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A CLASS OF REAL COCYCLES
OVER AN IRRATIONAL ROTATION
FOR WHICH ROKHLIN COCYCLE EXTENSIONS
HAVE LEBESGUE COMPONENT IN THE SPECTRUM

MAGDALENA WYSOKINSKA

ABSTRACT. We describe a class of functions f: R/Z — R such that for each
irrational rotation Tx = x + «, where « has the property that the sequence
of aritmethical means of its partial quotients is bounded, the corresponding
weighted unitary operators L2(R/Z) 3 g — €27/ . g o T have a Lebesgue
spectrum for each ¢ € R\ {0}. We show that for such f and T" and for an ar-
bitrary ergodic R-action S = (St)¢er on (Y, C, v) the corresponding Rokhlin
cocycle extension Ty s(x,y) = (T, Sy(,)y) acting on (R/Z X Y, p ® v) has
also a Lebesgue spectrum in the orthogonal complement of L?(R/Z, 1) and
moreover the weak closure of powers of T s in the space of self-joinings
consists of ergodic elements.

1. Introduction

We will study spectral properties of Anzai skew products on R/Z x T of the
form

(z,2) — (Tx, ™ (@) 2),

where Tax = x + « is an irrational rotation and f:R/Z — R is a measurable
function which will satisfy certain additional assumptions. The problem can be
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reduced to the spectral analysis of weighted operators V<" on L2 (R/Z) given
by
gr— e goT.

It is known from Helson’s analysis (see [10], [14]) that the spectrum of yerit

satisfies the so called “purity low”, that is it is pure i.e. either discrete or contin-
uous and purely singular, or equivalent to Lebesgue. Now we recall the classic
results concerning the spectrum of Ve first in case it is Lebesgue and at the
end when it is singular.

In the results cited below concerning Lebesgue spectrum the function f has
non-zero topological degree (i.e. the lift f:R — R of f satisfies f(1) — f(0) €
Z\ {0}). Namely, it has been proved by Anzai (see [1]) that if f(x) = na, n €
Z\{0} then Ve \T has a Lebesgue spectrum, therefore V¢ -7 has a Lebesgue
spectrum for each ¢ € Z\ {0}. On the other hand if f(z) = nz + g(x), where
n € Z\{0}, g € C*(R/Z) and ¢’ +1 > 0, then V™" has a Lebesgue spectrum,
which was proved by Kushnirenko (see [3, Chapter 13, Theorem 2]). Choe in [2]
proved the same assuming only g € C?(R/Z). Moreover, it has been shown in
[14] that for g: R/Z — R absolutely continuous with ¢’ of bounded variation, we

2mi f, T . oy
. One more sufficient condition for

obtain also a Lebesgue spectrum of V¢
a Lebesgue spectrum, given in terms of the Fourier coefficients of g, is presented
n [12]. More precisely the function g € C* need to satisfy > |n|3[g(n)|* < oo.
The following result was shown in [11] (see also [8]): If f:R/Z — R is absolutely

" has a singular spectrum. It follows that also for each

continuous then V™
¢ € R\ {0} the operator Ve T has a singular spectrum. It has been proved
in [13] that if f:R/Z — R is piecewise absolutely continuous with a single non-
integer jump discontinuity, then Ve ™™ has a continuous singular spectrum over
any irrational rotation.

M. Guenais in [9] obtained some interesting results concerning the multiplic-
ity of the spectrum of yermhT namely it is bounded by max(2,27Var(f)/3) if
f is of bounded variation, by |5] + 1 if f(z) = Bz, 0 # 8 € R and is equal to 1
in case f is absolutely continuous and homotopically trivial.

Consider now the Rokhlin cocycle extension given by
T

where § = (S)ier is an ergodic R-action. There is strict relationship between
the maximal spectral type of Tt s and the maximal spectral type of Vemcf’T,
¢ # 0 (see Lemma 2.4 below). Hence a natural question arises whether it is
possible to find f:R/Z — R such that for each ¢ € R\ {0}, V"7 has
a Lebesgue spectrum. Then we could conclude that the spectrum of T s is
also Lebesgue, what would enlarge the list of properties of the Rokhlin cocycle

extensions recently published in [15].
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In this paper we will consider measurable functions f:R/Z — R, with piece-
wise continuous second derivative such that f’ has finitely many discontinuity
points for which the one-sided limits exist with at least one equal to infinity and
f/(x) > 0 for all z € R/Z. With these assumptions V¢ has a Lebesgue
spectrum whenever « has the property that the sequence of aritmethical means
of its partial quotients is bounded (see Theorem 3.1 below). Moreover, we will

2micf,T
has a Lebesgue spectrum

show that for such a function f we have that V¢
for all ¢ € R\{0}. The methods we use are widely inspired by [14]. We will carry
out one more observation. For f:R/Z — R satisfying the above assumptions,
the Rokhlin cocycle extensions given by T s have also a Lebesgue spectrum in
orthogonal complement of L?(R/Z, 11).

As an application we will show that if the flow S is additionaly weakly mixing,
then the weak closure of powers of T s in the space of self-joinings consists of
ergodic elements that is the Rokhlin cocycle extension lies in the class of ELF
automorphisms recently introduced in [6].

Throughout the paper we will identify R/Z with [0, 1) (with addition mod 1).
Each function defined on [0,1) we will treat as a 1-periodic function on R. By
T we will denote the set T = {z € C: |z| = 1}. Considering the space (X, u),
if X = [0,1) then p will be understood as Lebesgue measure, while on T the
Lebesgue measure will be denoted by .

I would like to thank my supervisor Professor M. Lemanczyk for paying my
attention to the problems treated in this paper. I am deeply indebted for all his
continuous help and support as well as for numerous fruitful discussions.

I appreciate the unknown Referee’s remarks which have contributed to the
clarification of the number of issues raised in the paper.

2. Preliminaries

In this section we shall establish notation and recall some definitions and
some results needed in the rest of the paper.

2.1. Spectral theory. Let (X, B, 1) be a standard probability Borel space.
Let V: L?*(X, B, u) — L?(X, B, u) be a unitary operator. By oy we denote the
spectral measure of f, it means the only finite positive Borel measure on T such
that

Eﬁv(n)ZAZ"de,V(z):AV”(f)-?du, nez.

Given f,g € L*(X,B,u) by oy,4 v we will denote the complex measure deter-
mined by

8f,g,v(ﬂ):/Tzndfff,g,v(z):/XV"(J”)@CM n € Z.
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Recall that oy 4y < oy and 054y < 0gv (see e.g. [19, p. 18]). By ov we
will denote the maximal spectral type of V.

Denote by L2(X, B, 11) the subspace of L?(X, B, 11) of the zero mean functions.
Given an automorphism 7": (X, B, u) — (X, B, ) by Ur we will denote a unitary
operator on L?(X,B, i) acting by the formula Urf = f o T. Writing about
spectrum (or the maximal spectral type) of an automorphism 7' we will always
understand the spectrum (or the maximal spectral type) of Ur. The maximal
spectral type of Uz on L3(X, B, u) will be denoted by o7.

Let us now consider a measurable flow & = {S;}icr, that is for each t € R,
S is an automorphism on a probability standard Borel space (Y,C,v) and the
corresponding unitary representation of R on L?(Y,C,v) given by the formula
Us(t)(f) = f o St is measurable.

For f € L*(Y,C,v), by 0.5 we will denote the spectral measure of f, that is
the measure on R (equal to the character group ]IA%) such that

ors(t) = /R€2mc dofs(c) = /Y foS, fdv, teR.

Similarly as before oy 4 s will mean the measure on R determined by

G0s(t) = /R 2T o (e) = /Y Us(t)f Gdv, t€R.

We easily verify that whenever S is ergodic we have

(2.1) 7050 = [ fav- [ gav

for each f,g € L*(Y,C,v).
Let 05 denote the maximal spectral type of S (meaning Us) on LZ(Y,C,v).

2.2. Weighted operators. Let T:(X,B,u) — (X,B,u) be an ergodic
automorphism and ¢: X — T be measurable. Define a unitary operator on
L?(X, B, ) by the formula

(V&Th)(x) = p(x)h(Tx).
Then we have
(Vo) h(x) = ") (@) (T ),
where p(*)(-):Z x X — T is given by
e(x)p(Tz)...o(T" 'z) forn >0,
(2.2) ™) () =4 1 for n =0,
(p(Trz)... <P(T_1JU))_1 for n < 0,

that is (") (-) is the cocycle.
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Consider now the operator V7. We have
(VET) b,y = (Vo T) R By = (VET) "R, ).
Notice that
(2.3) { if the operator V“‘”Tihas a Lebesgue spectrum,
then the operator V¥ has also a Lebesgue spectrum.

Indeed, by putting s: T — T, s(z) = 27! =%, for each n # 0 and h € L?(X, B, )
we obtain

/T oy e = (VPT) R, E) = (VOT)h, by

:/Zn dO’h7V¢,T :/Z_n dS*<O'h7Vq;,T)7
T T

where by s, (0}, v¢.r) we denote the image of oy, y¢.r via s. Thus

Of yer = se(Op,ver).

Therefore if 0, y+.7 is equivalent to Lebesgue measure (or absolutely continuous),
then o} {5+ so is. We obtain that V#T has a Lebesgue spectrum.

2.3. Anzai skew products and weighted operators. Let T be an au-
tomorphism on a standard probability Borel space (X, B, u). Given a cocycle
p: X — T we can define a map

T, (X xT,BRB(T),p @A) = (X xT,BRB(T), n®\)
(X stands for Lebesgue measure) acting by a formula

To(x,2) = (Tx, p(2)2).

Notice that T, preserves measure ;@ A. Recall that T}, is called an Anzai skew
product.

Put H, = L*(X,u) ® 2", n € Z. Notice, that H, is a closed subspace of
L*(X x T,p® A) and from Fubini’s Theorem we get

X xT,u@)) = @ Hn.

n=—oo

Moreover, H,, are U, -invariant (i.e. Ur, H,, = H,,) since

Ur, (h(-) © -")(x,2) = (p(x))"h(Tx)z".

®

Observe that Ur,|Hy = Ur and Ur,|H; is isomorphic to V#T (the isomor-
phism is given by h(x)z — h(z)). Similarly the map h(x)z" — h(x) defines an
isomorphism between Ur, |H,, and VT (here " (z) = (p(2))™).

Let us fix an irrational rotation Tx = x + « acting on (X, B, u), where
X =10,1) and p denotes Lebesgue measure. Take a cocycle ¢:[0,1) — T.
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Recall now Helson’s analysis of spectral properties of V¥T (see [10], also [14]).
Put M:L*(X,pu) — L?(X, ), (Mh)(z) = e®™@h(z). We have (V° o M)(h) =
e?™i5a(M o V)(h) for all s € Z. Thus (VS(Mh), Mh) = e****(Vsh h) and
therefore oprp, vy = opv * e2mia. By a Wiener’s Lemma (see [18], Appendix)
combined with the ergodicity of translation T on ([0,1), B, i) it follows that if
H C L*(X, ) is a closed subspace V¥ T- and M-invariant, then either H = {0}
or H=L*(X, ).

Since the subspaces

Hue ={h € L*(X,p): o4 yer < A},
Hy ={he L*(X,p):onver LA},
Hy ={h € L*(X,p): 0 yer is discrete}.

are closed M- and V¥ T-invariant and L2(X7 u) = Hye @ Hy @ Hy, only one
of these subspaces is equal to L?(X, u). Moreover, if H,. = L?(X, 1) then the
maximal spectral type oy 7 of V¥ on L?(X, i) is the Lebesgue type (see [10]).

Recall that if o is a positive finite measure on T and (6(n))nez € l2(Z), then
o < \. Notice, that

Gryer(n) = (VAT)"1,1) = / o™ (@) d(z).
X

Since

(2.4) / o dy = / o) o T=n dyt = / o dy,
X X X

therefore

(2.5) if (/ o™ (w)d,u(x)) € ly = I3(N), then oy yor < A
X n

and we obtain that the operator V%7 has a Lebesgue spectrum (therefore Ur,
has a Lebesgue spectrum on Hp). Analogously, if (fX((cp(x))k)(”)du(ﬂf))n €ly
then V"7 has a Lebesgue spectrum (therefore Uz, has this property on Hy).

2.4. Continued fraction expansion. In this section we will recall some
facts about continued fraction expansion of an irrational number needed in the
sequel.

Every point « € (0,1) can be represented as a continued fraction

1
a = = lay,a2,...] = lim |a1,...,a,] where a; € N4.
a1+1/(a2+...) [1 2 ] n—>oo[1 ] +

The above expansion is finite if and only if « is rational. For each ¢ € N
the number a; is called a partial quotient of o and the rational number r, =
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[a1,...,ay]is called the nth convergent to a. Then @ = lim,, oo Ty, = [a1, a2, . ..].

1 n
Ay = {a €[0,1) : « is irrational and < Zai) is bounded}.
[t n
Notice that the Lebesgue measure of the set A, is zero (see [3, Chapter 7, § 4,
Theorem 4]).
Let x1,... ,xn be a finite sequence of real numbers. The discrepancy of this
sequence is defined as
A(la,b), N)

Dy =Dn(z1,...,on) = sup N

0<a<b<1

where A([a,b),N) = card{1 < i < N :a < x; < b}. In case w is an infinite
sequence, the Dy (w) mean the discrepancy of the first N its elements.

—(b—-a)

Consider now the sequence (na), where « is an irrational number. We have

the following

THEOREM 2.1 ([4, p. 53]). Let a be irrational. Then NDy(na) = O(log N)
if and only if the sequence ((1/n) > """ | a;)n is bounded (i.e. o € Ayyp).

The following corollary is hence an immediate consequence of the definition
of DN.

COROLLARY 2.2. If ((1/n) Y"1, ai)n is bounded, then there exists a positive
constant M such, that for alln > 2 and for each interval [a,b) C [0,1), for which
logn

b—a>M
there exists 0 < j <n —1 such that ja € [a,b).

Let v € [0,1). We will denote ||v|| = dist(v,Z). Notice that the function
[I-1]:[0,1) — Ry is an F-norm, that is it satisfies the following conditions
e || =0iff v =0,
o || —vll =1l
o [lv+wl < vl + [[wl]].

2.5. Rokhlin cocycle extensions. Let T be an ergodic automorphism on
a standard probability Borel space (X, B, u) and S = {S;}+er be a measurable
flow on (Y,C,v). Given a cocycle f: X — R we can define an automorphism T s
on (X xY,B®C,u®v) by putting

Ty s(w,y) = (Tx, Sfayy).

Recall that so defined automorphism 7% s is called a Rokhlin cocycle extension
of T (see e.g. [15], [16]).
We will now recall some results from [16] needed in what follows.
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REMARK 2.3. Although in the lemmas below we are talking about types
of measures, a precise meaning of the integrals is done by a special choise of
measure belonging to the relevant spectral type (see [16] for details).

LEMMA 2.4 ([16]). The mazimal spectral type of Up, ¢ on L*(X XY, n@v) &
(L?(X,u) ® 1y) is equal to

Jvas :/]RO-VEQ'rricfyT dds(c).

PrROOF (see [16]). Let {fn}n>0, {gn}tn>0 (fo = go = 1) be orthogonal, lin-
early dense families of functions in L?(X, B, u), L?(Y,C,v) respectively. Then
the following equalities are true (understood as the equivalence of measures)

— —(m+n)
OTfs = E , 2 O frn®gm,Ts,s9
(m,n)#(0,0)
_ E —n )
O’VezmcfyT = 2 O'meczmcf,T,
n>0
—m n
s = E 27"y s, OT = E 270y, T
m>1 n>1

For each k € Z we get

 ooamry.e (k) = / (Fn ® gim) © (Ty.5)" - T @ gom Al © )
XxXY

- / fo (T 2) T ) / e2micf V@ 4 () da(z)
X R

__/gaﬂuvgﬂij(k)dawms(@.

Hence

b\—Tf,S (k) = Z 27(m+n)8fn®gmny.s (k)
(m,n)#(0,0)

:ZQ—W/

m>1 R

( Z 2_"/a\fmvﬁzmcf,T (k)) dO'gm7,5 (C)

n>0

+y 27" / 0 yermicr.r (k) dog, s(c)

n>1 R
:/@NMWMM@@+%W
R
and the result follows. O

Assume now that g € LZ(Y,v) and let Z(g) denote the cyclic space generated
by g, i.e. Z(g) =span{go S; : t € R}. In the similar way as above we prove
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LEMMA 2.5 ([16]). The mazimal spectral type of Ur, s on L*(X,pn) @ Z(g)
is equal to

O—Tf‘S :/O—VCZWin7T dUg,S(C)’
R

2.6. Automorphisms whose weak limits of powers consists of er-
godic joinings. Let T;: (X, B, ui) — (X4, Bi, i), ¢ = 1,2 be an automorphism.
The probability measure ¢ on (X; x Xo, By ® By) will be called a joining of T}
and T5 if p is T} x Tr-invariant and

(a) 0(A1 x X3) = p1(4;) for each A; € By,

(b) o(X1 x Ag) = pua(Asz) for each As € Bs.
The set of all joinings between 77 and T will be denoted by J(T1,T3). In
case Ty = Tp = T we write J(T') instead of J(T,T) and call elements of J(T')
self-joinings.

Having a joining ¢ € J(T1,T») we can define a map ®,: L*(X1, B, 1) —
L?(Xs, By, pi2) such that

/)<2 %(f)gduz:/ f®gdo.

X1 XX2

Notice that
(2.6) L@ ®,(f) = E(f @ 1[{0, X1} ® Ba).

Thus we get a Markov operator ®,: L?(X1, By, 1) — L?(Xa, Ba, pa), i.e. a linear,
bounded operator satisfying:

¢ D1 =d1=1,

o &,f >0 whenever f > 0.
Conversely having a Markov operator ®: L?( X1, By, 1) — L?*(Xa, B, 12) we can
define a measure on (X7 x Xo, 81 ® B3) by putting

oty x Az) = [ Bca,)du
Ag
forall A; € B;, i=1,2.

We have that projections of g on By ® {0, X2} and {0, X1} ® By are equal
to p1 and pe, respectively. Moreover, the fact that o is T3 x Th-invariant is read
as ® oUp, = Up, o @ (see e.g. [17], [20]). Thus we can identify the set J(T1,T%)
with the set of all Markov operators satistying ® o Up, = Ur, o ® (which will be
denoted by J(T1,T3)). The set J(T1,T3) is a closed subset (in weak operator
topology) of the unit ball in the Banach space of all linear, bounded operators
from L?(X1, By, p1) to L?(Xa, Ba, o), therefore J (11, T») is compact in the weak
operator topology. Having identified sets J(T3,T») and J(T3,T2) we can define
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the weak topology on the set of joinings transfering the weak operator topology
from J(T1,Tz) and hence obtaining:

on — o if and only if g, (A; X A2) — 0(A1 x Ay) for all A; € B; (i =1,2).

For each ¢ € J(T,T) we have an automorphism T X Ts: (X1 X Xo, B1®B2, 0) —
(X1 x X5, B1 ® Bo, 0).

Assume that T; and Tb are ergodic and let ¢ € J(T1,T%). In case T1 x Th
acting on (X7 x Xs, 0) is ergodic we say that p is ergodic. The subset of such
joinings will be denoted by J¢(717,7%) and the set of corresponding operators by
J€(T1,T3). The above considerations are in particular true for self-joinings and
we obtain sets J(T'), J¢(T'), J¢(T'), respectively.

Recall, that if T} is an automorphism on (X;, B;, it;), ¢ = 1,2 and S establishes
an isomorphism between T and T5 then we can define a joining of T} and T5 by
putting

AS(Al X AQ) = /Jl(Al n S_lAQ) for all A; € Bi, 1 =1,2.

Notice that ®a, = Ug. Such a joining is called a graph-joining.

Given a factor A C B of an automorphism T, i.e. the T-invariant sub-o-
algebra, by J(T, A) we will denote the set of self-joinings of the quotient map T
on (X/A, A, p). Having o € J(T, A) by putting

B(A1 x Ag) = /X oy PO @ PO @) de(. ),

for A; € B;, i = 1,2, we obtain an element ¢ € J(T'). Such a self-joining of T is
called the relatively independent extension of o.

Assume that T is ergodic. Having its factor A we can define the relative
product over A as the self-joining pu ® 4 1 in J(T') determined by

M®AM:/ pE @ pz dp(T),
X/ A

where y = fX/A pz dp(T) is the disintegration of p over a factor A. Then p ® 4

(A x B) = [y, E(xalA)E(xB|A) du (see [7]).
Following [7] we say that T is relatively weakly mizing over Aif p ®4 p €
Je(T).

PROPOSITION 2.6 ([16]). Ty,s is relatively weakly mizing over T if and only

if Tr.s is ergodic and S is weakly mizing.

Following [6] an automorphism T:(X,B,u) — (X,B,u) is called ELF if
{Urn} C TT).

For example the ergodic rotation on the circle is ELF.
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3. A class of weighted operators
with a Lebesgue spectrum over irrational rotations

Throughout this section only irrational rotations Tz = x4+« on ([0,1), B, u),
where o € A, are considered.

We will consider the set T' of functions f:[0,1) — R satisfying the following
properties:

(a) f’ has only finitely many discontinuity points:

e 5 > 0 of them, say po, ..., ps—1 being jumps,
e m > 1 of them, say yo,...,ym_1 being such that the one-side limits
of f at y; exists and limx_wj f'(x) = o0 or limmﬁy; f'(z) = oo,

(b) f'(z) >0 for all z € [0,1),

(c) let 6 > 0 be such that the intervals of length 2§ centered at all discon-
tinuity points are pairwise disjoint and f’ is decreasing in (y;,y; + 0)
in case lim,_, + f'(x) = oo or f'is increasing in (y; — d,y;) in case
lim,,_, - () = oo,

(d) if we denote by 2o, .. ., Zm+s—1 all discontinuity points of f’ in increasing
ordering, then f € C2(z;, zi41) for each i =0,...,m + s — 1.

THEOREM 3.1. Let f € I'. Assume that there exists a sequence (€,)n>1 of
positive reals such that

(a) (nep)n € la,
(b) for all M >0

(¢c) for all M >0

m—+s—1
Zig1— ) . I
(n( Z Varzzfgne"f'>/[mm{ [ in I (yH—M Oin)
i=0 ==

. ’ _
hmmﬂyj f(z)=0c0

logn 2
1 / PR—
N DR

. fN_
hmz_)y; f(z)=00

Then for each o € Ay, the automorphism T,exiy has a Lebesque spectrum on
L2([0,1) x T, p @A) & (L2((0,1), p) @ 1).

PROOF. In view of (2.5) it is enough to show that (f[O,l) eQ’Tif<")('"ﬂ)dx)n € lo,
where f0)(z) = f(x) + f(Tx) + ... + f(T" 'z). Indeed, for each k € N,
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f = kf also satisfies (b), (c). Using (2.3), f = kf satisfies (b), (c) also for each
keZ\{0}.

Fix n > 1. Consider the sequence {z; — ja}j 0, 4=0,..., m+s—1. Put
its terms in an increasing sequence To < ... < Tp(mis)—1-

Let A; = (zj —en,2j +€5), j = 0,...,(m+ s)n — 1. Notice that each
discontinuity point of (™ must belong to {zg, z1,... ,xn(m+s)_1}.

Consider the set [0,1) \ Un(mJrS Aj = ByU...UBisn—1 = B (notice
that some of B; may be empty).
Notice that if 2 € B, then no point of the form =,z + a,... , 2+ (n — 1)«

belongs to U?:gsfl(zi —€n,2i +€n). Indeed, if z 4+ ra € (2; — €p,2; + €5) for

some r and 4, then ||z — (z; — ra)| = ||[(z + ra) — 2| < &5, which means that
x € (7 —ra—ep, zi —ra+e,) = A; for some j and we get a contradiction. We
have
n(m+s)—1 n(m+s)—1
u( U Aj) < Z p(Aj) = 2(m + s)ney,.
=0 =0
Further

/ e27rif(")(:r) dCE‘ _ ‘/ e27r7,'f(")(:1:) dx +/ e27rif(")(a:) dCE‘
[0,1) B [0,1)\B

n(m-+s)—1
g‘/ esz(m(x)dﬂw( U Aﬁ) < / S
B B

=0
27 f () (

+2(m + s)ne,.

Notice that in [z; 4 €,,2j41 — €,] the function x — e %) is continuous

and function x — 1/2mi(f(™)’(z) is of bounded variation, thus there exists the

Tj4+1—En
/ J+1 e271'1’f(">(z) d 1
T

Stieltjes integral

ten 2mi(fm) (x)
Moreover,
- n(m+s)—1 Tjj1—n .
‘/ e27rzf ™) (z) diﬂ‘ _ Z / 27rzf (x) dl”
B Tj+en
n(m+9) 1

> [
a wyre,  2mi(fO) (2)

n(ers)f eQTrif(")(x)

2mi f' (") (x)

deQwif<"> (x)

Tj4+1—En

Tjten
Tj4+1—En
_ 627rif(")(93) d 1
Y
Tjten 27T2f (n)(x)
n(m+s)—1 eZﬂif(")(:vj_Hfsn) 627Tif("’)(z]~+6n)

i f (x40 —en)  2mif () (xz; +ey)



REAL COCYCLES OVER AN IRRATIONAL ROTATION 399

n(m+s)—

T 1
+ e2if (@) de—r—
Z Tjten 27”f (n)(x)

n(ers)fl

1 ( 1 1 )

S a_ 7 + ’

2m ;J | ™ (@je1 —en)l  1f (25 +en)

n(m+s)—

1 Zj+1—En
T o Z Va Yo ten 7 (n)

Since Dy (z,x + a, ...,z + (n —1)a) = O((logn)/n), there exist M > 0, N such
that for all n > N, for each interval I of length M (logn)/n and for an arbitrary
x there exists r € {0,...,n — 1} such that x + ra € I. In particular for each
i=0,...,m—1such that lim__, . f(x) = oo there exists r;” € {0,... ,n — 1}
such, that = +ra € (yi,y; + M(logn)/n| (analogously if lim, - f () = 0
we can find r; such that x +r; a € [y; — M(logn)/n,y;)). We consider only n
so that M (logn)/n < 6. Then for all z € B

FO@) = (@) + £la @) o+ fla o+ (0 D)
> sup f/(z +ra) > min{f'(z +ra), f'(z +r]a)}

1
Zmin{ min f( i + M ogn)’
0<i<m-—1
1i =

(1= AE ) b gt a0,

Let us continue our estimation

n(m+s)—1

27rif<”>(w)d <i 2 i Var Tjt1—En
’/B TS gt e n T E_: Haiten f<">
m—+ s n
™ n(n, M)
| e

(min1j+5,,L§a;§$j+lfan f/(n) ($>)2

m—+ s n 1 1 nimte)-1

< . V Tj4+1—En ( )
=% n(n, M) " 2w (n(n, M0)2 Z Weien S

_m+s n n 1 1
o (M) 2w (n(n, M))?
n(m+s)—1

> Varg,(f +f oT+...+f oI ).
j=0
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But for a fixed r € {0,... ,n— 1}

n(m-+s)— n(m+s)—1 m-+s—1

Z VarB (floT") = Z Varprg, f' < Z VarZ 4, =" ff

The last inequality results from following reasoning: given B = (zj+en, Tjy1—
en) we have B;NB; =0, i # j what implies T"B;NT"B; = 0, i # j. Moreover, if

x € T"Bj; thenxz—ra € B; C B, henceforalli =0,... ,m—&-s—l,g =0,...,n—1
x—ra+jaé (2 —en, 2z + &n), therefore for all i = 0,... ,m + s — 1 we have
that = & (z; — ep, 2; + €5,). Hence

m—+s—1
T"B; C U (zi + €ny Zit1 — En)-
i=0
Continuing
m—+s— 1 Zi+1—En
‘/ e2mif ™ @) dx’ cmEs_n 1 n 3ty Varily = f
- o M) 2 ( (n, M))?
Finally we obtain
'/ Zﬂzf(")(w ‘ m+s n
[0,1) (na M)
1 n ’(Vi+s—1 VaI‘ZHl_En !
L szo ziten +2(m+5)n€n.
2m (n(n, M))?
The result follows from this estimation and from (a)—(c). O

Immediately from the above proof we obtain the following

COROLLARY 3.2. Let f € T'. We assume that there exists a sequence (e,,) of
positive reals such that

(a) ne, — 0, n — oo,

(b) for all M >0

logn
i i (s + 28"
n/mln{ 0<£2172 1 / (yz+ n )7

lim +f()00

1
min f yi—MOgn)}—%), as n — oo,
n

0<i<m—1
)=
hmmgy; f(z)=00
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(c) forall M >0

m—+s—1
o logn
Zi4+1—En p/ : : / X
n( E,O Var 't )/{mm{ oln f (%—I—M m ),

lim + fl(z)=00

x—y
4/1

1 2
min f’<y,;M0gn>}} — 0, asn— oo.
n

0<i<m—1
limwﬂy_ f(z)=00

Then for each o € Ay the automorphism T,2xis is mizing on
L*([0,1) x T, p ® \) © (L*(]0,1), p) ® 1).

Let us see some examples of functions satisfying the assumptions of Theo-

rem 3.1.

EXAMPLE 3.3. Let f(z) = —1/2**° § > 0 and &, = 1/n%?*¢ where
e <d/(2(3+9)).
One can see that the condition (a) holds. In this case (b) is reduced to

6426

n ’ -2 2 logn
Z(ff(mmgm/m) = oy 3 (B o

n>1 n>1

while for (c¢) let us see that

((ff(%irg;%?/n»?f < ((f,(]w”({;;@;;/nw)2

_ —27 712446 (logn
= (240 M T

)12+46

and whenever € < §/(2(3 + §)) we have

(log n)12+46
Z nito—2-(+0) =
n>1
Similarly we show that f(x) = —(1/2%*° — 1/(1 — x)?*?) also satisfies the as-

sumptions (a)—(c) with the same sequence (&,,).

REMARK 3.4. Notice that in general if f has only one discontinuity point at
0 (such that lim,_ o+ f'(x) = 00) and it satisfies the assumptions of Theorem 3.1

then f(x) = f(z) — f(1 — ) also satisfies these assumptions (indeed, take the
same sequence (£,,)).

EXAMPLE 3.5. Let f(x) = —1/2% § > 0 then the assumptions of Corol-
lary 3.2 are satisfied (¢, = 1/n#, for some 1 < pu < (1+2§)/(1+ 9)).

REMARK 3.6. Let us observe that if a cocycle f satisfies the assumptions of
Theorem 3.1 then for each ¢ > 0, cf also satisfies the same assumptions and it
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follows from (2.3) that for all ¢ # 0 the operator Ve T has also a Lebesgue
spectrum.

Assume now that & = (Sp)ier : (YV,C,v) — (Y,C,v) is an ergodic flow.
Denote by os the maximal spectral type of Us on L3(Y,C,v). Since S is ergodic,
os has no atom at 0.

Consider T s(z,y) = (T, Sfz)y) (acting on (X xY,u®@v), X = [0,1)).
Take f satisfying the assumptions of Theorem 3.1. Since for all ¢ # 0, yermeh T
has a Lebesgue spectrum, we have o, ¢ = A. Indeed, we have Oyermicf 7 = A for
all ¢ # 0. Now we use Lemma 2.4. If A\(A) = 0, then o, .2xics +(A) = 0 and we

obtain
o, o(A) = /R 0 esmier 2 (A) dos(e) = 0.

Thus we have o7, 3 < .
Conversely, if o7, ;(A) = 0 then for some ¢ # 0, 0y .2rics +(A) = 0 (since o5
has no atom at 0), what implies that A\(A) = 0 and we get A < o7, ;.

COROLLARY 3.7. If § = (St)ter is ergodic and f:[0,1) — R satisfies the
assumptions of Theorem 3.1 then Ur, ¢ has a Lebesgue spectrum on

LAX xY,pov)o (L*(X,p) ©ly).

Since on each subspace L?(X, 1) ® Z(g) the spectrum is also Lebesgue (see
Lemma 2.5), Ur, s has a Lebesgue spectrum of infinite multiplicity whenever
dim L*(Y,v) = oo.

Using the same argument as before we obtain

COROLLARY 3.8. If § = (Si)ier is ergodic and f:[0,1) — R satisfies the

assumptions of Corollary 3.2 then Ty s is mizing on
LAX xY,p@v)o (L (X, p) ©ly).

We will now show that if S is weakly mixing and if f satisfies the assumptions
of Corollary 3.2 then the automorphism T s is ELF.

We have a weakly mixing flow
S = (St)te]R: (Y, C, I/) — (Y; C, I/).

Take an irrational rotation on X = [0,1), Tz = x4+ « and a cocycle f:[0,1) — R
satisfying the assumptions of Corollary 3.2. We will describe all elements of the
weak closure of {UT}ﬁs }n. Consider a weakly convergent sequence (UT;LyiS );- Then
the sequence of integrals

/ /(UTM F)G dpdv
o1 Jy ~°
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converges for each F,G € L?*(X x Y, ® v). Since functions of the form j ® k,
j€L*(X,pn), k€ L3(Y,v) span L?(X x Y,y ® v), we may suppose that

F=fi®fs, G=g1®g, fi,01€L*(X,p), fa,92 € L*(Y,v).

We have

/ /FoTJ?fgéd,udv
[0,1) JY ’

:/[0 1)/Yfl(Tnix)f2(Sf<m>(w)y)gl(x)g2(y)du(x)dy(y)

= fl(me)gl(ﬂ?)(/YfQ(Sfmi)(x)y)gg(y)du(y)) du(x)

[0,1)

= [ nmanG( [ @ i, ) duta)
R

[0,1)

ng N 7N 2micf (™) (z
—/( f () @)erie! “wmowmw@
r \Jj0,1)

e27r7icf n;
ZAW”U%MM%%W)

~

= /]R Ufl,gl,Ve%”"CfJ (nl) do-f21927s (C)

~

= o ezmict r (1) do g, g, 5(C)
/]R\{O} f1,91,V TA™ 2,92

+O—f279273({0}) : )flongild,u-
0,1

T

Since for all ¢ # 0 the maximal spectral type of Ve is Rajchman mea-

sure (the measure o on the circle is Rajchman measure if 5(n) — 0, n — o0),

Efl gr.veRmies T (n;) — 0, i — oo. Thus from the Lebesgue Dominated Conver-
gence Theorem we obtain that

~

/]Ro-fhgl,vezﬂicf”r (ni)d0f279273(c) — 0, ©— o0.
Now take functions of form
F(r,y)=fioly, Gy =g ly.

Then
/ / Fo T}fgé dudv = f1oT™gy dp.
[0,1) JY [0,1)

Hence Upn; converges weakly. Since T is a rotation, we get immediately that
lim; oo nyae = B and T™ — S weakly (i — o0), where Sz = z + 5. Hence

/ / FoT{sGdudv — oy, 4, 5({0}) fioS-grdpu.
0,1 Jy [0,1)
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On the other hand

/ F®GdAg-
([0,1)xY)x([0,1)xY")

/ E(f1® f2|X) @ E(g1 ® g2|X) dAg—
([0,1)xY) /By x{Y,0})?

:/[0,1)(/Yfgdu-f105></yggdu~gl>d,u
:(/Yfzduxfyggdz/) BREER

and by (2.1) we obtain that UT}L% — @3571 weakly (i — 00).

PROPOSITION 3.9. Under the above assumptions {Uy, } C T“(Tys)-

PrOOF. From the calculations above it remains to show that the automor-
phism Tfs x Trs: (X XY X X X V;Ag1) — (X XY x X x Y,Ag-1) is er-
godic. Observe first, that this automorphism is isomorphic to T ro5-1 s/, where
(f x foS M) (x) = (f(x), f(S'z)) and 8" = (S; X Sp)(1,1ryerz. The latter au-
tomorphism acts on (X XY x Y, u® v ® v). Indeed, since the measure A g-1
is concentrated on the set {(z1,y1,S 'z1,y2) : 1 € X,y1,y2 € Y}, the map
(1,91, S 21, 92) — (21,1, y2) establishes the required isomorphism.

Since S is weakly mixing (in particular ergodic), T.s is mixing on L?(X x
Y, u®v)o (L*(X,u) ® 1y) (see Corollary 3.8) (so it is ergodic there) and on
(X, i) it is an irrational rotation, so Ty s is ergodic. Hence from Proposition 2.6
we obtain that T’ s is relatively weakly mixing over T. Similarly we get, that
Tto5-1,s5 is also relatively weakly mixing over T

Let us observe, that relative product T} s and Tyo5-1 s over T' is isomorphic
to Ty fog-1,s:- Since T s and Tyog-1 s are relatively weakly mixing over T, so
is their relative product and thereby Tt ro5-1 s has also the same property (see
[7, Proposition 6.4]). It follows that Tt fog-1 s/ is ergodic. Therefore Ty s x Ty s
(actingon (X XY x X x Y, 3571)) is also ergodic. O

4. Final remarks

We have been unable to decide whether it is possible to find an integrable
function f for which a sequence (gy,) exists so that Theorem 3.1 holds (com-
pare Example 3.5 with Example 3.3). It should be noted, however, that in
[5] appeared an example of skew product on (R*/Z*) x T having a countable
Lebesgue spectrum in the orthogonal complement of L?(R*/Z*). More precisely,
this example is derived from a skew product T;zﬂm which is constructed from
the minimal translation on R2/Z? (defined by T'(z,y) = (z + a,y 4+ ') and the
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real analytic function on R? (Z2-periodic) given by

0 Tig;T & QTI"L';
(4.1) ¢(x,y):1+Re(262 ’ >+Re<ze qy),

7
j:() eq] J:() eqj

where o and o' are rationally independent such that the denominators of their
convergents, ¢, and ¢, satisfy for n sufficiently large

(42) In > e3nq;71, q; > e3ndn
Then the following holds

PROPOSITION 4.1 ([5]). For I € Z\ {0} and for any € > 0 we have for
w(aj7 y’ Z) = Zl:

. _ 1
[ @eTm) ey 20y dedyds =0~ ).
(R2/Z2)xT nt/3-¢
when n goes to infinity.
Now, constructing from T,z a skew product on (R*/Z*) x T by putting
g(thll’x% ahy, 2) = (21 + a1, @, + ), To+ g, zh + o, Ze?m‘(dn(951,93'1)-‘r(lﬁz(:vz,av/z)))7

where the couples (a;, o), i = 1,2 satisfy (4.2) and ¢1, ¢ are as in (4.1), we get

3

for 1/)(I1,$/171‘2,I/2,Z) = Zl (l € Z)

wgow) = [

. (n) ’ . (n) ’
2T (@12) oy dh / 2T ile" (@2072) o
R2 /72

R2 /72

and using Proposition 4.1 the following has been proved

THEOREM 4.2 ([5]). Ug has a Lebesgue spectrum on L*((R*/Z*) x T) ©
(LA(R*/Z*) ® 17).

REMARK 4.3. We remark that for all ¢ € R\{0} the function c¢ has the same
required properties as ¢, so we get the same result for S constructed from the
minimal translation on R4/Z* and ¢(z1, ), z2, 7)) = (¢ (21, 7)) + da(z2, 25))
for all ¢ # 0.

We will now use a similar argument as above to obtain a Lebesgue com-
ponent in the spectrum of a skew product over higher dimensional torus with
F(z1,...,2;) = f(x1) + ... + f(z;) for some 7, where f (and &,) are from
Example 3.5.

For f(x) = —1/2°, 6 >0 (g, = 1/n*, u > 1) we have the following estimate
in Corollary 3.2

‘/ eZWif(")(z) d(E‘
(0,1)
9
1_ S s (logn)*' n L p2ves (I?g n)**? 7
nk 1 T n6 2 nl w(1468)+28
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hence G, | .2risr (n) = O(1/n*),0 < k < min{p—1,0,1—pu(1+5)+20}. Consider
now the skew product on X x T, where X = R"/Z" (r = [1/(2k)] + 1) given by

Toonir(T1,...,2:,2) = (x1 + Q1,...,2, + s, 2€

b

27riF(a:1,4..7w.r))

where F(z1,...,2,;) = f(z1) + ...+ f(z;) and aq,...,a; € Ay, are rationally
independent. Then

‘ / engW(ml,...,m) dry...dx,
[0,1)7

= ‘ / e2mif M @) | 2mif ™ () dry...dx,
[0,1)7

‘/ e%if(")wdzl.../ emf(")(mf)de‘o( L >
[0,1) [0,1) niT

Since kT > 1/2, we have that 31 pemin T (n) € ly (where Ve is the corre-

sponding weighted operator acting on L?(R7/Z")) and we obtain a Lebesgue
spectrum of T,2~ir in the orthogonal complement of L?(R7 /Z7).

REMARK 4.4. We state as an open question whether given an irrational
rotation T' we can find f:[0,1) — R so that the conclusion of Remark 3.6 holds
and at the same time the skew product Tt on ([0,1) x R,z ® A) (X stands for
Lebesgue measure on R) given by Ty (z,y) = (x + «, f(x) + y) is ergodic?
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