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HARDY’S INEQUALITY IN UNBOUNDED DOMAINS

FABRICE COLIN

ABSTRACT. The aim of this paper is to consider Hardy’s inequality with
weight on unbounded domains. In particular, using a decomposition lem-
ma, we study the existence of a minimizer for

Ja |Vu|?6¢ da

S:(QQ) = .
) uenb2(Q) [q [ul?6s—2 dx

1. Introduction

We shall consider an extension of the following one-dimensional Hardy’s in-

o0 1/2 9 o 1/2
(/ u(t)|2t5_2dt) < (/ lu' (t)]*t° dt) ,
0 1—e\Jo

where v/ = du/dt and 0 < € < 1 (see [6]). Let us denote D}?(Q), the closure
of D(Q) for the following inner product:

(u,v) := /Q(é(a:))EVu - Vude,

equality:

where  is a domain in RY with non-empty boundary and where
§(x) := dist(x,09) for all z € RV,
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In the rest of the present paper, we assume that 2 is a domain (bounded or
not), but with compact C2-boundary. Let us denote by S.(£2) the best possible
constant for Hardy’s inequality

Jo |Vul|?6° da

1 S.(Q) = =
(1) ) weD2?@) [, |u?65=2 dx

and c. the quantity c. := (1 —¢)?/4 for 0 <e < 1.

The main theme of this paper is the connection between the value of S.(Q)
and the existence of minimizer for (1). Our main result states that S.(Q) is
achieved provided S.(2) < ¢.. The corresponding result for ¢ = 0 is due to
Marcus, Mizel and Pinchover ([5]). However our approach is completely different.
As in [3], [7]-[11], we shall use a decomposition lemma. Because of the weight ¢,
we shall introduce a quantity that allows us to take simultaneously concentrations
at boundary and at infinity in account. Of course, if we deal with bounded

domains, the last concentration is irrelevant.

2. Preliminaries

Our first step will be to present four lemmas that will be required to define
our functional space.

LEMMA 1. Let u in D(RT). Then we have the following Hardy’s inequality:

/ |u(t)\2tf—2dt§c;1/ [u’ (t)|1€ dt.
0 0

(See [6].) We also need this inequality due to Caffarelli, Kohn and Niren-
berg [2]. In addition, the best constant is given in [11], using the method of
Garcia and Peral ([4]).

LEMMA 2. For N >3, 0 <e < 1 we have, for all u in D(RY),

2
2 je—2 2 / 2 e

dr < | — \Y% dx.

[ bl s (=5 ) [ 19uflef o

Throughout the rest of this paper we shall assume that
(H) Q is a domain with compact boundary of class C?.

We give now some auxiliary results due to Brezis and Marcus ([1]) that will be
needed later on. For § > 0 let,

Qg ={recQ:dx)<pf}, Xg:={recQ:di(z)=70}

Assuming that 3 is sufficiently small, say 8 < (o, for every = € Qg there exists
a unique point o(z) € ¥ := 9Q such that §(x) = |z — o(z)|. Let II : Qg —
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(0,8) x ¥ be the mapping defined by I1(z) = (§(x),o(z)). This mapping is a C?
diffeomorphism and its inverse is given by

O ' (t,0) = o +tv(o) forall (t,0) € (0,0) x %,

where v(o) is the inward unit vector normal to ¥ at . For 0 < t < [y, let
H; denote the C? diffeomorphism IT71(¢, -) of ¥ onto ¥;. We know that its
Jacobian satisfies

(2) |Jac Hy(o) — 1| < et for all (t,0) € (0,00) x 3,

where c is a constant relying only on X, 8y and the choice of local coordinates.
Since v(o) is orthogonal to ¥; = I171(¢, 2) at o +tv(0), it follows that, for every
integrable non-negative function f in €g,

/Qﬁf — /OB dt thdgt - /Oﬁ dt/zf(t, H,(0))(Jac Hy) do,

where do, do; denote surface elements on ¥, ¥, respectively. Consequently,
by (2),

B
(3) /Edo/o Ft Hi (o)A —ct)dt < [ fat

Qp
8
§/Ed(7/0 f(t, Hi(0))(1 4 ct) dt.

Now, we are able to present the following generalization of an inequality due to
Brezis and Marcus ([1]).

LEMMA 3. Under assumption (H), for 0 < 8 < By, we have the following
inequality

/ IVul?6% dz > (- + 0(1))/ lu|?6°=2dx for all u € D(Q),
Qp Qp

where o(1) is a quantity which tends to zero as § — 0.

PRrROOF. By (3), Lemma 1 and the fact that |Vu(t, Hi(0))| > |u/(¢, Hi(0))],
B
/ |Vu|265da:2/da/ Vu(t, Hy(o)) (1 — cf) dt
Qp s Jo
3 2
o [ B
s Jo e
3 2
:cs/da/ M(l‘FCt)dt
s Jo e
3 2
o [ [ O
s Jo te—e
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8 2
ch/do/ M(l—kcﬂdt
) 0 ¢

8 2
s, [ [N
s Jo =7
-2
> cg/ |u|?6°2 da + F2ebe) / lu|?6°2 du,
Qp (1—cB) Qp
using (2) and again (3). O

LEMMA 4. There exists ¢ > 0 such that

/ lu?6°2 dx < c/ |Vul?6%dz  for all u € D(S).
Q Q

PrROOF. As in Lemma 3, take 0 < § < (o and let us divide €2 into three
parts:

Q3,0 =0\ B(0,5R) and K :=Q\ (QsUQg),
where R is taken sufficiently large to have 9Q C B(0, R). On Qg and Qg desired
inequalities follow respectively from Lemma 2 and Lemma 3. On the compact
set K, we just have to use the Poincare’s inequality (see [9] or [10]) and the fact
that the minimum value of 6(z) is achieved in K. O

DEFINITION 1. For N > 3 and for Q C R¥| let D12(Q2) be the completion
of D(Q) with respect to the inner product

(u,v) = / 0°Vu - Vudz.
Q

Finally, let us recall that
o IVul*6° dz

SE(Q) = o 2 o
ueD!?(Q) [q 7652 dx

and, by Lemma 4, S.(£2) > 0.

3. Minimizing sequences for S.(Q)

In order to prove that S.(£2) is achieved if S.(2) < ¢., we can consider an
arbitrary minimizing sequence (u,) C D}?(Q):

2
(4) 022y, |, =1, 05/*Vu,|, — S-(Q), n — oco.
Going if necessary to a subsequence, we may assume u, — u in Dg’Q(Q), so that

1652Vl < lim|0%/2Vau,|s = S-(9).

Hence u is a minimizer provided [§(¢=2)/2

66=2)/2y|, < 1.

uly, = 1. But we know only that
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LEMMA 5. Under assumption (H), let (u,,) C D}*(Q) be a sequence such that
u, —u in D2(Q),
IV (up —u)[*6° = pin M(9),
Uy, — U a.e. on S

Define

(5) B := lim lim </ |Vun|255d:c+/
g*)()Jr n—oo Qﬁ \z|>,3*1

(6) VB,oo = lim lim </ |un|26572dx+/ |t | 2652 dx).
,6—>0+ n— oo Qﬁ \z|>ﬁ*1

It follows that

|Vu,|*6¢ d:c),

(7) VB oo < €2 1B oo,

— e 2 5 2
(8) lim [0 PPVunly = 1072Vul, + pp.co + |1,
(9) lim |5<€*2>/2un|§ - |5<€*2>/2u|§ + VB oo

PROOF. (a) Assume first u = 0. Take 0 < [ < (/2 such that 9Q C
B(0,371) and let U5 € C°(RY), 0 < Ug(z) < 1 on Q, be such that

o Us(z) =1, for [z > 537 +1 and for x € Qg,
e Us(z) =0, for x € Q\ Qop such that |z| < 5371
ﬁ\Ilg(x)un|26572 dx = / |W g, | 2052 der/ | gup|*0°72 da
Qap |z|>58—1

S/ \‘I’ﬁun|256_2dx+/ s *(|2] - 571 da
Qgg

lz[=58—1

because if |x| > 537! then §(x)/2 < |z| — 37! < 6(z). So we have

/\\pﬁunﬁaa—?dl« < (ce +o(1))—1/ IV gu, |*6° da

Qgﬁ
+ <2>2/ IV gup|*0° da
N—-2+¢ |z|>58—1 e
< (ce+0(1))7! ﬁV\IIﬁun|2(5E dz,
by Lemmas 2 and 3. On the other hand, we have

im  [|VVsu,|*6° de

= lim (/|Vun|2\11%55 dx +/|\P5|2ui56 d:c+2/ (VU5 - Vuy,)¥zu,d° dx)

= lim /|Vun|2\l'%6E dx

n—oo
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because u, — 0 in L? .. Consequently, we obtain

(10)  Tm /|un|2\1/§5€—2dx§(c5+o(1))—17nm / Yy [2035° da.

n— 00
Letting wy := QU (RY \ B(0,58~1 + 1)) and wy := Qs U (RN \ B(0,58-1)), it
becomes obvious that

Ve do S/W“nﬁ‘l’%és dmg/ |V [*6° d,

w1 w2

/ [un|?6°2 dz < ﬁun|2\11%55_2 dx §/ un|?6°2 dax.
w1 w2
We obtain from (5) and (6)

MB,co :ma lim /|Vun|2\lf%5E dx,

—0+ n—oo

VB oo = ma lim |un|2\1'%5572 dz.

—0+ n—oo

Inequality (7) follows directly from (10).
(b) Let us now consider the general case. For more convenience, let us write
Q,,B = Qs U RN\ B(0,571)) and v, := u,, — u. Since

lim [V |*0° do = lim/ |Vun\255dx—/ \Vul*6° da,
' = o, “,

n—o00
Q
B

we obtain

. T 2
lim lim |Vu,|"0° de = B co-
B3—0+ n—oo Q/

B

By the Brézis-Lieb Lemma (see [9] or [10]), we have

/ [u?6°"2dz = lim (/ |t |26°2 dm—/ v | 2652 dm),
o n—oo Q% Q'

B B
SO

. —_ 2 —
lim lim |vp|©0° 2dx = VB co-
B—0T n—oo Jo!
s

Inequality (7) follows directly from the corresponding inequality for (vy,).
(c) Since v, — 0 in D}?(Q), we have

|V, |26° — p+ |Vul26° in M(Q).

Again by Brézis-Lieb Lemma, we have for every nonnegative h € D(2)

ﬂhu|255*2dx= lim (ﬁhun|2652daz—ﬁhv"|26€2 da:)

[, 20572 — [u[?0°7%  in M(Q),

hence
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because u, — 0 in L? .. Let us take 3 as in (a). We have

E IV, |*6° do = T}HI;@(/@%|Vun|255 dx + / (1- \Il%)|Vun\25E dx)
:E/qf§|vun|266dx+/(1 — U2) dp
+/(1—\I/%)|Vu|25€ dz.
When g — 0, we obtain by Lebesgue’s theorem
T (900" do = e + ] + 157/l
The proof of (9) is similar. O

THEOREM 6. Let N > 3, Q C RV satisfying assumption (H) and (u,) C
DL2(Q) be a minimizing sequence for S.(Q) satisfying (4). If S:(Q) < c.
then (u,) contains a convergent subsequence. In particular, there exists a mini-
mizer for Sc(Q).

PROOF. Since (u,) is bounded in D!?(Q) we may assume, going if necessary
to a subsequence,

up, —u in DF*(Q),
IV (un —u)*6° = in M(9),

U, — U a.e. on £,
By the preceding lemma
(11) Se(9) = 82V ull + np,00 + |1ul,
(12) 1=[6C"22u2 + vp .
We deduce from (7), (11) and the definition of S¢(Q)

S.(Q) > S.()[6ED/2u)2 + c.vp oo

It follows by (12) that vp . = 0 because S:(2) < c¢.. Hence we have proved
that [6¢==2)/2¢|3 = 1 and so

|65/2Vul2 = S.(Q) = lim |6/ Vu,, |2. O
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