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CRITICAL POINTS FOR SOME FUNCTIONALS
OF THE CALCULUS OF VARIATIONS

BENEDETTA PELLACCI

ABSTRACT. In this paper we prove the existence of critical points of non
differentiable functionals of the kind

p+1
Q

J(v) = %/A(x,v)Vv - Vv — L/(U-‘_)p“’
Q

where 1 < p < (N +2)/(N—2)if N >2,p>1if N <2and vt stands
for the positive part of the function v. The coefficient A(z, s) = (ai;(z, s))
is a Carathéodory matrix derivable with respect to the variable s. Even if
both A(z,s) and A/ (z, s) are uniformly bounded by positive constants, the
functional J fails to be differentiable on H} (£2). Indeed, J is only derivable
along directions of H} ()N L () so that the classical critical point theory
cannot be applied.

We will prove the existence of a critical point of J by assuming that
there exist positive continuous functions a(s), ((s) and a positive con-
stants g and M satisfying aglé|? < a(s)|€]? < A(z, )€ - €, A(z,0) < M,
|AL(x,s)| < B(s), with B(s) in L(R).

1. Introduction

The classical theory concerning the existence of critical points for functionals
of the Calculus of Variations is applicable for C'-functionals defined on Banach
spaces. However, simple examples show that this differentiability condition may
fail. In order to give a model example, consider © a bounded open set of RV
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and a symmetric matrix A(x,s) = (a;;(z,s)), where a;;(x, s) are Carathéodory
functions, i.e. mesaurable with respect to x and continuous with respect to s.
We assume that there exist a positive continuous function a(s) and positive
constants ag and M such that the following conditions are satisfied for almost

every x in €2 and for every s in R

1 A(z,8)€- € > as)|€]? for all £ € RY,
(1.1) a(s) > ag > 0,
(1.2) A(z,0) < M.

Moreover, we suppose that A(z,s) is derivable with respect to s and we denote
with A’ (x,s) its derivative. Regarding the matrix A/ (z, s) we assume that there
exists a positive continuous function 3(s) and positive constants Ry, (1 and (o
such that for almost every z in Q and for every s in R, the following conditions
are satisfied

(1.3) AL (x, 5)] < B(s),
(L4 B(s) € LY(R),
B(s) |
(1.5) a(s)s <h for all s with s > Ry,

B(s)s > —0s for all s with s < —Ry.
Notice that conditions (1.2) and (1.4) imply that there exists a positive con-
stant [y such that

Indeed we have

Alw,s)] _ [° Al t) 1
# {A(aﬁ,O)} */0 A NS5, ), Bt < oo

So that, taking into account (1.6) we notice that condition (1.5) implies that

B(s)|s| < C for every s € R as a(s) is bounded from above by fy. Then, there
exists a positive constant A such that

(1.7) A(w,5) <A, |l 8)s] < A.
Let us consider the functional I : H}(2) — R defined by

I(w) = %/A(.T,U)VU - Vv — /F(v),
Q Q

where F(s) =1/(p+1)(sT)P™, 1 <p < (N +2)/(N —2) and s stands for the

positive part of s, i.e. sT = max{s,0}. From hypothesis (1.1) and by applying De

Giorgi Theorem ([9]), it follows that I is weakly lower semicontinuous on Hg (€2).
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Condition (1.6) and the definition of F imply that I is not bounded from below
on H}(Q) so that it has not a global minimum. In order to look for critical points
different from minima we consider the Gateaux derivative of /. From condition
(1.7) we can compute (I'(u),v) for every u € H}(Q2) and along any direction
v € HE(2) N L>®(Q). We obtain

(' (), v) = /A(x,u)Vu Vo + %/A;(x,u)Vu Vuv— /(u+)pv.
Q Q Q

Since I is not Frechét differentiable on H{(£2), we cannot apply the classical
critical point theory suitable for C'-functionals. We say that a function u in
H}(Q) is a critical point of I if it satisfies (I'(u),v) = 0 for every v in H}(Q) N
L>(Q). We will prove the following results.

THEOREM 1. Assume (1.1)—(1.5). Let 1 < p < (N +2)/(N —2) and suppose
that the matriz A’(x,s) is negative semidefinite for s > Ry. Then there exists
u€ HH Q)N L>®(Q), u >0, u#0, critical point of the functional I.

Since (1.6) and (1.7) hold, we are considering bounded matrices with bounded
derivative. Functionals with bounded coefficients have also been treated in [2],

4

[8], [13]. In [8], [13] it is proved a multiplicity result using a “weak” notion
of derivative for continuous functions defined on complete metric spaces. In
[2], [3] and [6] it is proved an existence result for bounded ([2]) and unbounded
[3], [6]) coefficients by means of a suitable version of the Mountain Pass Theorem
for nondifferentiable functionals, which is proved using the Ekeland variational
principle ([10]). In all these works, as usual when dealing with elliptic problems
with quadratic gradient terms (see [5] and the references therein), it is assumed

a sign condition on A/ (z,s). Namely, it is supposed that
(S) Al(z,s)s >0 for every s.

Thus, Theorem 1 concerns the case in which the opposite sign in (S) is assumed.
If the matrix A’ (z,s) does not satisfy any sign condition, we will prove the
following Theorem.

THEOREM 2. Assume (1.1)—(1.5). Moreover, suppose that the exponent p

satisfies the condition
N +2
(1.8) min{l + f1,2¢e¥ —1} < p < i)
N -2
where Yay = ||B/allp1w+)/2. Then, there ewists u € Hj(2) N L>(2), u > 0,
u # 0, critical point of the functional 1.

We point out that even in the case in which (S) is satisfied Theorem 2 is new
(see Remark 4.4).
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In order to prove Theorems 1 and 2 we will use critical points theory. As [
is nondifferentiable we will apply an abstract result in [2] in order to construct
a Palais-Smale sequence {u,} for I. Then, we will demonstrate that {u,} is
compact in H(Q2). In order to prove that {u,} is bounded in H}(f2), we will
first take advantage of the fact that sT = 0 for every s < 0 and we will prove that
the negative part u;, (v~ = min{v, 0}) of u,, strongly converges to zero in H} ().
Then, we will use condition (1.8) (in the proof of Theorem 2) in order to prove
that ;! is bounded in Hg(£2). Condition (1.8) shows an interaction between the
nonlinearities F'(s) and A(z,s). Indeed, if AL(z,s) < 0 for every s > Ry, then,
“roughly speaking”, the term involving A’ (x, ;) can be ignored as n tends to
infinity. Thus, the boundedness of {u;"} in H}(Q) can be proved in the same way
as for C''-functionals in H}(€2) (see Lemma 3.1). On the other hand, if A (z, s) >
0 or A/ (x,s) is indefinite, it seems natural to expect a competition between the
terms F'(s) and A(x, s) so that condition (1.8) raises (see Lemma 3.2).

In order to prove that u,, bounded in HE (), is compact in H}(Q) we will
demostrate that, given a Palais-Smale sequence u,, bounded in Hg (), then,
every u, weak cluster point of u,, belongs to L>°(€2). The key point is that this
result is proved before proving that u is a critical point, so that no bootstrap
arguments will be used to prove that a critical point belongs to L>(2).

The paper is organized as follows.

Theorem 1 and 2 will be proved as a consequence of Theorems 2.1 and 2.2
respectively, that will be stated in Section 2. In Section 3 we prove some technical
results that will be useful in order to prove the Palais—-Smale condition. Finally
in Section 4 we will prove Theorems 2.1 and 2.2.

2. Setting of the problem and statements of the results

Let f:Q xR — R be a Carathéodory function such that
(2.1) f(z,s) =0 forall s <0.
Assume that positive constants a and b exist such that for almost every x in
(2.2) |f(x,8)] <als|P+b for every s in RT,

where 1 <p < (N+2)/(N—-2)if N>2,p>1if N =2, and

(2.3) G

s—0+ S

=0.
Consider the functional J : Hg(2) — R defined by

(o) = % / Az, 0)Vo - Vo — / Fa,v),
Q Q



CRITICAL POINTS FOR SOME INTEGRAL FUNCTIONALS 289

where F(z, s) fo x,t) dt is the primitive of f and A(z, s) satisfies (1.1)—(1.5).
For every v in L(Q), (with 1 < ¢ < 00) we denote with [|v]4 its norm in L9(2),
and for every v € H}(Q) we denote its norm with ||v||1 2. We set

(2.4) Y =Hy(@)NL*Q),  |vly = lvlz + [[vlle-

Notice that (1.1) and (2.2) together with the Sobolev embedding Theorem imply
that J is weakly lower semicontinuous in H}(Q). In addition, from (1.6) and
(1.7) we get that there exists (J'(u),v) for every u € H}(Q), and for every v
in Y. We have

(J'(u /AmuVu Vv + /A’xuVu Vuv—/f:ru

Moreover, (J'(u), v) is continuous with respect to v for every u fixed and the map
J) HY Q) — R, J!(u) = (J'(u),v) is continuous in u € H}(Q), for every fixed
v. We take into account condition (1.7) and we say that a function u € Hg ()
is a critical point of J if it satisfies (J'(u),v) = 0 for every v € H}(Q) N L>(Q).
Therefore, every critical point u € H}(Q) N L% () is a distributional solution of
the following nonlinear Dirichlet problem
1
®) —div(A(z,u)Vu) + §A’S(x, w)Vu-Vu= f(z,u) inQ,
u=0 on Of).
Theorem 1 will be deduced from the following result.

THEOREM 2.1. Assume (1.1)—(1.5), (2.1)—(2.3). In addition, suppose that
the following condition is satisfied

(2.5) Al(z,s) is negative semidefinite for every s > Ry.

(2.6) Im > 2, Ry > 0, such that 0 < mF(x,s) < f(x,s)s,

for every s > Ry. Then there exists u € H(Q) N L>®(Q), u > 0, u £ 0, critical
point of the functional J.

Define the function .
1
LA,
2 Jo ofs)
From (1.4) we deduce that 1(t) is bounded. Moreover, as (3(s) is continuous,
from (1.1) and (1.5) we get that there exists a positive 3 such that
(2.7) Y (s)|s| < B for every s € R.
Define the quantity
ﬂ

(2.8) Ym = supz/f

Theorem 2 will be deduced from the followmg result.
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THEOREM 2.2. Assume (1.1)—(1.5), (2.1)—(2.3). Suppose that there exist m
and Ry > 0 such that for almost every x in 0 we have

{ m > min{2 + (3,2e¥M},

2.9
(2.9) 0 <mF(x,s) <sf(x,s) forevery s with s > R;.

Then, there exists u € HY(Q) N L®(Q), u > 0, u £ 0 critical point of the
functional J.

Note that, when we consider the model example f(s) = (s7)P we get that
condition (2.9) is reduced to hypothesis (1.8).

REMARK 2.3. Notice that in the semi-linear case, i.e. A(z,s) = A(x), the
function 3(s) (so that also the constant (1) can be chosen equal to 0. As a conse-
quence, assumption (2.9) is supposed for m > 2 and it is reduced to the classical
Ambrosetti-Rabinowitz condition (see [1]).

3. Some technical results

In order to prove Theorems 2.1 and 2.2 we will use conditions (1.1), (1.6),
(2.3) and either (2.6) or (2.9) to show that J has a geometrical behavior of
Mountain Pass type. Then, we will apply an abstract result proved in [2] in
order to contruct a Palais—Smale sequence. In this section we will prove some
techincal results that will be useful when proving that J satisfies the Palais—
Smale condition.

Suppose that there exists a sequence {u,} C Y, where Y is defined in (2.4),
such that

J(up) — ¢,
(3.1) unlloc < 2Mn,

(T (un),v)] < en [”}\}HY + ||v||1,2} for allv € Y,
where c is a positive constant, {M,,} C R*\ {0} is any sequence, and {e,} C R
is a sequence converging to zero.

In the following Lemmas we will prove that for every {u,} CY (where Y is
defined in (2.4)) that satisfies (3.1) there exists u € Y, u > 0, such that, up to
a subsequence, u,, strongly converges to u in Hg (£2).

In the following Lemma we prove that u, is bounded in H}(Q) under the
assumptions of Theorem 2.2.

LEMMA 3.1. Assume (1.1)—(1.5), (2.1), (2.2), (2.9). Let {un} C Y be a se-
quence that satisfies (3.1). Then u,, is bounded in H} ().

ProoOF. We will first show that u,, = min{u,,0} strongly converges to zero
in H} (). We take v = (u;; )e ¥(#n) as test function in (3.1). Note that this
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choice is admissible since ¢ and ¢’ are bounded. Moreover, from (2.7) we have
that

[vl12 < co@+B)lluy e = Clluglhz, vl < €¢llunlo-

We get

/efw(“")A(a:,un)Vun -Vu,,
Q

Blun)

a(uy)

+ %/(u;)e‘w(“") {A;(x, Un) — Az, up) Vi, - Vu,

<enld +C|lu,;

l1,2]-
Notice that conditions (1.1) and (1.3) imply that

li
. . <
(3.2) Al(z,un) Vg - Vuy, < o)

A(:E, Un)vun -V,
so that, as u,, <0, we deduce that

(3.3) / e A, 1) Vit -V, < enld + Cllus [1.2].
Q

Hypothesis (1.1) yields
(34) aolluz 17 2 < enle’ + Cllug [l1.2]-

Thus, u,, is bounded in H}(). Then, again from (3.4) we get that u, — 0
strongly in H{(£2). Moreover, from (3.3) and by applying hypothesis (1.1) we
deduce that

(3.5) lim [ A(z,un)Vu, - Vu, =0.

n—00
Q

This, together with the fact that F(z,s) = 0 for every s < 0, implies that
(3.6) J(ut) — ¢,

where c¢ is defined in (3.1).

In order to prove that u; is bounded in H{ (), consider first the case in
which min{2 + 3;,2e¥M} = 2e¥™. We take v = (u})e ¥(“») as test function
in (3.1). Note that this choice is admissible since ¢ and 1’ are bounded and w,,
belongs to Y (where Y is defined in (2.4)). Moreover, from (2.7) we have that
lv]l1,2 < Collu)t |12, for some Cy € RT and since v is a bounded function we get
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that ||v]|leo < ||tn]|co- It Tesults

/e_w(“"')A(m,un)Vun -Vul — /f(x,un)u;fe_w(“")
Q Q
a(un)

> _5n(2 + OO”“:”LQ)-

+ 1/eﬂz’(“")u;r [A'S(x,un) — Az, uy) Vg, - Vuy,

2
Q

From (3.2) and as u;” > 0, we obtain

/ e~V Az, up) Vg, - Vit — / fla,un)ute ) > —e, (24 Colluf [11,2)-
Q Q

Thus we get the following estimate

(3.7) /A(m,un)Vun -Vul — e_¢M/f(m,un)uZ > —e,(2 + Collu)|1.2),
Q Q
where 1) is defined in (2.8). Notice that (3.6) implies that there exists a positive
constant C’ such that
(3.8) me~VM J(ut) < C'.

When we subtract (3.7) from (3.8), we obtain

[T;e_d“” - 1} /A(m,un)Vun -Vt

<Ot en(2+ Collutfr2) + e / mF (2 un) — f (@, un)u].
Q

From conditions (2.2) and (2.9) we deduce that there exists a positive function
ao(z) € LY(Q) such that

(3.9 mF(x,s) < f(x,s)s+aog(x) for every s in R.
Furthermore, by (2.9), we can fix £ such that 2e¥™ (1 + ) < m. Then
me=¥M /2 > (1 + &)

and we get

SO/A(x,un)Vun SVl <ep+en(2+ Collut 1,2)s

Q

so that, from condition (1.1), we get that ||u; |12 is bounded. This, together
with (3.4), implies that u, is bounded in H{ ().
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Now let us deal with the case in which min{2 + 3;,2e%»} = 2 + 3;. First,
we want to prove that for every positive ¢ > 0 and r > 0 there exists a positive
constant M, , such that for all n in N, it results

(3.10) / Az, un)Vul - Vu,
Q;,r
<o / A(x,un)Vut - Vg, + My o + ,[C1 (1 + ||luf|

A\,

1,2) + Chl,

where Q. = {z € Q : uf(x) <7}, Cy is a positive constant, C, >0, C, — 0
as n tends to infinity and e, is given in (3.1). In order to prove (3.10) we will use
an idea of [8]. For every §, with 0 < § < min{1, «p}, let us define the function
J5(s) : R — Rt by

s for0<s<r,
(3.11) 9s(s) =4 r+or—23ds forr <s<(r+dr)/d,
0 for s > (r+0r)/d or s <0.

Consider v = e¥(“)95(u,,). From condition (2.7) and from the definition of 9;(s)
we have that

[vll12 < [eollulh2 + eallds(un)lliel,  Ilvllse < collunlloo-

As u}l € Y (where YV is defined in (2.4)) and u;” > 0, from (3.11) we deduce
that v belongs to Y and v > 0. When we take v as test function in (3.1), we get
from (1.3)

/ew(“")A(x,un)Vun - Vids(ug) — /f(a:,un)ew("")ﬁg(un)
Q Q

+ /A(m,un)Vun Vg e? )y (1) 05 (un)
Q

1
< enleo(1+ [luyll2)] + §/ﬁ(un)\Vun|2 +enc|[9s(un)l12:

Q

From the definition of ¢ and from conditions (1.1), (2.2) it follows

/ew(““)A(%un)Vun - Vs (un)
Q

r—+or\?
< [( ) +b]ewf|ﬂ|r+en[co<1+ et ) + 2[5 ()2,

0
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where || denotes the Lebesgue measure of Q. Applying Young inequality we
get

(3.12) / V) Az, 1) Vg - V95 (un)
Q
< 01105 (un)ll 2 + Crs + enleo(l + [lugt[1,2) + enci/44],

where C,. 5 = [a((r + 67)/8)P + ble¥™|Q|r. On the other hand, since § € (0, 1),
from (1.1) it results

1
(3.13) 3195 (un)llf 2 < SlluiflI3 2 < ;O/A(Scaun)Vun V.
Q

From (3.11)—(3.13) we get

/ ew(un)A(x,un)Vun VRS Cr5 +enlco(l+ ||u;’{||12) + EHC%/4(5]

Qnr

+ 9 Az, un)Vuy, - Vul +6 / e ) Az, u,)Vu, - Vul,
o
Qr,é

where Q, 5 = {z € Q : r <uf(z) < (r+0r)/d}. Therefore, we obtain

[1—d/ap] / Az, un) Vg, - Vui < Chrs+enfeo(l+ ||ui||172) + snc%/élcﬂ
Qi
+ 6[e¥™ +1/ay] / A(z,un)Vu, - Vu,

NQ, -

where 1) is defined in (2.8). For every o > 0 we fix § < min{1, ap} such that

Ym oy q
5<ao€+> <o
Qo — 1)
Moreover, we set C1 = agco/ (g — 9), Cp = Eape,/45(ag — §) and we define

M, » = apCrs/(cg — 0) so that (3.10) follows.
Let us now take v = u; as test function in (3.1) and obtain

1
(3.14) /A(m,un)Vun - Vub + E/A;(x,un)Vun - Vunub
) )

> / (@)t — (14 ([ ||1.2)-
Q
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Let Ry and Ry be given in (1.5), (2.9) and consider r = max{Ry, R;}. We define
Br = supyg ;) B(s). From (1.1), (1.3) and (1.5) it follows

1
§/A;(az, Up ) Vg, - Vuput
)
[ v [ e

Qn,r N -

Bor

2040

IN

/ A, un) Vi, - Vi + 2 / ()| V2.

Qv NQy,

We set 75, /ag = Cy. From (1.1) and (3.10) we deduce

IN

(3.15) %/A’S(x,un)Vun Vuyut

< %J/A(o:,un)Vun Vul + b /A(x,un)Vun -Vt
Q Q
C Co
0Mra+ [Cl||u+||12+0]

From (3.14) and (3.15) we get

(3.16) %[2 + Coo + ﬂl}/A(:c,un)Vun -Vu, — /f(x,un)u
Q Q

Co

2

where C!, — 0 as n tends to infinity. Notice that (3.6) implies that there exists

> —e,[Ch + Cs + Collu)f 112l — = My,

a positive constant C” such that
(3.17) mJ(uf) < C'.

When we subtract (3.16) from (3.17), we obtain

1
§[m —2—0 — COU}/A(QU, U )V, - Vb

C
S Cl + En[C;L + CS + CZHU:L_”L?] + 70Mr,a + /[mF(xvun) - f(xaun)un]

Q
From (3.9) it follows

%[m —2—-01— Coa]/A(x,un)Vun -Vutb
Q

C
< laolly + C" + =2 M., + £, [Cl, + Cs + Cy

2 2l
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Since m > 2 + 31, there exists €y > 0 such that m — 2 > 31 +¢¢. Let o be fixed
by 0 = &0/2Cy. Then, we get

€ C

ZOH@ 12 < Jlaolls + C" +,[C;, + C3 + Cafluf[1,2] + 70Mr,a,
so that also in this case we have proved that w, is bounded in H}(2). This,
together with (3.4), implies again that w,, is bounded in Hg (€2). O

In the following lemma we prove the boundedness of a sequence {u,} C Y
that satisfies (3.1) under the assumptions of Theorem 2.1.

LEMMA 3.2. Assume (1.1)—(1.5), (2.1), (2.2), (2.5). Let {up} C Y be a
sequence that satisfies (3.1). Then u,, is bounded in H} ().

Proor. We argue as in Lemma 3.1 and we still deduce that u, — 0 in
H}(Q) and that (3.10) holds. Then, we fix 7 = max{ Ry, R;}, where Ry and R;
are defined in (1.5) and (2.6) respectively. Hypothesis (2.5) yields

1 1
3 [ AV Vuun < 35 [ 1965P < 25 [ At Vun - Va
2 2 200

Q Qo Qo

where 3, = max, 3(s), Q,,, = {z € 2,0 < uf(z) < r}. Let us set Cy =
Brr/(2c0) and take v = u;! as test function in (3.1). From (3.10) we deduce that

(3.18) [1+ COU]/A(aj,un)Vun -Vub — /f(x,un)u,f
Q Q
> —CoM;.o — en[C2 + Cillug |12 + C7),

where C/, — 0 as n tends to infinity. Note that (3.6) implies that there exists
a positive constant C such that
(3.19) mJ(ut) < C.
When we subtract (3.18) from (3.19) we get

1

§[m -2— 2000]/A(x, Up )V, - Vb

Q
< llaolls + € + CoM;o +en[C2 + Cilluf 1.2 + Cr)-

As m > 2 there exists g¢ such that m > 2 + g¢; we fix 0 = £¢/4Cy. From (1.1)
we obtain

ap
Z€o||u?;||iz <laolly + C + &4[Ca + Ch||uf |12 + Cpl 4+ CoM, g,

then wu,, is bounded in H}(Q). 0

REMARK 3.3. Exponential functions have often been used when dealing with
elliptic problem with quadratic gradient terms (see [5] and the references therein).



CRITICAL POINTS FOR SOME INTEGRAL FUNCTIONALS 297

The use of the map ¥ combined with exponential functions has been introduced
in [14] and in [7] in order to study problems of this kind without assuming any
sign condition on the quadratic gradient term.

REMARK 3.4. Suppose that, instead of (1.3), (1.4) and (1.5), for every s
in R, the following assumptions hold

ALz, 5)| < B, |AL(2, 5)s| < Pa.
Moreover, instead of (2.9), we assume that there exist m and R; > 0 such that

m > 2+ f2/ao,
{ 0 <mF(z,s) < f(x,s)s, s> Ry.
Then, we can prove Lemma 3.1 in a more direct way. Indeed, we take v = u,, as
test function in (3.1). Since J(u,) is bounded, from (3.9) we get
%(m -2 62/a0)/A(x,un)Vun -V, < co+ cren|tnlli2
Q

Since m > 2 + 31/ we deduce that u,, is bounded in H}(Q).

By the preceding results we get that there exists v in H}(Q) with u > 0 such
that, up to a subsequence, u,, weakly converges to u in Hg ().

Define the function

(3.20) Gr(s) = (s — k)™ for every s > 0.

In order to prove that u, is compact in H}(Q2), we will first prove that u is
in L*°(€). This will be done in the following result.

LEMMA 3.5. Assume conditions (1.1)—(1.5), (2.1), (2.2). Let {u,} be a se-
quence in'Y that satisfies (3.1) and that weakly converges in H} () to a function
u > 0. Then u belongs to L>=(2).

PROOF. Since u;} belongs to Y and u; > 0, we can take v = e¥ ()G}, (u;})
as test function in (3.1). We use (1.1), (1.3) and (2.2) and we obtain

(3.21) / Az, 1 ) Vi, - Vue?n) < /[a + b|un|P)Gr(uf)e? ) 4 ey,
+

Qok @

where Qf = {z € @ : wi(z) > k}. Since 0 < Gi(u}) < wf, from hypothe-
sis (1.1) and by applying Holder inequality we get

1/2*
3:22) a0 [IVGLDP <o +co ( [ianir ) 172
Q Q

(p+1)/2"
ra [uiE) e
+

Qn,k
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where ¢y = max{a,b}e¥™ and |Q} | denotes the Lebesgue measure of Q

Notice that
/ |u+| / luf — Kk + lc|2
n k n k

<o / G +enk? |97

“ /2
< c (/|VGk > —|—Clk2 |Q |

Thereofore, we obtain

(3.23) [

Qf,

(p+1)/ (p+1)/2 .
} < e { / |vck<u:>2} FegkP Q2
Q

From (3.22), (3.23) and applying Sobolev embedding Theorem, we deduce
1/2
04()/|VG]€(’LLTT)|2 < cEn +Cy (/VG]C(UZ)F) |Q
Q Q

(p+1)/ . .
cof [ f[Iveuunp] et e dog e
Q

where Cy = cgcs. By Young inequality we get

(3.24) a0/|VGk(u7J{)|2 < cepn + CokPTHQE [+ %/\VGk(ug)F

(p—1)/2

2
\V4 _ . c e
+Co [/| Gk(uﬁr)ﬁ] {/VGk(urJ{)ﬂm:{,kl (p+1)/2 +O;;‘Qi’k|2(l 1/2%)
Q Q

Since u;f belongs to Y and it is bounded in H} (), there exists ko such that for
every k > kg and for every n in N it holds

(p—1)/2 .
(3.25) Co {/WGk(uf{)z} Q|12 < <
Q

When we use (3.25) in (3.24) we get

(3.26) —/|VG 2 < cen +Cokp+1|Q+ |+ C4|Q+ |2(1-1/2%),
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From (3.26), by applying Sobolev embedding theorem we get
2/2*
UGI«(UI)IQ } < Cuen + CokPFHQE |+ Gl PO7120),
Q

Applying Fatou Lemma and taking into account that u > 0 we obtain

2/2"

2/2"
[/|Gk(u)|2 } - [/|Gk(u+)2 ] < CykPTQF | + CsQf PA-1/20),
Q Q

where O = {z € Q : u(z) > k}. Applying [11, (3.4), Chapter 5] we get that
there exists kg > ki such that |QZ‘O| =0, that is u € L>*°(Q). O

REMARK 3.6. The boundedness of a nonnegative weak limit u of a sequence
un, €Y that satisfies (3.1) will be fundamental in what follows. An argument
similar to the one used in Lemma 3.5 has been used in [4].

In the following Lemma we will take advantage of the boundedness of « in
order to prove that u, converges to u in Hg ().

LEMMA 3.7. Assume conditions (1.1)—(1.5), (2.1), (2.2). Let {u,} be a se-
quence in'Y that satisfies (3.1) and that weakly converges in H () to a function
u > 0. If u belongs to L°°(S2), u, strongly converges to u in HE ().

PROOF. Let us consider v = %) (u,, —u)*. From (1.3) we deduce that
v belongs to Hg(Q) N L*°(Q2). Moreover, from (2.7) we have that [[v;2 <
1.2] < ¢ ||V|loo < cljtin|loo- Therefore, we can take v as test

colllunll1,2 + llun —u
function in (3.1) and we get

/ew("")A(az,un)Vun~V(un—u)++/A(x,un)Vun-Vunew("”')(un—u)+
Q Q

1
< §/ﬂ(un)\Vun|2ed’(“")(un —u)t + e, + /f(a:,un)(un —u)tetlun),
Q Q

From the definition of ¢ and from conditions (1.1) and (1.3) we obtain

(3.27) /ewwn)A(x,un)wn.V(un —u)t < c15n+/|f(x,un)|(un—u)+ew<w>.
Q Q

From (2.2), since p < (N +2)/(N — 2), we deduce that the last term of (3.27)
goes to zero as n tends to infinity. Therefore, it follows

(3.28) lim sup /ew(“")A(a:,un)Vun -V(u, —u)t <0.

Q
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Now let us consider v = e~¥(#») (4, — u,,)*. Lemma 3.5 and (1.3) imply that we
can take v as test function in (3.1). We obtain

/efw(“")A(:c, Un) Vi, - V(u—u,)" — /e*w(“")f(x, un)(u —up) "
Q Q

1 _ zi(un)

— p(un)(y _ +1 A _ Ay . >

2/e (u— uy) [As(a:,un) Az, uy) (Un)] Vu, - Vu, > —ci1e,.
Q

From conditions (1.1) and (1.3) we deduce

/e_¢(“")A(x, Un) Vi, - V(u—u,)" > —ci1e, + /e_w(“”)f(x7 un)(u —up) ™.
Q Q

Condition (2.2) implies that the last term of the previous inequality tends to
zero as n goes to infinity. We take into account that (u — u,)" = —(up, — u)~
and we obtain

(3.29) lim sup /e*w(“")A(x,un)Vun -V(u, —u)” <0.

Q

From hypothesis (1.1) we get

aoe™ " [luy — ullf 5 < e / A, 1)Vt - V(un — )"
Q
i efwM/A(:E,un)Vun V(tp —u)” — e*wM/A(:r,un)Vu -V (U, — u),
Q Q

where 1,/ is defined in (2.8). Condition (1.6) allows us to apply Lebesgue Dom-
inated Convergence Theorem to deduce that

(3.30) lim [ A(x,u,)VuV(u, —u) =0.
Q
Finally, (3.28)—(3.30) imply that u,, strongly converges to u in Hg (). O

4. Proofs of Theorems 2.1 and 2.2

We are now able to prove Theorems 2.1 and 2.2.

PROOF OF THEOREM 2.1 COMPLETED. From (1.1) and (2.3) we have that
ug = 0 is a strict local minimum of J. Denote with ¢ the first positive eigenfunc-
tion of the Laplacian operator in 2 with homogeneus boundary conditions. Con-
ditions (1.6) and (2.6) imply that the function u; = #p; is such that J(u1) <0,
for ¢ sufficiently large. Define

I'={v:]0,1] — Y, continuous and such that v(0) =0, y(1) = u1 }.
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From the geometrical properties of J we deduce that

c= irllf I[I(?)lfii)]( J(v(t)) > max{J(0), J(u1)} = 0.

We follow [2] and we take {7,} € T" a sequence of paths such that

1
< < —
¢ < J(n(t) e+ o

for every fixed n € N. Consider M,, = maxp 1] [[7(t)|[oc > [|t1]|cc. Notice
that ||| - || = || - lloo/Mn + || - |l1,2 is & norm in Y, equivalent to the norm
I lloo + Il - l1,2- We apply Theorem 2.1 of [2] and we get the existence of
a sequence u, = 7, (t,) € 7,[0,1] C Y, such that

1
< J7, (1)) < —
¢ < max J(7,(1) < e+ 5

T (t) =) |n < 1/~
r[%’al?lllvn() YO e <4/,

1 1
c—fSJ(un)§0+2—,

n n
1
(T (), 0)] < \/; o]l forallv e Y.

Moreover, for n large enough, it results

Hun”oo = [Fntn)lloo < [Fn(tn) — Yn(tn)lloo + H’Yn(tn)”oo < 2M,.

Thus, u, € Y satisfies (3.1). Lemma 3.2 implies that u, is bounded in H}(12).
Therefore, there exists u in H&(Q) with u > 0 such that, up to a subsequence,
up, — u weakly in H}(Q). Applying Lemma 3.5 we deduce that u € Y.
Lemma 3.7 implies that u,, — u strongly inH2(Q), so that u is a critical point
of J, i.e.

/A(w,u)Vu -Vu + %/A’S(x,u)Vu - Vuv — /f(x, u)v =0,
o) o) )

for every v € H}(Q) N L*°(Q2). That is u is a distributional solution of prob-
lem (P). Moreover, J(uy,) converges to J(u), then J(u) = ¢ so that u20. O

PROOF OF THEOREM 2.2 COMPLETED. From (1.1), (1.6), (2.2), (2.3), and
(2.9) we deduce that J has a geometrical behavior of Mountain Pass type. The-
orem 2.1 of [2] implies the existence of a sequence {u,} C Y that satisfies (3.1).
Lemma 3.1 implies that w,, is bounded in H}(Q). In addition, from Lemma 3.7
it follows that u, — wu strongly in H}(Q2), so that u is a critical point of J.
Moreover, J(u) = ¢, which yields u # 0. O
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REMARK 4.1. In [2] and [8] assumptions (1.6) and (1.7) are imposed and
the existence of a critical point is proved under the additional hypotheses that
there exist R > 0 and § € (0, m — 2) such that almost everywhere in Q

(4.1) Al(z,8)s >0 for all s: |s] >
(4.2) [6A(z,s) — Al(z,5)s]€ - &€ > aplé[* forall s: |s]

Inequality (4.1) is a sign condition used in the literature in order to get the L*°
summability of a critical point of J; hypothesis (4.2) is a sort of Ambrosetti-
Rabinowitz type condition on A(z,s) and it is used in order to prove that
a Palais-Smale sequence is bounded in H}(Q).

Assumptions (1.3)—(1.5) permit to handle matrices A(z, s) that do not satisfy
condition (4.1), as Theorems 2.1 and 2.2 show.

EXAMPLE 4.2. Let us give an example of a nonmonotonous coefficient that
satisfies all the assumptions of Theorem 2.2. Consider «a(s) defined as follows

C for s < 2kgm,

)
als) = Co+ / %12175 dt for s > 2kqm,
ko
where ko is sufficiently large and Cy > 1/2kqm, so that hypothesis (1.1) is satisfied
with ag = Cy — 1/(2kom). Moreover, hypothesis (1.2) is satisfied with M = C.
As o/(s) = sin s/s? for every s > 2kom and o/ (s) = 0 for every s < 2kom, we have
that « also satisfies (1.3). Indeed, it is enough to take 5 : R — R* defined by

0 for s < 0,
s
—_— for 0 < s < 2k
Bs)=1Q (2kom)® O =TT
1
- for s > 2kqm.
s

With this choice of 8 it results that condition (1.4) is satisfied. Moreover,
B(s)s/a(s) < By with B; > 1/(2Cokem — 1), so that also hypothesis (1.5) holds.
We take
2Cokom N +2
<p< .
200]607’( -1 N -2

2 < N < 8Cpkom —2 and

So that the nonlinearity f(s) = (s™)P satisfies (2.1)(2.3) and (2.9). Then Theo-
rem 2.2 yields the existence of a critical point of the functional J : H}(Q) — R,

defined by

T(v) = %/a(v)|V1}|2 - ]ﬁ ()P
Q Q
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REMARK 4.3. As we noticed in the introduction condition (1.5) implies that
also (1.7) holds, i.e. there exists a positive constant A such that

| AL (2, 5)€ - €s| < AJE[* for every |s| > R.

This assumption on the behavior of A (z, s) for large s can be obtained as well
as a consequence of the hypotheses on A(x,s) imposed in [2] and [8]. Indeed,
from (4.2) we deduce

|AL(z,5)€ - €s| < (680 + az)|€]*  for every |s| > R.

REMARK 4.4. Assume conditions (1.1)-(1.5), (2.2) and (2.3). In addition
assume (4.1) and suppose that (2.9) is satisfied for

(4.3) m > 2+ [,

i.e. min{2e"™ 2431} = 2+ ;. Then, condition (4.2) is satisfied for every s > R.
Indeed, there exists 6 € (0,m — 2) such that § > 1 and it holds

SA(z,8)E - € > Bra(s)[€]* > B(s)s[é]* > Al(z, 5)€ - &s > 0.

So that, if we assume (4.1) in addition to all the hypotheses of Theorem 2.2,
and (2.9) is satisfied when (4.3) holds, then Theorem 2.2 can be obtained as
a consequence of the results proved in [2] or [8].

On the other hand, if (2.9) is satisfied when m > 2e¥™ | Theorem 2.2 implies
the existence of a critical point of J also in the case in which (4.1) holds but (4.2)
may not be satisfied. Indeed, there exist functions that satisfy (4.1) and all the
hypotheses of Theorem 2.2 but do not satisfy (4.2). Let us consider the following
example. We set

1
Let us define the function 3(s) : R — RT by

0 forn—1<t<n-—e,ort<0,

1 n + En orn En t n
( ) né‘n

1
——(t—n—ey) forn<t<n+e,,
Nnen
where ¢, = 1/2nS. Notice that 5(s) € L'(R). Finally, set m = 5/4+/6/2. We
consider N < 6 and € a bounded open set in RY. Let us consider the functional
J : H} () — R defined by

I =5 [a@lval - /W"

Q

where a(s) =1+ [, B(t)dt. Notice that 2 < m < (2N)/(N — 2). We have that
« satisfies conditions (1.1)7(1.4) with g = 1 and M = 1. The function «(s)
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satisfies (1.5) with 8; = 2/3 and with no smaller number than 2/3. In addition,
by easy computations it results that

wM:;/OmféEgdt:ng/z)-

So that 2+ 8 > 2e¥™. Since m = 5/4 4 1/6/2, we have that m > 2e¥™ so that
(2.9) is satisfied and Theorem 2.2 implies the existence of a critical point of J.
Notice that « is increasing so that condition (4.1) is satisfied, while (4.2) does
not hold. Indeed, for every d € (0,m — 2) we have

sa(s) — Bls)s < (m — 2)als) — A(s)s.

We choose s = n and we get
<\/6—3>a(3)—1<2<\/6—3>—1:—g+\/6<0,

which implies that (4.2) is not satisfied.
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