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APPROXIMATE SELECTIONS
IN a-CONVEX METRIC SPACES
AND TOPOLOGICAL DEGREE

FRANCESCO S. DE BLASI — GIULIO PIANIGIANI

ABSTRACT. The existence of continuous approximate selections is proved
for a class of upper semicontinuous multifunctions taking closed a-convex
values in a metric space equipped with an appropriate notion of a-convexity.
The approach is based on the definition of pseudo-barycenter of an ordered
n-tuple of points. As an application, a notion of topological degree for
a class of a-convex multifunctions is developed.

1. Introduction

In linear spaces the notion of convexity plays a fundamental role in several
problems of analysis, for instance, in the construction of continuous selections
(Michael [22]), in fixed point theorems (Kakutani [19], Ky Fan [9]), in topolog-
ical degree theory (Hukuhara [17], Cellina and Lasota [4], Ma [21], Petryshyn
and Fitzpatrick [26]). A full account of the above and other subject-matters
related to convexity can be found in the comprehensive monographs by Hu and
Papageorgiou [16] and Repovs and Semenov [28].

In non linear spaces, in absence of a natural notion of convex set, different
approaches to convexity have been developed so far.
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Michael [23] introduces, in a metric space Y, an axiomatically defined convex
structure which permits one to take “convex combinations” of some, but not
necessarily all, ordered n-tuples of points of Y; then by defining a convex set in
the obvious way, Michael establishes a metric version of his classical continuous
selection theorem. For similar ideas see also an earlier paper of Stone [29].
Further developments with application to selection theorems can be found in
Michael [23], Curtis [5], [6] and Pasicki [25], [26].

Another axiomatic approach to convexity in non linear spaces has been de-
veloped by van de Val in [32], [33], (see also Bielawski, [1]) who defines convex
the sets of a given family C of subsets of Y provided the following conditions
are satisfied: C contains Y and the empty set, the intersection of every family
of members of C, and the union of every up-directed family of members of C.
Several applications, including a generalization of Michael’s continuous selection
theorem, are presented. Axiomatic convex structures of different type, also useful
in selection problems, have been studied by Horvath in [15].

A further different viewpoint to convexity is due to Takahashi [30], who
considers a metric space Y to be convex if there exists a function w:Y X Y x
[0,1] = Y satistying

d(z,w(y1,y2,t)) < (1 —t)d(z,y1) +td(2,y2)

for all y1,y2, 2 €Y and t € [0, 1], where d is the metric of Y. Then by defining
convex any set A C Y such that w(yi,y2,t) € A, for every y1,y2 € A and
t € [0, 1], Takahashi proves some fixed point theorems for nonexpansive mappings
in metric spaces. Related results in this direction can be found in Talman [31].

The approach to convexity we develop in the present paper is in the spirit of
Michael [23]. As in Curtis [5], [6] and Pasicki [26], it actually rests on appropriate
generalizations in a nonlinear space of the notions of a segment joining two points,
and of a barycenter of a finite set of points. More precisely, we consider a metric
space Y equipped with a continuous function a: Y XY x [0, 1] — Y which satisfies
the following conditions:

(i) lyo, yo, t) = yo for every yo € ¥ and t € [0, 1],

(i) o(y1,92,0) = y1, a(y1, 92, 1) = y2 for every (y1,42) €Y x Y,
(iii) there is 0 < r, < +o00 such that for every (y1,¥2), (¥1,95) € Y XY,
with d(y1,71) < T, d(y2,7s) < ro one has

h(Aa(y1,y2), Ao (U1, Y2)) < max{d(y1, ), d(ye, ¥2)}-

Here Ay (y1,vy2) = {a(y1,y2,t) | t € [0,1]}, and h is the Pompeiu-Hausdorff
distance in the space of the non empty compact subsets of Y. Then Y, equipped
with the mapping «, is called Lipschitz a-conver metric space (“o” stands for
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“arcwise”). Moreover, if a satisfies (i), (ii) and, instead of (iii), the weaker
condition (iii) of Definition 3.1 below, then Y is called a-convez.

A subset A of Y is called a-convez if, for every (y1,y2) € Ax Aand t € [0,1],
one has a(y1,y2,t) € A.

When Y is normed, (i)—(iii) are trivially satisfied by letting a(y1,ye,t) =
(1 —t)y1 + tya, with (y1,92) € Y x Y and t € [0,1], and thus one recovers the
usual notion of convex set.

In a normed space the notion of barycenter of a finite set of points enters
naturally in approximation and selection problems for multifunctions, when par-
titions of unity are employed. In our a-convex metric space setting we introduce,
for an ordered n-tuple of points, the notion of pseudo-barycenter. This retains
only a few properties of the barycenter, yet it is still useful in approximation and
selection problems. In fact, by using pseudo-barycenters and partition of unity
techniques, we establish a metric version of Cellina’s theorem [3], namely, the
existence of approximate continuous selections, for Pompeiu—Hausdorff upper
semicontinuous multifunctions with non empty closed bounded a-conver val-
ues. A metric version of Michael’s selection theorem for lower semicontinuous
multifunctions with a-convex values is proved in [7], by a similar approach.

It is worthwhile to point out that, in our axiomatic approach to convexity,
we tried to identify a minimum set of readily verifiable conditions, under which
a kind of barycentric calculus could be developed. Our conditions (i)—(iii) are
perhaps questionable from the point of view of generality, yet they are easily
verifiable, and also useful. In fact, condition (iii) makes possible to have that
the pseudo-barycenter we define is actually stable in the sense of Proposition
4.12, a crucial property in approximation theory for multifunctions, which is
introduced as an axiom by many authors.

The previous approximate selection result is used to define, as in [4], [17], the
topological degree for compact vector fields I — F, where [ is the identity and
F is a Pompeiu—Hausdorff upper semicontinuous multifunction with non empty
compact a-convex values. When F' is compact and convex valued, the above
reduces to the topological degree introduced by Hukuhara [17], and developed
by Cellina and Lasota [4], Ma [21], Petryshyn and Fitzpatrick [27]. Fixed point
theorems of Kakutani—-Ky Fan type for multifunctions with a-convex values are
considered as well.

For a fairly general class of multifunctions with compact non convex val-
ues, approximate continuous selections have been constructed, by a different
method, by Goérniewicz, Granas and Kryszewski [12] and Gérniewicz and Las-
sonde [13] and hence used to develop an index theory. Moreover, for certain
classes of multifunctions with non convex values, a non elementary degree the-
ory was earlier constructed by Granas [14], and extended by Geba and Granas
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[10], Gérniewicz [11], Borisovitch, Gelman, Myshkis, Obukhovskil [2] (see [2],
[10], [11] for further references), following a homology theory approach.

The paper is organized as follows. Section 2 contains notation and termi-
nology. The notions of a-convex metric space, and pseudo-barycenter of a finite
set of points, are considered in Sections 3 and 4, respectively. In Section 5 it is
proved the existence of approximate continuous selections for a-convex valued
multifunctions. The definition of the topological degree for compact a-convex
valued vector fields is given in Section 6. A few properties of this degree including
an application to fixed point theory are presented in Section 7.

2. Notation and preliminaries

Throughout Y is a nonempty metric space with distance d, and 2¥ the family
of all nonempty subsets of Y. If A C Y, by int A, A, 9A we denote the interior,
closure, boundary of A.

For A, B nonempty subsets of Y, put

e(A,B) =supd(a,B) where d(a, B) = inf d(a,b).
a€A beB

The space of all nonempty closed bounded subsets of Y is equipped with the
Pompeiu—Hausdorff metric

h(A, B) = max{e(A, B),e(B, A)},

under which it is complete, if Y is so.

By U(a,r), Ula, r] we mean respectively an open, closed ball in Y with center
a and radius r.

In the sequel, if a set A C Y is considered as a metric space, it is tacitly
assumed that A retains the metric of Y.

Unless the contrary is stated, the Cartesian product Y X Y of two metric
spaces Y, 57, with distances d, d is always supposed to have distance given by

max{d(z,y),d(#,3)} (2,%),(y,7) €Y x Y.

Denote by M a metric space.

DEFINITION 2.1. A multifunction F: M — 2Y is called Pompeiu—Hausdorff
upper semicontinuous (= h-u.s.c.) if, for every x € M and £ > 0, there exists
d = 0(z,e) > 0 such that 2’ € U(x, ) implies e(F(z'), F(x)) < e.

The graph of a multifunction F: M — 2Y is the set, denoted graph F, given
by
graph FF = {(z,y) e M xY |z € M, y € F(x)}.
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DEFINITION 2.2. Given a multifunction F: M — 2Y and £ > 0, then any
continuous function f.: M — Y such that

e(graph f.,graph F) < ¢
is called an approximate continuous selection of F'.

DEFINITION 2.3. A sequence {f,} of approximate continuous selections f,:
M —Y of F: M — 2" is said to be graph-convergent to F (for brevity, f, £ F)
if
e(graph f,,graph F) — 0 as n — cc.

For any nonempty set A we put A” = Ax...x A, and denote by (ai,... ,a,)
an element of A™, i.e. an ordered n-tuple of points a; € A,i=1,... ,n.

Let E be a normed space.

The convex hull, and the closed convex hull of a set A C E are denoted,
respectively, by coA and ¢oA.

For (p,q) € E2, we denote by [p,q] (resp. (p,q)) the closed (resp. open) non
oriented segment in E with end points p and ¢g. When p # ¢ the segments [p, ¢|,
(p, q) are called non degenerate.

3. a-convex metric spaces

In this section we introduce the notion of a-convexity in metric spaces and
we consider some examples.

Set J =[0,1]. For any map a:Y xY x J — Y, and (y1,12) € Y x Y, we
agree to call (y1,y2)-locus induced by « the set A, (y1,y2) given by

(3.1) Ao(y1,92) ={y €Y |y = a(y1, y2, ) for some ¢t € J}.

DEFINITION 3.1. Let Y be a metric space, and let Y XY x J — Y be a
continuous mapping satisfying the following conditions:

(a) a(yo,yo,t) =yo for every yo € Y and t € J,

(b) a(y1,y2,0) = y1, a(y1,y2, 1) = y2 for every (y1,92) €Y x Y,

(c) there is 74, 0 < 74 < 400, such that, for every 0 < & < r,, there
exists 0 < n < e such that, whatever be (y1,92), (¥1,75) € Y x Y, with
d(y1,7,) < € and d(y2,7,) < n, one has

(3-2) h(Aa(y1,y2), Mo (T1,72)) <&

Then Y, equipped with the mapping «, is called a-convex metric space. If the
continuous function « satisfies (a)—(c), the latter with n = £, then Y is called
strongly a-convex metric space.
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REMARK 3.2. An a-convex metric space is contractible, hence arcwise con-
nected. Observe also that the (yi,y2)-locus Ay(y1,y2) is not necessarily a-
convex, and one can have A, (y1,y2) # Aa(Y2,y1).

DEFINITION 3.3. Let Y be a metric space and let a:Y XY x J — Y be a
continuous function satisfying (a), (b) of Definition 3.1 and, instead of (c), the
following:

(c)’ Thereis 1y, 0 < 1o < 400, such that for every (y1,42), (1,72) € Y XY,
with d(y1,7,) < Ta, d(y2,73) < T, one has

h(Aa(y1,y2), Ao (U1, Y2)) < max{d(y1, ), d(ye, ¥2)}-

Then Y, equipped with the mapping «, is called Lipschitz a-convex metric space.

DEFINITION 3.4. Let Y be a metric space and let a:Y XY x J — Y be a
continuous function satisfying (a), (b) of Definition 3.1 and, instead of (c), the
following condition (c)” (resp. (c¢)”):

(c)” There is 14, 0 < r4 < 400, such that, for every 0 < & < 7, there

exists 0 < 7 < e such that, whatever be (y1,42), (¥1,7) € Y x Y, with
d(y1,7,) < € and d(y2,7,) <, one has

d(a(yhy%t)aa(ylay%t)) <e for every teJ

(c)" Thereis 4, 0 < rq < 400, such that, for every (y1,y2), (¥1,73) € Y XY,
with d(y1,7;) < ra, d(y2,7s) < T, One has

d(a(yh Y2, t)) 04(@1, Ya, t)) < max{d(yla yl)a d(y27 92)} for every ted

Then Y, equipped with the mapping «, is called geodesically a-convex metric
space (resp. Lipschitz geodesically a-convex metric space).

In the above definitions, « is also called the convexity mapping, or a-mapping,
of Y.

REMARK 3.5. The notion of geodesically a-convex space is similar to the
notion of geodesic structure, introduced by Michael in [23], where « is continuous
in ¢ and satisfies some additional conditions which include (a), (b), and (¢)”. Tt
is worthwhile to observe that, from (c)” and the continuity of « in ¢, it follows
that « is actually continuous in (yi,y2,t), as required in Definition 3.4.

REMARK 3.6. A normed space E (with norm || - ||) is Lipschitz a-convex,
and geodesically a-convex, if it is endowed with the natural convexity mapping
ap:E X E x J— E, given by

(3.3) ao(y1,Y2,t) = (1 = t)y1 + tya.
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Clearly Ao, (y1,92) = Aao (Y2, Y1) = [y1,92]. Thus we have

WMo (y1,92), Ao (1, 2)) < max{llyy = 71ll, [ly2 — 21}

for every (y1,92), (¥1,7s) € E2

PROPOSITION 3.7.

(a1) Y is Lipschitz geodesically a-conver = Y is Lipschitz a-conver =Y is
strongly a-conver =Y is a-convex.
(a2) Y is geodesically a-convexr =Y is a-convex.

PROOF. (a;) is obvious.
(a2) With 74, €, 9, (y1,42), (¥1,72) as in (¢)”, and t € J, one has

d(a(y1,y2,1), Ao (U1, 7)) < rgleagcd(a(yl,y2,s),a(yl,527s)) <&,

and hence e(Aq(y1,%2), Aa(T1,72)) < €. Combining this with the analogous
inequality obtained by interchanging A, (y1,y2) and A, (7;,7y), (3.2) follows,
and thus Y is a-convex. 0

ProrosITION 3.8.

(a1) Let'Y be an a-convexr metric space, and let ro, correspond. Then for
each 0 < € < ry there exists 0 < n < e such that, if a € Y and
y1,y2 € U(a,n), then one has Ay (y1,y2) C Ul(a,e).

(ag) LetY be a strongly a-convex metric space, and let rq, correspond. Then,
for every a € Y and 0 < & < rq, the set Ula,e) is a-convex, hence
contractible.

PROOF. (a1) Let y1, y2 € U(a,n) and let  be as in Definition 3.1. Since
a = A,(a,a), one has

Sug) d(a(ylu Y2, t)a a) = e(Aa(yla y2)7 Aa(a7 a)) = h(Aa(yla y2>7 Aa(a7 a)) <§g,
te

and (aq) holds. The above argument, with 7 = €, proves also (az). O

The following Example 3.9 (resp. Example 3.10) below shows that there
exist metric spaces Y which are a-convex (resp. Lipschitz a-convex) and not
geodesically a-convex (resp. Lipschitz geodesically a-convex).

EXAMPLE 3.9. Let Y = R2 and let {(a,,b,)}, {(@n,bn)} C Y x Y be
sequences such that ||a,| = n, b, = a, +¢, @, = an+c¢/n, by, = b, +c/n,n €N,
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where ||c|| = 1. Set

0 if (a,b,t) € Do ={(a,b,t) €Y xY x J|t=0},

1 if (a,bt) € Dy = {(a,bt) €Y x Y x J |t =1},

t  if (a,b,t) € Sp = {(an, by, t) €Y xY x J |t € J}
for some n € N,

t2 if (a,b,t) € T)y = {(@n,bn,t) €Y XY x J |t € J}

for some n € N.

o(a,b,t) =

Y is equipped with distance d induced by the Euclidean norm || - || of R%. As ¢
is continuous on Do U Dy U (U,,cn(SnUTr)), a closed set, and takes values in .J,
by Tietze’s theorem [8, p. 149], it admits a continuous extension, say ¢, defined
onY xY x J, with values in J.

Now define a: Y XY x J — Y by

a(yr,y2,t) = (1 — o1, y2. 1) y1 + ©(y1, y2, t)ye.

Clearly « is continuous, and satisfies conditions (a) and (b) of Definition 3.3.
Further, for arbitrary (y1,12), (7,,72) € Y x ¥, one has Aq(y1,92) = [y1, 93],
A(l (yth) = [y17y2]a and hence

h(Aa(y1,y2), Aa(U1,52)) = h[yr, val, (U1, Do) < max{{lyr =G ll; lly2 — Dol }-

Thus Y is Lipschitz a-convex (with r, = 00), and so a-convex. On the other
hand Y is not geodesically a-convex, since (¢)” fails. In fact for any n € N one
has
n, by, t) — @y, by t) = (1 = t)ay, + thy, — (1 — t3)a@, — t%b,
=1 —t)(an —@p) + t(bp —bp) + (t — t*) (b — @)
S -
- :

Whence ||a(an, bn,t) — &(@n,bn,t)|| >t —t2 —1/n, for each t € J. For t = 1/2
and all n > 8, it follows

(@, bn, 1/2) — a(@n, by, 1/2)|| > 1/8,
which shows that (c)” fails, as d(ay,, @) = d(by, b,) = 1/n.

EXAMPLE 3.10. Set Y = {(u1,u2) € R*[u; < 0 or uz < 0}, and equip Y
with metric d induced by the Euclidean norm | - || of R?. The non-negative
uj-axis, up-axis of R? are denoted by 71, 2. For u € R?, u # 0, I,, denotes the
line which contains 0 and is orthogonal to u. If \’, A" are non opposite half-lines

issuing from 0, by NN we mean the closed convex angle which is determined by
)\/’ N



APPROXIMATE SELECTIONS AND TOPOLOGICAL DEGREE 355

For (p,q) € Y2, with p,q # 0, set T(p,q) = |Ipll/(llpll + |lqll). Clearly, for
every (p,q) € Y2, with [p,q] ¢ Y, we have p, ¢ # 0, and hence 0 < T(p,q) < 1.
Now define a:Y xY x J =Y (J =[0,1]) by:

(p,q,t) = (1 —t)p+tq, teJ, if [p,q] C Y,
1— Lt —)p te0,T(p,q),

(34)  alpat) = E£@?> it [p.q] £ V.
T Toge  tElma)1,

It will be shown that Y, endowed with the mapping «, is a Lipschitz a-convex
metric space (with r, = 00).
Since conditions (a), (b) of Definition 3.1 are trivially satisfied it suffices to

prove:

(j) «is continuous on Y x Y x J;
(jj) for every (p,q), (P,q) € Y2, setting A = Ay (p,q), A = Au(D,q), we have

(3.5) h(A, A) < max{d(p,p),d(q,9)}.

Consider (j). Let (p,q,t) € Y xY x J, and let {(pn, gn,tn)} CY XY x J be
an arbitrary sequence converging to (p, ¢, t). In view of (3.4), « is continuous at
each point (p, q,t) with [p,q] £ Y.

Suppose [p,q] C Y, and let 0 € (p,q) (the argument is similar if 0 ¢ (p, q)).
For some 6 < 0 we have ¢ = 6p and thus, setting T' = T'(p,q), we have
T =1/(1+10]). Assume t < T. Let {[pn,,@n.]} (resp. {[Pmy,@m,]}) be the
infinite subsequence, if exists, consisting of all [p,,q,] ¢ Y (resp. [pn,q.] CY).
Consider {[pn,,qn,]}- Since t,, — t, T, — T, where T,,, = T(pn,,n, ), there
is ko € N such that t,, < T, for all k > kg. By virtue of (3.4), we have
limg 00 @(Pny,s Gnys tny ) = @(p, g, t), because (1 —t/T)p=(1—t—|0t)p=(1—
t)p+tq. Likewise, for {[pm, , Gm, ]} we have limg_, o0 @(Dmy,, Gy s tmy,) = @(p, g, t),
and thus lim,, e a(pn, ¢n,tn) = a(p,q,t). A similar reasoning shows that the
latter equality remains valid when ¢t > T, or t = T. Whence (j) is true.

(i) Let (p,q), (,q) € Y2. Clearly (3.5) holds when A = [p,q], A = [p,q]. If
A =10,p]U[0,q], A =1[0,p] U[0,g], with [p,q] Z Y, [p,q] ¢ Y then (3.5) is satis-
fied, because h(AaK) < max{h([0, p], [0,P]), h([0, ¢],[0,g])}, and A([0, p], [0,p]) <
d(p, D), h([0,4],10,q)) < d(q, 7).

It remains to consider the cases:

(a) {A—[p,q}’
1 A=1[0,pU[0,g, [pgZY
(a0) {A=NMUM% ] ¢ Y,
2 A=[p,q
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In (a1) (resp. (az)) we assume, without loss of generality, 0 ¢ [p,¢q] (resp. 0 ¢
[D,q]) for, when 0 € [p,q] (vesp. 0 € [p,q]), (3.5) follows at once if one writes

[p,a] = 0,p] U [0, 4] (resp. [p,q] = [0,7] U[0,7]).

CLAIM. In either case (ay), (ag) we have

(3.6)  {p,q} NE(A)# ¢, where E(A)={ee A|d(e,A)= max d(z,N)}.

Observe that, if A is compact convex, the corresponding distance function
d(-,A) is convex (in general not strictly convex), and thus (3.6) is true, if also
A is compact convex.

Set @1 = {(u1,u2) € R? | ug > 0, us < 0}, Q2 = {(u1,u2) € R?* | u3 <
0,uz > 0} and, for u € Q1 U Q2, put A\, =, Nint Y.

Let A, A be as in (a;), with 0 ¢ A. Since [p,g] ¢ Y, p and g are linearly
independent, and either p € @1 and § € Q2, or p € Q2 and § € Q. Clearly
int)\/ﬁ-); # ¢. Let p € Q1, ¢ € Q2 (the proof is analogous in the other case).
For every = € @ we have d(z,[0,p]) < ||z|| = d(z,]0,q]), where the equality
holds, since = and § make an angle greater or equal to 7/2. Likewise we have
d(z,[0,p]) < ||lz|| = d(x,[0,p]) for every z € ’y/QXH, and d(z,[0,p]) = ||z|| =
d(z,[0,q]) for every z € )‘/ﬁrﬁ' Therefore,

d(, [0, 7)) if 7 € v1 0,
(37 d@, ) =] d,[0,p]) = ||zl = d(x.[0,7)) if x € ApAq,
d(z,[0,q)) if 7 € 2)g.

Put A; = 7/1\,\5 U )\/5)\\5, Ay = {Ja U )‘/V‘\ﬁ- If A, which is compact convex,
satisfies A C A; or A C A,, then (3.6) holds, in view of (3.7). Suppose A ¢ Ay
and A ¢ Ay, thus we have either p € (’E)Ta) \Agand ¢q € (i)\\ﬁ)\)\@ or viceversa.
Since 0 ¢ A, it follows that A Nint )\/ﬁ)\\g # ¢. Consequently A = Ay U Ay, where
the segments A1 = AN A; and Ay = AN Ay have intersection which is a non
degenerate segment. By (3.7) the function d( -, A) restricted to A, Az is convex,
and thus it is actually convex also on A, proving (3.6).

Let A, A be as in (az), with 0 ¢ A. Likewise in case (a;), suppose p € Q1,
g € Q2 (when p € Q2, ¢ € Q1 the argument is similar). We have 0 ¢ E(A).
Suppose the contrary, i.e. d(0, A) = max,ecp d(x, A), and let u € A, be such that
|lul| = d(0,A). Let m be the closed half-plane containing u, determined by I,
and set 7/ = R?\ 7. Observe that A C u+, otherwise, for some v’ € AN (u+7'),
we have ||u'|| < |lu|| = d(0, A).

Suppose u € Y\ (Q1 U Q2). The points p, ¢ cannot lie both in , since this
implies [p,q] C # C Y, against the assumption. Then one of them lies in 7’/ and
so, for some 2’ € AN7’ close enough to 0, we have d(z', A) > d(z',u+m) > |jul| =
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max,ep d(z, A), a contradiction. When u € Q1 UQ2, an analogous contradiction
follows. Whence 0 ¢ E(A).

Now let e € E(A). Suppose e € [0,p] (if e € [0, ¢] the argument is similar).
Since d(e, A) = max,efg ) d(z,A), we have {0,p} N E(A) # ¢. Thus p € E(A),
for 0 ¢ E(A), showing that (3.6) holds also in case (ag).

In either case (a;), (az), in view of (3.6), we have

max d(z, A) = max{d(p, A),d(¢, A)} < max{d(p, ), d(q,9)},

and hence e(A,A) < max{d(p,p),d(¢,g)}. By the Claim, the latter inequality
remains valid by interchanging A and A. Thus (3.5) holds, and also (jj) is proved.

Observe that the family of the a-convex subsets of Y contains, among other
sets, those of the form C'NY', where C' is any convex subset of R? containing the
origin. Moreover, each convex (in the usual sense) subset of Y is also a-convex,
but not conversely. For instance, the set which is the union of the triangles with
vertices (0,0), (a,0), (a, —a) and (0,0), (0,a), (—a,a), a > 0, is a-convex but not
convex. Further, for each (p, q) € Y2, Ay (p, q) is convex and A, (p, q) = Aa(q, p).

REMARK 3.11. The space Y in Example 3.10 is Lipschitz a-convex, with
rq = 00, but not Lipschitz geodesically a-convex. In fact, for n € N, by
taking p, = (-1,3)/n, ¢, = (3,-1)/n, p,, = (4,-1)/n, g, = (8,=5)/n, we
have a(pn,qn,1/2) = 0, a(p,,,G,,1/2) = (6,—3)/n, and hence d(a(pn, qn,1/2),
a(P,,,G,,1/2)) = V45/n. Moreover, d(py,,D,,) = d(qn,q,) = V41/n, and thus

d((pns s 1/2), (P, G5 1/2)) > max{d(pn, P,.), d(gn, )}

for every n € N. Since d(pn, D,,), d(¢n,q,,) vanish as n — oo, it follows that there
is no r, > 0 for which condition (c)” of Definition 3.4 is satisfied.

4. Pseudo-barycenters in a-convex metric spaces

In this section, the notion of pseudo-barycenter in an a-convex metric space
is introduced, and some of its properties are reviewed. Here we develop, in a
different direction, some ideas which go back Michael [23] and Curtis [6] (see also
Pasicki [26]).

DEFINITION 4.1. A nonempty set A, contained in an a-convex metric space Y,
is called a-convez if, for every (y1,y2) € Ax Aand t € J, one has a(y1, y2,t) € A.

REMARK 4.2. The empty set is assumed to be a-convex. The intersection
of a family of a-convex subsets of Y is a-convex. Furthermore, if A C Y is
a-convex, also its closure A is so.
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Throughout Y stands for an a-convex metric space. Set:

Ko(Y) = {Ac2Y | Ais compact and a-convex},
Co(Y) = {A € 2¥ | Ais closed bounded and a-convex}.

The spaces K (Y), Co(Y) are equipped with the Pompeiu—Hausdorff metric h.

REMARK 4.3. Each singleton subset of Y is in /Cp, (Y') hence in Cy (Y'). More-
over, each set A € C,(Y) is contractible.

Put:
{(y17""y7l)|yley7z_1 }a n217
:{()\1, )‘0<>\ <1 ].,...711, )\1++>\n:1}7 ’I’LZ].7
S5 ={(Aeee M) [0S A < L,

z:l,..., —Lo0< A, <L A+...+ N, =1} n > 2.

If (y1,...,yn) € Y™ and (A1,...,A,) € X7, we say that )\; is the weight assigned

to y;, ¢ = 1,...,n, or for brevity, that (A1,...,\,) is the weight assigned to
(Y1, Yn)-

For (y1,...,yn) € Y™ and (A1,...,\,) € X", we now define the correspond-
ing pseudo-barycenter b, (y1, ... ,Yn; A1, - .- , An), an analogue of the usual notion

of barycenter in a normed space.
For y; € Y! and \; € X1, ie. Ay =1, put

(4.1) bi(y1,1) = v
For (y1,92) € Y? and (A1, M) € X2, set

(4.2) ba (Y1, y2; A1, A2) = a(y1, y2, A2).

Clearly, the maps b1:Y x X1 — YV, by: Y2 x ¥2 — Y given by (4.1), (4.2) are
continuous on Y x L', Y2 x 32, respectively. Now suppose that b,_1: Y"1 x
sl Y, for some n — 1 > 2, has been constructed and that it is continuous
on Y"1 x ¥7=1 We will define b,,: Y x ¥ — Y and show that it is continuous
on Y™ x X",

To this end, for (y1,...,yn) € Y™ and (A1,...,Ay) € Ef, n > 3, set

(4.3) ba(yis- - Yni A, s An)

o . >\1 )\nfl
a<bn—l<y1a"' s Yn—1; 1_/\n7"' ) 1_)\n>>yna)‘n>

By the induction assumption the map b Y™ x X4 — Y, given by (4.3), is

continuous on Y" x Xf. Further, setting p = (Y1,--- ,Un; A1y--- s An), Do =
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(W),...,4%:0,...,1), we have
(4.4) by Yni A An) = U
pEY " XX
In the contrary case, there exists ¢ > 0 and a sequence {(y¥, ...,y Ak ... A1
C Y™ x %2 converging to (y9,...,42;0,...,1), as k — oo, such that
(4.5) dbn(yh, . yENE L AEY 40) > ¢ for every k € N.

Set ar = b1 (y¥, ... ,yk_AE/ (L= XE) ..o 0E /(1 — AF)). Since

A Ab ) .
n -
{(1—Az’ 71—Aﬁ>}c 7

a compact set, passing to subsequences, without changing notation, we can as-
sume that there is (p1,... ,fn_1) € X"~ ! such that

k ko A A1
y17"'ayn—171_)\ﬁ7"'71_)\§

converges to (y9,... 4% _1iu1,. .. s fin_1), as k — oo. Since b,_1 is continuous

on Y"1 x¥"=1 one has that for k — oo, aj converges toa = b, _1(3?,... ,9°_1;
k )\k

n? n

1y s fn—1). By the continuity of «, it follows that a(ag,y ) converges to
a(a,y?,1), when k — co. But alap,y®, M) = b, (y¥, ... ,y% Nk ... \F) and
a(a,y?,1) = y2, thus a contradiction to (4.5) follows, and (4.4) holds.

Define b,,: Y™ x X" — Y by
(46) bn(yh ,yn;>\1,... ,)\n)

bn(yl,...,yn;Al,...,An) 1f()\1,)\n)623,

oy it (A1, ) =(0,...,1).
In view of (4.3) and (4.4), the function b,, is continuous on Y™ x X",

DEFINITION 4.4. For (y1,...,yn) € Y™ and (Ay,...,\,) € X", n > 1,
the point b, (y1,-.- ,Yn; A1,--.,An) given by (4.1) if n = 1, by (4.2) if n = 2,
and by (4.6) if n > 3, is called pseudo-barycenter of (y1,...,y,) with weight
()‘la s a)‘n)

By the previous argument one has:

PROPOSITION 4.5. For each n € N the pseudo-barycenter function b,: Y™ X
" =Y is continuous on Y™ x X", Furthermore, by, (Yo, .. Y05 A1, -+ s An) = Yo
for every yo € Y and (A1,...,\n) € ", and by(y1,... ,yn;1,...,0) = y1,
bn(yla"' 7yn;0a]~7"' 70) =Y2,... 7bn(y17"' uyna07 71) =Yn-

REMARK 4.6. Let C C Y be a-convex. Then, for every (y1,...,yn) € C"

and (A1,...,An) € " n € N, the pseudo-barycenter b, (y1, .. ,Yn; A, Am)
lies in C.
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REMARK 4.7. The pseudo-barycenter depends on the ordered n-tuple of
points (y1,..., yn) in the sense that, if (y;,,...,v:,) and (A;,...,\;, ) are ar-
bitrary permutations of (y1,...,yn) and (A1,...,A,), it can happen that

bn(yila"' 7yin;>\i17'~~ a)‘in) 7é bn(yla 7yn;)‘17'~~ a)‘n)

REMARK 4.8. Let E be a normed space equipped with its natural convexity
mapping ag given by (3.3). In this case the agp-convex sets are the usual convex
sets, and we set

K(E) = Koo (E), C(E) = Ca,(E).
Moreover, for each (y1, ... ,yn) € E™ with weight (A1,... ,A,) € X", the pseudo-
barycenter reduces to the barycenter, i.e.

DYty s Uni Ay 5 A) = Ayt + -+ AnYn.
In view of Proposition 4.5 one has:

PropoOSITION 4.9. Let (y1,...,yn) € Y™, and let \i: M — [0,1], i =
1,...,n, be n continuous functions defined on a metric space M, such that
AM(x)+...+ A (x) =1 for every x € M. Then the function ®: M — Y given by

() =bp(yr, - yn; M (T), ..., An())

18 continuous.

PROPOSITION 4.10. Let (y1,...,Yn) € Y™ and (A1,... ,An) € ", n > 2.
Let (i1,... ,i), 1 <k <n-—1, be a subset of (1,... ,n) with iy < ... <1k, such
that

A >0 ZfiG {il,... ,ik}, Ai=0 ifiE {1,... ,n}\{il,... ,ik}.
Then one has:

(47)71 bn(yla ,yn;)\l,... ,)\n) :bk(yi17~-~ 7yik;)‘i17"' ,Aik).

PROOF. The statement is true for n = 2. If, for some n > 3, (4.7),,_1 is true,
it will be proved that also (4.7),, is so. Let (A;;,..., A;,) be as in the statement.

Case 1. i, <n — 1. Hence \,, = 0, and thus

bn(ylw-- TP ST 7>\n) = O‘(bn—l(yla-u T Yn—13 A1, .- 7>\n—1)7yna0)
- bnfl(yla”' 7yn71;)\17~~' 7)\7171)
- bk(yiu"' 7yik;Ai1?"' 7)‘ik)7

where the latter equality is obvious, if & = n — 1, while it follows from the
induction agssumption, if 1 < k < n — 2. Therefore, if i <n —1, (4.7), is true.
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Case 2. i, =n. Thus, A\, = A;, > 0. If A\;, <1, then k£ > 2. We have

bn(y17"' 7yn;)\17-~‘ 7)\77,)

o . >\1 )\nfl
a(bn—l<y1a"' s Yn—1; 1_/\n7"' ) 1_)\n>>yna)‘n>

As (M /(1=Xp)s o s A1 /(1=Xp)) € ¥ Land 1 < k—1 < n—1, the induction
hypothesis implies

b . >\1 )\nfl
n—1{ Y1, .- 7yn7171_An7"‘71_)\n

=b 1<y- Yik_ 15 An Ak >
19 9 kil,l_)\ik, 31_)\1.]6
Whence,
(4.8)  bu(y1,- -y Yn; A, e s An)
Aiy Y
- O((bk;_l (yilﬂ"' yYip_13 1 _Z)\ika"' ) 1 _k)\lik)vyikaAik)
=0k (Yiry - 2 Yirs Nigs 5 Aig)-
If N, =1, onehas k=1, for \; =... = \,_; =0, and thus

(4.9) bp(Y1s-- s Yni Ao s An) = 0n(Y1, -, Yn3 0,000 1) =y = b1 (i, 1).
In view of (4.8) and (4.9), (4.7), is true, if i, = n. Hence in both Cases 1 and 2,
(4.7),, holds, completing the proof. O

Let Y be an a-convex metric space. Given an ordered n-tuple (y1,...,y,) €
Y™ n > 2, the set Ay (y1,...,yn) given by

Ao(iyeoosyn) ={2€Y | 2=b(Y1,- - ,Yn; A1y -+, An)
for some (A1,...,A,) € T}

we agree to call (y1,...,yn)-locus induced by by,

REMARK 4.11. For n = 2, the (y1, y2)-locus induced by by coincides with the
(y1, y2)-locus induced by «, given by (3.1). Clearly Ao (y1,-..,yn) is a compact
set. Further, if (y;,,...,¥;,) is an arbitrary permutation of (y1,... ,yn), one can
have that Aq(Yiys--- ¥, ) 7 Na(Y1s -+ s Yn)-

The last statement of the following proposition is a kind of stability property
which is very useful in approximation problems for multifunctions.

PROPOSITION 4.12. Let Y be an «a-convex metric space, and let ro corre-
spond as in Definition 3.1. Then, for each 0 < € < r,, there exists 0 < n < €
such that, for every (y1,...,Yn); (21,-..,2,) € Y™, n > 2 arbitrary, with
d(y;,z;) <m,i=1,...,n, one has

(410)71 h(Aa(ylﬂ 7yn)aAOé(Zla"' azn)) <€-
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Moreover, for every nonempty a-conver set C C Y, (y1,...,yn) € Y™ with
d(y;,C)<mn,i=1,... ,n, and (A1,...,An) € X", n > 2, one has

dbn (Y1, -+ s Yn; A1y s An), C) < e.

PROOF. Let 0 < € < 74, and let 0 < 1 < € be as in Definition 3.1.

To show (4.10),, is equivalent to prove that, for every (A1,...,A,) € X",
there exists (p1, ..., 1n) € L™ such that
(4.11), AOn (Y1 s Uns ALy oo s A )y D (21, ooy Zni fdy e vy i) < &,

and, furthermore, that the analogous inequality, obtained by interchanging the
roles of (A1,...,A\n) and (p1, ..., pn), holds as well.

It suffices to prove (4.11),, as the proof of the other inequality is similar.

For n = 2, (4.11),, holds, by Definition 3.1. It will be shown that (4.11),,11
is true provided that (4.11),, is so, for some n > 2.

Let (Y1, .-+ sYnt1)s (21, s 2na1) € Y withd(ys, 2:) <m,i=1,... ,n+1,
be given, and let (A1,..., A1) € X" be arbitrary.

Let 0 < A\ 41 < 1. Setting

Cp = bn(yla ey Yns A1/(1 - )\n-‘rl)y cee a)\n/(l - )\n-l—l))v

one has

(4.12) b1 (Y15 5 Yna 1521, -+ 5 Ang1) = @Cny Yn 1, Ang1)-

Since ¢, € Aa(Y1,---,Yn), by the induction hypothesis there is a point e, =
bn(21,- -+ s 2n; 01,...,0y), for some (0y,...,6,) € X", such that d(c,,e,) < ¢.

From this and the hypothesis d(yn+1, 2n+1) < 1, in view of Definition 3.1(c), one

has h(Aa (Cnv yn+1)7 Aa(env Zn+1)) <e. Further, Oé(Cn, Yn+1, )\n+1) €A, (Cn; ynJrl)
and thus there exists 0 < p < 1 such that

(413) d(a(cruynJrla)\n+1)7a(enazn+1up)) <E.

As al(en, zpt1, ) is continuous, without loss of generality, one can assume that
p < 1. Put now (p1,... ,tnt1) = (1 =p)01,...,(1 = p)f,,p), and observe that
(f1y--+ s fny1) € BT Since

pntr <1 and  (p1/(1 = pnga) oo pin /(1= ping1)) = (01, 6n),

one has
1
a(bn<2’1,... s By a ey i >7Z’n+1alu’n+1> :a(envzn+17p)7
1-— HMn+1 1— Mn+1
that is,

(414) bn-i—l(zh cee s Zn41i M1y e 7//"n+1) = a(ena Zn+17p)-
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Combining (4.13) with (4.12) and (4.14) gives

(415) d(bn+1(y1u"' 7yn+1;A17~-‘ 7An+1)7
bng1(z1, -5 Zng1i s s fing1)) <€

Let A\py1 = 1. Clearly, (A,...,Apr1) = (0,...,1). Thus, by taking
(H1y - s piny1) = (0,...,1), (4.15) follows trivially, as the left hand side equals
d(Yn+1, 2n+1) and so it is strictly less than 1 < e. Therefore (4.11),, holds for
every n > 2.

The second statement follows from the previous one and the a-convexity
of C. This completes the proof. O

REMARK 4.13. Let (y1,... ,yns1) € Y™ where yp = yiy1 for some 1 <
k <n,and let (A1,..., A1) € X7t be arbitrary. Unlike the barycenter, for
the pseudo-barycenter it can happen that b,11(y1,. .., Ynt1; My-v-r Ant1) #
bnY1s - s Yhs Ukt 2s - 5 Unt1s ALy s Ak Akt 1y Akt2y -5 Anga).

REMARK 4.14. The definition of pseudo-barycenter and some of its prop-
erties, including Proposition 4.5, 4.9 and 4.10, remain valid if in Definition 3.1
the continuous mapping a:Y x Y x J — Y satisfies only conditions (a), (b).
Condition (c¢) plays a crucial role in the proof of Proposition 4.12.

PROPOSITION 4.15 (Dugundji [8, p. 83]). Let X, Z be topological spaces. Let
{Ax}aea be a covering of X, where the sets Ay C X are open, and let {ox}ren

be a family of continuous functions px: Ax — Z such that for every X, p € A,
with Ax N A, # ¢,

ox(x) =@u(x) for everyx € AxNA,.

Then, there is a unique continuous function f: X — Z, which is an extension of
each @y, that is, for each A € A,

f(z) = @a(x) for every x € Aj.

5. Approximate selections

In this section we present an a-convex version of an approximate selection
theorem established by Cellina [3] in linear spaces.

The support of a map f: M — R, M a metric space, is the closed set supp f =
{we M| f(z)#0}.

PRrROPOSITION 5.1. Let M be a metric space, Y an a-conver metric space,
C an a-convex subset of Y. Let F: M — C,(Y') be a Pompeiu—Hausdorff upper
semicontinuous multifunction such that F(x) C C, for every x € M. Then, for

each € > 0, there exists a continuous function fo: M — C' such that

(5.1) e(graph f.,graph F) < e.
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PrOOF. Let 0 < € < 1, where r,, is as in Definition 3.1. By Proposition 4.12
there exists 0 < 1 < ¢ such that, for every nonempty a-convex set C' C Y,
(Y1, yyn) € Y™ with d(y;,C) <n,i=1,... ,n,and (A\1,... ,\,) €X",n>1
arbitrary, one has

(52) d(bn(yh ,yn;)\l,... ,)\n),C) <E.

Since F is h-u.s.c. for every x € M there exists a o(x), with

(5.3) 0 <o(z) <n,
such that
(5.4) 2’ € U(x,0(x)) implies e(F(2'), F(x)) <n.

Arguing as in Hu and Papageorgiou in [16, Theorem 4.11, p. 106], consider
the family U = {U(z,0(z)/4)}zem- U is an open covering of M, a paracompact
space, and thus it admits an open neighbourhood finite refinement V = {Vg}gep.
For every Vg € V, the set

F(Vp) ={U(z,0(x)/4) | Vs C U(z,0(x)/4)}
is nonempty. In each F(V3) fix one set, say U(xg,0(x3)/4). Furthermore, with
each Vg € V, associate a point (ug,yg) € M x Y, where
(5.5) ug € Vg and yg € F(ug).
In view of Dugundji [8, p. 170], there is a partition {py, }secp of unity subordi-
nated to V), i.e. a family of continuous functions py,: M — [0, 1] such that:

(j) supppy, C Vs for every 3 € B,

(jj) {supppv; }sep is a neighbourhood finite closed covering of M,

Gii) Zﬁeprﬁ(x) =1 for every x € M.

By Zermelo’s theorem [8, p. 31], V admits a partial ordering < which makes
V into a well ordered set. In the sequel V is assumed to be equipped with the
well ordering <.

Let w € M be arbitrary. Since V is neighbourhood finite, there exists an
open neighbourhood W, of u such that the family

Vw, ={Vs €V |VsNW, # ¢}
is nonempty and finite, say
VWu = (Vﬁw"' ,ng) where Vgl <...=< ng,

for some k > 1. Let (ug,,...,ug,), (Ys:---.Ys,) and (U(za,,0(zs)/4),- ..,
U(xp,,0(xs,)/4)) correspond. For x € W,,, set

PW. (I) = bk(yﬁla c 5 YRy P, (I), <o PV, (‘T))
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Clearly ow, (z) € C, thus the above equality defines a mapping ow,: W, — C
which is continuous on W,,, in view of Proposition 4.9. It will be shown that
(5.6) e(graph pw, ,graph F) < e.

To this end, let € W, be arbitrary. The set Vjj, of all V3 € V such that
pv,(x) > 0 is a nonempty subset of Vyy, , for x € supp py, C V3. Hence for some
1<p<kand1<i <...<iy,<k,onehas

(5.7) Vi, = Vs, Vs,) where Vg, < ... <V, |
and thus Proposition 4.10 implies
(5.8) ew, () = bp(Ysi, s Ypi, i PV, (2)s- 0Py, (7).
Clearly,
(5.9) x € supppy, C Vs, C Uzp,, ,o0(xp,)/4), s=1,...,p.
Set o(xp, ) = max{o(zg, )| s =1,...,p}, for some 1 < m < p. In view

of (5.9), one has

(5'10) d(xﬁis ) xﬁim) < d('rﬁis ) x) + d(l‘, xﬁi»m)
1 1 1
— ) — ) < — )
<golws, )+ ol@s,) < 50(zs,),
for s=1,...,p. Whence,
(5'11) Vﬂis C U(mﬂzs y U(‘rﬁis )/4) C U(xﬁim ; U(xﬁi7n ))

for s =1,...,p,if 2 € U(wg, ,0(xs, )/4), by virtue of (5.10) one has

1 1
d(z,.%gim) < d(Z, x,ﬁis) + d(xﬁisaxﬁim) < Z O—(xﬂis) + 5 O—(x,ﬁim) < U(I’gim).

From (5.11) it follows that ug, € U(wgs,, ,o(wg, )), for ug, € Vg, . Then
e(F(ug,,), F(xg, )) <mn, by (5.4), and a fortiori

d(yp,,, F(xp,,)) <n, s=1,....p,
for yg, € F(ug, ). In view of (5.2), one has
d(bp(Yps, s+ Yu, i Pvs, (@)s- 5oy, (2)), F(2p,,)) <€
and, by (5.8),
(5.12) d(ew, (z), (2, ) <e.

On the other hand x € supppy,, , and thus (5.11) yields = € U(zg,, ,0(zg,,, ))-
By (5.3), o(xg,,,) <n < ¢, and hence

(5.13) d(z,rp, )<e.

From (5.12) and (5.13), since z € W,, is arbitrary, (5.6) follows.
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Now define f.: M — C by
fe(x) = ow, (z) if z € W, for some u € M.

The family {W, }uecnr is an open covering of M. The above definition is mean-
ingful if one shows that, for every Wy, W/, u,u’ € M, with W, N W,/ # ¢, one
has

(5.14) ow, () = pw,, (x) for every x € Wy, N Wy
In fact, let x € W,, N W,,,. Clearly

Viv, =1Vs € Vw,

pvy(x) > 0} = {Vs € Vw,, [ pys(2) > 0F = Viy, .

Whence, in view of (5.7) one has Vi, = Vjj, = (V3 ,..., Vs, ), where Vg, <
. =< Vg, . Therefore, if ug, € Vg, and ys, € F(ug, ) correspond to Vg, ,
s=1,...,p, according (5.5), by Proposition 4.10 one has

PW,, (J}) = bp(yﬂu s 7yﬁp;pV51 (.f), s apVgp (l‘)) = Pw,, (l’),

and thus (5.14) follows, as € W,, N W, is arbitrary. Since each ¢y, is con-
tinuous, also f. is so, by Proposition 4.15. Furthermore, in view of (5.6), fe
satisfies (5.1). This completes the proof. O

COROLLARY 5.2. Let M be a metric space, Y an a-convexr metric space, C
a compact a-convex subset of Y. Let F: M — Ko (Y) be a h-u.s.c. multifunction
such that F(x) C C, for every x € M. Then, for each ¢ > 0, there exists a
continuous and compact function fo: M — C such that

(5.15) e(graph f.,graph F') < e.

REMARK 5.3. Proposition 5.1 and Corollary 5.2 remain valid for multifunc-
tions with a-convex bounded values, as one can easily see from the above proofs.

COROLLARY 5.4. Let M be a metric space, and E a Banach space.

(a) If F:M — C(E) is h-u.s.c. multifunction, then, for each € > 0 there
exists a continuous function f.: M — E which satisfies (5.15).

(b) If F: M — K(E) is a h-u.s.c. multifunction with precompact range R =
Uz F(x) then, for each e > 0, there exists a continuous and compact
function fo: M — E satisfying (5.15), with values f.(xz) € €@ R, for
every x € M.

PrOOF. (a) follows from Proposition 5.1 and Remark 4.7. (b) follows from
Corollary 5.2, by taking C' = ¢o R, a convex compact set by Mazur’s theorem.

The following proposition is known yet, for the sake of completeness, the
proof is included. O
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ProOPOSITION 5.5. Let M be a metric space, and Y an «a-convex metric
space. Let F: M — Co(Y) be h-u.s.c. and let {f,} be a sequence of continuous
functions f,: M —Y such that f,, 2> F asn — co. If z, — = and fulzn) =y
as n — oo, then one has y € F(x).

PRrROOF. Let € > 0, and denote by d, di, p the metric of M, Y, M x Y,
respectively. Take nyg € N so that n > ng implies

p((z, fn(2)), graph F) < e(graph f,,graph F') < /2 for every z € M.

Thus, for each n > ng, there exists (&, 7,), where &, € M and n,, € F(,), such
that p((n, fa(@n)), (€nr 7)) < /2. Whence,

d(in,fn) < 5/27 dl(fn(xn)a nn) < E/2 for every n > nq.

Since z,, — x and f,(x,) — y, as n — oo, for n large enough, say n > ny > ny,
one has

d(&n,x) < d(&n,zpn) +d(zn,z) <e/2 +e/2=¢
dl(nmy) < dl(nnafn(wn)) + dl(fn(xn)vy) < 5/2 + 5/2 =&

Consequently (§,,m,) — (2,y), as n — oo. Since n,, € F(&,), and F is h-u.s.c.
with closed values, letting n — oo gives y € F(z), completing the proof. O

6. Topological degree

In this section we use the approximate continuous selection result established
in Section 5 in order to define the topological degree for a class of multifunctions
with a-convex values. When the values are convex, this reduces to the topological
degree defined by Hukuhara in [17] and Cellina and Lasota in [4].

Throughout E is a real Banach space, D a nonempty open bounded subset
of E, and p a point of E. [ is the identity mapping on E, and O the origin of E.

Furthermore, Y is a closed subset of E containing O, equipped with a con-
vexity mapping a:Y xY x J — Y, ie. Y is an a-convex metric space in the
sense of Definition 3.1.

Denote by F(D,K,(Y)) the set of all multifunctions F: D — K,(Y) such
that:

(§) F is h-us.c.
(jj) F is compact, i.e. there is a compact a-convex set A C'Y (A depending
on F) such that F(z) C A, for every z € D.

Occasionally, the set A in (jj) corresponding to F' is denoted by Ap.

REMARK 6.1. Since O € Y and, by Remark 4.3, K, (Y") contains all singleton
subsets of Y, it follows that the mapping © defined by ©(x) = {0}, for every
x € D, is an element of F(D, K, (Y)) and, obviously, of (D, K(E)).
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For F € F(D,K.,(Y)), put:
Ar(D,A) = {{fn} | fa: D — A is continuous compact, f,, —— F},
where {f,} stands for {f,}>2,. By Corollary 5.2, one has:
PROPOSITION 6.2. Ar(D, A) is nonempty, for every F € F(D,K.(Y)).

DEFINITION 6.3. Let F € F(D,Kq(Y)), and let p ¢ U, cop(I — F)(x). Let
{fn} € Ar(D, A). The topological degree Deg(I — F, D, p) of I — F at p relative
to D is defined by

where deg(I — f,,, D, p) denotes the Leray—Schauder topological degree of I — f,,
at p relative to D.

In the sequel we shall use some properties of the Leray—Schauder topological
degree, that can be found in Istratescu [18] and Llyod [20].
The above definition is meaningful by virtue of the following proposition.

PROPOSITION 6.4. Let F € F(D,Ka(Y)), and let p ¢ U,cop( — F)(2).
Let {fn}, {gn} € Ar(D, A). Then one has

(a) There exists ng € N such that
(62) deg(l_fn7D7p) :deg(l_f’maDap) fO’f' all nvmzno-
(b) There exists ng € N such that

(6.3) deg(I — fn,D,p) = deg(I — gn,D,p) for all n > ny.

PROOF. By Proposition 6.2, the set Ap(D, A) is nonempty.
(b) Let {fn} € Ap(D, A). Define H,, ,,: D x [0,1] — Y by
Hn,m(xv t) = O‘(fn(x)a fm(x)v t)-

Clearly H,, ,, is well defined, continuous and compact.
There is ng € N such that

(6.4 pe U U @ Hon).
n,m>no (x,t)€0Dx[0,1]
Supposing the contrary, there exist subequences {n;}, {mx} C N and a sequence

{(zk,tx)} € D x [0,1], such that

(6.5) p =k — & fn, (Tk), frm,. (k) tr) for every k € N.

Hence, for all k € N, one has z, € p+a(A4, A, [0, 1]), where the latter is a compact
set, since A and [0,1] are so, and « is continuous. Passing to subsequences,
without changing notation, for some ¢ € [0,1], z € 0D, and y,z € A one has
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ty — t, o — x, fn, (1) — ¥y, and fi,, (xx) — 2, as k — oco. Since F is h-u.s.c.
with compact a-convex values, Proposition 5.5 implies that y, z € F(z), and
hence a(y, z,t) € F(x). From (6.5), letting k — oo, one has p = = — a(y, 2, t),
and thus p € x — F'(x). This contradicts the hypothesis, consequently, for some
ng € N, (6.5) holds.

For n, m > ng each H, ., is continuous compact and satisfies (6.4).

Whence, by the homotopy property of the Leray—Schauder degree, (6.2) fol-
lows and (a) is proved.

(b) Let {fn}, {gn} € Ar(D, A). Define H,,: D x [0,1] — Y by

Hp(z,t) = a(fn(2), gn(2), 1).

H,, is well defined continuous and compact. There exists ng € N such that

(6.6) ré¢ | U  @—Hua,1).

n>ng (x,t)€0D x[0,1]

In the contrary case, there exist a subsequence {ny} C N and a sequence
{(zk,tx)} C OD x [0,1], such that

(67) b=k — a(fnk (‘Tk>7g’ﬂk (Ik)7tk) for every ke N.

As before, passing to subsequences, without changing notation, for some ¢ €
[0,1], z € 0D, and y,z € A, one has ¢, — k, zr, — x, fn,(xx) — y, and
gn, (r) — 2z, when k — oo, and hence a(y,z,t) € F(z). Letting k& — oo,
(6.7) gives p = & — a(y, 2,t), and thus p € x — F(z). Since this contradicts the
hypothesis, there exists ng € N for which (6.6) holds.

For n > ng each H, is continuous compact and satisfies (6.6). Hence (6.3)
follows, proving (b). O

PROPOSITION 6.5. Let F € F(D,Ko(Y)) and let p ¢ Uycop( — F)(z).
Then, the topological degree Deg(I — F, D,p) of I — F at p relative to D is well
defined.

PROOF. By Proposition 6.2, the set Ar(D, A) is nonempty. Furthermore,
by Proposition 6.4, the limit (6.1) exists and it is independent of the sequence
{fn} € Ar(D, A). O

REMARK 6.6. If ' € F(D,K(E)) and p ¢ J,cop(I — F)(x), then Deg(] —
F, D, p) reduces to the topological degree of I — F at p relative to D defined
by Hukuhara in [17] and, in particular, to Leray—Schauder’s degree, when F' is
single valued.
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7. Properties of the topological degree

In this section, we present a few properties of the topological degree intro-
duced before, including an application to fixed point theory.

Throughout E and Y are as in Section 6. Furthermore, D is a nonempty
open bounded subset of E, and p a point of E.

PROPOSITION 7.1 (Invariance under homotopy). Let Fy, Fy € F(D,K(Y)),
and suppose that the multifunction H: D x [0,1] — 2Y given by

H(xat) = a(Fl(x)7F2(x)vt)
is such that p & U, neopxo,1)(z — H(z,t)). Then, one has

(7.1) Deg(I — Fy,D,p) = Deg(I — F», D, p).

PrROOF. Let {f}} € Ar, (D, A1), {f?} € Ar,(D, As), where Ay, A3 C Y are
compact a-convex sets corresponding to Fy, Fh, respectively. Define K,: D x
[0,1] = Y by

(7.2) Kn(z,t) = a(f,(2), f7(2),1).

K, is well defined continuous and compact.
There exists ng € N such that

(7.3) ré U U (@=Kuat)

n>ng (z,t)€0Dx[0,1]

Supposing the contrary, there exist subsequences {f, }, {f2 } and a sequence
{(zx,tx)} C OD x [0,1], such that

(7.4) p =, —alfy (zr), fr (x), tr) for every k € N.

Nk

As {f} (zn)} C Ay, {f2 (z1)} C Az, {z} C p+ a(Ar, A2,(0,1]), and {tx} C
[0, 1], passing to subsequences, whithout changing notation, for some x € 9D,
Y1 € A1, y2 € Ay, and t € [0,1], one has z, — =z, f (xx) — y1, f2, (Tk) = Y2,
ty — t, when k — oo. Furthermore, y; € Fi(x), y2 € F»(x), by Proposition 5.5.
Letting k& — oo, (7.4) gives p = = — a(y1,y2,t), and thus p € z — H(x,t),
a contradiction. Therefore, for some ny € N, (7.3) holds.

By the homotopy property of the Leray—Schauder degree, in view of (7.2)
and (7.3), one has

deg(I — f}, D,p) = deg(I — f2,D,p) for all n > no.

Hence, letting n — oo, (7.1) follows, completing the proof. O
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PROPOSITION 7.2 (Inclusions solving property). Let F € F(D,Ky(Y)), let
P & UpeopI — F)(x), and suppose that Deg(I — F,D,p) # 0. Then, there exists
x € D such that

(7.5) p € x— F(x).

PrOOF. Let {f,} € Ar(D,A). By Definition 6.3 and Proposition 6.4(a),
there is ng € N such that n > ng implies deg(I — f,, D,p) = Deg(I — F, D, p).
The latter is non zero, hence by a property of the Leray—Schauder degree, for
each n > ng there exists x,, € D such that

(7.6) P =Ty — fnl®n).

Since {fn(x,)} C A, a compact set, passing to subsequences, without changing
notation, one can assume that z,, — z, fn(;vn) — y, as n — 00, for some x € D
and y € A. Furthermore y € F(z), by Proposition 5.5. Then from (7.6), letting
n — oo, (7.5) follows and, clearly, x € D. This completes the proof. O

PROPOSITION 7.3 (Normalization). If p € D then Deg(I — ©,D,p) = 1.

PROOF. Since © € F(D,K,(Y)), by Remark 6.1, Deg(I -0, D, p) is defined.
By Remark 6.6, Deg(I — O, D,p) = deg(I — O, D, p) and, as the latter is 1, the
statement follows. O

PROPOSITION 7.4 (Continuity in p). Let F € F(D,K.(Y)), and let p,q € C,
where C'is an open component of E\ U,cop(I — F)(z). Then one has:

(77) Deg(IfFaDap):Deg(IfFaDaq)'

PrOOF. Let {f,} € Ap(D,A). Let 7:[0,1] — C be a continuous path
joining p and ¢g. For € > 0 put

F&I: U U(’Y(t)ag)a
te0,1]

where U(7(t),e) denotes the open ball in E with center (t) and radius € > 0.
T'. is open connected and I'. C C| if € is small enough, say € < €.
There exist 0 < € < g9 and ng € N such that

(78) T.CE\ ( U Uu- fn)@:)).
n>ng r€0D
In the contrary case, there exist a subsequence { f,, } and sequences {x,} C 9D,

{tx} C [0, 1], such that

1
(7.9) Y(tk) € K — fu, (Tk) + z U for every k € N,
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where U stands for the open unit ball in E. Since {v(tx)} C ([0, 1]), {fn. (xx)} C
A, and ~([0,1]), A are compact, passing to subsequences, without changing no-
tation, one has y(tx) — 2, fn, (k) — y, xx — z, for some z € v([0,1]), y € A,
and x € dD. Furthermore y € F(x), by Proposition 5.5. Letting k — oo, (7.9)
gives z =z —y €z — F(z). As z € y([0,1]) C C and z € 0D, a contradiction
follows and thus, for some 0 < € < g and ng € N, (7.8) holds.

Since T'; is open connected, contains p and ¢, and satisfies (7.8), by a property
of the Leray—Schauder degree one has deg(I — f,, D,p) = deg(I — fn, D, q), for
every n > ng. Letting n — oo, (7.7) follows, completing the proof. O

PROPOSITION 7.5. Let D be a nonempty open bounded subset of E, with
0 € D CY. Suppose D is a-conver. Let F:D — K(Y) be a h-u.s.c. and
compact multifunction with corresponding set Ap C D. Then F has a fized
point.

PROOF. From the hypothesis, F,© € F(D, K,(Y)). Define H: Dx[0,1]— 2Y
by

(7.10) H(x,t) = a0, F(z),t).
We have
(7.11) 0¢ U @-H().

(z,t)edDx[0,1]

In the contrary case, there are x € 9D and t € [0,1] such that x € (0, F(z),t),
and thus ¢ = «(0,y,t), for some y € F(z). Since 0 € D and F(z) C A C D,
where D is a-convex, one has «(0,y,t) € D and, from the contradiction, (7.11)
follows.

In view of (7.11), Proposition 7.1 gives Deg(I — F, D,0) = Deg(I — 0, D, 0),
where the latter is 1, by Proposition 7.3. Whence, by Proposition 7.2, x € F(x)
for some x € D, completing the proof. O

DEFINITION 7.6. Let C' be a nonempty open bounded subset of E with
C C Y. Suppose C is a-convex. A point a € C is called absorbing for C if
a(a,y,t) € C forally € C and t € [0,1).

REMARK 7.7. Suppose E is equipped with the (natural) convexity mapping
ag given by (3.3), and let C' be a nonempty open bounded convex subset of E.
Then, each point a € C'is absorbing for C. This is no longer true if convexity is
replaced by a-convexity.

PROPOSITION 7.8. Let D be a nonempty open bounded subset of E, with
0€ D CY. Suppose that D is a-conver, and that 0 is an absorbing point of D.
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Let F: D — Ko(Y) be a h-u.s.c. and compact multifunction, with corresponding
set Ap C D. Then, F has a fized point.

Proor. Without loss of generality, one can assume

(7.12) 0¢ |J u-F)).
x€dD

Now, let H:D x [0,1] — 2Y be given by (7.10), and observe that F, © €
F(D,Kq(Y)).

Under the above assumptions, (7.11) holds. In the contrary case, there are
x € 0D and t € [0,1] such that x € a(0, F(x),t). The cases t =0, t = 1 imply
respectively x = 0, € F(z), which are excluded by the assumptions 0 € D, and
(7.12). Whence z = «(0,y,t), for some 0 < t < 1 and y € F(z). Since y € D
and 0 is absorbing for D, one has «(0,y,t) € D. As x € 0D, a contradiction
follows, and so (7.11) holds. In view of (7.11), one can conclude as in the proof
of Proposition 7.5. O

REMARK 7.9. If, in Proposition 7.8, one takes Y = [E, with the natural
convexity mapping «g, and assumes 0 € D, then the classical fixed point theorem
of Kakutani-Ky Fan (see [19] and [9]) follows at once.

PROPOSITION 7.10. LetY be a compact a-convex metric space. Then, every
h-u.s.c. multifunction F:Y — Ko (Y) has a fized point.

Proor. By Corollary 5.2, there exists a sequence {f,,} of continuous func-
tions f,:Y — Y such that f, = F, as n — co. By [7, Corollary 3.3], each
fn has a fixed point x,, = f,(x,). Since Y is compact, passing to subsequences
(without changing notation), one can assume that x,, — z and f,(z,) — z as
n — oo, for some z € Y. Then, by Proposition 5.5, one has z € F(z), completing
the proof. O
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