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TOPOLOGICAL CHARACTERISTIC
OF FULLY NONLINEAR PARABOLIC
BOUNDARY VALUE PROBLEMS

IGOR V. SKRYPNIK — IGOR B. ROMANENKO

ABSTRACT. A general nonlinear initial boundary value problem

ou

(1) E_F(x7t7u7Dluw“’D2mu) :f(x7t)7

(:E’t) € QT =Qx (OvT)z
(2) Gj(x7t7u7~'-7iju) :gj(xvt)v

(z,t) € ST =02 x (0,T), 5=1,m,
3) u(®,0) = h(x), z€Q

is being considered, where € is a bounded open set in R™ with sufficiently
smooth boundary. The problem (1)—(3) is then reduced to an operator
equation Au = 0, where the operator A satisfies (S)+ condition. The local
and global solvability of the problem (1)—(3) are achieved via topological
methods developed by the first author. Further applications involving the
convergence of Galerkin approximations are also given.

1. Introduction

This paper is devoted to the study of fully nonlinear parabolic problems via
topological methods based on the degree theory for operators satisfying condi-
tion (S)4.
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Let Q denote a bounded open set in R™ with sufficiently smooth boundary
0. We consider an initial-boundary value problem of the form

(1.1) D[u] —% — F(x,t,u, D', ... ,D*™u) = f(x,t),

ot
(x,t) € Qr =Q x (0,T),
(1.2) U, =Gz, t,u,... ,D™u) = g;(x,t),
(z,t) € St = 0Q x (0,T), j=1,...,m,
(1.3) u(z,0) = h(z), z€Q

in the Sobolev space Wé4m’2)(QT) forp>2,p> 2m+n)/2m, p# 2m+1)/
@2m—m;),m; <2m—-1,j=1,... ,m.

We assume that F(x,t,§), G (m T, (;) are sufficiently smooth functions satis-
fying the parabolicity and the Lopatinskii conditions, functions on the right-hand
sides of (1.1)—(1.3) satisfy the inclusions

f e W l(Qr),
gj € WZSéLm—mj—1/p,2—mj/2m—1/2mp)(ST)’

h € Witm=2m/p)(q),

as well as some compatibility conditions for x € 99, t = 0.

In a standard way it is possible to reduce the problem (1.1)—(1.3) to the
analogous problem in the space Wp(4m’2)’0(QT) with zero initial condition. The
main result of this paper is the reduction of the problem (1.1)—(1.3) with zero
initial condition to the operator equation

(1.4) Au=0
in the space W3*™?"°(Qr) with an operator A acting from W,;*™?°(Q1) into

the dual space [W]§4m’2)’0(QT)]*. This operator for the problem (1.1)—(1.3) with
h(z) = 0 is defined by the following equality

(L5) (Au,<p>=;d{(‘1)[u+5¢] 11Ca0)”

dm—m;—1/p,2—m;/2m—1/(2m
D0 o =g 5 "y

s=0

and norms in the right-hand side of (1.5) are norms in spaces W;Qm’l)(QT),

W1§4m7mj71/p’27m"/(2m)71/(2mp))(ST), respectively.
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We prove that this operator is bounded, continuous and it satisfies following
condition:

T (4ms2),0

(S4) for every sequence of functions u; € Wp (QT) which converges

weakly to some function ug and is such that
lim sup(Au;, u; —ug) <0
Jj—oo
we have that u; converges strongly to ug.

Here (Auj,uj — ug) is the value of the functional Au; € [W,§4”L’2)’O(QT)]* on the
function u;(z) — up(z) € W1§4m’2)’0(QT).

These properties of the operator A allow as to study the solvability of the
equation (1.4) by the use of the degree theory for such operators, that was
developed in [6], [7].

This paper is organized in the following way. In Section 2 we introduce the
considered function spaces. We also formulate assumptions for data functions
in the problem (1.1)—(1.3) and formulate a priori estimates for linear parabolic
problems with coefficients from Sobolev spaces that are principal for the study
of properties of the operator A. In Section 3, we reduce the initial-boundary
value problem (1.1)—(1.3) to the operator equation (1.4) and we establish the
properties of the operator A. Some applications of the topological approach to
the proof of local and global solvability of nonlinear parabolic problems and to
the study of strong convergence of the Galerkin approximants are contained in
Section 4.

For the case of Dirichlet boundary condition the solvability of initial-bounda-
ry value problems for fully nonlinear parabolic equations was established by other
methods in the papers of Hudjaev, Kruzhkov, Castro and Lopes, Sopolov, Kry-
lov, Lunardi, Wang. The local approach for problems with nonlinear boundary
condition was developed by Amann and Acquistapace and Terreni. The list of
corresponding papers there is given the bibliography of [2].

2. Problem formulation

2.1. Functional spaces. Let n, m, {m;}7", be positive integers such that
0 <m; <2m —1 and p, T be positive real numbers. In what follows 2 denotes
a bounded open set in R™ with sufficiently smooth boundary 0. We'll use
notations Qr = 2 x (0,7), Sy = 92 x (0,T).

Let o = (a1, ... ,q,) be multi-index with non-negative integer components.
For x € R™ we denote |o| = a1 + ... + ap, % =27 ... 20",

For u: Q7 — R and positive integer k£ > 0 we’ll use notations

a,, 9 - 9 o k, _ a,, . _
Du—(axl> (awn) u, Du={D%:|a| =k}
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By M (k) we denote the collection of all different multiindices of order that
is less or equal k.

We fix further some notations and definitions of norms in anisotropic Holder
and Sobolev spaces that are analogous to corresponding spaces in the mono-
graph [1].

For a positive integer b and a positive non-integer k the space C(0%:F) (Qr) is
defined to be the Banach space of all functions u, that have continuous derivatives
(0/0t)* Du(x,t), |a| + bs < bk (z,t) € Q7 and the finite norm

s (0)
b,k 0 o bk
‘“|(QT ) — E (81&) D%u(x,t)| + |u|§,Q)T7
|| +bs< [bk] Qr

where |u|$; = max {|u(z,t)| : (z,t) € Qr}, [k] is greatest integer function of k

o\’ .,
<6t> D U("E,t) vor
+ Z

<§t> D%u(x,t)
0<bk—|a|—bs<b

O _ up { lu(z, t) — u(y,t)|

and

(bk—[bk])

bk
e, = >

|| +bs=[bk]

((bk—|ee|=bs)/b)

)

t,Qr

T,y €N, x#£y, tE (O,T)},

|u|x -
QT \x—y\l
u(z,t) — u(z,
|u|§f22T:su { ( |t)—7'§ 7)l cx e, t,7e(0,T), t7é7},

where [ € (0,1).

For p > 1 and positive integers b, k, by ngbk’k)(QT) we denote the Banach
space of all functions u that have generalized derivatives (8/9t)* D“u € L,(Qr),
|| +bs < bk. The norm of the space W,*** (Q7) will be defined in the following

way:
s p 1/p
IR
at p,QT

1/p
where ||[ullp.0p = {/ |u|P dx dt} .
Qr

In the case of a positive non-integer k such that bk is not integer, we denote by

bk, k
s ={ ¥

|| +bs<bk

Wngk’k) (@) the Banach space of all functions u that have generalized derivatives
(0/0t)*D*u € Ly(Qr), |a| + bs < bk and the finite norm

bk, k o\ o |
s ={ ¥ |(5) ot

(5k) 1/p
4 <||u,,,p,QT>p} ,
|or|+bs < [bk] p.Qr
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(k) (bk—[bR])N P
Wie, ~{ X (|(z) ] )
|| +bs=[bk] z,p,Qr

> BNG(|(@klal=bs)/b)y py 1/
* (H() o )i
ot t,p,Qr

0<bk—|ar|—bs<b

1/p
0) u(y, )P
g, ={ [ [ DD g L o<,
(e, ) —ue P\
g, ={ fas [ A war} T 0cicn

Let S be the n — 1-dimentional surface in R™ and [y > 0. We will say that
S belongs to class C' if there exists a finite collection of open sets {U;}/_; and
d > 0 such that

(S1) S C Uiz Us;

(Sp) for each i there exists £() € S N U; such that the set SN U; in local

Cartesian system {y} with origin at ¢ (1) is given by the equation y,, =
hi(y/), o' € D(d), where yf = (g1, yn_1), D(d) = (~d, d)"";

(S3) h; € Clo(D(d)) for each i.

Let b be a positive integer, k& > 0, p > 1, and 9Q € Cl, where Iy >
max{bk,1}. Let Dr(d) = D(d) x (0,T). For u: Sy — R we will use the no-
tation u¥ (v, t) = u(¢i(y', hi(y')),t), where (y/,t) € Dp(d), i = 1,1 and ¢;(y) is
the transformation from the local coordinate system {y} to the system {x}.

We define the space C(bk’k)(ST) as the set of all functions u: St — R such
that u() € C**)(Dz(d)), i = 1,1 with the norm

Jul Ge™ = max{[u®|$E0) i =TT}

We define the space ngbk’k)(ST) as the set of all functions u: Sp — R such
that u() € ngbk’k)(DT(d)), i = 1,1 with the norm

(bk,k) _ ! (bk,k) Y
50 = { 01

i=1
It is a simple task to check that norms corresponding to different covers of
0N) by sets U; are equivalent.
For positive integer £ we denote
88
ots

2.2. Some results from degree theory. We recall some results from the

Wébk,k),O(QT) {u e W(bk k)(QT) =0,0<s<k-— 1}

operator degree theory developed, for example, in [6], [7]. These results are
used in paper to obtain the theorems of uniqueness and solvability for problem

(1.1)-(1.3).
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DEFINITION (Degree for continuous mapping in finite-dimentional space).
Let Q be finite domain from R™. Suppose that f is continuous mapping from
Q to R™ such that f(u) # 0, u € 9Q. We call the degree of f the integer-value
function deg(f,Q,0) such that satisfies following conditions:

(a) If f(z) = x — xo where ¢ € Q then deg(f,Q,0) = 1.

(b) Let Q1,05 be subsets of  such that Q3 N Qs = 0 and f(z) # 0, x €
Q\ (21 UQy). Then deg(f,Q,0) = deg(f, 21,0) + deg(f, 22,0).

(a) Let h:[0,1] x @ — R™ be continuous mapping such that h(t,z) # 0
when t € [0,1], z € 9Q. We denote fo(z) = h(0,2), fi(z) = h(1,z).
Then deg(fo,Q2,0) = deg(f1,9,0).

The definition of the degree could be extended to some classes of contiguous
mappings A acting from reflexive separable Banach space X to X*.

DEFINITION ((S)4+ condition). We say that an operator A: X — X* satisfies
the condition (S)4 if, for arbitrary sequence {u;} C X, which converges weakly
to some ug € X and such that

lim sup (Au;, u; — ug) <0

Jj—00
we have that u; converges strongly to ug.

Let Q € X be bounded domain. The mapping A:Q — X, Au # 0, u € Q
satisfying the (S), on condition on € could be approximated by the finite-

dimensional mappings

A u= Z(Au,vi>vi, u € Q, = {u ceQ:u= Z%‘Uz‘, a; € R}7
i=1 i=1
where {v;};>1 is a basis in X.

It is proved that the limit lim,, ., deg(A,, (2,),0) exists and does not de-
pend on the choice of the basis {v;};>1. We call the degree of the operator A in
the domain © the limit Deg(A, Q,0) = lim,, o deg(A,, (), 0).

The definition of the degree for mapping in unbounded space preserves all
properties of the degree in the case of finite-dimensional space.

DEFINITON (Homotopy). Let mappings Ag, A; satisfy (S)4 condition on Q.
We say that Ay, A1 are homotopial if there exists one-parameter family of map-
pings A;: Q2 — X*, t € [0,1] such that

(a) for every sequence u, € 0Q and t, € [0,1] such that w, converges
weakly to ug, Az, (u,) converges weakly to 0 and lim, oo < A¢, (),

Uy, — ug >= 0 it follows that u,, — ug in X;
(b) At(u) # 0 when uw € 9Q, t € [0, 1];
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(c) for every sequence t,, € [0,1], u, € Q such that t,, — to, u, — ug it
follows that the sequence A;, (uy) converges weakly to Ay, (ug).

THEOREM 2.1 ([10, Theorem 4.1]). Let Ao, Ay be homotopical mappings
on Q. Then Deg(Ap,Q,0) = Deg(A;,Q,0).

2.3. Main problem and assumptions. We consider a boundary value

problem

(2.1) Pu] = % — F(x,t,u,D'u,...,D*™u) = f(z,t), (2,t) € Qr,
(2.2) Y;[u] =Gj(z,t,u,...,D"u) = g(x,t), (z,t)€Sr, j=1,m,
(2.3) u(z,0) = h(z), x €.

Solvability of the problem (2.1)-(2.3) will be considered in space W,E4m’2)(QT).
We assume that numbers p, n, m, m; satisfy inequalities

2m+n 2m+1
>

2.4 >2 P E—
@4 pz2 om 7 2m —m;

, mj<2m-—1, j=1m

and boundary 02 of domain {2 satisfies the condition

(2.5) N e chm,
We define
Ful,8)i= 5 Flat,€), o] <2m, €= {6 € R Ja] < 2m),
Gyl .) = 3Gyt ). 18 < my. G = (G € B3 |8l < my}. j = T

and suppose that the following conditions for the functions F', G; are fulfilled:

(F1) the function F(z,t,&) have all mixed continuous derivatives by £ up to
the order 2m+1, F(x,t,0) = 0.

(F2) there exists a continuous function v: RT — RT such that for each ¢ €
RM2m) ) € R™ the inequality

(=)™ Y Fala t, 0% = v(lE)nl*™
|a|=2m
holds.
(G1) for each j =1,...,m the function G,(z,t,¢;) has all mixed continuous

derivatives with respect to variables ( up to the order 4m — m; + 1,
Gj(z,t,0) =0.
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For (x,t) € Sp, £ € RMC™M) ¢, = {¢5: 8] < m;} (here j = 1,...,m), we
define

L, .65+ 0,q) =g — ()™ 3 Fala,t,€)(6+ )",

|a|=2m

Bj(l’,t, Cj35+7-77) = Z Gjﬂ($7t7<j)(5+7'7l)ﬁa ]: 1ama

|Bl=m;

where 7 is the unit vector in the direction of the outward normal to 92 at the
point x; § means an arbitrary vector from the plane tangent to 02 at the point
x; T is complex variable and ¢ is real number.

If ¢ > —|8]*™, 0 < U < v(¢]) and |g| + |§] > O, then L(xz,t,£,6 + 71,q) as
a polynomial of 7 has m roots 7~ with positive real part, other roots are with
negative real part (see [1]). We denote

m

LT (z,t,&,6,7,q) :== H (r—15)

s=1
and assume that the following condition (the Lopatynsky condition) is fulfilled:

(Gg) for each (z,t) € Sy, € € RM(™) and §, belonging to the tangent plane
to 90 at the point z, inequalities ¢ > —7|§]*™, 0 < ¥ < v(|¢]) and
lg| + |8] > 0 imply the linear independence of B; by modulus of L.

We assume that the following inclusions for the functions from the right side
of (2.1)—(2.3) are fullfilled
fewEmD(Qr),
(26) gj e I/V;lg4m—mj—1/]3,2—mj/(2m)—1/(27”n,p))(ST)7 ] — 1’ m
h e Wtm=2m/p)(Q).

)

We also assume that the compatibility condititons for the problem (2.1)—(2.3)
are fullfilled.
To this end we will use notations

u(® (x) := u(z,0), u(l)(x) = %(x,O).
From (2.1), (2.3) we determine that
ul(z) = h(),
uV(z) = %(m,O) = f(2,0) + F(x,0,h, D'h, ..., D*™h).

Formulating the compatibility conditions for (2.1)—(2.3) we shall use the fol-
lowing equalities (here j =1,...,m)

(2.7) Gi(w,0,u®,..., D™ u) = g,(a,0),
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0

(28 &

Gj(z,0, uw® ..., DMy

0
+ Y Gipla,0,u®, .. D) DM (2, 0) =

&gj(z,O).
|B]|<m;

We say that the compatibility conditions for (2.1)—(2.2) are fullfilled if
(C) for each j = 1,...,m the condition (2.7) is satisfied and the condition
(2.8) is fulfilled for such j that p > (2m + 1)/(2m — m;).

2.4. Linear initial boundary value problem. In a further investigation
we will need some facts concerning solvability and a priori estimates for linear
initial boundary value problems of the type

ou

(2.9) Lu= o - | ; ao(z,t) D = f(z,t), (2,t) € Qr,

(2.10) Bju= Z bis(x,t)DPu = g;(x,t), (x,t) € Sr, j=T1,m,
1B|<m;

(2.11) u(z,0) = h(z), ze.

Assume that the following conditions for the functions a., b;s are fulfilled:

(a1) for |a| < 2m coefficients a,, € W,Szm’l)(QT);
(ag) there exists vy > 0 such that, for arbitrary (z,t) € Qr, n € R™, an

inequality
(=)™ " aa(z, t)n® > voln™
|| =2m
holds;
(b1) for each j =1,...,m and |5] < m;, the inclusions

by € Wdm=—m;=1/p2=m;/(2m)=1/(2mp)) (g7

hold;

(b2) the left-side functions in the equation and boundary conditions of (2.9)—
(2.11) satisfy the Lopatinsky condition, that is formulated analogously
to condition (Gg).

Assume that the compatibility conditions analogous to condition (C) for

(2.9)—(2.11) are fullfilled.

The facts we need are included in the following theorem:

THEOREM 2.2. Assume that condition (2.5) for the boundary 02 of a bound-
ed domain ) is satisfied and conditions (2.4), (2.6), (a1), (a2), (b1), (b2) and
the compatibility conditions for the problem (2.9)-(2.11) hold. Suppose that
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T € (0,T]. Then (2.9)—(2.11) has a unique solution u € Wé4m’2)(QT) which
satisfies an apriori estimate

2m,1 dm—m;—1/p,2—m; /(2m)—1/(2m
( )+Z||gj||( i—1/p /(2m)—1/(2mp))

p,QT p,ST

(2.12) K(”{Ilfl

4 2 4 2
Tt ’“/”}< (e

2m,1 dm—m;—1/p,2—m;/(2m)—1/(2
2){IIJ‘IIE,,QT>+Z||gj||§),s; m;—1/p.2-m, /(2m)~1/(2mp))

4m 2m
T “”}

Numbers KW, K2 in (2.12) depend only on 0, T, n, p, vy and the norms

of functions ay(x,t) in spaces C(Qr), WISQW’I)(QT), and norms of functions

bjg(x,t) in spaces C(St), mefm"71/p’27mj/(2m)71/(2mp))(ST).

The theorem is proved in [8].

3. Reduction to operator equation

3.1. Reduction to the problem with zero initial conditions. We start
with a reduction of problem (2.1)—(2.3) to an equivalent one with zero initial
conditions. For that we need next two auxiliary lemmas.

LEMMA 3.1. Assume that Q is a bounded domain in R™ with the boundary
that satisfies condition (2.5) and inequalities (2.4), for m, p, n, m;, hold. Let
a function P(x,t,v) be defined for (x,t) € Qr, v € RM for some M € N and
have all continuous derivatives (0/0t)* DX DS F(x,t,v) of the order bs + |a| + ||
up to bk, when bk is an integer and up to [bk] + 1, when bk is not integer. Here
a, B mean multiindices and [-] is greatest integer function. Then the operator

(3.1) [P())(x,t) = Pla,t,0(x,1))

acts from space [W,gbk’k)’o(QT)]M to space prk k) (QT) and appears to be bounded
and continuous.

PRrROOF. The proof is based on the direct calculation of the derivatives

a S
(815) DYP(z,t,v(z,t))
and use of the embedding results for the considered functitonal spaces. O

LEMMA 3.2. Assume that conditions of Lemma 3.1 are fullfilled. Then an
operator

(3.2) [P(v)](z,t) = P(z,t,v(z,1))
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acts from the space [W,Ebk’k)’o(ST)]M to W,gbk’k)(ST) and appears to be bounded
and continuous.

ProoF. Lemma is proved analogously to Lemma 3.1 by passing to covering
{U;}L_, of 9Q and analising of operator in the local coordinate system of ¢;. O

In a standard way (see [2]) we can construct a function v € W154m’2)(QT)

that satisfies conditions
ov

v(z,0) = u® (), E(QQO) =y (z) forzeQ.

Now we introduce a new function u; = v — v. If u is the solution of problem
(2.1)—(2.3) then u; is the solution of boundary value problem

(’)ul

(33> ﬁ_F(l)(l‘7taulaD1ul7'"7D2mu1):f(1)<x7t)a (.’L’,t) eQT?
(24) Gg‘l)(xvt7ula c ~3iju1) = ](‘1)(1'70’ (l‘,t) € STa ] = 17m7
(2.5) u1(z,0) =0, z€Q,

where

FO(z,t,uy, D'uy, ..., D*™uy) = F(z, t,uy +v, D (ug +v),...,D*"(ug +v))
— F(x,t,v, D'v,..., D*™v),
FO(z,t) = f(a,t) — B[u],
G;l)(x7t7u1,...,DmJu1) =Gz, t,ur +v,...,D™uy +0v) — \f/;[v],
9V (z,t) = g;(w,t) = Bjlv], j=T,m.

J

Additionaly to (F1), (F2), (G1), (G2), we introduce conditions:

(F3) the function F(x,t,&) has all continuous derivatives by variables {3 up
to the order 2m + 1, F(x,t,0) = 0;
(F4) the operators

Fo(+, - u, Dlu,..., D*™u): W™ (Qr) — W™D (Qr)

are bounded and continuous;

(Gs) for each j, the function G;(z,t,(;) has all mixed continuous derivatives
by 1 up to the order 4m —m; + 1, G;(z,t,0) = 0;

(G4) the operators

Gjﬁ('7 ~,u,D1u,...,iju):
WA =1/p2=1/ @m0 () Yy (Am=mg =1 /p2=m; /(2m)=1/ (2mp) (5,.)

are bounded and continuous.
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LEMMA 3.3. Assume that conditions (2.4)—(2.7), (F1), (F2), (G1), (Ga) for
the problem (2.1)—(2.3) are satisfied and u € W1§4m’2) is the soluton of (2.1)—(2.3).
Then

(a) the function FU(x,t,€) satisfies conditions (Fa) (with some function
vV that, possibly, differs from v), (F3), (F4), and G;l)(x,u(j) satisfy
conditions (Gz), (G3), (Ga);

(b) the following inclusions for uy(x,t), fO(z,1), g§1)(x,t) are fulfilled:

uy € W}g4m,2),0(QT)’ f(l) c W}SQm,l),O(QT)’
g§1) c Wzg4m—m_7'—1/p,2—m_7'/(2m)—1/(2mp)),0(ST), j=Tm.

PROOF. Part (a) follows from (Fy), (F2), (G1), (G2), the definition of F(1),
Gg-l) and Lemmas 3.1, 3.2.

Inclusion for uq in formula (b) follows from the definition of v and Lemma 1
from [8].

Definition of f(!), embedding theorems and Lemma 3.1 imply inclusion f)—

(2m,1),0

Wy (Qr).

Definition of gj(-l) together with conditions (2.7) and Lemma 3.2 imply the
inclusions for g§1) in (b). O

LEMMA 3.4. Assume that conditions of Lemma 3.3 are satisfied, and u; €
W1§4m’2)’0(QT) is the solution of (3.3)-(3.5). Then function u(x,t) = uy(z,t) +
v(x,t) is the solution of (2.1)-(2.3).

PRrOOF. Follows immediately from definition of F(1), Gg-l), fo, gj(-l) and v.0J

3.2. Definition of operator. Thus, instead of the problem (2.1)—(2.3), we
can analyze the equivalent problem

~ . Ou

(3.6)  @u] = 5 F(x,t,u, D*u,...,D*™u) = f(x,t), (z,t) € Qr,
(3.7) Wl =G, t,u,...,D™u) = g;(x,t), (x,t) €Sy, j=T1,m,
(3.8) u e WD0(Qr),

where F' satisfies conditions (F2) functions G; satisfy conditons (G2)—(G4), and
for the functions f, g; the following inclusions are fullfilled

f c I/V;IEQm,l),O(C}T)7
gj c I/Vl/gélmfmj71/;0,27'mj/(2777,)71/(2mp)),O(ST)7 ] _ 1am'

(3.9)
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A nonlinear operator corresponding to (3.6)—(3.8) will be defined by the
following equality

(3.10) (du, ) = ;d[u@[umﬂ FlEmy

DT+ 5] g3
j=1

s=0

In (3.10) {u, ¢} € W™ 2°(Qr) and the symbol (Au,¢) means the value of
functional Au on function ¢.
It follows from (3.10) that

(3.11) Au = Ag(u, ®[u] — f(z,1)) + ,ZABj (u, @;[u] —gj(z,1)),

where

312 Geoo= Y[ wp[(at) Do, t)]

|a]4+2ms<2m
9\ [0

Pp(s) = s|s|P7? for s € R and for j =1,...,m, u(j) =4m —m; — 1

3
(3.13) (Ap, (u,w), ) 1= > (A} (u,w), ),

0N s, )y
/m(d)wp[(at) Py (y’t)}

(5) DB AW 0 ay
I
(314) (A% (u,w) Z

T
/dt//
1|8+2ms=p(j) 0 (D)
2\° - 0
e B (@) (o) ) — B2
{({%) Dyw'(y',t) (815) Dow" (z,t)]

{(G) rmwswo- (5) pimwace.ol

dy'dz’
’ |y/ _ Z/‘n+p—2’

<A(1) i

1|8]+2ms<u(j)

1=
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w(J)
. A(3 (u, w) =
(3.15) Z > Z /D .

1=11=2m—mj |B|+2ms=l

I / () e <>}
{(&) DJB;(w)¢] (4 1)

- () pitBis 0 |,

where
(3.16)
Z Fo(z,t,u, D, ..., D*™u)D%, (x,t) € Qr,
le|<2m
(2.17)

Z Gjplz,t,u,. .. ,Dmﬂ'u)Dﬁq&,

|B]<my

mj +1 1 _—

and noting Z/ we mean summation over multiindices 8 such that 3, = 0.
The following theorem formulates the main properties the operator A, defined
by (3.10).

THEOREM 3.5. Assume that conditions (2.4), (2.5), (3.9), (F2) for the prob-
lem (3.6)—(3.8) are fulfilled. Then

(a) for each u € W,§4m’2)’0(QT), Au appears to be linear and continuous
functional on W,§4m’2)’0(QT).
(b) the operator A is bounded, continuous and satisfies the (S)4 condition
(4m,2),0
on Wy (Qr).

REMARK 3.6. We recall the definition of the condition (S) for the operator
A acting from the Banach space X into the dual space X* (see, for example, [7]).
Analogous condition in [6] was called the condition «).

We say that an operator A: X — X* satisfies the condition (S) if, for
arbitrary sequence {u;} C X, which converges weakly to some uy € X and such
that

lim sup(Au;, u; —ug) <0

Jj—oo
we have that u; converges strongly to ug.

To prove theorem we need following auxiliary lemmas.
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LEMMA 3.7. Assume that conditions (2.4), (2.5), (F2)—(Fy4), (G2)—(G4) are
satisfied. Then there exists a continuous nondecreasing function wi: Ry — R,
such that, for each u, ¢ € W1§4m’2)’0(QT) and j =1,...,m, the following inequal-
ities hold:

2m,1
1L (u)d ( )§w1(IIUHSS;Q))||¢H§Sf)»
p,QT
1B ()gllns, ™A P <o (Jlulli el
IF(-, - u DY, D2 )70 <wn(lullygr Il g,
s L
<wr(lullSa) el e,

where the operators L(u), Bj(u) are defined by equalities (3.16), (3.17).
PrOOF. We denote ||u\|§$f)R. Conditions (F4), (G4) imply that the norms
of operators L(u), Bj(u) in the corresponding spaces

W1§2m,1),0(QT)’ W}gélmfmj71/p,27mj/(2m)71/(2mp)),0(ST)

are bounded by some nondecreasing function C’(R). From the definition of L(u),
Bj(u) and the norms in spaces W]Sbk’k)(QT), using Lemmas 2-6 from [7] we get

IL(uw)g)| 20D < C"(R), || Bj(w)g|| S ma =/ p2mmal Gmm1/Gme)) o o gy

p,Qr p,ST

where ¢ € W (4m,2), 2(Qr) and H(;S||p422nT2 = 1. That, in fact, proves first two
inequalities.

Another two inequalities could be obtained from the first two ones and the
identities

1
F(',',U7D1u,...7D2mu) :/ L(SU)UdS,
0

1
Gj(z, t,u,...,D™u) = / Bj(su)uds, j=1,m. O

0
LEMMA 3.8. Assume that conditions of Lemma 3.7 are satisfied. Then there

exists a continuous nondecreasing function wy: Ry — Ry such that for each

u, ¢ € Wé4m’2)’0(QT), v E W;gzm’l)(QT)a
w e Wzg4m—mj—1/p,2—mj/(Qm)_l/(Qmp))vo(ST)

and j € 1,...,m, the following inequalities hold:

(4m,2) 2m,1 (4m,2)
[(Ap(u,v), 0)| < walllullSa ) Il o P el e
|<ABj(u7w)’¢>|
4m,2 (4m—mj;—1/p,2—m;/(2m)—1/(2m (4m,2
< wa([[ull D) ]| (g o~ B AT Gm) =L Gme -1y ) (4m2)
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PRrROOF. The proof follows from Lemma 3.7 and the Holder inequality. O

LEMMA 3.9. Assume that conditions (2.4) and (2.5) are satisfied and P €
C(Qr x RM R) for some positive integer M. Let operator

[P(’U)](:Evt) = P(x,t,v(x,t)) [ @m,1), (QT)] - W (2m,1) (QT)

forv € [Wézm’l)’O(QT)]M be bounded and continuous. Then, for a sequence
{v®)} [WéQm’l)’O(QT)]M weakly convergent in [WISQm’l)’O(QT)]M to v and
for {wi} C Wp(2m’1)’O(QT) that weakly converges to wqy in me’l)’O(QT) we
obtain that sequence

pi(, 1) = {[P(™)](@, t) — [PO)](2, ) Hwg (. t) — wo(x, 1))
converges strongly to 0 in WZSQ""”(QT).

PROOF. Using Lemma 3 from [8] and compactness of the embedding of the
space WISQm’l)’O(QT) into C09/m)(Qr) for some § > 0, we obtain p) :=
Pw®) — P(v(®) — 0 in C(Qr). By the definition, we have

at + Z HDOépng,QTa

p,Qr la]<2m

Opr ||”
2 1 k
(oel2m5LyP = H

and we need to establish the convergence of the right hand side to zero.
Both summands from the right side of the equality

0 ap) 0
= o= wo) + 5 (wi — wo)

tend to 0 in L,(Qr) as a result of boundedness of first multipliers and conver-
gence to 0 of second factors.

For |a| < 2m, we can estimate
D%l < u{ 1Dl ~

b3 D AID® (= ) + 1D e — o)l
a'+a’=a
o] |>0
We can obtain convergence to 0 in L,(Qr) for the first and the last summand
from the right side of equality in the way analogous to investigating derivatives
by t. The convergence to 0 in L,(Qr) of other summands follows in view of the
Hoélder inequality and Lemma 4 from [8]. O
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LEMMA 3.10. Assume that conditions of the Theorem 3.5 are satisfied and
the sequence {ur} C W£4m’2)’O(QT) converges weakly to uy € W1§4m’2)’0(QT).
Then the sequence

re(z,t) == F(x,t,ug, D uy, ..., D*™uy,)

- F(l‘7t7U/k, Dluka ER aDQm_luk) - L(Uo)(uk - ’LL[))
converges strongly to 0 in me’l)(QT).

PrROOF. We can rewrite our sequence

re(a,t) = D / {[Fa(ug(, t) = [Fa(uo))(w, 1)} ds D*(ur. — uo),

R u,(f)(m,t) = sug(z,t) + (1 — s)ug(z, t),
[Fo(w)](z,t) == Fy(z,t,u(z,t), D u(z,t), ..., D* ™ u(x,t)).

Then the assertion of the lemma is a consequence of conditions (F1), (F3) and
Lemma 3.9. O

LEMMA 3.11. Assume that conditions (2.4), (2.5) are satisfied and Q €
C(St xRM R) for some positive integer M. Let there exist a positive integer m
such that 0 < m < 2m—1, and for v € [W4m=m=1/p.2=m/2m)=1/(2mp)).0(§ )| M
the operator

[Q))(x,1) i= Q(x,t,v(w, t)): [Wtm =M= 1/p2mm/Gm)=1/ )0 (5o )M
— WAm—m—1/p2=m/(2m)=1/(2mp)) (g,.)

is bounded and continuous and the function V(x,t,() has all mized continuous

derivatives up to the order 4m — m with respect to (;. Then, for each sequence

{U(k)} c [ngélmfiﬁf1/p,2ffﬁ/(2m)71/(2mp)),0(ST)]M

)

weakly convergent in [W,E4m7m71/p’27m/(2m)71/(2mp))’0(ST)]M to v(0, and for
every sequence

{wk} c I/Vp(élm—1:71—1/;),2—77L/(27TL)—1/(2771;0)),0(ST)7
that converges weakly to wy in W,gélm_ﬁl_1/p’2_ﬁl/(2m)_1/(2mp))’0(ST), the se-

quence

on(@,t) == {[Qu™)](x, 1) — [Qu)](w, )} (wk (@, ) — wo(x, 1))

converges strongly to 0 in W,§4m7m71/p727ﬁl/(2m)71/(2mp))(ST).

PROOF. From the definition of the norm in the space

W1§4m—ﬁ1—1/p,2—777./(27n)—1/(2mp)) (St)
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it follows that

I
(4m—m—1/p,2—m/(2m)—1/(2m 7 Adm—m—1/p,2—m/(2m)—1/(2m
o2, 2 B ) 5 g D) G ),

=1
where
(” ||(4m m—1/p,2—m/(2m)— 1/(2mp)))p
Dr d)
/
0 P Am—m—1
- 3 <8t> pegld + (o |G-t/
2ms+|a|<dm—m—1 p,D7(d)

for i = 1,1, and notation > " means summation over multiindices o such that
o, = 0.

Convergence to 0 for summands from sum " can be proved analogously as

(Am—m— 1/p))
2m,p,Dr(d

I() dt |8tDa iy (v'st) - tD?Ul(ﬂl)(Z/j)'p du' ds'
D(d)? |y’ — 2| tP=2 vas

where |a| < 2m —m — 1, a, = 0.
We note o}, (z,t) := [Q™)](z,t) — [Q)](x,1), w)(x,t) = wp(x,t) —
wo(z,t). Using Lemmas 2, 3 from [8] we can obtain the convergence for sequences

J;g(i) =0, w;(i) 0 in C(2m7ﬁ+5,17(ﬁm76)/(2m))(DT(d))

in Lemma 3.9. We consider one summand from norm (HJ ||

for some § > 0. Then, for such multiindices o/, o” such that o/ + o” = a,
obviously we obtain

Daro_;g(i) _ 0’ Do‘”w;c(i) —~0 in C(1+57(1+5)/(2m))(DT(d)).

Using the proved convergence together with an inequality

B o
S DSk 0~ 5 D2l )

8 a a a/ (X//
<K Z { EDy oy, )_EDZ 02(2/,t)‘|Dy wi(y',t)]

a'+a’'=a

/ 6 1" 6 "
1D 01| 205w 1) — D k()

ot~
a 1+6,(1+6)/(2m 7] o'’
N {|D s/em) O pary /’t)‘
9 o a (146,(1+6)/(2m
+ aD oy, (2',t) ’|D k‘D:(dg +8)/(2m)) ly — |1+

it is easy to check that I ,ii) — 0, kK — oo. The rest of summands from norm

(Ha(i) ”(47"—%—1/1))

m.p, D(d) )P could be estimated in the same way. 0
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LEMMA 3.12. Assume that conditions of Theorem 3.5 are satisfied and the
sequence {uy} C W1§4m’2)’0(QT) converges weakly to uy € W1§4m’2)’0(QT). Then,
for fized 5 =1,...,m, the sequence

r,gj)(x, t) == Gj(z,t,ug,...,D™uy,) — Gz, t,ug, ..., D™ ug) — Bj(uo) (ur — uo)

converges strongly to 0 in mefmjfl/pg*mj/(2m)71/(2mp))’0(ST).

PrOOF. We can rewrite r,(j) in the form

. 1
r ()= Y /0{ng(x,t,u,is)(x,t),Dlu,gS)(x7t),...,Dmfu,(:)(ac,t))
|B]<m;

— Gjplx, t,ug(x,t), Dl’u,()(l‘, t)y...,D™ug(x,t))} ds Dﬁ(uk — ug),

where u,(:) (x,t) == sup(x,t)+(1—s)ug(z,t). Then the assertion of lemma follows
from (Gy1), (Gg) and Lemma 3.11. O

ProoF oF THEOREM 3.5. It is obvious that for each fixed u e W1§4m’2)’0(QT)
functional (Au, ¢), defined by (3.11)—(3.15), is linear with respect to ¢. Bound-
edness for functional Au follows from Lemma 3.8.

Lemma 3.8 also gives us the boundedness for the operator A, defined by
(3.10). The continuity for A could be proved in a standard way.

Now we prove that A satisfies (S); condition on W154m’2)’0(QT). We assume
that the sequence {uy} C Wp(4m72)’O(QT) converges weakly to a function ug €
W]§4m’2)’O(QT) and limsup,_, . (Aug, up, — ug) < 0.

We consider the numerical sequence

b = <AE (uk, % — F(x,t, ug, Dluy, ..., DQmuk) — f(:v,t))uk — u0>

SR L )

|a|+2ms<2m

. <gt) "pa [aat(“’“ ) — L(ug) (g — uo)} du dt,

where
Fk(z7t) = F(xat7ukaD1uka s 7D2muk) + f(l',t), k> 0,

and Ap is defined by (3.12). Using Lemmas 3.9, 3.10 we obtain that the se-
quences

Fi(x,t) — Fo(z,t) — L(uo)(ug —uo), Llug)(ug —uo) — Lug) (ur — up)
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converge strongly to 0 in W]§2m’1)(QT). That implies

(3.18) Ep— > U,

la]+2ms<2m Qr

{(;) D° [%@“—Fg(x t)— L(UO)(Uk_UO):|}

(;)sDa{;( i — t0)— L(uo) (ur, — uo)} dar dt — 0,

as k — oo. From the weak convergence uy to ug in W(4m’2)’O(QT) we obtain

19 /QT o (2) 0 [Zn- )]

\oz|+2ms<2m
0N el 2 (e — o) — Liuo) )| dadt — 0
- - —
315 ot Uk Uo Uo )(Uk Uo X )

as k — oo. Using (3.18), (3.19) and the elementary inequality

(3.20) [Yp(a) = ¢p(b)l(a = b) = Cpla = b|", a,beR,
we can get
9 (2m,1) ()
(3.21) E, > Cp(H@t(uk —ug) — L(ug)(ur, — uo) ) +e 7,
P,Qr

where 5,& ) 0, k — oo. For fixed j € 1,...,m, we consider the sequences

BJ(Q = <A(l) (ug, Gj(z,t, ug, ..., D™ uy) — gj(z,t)), up — uo),

for [ = 1,2, 3, where Asgi are defined by (3.13)—(3.15). We will prove that

(3.22) ZBJ‘Q

dm—m;—1/p,2—m;/(2m)—1/(2mp)),0 j
> Cy(I1B; (o) (k. — wo) |1~ H/p2mms/ Gm)=1/ ) Oyp ),

where 5,(5 ) 0, kK — oo. Let us, for example, consider

s Ll

=1 |B|4+2ms=4m—m;

[(g’t)smc:( 0- (;) D2G (o)

{@)SD“B () (k= o) (/1)

iAW i dy' dz'
~ () DB .~ ] O p
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where Gji(z,t) = Gj(z, t,ug,...,D™iuy) — g;(x,t).
From Lemmas 3.11, 3.12 we get the convergence

Bj(Uk)(Uk;—’U,O)—Bj(Uo)(’U/k—U,Q) _>Oa k'—’OO,
ij($7t) — Gj()(x,t) — B]-(uO)(uk — uo) —0, k— o0
in W}g4m m;—1/p,2—m;/(2m)—1/(2mp)) (ST) Then for k — 0o

(3.23) B Z Z /dt// {( )Sfo(G%)(y’,t)

=1 |B|4+2ms=4m—m;
+ [B; (uo) (up — ug)]" )(y 1))

~ () PAERED + B~ )]0}

: { (;)SDS [B(uo) (ur, — 1)y, )

o\ ; dy’ dz’
<8t> DB (uo)(ux, — o))" )(Zlvt)}|y’—z’"+17_2 -

If follows from the weak convergence uy to ug in W,§4m’2)’O(QT) that

(3.24) Z Z / dt / /

=1 |B|+2ms=4m—m;

1(5) i~ (5) D£G§2<zxt>]

: { (;)ng (B (uo) (ux — o) (y/, 1)

a\’ . dy' dz’
_ 8 _ @)y _
<8t> DY [Bj(uo)(ur — uo)]"" (= ,t)} 7 — 0,

when k — co. Using (3.23), (3.24) we obtain that

(3.25) B2)>CZ Z /dt

=1 |B|+2ms=4m—mj;—1

S (B) it - wiwo

_ <§t> D?[B; (o) (uy — wo)] @ (. 1)

Podyd (.2)
ly' — 2/|v+p=2 TERT

where E(j 2 0, £ — oco. By the same reasons we can obtain estimates similar
to (3.23) for Bj(llf)7 B(k) and, as a result, the inequality (3.22).
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It follows from the definitions of operator A and sequences Ej, B](Q that

m 3
(Aug,up — up) = Ex + ZZBJ(Q

j=11=1

Applying estimates (3.21), (3.22) to last equality we obtain

9 (2m,1)\ p
(3.26) limsup {(H(uk —up) — L(ug)(ug — uo) )
k—oo ot p,Qr
318, (wo) uk — wo)| Sg;mj1/p,2m_7/<2m>1/<2mp>>)p} _o.
j=1

From a priori estimate (2.12) for linear parabolic operators we get

. o (2m,1)
(327) fur — ol < K(Hat(uk — ) — L(up) (ug — uo)

p,Qr

(4m—mj;—1/p,2—m;/(2m)—1/(2m
+ZIIB (o) (u, — g1 ™~/ P2mma B p>>>7
Jj=1

where K is independent of k. Inequality (3.27) together with (3.26) proves that
. (4m,2),0
up, — up in Wy (Qr). O

3.3. Reduction to operator equation. Now we can introduce an operator
equation

(3.28) Au=0, ueWHm20Qy),

where the operator A is defined by (3.10). The following theorem shows connec-
tion between the equation (3.28) and the boundary value problem (3.6)—(3.8).

THEOREM 3.13. Assume that problem (3.6)—(3.8) satisfies conditions (2.4),
(2.5), (3.9), (F2)—~(F4), (G2)—~(Ga). A function u € W™ (Qr) is a solution
for the problem (3.6)—(3.8) if and only if it is a solution for the equation (3.28).

Proor. It follows from the definition of Ag, ABj that

AE(U,O) =0, AB]‘ (U,O) =0, j=1m

for u € Wp4m 2), %(Qr). Then the solution u for the problem (3.6)-(3.8) will be

a solution of the equation (3.28).
Let u € Wé4m’2)’0(QT) be the solution for equation (3.28). From Lemma 3.3
we obtain that
0
fo(z,t) == 8—1: - Z ao(z,t,u, D, ... D> 1y) D%,

|a|=2m

— F(z,t,u, D'u,...,D*™u) € me’l)’o(QT),
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gjo(z,t) == Gj(z,t,u,...,D"™u) — g;(x,t)
€ Wm=m;=1/p2=m, m) =1/ 2mp).0(50)  j =1, m.

Lemma 3.1 guarantees the existence of a solution v € W;§4m’2)’0(QT) for
linear problem

% — L(wv(z,t) = fo(z,t), (x,t) € Qr,

Bj(u)v(z,t) = gjo(z,t), (x,t)€Sp, j=1,m.

Functions u, v satisfy equality (Au,v) = 0 which, together with equations (3.10)—
(3.17) implies

0= <AE(u,f0),U> +

NE

(A, (u, gj0),v)

—

4m—m;—1/p,2—m;/(2m)—1/(2m
(HQJ'OHZ(),ST /p /(2m)=1/( P)))p_

NER

2m,1
= (lfoll o yP +

J

Il
—

Then fo =0, gjo =0, j = 1,m, and the function u will be the solution of the
problem (3.6)—(3.8). O

3.4. Topological characteristic of parabolic problem. Using the notion
of the degree for (S)4 operators (see [6], [7]) we can introduce a topological char-
acteristic for the problem (3.6)—(3.7). Namely, for an arbitrary bounded domain
D in W154m’2)’0(QT), we define an integer number Deg(A, D,0) (see Section 2,
Chapter 2 from [7]) provided the following condition is satisfied

(3.29) Au#0, wedD.

Some applications of this characteristic to the study of solvability of initial
boundary value problem (3.6)—(3.8) will be given in Section 4.

4. Some applications

Having reduced problem (3.6)—(3.8) to the operator equation with the op-
erator satisfying (S)4 condition, we can investigate solvability of the operator
equation (3.28) instead of studying solvablitity of problem (3.6)—(3.8). Then we
can apply topological methods developed in [6], [7].

4.1. Uniqueness of solution.

THEOREM 4.1. Let conditons (2.4), (2.5), (3.9), (F2)—(F4), (G2)—(Gy4) for
the problem (3.6)—(3.8) be fulfilled. Then the problem (3.6)—(3.8) can have at
most one solution.
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PROOF. Let {ug,u1} € W,S4m’2)’0(QT) be two solutions of the problem (3.6)—
(3.8). Then

0
(41) a(ul_UO)_F(xat7u17D1u17"'7D2m71u1)

—‘rF(J),t,’U,O,Dl’U,O,...7D2m71U0) 207 (Z‘,t) EQTv

Gj(z,t,u1,...,D™uy) — Gj(z,t,ug,...,D™ug) =0, (x,t)€Sp, j=1,m,
ur —ug € W™20(Qr).

From (4.1) we can discover that u; — ug is the solution for the problem

(4.2) g(ul —ug) + Z o (x,t)D¥(uy —ug) =0, (z,t) € Qr,

ot
|| <2m
(4.3) Z gjg(x,t)Dﬁ(ul —ug) =0, (z,¢) € Sr, j=1,m,
|BI<m;
(4.4) u —ug € WHD0(Qr),

where, for |a| < 2m, |B] < m;,

1
Bulir ) = [ Falotous(e,0). Dy (a0 D" ,1)) ds,
0

1
big(z,t) == Gjg(z,t,us(z,t),...,D™us(z,t))ds, j=1,m,
0
us(x,t) =sug(z,t) + (1 — s)ui(z,t).

The problem (4.2)—(4.4) satisfies conditions of Theorem 2.2. Applying a pri-
ori estimate (2.12) to solution of (4.2)—(4.4) we get that u; — ug = 0. O

COROLLARY 4.2. Assume that conditions (2.4)—(2.7), (F1), (F2), (G1), (G2)
for the problem (2.1)—(2.3) are fulfilled. Then the problem (2.1)—(2.3) can have
at most one solution.

4.2. Local existence of solution.

THEOREM 4.3. Assume that conditions (2.4), (2.5), (3.9), (F2)—(F4), (G2)-
(Gy4) for the problem (3.6)—(3.8) are satisfied and K is some positive number.
Then, there exists a positive number Ty, depending on K, but independent on
functions from the right side of the problem (3.6)—(3.8), such that the problem
(3.6)—(3.8) has a solution u € W154m"2)’0(QT) for 0 < T < Ty provided the
following inequalities hold:

(4.5) ”f”(Qm,l) <K ”gj”(4m—mj—1/1072—7"3'/(27”)—1/(27”17)) <K

p.Qr p,St j=1m.
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Proor. Let R be some positive number. We can choose a number T, depen-
dent on R, such that, for u € W,g4m’2)’0(QT) with ||u||;4gLT2) <R for T € (0,T1],
the following inequalities hold

2m,1 4m,2
|l < M ullye:?.

m 2m,1 4m,2
|E(C-, -, u, D'u,...,D? u)||1(77QT ) < C(l)”“H;,QT )7

6)
7)
8) IL(w)u — LO)u)| 50 < ¢O(T)|[u) 527,
9)

IF(- - u, Dhuyo D) = LO)ul 2, < OO ullyi;?

(4.
(4.
(4.
(4. p,QT

p,QT

where L(u)¢ is defined by (3.16), numbers C(), C®) are independent of u, R,
and C®(T) tends to 0 as T tends to 0.

Using estimates (4.6)—(4.9), we can estimate the difference

dl = <AE(U,881:F(xatauaDlua"'7D2mu)f(w’t)),u>

an(0.22 - nion) ),

where T € (0,T1], u € W£4m’2)’O(QT), the Ag is defined by (3.12). Using the
last inequality we can prove the following estimates for u € W1§4m’2)’0(QT) such
that [lulln:? = R and T € (0, T3):

Case 1. Non-integer p

[p]—1
(4.10)  |dy| < CL(T)RP + +02( > KR+ KPR+ K”[p]R[p]>,

k=1
Case 2. Integer p
p—1
(4.11) |di| < C3(T)RP + Cy Y K (R+ K)P* 'R,
k=1

Here C4,...,Cy are independent of u, R and C1(T), C5(T) tend to 0 as T — 0.

Analogously to (4.6)—(4.9), we obtain that it is possible to choose a positive
number T3, depending on R, such that for u € W];47n’2)’0(QT), ||u||;4gT2) <R,
T € (0,T5] and j =1,...,m, the following inequalities hold

(4.12) B, (U)UHSE{:WJ'—1/P72—mj/(2m)—1/(2m1>)) < C(S)”unz(;lgf),

(413) G5+ -yu,e, DMow)|[Slg T T T T )

4m,2
<CO|u)|S52),

(4.14) ||Bj (w)u — B; (O)UH(4m*mj*1/Pa2*mj/(2m)*1/(2mp))

p,ST
4m,2
<C(T) |lull 52
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(4m—m;—1/p,2—m;/(2m)—1/(2mp))
|P7ST

(4.15) ||G5(-, - u,...,D™u) — B;(0)u

4m,2
< C(T) |lullS'5?

where Bj(u)¢ is defined by (3.17), C®), C™® does not depend on u, R, and
C™(T) tends to 0 as T tends to 0.
Using (4.12)—(4.15) we can evaluate the difference

dyj = (Ap, (u,Gj(z,t,u,...,D™u) — gj(x,t)),u) — (Ap, (0, B;(0)u),u),
where Ap, is defined by (3.13) and prove the following inequalities for T" € (0, T3],

4m,2), 4m,2) .
w e WEmD0Qu), [ul 2D — R, je,...,m
Case 1. Non-integer p

[p]—1
(4.16) |da;| < C5(T)RP + 06( Y KR+ E)PFIRN 4 Kp‘[p]R[p]>,
k=1

Case 2. Integer p

p—1
4.17 doi| < Co(T)RP + Cs S K (R+ K)PF 1 RF,
J
k=1

Here C5—Cy are independent of u, R, and C5(T), C7(T) tend to 0 as T tends
to 0.

Choosing T3 := min {7}, T>} we get that inequalities (4.10), (4.11), (4.16),

(4.17) are satisfied for T' € (0,75] u € W1§4m2 (Qr), |lu ||;4$T2 < R. Thus,

using definitions of di, daj, we have
ou
(4.18) (Au,u) >( Ag| 0 ' BE —L0O)u ), u
m
+ D (A5, (0, Bj(0)u), u) — Co(T)R? — Cro (K, R),
j=1
where constants are independent of u, R, Co(T) — 0, C19(T) — 0 as T — 0 and

¢(K,R)/RP — 0 when R — oc.

A priori estimate (2.12) gives us the inequality

(4.19) <AE( ‘?Lf ) >+§A3 (0, B; (0)u), u)

;

where C1; is independent of w.

ot ;D Qr p,ST

9 m, - m—m;— —m;/(2m)— m
U L0yu)® 1>) 3 (1B (Ol a2 @ =1 @)
j=1

4m,2
> Cua(||ullSp?)P,
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Inequalities (4.18), (4.19) allow to get estimate
(Au, u> > CllRp — Cg(T)Rp — CloE(K, R)

that implies inequality
(Au,u) >0

for u € WS 2Y(Qr), T € (0,Ty), ||u||1(14$T2) = Ry for sufficiently small Ty < T3
and sufficiently large Ry.

Thus we have conditions of Theorem 4.4 from Chapter 2 of [7] satisfied. Then

Deg(A, Bg,(0),0) =1,

where Br, (0) = {[lu € Wy ?*(Qr)| : [ully5;” = Ro}.

Using Corollary 4.1 from Chapter 2 of [7] we assert that the operator equation
(3.28) has a solution in Bg,(0). The solvability of problem (3.6)—(3.8) follows
then from Theorem 3.13. O

COROLLARY 4.4. Assume that conditions (1.4)—(1.7), (F1), (F2), (G1), (G2)
for the problem (2.1)—(2.3) are fulfilled and K is some positive number. Then
there exists a positive Ty that depends on K, such that the problem (2.1)—(2.3)
has a solution u € W1§4m’2)(QT) for 0 <T < Ty if the following inequalities hold:

Hf”(Qmal) < K, ngH(4m—mj—1/p,2—mj/(2m)—1/(2mp)) <K,

p.Qr .57 J=1m,

4m—2
R)26 2P < K.

4.3. Conditional solvability of initial boundary value problems. We
include initial boundary value problem (3.6)—(3.8) into a one-parameter family
of problems

(4.20) <I>N7[u] = % — F(2,t,u, D", ..., D*™u) = 7f(x,t), (z,t) € Qr,
(4.21) W, Ju] = Gj (2, t,u,...,D™u) = 1g;(x,t), (x,t) € Sy, j=1,m,
(4.22) ue WHm™20(Qr),

where

FT(x’t7£) = F(T,(E,Lf), TE [07 ]-}7 (xvt) € QT7 f € RM(2m)v
Gj,T(xvtaCj) = Gj(ﬂx,tygj), T E [0, 1}, (l‘,t) € Sr, Cj e RM(mj), 7j=1m.

We assume that F(z,t,&) = Fi(z,t,€), Gj(z,t,(;) = Gj1(x,t,¢;), where the
functions F'(x,t,€), G;(x,t,¢;) appear in the left side of equations in problem
(3.6)—(3.8).
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THEOREM 4.5. Let functions Fy(xz,t,£) together with all their derivatives
w.r.t. €z up to the order 2m + 1, be continuous for T € [0,1], (z,t) € Qr,
£ € RMC™) F (2,t,0) = 0 and we assume that, for every T € [0,1], function
Fr(z,t,€) satisfies conditions (Fz), (Fa). Let function G, (x,t,(;), j€1,...,m
and all their derivatives up to the order 4m —m;+1 w.r.t. (g, be continuous for

€ [0,1], (z,t) € Sp, ¢; € RMU™) G, (x,t,0) = 0 and functions G; ., satisfy
conditions (Gz), (Ga), for every 7 € [0,1]. Assume that conditions (2.4), (2.5)
are fullfilled and, for each T € [0,1], inclusions (3.9) are valid. We suppose that
there exists a number R = R(f,g1,...,9m) independent of 7 and such that the
problem (3.20)—(3.22), for each T € [0,1], has no solutions outside the ball

(4.23) {ue WmD0Qr) « |lu, |52 < R).
Then the problem (3.6)—(3.8) has the unique solution u € W]§4m’2)’O(QT).

PROOF. We can reduce parametrical family of problems (4.20)-(4.22) to
one-parametrical family of operator equations

(4.24) Aru=0, ueWHmDQr),

where A, is defined by equality

d —
(Ayu, §) = ]1)— [<||<1>T[u T 58] — T fICmD

p,ST

Z (150 [+ s8] — 7g;]| 40~ mj—1/p72—m47-/<2m>—1/<2mp>>)p]

s=0

Using results of Theorem 3.5, we can assert that for each 7 € [0, 1], operator
A; is bounded, continuous and satisfies (S)4 condition on W(4m 2, 2(Qr). Tt fol-
lows from Theorem 3.13 that solvability of the problem (3.6)—(3.8) is equivalent
to solvability of operator equation Aju =0, u € W1§4m’2)’O(QT).

We define

D = {u e WHm20(Qp) : [ull'e? < R+1},
where R is the number from (4.23). Then, for every 7 € [0, 1], the inequality
(4.25) A;u#0, ue€dDg,

holds and the operator degree Deg(A,, Dg,0) is well defined.
Similarly to the proof of Theorem 3.5, we can prove that the operator family
A, has the following properties:

(1) for each sequence {ug}p>, C W1§4m’2)’0(QT), that converges to uy €
Wi ™2:0(Qr), and for every sequence {7}, C [0,1] such that 75, —
7o, it follows that A, ur — A uo;
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(2) for each sequence {uy}22, C W1§4m’2)’0 (Qr), weakly convergent to ug €
W1§4m’2)’0(QT), and and for every sequence {7 }7°, C [0,1] {7}, C
[0, 1], such that 7, — 79, condition

lim (A up,up —ug) =0

implies the strong convergence uy to ug.

Using properties (1), (2) and inequality (4.25) we prove homotopy of map-
pings Ap and A; on Dg. From the Theorem 4.1 from [7] it follows that

DEg(A()v D7R7 0) = Deg(Al 3 DiRv 0)
In full analogy to the proof theorem 4.3 we obtain that inequality
<A0’U,, U> > 07

is valid for u € W*™?°(Qy), ||u||$glf) = ro when r¢ > 0 is sufficiently small.
In fact, it implies that

(4.26) Deg(Ao, By, (0),0) =1,

where By, (0) = {u € WS 0(Qr) : [u] 42D < o).

It is easy to check that the function u = 0 will be solution of operator
equation Agu = 0. From the Theorem 4.1, (4.26) and Theorem 5.1 (Chapter 2
of [7]) we have

Deg(Ag, Dg,0) = 1.
Using Corollary 4.1 ([7, Chapter 2]) we obtain solvability for (3.6)—(3.8). O

4.4. Theorem of domain preservation.

THEOREM 4.6. Assume that initial boundary value problem (3.6)—(3.8) sat-
isfies conditions of Theorem 3.5 and D is the open set in W1§4m’2)’0(QT). Then
the set

9
R(D) = {(a;‘—F(-, < u,D'u,...,D*™u),Gyi(-, -, u,...,D™u),...,

Gm(-, -,u,...,Dmmu)) ju € D}
will be open in space
WIE2m,2{mj}),O(QT7 St)

— ng2m’1)70(QT) « < H W(4mmj1/p,2mj/(2m)1/(2mp)),O(ST)> )

j=1

PROOF. The proof of theorem is fully analogous to the proof of Theorem 6.1
from [2]. O



30 I. V. SKRYPNIK I. B. ROMANENKO

COROLLARY 4.7. Assume that initial boundary value problem (3.6)—(3.8) sat-
isfies conditions of Theorem 3.5. Then the set

R(O) = {<f7 g1, .- agm) S W1§2m7{mj}),O(QTa ST) :
problem (3.6)—(3.8) has a solution u € W154m’2)’0(QT)}

is open in WISQm’{mJ})’O(QT, St).

COROLLARY 4.8. Assume that initial boundary value problem (3.6)—(3.8)
satisfies conditions of Theorem 2.5 and U:R©) — W,£4m’2)’0(QT) 18 operator
which maps a vector of functions (f,g1,...,9m) € R(©) (where RO 4s defined in
Corollary 4.7) onto the solution of problem (2.6)—(2.8). Then, the operator U is

continuous on R(©)

4.5. Convergence of the Galerkin approximants. Let {v;}?, be the
complete system of functions in W,S4m’2)’0(QT). Assume that initial bound-
ary value problem (3.6)—(3.8) satisfies conditions of Theorem 3.5. By a &
approzimate solution of boundary value problem (3.6)—(3.8) we mean the func-
tion ug such that

]
Ug = Z c,(f)vk(x, t)
k=1

and
(Aug,vp) =0, k=18,
where c,(f) are real numbers and the operator A is defined by (3.10).
We say that the problem (3.6)—(3.8) has a bounded sequence of K-approzimate
solutions if there exists a number Ky such that for 8 > &y the problem (3.6)—(3.8)
has an R - approximate solution and the sequence {u}3_ s is bounded.

THEOREM 4.9. Assume that conditions (2.4), (2.5), (3.9), (F2)—(F4), (G2)-
(Gy) for the problem (3.6)—(3.8) are fulfilled. The problem (3.6)—(3.8) has a solu-
tion ug € Wp(4m’2)’O(QT) if and only if it has bounded sequence of R-approximate
solutions {ug}3_ gz, - The sequence ug strongly converges to ug in W,S4m’2)’0(QT).

PROOF. The proof of the theorem is identical to the proof of the Theorem 7.1
from [2]. O
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