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NON-RADIAL SOLUTIONS
WITH ORTHOGONAL SUBGROUP INVARIANCE
FOR SEMILINEAR DIRICHLET PROBLEMS

Ryuir KAJIKIYA

ABSTRACT. A semilinear elliptic equation, —Au = Af(u), is studied in a
ball with the Dirichlet boundary condition. For a closed subgroup G of the
orthogonal group, it is proved that the number of non-radial G invariant
solutions diverges to infinity as A tends to oo if G is not transitive on the
unit sphere.

1. Introduction

We study the multiple existence of non-radial solutions for a semilinear el-

liptic equation

(1.1) —Au = Af(u), z€Q,
(1.2) u =0, x € 01,
(1.3) u(gr) =u(z), ze€Q, gedq,

where Q@ = {& € R" : |z| < R}, n > 2 and G is a closed subgroup of the
orthogonal group O(n) and A > 0 is a parameter. We deal with the nonlinear
U

term like as f(u) = u — [u[P~lu with p > 1 or f(u) = sinu and prove that
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the number of non-radial solutions of (1.1)—(1.3) diverges to oo as A — oo.
Since g € G is an orthogonal matrix and 2 is a ball, (1.3) makes sense. We
call a solution of (1.1)—(1.3) a G invariant solution. It is clear that a radially
symmetric solution is G invariant for any G. In this paper, we study non-radial
G invariant solutions. Since G is a closed subgroup of O(n), it is an isometric
linear transformation group on the unit sphere S»~1,

St ={z cR": |z| =1}
A group G is said to be transitive on S*~1 if for any x,y € S"~! there exists a

g € G such that gr = y. We suppose the assumption below.

ASSUMPTION (A). There exists a constant a > 0 such that f(s) is defined
—a, a] and satisfies the following conditions:

f(s) >0 for s € (0,a) and f(a) =0,

on

)
) f is odd and Lipschitz continuous on [—a, al,

A3) f(s) is non-decreasing in a neighborhood of s = 0,
) f(s)/s is strictly decreasing in (0, a).

THEOREM 1. Suppose that Assumption (A) holds. Then the following asser-
tions are equivalent:

(i) G is not transitive on S"1,
(ii) for each k € N, there exists a A\, > 0 such that for A > A, (1.1)—(1.3)
has at least k non-radial G invariant solutions whose L°°-norms are less

than or equal to a.

If G is transitive, then a G invariant solution becomes a radially symmetric
solution. Therefore the assertion (ii) in Theorem 1 implies (i). What a kind of
G is transitive on S"~1? The answer is due to Montgomery—Samelson ([6]) and
Borel ([1]) as follows.

THEOREM 0 ([1], [6]). Let n > 2 and G be a connected closed subgroup of
SO(n). Then the following are equivalent:
(i) G is transitive on S™~ 1,
(ii) G is O(n)-conjugate to one of the following groups: SO(n); SU(m),
U(m) (n = 2m); Sp(m), Sp(m)Sp(1), Sp(m)U(1) (n = 4m); Spin(9)
(n=16); Spin(7) (n=28); G2 (n=717).

When G is not necessarily connected, G is transitive if and only if the con-
nected component of G which has a unit matrix is O(n)-conjugate to one of the
Lie groups listed in (ii) of Theorem 0.

Under Assumption (A), f(s)/s has a finite limit as s — 0, i.e. f/(0) =
limg 0 f(s)/s exists and 0 < f/(0) < oo. If f is locally Lipschitz continuous in
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[—a,a] \ {0} and f'(0) = oo, then for each A > 0 fixed, (1.1)—(1.3) has infinitely
many non-radial G invariant solutions {u;} such that the C?(Q2) norm of w
converges to zero as k — oo. This result has been proved in my paper [5].

If f(u) = |u[P~lu with 1 < p < (n+2)/(n—2), then (1.1)—(1.3) has infinitely
many non-radial G invariant solutions {u;} such that the C?(Q) norm of wuy
diverges to oo as k — oo. This is proved in my earlier paper [3].

2. Examples
In this section we give some examples of f(u) and G.

EXAMPLE 2.1. Examples of f(u) which satisfies Assumption (A): f(u) =
u— ulP~lu with 1 < p < oo, f(u) = sinu, f(u) = —ulog(ju| + 1/2).

EXAMPLE 2.2. Let G be the n dimensional symmetric group, i.e.
G ={g € O(n) : each element of g is equal to 1 or 0}.

This is a finite group, and so it is not transitive. Theorem 1 shows that for
each k € N, if A > 0 is sufficiently large, (1.1)—(1.3) has at least k solutions wu;
(1 <i < k) which are non-radial and satisfy

(w1, Tn) = Ui(To(1)s - -+ > To(n)) fOr any permutation o.

ExaAMPLE 2.3. Let 1 < m < n and set

G:O(m)xO(n—m):{(g 2) g€ O(m), heO(n—m)}.

For each k € N, when A > 0 is sufficiently large, (1.1)—(1.3) has at least k
solutions u; (1 < i < k) which are non-radial and satisfy w; = u;(|2'|, |2”|) for
' € R™, 2 € R"™™ with |[(2/,2")] < R.

Recall that f/(0) = lims—o f(s)/s exists and 0 < f/(0) < oo because of
Assumption (A). We can assume without loss of generality that €2 is a unit ball
and the following condition (A5) holds.

(A5) f'(0) =1 and f(s) =0 for |s| > a.

Indeed, let the radius of € be R. For a solution u of (1.1)-(1.3), we set
v(z) = u(Rz), p = AR?f'(0) and h(u) = f(u)/f'(0). Then v satisfies

—Av = ph(v), |z <1,
0, |z| =1,
v(x), || <1, g€G.

v(gx)
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Since h satisfies Assumption (A) and h'(0) = 1, we may assume that 2 is a unit

ball and f/(0) = 1. We define f(s) = f(s) for |s| < a and f(s) =0 for |s| > a.
Instead of (1.1), we consider

(2.1) —Au=Af(u), z€Q.
Let u be any solution of (2.1), (1.2) and (1.3). Set v(z) = u(x) — a and
D={zxeQ:u(z)>a}l.
If D # (), then v satisfies
—Av=0 (zeD), v=0(xe€dD),

which proves that v = 0 in D. This is impossible. Hence D = () and u(z) < a for
x € Q. The same way as above proves that u(xz) > —a for z € ). Consequently,
any solution u of (2.1), (1.2) and (1.3) becomes a solution of (1.1)—(1.3). When
G is not transitive, we have only to prove (ii) of Theorem 1 for fin place of f.
Therefore, we may assume that (A5) holds. Hereafter we always assume that
Assumption (A) with (A5) holds, € is a unit ball and G is not transitive on S™~1.

3. G invariant critical values

In this section, we construct G invariant critical values {ax(A)} and estimate
them. We define a functional I (u) by

In(u) = /Q <;Vu2 _ /\F(u)> dz, where F(u) = /Ou F(t) dt.

Set

Hy(Q,G) ={uc Hy(Q) : u(gz) = u(z) (g € G,z € Q)}.
We restrict the domain of the definition for I,(-) to H} (2, G). Then I, (u) is of
the C! class. The equation I} (u) =0 at u € Hj (€, G) means

I (u)v = /Q(vuw ~ M (uv)de =0 forve HHQG).

If this equation holds for any v € H}(Q, G), then it remains valid for any v €
H} () also. For the proof, see [3, Lemma 6.2] or [7]. Hence a critical point
u € H(Q,G) of I (+) becomes a weak solution of (1.1)—(1.3). Moreover, it
belongs to C%(Q) by the elliptic regularity theorem.

DEFINITION 3.1. A real number cis called a G invariant critical value if there
exists a u € HJ (9, G) such that I{(u) = 0 and I(u) = c. In this definition, if u
is radially symmetric, then c is called a radially symmetric critical value.
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DEFINITION 3.2. Let X be a real Banach space and A a closed symmetric
subset of X, i.e. u € A implies —u € A. Suppose that 0 ¢ A. Then we
define a genus v(A) of A by the smallest integer k such that there exists an odd
continuous mapping from A to R¥ \ {0}. If there does not exist such a k, we
define y(A) = oo. For the empty set, we set () = 0.

DEFINITION 3.3. Let 'y, denote the family of closed symmetric subsets A of
H}(Q,G) such that 0 ¢ A and y(A) > k. Define ax(\) by

a(A) = inf sup Ix(u).

DEFINITION 3.4. We define

m =m(G) = max{dim G(z) : z € S" '},
(3.2) G(z)={gxr:9c G} forxzec SN

Since G is a closed subgroup of O(n), G(x) is a closed submanifold of S™~!.
Since G is not transitive, it follows that 0 < m < n — 2. We prove that {ax(\)}
are G invariant critical values and we estimate them from above in the next
proposition.

ProproOSITION 3.5. The following assertions hold.

(i) If ax(X) < 0, then each a;(A) with 1 < i <k is a G invariant critical
value.
(i) If ag(N) = ag41(N) = ... = ag4p(A) <0, then y(K) > p+ 1. Here

K={ue H}(QG): I}(u) =0, Ix(u) =ar(\)}.

(ill) Fiz v in (2,00). Then there exists a constant C' > 0 independent of k
and A such that

ar(\) < tigg{CkQ/(”—m)ﬁ — NQIF(t) + \CEV =2/}

for any k € N. Here || denotes the volume of  and m is defined by
Definition 3.4.

(iv) There exists a positive constant A such that if X > AR/ (n=m) then
ak(A) < 0.

To prove this proposition, we need the Palais—Smale condition for Iy (-).

LEMMA 3.6 ([8, Theorem 2.32], [5, Lemma 3.6]). For each A > 0 fized, I(-)
is bounded from below and satisfies the Palais—Smale condition.

The following lemma is crucial to obtain Proposition 3.5.
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LEMMA 3.7. For each positive integer k, there exists a closed symmetric

subset A of Hi(Q,G) N C(Q) satisfying 0 ¢ A such that
(i) v(Ax) =k +1,

(ii) |[Vull2 =1 foru € Ay,

(iil) CLE=Y =) < |u|ly for u € Ay,

(iv) |lull, < C k(=m=2/20=m)=1/v for 4y € Ay and v € (2,00).
Here m is the integer defined by Definition 3.4 and constants C1,C, > 0 are
independent of u and k.

The proof of Lemma 3.7 is based on the next lemma.
LEMMA 3.8. Let m be defined by (3.1). For each k € N there exist functions
oy (1 <1< 2/€) such that ¢; € H&(Q,G) N C(ﬁ), ||Vq/>l||2 =1,
. supp ¢; Nsupp ¢; =0 if i # j,
(34)  AKOmmDOmSUY < gl < B kn-m D/ A=y,
for 1 < i <2k and v > 1. Here supp ¢ denotes the support of a function ¢.

A,, B, are positive constants which depend only on v.

This lemma has already been proved in [5, Lemma 4.2] except for (3.4).
However, observing the proof of [5, Lemma 4.2], we can obtain (3.4) also.

PrROOF OF LEMMA 3.7. For a positive integer k, let ¢; (1 < i < 2k) be
determined in Lemma 3.8. Then we define sets Ay and By as follows:

2%
A = {Zti(bz‘ Sty .. tor) € Bk}-
i1

Let By, be a set of points (t1, ... , ta;,) € R?* such that 21221 t? = 1 and there exist
at least k elements t; (¢ = rq,...,ry) satisfying |¢;| > 1/v/2k for i = rq,... 1.

Then Ay, satisfies the assertions (i), (ii) and (iii) of Lemma 3.7. This has been
proved in [5, Lemma 3.9].

We show (iv). Let u = Z?il tip; € A, and v > 2. Since |t;] < 1 and v > 2,
we have [t;|V < |t;]? for 1 <i < 2k, and so

2k 2k
D DT
1 i=1

=
This inequality together with (3.3) and (3.4) shows

2k
lully = >~ Rl llgslly < Ok m=2r/2n=m) =,

i=1

The proof is complete. O
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PROOF OF PROPOSITION 3.5. Let Ay be defined by Lemma 3.7. Since Ay €
Tiq1 C Tk, the set Ty is non-empty and ax(\) < apq1(A) < supy, In(u) < oo.
Since Iy (u) is bounded from below, it holds that ax(A) > —oco. Consequently,
ag (M) is well-defined and satisfies

—o0 < a1(A) <az(\) <... <ag(A) < 0.

For the proof of (i) and (ii), see [2] or [, p. 53]. We show (iii). Fix v € (2, 00).
We set G(t) = F(t) + C|t|” and prove that if C' > 0 is sufficiently large, G(t) is
convex in [0,00). It is sufficient to prove that G’(t) is nondecreasing for ¢ > 0.
By (A3), f(t) is non-decreasing in [0,0] with a certain 6 > 0, and hence so is
G'(t). Let L be the Lipschitz constant of f(t). For § < t; < ta < oo, there is a
& € (t1,t2) by the mean value theorem such that

=T = (= DET Al — 1) 2 (v = 1)8" 2 (82 — ).
This proves that

G'(ty) — G'(t1) = f(t2) — f(t1) + Cvty™t — Cvty ™
> —L(ty —t1) + Cv(v —1)8" " 2(ty — t1) > 0,

provided that C is chosen so large that Cv(v —1)§”=2 — L > 0. Therefore G'(t)
is non-decreasing for ¢ > 0. Since G(t) is even and convex, Jensen’s inequality
gives

i U xzi ul) dzx _1u1
a1 . Gtds = [ Gl o> G .

This proves
1
(3.5) D) = 5 IVuld = A [ Fdo
Q
1 — v
< IVl = NQIG(QI full) + ACul

< %IIVUI@ = ANQIF(1Q/ lull) + AC|ully.
Let Ay be defined by Lemma 3.7. We set
sAp ={su:ue Ay} fors>0.
Lemma 3.7 and (3.5) prove
(3.6) In(u) < J(s) foru e sAy and s > 0,
where
J(s) = s2/2 = NQIF(|Q|~tCr kY (=M g) 4 \Ck((nmm=2v/2(n=m))=1 v
Since sAy € T'r11, inequality (3.6) yields

ar(A) < agpr1(N) < sup In(u) < J(s),
u€sAg
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which proves

ak(A) < ig% J(s).

Setting t = C1|Q|~'k~1/(»=™)s in the above inequality, we obtain (iii).
We show (iv). Observe the inequality in the assertion (iii), i.e.,

<i
ak(A) < fnf K (1),
K(t) = CE>/(=m)2 _ \|Q|F(t) + A\CEV=2/27,
Since lim;_o F(t)/t> = f'(0)/2 = 1/2 and v > 2, we have
lim K(t)/t? = CE* (=™ — \|Q|/2 < 0,
provided that A > 4C|Q|~'k*/(»=™) Hence, for s > 0 sufficiently small, it
follows that

(V) < inf K () < K(s) <0 if A > 4C|Q 71/ (nmm),

The proof is complete. O

4. Proof of Theorem 1

In this section we show the uniqueness of radially symmetric nodal solutions
and use this fact to prove Theorem 1. For a radially symmetric solution v = u(r),
r = |z|, the problem (1.1) with (1.2) is reduced to

(4.1) u’ + nT_lu' + Af(u) =0,
(4.2) W0)=0,  u(1)=0.

DEFINITION 4.1. Let uy and ¢, denote the k-th eigenvalue and eigenfunction
of the problem,

-1
(4.3) W+ P =0,
r
with the boundary condition (4.2). We may assume that ¢ (0) = 1.

It is well-known that {ju} is strictly increasing and ug/k? converges to w2
as k — oo (refer to [5, Proof of Proposition 6.1]).

PROPOSITION 4.2. Suppose that k and A satisfy pr < A < pgy1. Then for
each integer j € [1,k], there exists a unique solution wu;(r) of (4.1) and (4.2)
which has exactly j zeros in [0,1] and satisfies u(0) > 0. Moreover, the set of all
solutions to (4.1), (4.2) consists of £u;(r) for 1 < j <k and the zero solution.

To prove this proposition, we consider the initial condition,

(4.4) w'(0) =0, u(0)=C¢.
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LEMMA 4.3 ([4, Theorems 1 and 2]). For & € (0,a), the problem (4.1) with
(4.4) has a unique global solution u(r) = u(r,&) defined on [0,00). Furthermore,
it holds that |u(r,&)| < & for r > 0. There exist unbounded sequences {zp(&, A)}
and {tx(&,\)} such that

u(zg) =0, o'(tg) =0,
0<z1<t1 <z <ty <...,/ 00,
u(r) >0 forre (0,z1), (=1)*u(r)>0 forr € (zk, zk+1),
u'(r) <0 forre(0,ty), (=D (r)>0 forre (t,tig),

where z, = zi(&, \) and tg, = ti.(E, N). Moreover, for A > 0 fized, each zi (&, A) is
strictly increasing with respect to & € (0,a) and satisfies

limozk(ﬁ, A) =00 foranykeN.

E—a—

LEMMA 4.4. Let py, and zi (&, \) be defined by Definition 4.1 and Lemma 4.3,
respectively.
(1) If px < A, then zx(§, ) < 1 for & > 0 sufficiently small.
(ii) If A < pga1, then zp1(E,A) > 1 for all € € (0,a).

PrROOF. We show (i). Suppose that ur < A. Since f/(0) = 1, there exists a
d > 0 such that A\f(s)/s > py for |s| < 4. Since |u(r,&)| < & for » > 0 by Lemma
4.3, we have

A (u(r,€))/u(r,&) > e for 0 <& <6 andr>0.

Compare two equations below,

(4.5) (r" ) + )\rn_l%u =0, «(0)=0, u(0)=¢,

(4.6) (r"1oL) + ur™ tor =0, ¢ (0) =0, ¢(0) = 1.

Recall that the k-th zero of ¢y is equal to » = 1. Then Sturm’s comparison
theorem means that z, (&, A) < 1.

We show (ii). Suppose that A < pp41. Since f(s)/s is strictly decreasing in
(0,a) and f(s) is odd in [—a, a], we get

A (u(r, &) /u(r,&) < Af'(0) =A< ppyr forr >0, £ € (0,a),

and moreover Af(u(r,§))/u(r,&) # pr+1. Compare (4.5) with the equation be-
low,

(r" " Gsr) + ™ Prga = 0.
Then Sturm’s comparison theorem proves that 1 < zx11(£, A) for any € € (0, a).
The proof is complete. O
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PROOF OF PROPOSITION 4.2. Let pp < A < pgy1. Fix an integer j € [1, k.
Then Lemmas 4.3 and 4.4 mean the following facts.

Fact 1. z;(&,N) < zx(&,A) < 1 for £ > 0 sufficiently small.

Fact 2. z;(&,\) is strictly increasing with respect to £ € (0, a).

Fact 8. lime_,q—¢ 2; (€, \) = o0.

By these facts, there exists a unique &; € (0,a) such that z;(£;, ) = 1. We
set u;(r) = u(r,§;), which is a solution of (4.1), (4.2) having exactly j zeros in
[0,1] and satisfies u(0) > 0. Since zx4+1(£, A) > 1 for all € € (0,a) by Lemma 4.4
(ii), no solution u # 0 of (4.1), (4.2) has more zeros than k in the interval [0, 1].
Therefore, all solutions of (4.1), (4.2) consist of u;(r) for 1 < j < k and the
zero solution. The proof is complete. O

PROOF OF THEOREM 1. It is clear that (ii) implies (i) in Theorem 1. We
prove the converse. Suppose that (i) holds. On the contrary, assume that (ii) is
false. That is, there exist a sequence {\;} and a positive integer ko such that
{Ar} diverges to oo as k — oo and (1.1)-(1.3) with A = A\ has at most kg
solutions which are non-radial and G invariant.

Fix k € N arbitrarily. Let ¢ be an integer satisfying
(4.7) A=) <\ < A(i 4 1)Y ),

Here A is a positive constant defined by Proposition 3.5(iv). Then «;(Ag) is
defined by Definition 3.3 and it is negative by Proposition 3.5(iv). Hence, each
ap(Ag) (1 <p <i)is a G invariant critical value because of Proposition 3.5(i).

Define an integer j by p; < Ax < pj41. Here p; denotes the j-th eigenvalue
of (4.2) and (4.3). Since u;/j? converges to 72 as j — oo, there exists a constant
C > 0 independent of j and k such that

(4.8) 7 < CV Ak

Proposition 4.2 asserts that all of radially symmetric solutions of (1.1)—(1.3) are
+u, for 1 < p < j and the zero solution. Here u,, is the p-nodal solution of (4.1)
and (4.2). If ap(Ax) = apq1(Ax) with some p € [1,7— 1], then Proposition 3.5(ii)
shows that v(K) > 2, where

K= {u € H&(Q7G) : I:\k(u) = O’IMC(U) = O‘P(/\k)}

Therefore K is infinite because of the definition of the genus. Since the set of
radially symmetric solutions, £u,(r) with 1 < p < j and the zero solution, is
finite, K has infinitely many G invariant non-radial solutions. This conclusion
contradicts our assumption that (1.1)—(1.3) with A = Ay has at most kg solutions
which are non-radial and G invariant. Therefore, we deduce that a,(A;) <
apt1(Ag) for 1 < p <4i—1. Since the number of non-radial G invariant solutions
is at most ky by our assumption, there exist integers vy, ..., with [ < kg such



NON-RADIAL, GROUP INVARIANT SOLUTIONS 51

that each a,(Ag) with 1 < p < ¢ except for a,, (Ai),...,a, (Ag) is a radially
symmetric critical value. We set

P:{ap()\k)1§p§2ap7éyq(1§q§l)}a
Q ={Bp:1<p<j}, where S,=1I),(up)

Then it follows that P C @, and so i — kg < #P < #@Q < j. Combining this
inequality, (4.7) and (4.8), we obtain a constant C' > 0 independent of k such
that

AR < o240 forall k€N

Since limy_., A = 00, we have a contradiction because of 0 < m <n — 2. The
proof is complete. O
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