ||S(t)((uo, u1))|ls(r)<90), then the corresponding solutions
(g, Oy (ug)) = (u, dyu), as k—oo, in C(I; H x L?).

Sketch of the proof. (CP) is equivalent to the integral equation

utt) = 80 (o) + [ IR ) 5,

0

where F(u)=|u|* V=2)y. We let
Buy={von RV xI: llvlls(r) <a and ||Di/2v||W(I) < b}

and
Usin((t—s)v—A)
Do wn(0)=5(t)((ug, u +/—F’U s)ds.
(uo, 1)( ) ()(( 0 1)) o m ( )( )
We will next choose 4, a and b so that D (yy,u1): Ba,b—Bap and is a contraction there.

Note that, by Lemma 2.1,
||D916/2¢)(UO7“1)(1)) ”W(I) < CA—FCHF(U) ||L2(N+1)/(N+3)W;/2,2(N+1)/(N+3) .

But, by Lemma 2.5, ||D;;/2F(v)||L2<N+1>/(N+3> is bounded by

N—
CIF @) ven 2 [Dg 20l acenrsiv -1 < Clloll TN oo D3 2l v sin—,

so that

||Dalc/2F(U>||L§<N+1)/<N+3>Li(N+1)/<N+3)

4/(N=2
< C”vHL/?((N+1))/(N72)Li(NJrl)/(N—Z) ||D;/Q’UHLiuwl)/(zv—l)L§<N+1>/(N—1>

4/(N—-2
<Clollg 2 IDYvllw (-
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Hence, for ve B, ,
IDY2® (15 uyy(0) w1y < CA+Ca/ N =2,

Similarly, using Lemma 2.1 for the second term in ®(,, ), and the argument above,

together with our assumption on (ug, u1) for the first term, we obtain
”(I)(uo,iu) ”S(I) < 54’0@4/(]\]72)1)-
Next, choose b=2AC and a so that Ca* V=2 <. Then,

D22 (g y) () lw (1) <.

If 6=21a and Ca® V=2=1p<L (which is possible if N <6) we obtain [|®(y,,..) (V) s(1)<a,
so that @y, u,): Ba,p— Bap- Next, for the contraction, we again use Lemmas 2.1 and 2.5,
to see that

DL 2(@ (1) () = P g 0) Ol (1) F 1L (asg00) (V) = P a0 ) () |51

< CHD;/2 (F(U) —F(U’))||L?(N+1)/(N+3)LU2E(N+1)/(N+3)

4/(N-2 4/(N—-2
< C[(”'U”L/Z)((N+1)/(N*2)LZ(N+1)/(N*2) + ”v,||L/2((N+1))/(N*2)LQ(NJrl)/(N*?))
I I x

z
X ||D;/2('U—U’> ||L?(N+1)/(N71)Lg(NJrl)/(N—l)

6—N)/(N-2 6—N)/(N—-2
+ (H”||(Lz<N+)1/>(/<N—2)>L2<N+1>/<N—2> +v' H(Lz(w)l/)(/(w—?))L2<N+1>/<N—z>)
I I x

x

X (HD;/QUHL§<N+1)/<N—1)L§<N+1>/<N—1> + ||D;/2U/||L§<N+1>/<N—1>L§<N+1>/<N—1>)
/
X ||v v ||L§<N+1>/<N—z>L§<N+1>/<N—2>]
<20a*(N-2) ||D;/2(v—v’) lw () +2Ca(6_N)/(N_2)2b||v—v’||s(1),
and the contraction property follows for N <6. We then find ue€ B, solving

(I)(u07U1)(u) =1Uu.

To show that (u,du)eC(I; H' x L?) we use Lemma 2.1, together with the fact that
32 (u) e L3N TD/(NES) pANFD/INTS) - This also shows that 8;Dy “/*ueW(I). The
continuity statement at the end is an easy consequence of the fixed point argument, so
that the proof is complete. O
Remark 2.8. ue LN T2/ (N=2) [2N+2)/(N=2)
that D}E/QF(U) EL?<N+1)/(N+3)Li(N—i_l)/(NJrS)

, because of Lemma 2.1 and the fact
. Note that because of this and the integral
equation, the conclusion of Lemma 2.2 holds for u, provided the integrations on the
left-hand side are restricted to (z1,2’,t)€RY x I so that

(“_dt o, 4 ) ERVxI.
Vi-d?2' V1-d2
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Remark 2.9. (Higher regularity of solutions; see for example [11]) If
(uo,ur) € (H'NHYH HY,
0<u<1, and (up, uy) satisfies the conditions in Theorem 2.7, then
(u, Opu) € C(I; (H' NH" ) x H")
and
1D ullw 1y + 1Dy *ullw 1y + 10D~ P ullw oy +110: D7 ullw (1) < oo,
lulls(ry<20. (In this result we also need to use the assumption 3<N <5.)

Remark 2.10. There exists 0 such that if || (uo, u1) | g1 <4, then the conclusion of

x L2 X

Theorem 2.7 applies to any interval I. In fact, by Lemma 2.1,

1S () (10, 1)) | 5((—o0,00)) < C9,
and the claim follows.
Remark 2.11. Given (ug,u;)€H!x L2, there exists 150 such that the hypothesis of
Theorem 2.7 is satisfied on I. This is clear because, by Lemma 2.1,
1S (t) (w0, u1))lls(ry < 00

Remark 2.12. (Finite speed of propagation; see for instance [37]) Let R denote the

fundamental solution of the Cauchy problem, i.e. u=R solves

(02—A)u=0, (v,t)eRNxR,
u‘t:OZO’ (2.1)
8tu|t:0: o(x),
where §(z) is the Dirac mass at 0. Then, we can write the solution of (LCP) in the form
t
w(t) = 0y R(t)*wo+ R(t) *wq —/ R(t—s)*h(s) ds,
0
where * denotes convolution in the spatial variable. As is well known,

supp R(-,t) C B(0,t) and suppd.R(-,t)C B(0,t).

Thus, if

supp ugNB(xp,a) =, suppu;NB(xp,a) =9, supphﬂ( U B(mo,a—t)x{t}>:®,
0<t<a

then we have
w=0 on U B(xg,a—t)x{t}.

0<t<a
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These remarks have immediate consequences for the solutions of (CP) given in The-
orem 2.7. In fact, suppose that (ug,u1) and (up,u)) are data satisfying the conditions
of Theorem 2.7 and such that (ug,u1)=(uf,u}) in B(zg,a). Then, the corresponding

solutions u and u’ agree on
( U Blxo, (a—t))x {t}) N(RY x 1.
0<t<La

To see this, for n€N, define

w ) (2, 8) = S () ((uo, Ul))+/0 Sin((t_s\/_)ﬁ\/j”

(for n=0, we set u(®(z,t)=5(t)((uo,u1))). We define correspondingly (u')**1(z,1t).

The proof of Theorem 2.7 gives us u=lim,, ,, u(™ and u'=lim,,_,(u')™. The previous

Fu™)ds

remarks allow us to show inductively that u(*+1)=(2/)("*+1D on
(U Bl (a-0yx (1)) n@*x1)
0<t<a

which establishes the claim. Typical applications of this remark are the following:
(a) If supp(ug)CB(0,b), supp(ui)CB(0,b) and (ug,u1) satisfies the hypothesis of
Theorem 2.7, then

u(z,t)=0 on {(z,t):|z|>b+t,t >0 and t€T}.

(b) We can approximate solutions u in Rx I’ I’€I, by means of regular, compactly
supported solutions, combining (a), Remark 2.9 and the last statement in Theorem 2.7.
Similar statements hold for ¢<0, for instance if (ug,u1)=(ug, u}) in B(xo,a), then

u and u' agree on
( U Blzo, (a+1))x {t}) N(RY x 1.
—a<t<0
Definition 2.13. Let toel. We say that u is a solution of (CP) in I if
(u,0pu) € C(I; H' xL?),  DY*ueW(I), weS(I), (u,du)|,_, =/(uou1)

and the integral equation

u(t) :ks*(t)((uo,ul)H/lt /A

holds, with F(u)=|u|*N=2y, for zeRY and tel.
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Note that if u(") and u(?) are solutions of (CP) on I, and

(u (t0), 9uM (to)) = (u® (to), Oyu' (o)),

then uM=u(® on RN xI. (See the argument in [19, Definition 2.10]). This allows one

to define a maximal interval
I((ug,u1)) = (to—T- (uo,u1), to+T4 (uo, u1)),
with T, (ug, u1)>0 where the solution is defined. If
Ty >to—T (up,u1) and Ty <to+T,(ug,u1),
with to€ (71, Ts), then u solves (CP) in RN x [T}, T»], so that

(u, Opu) € O[Ty, To)s H' < 12), - Di*ue W([T1, o)), we S(Th, T2)),
we LN/ =211y, T, L2V N2 and - 9,05 Pue W(ITy, Ta)).
Remark 2.14. If u is such that (u,du)eC(I; H x L?), l|lulls(ry<B and there exist
uj with (ug, 8 (u;))€C(I; HYx L?), (uj,8;(u;))—(u, dyu) in C(I; H' x L?), with u; a
solution of (CP) in I together with [|u;| sy <B, then HD,l;/Qu||W(1) < oo and u is a solution
of (CP) in I. This follows by showing that ||D;;/2uj||w(1) <B’, where B’ is independent
of j. To show this, first find A so that sup,c; [[(u;, 9r(uj))ll g1, 2 <A, for all j. Next,

partition I:Ufcw=1 Iy, where Iy, is such that |lu;||g(r,)<d, where 6=0(A) is to be chosen.
Note that M =M (B, ). We then use the integral equation for u;, and the estimate

HD}C/ZF(UJ‘)||L?(N+1)/(N+3)Lz(N+1)/(N+3) < C§4/ (N=2) ||D91c/2uj HW(Ik)
N ;

(see the proof of Theorem 2.7), so that
1D 2ujlw (1) < CA+COY N2 D 2|l 1,

Thus, for d small, we obtain ||D;;/2Uj lw(1,) <2C A and adding in k, we obtain the desired
bound.

LEMMA 2.15. (Standard finite blow-up criterion) If T (ug,u1)<oo, then
||UHS([to,t0+T+(u07u1)]) =00.

A corresponding result holds for T_(ug, uq).

The proof is similar to the one in [19, Lemma 2.11].
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Remark 2.16. (Energy and moment identities) Let (ug,u1)€H!x L? and let 130 be

the maximal interval of existence. Then, for t€l, with

1 (2N
N T N-=-2)’

[N}
*
N | =

we have
B((0.0(0) = [ (1000t 0P+ Tuute. 0P - g a0 ) do = E((un, ),

and

Vaou(z, t)Oru(z, t) de = Vuguy dz. (2.2)
RN RN

Proof. Let
1 2 1 2 1 2*
e()(, 1) = 5 (Opu)? (2 1)+ 3 V(e ) = o u(a, )

Then, for sufficiently smooth solutions u of (CP), we have
N
Oe(u)(z,t :Zf)‘x] Og,u(z, t)0su(x,t)), (2.3)
j=1

as is readily seen. Now, fix any I'€l, so that ||ul/g(;/y<oo. By dividing I’ZUQ/[Zl I,
with ||ul|s(z,) <0(A), where

A=sup [[(u(t), Ou(t))ll g1y 2
tel’

we can use Theorem 2.7 to approximate u by compactly supported solutions in RY x I,
(see Remarks 2.9 and 2.12). We then apply (2.3) and integrate by parts, and then pass
to the limit, for t€ . The proof of the second equality is similar. O

LEMMA 2.17. Let (ug,uy)€H' x L2, | (wo, wi)ll 1 o 2 <A, with mazimal interval of
existence I=(—T-(ug,u1), T} (ug,u1)). There exists £9>0 so that, if for some M >0 and
0<e<eq, we have II|>M (|Vpuo|*+|u1|?) dz<e, then for t€l,=[0,00)NI, we have

2
/ (|u0| +|Vmu(:c,t)|2+|8tu(z,t)2> dr < Ce.
|2 >3M /24t

>

Proof. Choose ¥y,;=1 for |x|>%M, Uy =0 for |z|<M and |V, U y|<C/M. Define

uo,m =V prrug and uy pr=¥prui. Because of our assumption and the Hardy inequality

|f|2d <C |v 2d
o a2 i1 de
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we have |[(uo, a7, u1,3) || g1y 2 <Ce. Now choose gy so small that Ceg<6, where § is as

in Remark 2.10. Then, there exists uys solving (CP) in I=(—o00,c0), with

(uar(0), Opunr(0)) = (uwo,mr, v1,0m)

and such that

S ([ (war (), Ot (0)) |l 1 5 g2 < 2Ce.
te(—oo,00

But, by Remark 2.12, ups(z,t)=u(z,t) for |z|>3M+t, tel,. The lemma follows. [
Definition 2.18. Let (vo,v1)€H!x L? and v(z,t)=S(t)((vo,v1)), and let {t,}22,
be a sequence, with lim, s t,=t€[—00,00]. We say that u(z,t) is a non-linear profile

associated with ((vo,v1), {tn}52,) if there exists an interval I, with €] (if f=o00, then

I=[a,o0) or I=(—00,a]) such that u is a solution of (CP) in I and

lim || (u(tn) —v(tn), Otu(tn) —0uv(tn))ll g1y 12 =0

n—oo

Remark 2.19. There always exists a non-linear profile associated with

((vo,v1), {tn}ne1)-

The proof is similar to the one in [19, Remark 2.13], once we use the proof of Theorem 2.7

and the linear estimates
Sup 1w (), Qw1 2+ D 2wl +lwllsry < Ol 2o soveopazamn o,

where

w(av,t):/tOO Sin((t_s\/_)iA\/_;A)h(s)ds7 I=(a,00) and a>0,

which follow from [12, Proposition 3.1 (2) and (3)]. Also, as in [19, Remark 2.13], we have
uniqueness of the non-linear profile and a maximal interval of existence of the non-linear

profile associated with ((vg,v1), {tn}52;).

THEOREM 2.20. (Long time perturbation theory; see also [18], [19] and [45]) Let
ICR be a time interval. Let to€l, (uo,u1)€H1 x L? and some constants M, A, A'>0 be
given. Let @ be defined on RN x I (3<N<5) and satisfy sup,ey ||(a(t), 0ya(t))|| 1y 12 <A,
la(t)l|sry<M and ||Di/2ﬂ;(t)Hw(]/)<OO for each I'€I. Assume that

(0} —A)(@)—F(a)=e, (z,t)eRNxI,
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(in the sense of the appropriate integral equation) and that

(| (wo —1(to), u1 —Orti(to)) |l oy p2 < A',

HDala/QGHL§<N+1)/<N+s>L5<N+1>/(N+s> +{|S(t—to)((uo—u(to), ur —0¢(to)))lls(r) <e.

Then there exists eg=cq(M, A, A") such that, for 0<e<eq, there is a solution u of (CP)
in I such that

(u(to), Bru(to)) = (uo, ur),
with ||lul sy <C(M, A, A") and, for all tel,

1(u(t), Bpu(t) = (alt), 0pa(t))ll 1, 2 < C(A, A, M)A +7),  5>0.

We take this opportunity to point out that the proof of the analogous result in
[19, Theorem 2.14], was incorrectly sketched in [19]. We are indebted to M. Visan and
X. Zhang and to J. Holmer and S. Roudenko, for pointing this out to us. A correct proof

is given in [18].

Remark 2.21. Theorem 2.20 yields the following continuity fact, which will be used
later. Let (fig, iy)€H' x L2, | (iio, 1)l g1y 2 <A, and let @ be the solution of (CP), with

maximal interval of existence
(_T* (’0’07 ’&1)7 T+ (ﬂo, ﬁl))

Let (uén), uﬁ"))—>(a0, @iy) in H' x L2 and let u(™ be the corresponding solution of (CP),

with maximal interval of existence
(~T (", ™). T (g™ ™)),
Then
T_(iig, %) < lim T-(u§®,u{™) and Ty (i, )< Lim T (u”,ul")
n—oo n—oo
and for each te(—T-(to, U1 ), T} (To, @1)) we have
(W™ (1), 0,u™ (t)) — (a(t), Oya(t)) in H'x L2

Indeed, let T€(—T- (g, 1), T} (to,@1)), so that

S;ur;II(ﬂ(t),f)tﬂ(t))HHlez<f1 and [|a[g(r) <M <oc.
S
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We will show that, for n large, u(™ exists on I, that

sup 1™ (£), 8™ (1)) (@lt), () g o < COM, A (™ ul™) = (@0, 1) | oy 2

and, additionally, that ||u(")||5(1)<A~4(A,M). To show this, apply Theorem 2.20, with
u=u"), (uo,ul):(uén), ugn)) and e=0. If eg=eo(M, A,2A) and n is so large that

1S() (o —ul™ i —ul)) sy <& and  ||(Go—aS™ a1 —al™) || oy 12 < 24,

x L2

then the desired conclusions follow from Theorem 2.20. Note also that if we choose
ué") and ugn) in Cg°(RY), the approximating solutions u(™ will be regular in view of
Remark 2.9, and for t€l will have compact support in z, in view of Remark 2.12, and
will satisfy [|u™ || g <M.

Remark 2.22. If u is a solution of (CP) in RY x I’ for each I'€l, I=[a,o) (or

I=(—o00,a]), such that ||u||gr)<oo, then there exists (ul,ui)e H' x L? such that

lim [|(u(t), Ou(t)) = (S(t) ((ug > u1)), 065 () ((ug, ui)) g1 2 =0-

tToo

See [19, Remark 2.15] and [4] for a similar proof. In our case we use the fact that
H‘D;/zF(u)HL?(N+1)/(N+3)Li(N+l)/(N+3) <00,

and the inequality used in the proof of Remark 2.19.

Remark 2.23. We recall that, since we are working in the focusing case, from the
work of Levine [24], [41] we have that if (ug,u1)€H'x L? is such that E((ug,u1))<0,
then the maximal interval of existence is finite. We will return to the issue of break-down
in finite time (blow-up), in the next section and at the end of the paper.

3. Variational estimates
Let

|z|2 —(N-2)/2

be a stationary solution of (CP). That is, W solves the non-linear elliptic equation

AW +|W| YN =21y =, (3.1)

Moreover, W >0 and it is radially symmetric and decreasing. Note that WeH L but W
need not belong to L2, depending on the dimension. By invariances of equation (3.1), for
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Op€[—m, 7], Ao>0 and zo RN, Wy, 2, 2, (z) =€ )\(()N_Q)/QW()\O(x—:UO)) is still a solution
of (3.1). By the work of Aubin [3] and Talenti [43], we have the following characterization

of W:
ul| o <Cn||Vull2 for all ue HY;

moreover,
if |u|| 2+ = Cn||Vul|r2 and u#0, then

there exists (6o, Ao, zo) such that uw=Wy, 2.0

where Cy is the best constant of the Sobolev inequality (3.2) in dimension N.
Remark that

1
/ VW[dr=— and EW)=——=
]RN CN

1 1 .
Su:/ (VuQ—u2>dsc.
@= [ (5IvuP=glu

Indeed, the equation (3.1) gives [on [VW|?dz=[5y |W[* dz. Also, (3.3) yields

C?V/ |VW|2dx:(/ (W% dx
RN RN

so that C%; [on [VW |2 do=([pn [V [? dx)(Nfz)/N. Hence,

where

)

><N—2>/N

1 11
WPde=— and EW)=[-—— WP de = ——
/RNW " dz oy M W) (2 2*)/RN|V " dz NCY

LEMMA 3.1. Let uc HY(RY) be such that, for 6,0,
IVullZ: <YW  and  E(u) < (1-6)E(W).
Then there exists 6=5(80)>0 such that
IVullZ: <A=0) VWi and &(u)>0.

Proof. Tt is contained in [19, Lemma 3.4].

COROLLARY 3.2. If w is as in Lemma 3.1, then there exists C5>0 so that

/ (Yl ~Ju
]RN

Y dr > Cg/ |Vul|® dz.
RN

(3.2)

(3.3)
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Proof. Note that (3.2) implies that

2% /2
/ (|vu\2—|u|2*)dx>/ |Vul? de—C% (/ |Vu|2dx>
]RN RN RN
. 2/(N-2)
> </ |Vu|2dx) (1—012\, (/ |Vu|2dx) )
RN RN
B 2/(N-2)
> (/ |Vu|2dx) (1—012V (1—8)/(N=2) (/ VW|2d:c> )
RN RN

by Lemma 3.1. But

) 2/(N-2) 1 1
V| da:) _—— =

so that the corollary follows with C5=1—(1—0)"/(®V-2), O
COROLLARY 3.3. Let u€H', |Vu| 2 <||VW||2. Then &(u)>0.
Proof. If

1 1
the claim follows from Lemma 3.1. If £(u)>E&(W), the statement is obvious. O

Remark 3.4. Let ue H'(RYN) be such that &(u)<(1—80)E(W). Assume that
IVullZ. > [VW|Z..
Then there exists §=5(5y, N) such that
IVullz = (1+8) VW72
The proof of this is similar to the one of Lemma 3.1. See [19, Remark 3.14].
THEOREM 3.5. (Energy trapping) Let u be a solution of (CP), with
(u, Byu)|,_o = (uo,u1) € H x L?
and mazximal interval of existence I. Assume that, for §o>0,
E((uo,u1)) < (1=00) E(W,0)) and  [|Vuo|[7 < [[VWI[Z..
Then, there exists §=06(8y) such that, for t€I, we have
IVau(®)l|72 < (1=8)[[ VW22, (3-4)
| 0Pl ~ ) do> s [ (9t da. (35)

E(u(t)) =20 (and hence E((u(t),Oru(t))) = 0). (3.6)
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Proof. By Remark 2.16, E((u(t), Oru(t)))=E((ug,u1)), t€l. Also,
E(u(t)) < E((u(?), dru(t)))-

Thus, the theorem follows from Lemma 3.1, Corollaries 3.2 and 3.3 and a continuity

argument. O

COROLLARY 3.6. Let u be as in Theorem 3.5. Then, for all tel, we have

B((u(t), 0pu(t))) = [|(u(t), ()51, 12 = (w0, wi) 51,
with comparability constants which depend only on d&y.

Proof. For tel, we have E((u(t), yu(t)))<|[(u(t), Oru(t)) 12 Also,

2
”Hl><

B((ul), () =5 [ (@0u(t))? do-+E(ult)

RN
- % /RN (Deu(t))® d$+% AN(\vxu(t>\2—\u(t)IQ*> dz

+<;—21> /RN u(t)]* dz

27/ (8tu(t))2dx+05/ Vau(t)|? da.
2 RN RN

Finally, E((u(t), 8yu(t)))=E((uo,u1))=||(uo,u1)|? o

HixL2?

THEOREM 3.7. (Finite-time blow-up; see also Remark 2.23) Let (ug,u;)€H' x L2,
up€L?, and let u be the solution of (CP) with maximal interval of existence I. Assume
that E((ug,u1))<E((W,0)) and [on [Vuol? do> [on [VW|?dz. Then I must be a finite
interval.

Proof. Fix §q positive so that F((ug,u1))<(1—380)E((W,0)). Define

v0)= [ lutat)P o
RN
We then have
y'(t) :2/ udpudr and y"(t) :2/ ((Oyu)? = |V pul> +|u)?") da.
RN RN

(To check these identities, we proceed as in Remark 2.16, starting with data in C§° and
using a limiting argument.) Let 6o=00E((W,0)), so that E((W,0))>E((u(t), d,u(t)))+do
and hence

1

— t
3 [ )

Yoz [ (@) Vau(t)) do— E(,0))+n
]RN
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so that

[ @ de> 75 [ (@) 9 o2 BO.0)+275,

But then (with 50:22*50), we have

y”(t)>2/RN(8tu( )2 dx+—/ (Ou(t))? dz—2-2* E((W,0))

2N
+m | xu(t)|2dx—2/ |V¢u(t)|2dx—|—50
N-2 Jgn~
4(N-1) L -
S S
Z " N_9 /RN(atu(t)) dl‘—f—(SO

(by Remark 3.4 and a continuity argument). Assume now that [0,00)CI. Then, by our
lower bound on y”(t), there exists ¢o>0 such that y'(to) >0, and hence y'(¢) >0 for t>to.
Hence, for t>tg,

v =2 ([ @uroan) ([ awrar)= T3 002

N-1y'(t) N-1
> or (logy log y
(o)~ N2y O Uoav ()= (osu()
Hence for t>1,
N— _
logy’ > 57— 210gy Co or y'(t)>CoyN-D/N=2)

which leads to finite-time blow-up of y, because (N—1)/(N—2)>1. This is a contradic-

tion which gives the result. O

An extension of Theorem 3.7 will be given in §7.

4. Existence and compactness of a critical element;

further properties of critical elements

Let us consider the statement:

(SC) For all (ug,u1)€ H x L2, with [,x |Vuo|? dz< fox [VW[? dz and E((ug,u1)) <
E((W,0)), if u is the corresponding solution of (CP) with maximal interval of existence
I (see Definition 2.13) then I=(—00,00) and |[u|s((—oo,00)) <00-



166 C. E. KENIG AND F. MERLE

In addition, for a fixed (ug,u;)€H!x L2, with Jan [Vuol? de< [on [VW]? da and
E((ug,u1))<E((W,0)), we say that (SC)((uo,u1)) holds if, for the corresponding solution

u of (CP), with maximal interval of existence I, we have I=(—o00,00) and

||u||S((7oo,oo)) < 0.

Note that, because of Remark 2.10, if || (uo, u1) || g1 ;2 <6, then (SC)((uo,uy)) holds.
Thus, in light of Corollary 3.6, there exists 19>0 such that if (ug,u1) is as in (SC), and
E((ug,u1))<no, then (SC)((uo,u1)) holds. Moreover, for any (up,u1) as in (SC), (3.6)
shows that

E((uo,u1)) =0.

Thus, there exists a number E¢, o< Ec<E((W,0)), such that, if (up,u1) is as in (SC)
and E((ug,u1))<Ec, then (SC)((ug,u1)) holds and E¢ is optimal with this property.
For the rest of this section we will assume that Ec<E((W,0)). Using concentration
compactness ideas, following the argument in [19, §4], we prove that there exists a crit-
ical element (ug,c,u1,c) at the critical level of energy Ec¢, so that (SC)((uo,c,u1,c))
does not hold, and from the minimality, this element has a compactness property up
to the symmetries of the equation (which will give rigidity in the problem). We then
use the finite speed of propagation and Lorentz transformations to establish support and
orthogonality properties of critical elements, which are essential to treat the non-radial

case.

PROPOSITION 4.1. There exists (uo’c,ul,c)eHl x L?, with
E(uo.c,u1.0)) = Eo < E(W,0))  and / |vu0,c|2dg;</ VW2 da
RN RN

such that if uc is the solution of (CP) with data (uo,c,u1,c) and with mazimal interval

of existence I, 0€l, then luc||s(ry=oc.
PROPOSITION 4.2. Assume that uc is as in Proposition 4.1 and that (say)
luclls,) =00,
where 1,=[0,00)NI. Then there exist x(t)ERY and \(t)€R", for tel,, such that
K={d(x,t):tel.}

has the property that K is compact in H! x L?, where

w0 = (st (T3t saete (i)

A similar conclusion is reached if ||uc|ls(;_y=00, where I_=(—00,0)NI.
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The proofs of Propositions 4.1 and 4.2 are identical to the corresponding ones in
[19], using Lemma 4.3 below and the results of §2, especially Theorem 2.20. We will

therefore omit them.

LEMMA 4.3. (Concentration compactness) Let {(von, v1.0)}52, €H x L2, with

|| (UO,n; Ul,n)”Hl L2 <A
Assume that
15 () ((vo,n, v1,0)) |l 5((~00,00)) Z 6 >0,

where §=0(A) is as in Theorem 2.7. Then there exists a sequence {(Vo;,Vi;)}32, in
H'x L2, a subsequence of {(vo,n, v1,0) 152 (which we still call {(von, v1n)}or) and a
triple (Njn; @jn;tjn) ERT xRN xR, with

Ajm At i =il [0 = 0]

Ajin Ajn Ajn Ajn
as n—00, for j#£j' (we say that (Xjn;Tjn;t;n) is orthogonal if this property is satisfied)
such that

— 0O

||(V0,1, V171)||H1><L2 >040(A) > 0. (41)
If Vf(a:,t)zS(t)((%,j,Vlyj)), then, given £9>0, there exists J=J(gg) and

{(’U}O,n, wl,n)}zozl S Hl X L2,

such that
J
]. 1 X x] n t] n
von=) )\(N—z)/QVj ( N A, ) Twon
Jj=1",n I (4 2)
J 1 r—x t .
l j,n YL
U1 LV ) + W1 n,
! ; PIA ( Ajn )\j,n) !

with || S(t)((wo,n, W1,n)) || s((—o0,00)) €0 for n large,

J
/ |V$vo7n|2dx:Z/ |V1.Vo7j|2dm+/ IVawonl? dzto(1), (4.3)
RN pal) L RN

J
1 1 1 1
/RN (2|Vzvo’n|2+2|v1,n 2) dv=") /RN (QV:E%J|2+2V1J|2) da
j=1

1 1
+/ <|wao,n|2+|w17n|2) dx+o(1)
RV \ 2 2

(4.4)

as n—00, and

El(ononn) = B((V (=52 ) 0 (<522 ) )+ B ) o)) (05)

j=1 J,m

as n—0oQ.
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Remark 4.4. Lemma 4.3 is due to Bahouri-Gérard [4] (see also [6], [9] and [26]
for the elliptic case and [28] for the Schrédinger case). In [4] the result is proved for
N=3, but the proof extends to all N>3. Also, the norm || -[[g(—oc,00) is replaced by
|- ”L§N+2>/(N‘2>Li‘N“)/(N_Q) in [4], but as is mentioned in [4, p. 136], it works equally well
for || [|§(=sc,00)- See the remark on [4, p.159] to eliminate their condition (1.6). Note
that (4.3) is not explicitly stated in [4], but the proof in [4] gives it. The equality (4.3)
is important for us to establish that [y [Vug,c|? de< [px [VW|? dz in Proposition 4.1.
(See also the work of Keraani [22], where the corresponding result is proved for the non-
linear Schrédinger equation and where the analogue of (4.1) is shown.) See also [19,
Remark 4.8].

COROLLARY 4.5. There exists a decreasing function g: (0, Ec]—[0,00) such that for
every (ug,uy) as in (SC), with E((ug,u1))=Fc—n, we have
[ull5((—00,00)) < (1)

For a proof of Corollary 4.5, see [4, Corollary 2] and [22, Corollary 1.14].

We next turn our attention to further properties of critical elements.

LEMMA 4.6. Let u be a solution of (CP), with mazimal interval of existence I.
Assume that, for teIT=1IN[0,00), there exist x(t)ERY and \(t)ER* so that

K={0(z,t):te L.}

has the property that K is compact in H! x L2, where

B, 1) = ( L (x;(:;gt) | t) S (w;(@;gt) | t) ) .

Then we can choose S\(t) and Z(t), continuous in I, so that the corresponding K has

compact closure in H'xL?2.
Proof. The proof given in [19, Remark 5.4] applies verbatim. O
From now on, we always use A(t) and Z(t) provided by Lemma 4.6.

LEMMA 4.7. Let u be as in Lemma 4.6 and assume that I, is a finite interval.

After scaling, we can assume then that I,=1[0,1). Then,

Co(K)
1—t

Proof. Consider 0<t;—1. (Because of Lemma 4.6, this suffices.) Let

e )

0< < A(Y).
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Since (vg j,v1 ;) €K and K is compact in H'x L2, there exists Co=Cq(K)>0 independent
of 7, so that T} (vg j,v1,;) >Co. (Here we are using the notation in Definition 2.13.) This
is an easy consequence of Theorem 2.7. Let v;(¢) be the corresponding solution of (CP).
Note that

A(t) N2 200 s (A )y +a(t) =uly, t),
At NP0y 5 (Nt y+a(t;) = Opuly, ).

Hence, by uniqueness in (CP) (see the argument in Definition 2.13), for ¢ such that
tj+t<T (up,u1)=1, we have

At) VD20 (At )y+a(ty), At)t) = uly, t+1).

Thus, we have t;4+t<1, for all 0<A(t;)t<Cy. But then, choose t=Cy/A(t;) so that
A(t;)=Co/(1—t;), as desired. -

LEMMA 4.8. Let u be as in Lemma 4.7. Then, there exists TERN such that
suppu C B(z,(1—t)) and suppOwuC B(z, (1-t)).

Proof. Recall from Lemma 4.7 that A(t)>Cy(K)/(1—t). We claim that, for any
Ry>0,

lim (|Vau(z, t)[*+|0u(z, t)|*) de =0.

L J|ota(t) /A (4)| > Ro
Indeed, if

o 1 x—x(t) x—x(t)

“xi)‘xaww2<vu< A(0) J)**“( o ')
then

(Ve O +ou(r. 0 da = [ 3, 6) dy,
|+ (t) /\(t)|> Ro lyl=A(t) Ro

and our claim follows from the compactness of K and the fact that A(¢)too. Using this
estimate, we apply Lemma 2.17 backward in time, to conclude that, for each s€[0,1)
and Ry>0, we have

lim (|Vau(z, 8) > +|0u(z, s)*) dz = 0.

1 J|g42(t) /2| =3R0/2+ (t—s)
The next step is to show that |z(t)/A(t)|<M for 0<t<1. If not, we can find (in light of
Lemma 4.6) t,11 so that |z(t,)/A(tn)|—00. Then, for all R>0,

CC(tn)

)

{:v:x|<R}C{a::

3
>7R tn I
B o+ }
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for n large enough, so that, passing to the limit in n, for s=0,
[ (vl +uP)ds=o.
lz|<R

a contradiction. Finally, pick a sequence ¢, 11 so that x(t,)/A(tn)——2Z. Observe that,
for every 19 >0, for n large enough and for all s€|0, 1),

z(tn)

$+m

{z:lx—Z| =2 1+n9—s} C {x:

3
> 2Ro+(tn—s)}
for some Ro(ng)>0. From this we conclude that
/ (IVatuz, )P+ 0su(z, )| dz =0,
|z—2|21+no—s

which gives the claim. O

Remark 4.9. After a translation, we may assume that £=0. Also, since u(-, t)ELQ*

for each ¢, the conditions supp uC B(0,1—t) and supp V,uC B(0,1—t) are equivalent.

We turn now to the next important property of uc (at least in the non-radial situ-
ation): the second invariant of the equation for uc is zero. We consider the cases where

I, is a finite interval and an infinite interval.

ProroOSITION 4.10. Assume that uc is as in Proposition 4.2 and I, is a finite

interval. Then,
/ VUOVCuLC dx=0.
]RN

Proof. By scaling, we can assume that I, =[0,1). By Lemma 4.8, we have supp uc C
B(0,1—t) and supp dyuc CB(0,1—t). Note also that for any solution u of (CP) in I, the

maximal interval of existence, and for any t€1, we have from (2.2) that

Vo u(t)Opu(t) de = Vupuy dx.
RN RN

Assume now (without loss of generality) that

y= / Oy, (uo,c)u1,c dz > 0.
RN

We will reach a contradiction, by considering (for convenience) u(z,t)=uc(z, 1+t), with
—1<t<0. Clearly, for —1<t<0,

B((ult). o) = Fe. [ V(P de<(=8)[VWIEs 7= [ 0.u)0u(r) da,
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by Theorem 3.5 and our assumption above. We will consider the action of Lorentz
transformations on u. (Now, suppu(-,t)CB(0,—t) and supp dwu(-,t)CB(0,—t), for
—1<t<0.) Thus, for 0<d<1, consider

(4.6)

—dt t—d
Zd(xlvi'at)zll’(xl Z o1 )a

S id

where z=(z1,7)ERY, teR and s=(t—dr;)/v/1—d? is such that —1<s<0.

Note that, for this range of s and y=(y1,§) such that (y, s) Esupp u, we have |y|<]s]|.
Thus, if y;=(z1 —dt)/v/1—d? and §=2, we obtain 27 +|Z|?<t? in the support of z4 and
Opzq. Fix now —1<t<0 and 2§ +|z|?<t?. Then,

t—dry, _ (4d)t 1 1+d? .
Vi—2~ Vi-a2~ 2/1-a27

while
t—dl’l < (].—d)t

< <

V1—d? ~1-d?
Thus, for such (z,t), z4 is defined and we have zg(x,t)=0, V,z4(z,t)=0 and 0;z4(x, t)=0
for #3+|z[=t?. We extend z4(-,t) to be zero for |z|>]t|, —3<t<0. An elementary

0.

calculation shows that if u is a regular solution (by a regular solution we will mean one

as in Remark 2.9, with u=1) of
O2u—Au=|u|Y NPy in RN x[-1,0),

then the resulting z4 is a solution of (CP) for this equation in —3<t<0, z€RY.

We will now show that the z4 we defined in (4.6) is a solution of (CP) in RY x [-1,0).

To this end, fix >0 and consider —%gtg—ao, z€RYN. Note that in this range we
have, on supp zq, that —1<s<—3ep/v/15. Note also that since the S([—1, —3¢0/V15])

Eivlff)g/s(ol\/[\;%]Li(N“)/(N_Q) (see Definition 2.13), in light of

Remark 2.8, we have (zq,0;(za))€C([—3, —c0]; H' x L?). Also, if we let

9y, s)
d(z,t)

norm of w is finite, and u€L

)

Jz‘det

then J=1 and hence, if D, =R" x [—%, —so] and ﬁEO:CP(DsO), where ®(z,t)=(y, s),
then
| lealr )P = [ () PN dy s
Dey De,

g/ [u(y, ) PNV N dy ds < C,
—1<s<—3e0/V15
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Moreover, pick ug ;€C°(B(0,3¢0/v/15)) and u; ; €CS(B(0, 3e0/+/15)) with

(uo,j,u1,5) — (u(\/?)ﬁéo)ﬁsu <\/%50>) in H!x L2.

Let u; be the solution of (CP), defined for s<—3ey/v/15. Note that, because of Re-
mark 2.21, we know that, for j large, u; is a solution of (CP) for —1<s<—3e0/V/15,

Il (u) as“j)||0((f1,7350/\/ﬁ),ﬁlxLz) <0

and

15l s ((~1,~320/vT5)) +||Uy||L<N1+2>/E<NN27>]L2<N+1>/<N 2 <.
—9f0

Also, by Remark 2.9, u; is regular for se[—1, —350/\/ﬁ] and, by Remark 2.12, we have
suppu;(-,s)CB(0,|s|) for —1<s<—359/v/15. If we now consider z; 4 given by (4.6)
with u replaced by uj, the z;jq are solutions of (CP) in —3 1 <t<—¢&y. Moreover, from
the proof of Remark 2.21 and the proof that (zd,at(zd))EC([ Sk H' x L?), we
can conclude that (2.4, 9;(2j,4))— (24, 024) in C([—3, —e0]; H'x L2) and similarly that
l1zj.alls(=1/2,~0]) SCso- Now, from Remark 2.14, it follows that z4 is a solution of (CP)
for te [—%, —50]. Since £¢>0 is arbitrary, we conclude that T, (zd( ) 6tzd(—f)) >0.
But, since supp zq4, 0;zq C{x:|z|<|t|} for any te [—%, 0), either T, (zd( 2),8,52(1(—%)) =0,
or z4=0. Because uz#0, it is easy to see that z4#0.
We have, by Remark 2.16, that

/__1:4 B((za(t), dpza(t))) dt = iE ( <zd <—;> Ohz <_;> ) ) , (47

We are now going to calculate the derivative in d of the left-hand side. Note that

d 1
Opy 2d = — — dsu+ — 1 U,
0z 24 = Oy,
1 d
Orzg = U— Oy, U

Thus, the left-hand side of (4.7) equals I; + I, where

—1/4 14d2 ) , , 1o i
I = T ((Osu)” + Dy, u)?)+|Vyul —;M dzq dz dt,
1/2 RN

1/4
Ih=— / / Oy, u Osu da1 dZ dt.
1—d “1/2 JrW
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Also notice that, for regular f, of compact support,

0 r1—dt _ t—dr _
9 dzy d
6d/f(\/1d2’x’ \/1d2) e

o 1 / —t ﬁ £C1—dt 7 t—d{El —d% l‘l—dt T t—dl’l de: di
12 ) =)\ \Vi—e T Viie) os\Vii&e !

V1—d?
4 1 / —X1 (8f<z1—dt _ t—d:cl) dé‘f (l‘l—dt 7 t—d:l?l >)d1‘ djj
s Ly — U [ Rad}
&) 1—&)i vi—e Uvite) Y \vice U vitae)) ™
B 1 af _
=1z /—ta—xldmdm—l_dz $1Ed$1 dx

1 0
:—ma/xlfdxl d.’f,

where the integrations are over RY. Hence,

1/4
,w)?) day d dt
/1/2 /]RN 2(1- d2 au) +(0y,u)”) dx1 dz

—-1/4
1+d? 9 e 1o B
_1_d2 /]RN 2 <1 dg((a U) (ay1u) )+|vyu| —72*‘U| dxq dT

t=—1/2
and

) 2 —1/4 5
—Ih(d)=————r—s Oy, u0su dxq dZ dt
d 2( ) (17d2)2 /_1/2 /]RN Y1 1

2d

—-1/4
+W/RN 1— d28y1u8 Udil,'l dl’

t=—1/2

(This computation can be justified for z4 by approximating z4, using the fundamental
theorem of calculus in d, since all the terms make sense for z4.)
But then

t=—1/4

—1/4
%(Il (d)+15(d)) —2/ / Oy, udsu dxy dz dt
t=—1/2 —1/2 JRN

= —/ x1e(u) dxy dT
d=0 RN

in light of (2.2) and (2.3).

Also, by (4.7), I1(0)+13(0)=1 E¢, so that, for d small, we have

E((za(=3), 9za(-3))) < Eec

since v>0.
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Finally, since Ec<E((W,0)) and ||[Vu(-1)||2,<||[VW||3., because of Theorem 3.5,
we have that, for —1<s<0, ||[Vyu(-,s)||2.<(1-6)|VW|%., 6>0. We now consider

—1/4
/ / |V oza(z, t)|? da dt.
—1/2 JRN

A change of variables, together with the calculation of 0,, z4 and 0zz4, show that

—1/4 1

~1/4 B
Jim / |V$zd(x,t)|2dxdt:/ / IV, uly, ) dy ds < - (1—8) [ VIV 2.
dio | 15 Jen —172 JrN 4

But then, for d small,

—1/4

[ Wosnte P asdr< (123 ) I9WIE:.
—~1/2 JRN 4 2

Thus, there exists to=to(d) € (—%7 —i) such that, for d small,
/N \Vaeza(z,to)Pde <||[VW|i. and E((z4(-3),0:24(—3))) < E(W,0)).
R

By Theorem 3.5, we have, for all d small, | V24 (2, —%) HQL2 <||[VW|J2,. Since the interval
of existence of zy is finite, this contradicts the definition of F¢ taking d>0 small, and
thus y=0. O

PROPOSITION 4.11. Let uc be as in Proposition 4.2 and I.=[0,00). Assume in
addition that for t>0, A\(t)>A¢>0. Then,

Vug,cur,c dr=0.
RN
Proof. Because of Proposition 4.10, we can assume that T_(ug, u;)=o0c. To abbre-
viate the notation, let us write u(x,t)=uc(z,t). Again, without loss of generality, if the
conclusion does not hold, we can assume that y= [ 9y, uou; dy>0 and hence, by (2.2),

for all s€R we have

/ Oy, u(s)0su(s) dy =~ > 0.
RN

We will see that this assumption leads to a contradiction. We first start out by showing
that, given £>0, there exists Ry(¢)>0 such that, for all s>0, we have

2
<|8su|2+|Vy’LL|2Jr|u|+u|2 ) dy<e. (4.8)

/|y+y(3)//\(5)|>R0(6) |y|?
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In fact, by compactness of K, given >0, there exists R0:R0(€)>0 such that, for all

s€[0,00), )
<|8Su|2+|vyu|2+|u|+|u|2*> dy<e.

/|y+y<s)/x(s>|>éo/x<s> lyl?

Since A(s)>Ag, Ro(e)=Ro(e)/Ao does the job.

Next, we show that, as a consequence of (4.8), we have good bounds for |y(s)/A(s)]:

(s)

A(s)

To verify (4.9), recall that, since E((ug,u1))=FEc>0, (ug,u1) is not identically 0, thus

we have, because of Corollary 3.6,

for M >0 we have <s+M for all s€[0,00). (4.9)

it [ (9,009 Ouuly. o)) dy > o, )3 2 = Bo 0.
R

s>0
Then, use (4.8) to choose My>0 so that

By

J (VuP+ ol dy < 22, sefo,oo),
ly+y()/A(5)|> Mo 2
to conclude that
2 2 By
(IVul*+|0su|*) dy > —, s€][0,00).
ly+y(s)/A(s)| < Mo 2

Now recall, from Lemma 2.17, that there exists ¢9g>0 such that, if for some M; >0 we

have

\u0|2
/|y|>M (|Vyu02+u1|2+ e dy <e, (4.10)
1

then
/ (¥ sy, )+ sty %) dy < Ce,
ly|=3M1/2+s

whenever 0<e<eg and s>0. Since we can assume, without loss of generality, that y(0)=0
and A(0)=1, in light of (4.8) we can always achieve (4.10). We will show that we can
choose ¢ so small that |y(s)/A(s)|<s+3max{My, M;}. Suppose, on the contrary, that
ly(8)/A(8)|=s+3max{ My, M1}. If |[y+y(s)/A(s)|< My, then

|y| 2 8+3 max{Mo, Ml}—M() > S+2 max{Mo, Ml} 2 S+2M1.

But then,
B
Bo / (1Y ul> +10.uf?) dy < / (V> +|0sul?) dy < e,
2 gty /M) < Mo ly|>s+2M;



176 C. E. KENIG AND F. MERLE

by (4.10). If Ce< 1By, we reach a contradiction, which establishes (4.9). Because of the
lack of compact support, the argument in the proof of Proposition 4.10 does not apply

verbatim. The idea in what follows is to use a rescaling, to concentrate the solution near

the origin.
Having (4.8) and (4.9) at our disposal, we now define, for R>0 and d>0,
B r1—dt _ t—dx; )
z T1,ZT,t)=upR , X, , 4.11
4n(on3,1) R<\/1—d2 NiEre 41
where

ur(y1, 7, ) = RN ~2/2u(Ryy, Ry, Rs).

Note that ug is a solution of (CP) in RV xR, that E((ur(0),dsur(0)))=FEc and that
there exists 6>0 such that

/ IV ur(y, $)P dy < (1— 6)/ VWP dy.
]RN

We also have sup,ep || (ur, Osur)|| g1y 12 <A and [Jur|s((0,00)) =00. Moreover, we will use

the fact that, when (z,t) are in a compact set, the identity
N
Oe(za.r)(x,t) Zam] Oz, %d,R Ot2d,R)
Jj=1

holds, which can be shown by approximating ur by compactly supported regular solu-
tions and making the observation that the corresponding zy4 g are then solutions of (CP)
on finite-time intervals.

We now prove the following fact:

There exists dy > 0 such that, for 0 <d < dy

2
~/1 /3<x<8
R—o0

where 11 (R, d) ——— 0 uniformly in d < dj.

Y da dt <mi (R, d), (4.12)

To establish (4.12), we use the change of variables ®(x,t)=(y, s), where

o 1’1—dt i—% and s— t—dl’l
Y1 = /71—d2’ y= - 1_d2'
Then, for d small, we have, after changing variables, that the left-hand side of (4.12) is
bounded by

2+1/8 )
[ (19 yurP+10surl +url?") dy ds,
1-1/8 J3-1/8<|y|<8+1/8
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which, after rescaling, becomes

(2+1/8)R )
= / (IVyul>+10,ul>+[uf?") dy ds.

(1-1/8)R J(3—-1/8)R<|y|<(8+1/8)R
But, by (4.9), we have |y(s)/A(s)|< (2+§) R+M for 0<s<(2+3)R, so that, for R large,
{y:ly|=(8=3%) R} C{y:ly+y(s)/A(s)|>5 R}, and our claim then follows from (4.8).

We now pick 0;=0;(a)eC§°({a:]|a|<5}), such that 61 =1 on |a|<4 and 0<6; <1,
and define 6(x)=60, (x1)0;(|z|). Note that §(x)=1 on |z|<4 and supp 0C {z:|z|<+/50}.
Our next task is to study

2
J(d) :/ 0%e(za.r)(21,7,t) doy dT dt.
1 JRN

Using the calculations in the proof of Proposition 4.10, we see that

// 92—6 (za.r) dz1 dz dt
RN

_ 2 4d 2 2 —
_ /1 5 iy (O Dy, un)?) dy d i

2
(1 PR // 98y1u38u3dx1dxdt

B 1—d2 /1 /RN t0%(\f|)%(x1)91(m1)

1-d?1 9 oy 1 5 1 o _
X mi((@,ﬂuR) —i—(@suR) )+§|quuR| —27|UR| dxq dz dt

2d 2 [? 00
= 1_d2/1 (03(o]) 5. ()01 (20)0y, u Do i s

1 2
_17d2/ / :vﬁf(xﬂ&fﬂﬂ)ate(zdﬁ) dxi dz dt
- 1 JRN

=A+B+C+D+E.

Note that A=dnz(d, R), where |n3(d, R)|<C uniformly in d and R. Because of (4.12),
we have C'=n3(d, R), where n3(d, R) =250, uniformly in d<dy, and D=dn4(d, R),
where n4(d, R)M—O%O, uniformly in d<dy. In light of the calculation preceding (4.12),

we have

1 2
EF=—— / 92(x)8x1zd R 012q.rdxy dT dt—|—775(d, R),
1—d2 1 RN ’ ’

R—o0

where 75 (d, R) ———0, uniformly in d<dy (we have integrated by parts and used (4.12)).
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We will now calculate B. For this, we change variables, ®(x,t)=(y,s) as before.
Then, 6%(z)=0%(21)0%(|Z|), x1=(y1+ds)/v/1—s? and

(07 5.9) = ( L2 )21,

Vi@
Note that
+ds d
92 ( 2L ):92( 1—d2+ +d )
1(@ g Vi ST

Thus, since in our domain of integration we have v/'1—d? <dy; +s<2v'1—d?, for 0<d<dy,

dop small, we have

9% (yl 1—d2+

¢i7(5+d91)> —03 (11 V1—d2 ) =0(d)(63)' (1 V1—d2+n0(d)),

where |n|<1.

Note that supp(6?) (o) C{a:4<|a|<5}, so that, for dy small, this can only be non-
zero for 3+1<|y1|<5+1. Using a similar argument for 6% (y1v1—d? ) —6%(y1), and the
argument used in the proof of (4.12), we see that B equals

2
(1-@)? //\/W<d +s<2VI—a2 0 (1), undsur dy ds+dno(d, R),
—a7AY1 TS -

where |n6(d, R)| 1240, uniformly for d< dj.

Consider now the integral

// 0%(y)Oy1urdsup dy dS:// Oy1urOsupr dy ds
VI—dZ<s<2V/1—-d? V1—d2<s<2V/1-d?
+// (92(y)71)5‘y1uR85uR dyds.
VI—ELs<2VI—d2

The first term equals vv/1—d?, because of (2.2) and scaling, while, in light of the
support property of #2(y)—1 and the proof of (4.12), the second term equals 77(d, R),

R—o00

with |n7(d, R)|——=0, uniformly for d<dj.
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Finally,
// 92(y)8y1uR85uR dy ds
VI=d?<dyr +s<2V1—d?
7// 0%(y) 0y, urOsur dy ds
VI—@Ls<2VI—d?
2/I—d2
:/ / 92(y)5y1u388u3 ds dy
y1>0 J2¢/1—d2—dy,
2v1— d2— dy1
/ / (y)Oy, urOsup ds dy
y1<0 J2yI=az2

Vi—a&?
—|—/ / (y)Oy, urOsug ds dy
>0 JVI—dZ— dy1

V1— d? dy1
/ / (y)0y, urOsup ds dy
y1<0 JVI=d?

= A+B+C+D.

We will estimate A, the others being similar. In our region of integration, we have
ly1|<5. We make, in the s integral, the change of variable h=(2v/1—d?>—s)/d. We then

have, in our region of integration, 0<h<y;. Thus,

- a8
|A|<2d/ / 0%(y)|0y,ur (y,2V/1—d?—dh) | |0sur (y,2v/1—d?—dh) | dh dy
y1>0J0
5
<2d// 0%(y) |0y, ur (y,2/1—d?—dh) | |0sur (y,2v/1—d>—dh) | dy dh
0 JRN

<Cd.

We thus have
2
B=— ey s (vV1=d?+n7(d, R)+dns(d, R)),
where |ng(d, R)|<C, uniformly in d and R.
Finally, using the formulas after (4.7) and the same argument, together with the

previous estimate for E, we obtain

E= L(wm(d, R)+dng(d, R)).

1—d?
Next, we recall that for fixed R, uRGL§N+2)/(N_2)Li(N+2)/(N_2), for any compact

time interval. From this and Lemma 2.2 we see that 6(z)zq r(z,t) is in C([L, 2J; H'x L?).
Fix now tg€[1,2] and recall, from the beginning of the proof, that

Ore(zq,r)(z,t) Zaxj (0, 2d,ROt%d, R)-

Jj=1
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Hence,

92(x)e(zd’3)(x, to) dx

RN
/ / e(za,r)(x,t)dxdt
RN

N
+ / / 02 () / > 0, (0x, (2a,)0r2a,r) dovda dt
1 JRN i=1

t

/ RN@ e(za,r)(x,t) dx dt
*Z /1 /R N /t Oarjw?(x))arj(zw)(z,a)atzd,R(x,a) da dz dt.

Because of (4.12), the second term equals ng (R, d, to), with ng (R, d, t) IH—OO>O, uniformly
in tp€(l,2] and 0<d<dy. Thus, if

E(to,d,R) = 02 (z)e(za.r)(z, to) dz,
RN

we have (using our previous estimates)
E(to,d, R) = J(0) —vd+d*n(d, R)+u(d, R, to), (4.13)

where |n(d, R)|<C, uniformly in R large and 0<d<dp, and |M(d,R,to)|}h—oo>(), uni-
formly in 0<d<dp and 1<tg<2. Also, using (4.12) once more,

J(0)=Ec+n(R),
R—o0

where |7(R)|——0.

‘We now need to consider

2 2
/ 92(x)|szd’R(x,t)\2da:dtz// 92(x)(1 d2|8y1uR| +|Vy uR|
1 JRY 1 JRY

2d

1= dZayluR8UR+1 d2|8 URl >dxdt.

The arguments used before to calculate B easily yield that the right-hand side equals

24/1— d2
/N/ ) |Vyur|? ds dy+O0(d),
R

1—d?
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where O(d) is uniform in R, i.e.,

/2\/ 1—d?

2
// 02 (2)|Vezar(z,t)|* de dt = / 0%(y)|Vyur|? dyds+0(d).  (4.14)
1 JRN RN

VI—a?
Define now hq r(x,t)=0(z)zq r(z,t). Then,

|Vzhd,R(x7 t)|2 = 92|szd7R|2+ |V9|2|zd,R|2+29V9-Vzd,de7R7
and note that the last two terms are supported in 3<|z|<8. Also,

|har|* = 6% (@) za,r > +(16]" ~101°) |20,

and the last term is supported in 3<|z|<8.
We are now able to conclude the proof. Choose dg such that for 0<d<dy, uniformly

) _
)
// 92|szdR|2da:dt<<1—>/ VW |? de,
1 JrN ’ 2 RN

which we can do because of (4.14). Let 14+0=(1-15)/(1—18). Let S1=5(d, R) be the
set of all ¢€[1, 2] such that

/02(x)|szdR|2(:1:,t)dz<(1+g) 10 / VW |? da = -9 / VW |? da.
RN ’ 2 RN 4 RN

Then |S1|>6/(146), for all 0<d<dy and R>0. Next, choose d; small and R> Ry (d;)
such that, for all ¢tp€(l,2], E(to,d, R)<E0—§~yd1. In addition, we can choose d; <djp.
This is possible in view of (4.13). Now, for £>0 to be chosen, find R;(g) so large that
for R>R;(g) we have n1(R,dy)<e, where n; is as in (4.12).

Consider next the set So=S52(R, d1,e, M) of all ¢€[1,2] such that

in R, we have

/ (V2 P+ 18y 20,52+ 70 ) die < Me.
3<|el<8

Because of (4.12), |S3|>1—1/M, and if we choose M=Mj so large that (1—1/Ms)+
5/(146)>1, we can find to=to(R,e)€S,NSs. We then have

/ |vxhd,R(t0)\2dz</ 62|V 24 n(to) |2 dur+C Me
RN RN

< 1—§ / VW [? de+CMe < l—é / VW |? dz,
4 RN 8 RN

if we choose CMe<£6 [on [VW|?dz and R>Ry(¢). Also,

(4.15)

d
/ e(ha,m)(to) dr < | 6e(zum)(to) du+ CoM < Bo— 258 +CeM, (4.16)
RN RN
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for R>Ry(d1) and R> Ry (). If we now choose CsMgifydl, we have

/ e(hd,R)(to)dxgECﬂle, (4.17)
RN

for all R>max{Ro(dy), R1(¢)} and e=¢(v,dy,8)>0. Let us now consider wg(x,t) to be
the solution of (CP) with data (hq4, r(to), Othd, r(to)) at t=t¢. In light of the definition

of Ec, wg(x,t) exists for all time and satisfies, in view of Corollary 4.5,

/ / lwg(z, ) PNV WN=2) go 4t < Cy, -, (4.18)
RN

uniformly for all R>max{Ry(d1), R1(g)}.

Next, observe that, by finite speed of propagation (Remark 2.12), wr(x,t)=24 r(x,t)
on U—2<t<1 B(0,2+t)x{t}. To justify the application of Remark 2.12, we approximate
(uo,u1) and hence (ug,g, u1,r) by (ufﬂ%, ugjg%) which are in C§° x Cg°. The resulting ug)
exists on any finite-time interval, for j large by Remark 2.21, and the corresponding

z((ijl)% are now solutions of (CP) on each finite-time interval. We then have, for j large,

wg):zéj%{ on the required set, and a passage to the limit (since x and ¢ are in fixed

bounded sets, we can apply Lemma 2.2), gives the required identity. But then,

// |Zd17R‘2(N+1)/(N72) dl‘ dtgcdh'}"
U_2<i<1 B(0,242) x{t}

We now use our change of variables (y, s)=®(x, t), and observe that (for d; small enough)

<I>< U B(O,Q—I—t)x{t}) S {(y,s):0<s< 7 and |y <1}

—2<t<1

But then, we obtain

1/4
0 lyl<1/4

for all R=max{Ry(dy), R1(g)}. If we now rescale the above interval, we find that for all
R>max{R(d1), Ri(e)},

R/4
/ / u| 2N/ N=2) gy ds < Cy, .-
0 lyl<R/4

But, since we have [ [ |ul?®TD/(V=2) dy ds=o0, we reach a contradiction, which
establishes the proposition. O
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5. Rigidity theorem. Part 1: Infinite-time interval
and self-similarity for finite-time intervals
In this and the following section we will prove the following result.

THEOREM 5.1. Let (ug,uy)€H' x L2 be such that

E((ug,u1)) < E((W,0)), / |vu0\2daz</ IVW[*dx and Vuouy dz =0.
RN RN RN

Let u be the solution of (CP) with (u(0),0:u(0))=(ug,u1), with maximal interval of
existence (—T_(ug,u1), Ty (uo,u1)). Assume that there exist \(t)>0 and x(t)€RYN, for
t€[0, T, (ug,u1)), with the property that if K is the set

0= (e (5 ) st (i 1)) 4Tt

then K is compact in H'x L2,

Then, T, (ug, u1)<oo is impossible.
Moreover, if T (up,u1)=00 and we assume that \(t)=Ay>0, for t€[0,00), we must

have u=0.

Remark 5.2. This theorem shows the rigidity of (CP) for optimal small data (con-
sider the solution u(x,t)=W(x) of (CP)). The momentum condition is the ingredient
which allows us to treat the non-radial situation and is always true for a radial solution.
Lemma 4.6 implies that we can choose z(t) and A(¢t) continuous in [0, T (ug,u1)). Its

proof also shows that we can preserve the property A(t)>Aq>0.

We next turn to the proof of Theorem 5.1 in the case when
T, (ug,u1) =00, A(t)=Ap.

Assume that (ug,u1)#(0,0). Because of Corollary 3.6, we have E((ug,u;))=FE>0 and
sup;so || (Vu, Oiu)|| L2 <CE as well as, from Theorem 3.5,

/ <|vzu<t>|27|u<t>|2*>dx>cg/ Vu(t)]? de (5.1)
RN RN

and

a/ (8tu)2dx+(1—a)/ (Vou®) 2= |u(®)2 ) dz > Cu (5.2)

for O<a<1.
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We will also be applying (4.8), which gives the following:

Given € >0, there exists Rg(¢) >0 such that, for all ¢ >0,
| |2 (5.3)

<8tu2+Vmu|2+u+|u|2*> dx<¢eE.

/|w+w<t>/x<t>>Ro<a> |[?

(Here we use the assumptions A(¢)>Ag>0 and E>0.)
We will next summarize some algebraic properties that will be needed in the sequel.
Let us fix € C§°(RY), ¢=1 for |z|<1, =0 for |z|>2, and also define, for R>0,

or(x) :cb(%) and Yg(x) :x(b(%).

We will set
Jul?

T(R):/ <+|u|2*+Vu|2+8tu|2> da.
|z|>R

[ ?

LEMMA 5.3. The following identities hold for all t=0:
. 1 9 1 9 1 o s
) 0 (G007 51Vl gl ) da=:

(i1) O Vudiu dx=0;
RN
(iii) Oy ¢R(m)~Vu8tudz:fg (Ou)? der?/ (IVoul?—|u*) de
RN

RN RN
+0(r(R));

(iv) o ngRuatudx:/ (Ou)? dx—/ |Vul? dx—i—/ lu|?” dz+O0(r(R));
RN RN

RN RN

1 1 .
) at/ ¢R((atu)2+ku|2—|u2 >d:c:—/ Vudude+O(r(R)).
o VR 2 2 o x

Note that (i) is Remark 2.16, (ii) is (2.2), (v) follows from (2.3), (iv) follows from
the arguments in the proof of Theorem 3.7 and (iii) follows by an integration by parts
(and a limiting argument).

We now will prove the lemmas crucial for our purpose. Recall that we may assume
x(0)=0.

LEMMA 5.4. There exist €1>0 and C>0 such that, if €€(0,e1), there exists Ry(e)
so that if R>2Ry(e), then there exists to=to(R,¢), 0<to<CR, with the property that
for all 0<t<ty we have |x(t)/A(t)|<R—Ro() and |z(to)/A(to)|=R—Ro(e).

Proof. Since x(0)=0, A(t)>Ap>0, if the conclusion failed we would have, for all
0<t<CR (where C is large) |z(t)/A(t)|<R—Ro(e). Let

N
zr(t) = Yr(x)-Viudiudr+ <2—a> orududr, 0<a<l.
RN RN
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Then, by Lemma 5.3 and (5.2), we have

N N-2
z%(t)z—? RN((’)tu)Qdac—FT/RN(\VU\Z—\u

+ (§a> </R{N(atu)2 dx—/RN [Vul? dz+/RN |u|2*dx> +0(r(R))

:—a/ (atu)Qdm—(l—a)/ (1Vul? dz—[u?") de+O(r(R))

<—CoE+O0(r(R)).

z )dz+O(r(R))

But, for |z|>R, we have |z+x(t)/A(t)|>Ro(e), by our assumption, so that, by (5.3),
Ir(R)|<CeE. Now, choose & so small that 2R (t)<—1C,E. Note that |zr(t)|<CLRE, so
that, integrating in ¢t between 0 and CR, we get

CR%E <20, RE.

This is a contradiction for C' large. O

Note that, in the radial case, we have z(t)=0 (see [19]) and a contradiction follows
from Lemma 5.4. This proof is the counterpart of the local virial identity proof used in

[19] for the non-linear Schrédinger equation.

LEMMA 5.5. There exist €2>0, R1(e)>0 and Cy>0 such that if R>R;1(e) and
to=to(R,€) is as in Lemma 5.4, then for 0<e<es,

CoR
to(R.e) > —"—.

Proof. Let for t€]0,to],
yr(t) = o Yr(x)e(u)(z,t) de.

Since [py Vuouy dz=0, by Lemma 5.3, (ii) and (v), we have |y, (t)|=0(r(R)). Since

x(t)
O

for 0<t<toy and |z| >R, we have, integrating in ¢,

‘x—&- ‘ > R—(R—Ro(e)) = Ro(e),
lyr(to) —yr(0)| < CeEto.
On the one hand, by (5.3), we have

|yr(0)| < CRo() E+O(Rr(Ro(e))) < CE(Ro () +<R).
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On the other hand,

lyr(to)| = Vre(u)(to) d Yre(u)(to) dz|.

/z+z(t0)/>\(to)<Ro(5) ’/z-FI(to)/)\(to)?Ro(&)

In the first integral, |z|<|z+z(to)/A(to)|+|x(to)/A(to)| <R, so that ¢g(z)=z. Note also
that the second integral is bounded by M ReFE. Hence,

—MReE.

lyr(to)| > ‘/ ze(u)(to) dz
|2+ (t0) /A(t0) | < Ro(e)

But f‘ (u)(to) dx equals

o+ (to) /A(to)|<Ro(e) €

e(u)(to) dz+ /

_ @(to) / <x+
At0) Jizta(to)/A(t0) < Ro e) jo+(t0) /A (t0)|<Ro(e) \ Alfo)

that is,

x(to) /
A(to) Jjz+a(to)/A(t0)|>Ro(e)

/ e(u)(to) dz-+ e(u)(to) dz

x(to)
+ x4+
leta(to)/M(to)|<Ro(e) \  Alto)

The first term is, in absolute value, (R—Ry(g))E, while the last two are bounded in
absolute value by C'(R—Ry(¢))e E+CRo(¢)E. We then find

)e(u)(to)da:.

lyr(to)] = (R—Ro(c))E(1—Ce)— MReE—CRy(e)E.

The quantity on the right exceeds +RE, if for 0<e<e; we have (1—55—M€)2% and
for R>R;(g) we have iR}(l—i—é)Ro(E).
Thus,
1RE—CE(Ry(¢)+¢R) < CeEty,
which yields the result for 0<e<ef and R> R} (¢). O

Proof of Theorem 5.1, in the case when T (ug,u;)=0c. By Lemma 5.4, we have
to(R,e)<CR for 0<e<e; and R>2Ry(e), while, by Lemma 5.5, for 0<e<ey, R>R1(€)
and to(R,e)>CoR/e. Hence, for R>max{2R(¢), Ri(¢)}, with e<min{ey, e}, we have
CoR/e<CR, which is a contradiction for & small. O

We now turn to the start of the analysis of the case T, (ug, u1)<oo. By scaling, we

can assume, without loss of generality, that

T+(U0,U1) =1.
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Recall, from Lemma 4.7, that

Co(K
A(t) > o(X) (5.4)
1-¢
and, from Lemma 4.8, that (after translation in x)
suppu(-,t) C B(0,1—¢) and suppdsu(-,t) C B(0,1—t). (5.5)

LEMMA 5.6. Let u be as above. Then, there is C1(K)>0 such that

C1(K)
1—t¢

> A(t).

Proof. Assume this is not true. In light of Lemma 4.6, there exist ¢,,71, such that
A(tn)(1—t,)Too. Consider now

N
Z(t):/ $VU3tUd$+<—a>/ wbudr, 0<a<l,
RN 2 RN

which is defined for 0<t<1 (recall (5.5)). In view of Lemma 5.3, (iii) and (iv), we have
()= —a/ (Opu)? dm—(l—a)/ (IVpul®—|ul?") de.
RN RN
Because of Corollary 3.6 (u#0, since T, (ug, u1)=1), we have E((ug,u1))=E>0,

sup [[(Vu,0w)||2 <CE
0<t<1

and

a/ (6tu)2dx+(1—a)/ (Voul—[uf2 ) dz > CE.
RN RN

Then, we have
Z(#)<=CuE, 0<t<l.

Moreover, condition (5.5) and Hardy’s inequality give that z(t) 2L, Also, the assump-

tion [pn Vuoui dz=0 and Lemma 5.3 (ii) give that [,y Vudyudr=0, 0<t<1.
Note that, integrating in ¢, z(t) >C,E(1—t). We have

z(tn) 1 x(tn) N 1 /
frng _—— > .
Tt 1.1, /RN (m—&—)\(tn) Vu Opu dx+ 5 « — ]RNuatud:U/CaE

We will show that

z(tn)
Tt —0, (5.6)
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yielding a contradiction. In fact, given >0,

1 / z(tn)
x+ [Vu(ty)| |Ocu(t,)| de < CeE.
L=ty Jjztae) Al<e—t) | Altn) rultn)
Next, note that
z(tn)
<2(1—ty,). .
sl <o) (5.7

In fact, if (5.7) is not true, then B(—z(t,)/A(tn), 1—t,)NB(0,1—t,)=2, so that

/ V(e ta)? do =0,
B(fz(tn)/)‘(tn)»l*tn)

while

|Vu(z, t,)|? dx:/ |Vu(z, t,)|* de
A(tn)z+2(tn)|ZA(En)(1—1n)

as n—00, by compactness of K, since A(t,)(1—t,)—>oc. But then,

»/$+w(t”)/)\(tn) [>1-t,
2

dr—0

7
AN Syt

E((u(z, tn), Owu(x,t,))) —0

(arguing for d;u in a similar way) which is a contradiction to E>0, and thus establishing
(5.7). But then,

=
L=t Jizta(tn) /Atn)|2e(1—t0)

</
[e4z(tn)/A(tn) | Ze(1—tn)

x(ty)
Altn)

|Vu(z,t,)| |Oru(x, t,)| d
(0 ) (5 -

Altn)
as n— 00, by compactness of K, and the assumption that A(t,)(1—t,)1oc. This shows

x+ [Vu(z,tn)| |0z, t,)| de

),
Si
AE)N Jiyize(1—tw)Actn)

(5.6) for the first term in z(¢,)/(1—t,). The second one gives the same result, using the

same argument, the fact that

1 1
tn tn)|de < ——
= [l o< = [ et

and Hardy’s inequality. O

u(z, tn)|
|x+x(tn)//\(tn)‘

z(ty)
Atn)

|Ovu(z, t,)| dx,
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PROPOSITION 5.7. Let (ug,u1) be as in Theorem 5.1, with T, (ug,u1)=1. Then
supp Vu, dyu C B(0,1—t)

and
K={1-tN?(Vu((1=t)z, 1), Beu((1—t)z, 1)) : 0 <t <1}

has compact closure in L2(RN)N x L2(RYN).
Proof. We first claim that
(1=)"2(Vu((L—t)(@—2(t)), 1), du((1—t) (@ —x(1)), 1))

has compact closure in L#(RY)N x L2(R™). This is because Cp(K)<(1—t)A(t) <Oy (K),
and if K is compact, then

K1 ={\"?3(\z):TeK and ¢co <A< 1}
also has the property that K is compact. Next, let
oz, t)=(1—t)N2(Vu((1—t)z,t), du((1—t)z, 1)),
so that 0(z,t)=v(x+x(t),t), where
Bla,t) = (1—t)N2(Vu((1—t)(x—2z(t)), 1), Ou((1—t) (x—x(t)), ).

Note that, by (5.5), supp ¥(+,t)C{x:|x—z(¢)|<1}. The fact that E>0, the compactness
of ¥(x,t) and preservation of energy now imply that |z(¢)|<C. But if

Ky ={V(z+z0): V€ Ky and |zo| < C},

then K, is also compact and hence the proposition follows. O

6. Rigidity theorem. Part 2: Self-similar variables

and conclusion of the proof of the rigidity theorem

In this section our point of departure is Proposition 5.7.

For this case, in [19], we proved an extra decay estimate which allowed us to use the
L? invariance and get a contradiction.

Following Merle and Zaag ([30], see also [1]) we will introduce self-similar variables
to show that a solution as in Proposition 5.7 cannot exist. Merle and Zaag considered the
case of power non-linearities |u[P~!u which have p<1+4/(N —1), while here we consider
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the energy-critical case p=1+4/(N—2). Nevertheless, many of the calculations in [30]
also apply to our case, and one can use an extra Lyapunov function. We remark that
a similar structure exists in the case of non-linear heat equations, as has been used by
Giga and Kohn [10] and others ([29]).

Again here, we obtain some extra decay estimates which allow us to reduce to an
elliptic problem with no solution.

We now set,

y:% and s=—log(1—t), 0<t<1,

and define

w(y, s,0) = (1—t)N=2/2y(z, 1) =e N2/ 2y(e=5y, 1—e 7). (6.1)

Note that w(y, s,0) is defined for 0< s< o0, and that suppw(-, s,0)C{y:|y|<1}. We also

consider, for 6 >0 small,

x
- s=_log(1+6—
V= 1rsop S= los(1+0-1),
and
w(y, s,6) = (1+6—t) N2/ 2y(z,t) = e >N/ 2 (e75y, 1+5—e ). (6.2)

Note that w(y, s, d) is defined for 0< s<log1/4, and that

e -0 1—¢
swppul- 8) {uilul < S50 = 5 <1-0)

The w solve, in their domain of definition, the equation (see [30])

02w = % div(ng—g(y~Vw)y)—Mw—f—|w|4/(N*2)w—QyV@Sw—(N—l)@sw7

4
(6.3)

where o= (1—|y[?)~1/2.

LEMMA 6.1. For §>0 fized and for s€[0,1og1/d), the following hold:
(i)

suppw(-,s,0) C{y:[y[<(e™*—d)/e™" <1-

supp dsw(-, s,6) C{y:[y|<(e7°—0)/e” " <1—

*<1-4},
<1-0};

(i) w(-,s,8)€eH}(By) and
/ wl? dy < C. / wa@</ WP dy
RN RN RN

2
w2+w|)d <C and / Aswl|? d <,
L (o e ) o 1Ol
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(i)
1 1
/ (|Vw|?+|0s w|2+|w|2+|w|2 )log P dy < C'log 5
RN
(iv)

. C
[ (9w ol + o )1l dy < 575

Proof. The first part of (i) was pointed out after (6.2). For the second part, we have,
using the notation in (6.2),
Osw(y,s,0)=— %(N—2)675(N72)/2u(675y, 14+6—e7%)
+e % WN=2/29 (e y, 146 —e"%) (6.4)
—e_se_S(N_Q)/Qy-Vu(e_sy, 1+0—e™%),
and (i) follows from (5.5).
Part (ii) follows from the support property of w, which gives w(-, s, 5)€H3’2 (By1),
a change of variables in y and (3.4), Sobolev embedding and Corollary 3.6, the Hardy
inequality ([7], for example) and (6.4).
For (iii) and (iv), note that on supp w and supp d;w, we have
—yl?>1—(1—6e*)? =20e* — 6% > 6,
for ¢ small, 0<s<log1/0. O

w]? 7dy
> (1=[y[?)r/2”
(6.5)

For w(y, s,0), >0, as above, we now define (see [30])

- w)2 w2 — (1-Vw)2 - B
Butoy = [ (el VRV N3, (Y 3)

PROPOSITION 6.2. Let w=w(y,s,d), >0, be as above. Then, for

1
0< 51 <s9<log =

the following identities hold: ’
(i)
E(uw(s2))~ E(w(s))) / / |\ 3/2 dyds,
(if)

S2

1/ (a 1+N 2) dy
- ww — w
2 B ° 2 ( |y| )1/2 S1
/ E ds+N/ / ‘ |2 BN dy ds

aswwy|2> dy ds
+ dsw)?+9,wy-Vw+ ;
A /B<( Ay Nt S ) e
) E(

w(s)) SE=E((uo, ur)).

(111) hms%log(l/é E
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Proof. For (i), see the proof of Lemma 2.1 in [30]. For (ii), see the proof of (11) in
[30]. We turn to the proof of (iii). We analyze term by term, using the notation in (6.2):

/ wzdy:/ (1+6—t)N2|u((1+6—t)y t>|2L
B, (1—y[?)'/? lyl<(1—t)/(146—1) T (1—y[?)1 /2

<o i ol
|z]<1—t 4

c N e
<———— HIFd 1—-¢)%/N 2250
s (L, e ) 0

and

/ Wdy:/ (14— )N |u((146—t)y, )7 — Y
B, (1—=[y[?)1/? lyl<(1—t)/(14+5—t) ’ (1—[y[?)1/2
dx

= [u(@, )] s
/|x|<(1t> (1=[yl*)1?

Recall that |y|?=|z|?/(1+§—1)?, and assume that 1 —ed<t<1. Then, we have
<)<,
e+1

since |z|<1—¢t. Thus,

/ w|2*dy>/ lu(z, )| da
B, (1=[y]?)'/? ol<i—t ’

and a similar computation gives that

[Vw|? 1 / 2
dy < Vul? dx.
/Bl P2 S T fa, v

Also,

dy |2V u(z, t)]? dz
y-Vw 27:/
/Bl( ) A=1y»)? Jy<a—y (A+0-1)2 (1—[y[?)/2

1 1—¢?
<— |Vmu(x,t)\2dx|7|2i>0.
14¢ |z|<(1—t) (1+5—t)

With these computations and (6.4), we see that

2
]1551112/|8 w 1/2 /|8tu| dx,

which combined with the previous calculations yields (iii). O
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COROLLARY 6.3. For s€0,log(1/9)), we have

C ~

Proof. The first statement follows from Proposition 6.2, (i) and (iii), while the second

one follows from Lemma 6.1 (iv) and (6.5). O

Using space-time estimates, we now obtain our first improvement of the space decay
of w.

LEMMA 6.4. For §>0, we have

1 2
|0sw] 1
dyds <Clog ~.
//R 1—|y2 VSRS

Proof. We start out with the readily verified identity

d

ds RN

(50w ¥R~ (orvu)+ S22 2w ) (a1 ) d

+/ (log(l—Iy\2)+2)y-Vw33wdy—/ log(l—lylz)(asw)2dy—2/ (Osw)? dy
]RN ]RN RN

(3310)2
= —2 .
/]RN 1—[yl? i’

We now integrate between 0 and 1, and change signs. In the estimate of the left-hand

side, we can drop the term [,y log(1—|y[?)(dsw)? dy, since it is negative. The d/ds term,
and the fol Jan (Osw)? dy ds term are controlled by Lemma 6.1 (using that —log(1—|y|?)<
C'log(1/9)). It remains to bound

1
// (log(1—|y*)+2)y-Vw dsw dy ds
0 JrN

! |0sw|? 12/ el , - , 1/2
<([ [, 2tayas) ([ [ a-tost- 2R vuPayas)
0 ry 1 |y| 0 JRN

The second factor is bounded because of Lemma 6.1 (ii). The proof is concluded by using
the inequality ab<ea?+b?/c. O

LEMMA 6.5. For §>0, we have

() y
1 2%
] |
—_ <C| log — ,
//B Py W sC\loes

(i) E(w(1))>—Cllog(1/8)|'/2.
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Proof. We will use Proposition 6.2 (ii) to handle (i). We have

1/1/ |w|?" 1/ ( 1+N 2) dy
— — s dyds=— Osww— w
N Jo Ja, (1=[y[?)*/? 2 /g, 2 (I=ly)12 |
1
+/ Blw(s)) ds
0

! 2 dy ds
— dsw)? +0,wy- Vw+dsw wly] > .
/ /B <( ) Ty ) Ty P2

By Proposition 6.2, (i) and (iii), the second term on the right-hand side is bounded by E

The first term on the right-hand side is bounded using Lemma 6.1 (ii) and Cauchy—
Schwarz’ inequality. For the third term, because of the sign, we only need to consider
the last two summands, which are bounded in absolute value by

|8 w| ( |w] )
+|Vw| ) dy ds
B, (I=y)/2\1=[yl? it

5 HIVw|dy ds
(/ IR o 1 Ty el
<C(10g(15) ,

because of Lemma 6.1 (ii) and Lemma 6.4. This establishes (i).

To prove (ii), we first consider fol E(w(s))ds, which is bounded from below by
—C(log(1/6))*2, by (i). The monotonicity of E (Proposition 6.2 (i)) concludes the proof
of (ii). O

We now obtain our second improvement of decay on w.

LEMMA 6.6. For >0, we have

(log(1/8))*/* (Dyw)? 1\/2
S,dyds<0<10g> .
/1 /31 (1—y[2)3/2 5

Proof. Because of Proposition 6.2 (i), we have

A AT . VA N
o2 = < - < L
J [, ammtvis=E(w((ros5) ) -Bw <pec(ong)

where we have used Corollary 6.3 and Lemma 6.5 (ii). O

COROLLARY 6.7. For each 6>0, there exists 55€ (1, (log(1/6))%/*) such that

s5-+(log(1/8)/* 2 5
/ / %dydsgiclg.
s (1=lyl) (log(1/6))"/
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(o2

into disjoint intervals of length (log(1/8))'/®. The number of such intervals is of the
order of (log(1/6))%/®. For at least one of such intervals, (55,355 (log(1/8))'/®), with
55€(1, (log(1/6))3/*), we must have

Proof. Split the interval

/35+<1og<1/5>>1/8/ (Osw)® . 2C(log(1/8)!/2 2C

a5 AY aAs = )

55 B, (1=[y|?)3/2 (log(1/6))5/8  (log(1/4))'/®

where C' is the constant in Lemma 6.6, which proves the corollary. O

Remark 6.8. Let 55=—1log(14+d—ts). Note that

<ol 20,

1—t%5 4l 1) _ 1)
1+6—15 - 14515 T e—%

Let us now reduce the time evolution problem to a stationary problem in the w

variable (i.e. self-similar solutions). Pick ¢;]0, so that
(1=, 2V (LT3, )y B, ), (L=, )N 20—, ). s, )) = (Vg )

in L2. This is possible by Proposition 5.7. Note that, because of Remark 6.8 and the
compact closure of K in Proposition 5.7, we also have that

((1+9; *{5.1)N/2vu((1+5j —ts; )y, ts,), (14051, )N/Qat“((lJr(sj —t5,)y,1s5;))
— (Vug, ui)
in L?. Let now u} and u* be solutions of (CP) with data

(14+8;—25,) V=2 2u((1+6;— 15, )y, Ls,)s (1435 —Ls,) N 20u((1+6,— s,y Ls,))

and (ud,u]), respectively, in a time interval [0, 7%], independent of j, which we take to
0y Y1/ p j

have T* <1. By uniqueness in the (CP), we have
Wiy, 7) = (1+6;—ts5,) N2 2u((1+6;—ts, )y, Ts, + (1+8;—1s,)T). (6.6)

Note that supp u}(-,7)C{y:|(1+0;—1t5,)y|<1—t5;, —(14+0;—1t5,)7} and hence
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on the support of uj(-,7). Similarly,

1—ts,
supp O, uj (-, 7) C {y: ly| < MT<1T}.
i ts;

Let us compare the solutions in the self-similar variables. Recall from (6.2) that if
s=—log(1+0;—t), then
w(y7 S, 5]') = (1+6j _t)(N_Q)/QU((l'i'(Sj —t)y, t)'
Define now 7 by t=ts, +(1+0d;—15,)7, so that 14+9;—t=(14+0;—15,)(1—7). Define also
s=—log((1+d;—ts,)(1—7)). We then have
UJ(y, S, 6]) = ((1+6J _E(Sj )(1_7))(1\[_2)/2“((1—’_6] _{53')(1_7-)2/7 t_ﬁj +(1+6J _t_§j)7)' (67)
If we now set

s'=—log(1-7), ¢ and wi(y',s")=(1-1)N"D2ui(y,7),

__ Y
1—7

then w} is a solution of (6.3), for 0<7<T*. But, because of (6.6) and (6.7),

Wiy, s')=1=r) N2 (146~ 5, ) N 2u((146;— 15, )y, ts, + (146, —5,)7)
=w(y',s,65),
where
s=—log(1+6;—t) = —log((1+0d;—1t5,)(1—7)) = —log(140;—ts,) —log(1—7) = 55,45,

ie.,
w;(y’,s'):w(y',§5j+5’,5j). (6.8)
Consider also
wi(y',s") = (1L=1) N2 (y, 7).
We clearly have supp u* (-, 7) C{y:|y|<(1—7)} and w* solves (6.3) for 0<7<T™*. Also, re-
call that (uj(-,7),07ui(-, 7)) = (u*(-,7),0ru(-, 7)) in H'x L2, uniformly for 7€[0,T*],
by continuity in (CP). But then if 0<7<3T*=T and 0<s'<—log(1—-T), we have that

(w} (-, 8), O (-, 8) L5 (w (-, '), Oy’ (-, )
in H} x L?, uniformly for 0<s'<— log(1—T). But, by (6.8), we have

(w(y',55,+5",0;),0sw(y’, 55,45, 6;)) I, (w*(+,s"),0sw*(+,s")), (6.9)
in H} x L2, uniformly in 0<s’<—log(1—T), and w* is a solution of (6.3) and

supp(w” (-, s'), dyw (-, s")) C{y: [yl <1}.
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LEMMA 6.9. Let w* be as above. Then,
w (Y, s )=w*(y') and w*£0.

Proof. Let S=—1log(1—T) and choose j large. Then

dyw*(y',s"))* . // 'wy 55, +5',6;,))*
dy' ds’ < lim dy' ds
/ /B |y| WP jroedo Jn, ~ly'?)*72

by (6.9). The right-hand side is bounded by

S+35
. 9/w y a5 5])) ;g . 1
lim / dy' ds' <2C lim ——— =0,
e O A (D =2 (10g(1/8,)) /¥

by Corollary 6.7. This shows that w*(y’, s")=w*(y’).
To show that w*#£0, assume, on the contrary, that w*=0. Then, by (6.8) and (6.9),
we would have V, w(y', 3s,,;)—0 in L*(R"), so that

(140;—ts, )N/vau((l"HSj —ts,)y,ts;) =0
in L2(RY). Because of Corollary 3.6, we have, for 0<t<1,

/ (|Vu(z, t)]?+|0su(z, t)[*) de > CE > 0.

1

But,
/ \Vu(%t_(;j)‘Qdm:/ |(1—|—(5j—t_gj)N/2Vyu((1+(5j—f5j)y,f(;j)|2dy—)O,
B RN

so, for j large, we obtain
|Oyu(z, ts,)|" dx > Z - (6.10)
B1

But, by (6.9) and the fact that 9y w* (-, s')=0, we see that dsw(y’, 5s,,8,;) =0 in L*(RY).
We now use formula (6.4), which gives
85w(y/, S5, (SJ') = —%(N—Q)(H—(Sj —fgj )(N_2)/2u((1+(5j —LT(;J. )y/, t_5j)
+(148;—15,) N 20pu((1+6,—15,)y , Ts,)
— (146, —5,) N2y Vu((1+6;—15,)y, 1s,)-
From our assumption, we see that, since |y’|<1, the L? norm of the last term goes to 0.

The same can be said for the L? norm of the first term, by Sobolev embedding. But this
contradicts (6.10), so that w* 0. O
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PROPOSITION 6.10. Let w* be as above. Then, w* € H}(By),

o (4)
/Bl (2 W=

and w* solves the (degenerate) elliptic equation

* = A1
) 1 w* =0, (6.11)
where o(y)=(1—|y|>)~Y/2. Moreover, w*#0 and
w*(y)|* / [V ()~ (y-Vu* ())®
———d d . 6.12
[ L M =i A (12

Remark 6.11. We will see that (6.12) are the critical estimates which allow us to

conclude the proof.

Proof. Tt only remains to prove (6.12). Because of (6.9) and Lemma 6.9, to bound
the first term in (6.12) it suffices to show that

5 S *
6+ |wy S 6 |2 d/dSI<C
By Iyl (-lyP)E o

where C' is independent of j. In order to show this, we use Proposition 6.2 (ii), so that

85,5 lw(y’,s',0;)
T e 46
3s5.+S

;45 1 1+N dy’ i
= E(w(s")) ds'—i—f/ <0sww— wz)
/55j 2 Jp, 2 =]y )12 |

ng
5. +S 712 ! Jo!
; s o wdwlyP\_ dyds

B /B ((asw) oVt T >( T

The first term of the right-hand side is bounded by Corollary 6.3, the second one by

5s;
Lemma 6.1 (ii). To bound the last one we only need to estimate the last two summands.

We bound the last summand, using Cauchy—Schwarz’ inequality, by

55,49 1/2 /155,48 1/2 ~1/16
i O R
B ( Iyl B 1Y 0j

by Lemma 6.1 (ii) and Corollary 6.7.
The second-last summand, by Cauchy—Schwarz’ inequality, is bounded by

55,+S 1/2 55, +S 2 1/2
(/ / \Vw\zdy ds) (/ / [0sw] 5 d ’) ,
B, Bl |y|
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which can be estimated similarly. This proves the first estimate. To prove the gradient

estimate, use Corollary 6.3 and the previous proof to conclude that

56;+5 I, 2 , , ) dy' ds'
/s,;, /Bl(|Vw(y,875j)| -y -Vuw(y', s, ;) )W<C.

Using (6.9) and Lemma 6.9, this leads to

dy’
Yuw* 2_ y/vw* 2 7§C7
0= v

which concludes the proof. O

The contradiction which finishes the proof of Theorem 5.1 is then provided by the

following elliptic result.

PROPOSITION 6.12. Let we H}(B1) be such that

(i) ,
/ ICIC)I
Ry (

1—[y[*)?

(a consequence of weH}(By));

(i)
w(y)l* / V)|~ (y-Vw(y))?
W dy < 00
[ rr g M v T A
(i) w satisfies the (degenerate) elliptic equation (6.11).
Then, w=0.

Proof. We write again equation (6.11), with o=(1—|y|?)~1/2:

div(eVw—o(y-Vw)y) N(N-2)
0 4

w+|w|* N =Dy =0. (6.13)

Consider first the linear part

Lo Gv(eVw—o(y-Vw)y) _ div(e( —y@y)Vw)
0 0

For |y|<1—46, §>0, L is a second-order elliptic operator with smooth coefficients. Thus,
the well-known argument of Trudinger [47] shows that weL*(Bj_s) and therefore
weC?(B1_s), where By_s={y:|y|<1-6}, for each §>0. From this and the classical
unique continuation theorem of Aronszajn, Krzywicki and Szarski (see [2] and [15, §17.2])
we see that if w=0 on 1-§<|y|<1, then we have w=0.
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In order to establish this for 1—d<|y|<1, it is convenient to write our equation in

polar coordinates (r,6), 0<r<oco, €SN ~1. In these coordinates, (6.13) becomes (with

y=r0)

0 ow (N—l) ow N(N-2)
o129 1/20W _ 2\ 0% _
(1—r%) 8r(1 r?) o —|— A w+ (1—r )81" 1

where Ay denotes the spherical Laplacian on SV~1.

For 1-§<r<1, we perform the change of variables v(s, 8)=w(r(s),8), with

. (1-s)?
r(s)=1- T

For suitable 5, we have 1—5<s<1, when 1-5<r<1. Also,

—s r'(s)

’ _1 _
r(s)—T and W—l.

Since

0 ow
12 9 (120 1/29W
(147(5)) 2 2(s,0) = (1=r2(s) 222 0 (5), ),
v satisfies the equation
9 1720V 1 N-1 o ey2y29v
3R 0T G s e g 0P
N(N-2) o[/ (N=2)y

T A2 (T (s) 2

w—|w|Y N2y,

(6.14)

(6.15)

The advantage of (6.15) is that it is elliptic, not degenerate elliptic, near s=1 (or r=

1). Moreover, since 14r(s) is bounded above and below away from 0 and smooth, the

coefficients in (6.15) are smooth. We now turn to some estimates for v, for 1-6<s<1

and feSN-1.
We first claim that

1
/ ~/ lu(s, )| dO ds < oc.
1-5 Jgn—1

In fact, the integral in (6.16) equals

/ / w(r, 0) o« dfdr
1-5 Jsn—1 (1-r)1/2’

which is finite by virtue of (ii).
Next, we notice that, for 1—0<|y|<1,

|Vow(y)| ~ ‘Vw— (y-Vw> y’
[yl [yl

(6.16)
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and

1 2
Vuw|?— ~Vw2<1) Vw ’VwVw
IVl =y V) = g =1 ) V) RAT

2
:(1—|y|2)<y-Vw) —i—‘Vw—y-wa‘ .
lyl lyl lyl

Thus, since we H} (By), (ii) holds, we see that
do d
/ / |Vow(r,0)? - < 00,
1-5 Jsn- (1—r)12

1
/ ~/ |Vou(s,0)|* df ds < oo. (6.17)
1-§Jsn-1

and hence

Next, we show that

240 ds
<0

—S

(6.18)

[ Lo
1-6 JgN-1 0s

This estimate, combined with ’UEHOLQ(Bl), is the one that forces v to vanish, since it

means that the Cauchy data for the solution v of (6.15) vanishes. This is a consequence
of the fact that we H}(B;) and the degeneracy of (6.13). On the other hand, (6.16) and
(6.17) show that we are dealing with a “standard solution” to (6.15). To obtain (6.18),

change variables. The integral equals

1 2 2 1 20,
/ / %1 (s),0) T dsd0=/ / 9 s, 0)| 7 g as
1—-§ JsN—-1 or 1— 1-6JSN-1 or
1
L [P \dadr
1-§ JSN-1
<C/ / 7“6‘ der.
1-§ JSN-1

Finally, a similar argument, using (i), shows that

/ / ‘”i 9 ds < co. (6.19)
1-6 JoN-1 -

Once we have the estimates (6.16)—(6.19), we define

3(5,0) :{ 8(5,0) for 1-0 <s<1, (6.20)

for 1<s<2.
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Since v(s, 0) € Hl (ds df), for 1—d<s<1, in light of (6.17), (6.18) and (6.19), v H' (ds df),
1-0<s<2, #eSN~1. We claim that & solves (6.15) for 1—§<s<2: To show this, let
7(s,0) be a test function. Let uc(s) be a smooth approximation of the characteristic
function of s<1. We have to show that

ov 877 Ov 0
(1 N2 ded =i // N2 ) dO ds.
//SN 1 T 8 5 EIEJl SN-1 888 (nu ) 5

But, this reduces to showing that
/ [l 3
1

v 0
1 )22l
//SN?IU( +7r(s)) 95 9" e df ds| <
/‘81} df ds 0,
1-2¢

because of (6.18). We can now apply Trudinger’s argument in the critical case [47] to 7,
to show that 5€C?({s:1—d<s<2} x SN=1). Once we have this, 5=0 on {s:1—d<s<2},
because of the fact that =0 for 1<s<2 and the unique continuation theorem of [1].
(See also [15, §17.2].) From this, we conclude that w=0, as desired. O

lim
£l0

’d@ ds

—0,

Remark 6.13. One can skip the use of Trudinger’s argument in [47] and use directly
the more delicate unique continuation theorem of [16], or rather its variable coefficient
version, due to C. Sogge [38] and T. Wolff [48].

Remark 6.14. For this part of the argument, no size or energy conditions are needed.
In addition, in the radial case, Lemma 6.1 and 1-dimensional Sobolev inequalities give
that E(w(0)) is bounded in absolute value, which allows us to reduce directly to the
elliptic problem.

The results in this section yield the contradiction which completes the proof of
Theorem 5.1.

7. Main theorem

In this section we establish our main result (see [32] and [34] for the subcritical case,

where energy controls yield the result).

THEOREM 7.1. Let (ug,u;)€H' x L2, 3< N <5. Assume that E((ug, u))<E((W,0)).
Let u be the corresponding solution of the Cauchy problem, with mazximal interval of ex-
istence I=(—T_(ug,u1), Ty (ug,u1)). (See Definition 2.13.)

) If Jon [Vuol? do< [on [VW|? dz, then I=(—00,00) and [lul|  2v+1)/v-2) <00.

(i) If [en [Vuol? de> [on VW[ da, then T (ug,u1)<oo and Tf(tuo,ul)<oo.
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Remark 7.2. The equality [on [Vuo|® dz= [n [VW[*dz is incompatible with the
energy condition from (3.2). (Indeed, in this case E((ug,u1))=>E((W,0)).)

Proof. To establish (i), we argue by contradiction. If (i) is not true, then F¢, defined
in §4, must satisfy o< Ec<E((W,0)). Let uc be as in Proposition 4.2 and assume that
I, is finite. Then, by Proposition 4.10, fRN Vug,cur,c dr=0. But then we reach a
contradiction from Theorem 5.1. If I, is infinite and A\(¢)> A >0, then Proposition 4.11
shows that fRN Vug,cur,c de=0, and Theorem 5.1 gives uc=0, a contradiction because
E((uc, Ouc))=Ec=no-

To conclude the proof, we need to reduce to the case A(t)>Ay>0, for ¢>0, using
the argument in the proof of [19, Theorem 5.1] (see also [27] for a similar proof). Recall
that E((uc, dwuc))=FEc>n0>0. Because of Lemma 4.6, we may assume that there exist
tnToo so that A(t,)—0. After possibly redefining {t,,}22,, we may assume that

Mt,) < inf A(1).
(tn) onf (t)

From Proposition 4.2, we get

(mvate o) = (s somave (5,0 ) syt (5,0

— (w07’w1)

in H'xL2. Note that E((wy,w;))=FEc. Moreover, S~ [Vwo? do< [ [VW|? dz, by
the corresponding properties of uc and Theorem 3.5. Let wo(x, 7), 7€ (=T (wg, w1), 0],
be the corresponding solution of (CP). If T_(wp,w;)<oo, then Propositions 4.2 and
4.10 yield fRN Vwow; dr=0, and Theorem 5.1 and Proposition 4.2 give a contradiction.
Hence T_ (wg, w1 )=00. Let wy,(x, T) be the solution of (CP), with data (wg ,(x), w1 n(x)),
T€(—T-(wo,n, w1,,),0]. Because of Remark 2.21, lim

n—00 T (wO,'ru wl,n)zoo, and for any

T€(—00,0] we have
(wa (2, 7), Orwp (x, 7)) = (wo(x, T), Orwo(x, 7))

in H'x L2. Note that, by uniqueness in (CP), for 0<t, +7/A(tn),

B 1 x—x(ty) T
ol T) = X 2 “C< Nt T )\(tn)>' (7.1

Let 7,,=—A(t,)t,, and note that

lim (_Tn) = lim tnA(tn) 2T (U}(), wl) =00,
n—00 n—00
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so that for all 7€ (—o00,0], for n large, we have

In fact, if —7, ——79 <00, then

(2, 7) = 1 (x_x(t”),()),

M) V=272 TN,
1 x—x(ty)
8~rwn(xa7_n): )\(tn)N/QatuC< /\(tn) 30>7

would converge to (wo(z, 70), ywo(x, 70)) in H!x L2, with A(t,)—0, which is a contra-
diction from the fact that (uo,c,u1,c)#(0,0) and (wy, w1)#(0,0).

Next, note that we must have ||wo||s((—o0,0))=00. Otherwise, by Theorem 2.20, for
n large, T (won, w1,n)=00 and [|wy|[s((=cc,0) <M, uniformly in n, which, in view of
(7.1), contradicts [|uc||s((0,00)) =00-

Fix now 7€(—00,0]. For n sufficiently large, t,+7/A(t,) >0 and A(t,+7/A(t,)) is
defined. Let

1 r—x(tn+7/A(tn)) T
—5y73 UC stnt )

</\(tn+7/>\(tn))w 2/2 ( Altn+7/A(tn)) A(tn)>

1 T —x(tn+7/Ntn)) T
AMtn+7/A(tn))N/2 8”“( AMtn+7/A(tn)) ot A(tn)>>

N (S\n (T)<1N2)/2 o (x;j:T()T) ’ T) ’ Z\n(:)N/2 Orttn (ngg;(;) ’ T>) <

3 _ A(tn“"T//\(tn))
M=)

with

o

>1 and in(r):x<tn+7—)—x(tn)- W), (7.2)

Altn)

Now, since

1 /x—2p\ noco =
)\N/QU( An ) v

in L2, with either A, —0, \,—00, or |z,|—00 implies that 7=0, we see that (since
Ec>0) we may assume, after passing to a subsequence, that A, (7)—= (1), 1< (1) <00,
and 7, (1)—&(7)€RY. But then

1 —Tn 1 —Ip —
<~ w0<x~x (T),T>,~ aTwo(W7T>>€K.
An (1) (V=272 An(T) An(T)N/2 An(T)
But then, by Proposition 4.11 and Theorem 5.1, we have (wp,w;)=(0,0), contradicting
Ec=FE((wo,wy)). This proves (i).
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For (ii), note that if ug€L?, this is the result in Theorem 3.7. The proof of the

general case is a modification of that of Theorem 3.7. Similar arguments in the context

of radial solutions of the non-linear Schrédinger equation have been used before, see for

instance the work of Ogawa and Tsutsumi [31]. Let A=||(uo,u1)l| 51, ,>>0. Recall that

(from Lemma 2.17 and its proof) there exists g9 >0 such that, for 0<e<eg, there exists

Mo=My(e) so that

u(z, t)[?
]2

/ (|vxu(x,t>|2+|atu<m,t>2+|u<x,t>|2*+ ) dr<e,
|| > Mo+t

for t€[0, T (ug,u1)). Assume that T, (ug,u1)=00, to reach a contradiction.
Let f(7) be a solution of the differential inequality (with f>0)

F(r) = Bf(r) D=2 f(0) =1,

Then, the time of blow-up for f is 7., with 7, <KyB~!.
Consider now, for R large, ¢€C§°(Bz), with ¢=1 on |z|<1 and 0<¢p<1,

)= [ w00 da.
Then,
yr(t) :2/RN u@tu(b(%) dz,

and, using the notation in Lemma 5.3, we have that

0 :2/RN((8tu)27|qu\2+|u|2*)dm+O(T(R)).

Arguing as in the proof of Theorem 3.7, we find that

(1) =2 <1+N]\12) /RN (3tu)2¢<%) dz+30+O0(r(R)).

Choose now ¢; small and My=Mj(e1) as above, so that, for R>2My, O(r(R))<e1,

glgé&). We then have, for O<t<%R7

z N T
yr(t) > %50 and  yp(t) > 2<1+N> /RN (at“)2¢(ﬁ) dx.
Note also that

yr(0) KCMGA*+&,R* and |yR(0)|<CMyA*+&R.

(7.4)
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Let

_ 4CMyA%+2e1R+2R /1
b

T

Then, if T< LR,

Yr(T) > %Tgo 44k (0) = 2CMyA? 461 R+ R\ /21 —CMyA? —e . R=CMyA® + R\/£].
Thus, there exists 0<t; <T such that y}(t1)=CMyA*+ R,/z1 and, for 0<t<t;, we have
Y (t)<CMyA?+ R,/e1. Note that, in light of (7.6), Y (t)>yk(t1)>0, t>t; (t<iR), and

also
t1
yr(t1) <yr(0)+ / Y dt <yr(0)+t1(CMoA* +Ry/e1 ) = yr(0)+t1yk(t1).
0

We next estimate 1. We first choose €1 so small that
281 2./e1 < 1

50 50 32K N

where K is the constant defined at the beginning of the proof, and R is so large that
4C My A? < R
go 16 KN

We then have T<R/8K . We can also ensure that T<%R. Thus,
R
yr(t1) SCMEA? e R?+ ——yx(t1).
8K N
If we now use the argument in the proof of Theorem 3.7, for the function
Jr(T)=yr(t1+7), 0<7T<3R,
in light of (7.6), we see that, for 0<T<%R, we have that
N-1
1 ~/ li 2 1 ~ /
0g(¥r())" 2 57— los(gr(7))’,
so that, by integration,
- . N-1)/(N—
Tlr) (yRm)( v
97(0) ~ \gr(0)
Thus, if f(7)=9r(7)/yr(0) and B=y%(0)/Jr(0)=y%(t1)/yr(t1), we have that f is a
solution of (7.3) for OngiR. Hence, we must have
R < yR(tl)K < KN(CMOQA2+51R2) %7

R N X
4 " yp(h) yr(t1)

1 < KN(CM3A2+€1R2) . KN(CM3A2/R2+€1) < KyM,

< = < K .
8~ CMyA?R+R? /e, CMoA%/R+/z1 R EvVEL
By taking KN\/§<3%, and KyMy/R< 3%, we reach a contradiction, which gives the
proof of (ii). O

R.

for 0<7’<%

or




ENERGY-CRITICAL FOCUSING WAVE EQUATION 207

To conclude, let us give some corollaries of our main results similarly to the non-

linear Schrodinger case (for full proofs see [20], [21] and the arguments below).

COROLLARY 7.3. Let (uo,ul)EHleQ, 3<N<K5. Assume that
E((uo,w)) < E(W,0)) and |Vu0|2dx</ VWP de
RN RN

Then, the solution u of the Cauchy problem (CP) with data (ug,u1) at t=0 has time
interval of existence I=(—00,00), and there exists (ug +,u1 +) in H'xL? such that if

we denote by vi(t) the solutions of (LCP) corresponding to these initial data, we have

lim {|(u(t), Oru(t)) = (v= (1), Orve ()| g1 L2 =0

t—4oo

Moreover, if we define 6y so that E((uo,u1))<(1—00)E((W,0)), there exists a function
M((So) SO that ||’LL||S((_00700)) <M(50)

Let us give now a different version of the main result.

COROLLARY 7.4. Let (ug,u1)€H'x L? and assume that
[ (VPP de< [ [WPEdo-dy
Ry RN
for all te(=T-(ug,u1), Ty (uo,u1)), for 6>0. Then, the solution u of (CP) with data

ug at t=0 has time interval of existence I=(—00,00), ||ul|s((—o0,00)) <O0-

COROLLARY 7.5. Let 3<N<5, (ug,u1)€H x L? (no size restrictions) be such that
T (uo, u1)<oo and, for all t€[0, T\ (ug,u1)), [pn (|Vu(t)?+[0pu(t)]?) de<Co. Then, we
have for x1(t) and x2(t), and for all R>0,

2
lim / (|Vu(t)\2+\3tu(t)|2)dx>—/ VW2 de
lz—21 (1)|<R N Jrn

t—Ty (uo ,ul)

lim / (|Vu(t)\2+\8tu(t)|2)dx>/ VIV |? d.
|z—z2(t)|<R RN

t—T (uo,u1)

Proof. Let t,, be an arbitrary sequence such that ¢, =T =T (ug,u1). Since
[ (Vuttn) P+ i) do < Co
R

and [|S(t)((w(tn), Ocu(tn)))|ls(t,., 7)) >00 (Where do=0(Cp) is defined in Theorem 2.7),
Lemma 4.3 gives, up to a subsequence, a decomposition of (u(ty),Opu(ts)) such that
(4.2)—(4.5) hold with

15 () ((wo,n, w1,0)) 5 ((—00,00)) < 30(2C0).



208 C. E. KENIG AND F. MERLE

Applying Theorem 2.20 and a pigeonhole argument (as in [20]), after taking a further

subsequence in n and possibly reordering in j, we see that we can find Jy such that for

7=1,.., Jyo we have

— 00,

‘ 1 U_(m—xjyn t—tj’n>
)\gﬁfl—Z)/Q J )‘jﬂl ’ )‘jﬂl 5([0,7])

and for j=Jy+1,..,J we have, for some CN'O,

‘ 1 U_(x—xj,n t—tj,n>
)‘('12172)/2 J Ajn ’ Ajn

7,
where U; is the non-linear profile associated with

t; t; t;
vi(=tin) gyt (=tin)) £ Lin
() om(C3))5))

and if T, ;=T (U;,0.U;) (possibly T j=00), we have

<CO7

S([0,7:D)

T, = 13;15},0{T+ ~tn, Ty jAjnttin}

and for a sequence 7, —T4 1 as k—oo, for all j=1,.., Jy and for all n we have

N0 ((=t10 /A0 (1m0 m—t10) /200 ]) 2 NG S (=t /05 st m AT A —t5.0) /A5 )

(note that, applying Theorem 2.20, up to a subsequence, one can choose U; with such a

property).

By scaling, we have —t1 ,,/A1,, <C and 7/ A1 5, +11,,>—C. From Theorem 2.20, one

can see that

lim (t, +7 A\ n+t10) <T,p  for all k,

n—oo

lim (tp,+7 A nttin) =T, ask— oo,

n—00
l<T+_tn and _tl,n+T+_tn>_C.
C /\1,n )\l,n Al,n

Using Corollary 7.4 for Uy, there is a sequence 7, =17, ; such that

lim (\VUl(Tk)|2+|8tU1(T;€)\2)dq:2/ VW2 da.
]RN

k—oo JRN

(7.6)

Using (7.6), (4.2), the fact that for all k& there is k" such that 7, <7}, and orthogonality

arguments (as in [20], for example), we obtain, for all R>0,

lim lim (|Vu(tk7n,x)\2+\8tu(tk7mx)|2)dx}/

k=00 "7 Jiz—21 | <RA1,nlog(1/A1,n)

VIV |2 de,
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where ty p=t,+t1,n+TrA1n, Which gives the limsup result.

For the liminf result, note that
1
E((U,U) > B(W,0) = [ [9WPda,
RN
because of Theorem 1.1, which gives
2

/ (|VU1(t)|2+|8tU1(t)|2)dx2/ N\VW\de, te (=T_(Uy,Uy), Ty (Ur,Ury)).

RN RN
(Note that if E((Uy,Urt))<E((W,0)) we obtain, from Theorem 1.1, the stronger in-

equality [on (|VUL()]2+]0:U1(t)|?) dz> [on [VW[? da.) The finite speed of propagation

(Lemma 2.17) now gives, uniformly in n, that

tin tin
i (170 (5e)| #foan (-5e2)
R00 J |2]<[t1 nl /M1 n+R Aln Mon

From (4.2)—(4.4) and using the fact that for all Ry, R>0,

2

Ro _ [t1a]
> +R,
>\1,n >\1,n *
for n large, we obtain that, for all Ry>0,
. 2 2 2 2
lim (IVu(tn)|?+|0wu(tn)|?) de > — VW |* dx,
n—00 J|z—z1 n|<Ro N RN
which gives the liminf result. O

Remark 7.6. The proof of the limsup result applies verbatim to the non-linear
Schrédinger equation, thus completing the sketch of the proof of the limsup part of
the result in [19, Corollary 5.18]. For the proof of the liminf result, we relied here on
the finite speed of propagation. The corresponding result for the non-linear Schrodinger
equation, claimed also in [19, Corollary 5.18] is not fully proved there and its validity
remains an open question. We are grateful to R. Killip, M. Visan and X. Zhang for
pointing this out.
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