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ABSTRACT. We provide conditions which ensure that the solution set of the
Cauchy problem for a singularly perturbed system of differential inclusions
in infinite dimensional Banach spaces is upper semicontinuous with respect
to the parameter € > 0 of the perturbation. The main tools are represented
by suitable introduced measures of noncompactness and the topological
degree theory in locally convex spaces.

Introduction

The aim of this paper is to provide conditions under which we have the upper
semicontinuity at € = 0, in a convenient topology, which will be precised later,
of the solution map ¢ — 3. of the following Cauchy problem for a singularly
perturbed system of differential inclusions in infinite dimensional spaces:

W a/(t) € Ax(t) + fu(t, z(t), y(t))
ey'(t) € By(t) + falt, 2(t), y(t))

), tel0,d,
(2) 2(0) = zo, y(0) =y

)
)
0
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where A and B are infinitesimal generators of C%-semigroups of linear operators
eAt and eBt, t > 0, x € E; and y € E, with Ey, E, infinite dimensional Banach
spaces. The nonlinear multivalued operators f;, i = 1, 2, have nonempty, convex
and compact values and satisfy suitable conditions expressed in terms of the
Hausdorff measure of noncompactness. All the assumptions will be precised in
the next section.

In finite dimensional spaces for singularly perturbed differential inclusions
several attempts to obtain a version of the classical Tikhonov’s theorem have
been made. For this the main difficult is the choice of the topology for the
convergence as € — 0 of the solutions (z¢,y:), € > 0, to a solution (zg,yo) at
e = 0. In [13], [20] in the case when one considers the uniform convergence
with respect to the z-variable and the weak topology of L? with respect to
the y-variable then the solution map of the Cauchy problem associated to the
system ¢ — S(g) turns out to be upper semicontinuous at ¢ = 0. When the
uniform topology is also considered for the y-variable then we have to restrict
the attention to a suitable subset §(E) of S(e) in order to obtain the upper
semicontinuity at e = 0 (see [11], [23] and [24]). In fact, in general, even in the
linear case the map £ — S(e) is not upper semicontinuous at ¢ = 0 as shown
in [12].

In [14] and [15], (see also the references therein), an approach in order to
approximate the slow motions of a singularly perturbed control system in finite
dimension by a limit differential inclusion was proposed. This approach is based
on the averaging method applied to the fast dynamics, as result the uniform
convergence of the slow motions to a solution of the limit differential inclusion
is obtained. Furthermore, any such solution is the uniform limit of slow mo-
tions. Finally, singular perturbation methods for partial differential equations
are intensively studied (see e.g. [21] and [22]).

This paper can be considered in itself an attempt of developing a singu-
lar perturbation theory for differential inclusions in infinite dimensional spaces
by means of topological methods. For our purposes it turns out convenient to
consider the uniform topology for the z-variable and the weak topology for the
y-variable. In fact, with this choice of the topology we will be able to show
the upper semicontinuity at € = 0 of a suitably defined condensing operator F.,
whose fixed points represent the set X of the solutions of our problem (Theo-
rem 1). Furthermore, we will show that ind(3g, Fy) = 1 (Lemma 1). Therefore,
from these results we obtain that the solution map € — Y. has nonempty values
and it is upper semicontinuous at € = 0 (Theorem 2). Here the topological index
is that for condensing operators in locally convex spaces.

Observe that, for singularly perturbed differential inclusions in finite dimen-
sional spaces, a variant of the necessary Tikhonov’s stability conditions is given
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in an explicit form, for instance, in [11] and [24]. In this paper these conditions
are represented by the assumptions (Sg), (Ag) and (Ag).

We have an other reason for considering singularly perturbed systems of dif-
ferential inclusions in infinite dimensional Banach spaces. Indeed, in [4], combin-
ing the classical singular perturbation theory in finite dimensional spaces with
the control technique based on the sliding manifolds, several tracking control
problems were solved. In fact, in [4] the control function is designed by means of
a differential equation depending on a small parameter £ > 0, on the dynamics
to be controlled and on the assigned sliding manifold, which is given as zeros
of a differentiable function. Applications of this control technique to concrete
problems, treated as tracking problems, can be found in [5], [6] and [17]. To this
regard the results presented in this paper can be also considered as a first contri-
bution to the development of the control technique proposed in [4] to the infinite
dimensional case when the dynamics is modelled by a differential inclusion as in
the case of uncertain systems.

We would like to point out that systems of differential inclusions involving
noncompact operators have been also considered in [7] and [18] to solve nonlinear
boundary value control problems.

The paper is organized as follows. In Section 1 we state the problem and we
formulate the assumptions which permit to solve it. Then we introduce conve-
nient operators in order to rewrite our problem in terms of a multivalued fixed
point problem. In Section 2 we prove in Theorem 1 the relevant properties of the
resulting fixed point operator F, in particular the condensivity with respect to
a suitably introduced measure of noncompactness and the upper semicontinuity
in the considered topology. In Lemma 1 we will show that the topological index
of the reduced problem at ¢ = 0 is one. Then, by using the previous results, in
Theorem 2 we state the desired properties for the solution map ¢ — X.. Finally,
in Section 3, we provide an example illustrating how the conditions of Section 2
can be verified.

1. Statement of the problem, definitions and assumptions

Through this paper we consider the Cauchy problem for a system of differ-
ential inclusions of the following form

) { a'(t) € Ax(t) + fu(t, z(t), y(1)),
ey'(t) € By(t) + falt, x(t),y(1), t€[0,d],
(2) z(0) = zo, y(0) = yo,
where A and B are infinitesimal generators of C%-semigroups of linear operators

et and eBt, t > 0, respectively, acting in the separable Banach spaces E; and

E, with F5 satisfying the Radon—Nikodym condition (see [10]), € > 0 is a small
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parameter and f; : Ry X Fy x Es — Kv(E;), i = 1,2, are multivalued operators.
Here Kv(E) denotes the set of all the nonempty, convex, compact subsets of the
Banach space FE.

Statement of the problem. We want to provide conditions under which
the solution set X, £ > 0 of system (1)—(2) is upper semicontinuous at € = 0 in
a suitable functional space F, equipped with the uniform topology with respect
to the x-variable and with the weak topology with respect to the y-variable. For
this, first we show that Y. can be represented as a fixed points set of a condensing
operator F., ¢ > 0 defined in F. Moreover, we will show that, under these
conditions, the related topological index ind(Xg, Fp) is different from zero, (see
e.g. [3]).

To make precise the setting in which we will solve the above problem we first
choose for the functions ¢ — x(t) and t — y(t), ¢t € [0,d] the functional spaces
C(E1) and L'(Ey) respectively, and so F = C(E;) x L'(Ez). We recall that
C(F) denotes the space of continuous functions z : [0, d] — E equipped with the
uniform norm: maxeo,q [|2(¢)||z and L'(E) is the space of strongly measurable
functions z : [0,d] — E having finite norm ||z||;: := fod |z (t)]| g dt. In the sequel
by “E we will denote the space E equipped with the weak topology of E, while
Kv —w(E) will be the set of all the nonempty, convex, weakly compact subsets
of E. Furthermore, by C,(E;) and L1(E) will denote the Banach spaces of the
functions as defined before restricted to the interval [0, 7] C [0, d].

We assume that

(So) there exists a positive constants 7 > 0 such that [le®||; < e " for

any t > 0. Moreover, D(B*), the domain of the adjoint operator B*, is
dense in E3 (see [19]).

(Ag) The Nemytskif operators ®; : C(Ey) x L'(E,) — Kv-w(L'(E;)) gener-

ated by f; : Ry x By X By — Kv(E;), i = 1,2, as follows

@i(r,y) = {g € LN(EW) - g(t) € fit,a(t), y(1)) for almost all £ € [0,d]}
are well defined. Furthermore, for any 7 € (0, d], we put
&7 (x,y) = {g € L(E) - glt) € fi(t, x(t), y(+)) for almost all ¢ € [0, 7},

The following assumptions are formulated in terms of the Nemytskii operators
b;,,0=1,2.

(A1) For any pair of bounded sets ; C C(E1), Q2 € Q C L'(Ey), where Q
is the convex, bounded closed set of the asumption (As) in the sequel,
there exists a function ¢ € L*(R) such that ||gi(t)| 5, < ¢(t) for almost
all t € R and any g; € ®,;(x,y), i = 1,2, whenever (z,y) € Q1 x Qa.

(Ay) ®; are upper semicontinuous multivalued operators from C(F;) X
YLY(Ey) to WLY(E;).
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REMARK 1. Explicit conditions on f;, i = 1, 2, which ensure that the related
Nemytskii operators are well defined will be given in Section 3. For the finite
dimensional case (see [2]).

We also need suitable compactness conditions on ®;, ¢ = 1,2, expressed in
terms of the Hausdorff measure of noncompactness. To this aim we give the
following definitions.

DEFINITION 1. Let F be a Banach space. Let 2 C F be a bounded set. The
Hausdorff measure of noncompactness xg(€2) of the set € is the infimum of the
numbers « > 0 such that Q has a finite a-net in E. For the relevant properties
of xg we refer to [1].

DEFINITION 2. Let F be a Banach space. Let €2 C E be a bounded set of F.
The measure of weak noncompactness x,,(£2) of the set 2 is the infimum of the
number o > 0 such that €2 has a weakly compact a-net in E. This measure of
weak compactness and its properties have been studied by De Blasi in [9].

DEFINITION 3. Let Q be a bounded set of L*(E). A function b € L'(R) is
called a bound for the weak measure of noncompactness x,, of the set Q C L!(E)
if for every § > 0 there exist a measurable set es; C [0,d] and a compact set
Ks C E such that meases; < & and for every f € € there exists g € L'(FE)
satisfying g(¢) € K for almost all ¢ € [0,d] and

1f(t) —g(®)|lz <b(t)+d for almost all t € [0,d] \ es.

In the sequel the set of all the functions b € L!(R) with the previous proper-
ties will be denoted by W B(£2). Observe that we can always assume that g(¢) = 0
for t € es. Furthermore, for any 7 € (0,d], we put x.,(2)(7) = Xw(2j0,7])-

We introduce now the operators F., ¢ € [0,1], in order to represent the
solutions of (1)—(2) in a convenient way. For this, we need first to define the
linear operators A, : L'(E;) x L' (Ey) — C(E1) x L' (E») as follows

AE(Z)“)Z (Af(lj’)lm)(t): /) afel/e B—5)gy(s) ds

En® =235 o0+ (o ).

While, for € = 0 we set A5(0) = —B~" and 0 instead of e(*/&)Bty,.

t
[ eAt= s)ds
0 , €>0,

We formulate now the assumptions under which F., ¢ € [0, 1], is a well defined
condensing operator.

(A3) There exists a convex, bounded and closed set Q C L'(E5) such that

AQ(‘E)(I)’Q- : C([O7T]7E1) X Q‘[O,T]_OQHO,T]? TE [07d]
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(A4) There exist positive constants k11 and ki such that for any pair of
bounded sets 21 C C(E7) and Qs C @ we have that

Eiixe, ((-)) + kiaxw(Q2)(-) € WB(®1(21 x Q3)).

(As) There exist positive constants ko1 and ks such that for any pair of
bounded sets 21 C C(E1) and Qs C @Q one has

X (P2 (21 x Q2))(7) < Koy t:EP]XEl(Ql(t)) + kooxw(Q2) (1), T €[0,d].

Finally, we now formulate the last assumption

(AG) k‘gg/’y < 1.
REMARK 2. The assumption (Aj) is verified if, for instance, there exist pos-
itive constants M and [ such that

1f2(t, 2, 9)ll g, < M +Ilyl],
with [/ < 1. In this case, we have Q = Qg, where
Qr:={g€ L' (E): lg(t)|lp, < R, for almost all ¢ € R}.

and R > 0 is sufficiently large.

2. Results

We introduce now suitable measures of noncompactness with respect to which
we will show that F., ¢ € [0,1], is condensing. For this, given a bounded set
Q C O(Ey) x LY(Ey) we put

ue)(r) = (XE1<P1<Q><T>>) |

X (P2 (€))(7)

where P is the projector on the first coordinate of the Cartesian product C(E ) x
L'(E,), while P, is the projector on the second coordinate of the same space.
Note that x.,(P2(Q))(7) is a nondecreasing function with respect to 7 and so
measurable. Furthermore, we also define a measure of noncompactness as follows

v(©) = (u(2), mod(P19)),

where mod,.(P; ) denotes the modulus of equicontinuity of the functions in P; ).
The measure of noncompactness v takes values in the cone K defined as follows

K ={(a,b,c) € LY(R) x L'(R) x R: a(t) > 0,b(t) >0
for almost all ¢ € [0,d], and ¢ > 0}.

We can now prove the following.



SINGULAR PERTURBED DIFFERENTIAL INCLUSIONS 7

THEOREM 1. Assume that the conditions (So), (Ag)—(Ag) are satisfied, then
the operator F. : C(Eq1) x Q — C(FE1) X Q is upper semicontinuous at any
e €[0,1] and F.(z,y) is v-condensing with respect to the variables x, y, €

PROOF. We prove first that from g, — go weakly in L!(E,) and &, — 0
it follows that As(e,)gn — A2(0)go weakly in L'(Es). For this, let v* be the
functional generated by the function

m—1
3) v =Y Y ()
=0

where y; € B3, 0=1o < ... <ty =d, and ¥y, 4, ) is characteristic function of
the interval [t;,¢;11) then

d t
1
/ <y* (t),— 6(1/5")B(t75)gn(s) ds> dt
En
0 0

m—1 tit
-y / < /e(l/mB(t V(s )d$> it
=0}
m—1 tita
_ /< i/ (1/en) B-9), ()d8> i@t
i=0 } €
m—1 it 1
+ / <yi,/e(1/5")3(t_s)gn(s) ds> dt
° En
=0 t p
m—1 ti 1 tiy1
(L Farrionaa
=09 "
m—1 i 1 i
e [ (5 [ i) as
=0 t; " s
m—1 ti
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ti

/ -1 (1/57,)3 (ts —e)y* gn( )> ds

,_.

m—

=0

+ / (~B") 1y (), g (s)) do.
0

We now prove that the first two terms tend to zero as n — oco. For this, note that
since g, — go weakly in L'(E3), we have that for any § > 0 there exists u > 0
such that for any set e C [0, d] with meas (e) < p it follows [ [|gn(s)||m, ds < &
for any n € N, (see [10]). Let ¢ € [0,d], first write fo = Ot M+ft—u‘ Then
we can estimate by means of (Sy) these integrals and taking into account the

observation above we can conclude that

t
[y e oy g (s)) ds - 0
0
as n — 0o. We leave the details to the reader. Finally, the last term tends to
d
- [ ). B (o) s
0

In conclusion, we have weak convergence of (1/e,) fot e(1/en)Bt=s)g (s5)ds
to —B~ gy with respect to the functionals v*. On the other hand, E has the
Radon—Nikodym property, then by [10, Theorem 1] we have that (L'(Es))* =
L>(E3%). Now we can approximate in the “almost every” convergence any func-
tion y € L>°(FE3) by a function of the form (3). For this it is possible to consider
the continuous function

s+h
an(s) = % / Yt dt, s €0,d
which tends to y(s) as h — 0 for almost all s € [0,d] (see [10, Theorem 9]) and
then approximate zp,(-) by step functions. Applying now Egorov’s theorem we
finally obtain that, for any y € L*>°(E3),

t

d
[ (e = [ eremeng sy as i
0 " 0

d

- [t 5 (o)) ds
0
as n — oo. Therefore, the operator As(e)®o(x,y) is upper semicontinuous from

[0,1] x C(Eq) x Q to Kv-w(Q).

tends to
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Observe that [[A2(e)[| 11,11 () < 1/7- In fact, let € > 0, and consider
t

d d t
1 1
[2] s aas| ars [ 2 [ ey, dsar
E>
0 0

d d d
1 1
= [ 2 [ e g ), dsat + 7 Ja- ey, as
0

0

9

0 s
d
1
== [ 19, ds.
0

Finally, for € = 0, since B! = [* P! dt, we have || B~!|| < 1/.
We prove now that F' is v-condensing. Let Q C C(E7) x @, one has

I/(Q)<V< U Fg(Q)).

€€l0,1]
Then
(4) w(Q)(t) < u( U Fe(Q)>(t) for almost all ¢ € [0, d]
e€(0,1]
and
(5) modc(PlQ)gmodc(P1 U FE(Q))
e€[0,1]
Therefore

(6) w(Q)(t) < u( U F.(PQ x PgQ)) (t) for almost all ¢ € [0, d].
€€l0,1]

From (Ay), see [8], we obtain for all ¢ € [0, d]
(7) o(t) < / Clhiv(s) + kraxu(Pa)(s)) ds,
0

where C' = supyc(o g [[e*[], v(t) = x&, (P1Q(t)). Since, if C C L'(Ey) is any
weakly compact set then (J ¢ A2(€)C is weakly compact, from (As), for al-
most all ¢ € [0,d], we have

k k
(8) Xu(P2) (1) < =2 sup v(s) + —2xu (P Q) (1)
Y s€o,t] Y
From (8), using (Ag), we obtain
koo \ k21

) B < (1= 22) 22 ap u(e), s lor)
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Consider 7 < h, where h is chosen in such a way that

Foao \ k&
C’hmax{klh k12<1 — ”)ﬂ} <1
v )

then from (7) we have v(t) = 0 for ¢ € [0, k] and from (9) x.,(P282)(s) = 0 for
almost all s € [0, h]. Therefore, the inequality (7) has the form

(10) o(t) < / Clhnv(s) + Fraxw (Po)(s)) ds
h

and the inequality (9) takes the form

(1) Y (P20)(s) < (1—’“”)’“ swp o(6), 5 € [0,7].
v Y g€lh,s]

Let now t € [h,2h], then from (10) and (11) we have v(s) = 0, x4 (P22)(s) =0
for almost all s € [h,2h]. Continuing with this process we obtain

(12) v(s) =0, se€]0,d],

(13) Xw(PQQ) =0.

Therefore, from (Ay),
0 € WB(®1(P1Q x P2Q2))

and consequently . ¢ 1) P1F:(P12 x P2Q) is relatively compact, see [8]. Thus

mod, (P1 U F(Pax P29)> =0
€€[0,1]

and from (5) we have that
(14) mod.(P1Q) =0
In conclusion from (12), (13) and (14) we have the relative compactness of 2. [J

Consider now the reduced problem

15) { ' (t) € Ax(t) + fu(t,=(t), y(t),
y(t) € B~ fo(t,x(t),y(t)), t€]0,d],
(16) x(0) = xp.

Let X7 the solution set of (15) and (16) defined in the interval [0,7]. Observe
that if 37 is bounded then, by Theorem 1, we obtain that 37 is a compact subset
of C-(E1) x “Qlo,-1- We have the following.
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LEMMA 1. Assume that the conditions (So), (Ao)—(Ag) are satisfied. Fur-
thermore, assume that Yo is nonempty, bounded and X5 = Yolj - for all T €
[0,d]. Then the topological index ind(Xg, Fp) = 1.

PrROOF. Let I' = {(t,z) : (t,x) € (¢t,PiXo(t)}. Since P% is compact in
C(F;) then T is compact in R x Ej. Consider now the continuous Uryson
function .

H(t2) = { 1 if (¢t,z) € B(T,r),
0 if (¢,x) & B(T,2r),
where B(T', r) is a r-ball neighbourhood of I'. Let us consider the operator

ﬁ(tvx’y) = H(tvx)fl(tvz7y)'

Then the superposition operator

1 (,y)(t) = fi(t, (1), y(t)

is well defined and upper semicontinuous, since ®; is upper semicontinuous and
H(z)(t) = H(t,z(t)) is continuous.
We now prove that the operator ®; satisfies assumption (A4). In fact, since
®, satisfies (Ay4), given § > 0 we can find a set e5/, such that meas(es/2) < 0/2
and
XE; (P1(Q1 x Q2)(8) < krixe, (1 (t)) + kiaxw(Q2)(8) +6/2,
for t € [0,d] \ e5/2. On the other hand

XE (P11 % Q2)(1)) < X, (H(Q0) (£)P1(21 x Da)(1))
< xE (€0(21(21 X Q2)(1))) = xp, (P1(21 x Q2)(1)).

Therefore, if we define as zero on the set e5/ all the functions in 51(91 x Qs),
then we can apply the result of [8] to derive the existence of a set €5/, with
meas(€5/2) < /2, of a compact K5/, and of a set of functions G55 C L'(Ey)
such that g(t) € K/, for all g € G5/, and for almost all ¢ € [0, d]. Moreover, for
every [ belonging to 51(91 x §)a), there exists g € G5/ such that

1£(8) = 9O < Fraxe, () + Fraxw(22)(t) + 6, for ¢ € [0,d]\ (e5/2 Ues2).

Therefore k11x g, (2(-)) + ki2xw(Q2)(-) € WB(®1(21 x Q2)), and so the oper-
ator

o= n(300)

is v-condensing. Observe that it is bounded on C(E;) x Q.
Denote by X the solution set of F then ind (X, Fp) = 1.
Finally, we prove that ¥y = ¥y. Assume the contrary, it means that there

(g) €30\ So.

exists
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In this case, we have that x & P;¥y. Take now 0 < 8 < r. Since PYg is
a compact set, we can find ¢t* such that

(17) d(z(t), PiXo(t)) < f fort e [0,t7),

(18) d(z(t7), PLEo(t")) = 0.

On the other hand, from (17), (18), we have that (%) 041 € f}g But, by
0,t*

assumption X§ = Xo|(o ], we have that = Yol[0,t+) and then (18) is impos-

sible. 0

Then by using standard methods of the topological degree theory for multi-
valued condensing operators in locally convex spaces (see [3]) we can derive the
following existence result for system (1).

THEOREM 2. Assume the conditions of Lemma 1. Then there exists g > 0
such that for all e € [0,gq] the set X of the solutions of system (1) belonging
to C(E1) x Q 1is nonempty and upper semicontinuous with respect to € in the
C(E1) x “L(Es) topology.

3. Example

In what follows we provide an example illustrating how the assumptions on
the Nemytskii operators ®;, i = 1,2, presented in the previous section can be
verified. This will be done by specifying a possible choice and the properties
of the nonlinear operators f;, which generate ®;, i = 1,2. This example has
been formulated having in mind a concrete application of our abstract results to
a control problem in infinite dimensional spaces of the type of those considered
in [4], as aldready pointed out in the Introduction. Specifically, we consider the
following form for f;, i =1, 2.

(19) fit,z,y) = Pa(t, @) + bii(2)y,
(20) fa(t,z,y) = Ya2(t, x) + bar (2)y + bazy.

We assume the following conditions.

(ap) The multivalued operators ¢; : R x E; — Kv(E;) satisfy the condition
that, for any = € E; there exists a selection g(t) € v¥;(t, ), for almost
all t € R, belonging to L*(R), i = 1,2.

(a1) For almost all ¢t € R the operators 1;(t, - ), ¢ = 1,2, are upper semicon-
tinuous.

(ag) There exist positive constants l;; such that x g, (¥:(t,Q)) < Lixg, (),
i=1,2.

(a3) There exist positive constants M; such that [[¢;(t, )| 5, < M;, i = 1,2.
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We now formulate the assumptions on the operators
(21) bil : E1 — LK(EQ, EZ), 1= 1, 2,
where LK (F5, E;) denotes the space of linear compact operators acting from Es
to El

(ag) There exist positive constants m;1, ¢ = 1,2, such that
[bi1()]]; < ma

for any « € Ey. Here || - ||, denotes the operator norm in LK (E», E;).
(a5) The maps = — b;1(x), ¢ = 1,2, are continuous.
(ag) There exists a positive constant lao such that the bounded linear oper-
ator bog : By — Fo satisfies

(22) [lbaz || < laa.

(a7) Finally, we assume the following

l
3) Mty

Let R > 0 be sufficiently large and let
Qr = {y € L'(Es): ly#)|lz, < R, for almost all ¢ € R}.

Now we prove that by (23) we get: Ay(e)P2(C(E1) x Qr) C Qr. This was
already noticed in Remark 1 (with @ = Qg). For this, let ¢ > 0 and for almost
all t € R we have
t
A2 ()23t ) Dl < [ NI 4 i + ) s
0
< My + (mag + 122)3'
v

For e = 0, for almost all ¢ € R we have

My + (maa + la2) R
[A2(0)@2(z,y) (1)l g, < 5 :
By (23), if R > My/(y — maz — l22) then we get the conclusion.

Let us prove now that the multivalued operators ®; are upper semicontinuous
from C(E;) x YLY(Ey) to Kv-w(L'(E;)), i = 1,2. First observe that under our
assumptions on 1; we have that the associated Nemytskil operator are upper

semicontinuous (see for instance [16]). Therefore, it is sufficient to verify that
the operators (x,y) — b;1(xz(-))y(-) are continuous in the topologies which we
have introduced in the previous section. From (a5) we have

(24) <y*7 bil (xn)yn> - <y*a bil ($0)y0>.
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Let us now verify conditions (A4) and (Aj). From (a3) we have that, for any
QO C C(Ey),
Therefore, if

Ti(Q) :={g: g€ LYE;), g(t) € ¢i(t,x(t)), almost all t € [0,d] and x € Q},
then

(25) xe; (Li(Q)(1)) < Linxe, ().
From (25), (as) and [8] we have for 3 C C(E;) and 22 C Qg that

lix SUp X, (Q1(t)) € WB(Li()).

Finally, observe that if ||Q2(¢)|| < p(t), p € L*(R) and b € WB(Q3) then

d
() < / bt)dt and  vu(b2s©2) < laoxw(Qs)
0

we obtain (A4) and (A5) with kll = l117 k‘12 = 07 k‘21 = del and k22 = l22. This
concludes the example.
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