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ABSTRACT. The purpose of this paper is to study some algebraic structure
of submeans on certain spaces X of bounded real valued functions on a
semigroup and to find local conditions on X in terms of submean for the
existence of a left invariant mean.

1. Introduction

Let S be a semigroup and X be a subspace of £°°(S) containing constants,
where (°°(S) denotes the Banach space of bounded real-valued functions on S
with the supremum norm. A continuous linear functional p on X is called a mean
if [|u]] = w(1) = 1. As well known, u is a mean on X if and only if

inf f(s) < p(f) <supf(s) foreach f e X.
ses seS

By a (nonlinear) submean on X, we shall mean a real-valued function g on X
with the following properties:

(1) p(f +9) < p(f) + p(g) for every f,g € X,
2) plaf) =ap(f) for every f € X and a > 0,

(2)
(3) for f,g € X, f < g implies u(f) < u(g),
(4) wp(c) = ¢ for every constant function c.
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Clearly every mean is a submean. The notion of submean was first introduced
by Mizoguchi and Takahashi in [8]. A semigroup S is called left reversible if
aS NbS # ¢ for any a,b € S. As well known, if £°(S) has a left invariant
mean (i.e. S is left amenable), then S is left reversible but the converse is not
true (e.g. free group or semigroup on two generators). On the other hand, a
semigroup S is left reversible if and only if £°°(S) has a left invariant submean
(see [6]).

The purpose of this paper is to study some algebraic structures of submeans
on certain subspaces X of ¢>°(S), and find local conditions on X in terms of
submean for the existence of a left invariant mean on X.

The notion of submean turns out to be an effective notion in non-linear fixed
point and ergodic theorems (see [6], [7], [8] and [12]). It has a strong relation with
normal structure in Banach spaces (see Theorem 2.3 and Theorem 2.4 in [7]).
When G is a locally compact group, the invariant submean p(f) = sup{f(s) :
s € G}, f € £°(G), plays an important role (in place of an invariant mean when
G is amenable) in the proof that the group algebra of G is weakly amenable
(see [1] and [5)).

2. Preliminaries and some notations

All topologies in this paper are assumed to be Hausdorff. If E is a Banach
space and E* is its continuous dual, then the value of f € E* at x € E will be
denoted by f(z) or (f,z).

Let S be a semigroup. Then a subspace X of £°°(S) is called left (resp.
right) translation invariant if £,(X) C X (resp. ro(X) C X) for all a € S, where
(Laf)(s) = f(as) and (rqf)(s) = f(sa) for all s € S.

Let S be a semitopological semigroup (i.e. a semigroup with a topology such
that the multiplication is separately continuous) and let LUC(S) denote all
bounded continuous real-valued functions f € £°°(S) such that the map a — ¢, f
from S into ¢°°(S) is continuous when ¢*°(S) has the norm topology. Then
as known, LUC(S) is a left and right translation invariant closed subspace of
£(S). Tt is precisely the space of bounded right uniformly continuous functions
on S when S is a topological group.

3. Algebraic properties of submeans

Let S be a semitopological semigroup and X be a closed left translation
invariant subspace of £°°(S) containing constants.

REMARK 3.1. (a) Let SMx denote the set of submeans on X. Then SMx
is a compact convex subset of the product topological space [] Fex Ry, where
each Ry = R.
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(b) If S is left reversible, then pg(f) = infs sup, f(st) is a left invariant sub-
mean on £>°(S) (see [6, Proposition 3.6]

).
submean of £°°(S), then for each f € £>°(95),
pa(f) < p(f) < po(f)

where u(f) = sup, inf; f(st). In particular, pg is the maximal left invariant
submean on £°°(5).

(c) Let SM be the set of submeans on £>°(S). For p € SM and f € £°°(S5),
define

Also, if p is any other left invariant

pe(f)(s) = p(lsf)
for each s € S. Then

IfIF < inf(£s f)(8) < p(lsf)(t) < sup(lsf) <[]
for cach s € S. So pef € £°(S). Hence if ¥, u € SM, we may define
(WO w f) =, pue(f))-
LEMMA 3.2. If¢,p€ SM, thenyp (O p € SM.
Proor. (1) If f,g € £>°(S), then
pe(f +9)(s) = plls f +£sg) < u(lsf) + u(lsg)
= pe(f)(s) + pe(9)(s) = (ue(f) + p1e(9))(s)

for each s € S. Hence

W OWf+9) =&, m(f+9) < W, pue(f) + pe(g))
< (@ () + (W, pe(9)) = Q ulf) + ¥ O plg)-
(2) If f € £°(S) and a > 0, then
pe(ef)(s) = p(ls(af)) = plalls f)) = a(u(lsf)) = ape(f)(s)
for each s € S, i.e. pe(af) = aue(f). Hence
(b O u)(af) = (b, pe(ef)) = (b, ape(f)) = ali, pe(f)) = al® © p)(f).

(B) It f < g, pe(f)(s) = (u, Lsf) < (n, Lsg) = pe(g)(s) for all s € S (since
Csf < lsg). So pe(f) < pe(g). Hence

W OU(f) = (W, me(f)) < (W, 1ue(9)) = (@ O n)(g)-
(4) If ¢ is a constant, then pp(c)=c. So (¥ O p)(c)=c. Hence py O peSM.O

A semigroup S is called a left zero semigroup if all of its elements are left
zeros which means that zy = z for all x,y € S. Similarly S is called a right zero
semigroup if xy =y for all z,y € S. The (possibly empty) set of idempotents of
a semigroup S is denoted by E(S).
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Let X, Y be nonempty sets and G be a group. Let K = X x G x Y. Given
amap 6: X XY — G, we define a sandwich product on K by
(#,9,y) 0 (2',g'y) = (,90(y,2")g",¥/).

Then (K, o) is a simple group (i.e. no proper two-sided ideals) and any semigroup
isomorphic to a simple group of this kind is called a paragroup.

Let S be a compact semigroup. It is called a right topological semigroup if
the translations x — xs (s € S) are continuous.

THEOREM 3.3. II = (SM, () is a compact right topological semigroup. Fur-
ther, the following conditions hold:

(a) II has a minimal ideal K and
K ~ E(pll) x pllp x E(Ilp)

where p is any idempotent of K and pll = {po s : s € I} with similar
definition for pllp and Ip. Also, E(pIl) is a right zero semigroup,
E(Ip) is a left zero semigroup and pIllp = pII N TIp is a group.

(b) The minimal ideal K need not be a direct product, but is a paragroup
with respect to the natural map

§: E(pIl) x E(IIp) — pllIp: (z,y) — z o y.

(c) For any idempotent p € K, pll is a minimal right ideal and Ilp is
a minimal left ideal.
(d) The minimal left ideals in I are closed and homeomorphic to each other.

PROOF. We first show that the multiplication () on II is associative. Indeed,
if Y, u, 0 € Il and f € £>°(S), then

(3.1) (W OWOO), f) = (b, (kO O)e(f)) = (W, 1ne(0e(f)))

(O 0)e(f)(s) = (OO, Lsf) = (1, 0e(Ls f)) = (p, €sOe(f)) = p1e(0e(f))(5)-
Also,
(3:2) (OO, f) = WO u0e(f)) = (W, 1e(0e(f)))-

So (OO =vOE®H) by (3.1) and (3.2). Also, if pu, — u, then for
fet>(S)and v €11,

(o ©Q ¥, ) = (pas Ye(f)) = (1, be(f)) = (L O, f)-

Hence po Q¢ — p (¢ inll, ie. IT is a compact right semitopological semigroup
(see [4]) by Lemma 3.2. Hence II must have an idempotent (see [2]). The
structure of IT stated in (a)—(d) now follows from [9]. O
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REMARK 3.4. (a) Lemma 3.2 and Theorem 3.3 remain valid if SM is re-
placed by SMx when X is a left translation invariant and left introverted sub-
space of £*°(S) containing constants, i.e. for each p € SMx and f € X, the
function ue(f) € X.

(b) If X C £°°(.9) is left translation invariant and left introverted and contains

constants, then

(i) X is right translation invariant,
(ii) for each f € X, Ky = the w*-closed convex hull of {r,f :a € S} C X.

PROOF. (i) Let a € S and p = d,. Then pe(f) = rof for each f € X. Hence
rof € X.

(ii) Since K is compact in the weak*-topology on ¢°°(S), and the topology
p of pointwise convergence is Hausdorff and weaker than the weak*-topology, it
follows that p agrees with the weak*-topology on K. Let g € K¢. There exists
anet hg = Y1 Afrqe f of convex combinations of 7o f, 0 <A} <1, YA =1,
such that h, — ¢ in the p-topology. Let po = > 0 Afdaz, and p be a weak™-
cluster point of {p4}. By passing to a subnet, we may assume that p, — g in
the weak*-topology of £ (S)*. Now fpia, f = Y_1% Arae f, and so fia,(f) € X
for each . Now

(i 6) = (A7 1) (9) = (s ) = () = (a0

for each s € S i.e. o, (f) — we(f) in p-topology. Hence pe(f) = g. Since X is
left introverted, we have g € X. O

PROPOSITION 3.5. Let X C £°(S) be left invariant and left introverted con-
taining constants, and p € SMx, ¢ is a left invariant submean on X. Then

(a) Oy =,

(b) o O p is also a left invariant submean on X.

PROOF. (a) (u @, f) = (i pe(f)) = (1, 0(f)) = o(f).
() (O laf) = (o, e(laf)) = (0, la(pe(f))) = (@, me(f)) = (O p, f).0

PROPOSITION 3.6. Let X be as above. If ¢ is a left invariant submean on X
and p s a right invariant submean, then ¢ (D p is an invariant submean on X.

PrOOF. We know that ¢ (O u € LISMx by above. Now ifa € Sand f € X,
then

(e QOQusraf) = (o, pe(raf)) = (o, e(f)) = (e O, f)

since

pe(raf)(s) = (s ls(raf)) = (sra(lsf)) = (s f) = (e f)(s)- O
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COROLLARY 3.7. If X has a left invariant submean and a right invariant
submean, then X has an invariant submean.

The following is an analogue of Lemma 1 in [4] and the Localization Theorem
(Theorem 5.2) in [13]:

THEOREM 3.8. Let X be a left invariant and left introverted subspace of
£°(S) containing constants. Then X has a left invariant submean if and only
if for each f € X, there exists a submean 1 (depending on f) such that u(f) =
w(lsf) forall s € S.

PrROOF. Let f € X, and Ky = {u € SMx : u(lsf) = p(f) for all s € S}.
Then by assumption, K¢ is a non-empty closed subset of SMx. It sufficies to
show that for n = 1,2,... and fi1,...,f, € X, i, Ky, # ¢. We do this by
induction. Indeed, assume that (/—,' Ky, # ¢ and let p € (/=" K,. Consider
the function pe(f) = g, and choose pp € K. Then

n—1

poQ@Que () Ky,

i=1

(Note po (O p € LSMx by Lemma 3.5). Indeed, if 1 <7 <n — 1, we have

pe(fi)(s) = p(ls fi) = p(fi)
forallse Sandt=1,... ,n—1. So

(o ©Q ) (fi) = (po, pe(fi)) = (po, u(fs)) = w(f),
(o O p)(Ls fi) = (o, pe(ls fi)) = (po, pe(fi)) = n(f)

foralli=1,...,n—1. Hence (uo O u)(fi) = u(fi) foralli=1,... ;n—1. Also
po O p € Ky, (since py € Kg). Hence

poQue () Ky O

i=1

4. Submeans and invariant means

We now proceed to find necessary and sufficient conditions for the existence
of a left invariant mean on an invariant subspace X in terms on submeans.

THEOREM 4.1. Let S be a semitopological semigroup. The following state-
ments are equivalent:
(a) For each f € LUC(S), there exists a submean u (depending on f) such
that
W(f = 0f) = p(lof = ) =0 for all s € 5.
(b) LUC(S) has a left invariant mean.
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ProOOF. (b)=-(a) is trivial.

(a)=-(b) If (a) holds, then for each @ € R and s € S, p(a(f —¥€sf)) = 0.
Hence sup(a(f — £5f)) > 0 and inf(a(f — €5f)) < 0 for each s € S and o € R.
Now if a, 3 € R and sy, s2 € S, then

M(a(f - ‘€81f) + ﬂ(f - Eszf)) S /J,(Ol(f - gslf)) + M(/B(f - ‘€S2f)) =0.
Hence we have
pu(h) <0 for each h € Sy,

where Sy = linear span{f — l;f : s € S}. Consequently, infh < 0 for each
h € S¢. Sosuph > 0 for each h € Sy. Now define p(h) = sup h. Then p(h) >0
for h € Sf. So by the Hahn-Banach theorem, there exists a linear functional m
on LUC(S) such that

m(h) =0 foreach h € Sy and m(h) < p(h)=suph forall h e LUC(S).
Hence we have

m(—h) <sup(—h) for all h € LUC(S).
Soinf h < m(h) < suph forall h € LUC(S), i.e. m is amean, and m(f—¢5f) =0
for all s € S. Now by [4], LUC(S) has a left invariant mean. O

EXAMPLE 4.2. If i is a left invariant mean on ¢°°(S), then p(h) = 0 for any
h=(fr=La, 1)+ .-+ (fn—La, fn), f1,-o s fn €£2(S), a1,... ,an € S. But

this is no long true for left invariant submean.

Let S = free group on two generators a, b. Define u(f) = sup f(s). Then
w(laf) = p(f) for all @ € S (this is the case when aS = S for all @ € 5, i.e. p
is a left invariant submean on ¢*°(S). But if A = all elements in S that begin
with @ or a=! (reduced word), and f = 14, and

h = (ebaflf - gabfla(ebaflf) + ((_f) - Ebflafl(_f))v
then p(h) < 0 (see Theorem 4.4).

REMARK 4.3. Theorem 4.1 remains valid if LUC(S) is replaced by a left
translation invariant subspace X containing constants and for each p € X* and

feX, m(f)eX.

THEOREM 4.4. Let X be a left translation subspace of £>°(S) containing
constans. The following are equivalent:

(a) X has a left invariant mean.
(b) For s1,...,8, € S and f1,... ,fn € XT ={f € X : f > 0}, there
erists a submean p on X such that

M(ifi) < M(ifsiﬁ)
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PrROOF. (a)=-(b) is trivial. (b)=(a) If (b) holds, then

p(h) = u(zés,-fi - Zﬂ) > 0.
=1 =1

So sup(h) > 0. For any € > 0, choose t. € S such that h(t.) > —e. Let m be a
weak*-cluster point of {d;_} in X™*. Then px is a submean (in fact a mean ) on
X and m(h) > 0. So, by linearity of m,

m(ifsif—f:fz) >0, ie m(ifsifz) >m<zn:fi>~
i=1 i=1 i=1 i=1

Now for f € X*, and s € S, define the lower semicontinuous convex function
Frson K ={me X*:|m| =m(l) =1} (set of means on X) by

Frs(m)=m(f —L:f) forallme K.

Now K is a weak*-compact convex subset of X*. It follows from above that for
any fi,...,fn € Xt and sq,...,s, € 9, there exists m € K such that

i=1 i=1 i=1

So Fan’s existence theorem for systems of convex inequalities (see [5]), there
exists m € K such that Fy(m) < Oforall f € XT and s € S, i.e.m(f) < m(lsf)
forall f€ XT and s€ S. For f € X, let g=|f||-1. Then g— f € X, and we
have

m(g— f) <m(ls(g— f)) forall ses.

But bs(g—f)—(g—f)=f—4Lsf. Som(lsf — f) <Oforall fe X and s € S.
Consequently m(¢sf) = m(f) for all s € S and f € X by linearity. O

REMARK 4.5. Theorem 4.4 is an improvement of Theorem 6 of [10].
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