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1. Introduction

The topology of configuration spaces and their free and based loop spaces
plays an important role in the study of the existence of periodic solutions of
Hamiltonian systems of n-body type (see e.g. [1], [6], [7]). In particular, if
F,(R¥) is the configuration space of n-particles u = (uy, ... ,u,) in R¥, then the
free loop space AF,(R¥) is, up to homotopy type, the domain of a functional f
whose critical points are solutions of a corresponding n-body problem. Thus, the
homotopy-type invariants of AF,(R¥) such as Lusternik—Schnirelmann (LS) cat-
egory (and its generalizations — commonly called “index theories”), homotopy
and homology play an important role in the subject. In some recent work ([15],
[16], [17]), P. Majer and S. Terracini introduced an interesting “collision index”
in the space AF},(R¥) which allowed contractions of subsets of AF,,(R¥) to move
through subspaces intermediate to AF,, (R¥) and A(R"*), thus allowing a limited
number of collisions during the contraction. However, their index is based upon
an equivalence relation which results in a generalized notion of collision. Namely,
that u; “collides” with u; during the deformation A if there is a chain of indices
i1,... ,1s, such that u; = u;,, u; = u;, and u;, collides with u;,, ,, 1 <r <s.
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250 E. FADELL S. HUSSEINI

One of our objectives here is to introduce an alternative and more natural
approach to that of Majer and Terracini which is based on a modification of the
classical concept of LS-category relative to a given open collection I' = {T'; } in
A(R™) which covers AF,(R¥). This approach substantially simplifies the topo-
logy involved as well as providing a useful tool for more general situations, e.g.,
when R* is replaced by an arbitrary manifold. In addition, the computational
aspects of this “I"-category” are more tractable.

In Section 2, we present some of the general theory of the topology of the
based loops QF,, (RF). In particular, we exhibit the structure of its Hopf algebra.
The algebra structure is given in terms of generators and relations, while the
primitives in the coalgebra structure are completely determined. The latter is
relevant to determining the LS category of subsets A in QF,, (R¥), which, by the
results in [7], are the same when considered as subsets of AF,, (R¥). These cal-
culations are made using a coproduct length introduced in [8], [9]. The relations
in the Hopf algebra H, (QF, (R¥)) are obtained from Whitehead product identi-
ties in the homotopy groups . (F,(R¥)), which are of Yang-Baxter type. They
appear in [10] and a more thorough treatment will be found in [11]. Section 3
contains the general development of I'-category based on an open cover I', while
the applications to the Majer—Terracini method are found in Section 4.

2. Topological preliminaries

The (free) loop space AX = C°(S',R) of a topological space X plays an
important role in nonlinear functional analysis especially when X is a subset
of Euclidean space such as a finite dimensional manifold. For example, if H =
W2 (RF) is the Sobolev space of T-periodic (absolutely continuous) functions
w= (U, Upy), u;i : R — R¥ and if

N ={u=(u,... ,uy) € H:ut) #u;(t), vt € R}.

is its subspace of non-colliding orbits, then A’ is the same homotopy type [18]
as AF,(R¥) where F,(R¥) is the n-th configuration space of R*. Thus, when
employing homotopy-type invariants in A’ they may be computed in AF, (RF).
In particular, in applying the Lusternik—Schnirelmann (LS) method in A’, every
subset of A’ of LS-category has its counterpart in A of the same LS-category.

On the other hand, the space of based loops 2X C AX plays the following
role, where recall that u € QX takes a basepoint of S! to a basepoint of X. If
A is a subset of QX then, under appropriate general conditions [6], we have

catox A = catyx A,

where cat is LS-category. Since X is an H-space [20] (using multiplication of
loops) its homology has the structure of a Hopf Algebra which proves useful in
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computing in the LS-category of subsets of QX. Thus, we are led to a study of
the Hopf Algebra H.,(QF, (R")).

We begin with a review of the homotopy groups 7. (F, (R¥)) ([10], [11]). We
assume k > 3 so that F,(RF) is simply connected (=1-connected). The case
F,,(R?) is special, e.g. m1(F,(R?)) is the group of “pure braids” and will not be
considered here. We recall that the fibration p : F},(R¥) — F,,(R¥), 1 <m < n,
p(x1,... s2n) = (21,...,%m), always admits a section [5], and the fiber over

(q1,- -+, qm) € Fn(R¥) is F,_,,(RF — Q,,) where Q,,, = {q1,... ,qn}. For later
use we remark that for m > 2, a section f for p may be chosen so that

f(xlw" amm) = (xla--- s Tmy Ym+1, -+ - ,yn)

where, for m + 1 < ¢ < n, y; lies on the ray from z,,_; through z,,. Thus we
have a sequence of fibrations p;,2 < i < mn,

Rk - anl Rk - Qn72 Rk — Qn72 e Rk _ Ql

F,(RF 2% B (RF) ™5 B, o®RF) — .- RB(RF) P RE
with the various fibers in the first row and where the fiber map ps is trivial, i.e.
F»(RF) is homeomorphic to R* x (R™ — Q). Thus,

n—1
T F(RF) = @w*(Rk - Q).
r=1

A convenient set of generators for the homology H. (F, (R¥)) which appear in
F. Cohen and L. R. Taylor [3] have their following analogues in 7. (F,(R¥)). For
1 < s <r<n, define
ol SP L (RY)

by

a (€)= 1,45 + & Qs Gn), €S
where ¢; = 4(j — 1)e1,1 < j<n—1,¢e = (1,0,...,0) € R*. o/,
viewed as the map o/m 0 §F=1 5 R¥ — Q,_1, where

s may also be

a;",s(g) = qS + f

!/
.87

Now let o s denote the homotopy class of a. ., so that one may consider

(0799 c Tk_l(Fn(Rk)) or ar,s S ’/Tk_l(Rk — Qr—1)~

Since R* —Q,._; is the homotopy type as the wedge of r—1 (k—1)-spheres, we
write RF — Q,_; ~ Sr1V...VS;,_1 and also denote the generator of my_1(S; )
by o, s. We also note that using the section f : F,_1(R*) — F,(R*), a, 5 in
mh—1(Fn—1(R¥)) and a5 in m,_1(F,(R¥)) may be identified for 1 < s < r <
n — 1.
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The full symmetric group ¥, acts on 7. (F,(R¥)) via the usual free action
of ¥, on F,(RF), ie. if 0 € &,

o(x1,. ., Zn) = (To)s -+ » To(n))
and o : F,(RF) — F,(R*) induces o, : 7. (F,(R¥)) — 7. (F,(R¥), so that ¥, acts
on 7.(F,(R¥)) by oca = o.a, a € m,.(F,(R¥)). The set {a, 5, 1 <s<r<n}is
fixed (up to sign) under the action of 3,,.

PrROPOSITION 2.1. If 1 <s<r<n and o € Xy, then

0Qr s = Qg(r),0(s)
with the convention that ag(s) o(r) = (fl)kaa(r)ﬁ(s), if o(s) <o(r).

This proposition is instrumental in proving certain Whitehead products va-
nish thus producing “commutativity” relations. First, recall that the Whitehead
product [-, -] is a (natural) operation

[ ] mpr1(X) X mg1(X) — g1 (X)

where, when p = q = 0, [a, 3] = aBa~!5~! and when X is simply connected,
[, B] = 0 if and only the map aV 3 : SPT1v §9T1 — X extends to SPT1 x §9+L,

THEOREM 2.2 ([10], [11]). For all o € Xy, the following identities hold:

(1) [0 2),001)s W (3).001) T Ao(3),02)] =0,
(ii) [ (2),0(1)s Ao(a),o3)] =0,

or more simply
(i) olag1, 31 +ass] =0,

(11) 0'[0[271, 0[4’3] =0.

These identities resemble certain “braid relations” in the work of Baxter and
Yang and will be called Y B-relations (see, for example [13] and [14]). In the
R2-case (which doesn’t concern us here), they yield, when properly modified to
to account for a base point, a nice presentation of the pure braid group. In our
situation, i.e. k > 3, they are simply Whitehead product relations in the graded
Lie algebra 7, (F,,(R¥)). They will be crucial in computing the algebra structure
in the Hopf algebra H, (£, (R*)) which follows.

Recall that for any simply connected space X, there is a natural isomorphism
Tq(X) — my—1(QX) and the Hurewicz homomorphism mq_1(Q2X) — H,—1(QX)
whose composition we denote by

@ :mg(X) = Hga (QX), ¢ 2>1.

In H.(QX) we use Z coeflicients.
Samelson’s Theorem [19] provides the relation between Whitehead products
in 7,(X) and multiplication (Pontryagin products) in H,(2X).
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THEOREM 2.3. Ifa € mp11(X), B € mgy1(X), p,q > 1, then

plo, ] = (=1)P(p(a)e(B) — (=1)"p(B)p(@)).

DEFINITION 2.4. For a5 € mp—1(F,(RF), 1 < 8,7 <k, s#7 set

ar,s = (P(ar,s)

Applying Theorem 2.3 we obtain the following relations in the algebra
H.(QF,(RF).
THEOREM 2.5. The following relations hold in H,(QLF, (R¥). For o € ¥¥,
(i) o(@z1(aisy +ds2) + (—1)F(qs,1 + As2)a2,1) = 0,
(11) 0—(62716473 + (*1)165473@271) =0,
both with the convention that &, = (-DFa, s for1<s<r<k.
REMARK 2.6. We will refer to (i)—(iii) as the SYB-relations (for Samelson—

Yang Baxter). Additional insight into the algebra H,(Q2F, (R¥) is gained by
considering the fibration

QRY — Q1) ~2 QF, (RF) 222 F, 4 (R)
which corresponds to the fibration
R* — Qn_1 =2 F,(RF) 22 F,_; (R¥).
Then €f is a section for Qp,,, where f is a section for p,,. Then we have a map

Y QF,_1(RF) x QR* — Q,_1) — QF,(RY)

given by ¥(zy) = Qf(2)Qn(y) (loop multiplication). % is readily seen to be
a homotopy equivalence, (employing, for example, Dold’s Theorem [4]) which
is fiber-preserving, up-to-homotopy. We stress here that 1 is not an H-space
homotopy equivalence. Thus we obtain the following implications.

PROPOSITION 2.7.
(a) 9 induces

Vit Ho(QF-1(RY)) © Ho(QR" = Quo1)) — Ha(QF(RY))

which is an isomorphism of H.(QF,_1(R?))-modules.
(b) Yo(Qrs @ Apyt) = Qpsling, 1<s<r<n—1,t<n.
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COROLLARY 2.8.

(a) H.(QUF,(RF) is generated as an algebra by ®rs, 1 < s <r <k which
satisfy the SYB-relations.
(b) Every element u € H,(QF,(R¥)) may be written uniquely in the form

u=z+y, € H(QF,_1(R")) and y € H.(QF,_1(R*)H.(QUR" — Q,,_1)),

where H is reduced homology.
(¢) By induction on n, there is an isomorphism of Z-modules

W R HL(URE = Q1) — HL(QFRY))
r=2

and 1)’ restricted to H,(QRF — Q,_1)) is an algebra homomorphism.
(d) Since each H.(Q(R*F —Q,_1)) is the free associative algebra on a5, 1 <
s <, ([3]), Hi(QF,(RF)) is a free Z-module.

Our next result is to show that H, (2F, (R¥)) is in fact isomorphic to the free
associative algebra generated by the set A, = {@, s, 1 < s <r < n} and {1}
modulo the SYB-relations. Let %, denote the free, graded, associative algebra
generated by A, modulo the 2-sided ideal I,, generated by the SYB-relations,
with the grading corresponding to that of H,(QF,(R*)). Then, there is an
algebra homomorphism g, : 2A,, — 2,,_1 such that

- ar, fl<s<r<n-—1,
gn(ar,s)_ .
0 ifl<s<r=n,

gn admits a right inverse ky, : U1 — A, with hy, (@ s) =@y, 1 <s <71 <
n — 1. Then, we have a split exact sequence

OHKn*)mn*)mnflﬁoa
where K, is the kernel of g,,, which is the two-sided ideal generated by @, ;1 <

s<n.

LEMMA 2.9. 2, is a left module over A,—q1 and A, = Apy—1 B A1y n—1,
where A, ,—1 1s the subalgebra generated by o, ;1 < s < n.

Proor. It suffices to show that &, ;0. s = £, 0n + &, 7 < n, where
x € AU, p—1. First of all, if n,¢,7, s are mutually distinct then using the SYB-
relations @, ;0 s = 0, 10 s. Next, we observe that the SYB-relation

(1) (@2,1 (@51 + T32) + (—1)* (@31 + A3 2)@21) =0
implies the relations

(2) (@s,1(@2,1 + (—1)*as2) + (—1)* (@21 + (—1)F@32)@31) =0
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and

(3) (—1)f Qs 2(q2,1 + a3,1) + (@a,1 + @3,1)a3,2 = 0,

and hence

(4)  @iae1 = (1)@ @51 — @3 0051 + (-1 'ag 1as .,

(5)  @zaany = (—1) " tag ass + (1) g @ e + (1) (@s0a0).

Then let o denote a permutation such that o(1) = s, 0(2) = 2, 0(3) = n. Then,

applying o to (4)

(6) an,sar,s + iar,san,s - an,ran,s + (*1)kilan,san,r-

In a similar fashion, using (5) and an appropriate o,

(1) @ = () 7T+ () Ty + (<D (@)

which completes the remaining case. 0
COROLLARY 2.10. The kernel K, = 2,1 - Ay 1.

REMARK 2.11. The notation @, s represents both an element of 2, and
H,(QF,(R¥)) but the context makes clear wherein the element lies.

Let pg : 2, — H.(QF,(R¥)) denote the algebra homomorphism which cor-
responds @, ¢ in Ay, to @, s in H,(QF,(RF)).

THEOREM 2.12. py @s an isomorphism, for n > 2.

PROOF. The proof is by induction on n. The induction easily starts at n = 2,
since H,(QF,(R*)) ~ H,(25%~1), which is a polynomial algebra on @y;. For
n > 2 we have a diagram of exact sequences,

Ho(QF, 1 (RF)HL(QURF — Quy)) — Ho(QF, (RE)) — H.(F,_1(RY))

TP:L Tpn Tpn—l

Q[nflmn,nfl — an — Q‘n,1
where p,,—1 is an isomorphism by induction and py, n—1 = o |Ann-1: Lnn-1 —
H,.(QRF - @Q,_1)) is also an isomorphism because H.(Q(R* — Q,,_1)) is the
free associative algebra (without unit) on A, 1. Let p;_; and pj, ,,_; denote,
inverses for p,_1 and p,, ,,—1 respectively, and define (it is well-defined) an inverse
p* for pl, using the diagram

H*(Qanl(Rk»ﬁ*(Q(Rk - anl)) = H*(QanlaRk)) ® H*(Q(Rk - Qn71)>

! l

Q[nQ‘n,nfl A— Q[nfl & Q'ln,nfl
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ie. p*(arsant) = pp_1(rs)pp n1(ak,:). Then, it follows that p, is an isomor-
phism.

The coalgebra structure in H*(QF, (R¥)) is determined inductively using the
homotopy equivalence

QF, (RF) ~ QF,_1(R*) x QR* — Q,,_1).
Hence,
H,(QF,(R*) = H,(QF,_1(R*) ® H, (QRF — Q,_1))
as coalgebras. O

PROPOSITION 2.13. As coalgebras

n—1

L(QF,(R*)) ®H Q).

We note at this point that each @, ,1 < s < r < n, is a primitive element
(being spherical) and that

Ap s HA(QR" - Q) — H(QR" - Q) ® H.(OR" - Qy)

is completely determined by A, (@) =1 @@ s +ars @1, 1 < s < r, where
A, is the diagonal map.
Let P(A) denote the set of primitives in a coalgebra A.

COROLLARY 2.14.
P(H.(QF,(R")) NEBP RF —Q,).

The set of primitives P(H,(2F,(R¥))) plays a role in the LS-category of
subsets of QF, (R¥) as we review shortly. The following result is an exericse.

PROPOSITION 2.15. Let S™ denote an m-sphere and H,.(2S™) the cor-
responding Hopf algebra (over Z) with generator &@. Then the generators for
P(H,(QS™) are @ when m is odd and @, (@)? when m is even. If we use Zs
coefficients P(H,.(QS™;Zs) is generated by P where p is a power of 2.

Now, recall the Hilton-Milnor decomposition theorem [12]:

THEOREM 2.16.
QR - Q)= [ 25w
weW,.
where W, is the set of basic elements on the set 5, 1 < s <7, and Sy, is a
sphere whose dimension depends on the weight of w.
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COROLLARY 2.17.
PH.(QR" ~ Q) = D PH.(QSw)).
weW,.

In particular, over Zs, P(H.(QURF — Q,.); Z3)),r > 1, has infinite dimension.

We now review the role that primitives in H,(£2Y") play in computing category
in the loop space of a space Y (see [8] and [9]). We note also that H,(2Y)
is a Hopf algebra without the finite type assumption on QY required for the
corresponding cohomology H*(Q2Y) to form a Hopf algebra.

Let Y denote a 0-connected ANR (metric) with a base point * and A # ¢

a subset of Y. Let A", denote the n-fold diagonal map A’} : A — Y™ and let
W™ denote the subset of Y (called the fat-wedge) given by

W™ ={(y1,.-- ,Ym) €EY™ :y; = * for some i, 1 <i < m}.

Then, following G. Whitehead [20], caty A < m if, and only if, A} is deformable
(in Y™) into the subset W™.

On the other hand, for any coefficient ring R, consider the induced homo-
morphism on reduced homology

AR, H.(A;R) — H, (Y™, W™ R),

where A} = jA" and j is the inclusion j : Y™ — (Y™, W™).

DEFINITION 2.18. coply A = min{m : A’}* = 0}, where copl is read “co-
product length”. If A # 0 for all m, coply A = oo.

The following is an immediate consequence.

PROPOSITION 2.19. coply- A < caty A.

Among other useful properties of coproduct length are the following (see [8]
and [9]).

ProprosITION 2.20. If A1 C Y7 and As C Y, where Y1 and Yo are ANR
(metric),
coply, xy, A1 X Az > coply Ay + coply, Az — 1

whenever min{coply, A1, coply, A2} > 2.
The following is a modification of a result from [9].

THEOREM 2.21. Let Y be an H-space (e.g. if Y = QF,(R¥)) and H.(Y; R)
the corresponding Hopf algebra. We suppose R is a P.LD. and H,(Y; R) is a free
R-module (e.g. R is a field or R =7 and H.(Y; R) is free abelian). Let A # ¢
denote a subset of Y. Suppose i : A — 'Y 1is the inclusion, then

coply A > rankgP(H.(Y; R) Ni.H.(A; R)).
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We now turn to the question of compact subsets of QF},(R¥) which have high
category which is important in subsequent applications in the next section.

Consider a typical element o of H,(QF,(R¥); R) Then, sup(«) will denote
any choice of compact support for ce. Then set

A,«,s(p) = U SUP(ag,ps)'
p=1

Furthermore, in the representation Q(R* — Q,—1) ~ [T, ey QSw, 7 = 3, let
Ar(wi, ... ,wp) C QF,(RF), correspond to sup(@y, X ... X @y, ) where w; is a
basic element and @, is the corresponding generator of 15, .

PROPOSITION 2.22. Let Y = QF,(R¥). Then

(a) caty A, s(p) > coply A, s(p) > p, when the coefficient ring R = Z,.
(b) caty A, (w1,...wp) > p, when the coefficient R is Z.

COROLLARY 2.23. Forn >2, k>3, QF,(RF) contains compact subsets of
arbitrarily high category.

REMARK 2.24. Proposition 2.22 only illustrates the numerous possibilities.

3. A variant of the Majer—Terracini index

We begin with a brief review of the setting in which Majer and Terracini
[15]-[17] introduce a variation of Lusternik—Schnirelmann (LS) category which
when applied in the context of the LS min-max method gives an interesting
technique for proving the existence of periodic solutions to dynamical systems
of the type

(1) iy = Y VVij(ui =, t),

4,j=1

where the Vj; are periodic in ¢ of period T" and singular at the origin, u; € Rk, 4 =

1 ,n. As usual, the solutions of (1) are critical points of the functional

P

T T
) fw =5 [ 1= [ v

on the domain
(3) N ={(u,... ,up) € H: w(t) # u;(t), Vtand Vi # j}

where H is the Sobolev space W%’Q(R, R"*). A’ is the same homotopy type as
the (topological) free loop space AF, (R¥), where F,,(R¥) is the nth configuration
space of R¥. A’ will also be designated by A’F, (R¥).
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REMARK 3.1. We explicitly note here that the overall assumption on R¥ is
always k > 3, so that A is path connected. The methods do not apply in the
case of R? since then A is disconnected, with contractible components.

The Majer—Terracini variation of LS-category goes as follows. Let D(H) de-
note the set of all deformations of H into the subspace R¥" of constant functions.
Then define a relation 7y, ,, on the set I = {1,... ,n} of indices for each h € D(H)
and u = (uy,...,u,) € A’ by

(4) irnej =3Ni; €10,1] and t;; € R
such that  h;(u, Aij)(ti;) = hj(w, Aij) (i),

i.e. at some stage \;; of the deformation parameter, the ith and jth particles
collide at time t;;. Let R}, , denote the smallest equivalence relation containing

Th,ua 1.e.,
(5) iRy, j = 3 indices iy, ... ,is 0 I iy i1, 017 hul2, - - -, LsThuj-

Thus, iRy, ,,j need not mean that at some stage of the deformation the ith and
jth particles collide but something more complicated. The relation Ry, ,, is then
used to define the class of closed sets A in A’ (the “admissible sets”) over which
one min-maxes the functional (2) to find critical values.

DEFINITION 3.2. A closed set A C A’ is called admissible if for every h €
D(H) there exists a u € A such that iRy ,j for every i # j.

“non-contractible sets”

Thus, the admissible closed sets play the role of the
(category > 1) while a non-admissible set plays the role of a “contractible set”
(category = 1). A central topological question then becomes the existence of
admissible compact sets and indeed the existence of admissible compact sets
which require an arbitrarily large number of non-admissible sets to cover them.
In the Majer—Terracini method the existence of an admissible set is obtained in
an ad hoc manner, relying on [6]. We propose here to give a modification of their
concept of admissible set which will allow greater flexibility in “category” com-
putations as well as being conceptually simpler. At the same time, we verify that
in their methods the concept of non-admissible may be replaced by a classical
notion of “categorical” without sacrificing the validity of their arguments and,
indeed, shed more light on the existence of “admissible sets”. A concomittant
bonus is that the setting can be made quite general.

Let X denote a (separable) metric space and F,(X) the nth configuration
space of X, i.e.

Fo(X)={(z1,... ,2zn) s z; € X, x; #x; for i # j}.
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Let AF,(X) denote the free loop space on F,(X), i.e., AF,(X) = C%(S1, F,(X))
with the uniform topology, where S! is the unit circle. If base points are chosen
in ST and X, QF,, (X) is the space of based loops on F,,(X), i.e. those u € AF,(X)
which take base point to base point. We then consider subsets A;; = A;;(X), 1 <
i < j <n,of C°(S, X™) which do not allow 4, j collisions, i.e.

Aij = {’LL = (Ul,. .. ,Un) S CO(SI7XTL) : Vt e Sl, ul(t) 7é Uj(t)}.

Similarly, we define Q;; = €;;(X), using based loops with base point in F,,(X).

Then, set
A=Ay o=
i<j 1<j

Observe that {A;;} and {€2;;} are open covers of A* and Q*, respectively, and
we now move to a more general setting for the notion of I'-category where T is
a collection of open sets in a given space.

Let Y denote an ANR (sep. metric) and I' = {I', } a fixed collection of open
sets in Y. For simplicity, we assume I is a finite cover. Now let A denote a
subset of ¥ such that A C I, for every .

DEFINITION 3.4. T-cat A < p if A may expressed as a union A = Uv A,
with catr_ A, < p for every 7. If no such p exists, set I'-cat A = oo. Otherwise,
set ['-cat A = p if p is the minimum integer with catrA < p. Here catr A, is
the classical category of Lusternik—Schnirelmann.

PROPOSITION 3.5. The known properties of the classical category imply the
following properties of T'-category. We continue to employ the above setting.

I'.1. (monotone) If Ay C As, then I'-cat A} < I'-cat As.

I'.2. (subadditive) I'-cat (A; U Az) < T'-cat A; + I'-cat A,.

I'.3. (continuity) I'-cat A = p implies that there is an open set U such that
I-cat U = p.

4. (finiteness) If A is compact, T-cat A is finite.

I''5. Let X denote a subset of Y such that X C I'y for every v and H :
X x I — X a deformation of X, i.e. Ho(x) = x for x € X. Assume
that for each v, H extends to a deformation H” : I'y — I'y. Then for
AC X, I-cat A <T-cat H1(A).

I'6. Let X =T, and A C X, then T-cat A < catx A.

We note that if I'-cat A = p, then A admits a decomposition
p
A=|JA, where A, =] A
¥ k=1

and A} is contractible in I, i.e. categorical (in the classical sense) in I'. If we
set B = Uﬂ{ A, k., we are led to the following definition of I'-categorical.
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DEFINITION-PROPOSITION 3.7. Let B C [, I';. Then, B is I'-categorical if
B admits a decomposition B = U'y B, and each B, is categorical in I'y. Thus,
I-cat A < p if, and only if, A admits a decomposition A = (J;_, By such that
each By is I'-categorical. In particular, I'-cat A = 1 is equivalent to saying that
A is T'-categorical.

As in the case of classical category, cup length in cohomology provides a lower
bound for I'-category.

DEFINITION 3.8. Let A denote a closed subset of X, and write cfx A for the
cup length of A in X. Then,

I'-clA < p = A may be written A = U7 A, with A, closed in I'y and
clr Ay <p. Then, I'-c/A = p =T-clA < p and p is minimal with this property.

REMARK 3.9. As usual, cfx A is classical cup product based on Alexander—
Spanier cohomology with suitable coefficients.

We now return to the previous configuration space setting: for examples of
I'-category.

X is a given ANR and F,(X), the nth configuration space of X. We define
the following family of open sets in X™. Let

Fo(i,j) ={x € X" : x; # z; for a given i # j}.

Then, (;; Fn(i,j) = Fo(X) and if A C Fo(X) and I' = {F,,(i,7),1 < j} we
may consider I'-cat A in this case.

On the other hand, we may apply the loop and free loop functors to the
F,(i,7) and we have collections of open sets

where
(QF.(i,5) = QF,(X) and [ |AF,(X) = AF,(X).
i<j 1<j
Thus, if A C QF,(X) or B C AF,(X), the concepts QI'-cat A and AT-cat B
apply.
From the point of view of estimating values of QI'- and ATI'-category, the
following lemma is very useful.

LEMMA 3.10. Suppose A C QF,(X), then AT'-cat A > QI'-cat A.

Proor. Consider the fibration QF,(i,5) — AF3(i,j) — F,(i,7). Then,
using [6], for every ¢ < j we have

catp,; A > catq,, A. 0

In order to apply the preceding discussion to the Majer—Terracini setting, we
consider the configuration space F,(R¥) as a subspace of R*" and the Sobolev
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space of T-periodic functions W%’Q(R,Rk") = 'H, with typical element u : ¢ —
(ur(t), ... ,un(t)), u;(t) € R¥, and with inner product

T
u-v= / () - o(t) + u(t) - v(t)) dt.
0
A'F,(R¥) is the subset of orbits without collision, i.e.
NF,(RY) = {u € H: ui(t) # u;(t), for all i # 4, t € R}.

A F,(RF) has the same homotopy type as AF,(R¥) (which has the uniform or
compact-open topology). Indeed the natural inclusion

¢ :H— CHR,R"™) = CO(S, R

induces

o+ Ay (RY) — A(F,(RY))
which is the homotopy equivalence (Palais [17]). The analogue in H of the
subspaces A;; = AF,(4,7), ¢ < j fixed, are given by

Ay ={u e M ui(t) #u;(t), t € R}

and corresponding open collection A'T" = {A};}. Note that ¢ also induces a
homotopy equivalence
Wij - A;] — AU
Furthermore, for A C A'F,,(R¥) = (i< ; Aij, the concept A'T"-cat A is defined.
Recall that a deformation in H is a homotopy h : H x I — H such that hg is
the identity. Let D(H) denote the set of all deformations of H with h; mapping
into the space of constant functions (identified with R*™).

Basic LEMMA 3.11. Suppose A is a subset of N'F,(RF) such that there
exists an h = (h1,... , hy) in D(H) with the property that for every u € A, there
exists a pairi,j (depending on u), i < j, such that for every s € [0,1] andt € R

hi(u, s)(t) # hj(u, s)(t).
Then, if N'T' = {A};}, we have A'T-cat A < 2.

PrOOF. Let V;; = {u € H : hi(u,s)(t) # hj(u,s)(t), Vs,t}. Then, V;; is
deformable into Fy(i,j) which has the same homotopy type as Fy(R¥) which,
in turn, has the same homotopy type as R¥ — 0 which has category 2. Hence,

each Vj; decomposes into 2 open subsets which are categorical in A;;. Thus,
A'T-cat|, A <2 O
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COROLLARY 3.12. Suppose A C N'F,(RF), AT"- catA > 2. Then for ev-
ery h € D(H), there is a u € A such that for every i,j, there exists s;; €
[0,1], t;; € R, such that

hi(u, sij(tij) = hj(u, sij)tij)

te, if u= (ui,...,un), every pair of particles u;, u; collides during the defor-

mation h.

REMARK 3.13. Thus, every closed subset A C A’F,(R¥) is admissible in the
sense of Majer—Terracini [16] if it has AT'-category greater than 2.

We will apply the above corollary to the simple deformation h = (hq, ... , hy,):
‘H x I — H defined by

(+) halu,)(8) = uilt) — s(ui(t) — [us)), s€l, teR,
where
1 (T
== A(t) dt,
wl =7 | w0
to prove an inequality which is basic for the Majer—Terracini method.

PROPOSITION 3.14. Let E denote the set

1 T..
E= {u € NF,(RF) o Z[Uz —u]* > 6|u||§}
i#]

Then, A'T-cat £ < 2.

PROOF. Suppose A'T-cat E > 2. Then, using the deformation (x) above, for
some u € E and every pair 4, j, there is a pair (s;;,t;;) such that

wi(tiz) — sig(uiltiy) — [wi]) = u;(ti;) — siz(u;(ti) — [w]).
This implies
(1= sig)luiltiy) — u;(tiy) — [ui — wy]| = [[ui — uj]|
and hence
i — ugll < flws — uj — [wi — ugllloo-
Appling the Sobolev inequality we obtain

2 o T

2, < i — i3

[wi = ugl* < flui =y — [ui —uj|
Therefore,

T . . T .
Sl -l < (Z sl + ||uj||§> < 5203 il

i#j 1,3
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and hence
1 o T\ .o
o D lus — ugl? < gl 0
i#£]

The corresponding inequalities in Majer—Terracini [15]-[17] are not as sharp
because the authors employed the relation iRy, ,,j described earlier in this paper
rather than the simpler concept of I''-category. Following Majer—Terracini we
use as “control function” g(u) the function

_ 1 2
gu) = o Z[uz - uj]
i#]

to obtain the following restatement of Proposition 3.14.

PROPOSITION 3.15. If E = {u € ANF,(R*) : g(u) > (T/6)||u||3} then
AT-cat B < 2.

COROLLARY 3.16. Let f : A'F,(R*¥) — R denote a C'-functional of the form

1

T T
fw) =5 [l = [ Vs, wexr@h,

where V(u,t) <0 for allu and 0 <t <1, then

A'T-cat {u € AN'F,,(R¥) : g(u) > (T/3)f(u)} < 2.

COROLLARY 3.17. For any ¢ € R and any b > (T/3)c we have
A'T-cat{u € N'F,(R¥) : f(u) < c and g(u) > b} < 2.

Another important step in the Majer—Terracini method is to verify the exis-
tence of compact sets in A’F,,(R¥) of arbitrarily high A'T'-category.
Let p,, : F,(RF) — F3(R¥), n > 3, denote the projection

Pr(X1, . . xn) = (21, 22).

A section for p,, is defined by

on(x1,22) = (T1,. .. Tpn)

where for j > 3

zj=x1+4( — 1)(z2 — 21).
Observe that, o, (z1,22) belongs to F,(L(x,x2)), where L(xy,z3) is the half-
line from x; through x,. Also, o, imbeds Fp(R¥) in F,(R¥). Let Fj(R*) =
on(Fo(RF)), so that o, : Fp(R¥) — Fj(R*) is a homeomorphism with inverse
Pl 5 (RF).
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LEMMA 3.18. Let C* denote a set in Fj (R¥) which is contractible in F, (i, j).
Let C denote the corresponding set in Fy(R¥), i.e. C = o,1(C*). Then, C is
contractible in Fp(RF).

PROOF. Let G : C* x I — F,(i,7) denote a contraction, i.e. Go(z) = =z,
r € C* and Gy(z) is a point in F,(i,5). Let p;;j : F,(i,j) — F2(R¥) denote
projection on the ith and jth coordinates. We define a homotopy H : C' x [ —
Fy(R¥) by H = p;j0Go(0, xid). Note that Ho(y) = pi;j(Go(o, (1)), and Hy(y) is
a point in F,(R¥), y € C. Furthermore, if y = (y1,v2), Go(rn(¥)) = (Y1, - ,Yn)
and y; and y; lie on the half-line L(y;,y2) from yi to ys, where Ho(y1,y2) =
(¥i,95), ¢ < j. Using a simple homotopy K taking (yi,y2) along L(yi,y2) to
(i, yj), we see that K followed by H, gives a contraction of C' in Fp(RF). O

PROPOSITION 3.19. Let T' denote collection {F,,(i,5), 1 <1i < j <n} and
A a subset of Fo(RF). Then, if A* = 0,(A),

n(n

-1
cat g, mryA < T)I‘—cat A*.

PROOF. Suppose I'-cat A* = 3 < 0o. Then, A* = UK] Bij and catp,(; ) Bij
< (. Then, each B;; = Uﬂ B};(\) where Bj;(A) is contractible in F3(3, j).
Then, A = U, Bij(A), where Bw()‘) = 0, '(B};) which is contractible in
Fy(RF). O
REMARK 3.20. Our overall assumption is that k& > 3, so that F,(R¥) is 0-
connected and contractions may always be assumed to be to any point of F,, (R¥).

Now, the arguments used above apply to the following situation. Using the
notation above, the section o, : F5(R*) — F,(RF) induces sections

AR (RF) — AF, (RF),
No, - A’FQ(R’“) — N F,(RF),
n: QF(RY) — F,(RY),
Vo, : VF(RY) — Q'F,(RY),
where in the last item above Q'F, (R¥) is the subset of A’F,(R¥) consisting of
loops based at a particular point.
THEOREM 3.20. If A C AN Fy(R*) and A* = No,(A), then for AT =
NF,(i,7)
—1
CatA/FZ(Rk)A S %AIF-CEH] A*
The corresponding inequalities are valid for subsets of AFy(R¥), QFy(R*) and
' 5 (RF) using the open covers AT, QI and Q'T, respectively.

COROLLARY 3.21. A'F,(R¥), n > 2, contains compact subsets of arbitrarily
high A'T-category, where A'T' = {A;;}.
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4. The Majer—Terracini method

We now illustrate how the general concept of I'-category and, in particular,
Theorem 3.20 play a role in the Majer—Terriacini method by proving one of their
main results.

First of all, the method requires the use of several results which are only
valid modulo translation by R¥. More precisely let Ho denote the subspace of
‘H defined by

i=1
and 7 : H — Hy, the orthogonal projection given by mu = v — T, where

Ho = {UGH:i[Ui]ZO},

1 n
Ei:gj:—i [w;], 1<i<nmn, z € R
n
i=1

Let AQF,(R*) = Ho N A’'F,(R¥) and one easily verifies that we have a homeo-

morphism )
I'F,(R*) <2  ALF,(R*) x R

‘ﬂ'ol lproj

MyFa(RE) — A (R¥)

where 7y is the restriction of 7 and ¥(u,r) = u+ 7, and Z; = z € R*. On
the other hand, let R¥ act on H by translation, i.e. zu = u + Z, where 7; = x,
1 <i < mn, z € RE. Then, the orbit space (A’F,(R¥))/R¥ is homeomorphic to
Ay F,(R¥). Thus, the statement that statements made in the context of AF,, (R¥)
are valid “modulo translations by R*” is equivalent to asserting validity in the
orbit space ALF, (RF). In short, the Majer-Terracini method has as its natural
habitat Ay F, (R¥) C Ho.

In order to carry over the results of Section 3 to Hy we employ the following

PROPOSITION 4.1. Let A denote an RF-invariant subset of A'F,(R¥) and
A'T = {A};} as in Section 3. Let Ag = m(A) and AT’ = {m(A};)}. Then

AjT-cat Ag = A'T-cat A.
ProOOF. Since A and Agj are R*-invariant, m defines a homotopy equivalence

from Aj; to m(Aj;) which carries A to Ag. Since caty,; A = catr(a,;)Ao for every
1,7, 1 <1 < j < n, the result follows. O

COROLLARY 4.2. A} F,(R*) admits compact subsets of arbitrarily high AjT -
category.

Our next objective is to illustrate how to apply the properties of I'-category
in the proof of the following theorem of Majer—Terracini ([16], [17]).
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The setting is the following dynamical system of n-body type

(H) —mt; = ZVVZJ(UZ — Uj,t), 1< 1,7 < u,
i#j
where v = (u1,... ,u,) € H = W%’Q(R,Rk"), t € R. The assumptions on the

potentials V;; are the following:
(V1) Vij € CL(R* — 0; (—00,0]) for 1 <i # j <n.
(Vy) There exists U € C*(R* — 0;R) such that lim,_,o U(x) = oo and there
exists a pg such that for 0 < |z| < po, [VU(z)|* + U(z) < —Vi;(z,t) for
B
(V3) There exists p > 0 and 6,0 < § < 7/2 such that ang(VVj;(z,t),z) <0
for all z with |z| > p and i # j.
REMARK 4.3. (V3) is a “Strong Force” condition and (V3) is an “angle”
condition, where

cos ™ =i [aly| £ 0,
ang(y,z) = ||yl

0, otherwise.

As usual, the (non-collision) T-periodic solutions of (H) are critical points of
the associated functional

T |2
U
G s = [ =S v - an
0 i#j
THEOREM 4.4 (Majer—Terracini, [17]). Under the assumptions (V1)—(Vs),
the functional f has an unbounded sequence of critical values.

Before proceeding with the proof we state without proof the necessary ana-
lytic prerequisites (Propositions 4.7, 4.8, 4.10, 4.11) whose proofs may be found
in [15]-[17]. Following Majer—Terracini let

(8) g(u) = 5 S (fw] ~ )
i#]
Then, both f and g, which are defined on A’F,(R¥) and for the remainder of
this section we assume that f satisfies properties (V1)—(V3).
The motivation for the function g is the following simple purely algebraic
lemma and its corollary.

LEMMA 4.5. If z; € RF and > x; =0, then

1
m (a:i—xj)2:Z:cf.
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COROLLARY 4.6. If u € A\ F,(RF)

0) = o (] = [o])? = 3 ful?
and (using the Wp>-norm) |Jul| < M (g(u) + 2f(u)) for some M > 0.

The proof of Corollary 4.6 is made simpler if one uses the equivalent norm

T
HW:AIWﬁ+M?

Corollary 4.6 leads to the following Palais—Smale condition.

PROPOSITION 4.7. Every sequence {u;} in AjF, (R¥) such that for c,b € R,
fu;) = ¢, Vf(u;) — 0 and g(u;) < b, has a convergent subsequence.

PROPOSITION 4.8. For every ¢ > 0, there exists b = b(c) such that the
nonlinear eigenvalue problem

Vf(u)=AVg(u), A>0
has no solution in the range {u € A" : f(u) < ¢ and g(u) > b}.
REMARK 4.9. A precise value which works for b(c) in Proposition 4.8 is given
in [16].

PROPOSITION 4.10. Forc and b > 0 in R, every sequence in Ay F, (R¥) such
that f(u;) — ¢, g(u;) — b and Vf(u;) — A;Vg(u;) — 0 with A\; > 0, possesses

a convergent subsequence.
For the next proposition recall the following conventional notations. If f €
C(A;R), where A is an open in a Hilbert space, then
K.={ueA: f(u)=cand Vf(u) =0},
fr={ueN: f(u) <b},
fo={ueA: f(u) > b}
Also recall that a deformation n € C°(A x I,A) is a homotopy such that for
U € A7 T}O(U) = 77(“70) = u.
PROPOSITION 4.11 (Abstract Deformation Lemma). Let A denote an open
set of any Hilbert space, f € C*(A;R) and g € C?(A; R).
Furthermore, assume that for c,b in R the following conditions are satisfied:
(H1) Ifu; — up € OA and g(u;) is bounded, then f(u;) — oo.

(Hz) If f(u) = ¢, g(u) =b, then Vg(u) # 0.
(Hs) If f(uj) — ¢, g(uj) < b and Vf(u;) — 0, then {u;} has a convergent
subsequence.
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(Hq) If f(u;) — ¢, g(uj) — b and V f(u;) — X\jg(u;) — 0 where \; > 0, then
{u;} has a convergent subsequence.
(Hs) If f(u) =¢, g(u) =0, then Vf(u) # AVg(u) for every A > 0.
Then, for every > 0 and every neighbourhood N of K.Ng® there is a deforma-
tionn:AxI— A and ane, 0 <e <E, such that:

(1) n(u,s) =u, foranys, 0<s<1,if|f(u)—c|>% orglu)>b.
n preserves sublevels of f, i.e. n(f% s) C f* for a € R.

m(freng’) (e ng’) UN.
m

)
2)
)
) m((fersng’) —N) C feengb.

(
(3
(4
REMARK 4.12. As is customary, when K. N g® = ¢, we take N = ¢. The

above deformation result will be applied in the special case of A = A} F,(R¥)
and the restriction of the functional f of Theorem 4.4 to A)F, (R¥).

Now, we turn to the proof of Theorem 4.4 which is a variation of the argument
in [17] with some essential changes since we will be employing A{T'-category in
the space ALF, (RF).

PROOF OF THEOREM 4.4. First we introduce the simplified notation A’ =
NF,(R*), A = A{F,(R¥) and recall the open family AJT' = {A;; N Ho} of
Proposition 4.1. Let

A, = {A = Ap : A is compact and AjT-cat A > 2m}

and ¢, = infscq(,, supy f, for m > 1.

Note that an application of Corollary 4.2 implies that 2(,,, contains non-empty
compact subsets for every m, so that 0 < ¢}, < co. Note, also that ¢}, depends
only on the restriction of f to Aj and for this and the need for the deformation
lemma (Proposition 4.11) in the Hilbert space Hg, we will use the notation f to
mean this restriction to A{, in the remainder of the proof.

Now choose an a,,c}, and apply Corollary 3.17 and Proposition 4.8 to obtain
by = b(an,) so that

AgT-cat{u € Ay : f(u) < ap, and g(u) > by} < 2,

and the conditions of Proposition 4.11 are satisfied (with ¢ = a,, and b = b,,).
Let ¢, = inf{c: fCU(f* Ngp,, ) D A, for some A € A, }. Then, ¢, < ¢, <
Qm. Also, for € > 0,

ApT-cat(f T U (f* Ngp,)) > 2m

m

and hence
AjT-cat f3+2 > 2m — 2 = 2(m — 1).

Hence c},_; < cp.
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We now are in a position to prove the following multiplicity result which
implies in particular, that for ¢ = ¢,,, and b = b(a,,), K.Ng® is non-empty. First,
we may choose the sequences {a,,} and {b,,} to be monotone increasing. Now
suppose,

Cm =Cmtl =...=Cmys =¢, s2>0.

Then, we assert that for b = b,
AlD-cat (K.Ng%) > 2s+ 1.

To verify this, let B = K. N g* and suppose Ajl-cat B < 2s. Choose a neigh-
bourhood N of B such that AjI-cat N = A{-cat B. Now, choose ¢ depending
on € = 1 in Proposition 4.11 (Deformation Lemma) and choose a set A in A,
such that A C f U (f* N gp), where a = a;,4s and AjT-cat A > 2(m + s).
Then, if n is the deformation in Proposition 4.11, A — N is compact,

AyT-cat (A — N) > 2m

and

m(fEU ) = N) C fEU N ge).
This, contradicts the definition of ¢,,. Thus, in this case AjT-cat(K. N g°) >
2s + 1.

To prove that the sequence {¢,,} is unbounded, suppose lim ¢}, = ¢* < oo.
Fix a > ¢* and set b = b(a). Assume a,, = a and b,, = b for all m in the
preceding. Then K- Ng® is compact (and non-empty) and set p = AjT-cat(Kq-N
g?) < co. Let € = a — ¢* and choose ¢, N and 7 as in Proposition 4.11 with
A{T-cat N = p. Note that for every m, there exists a compact set A,, such that
AlT-cat A,, > 2m and A, C f¢ . Furthermore,

Ap C (A ng®) = N)U(An Ngy) UN

where A{T-cat N = p and AjT-cat(A4,, N gy) < 2 and hence, A{T-cat((A,, N
g®) = N)) > 2m — (p + 2) for all m. Applying the deformation 7, we have
m((AnNg?) —N) C fng" and AjA-cat(n ((A,, NOP) = N)) > 2m — (p+2)
for all m. But the definition of ¢}, preclude the existence of compact subsets in
fe ¢ of A{T-category > 2m which gives a contradiction. Thus, the sequence
{em} and {c*,} must be unbounded which completes the proof of Theorem 4.4.00
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