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REMARKS ON TOPOLOGICAL SOLITONS

VIERI BENCI — DONATO FORTUNATO — LORENZO PISANI

Dedicated to Louis Nirenberg on the occasion of his 70th birthday

1. A generalization of the sine-Gordon equation

In this paper we deal with soliton solutions of Lorentz invariant equations.
Roughly speaking, a soliton is a solution of a field equation whose energy travels
as a localized packet and which preserves its form under perturbations. In this
respect soliton solutions have a particle-like behaviour and they occur in many
questions of mathematical physics, such as classical and quantum field theory,
nonlinear optics, fluid mechanics and plasma physics (see [7], [8], [11], [13]).

In general the solitonic behaviour arises when one of the following circum-
stances occurs:

e existence of infinitely many first integrals of motion (e.g. KdV equation);
e existence of topological constraints which characterize the solutions.

In this paper we deal with the second case, namely we shall study topological
solitons which are solutions of Lorentz invariant equations in more than one space
dimensions. A classical interesting one-dimensional model is the sine-Gordon
equation
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350 V. BENCI D. FORTUNATO L. Pisant

(1.1) Ut — gy +sinu = 0,

(1.2) lim wu(z,t) =0,

(1.3) lim w(z,t) = 2k,
T—00

¢ being the light velocity and k € Z. The asymptotic conditions allow to have
solutions with finite energy

E(u) = /]R (5 + 2u2) + (1 — cosu)| da.

Any static solution u(z,t) = p(z) of (1.1) solves the elliptic equation

(1.4) —c*¢ +sinp =0,
(1.5) lim ¢(z) =0,
(1.6) lim o(x) = 2k7.

These static solutions give rise to the travelling solutions with velocity v € R,
v <e,

u(z,t) =¢ (M)
V1= v/c?
of (1.1). The length contraction factor /1 — |v/c|? is related to the Lorentz
invariance of the equation itself.
Observe that the solutions of (1.4) are the critical points of the energy func-

tional

B = [ (G667 +v() do

with V(¢) = 1 — cos .
The function space A on which E is defined can be divided into infinitely
many connected components according to the asymptotic conditions (1.5), (1.6):

A= U Ai, Ap={p] lim @(z)=0, lim ¢(z)=2knr}.
r— —00 Tr—00
kEZ

The existence of local minima of F in the connected components A4 can be
proved. These solutions exhibit a solitonic behaviour.

Now consider the analogous case of a scalar equation with three space di-
mensions:

ugy — Au+ V'(u) = 0.

Then the energy functional for the static solutions is

(17) 5o = [ (G196 + Vi) de
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If V' is bounded from below, it is not difficult to show, by a rescaling argu-
ment, that any ¢ minimizing (1.7) is necessarily trivial, i.e. it takes a constant
value which is a minimum point of V' (Derrick’s Theorem, [7]).

On the other hand, if we consider a nonpositive potential, we are forced to
seek saddle points, instead of minima, and for these static solutions we have lack
of stability. As an example we recall that, if we take

V(g) = %§2 - i§4a

then the critical points of the energy functional

E(p) = iv2 L 1o,
(p) = . 5 IVel" + 597 — 197 | da

have been found in [6] and [10] and for more general potentials in [5], [12]; but
in [1] and [4] it has been proved that these static solutions are not stable.

So we are forced to study systems of nonlinear wave equations with a suitable
correction. In the following we derive, by means of some heuristic arguments,
one model equation.

We are interested in maps

w: R R w=(ut .. u").

We refer to the target space R™ as an internal parameter space. Since we
require Lorentz invariance, we shall consider Lagrangian densities of the form
L = L(u, ) where o = (o',...,0") and

o =V = (u]),
‘We shall consider
(18) [’(u7 Q) = —%Oé(Q) - V(u)7

where a : R™ — R and the potential function V is defined in an open set 2 C R™.
The action functional related to (1.8) is

S(u) = L(u, o) dxdt = /

R3+1 R3+1

( _ %a(g) - V(u)) da dt.

So the Euler-Lagrange equations are

19 g (Getond) - an (FE@ve ) + G =0 (1 <j<n)

a;
When
(1.10) alé, &) =& +... +&
the equations (1.9) reduce to a classical system of n nonlinear wave equations

v
0¢;

ul, — AU + (u)=0 (1<j<n).
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In this paper we consider a simple correction of (1.10), namely

O‘(gl,"'agn) = Z (fj + §£?>7

Jj=1

where € > 0. Then (1.9) can be written

b , 4 } ; ov
gi (L +e(@))up) = div(1+e())Ve!) + 5 () =0 (1<j<n),
J
or
4 A ,
(1.11) Ouw? + elsu’ + f(u) =0 (1<j<n)
J
where
Oew’ = a[(CZIVWI2 = (u})*)?uf] = & dv[( Ve |2 — (u])?)? V).
So the static solutions ¢ solve the system of equations
oA i 6 i .
(1.12) —c" Ay’ —ec’Agy’ + g(sﬁ) =0 (1<j<n)
J
where

Agp’ = div(|Ve!|'Ve).

Then the energy functional becomes
2 ) 6
(1.13) E(p) = / (2VL,0| + 5€\V<p|6 + V((p)) dzx.
R3

As to the potential V' and the open set Q = R™ \ ¥ where it is defined, we
make the following assumptions:

e Q is connected and 1 = minges [£];
o V e C¥HO,R);

V(&) > V(0) =0 for every £ € £
there exist ¢, 7 > 0 such that

(1.14) dist(¢,%) < r = V(&) > ¢/dist (&, 2)°.

Of course we can consider our evolution equation (1.11) as a dynamical sys-
tem. The configuration space for this system is given by

A={pec H|VzeR?: p(z) €N}
where H denotes the completion of C§°(R?,R™) with respect to the norm

Vel + [IVells.
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Since the functions in H are continuous and decay to 0 at infinity, by means of
a suitable topological invariant, the algebraic structure of m3(2) is reflected in a
decomposition of the configuration space:

A= | A

acms(Q)

About the structure of m5(£2) we can say that, in many cases (e.g. when it is
finitely generated and torsion free) it has the structure 73(Q) = Z* with k € N.
For example this situation occurs when Q = R*\ {£;,...,&} and it has been
studied in [3] in the particular case k = 1.

Here we state the existence and, in some cases, multiplicity results for the
static solutions of system (1.11).

THEOREM 1.1. Let
A=A{aen3(Q)| E attains its minimum in Ay}
Then the subgroup of m3(Q) generated by A coincides with w3(Q) itself.

Since every local minimum of E gives rise to a weak solution of system (1.12),
if w3(£2) is not trivial, then there exists at least one nontrivial solution of (1.12)

A= A,
a#0
i.e. in the class of configurations which are not homotopic to zero.
On the other hand, in the case m3(Q2) = Z*, Theorem 1.1 implies that there

exist at least k homotopically distinct static solutions of (1.11).

in the class

The paper is organized as follows. In Section 2 we give the topological classi-
fication of the maps ¢ € A. More precisely, we introduce a homotopic invariant
with suitable “localization” properties; this means, roughly speaking, that it de-
pends on the compact regions where ¢ is concentrated. Such an invariant allows
us to split each configuration ¢ € A in two parts which we call “particles” (the
regions where the invariant is not trivial) and “radiation”.

In Section 3 we give the proof of our results.

In Section 4 we recall the stability properties stated in [3].

2. Topological classification of configurations.
Particles and radiation
For the sake of simplicity we consider the function space

C={p: R? — Q continuous | lim ¢(x) =0},

|z|—o00

which contains our configuration space A.
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First of all we define a “global homotopic invariant”. To this end we consider
a homeomorphism 7 : §3 — R? U {oo} such that 7(x) = oo, where * is the
base point. Now, for every function ¢ € C, we can define the continuous map
pom:S% — Q. We denote by ¢# the homotopy class of ¢ o, that is,

p" = [pon] € m(Q).
This invariant is stable under uniform convergence.

LEMMA 2.1. For every ¢ € C, if ©* # 0, then there exist T € R, £ € %,
and X €10,1[ such that

Ap(T) =&
It follows that |(T)| > 1 so we also have
(2.1) sup |o(x)] > 1.
zeR3

PROOF. Arguing by contradiction, assume that for every z € R?, £ € ¥, and
A €]0,1][, we have Ap(x) # &, that is, Ap(z) € Q. Since this fact is also true for
A=0and A = 1, we deduce that ¢ is homotopic to 0 in €, and then ¢ = 0.

The second part of the assertion follows from minges |§| = 1. O

DEFINITION 2.2. For every ¢ € C the support of @ is the compact set defined
as follows:

K(p) ={z: [p(x)] > 1}.
From Lemma 2.1 it follows that

% #0= K(p) #0.

We notice that p# is localized in K(¢) in the following sense. If we have
two functions ¢, ¢ € C such that K(¢) = K(¢) = K and ¢(x) = ¢(z) for every
x € K, then ¢# = 1#; indeed, the functions ¢ and 9 are homotopic in €, so
wom and 1 o7 are homotopic too.

2.1. Definition of a local invariant. Now we want to “localize” the
topological invariant in a more precise fashion, by evaluating the contribution
coming from a fixed compact set in R?; in other words, if ¢ € C and K C R3,
we would like to define

(SO\K)# € m3()
with suitable properties (finite additivity and so on). Having in mind, as model
case, the topological degree, we notice that this kind of object can be defined
only for a class of admissible subsets K.
Fix ¢ € C, we propose the following class of admissible sets:

K(p) = {K C R? closed | |p(z)| <1 on K }.
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This set is obviously not empty; indeed, it contains K (), each connected com-
ponent of K(y) and every ball with radius sufficiently large.
Before introducing the local invariant we need some notation; let

U ={{cQ]ff <1}

LEMMA 2.3. For every & € Qy, there exists o > 0 such that sn € Q for every
n € B,(&) (open ball) and for every s € [0,1].

The proof is trivial.
Now we set
U= | B,
£e
Then U is open and, by the previous lemma, it is a subset of 2 star-shaped with

respect to 0.

Fix ¢ € C and let K € K(p). Since ¢ is continuous, there exists an open
neighbourhood N of 0K such that ¢(z) € U for every « € N. Now consider the
open neighbourhood of K

N=KUN.

By the Urysohn lemma, there exists a continuous function ¢ : R?® — [0, 1]

such that
1 on K,
dm:{o on R3\ N.
Now we consider ¢ : R? — R™ defined as follows:
p(x) = c(x)p(x).
We show that @(z) € Q:
o if x € K, then ¢(z) = p(z) € Q;
o if ¢ N, then ¢(x) =0 € Q;
e if € N\ K C N, since p(z) € U and ¢(x) € [0,1], we have @g(z) =
c(x)p(z) € Q.
DEFINITION 2.4. We set

# _ o

(p1r)™ = o7

We have to show that this definition is correct, i.e. it does not depend on
. If we consider analogous N1, ¢; and @7, then ¢ and @, are homotopic in €.
Indeed, we set

HA x) = o(2) + Mp1(z) = ¢(2)) = [e(2) + Mer (2) — @) (2).
We prove that H (A, z) takes its values in Q. First we notice that
(@) + Aer(z) — e(x)) € [0,1],

because ¢(x),c1(z) € [0,1]. Clearly we have
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o if v € K, then H(\, z) = ¢(z) €
o if x ¢ NUN;, then H(\,z) =0 €
o if z € (NUN;)\ K, then ¢(z) € U, so H(\, x) € L.

The natural connection between the global and the local homotopic invariant

is
(2.2) (k)T = ¢,

where on the left and the right hand sides we are using respectively the local
and the global invariant. Indeed, for any choice of ¢ in the previous definition,
since ¢ and @ coincide on their common support, we have g% = p#.

We also notice that for every closed set K such that K(p) C K, we have
K € K(p) and (¢1x)* = ¢

The local invariant has the finite additivity property. Let Ki, Ko € K(p)
with I%l ﬂ}%g = (). Then

(erriuma)® = (o)™ + (01r,)*
(the sum is meant, of course, in the group m3(f2)).

2.2. Some suggestive terminology. In this subsection we report on some
terminology (quantum numbers, particles, ...) which can be useful to interpret
the notions and the model introduced. However, this terminology does not refer
to any specific model in field theory.

If 73(Q) has the structure ZF, then, after fixing a set of generators {aj,...
...,ap}, every configuration ¢ € C is characterized by a k-tuple of integers,
which we call quantum numbers of p: if ga# =miay + ...+ mgoy, then we set

vip) = (my,...,mg).

In our model, for a fixed configuration ¢ € C, every connected, admissible
set K € K(p) represents an isolated system. We say that an isolated system
K € K(¢) contains at least one particle if (px)# # 0.

In other words, in the configuration ¢, a particle is defined by

0 =YK,

where K is a connected component of K(¢) such that (¢x)# # 0. So each
particle has its quantum numbers, which are the coefficients of (np| K)# for a
fixed system of generators.

The state ¢ will be said a radiation field if #* = 0.

On the other hand, every configuration can be written, in some sense, as the
disjoint union of a set of particles and a radiation field. Indeed, we can write

w= (\/Ui) Vo
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where o; and p are the restrictions of ¢ respectively to the admissible sets K;
and R (with disjoint interiors) such that

R’ = (UK’) UR, (gor)* #0, (pr)* =0.

3. Functional framework. Existence of minima

Let H denote the closure of C§°(R3, R") with respect to the norm

(3.1) lell = Vel + [IVellLs

where
1/6

n 1/2 n
Vel = (Dw@) . Vel = (ann%s)
j=1 j=1

By this choice of H, the energy functional is coercive, namely

lim E(p) = oc.

llell—o0

Moreover, by the Sobolev inequalities the space H is continuously embedded in
WL6(R3 R™). From this embedding we get other useful properties we will use
several times.

1. There exist two constants Cy, C; > 0 such that, for every ¢ € H,

(3.2) llellse < Colleoll,

and

(3-3) [p(2) = ¢(y)| < Culz — "2Vl s

2. For every ¢ € H,

(3.4) lim ¢(z) =0.

|z|—o0

3. If {p,} C H converges weakly in H to ¢, then it converges uniformly
on every compact set contained in R3.

Moreover, as an immediate consequence of the continuous embedding of H
in L (see (3.2)), we have the following property.

PRrROPOSITION 3.1. There exists A* > 0 such that, for every ¢ € A,
(3.5) [olle = 1= E(p) = A"

Now consider the configuration space A. It is an open subset of H; in fact,
if € A, then by (3.4) we have

0 <d= inf dist(p(z),X);
z€R3
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then, by using (3.2), we deduce that there exists a small neighbourhood of ¢ in
H contained in A. The boundary of A is given by

OA = {p € H | 37 € R? such that p(Z) € T}.

We find that A has a rich topological structure, more precisely, it reflects
the structure of 73(€2). The connected components are identified by the global
homotopic invariant we have introduced in the last section:

A= |J Aay Aa={peAr|e?=a}.
aems(§2)

Now we can study the second piece of the energy functional,

/R Vig)d.

First we are going to study the behaviour of this integral when ¢ approaches the
boundary of A.

LEMMA 3.2. Let {¢,} C A be bounded in the H norm and weakly converging
to o € N. Then

V(en) dx — oo.
R3

PROOF. Since ¢ € JA, there exists T € R? such that ¢(F) = £ € X; since V

is nonnegative, it is sufficient to show that there exists a small ball centred at T
such that

(3.6) /B - V(pn) dz — oo.

By the uniform convergence on compact sets we have

(3.7) lim ¢, (T) =¢&.

n—o0

Now we show that there exists ¢ > 0 such that, for every « € B,(Z) and for
n sufficiently large,

(3-8) lon () — €| <1,

where r has been introduced in (1.14).
Since {¢,} is bounded in H, in particular {V¢,} is bounded in L°®. Using
(3.3) and the boundedness of {V¢, } in L®, we have
(3.9 lon (x) — ©n(T)| < const |z — Z|Y/2,
for every z € R®. Then (3.8) easily follows from (3.7) and (3.9). We also have

(3.10) lon(z) — €| < const [z — Z|*/2 4 o(1).
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Now, using (3.8) and (1.14), for every = € B,(T), we have

Vien(@) 2 ————==;
o () —£]°
then, using (3.10), we obtain
¢
\% > .
(pn(@)) 2 const|z — Z|3 + o(1)
Integrating on B,(Z), we get (3.6). O

From this lemma we immediately deduce that the sublevels of E are complete
and that the following proposition holds.

PROPOSITION 3.3. Let {p,} C A be weakly converging to ¢ and such that
E(pn) is bounded. Then ¢ € A.

Moreover, it is not difficult to prove the following proposition (see [3]).

PROPOSITION 3.4. The energy functional E is weakly lower semicontinuous
and its minimum points are weak solutions of (1.12).

The proof of our main result is based on the following proposition, in the
spirit of the concentration-compactness principle for unbounded domains (see

[2], [9]). We recall that
A= A
a#0
PROPOSITION 3.5. Let {¢,} C A* be such that
(3.11) E(¢n) < a.
There exists | € N with

(3.12) 1<i<a/A*

(A* has been introduced in Proposition 3.1) and there exist @y,...,9; € A,
{zL}, ... {2L} CR3, and Ry,...,R; > 0 such that, up to a subsequence,

(3.13) en(-+a3) = By,
(3.14) 1Zilloo > 1,
(3.15) |z, —ap| — o0 fori# j,
l
(3.16) > E(p;) < liminf E(py),
=1

l .
(3.17) Vo € c( U BRi(x;)) D en(a)] < 1.

=1
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(Here C denotes complement in R.) Then we also have

l
(3.18) ot => ol
=1
l
(3.19) limsup‘ on—Y B —ah)| <1
n—oeo i=1 0

REMARK 1. We notice that, from (3.14), it follows that
(3.20) E(z,) > A"

REMARK 2. Using the terminology introduced in Subsection 2.2, by Propo-
sition 3.5 we can say that every sequence in A* with bounded energy has (a sub-
sequence with) the following behaviour:

e the global homotopic invariant stabilizes;
e the particles concentrate in a finite set of diverging balls.

Furthermore, it may be of interest to write ¢,, in the following form:

(3.21) On =Vn + 0n
where
l
(3.22) Un =D Bi(-—xh) €A,
=1

l .

(3.23) On =Pn— Y P;(-— ) €A
=1

Then, by (3.19), o, is a radiation field. On the other hand, v, is a finite
superposition of configurations with diverging supports. Unfortunately, we are
not able to prove that every term in the sum (3.22) has nonzero homotopic
invariant; in this sense the decomposition (3.21) is not “canonical”. We suspect
that it is canonical if {¢,} is a minimizing sequence.

PROOF OF PROPOSITION 3.5. The proof is essentially the same as in [3]; for
the sake of completeness we repeat it here.

First we introduce some notation. For every A C R?® and every ¢ € A, we
set

c? 2 c 6
Bate) = [ (GIVel + 5106l + V() ) o

Whenever necessary, we shall tacitly consider a subsequence of {¢,}.

First of all we arbitrarily choose v € |0,1].

Let 1 € R? be a maximum point for |p,|; by (2.1) we have |p,(z})| > 1.
We set

@ = n(-+z;)
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and we obtain

(3.24) lenlloo = len(0)] > 1.

Since E(¢l) = E(y¢,) and the functional E is coercive, the sequence {@}L}
is bounded in H and we have

(3.25) ol ~p, € H.

From (3.24) it follows that ||7; || > 1.

Since {pL} C A and E(pl) is bounded, by (3.25) and Proposition 3.3, we
get p; € A.

Since E is weakly lower semicontinuous, we have

(3.26) E(%,) < liminf E(pl) = liminf E(p,).

n—oo

Now, using (3.4), we consider Ry > 0 such that
(3.27) Vz € CBg,(0): |7,(z)| <7;
for simplicity we set Bl = Bg, (z}).

Now we distinguish two cases: either

A1) for n sufficiently large
Vre CBy,:  |pa(2) <15
or

B1) possibly passing to a subsequence,
3z € CB} such that |p,(z)| > 1.

In the case Al) the first part of Proposition 3.5 is proved with I = 1; let us
consider the case Bl1).
Let 22 be a maximum point for |¢,| in R3\ Bl; we have |¢,(z2)| > 1. We
set
‘Pi =on(-+ xi)
and we obtain
l¢hlloo = l¢7(0)] > 1.

Just as for {¢l}, we have

(3.28) ph =Py €A,
with
(3.29) [P]loo > 1.

Now we have to show that

(3.30) |22 — 2L| — oc.
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We set y, = 22 —x} and, arguing by contradiction, we assume that the sequence
{yn} is bounded in R3; then, up to a subsequence, y, — ¥. Since |y,| = |22 —
xL| > Ry, we have |j| > Ry; then, using (3.27),
(3.31) P1(@)] <7 <1

On the other hand, we have

1< Jon(@2)] = |on(yn + z5h)| = |oh (yn)l;
then, by (3.31),

0<1=1[2:@) < lenwa)l = 121D < lon (yn) — B1(D)]
< o (yn) — @1 (yn) | + @1 (yn) — 21 (@)

< (‘ S len ) = 21W)]) + [@1(yn) — 21 (D).

Taking the limit as n — oo we get a contradiction.
Now we show that

(3.32) E@@1) + E(@,) < E(en)-

For a fixed n > 0, there exists o > 0 such that

EicB,0)(®1) <n/2 and  Eicp,0)(P2) <n/2.

From (3.30) it follows that the spheres B,(zl) and B,(z2) are disjoint for n
sufficiently large. Then we get

lim inf £(p,) > liminf(E|p, 1) (#n) + B, (2)(#n))
> liminf By g, (z1)(pn) + liminf By g, 2) (¢n)
= lim inf |5, o) (¢0,) + lim inf By, (0)(¢7)
> E\p,0)(#1) + E|B,0)(#2) > E(®1) + E(®) — 1.

From the arbitrariness of 1, we get (3.32).
Finally, just as for @;, from (3.4) we get Ry > 0 such that

V€ CBgr,(0):  [@a(x) <
and we set
By = Br, (7).
Also in this second step we have an alternative: either
A2) for n sufficiently large,
¥r € C(BUBY) :  len() <15

or
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B2) up to a subsequence,
Jz € C(BLUB2) such that |¢,(z)] > 1.

If the case A2) holds true, the first part of Proposition 3.5 is proved with
[ = 2; in the case B2) we consider a maximum point of |p,| in C(B. U B2) and
we repeat the same argument used in the case B1).

This alternative process terminates in a finite number of steps. Indeed, using
(3.20), (3.16) and (3.11), we get (3.12).

Now we prove (3.18). We consider n sufficiently large so that (3.17) holds
and

(3.33) BLNB, =0 fori#j.

Then we have, by the additive property of the local homotopic invariant,

l l

(3.34) 0¥ = (puyi_ ) * =D (onipi)* = Z(%\Bm )"
i=1 i=1
On the other hand, for every i € {1,...,1}, since {¢%} converges uniformly

to @; on Bg,(0) and
Vo € CBR,(0): |p;(z)] <vy<1,
we obtain, for n large enough,

(PhiBr, ) = @ln, )" =77 -
Then, substituting in (3.34), we obtain (3.18).
Finally, in order to prove (3.19), we assume that, for every i € {1,...,1},
(3.35) Ve € Bl :  |pn(z) —7;(x — b)) < 7.

We shall prove that, for n large enough,
l

@n Z Z‘—J?

(3.36) Ve € R3: <1+1y.

Indeed, if x € Ui:l B¢, then, by (3.33), there exists a unique index j € {1,...,1}
such that z € BJ. Then

< len() = pj(@ =) + Y [pi(x — ;)]
i#]
<H4+(l-1Dy=ly<l+ly.

@iz — a1,

MN

(337)  |en(z) -

Il
—

3

On the other hand, if = ¢ | J\_, B, then, by (3.17),

1
< lon(@)|+ @ — ah)| < L+ 1.

i=1

@iz — )

MN

on(T) —

i=1
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Now fix n > 1; choosing v sufficiently small we have
(3.38) 1+ly<n

(taking into account (3.12), this kind of choice can be made a priori in the proof).
Substituting (3.38) in (3.36), we get

!
Vo € R3: wn(x)—Z@(x—x%) <n,
i=1
and, by the arbitrariness of > 1, we obtain (3.19). O

Finally, we can give the proof of our main theorem. For every a € m3(2), we
set B, = inf E(A,).

THEOREM 3.6. The group m3(Q2) is generated by

A={aem(Q)| E, is attained in Ay }.

PROOF. Denote by G the subgroup of m3(2) generated by A, and, arguing
by contradiction, assume that B = 73(2) \ G # 0. Then we set

Ap=|J As, Ep=infE(Ap).
BeB
Let {¢n} C Ap be such that E(p,) — FEp. Since 0 € A, we have Ap C A*,
so we can apply Proposition 3.5. There exist [ € N and @y, ...,%; € A such that,
up to a subsequence,

(3.39) E(p;) > A* >0,
l
(3.40) > E(p;) < liminf E(¢,) = Ep,
i=1
l
(3.41) 0¥ =Y or.
i=1

For simplicity we set

(3.42) Z@f =0

substituting in (3.41), we get
(3.43) v =0
then, since {¢,} C Ap, it follows that

(3.44) o€ B.
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Then, since A, C Ap and using (3.43), we get Ep < E, < E(pn). So we
conclude that {¢,} is a minimizing sequence in A,.

Now we study two cases.

If | = 1, then from (3.42) we get 7 = o, which implies E(3,) > E,. On
the other hand, by (3.40),

E, =liminf E(p,) > E(p;).

n—oo

So we get E, = E(®;). In this way we obtain o € A, which contradicts (3.44).

If I > 2, we get again a contradiction. First we notice that, by (3.42) and
(3.44), there exists at least one index (for simplicity i = 1) such that @7 € B.
Then, using again (3.40) and (3.39), we conclude

l
Ep>E®)+ Y E®)>Ep+(—-1)A"> Ep. O

=2

COROLLARY 3.7. There exists g € A* such that E(@) = inf E(A*).

REMARK 3. We have already noticed that Theorem 3.6 is, in a wide class of
cases, a multiplicity result, e.g. when 73(f2) is isomorphic to Z* (see Section 1).
Now we remark that the energy functional F is invariant under the action

p(x) — p(Az +b)

where det A = 1 and b € R®. Then for every nontrivial solution of (1.12) there
exists a manifold of solutions.

4. Remarks on the evolution problem
By Corollary 3.7 we get at least one solution of the Cauchy problem

equations (1.11),
u('v 0) =,
’U,t(', O) =0.
In this section we first recall some stability properties of this solution which

allow us to call it a soliton (for the proofs see [3]). We assume that the Cauchy
problem

equations (1.11),
(4.1) u(+,0) = wy,
ut('; 0) = wq,

is well posed; we conjecture that this is the case under mild assumptions on V.
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Here we confine ourselves to a simple case, namely the case where 0 is a
nondegenerate minimum for the potential V. Then we can assume as “basic”
the function space

W = HnL*R3R"),
equipped with the norm

lellw = llell + llell -

Now, under the nondegeneracy assumption, the proof we have given in H

works also in W. So we can obtain ¥ as a minimum of the energy functional in
M = AN L*R3 R™).

Now the first stability property of @ says, roughly speaking, that if we perturb
the initial data (i, 0), we obtain a solution of (1.11) whose support cannot split
in diverging pieces.

THEOREM 4.1. If (wp,w1) is a sufficiently small perturbation of (@,0), then
the diameter of the support of wu(-,t) is uniformly bounded, u(x,t) being the
solution of the perturbed Cauchy problem (4.1).

Now we give a second stability property of @, which is concerned with con-
centration of energy. First we need a definition.

DEFINITION 4.2. If K(p) is not empty, then the barycentre of ¢ is the
barycentre of K (y), that is,
1

‘%@):;wKwﬂ>ﬂ§@“dm

The second stability property says that if we perturb the initial data (7, 0),
then we get a solution whose energy is localized in a ball, of fixed radius, centred
at the barycentre of u(,t).

THEOREM 4.3. For everyn > 0, if (wo,w1) is a sufficiently small perturba-
tion of ($,0), then there exists R > 0 such that, for every t € R,

62 C6
an [ (Sl STl Vi) Jao <
CBR(B(¢1))

where u(x,t) is the solution of the perturbed Cauchy problem (4.1) and ¢; =
u(-,t).

Lastly, we want to remark that the topological nature of the invariant in-
troduced in Section 2 permits us to state a conservation law for the “quantum
numbers”. More precisely, for any solution wu(z,t) of (1.11), the global homo-
topic invariant is constant in ¢. That is, if we set ¢; = u(-,t), then @fﬁ = cpo# for
every t € R. This fact immediately follows by observing that the map ¢ — ¢, is
continuous, so it can be regarded as a homotopy in A.
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Taking into account the local nature of the topological invariant, the above

conservation law can also be stated in a suitable local framework.
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