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NEW APPLICATION OF HOMOTOPY
PERTURBATION METHOD TO ZK-MEW EQUATION

JIA-CHENG LAN — JIA-MIN ZHU — ZHENG-YI MA

ABSTRACT. The work presents a derivation of solitary solutions of the two-
dimensional Zakharov—Kuznetsov Modified Equal Width (ZK-MEW) equa-
tion using the homotopy perturbation method.

1. Introduction

The discussed Zakharov—Kuznetsov (ZK) equation has been studied by many
authors via different approaches. The ZK equation governs the behaviour of
weakly nonlinear ion-acoustic waves in a plasma comprising cold ions and hot
isothermal electrons in the presence of a uniform magnetic field [18]. In [15],
the ZK equation is solved by the sine-cosine and the tanh-function methods.
The numbers of solitary waves, periodic waves and kink waves of the modified
Zakharov—Kuznetsov equation are obtained by A. M. Wazwaz [16]. Recently,
Mustafa Inc [10] obtained some exact solutions for the ZK-MEW equation by
using extended tanh-method. The modified equal width (MEW) equation is
given by

Uy + 3u2u1 — QUggt = 0
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has been discussed in [10], [15], [16], [18]. The MEW equation is related to
the RLW equation. This equation has solitary waves with both positive and
negative amplitudes. We will consider two-dimensional ZK-MEW equation in
the following form:

(1.1) U + a(uS)m + (bugt + ryy)e =0,

where a, b and r are constants.

The homotopy perturbation method (HPM) was first proposed by He [5]-
[9]. The HPM does not depend on a small parameter in the equation. Using
homotopy technique in topology, a homotopy is constructed with an embedding
parameter p € [0, 1] which is considered as a “small parameter”. Recently, many
researcher do a lot of significant work about the homotopy perturbation method
[11], [14].

In this paper we further extend the method to solve the nonlinear ZK-MEW
equation. By using the HPM, we get the explicit solutions of the nonlinear
ZK-MEW equation without using any extended-tanh method. The method pre-
sented here is also simple to use for obtaining numerical solution of the equations
without using any discrete techniques. Furthermore, we will show that consid-
erably better approximations related to the accuracy level are obtained.

2. Analysis of He’s homotopy perturbation method

The principles of the HPM and its applicability for various kinds of differen-
tial equations are given in [4]-[8], [11], [14]. To illustrate the basic ideas of this
method, we consider the following nonlinear differential equation [5]:

Alu) = f(r) =0, req,
with the boundary conditions of
B(u,0u/on) =0, rel,

where A is a general differential operator, B is a boundary operator, f(r) is a
known analytical function and I" is the boundary of the domain 2.

Generally speaking, the operator A can be decomposed into two operators,
L and N, where L is linear, and N is a nonlinear operator. Equation (1.1) can
therefore be rewritten as follows:

L(u) + N(u) — f(r) =0.

By the homotopy technique, we construct a homotopy V(r,p):Q x [0,1] — R
which satisfies:

(2.1) H(V,p) = A1 =p)[L(V) = L(uo)| +p[A(V) = f(r)] =0, pe0,1], r €,
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(2.2) H(V,p) = L(u) — L(uo) + pL(uo) + p[N (V) — f(r)] = 0,

where p € [0,1] is an embedding parameter, ug is an initial approximation of
equation (1.1), which satisfies the boundary conditions. Obviously, from equa-
tions (2.1) and (2.2), we will have:

H(V,0) = L(V) — L(ug) =0, H(V,1) = A(V) — f(r) = 0.

The changing process of p from zero to unity is just that of V(r,p) from ug(r)
to u(r). According to the HPM, we can first use the embedding parameter p as
a “small parameter”, and assume that the solution of equations (2.1) and (2.2)
can be written as a power series in p:

V=Vot+pVi+p*Va+...
Setting p = 1 results in the approximate solution of equation (1.1):

u=11r1%V=V0+V1+V2+...
p:

3. Soliton solutions for the two-dimensional ZK-MEW equation

To investigate the traveling wave solution of equation (1.1), we first construct
a homotopy as follows:

ou  Aug ou 5 O0u Pu Pu

Suppose the solution of equation (3.1) and the initial approximations are as

follows:
(32) uo(x,y,t) = u(a:,y, 0)7
(33) u(z,y,t) = U(z,y,t) = ug + pus + p°uy + puz + - -

where u;(i = 1,2, ...) are functions of (z, y, t) yet to be determined. Substituting
equation (3.3) into equation (3.1), and equating the coefficients of the terms with
the identical powers of p, we have

0 0 o? of O o?
(o) = () +r (o) + 20t () + () )

+ (b(agm) + 6auguy (8u0> + <8u2>

0x20t ox ot

3

+ 3aug (;Cm) +r (8y628xu1> )p2
+ (r <a3u2> + 3au? (au0> + 6augu <au1>

Oy?0x '\ ox ox
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0 0 0
+ (atU3> +b<atu;>,> + b(MU/Q)
9 2o O 3
+ 6augus <%u0> + 3aug (&EUQ))p 4+...=0.

In order to obtain the unknowns of u;(i = 1,2,...), we must construct and
solve the following system which includes three equations with three unknowns,
considering the initial approximations of equation (3.1)

0 0 03 of 0 03

(E)tul) + (atuo> +r<8y28mu0> +3au0<8tu0) + b(Mu()) =0,
b(@‘?’m) + 6auguq (au0> + (811,2)
0x20t Oz ot

3

+3aug (;xm) +T(8y828xu1> =0,
03 of O 0 0
r(WuQ> + 3au] <8mu0> + 6auguy <8xu1> + <8tU3)

0 0 of O
+b<8x?8tu2) + 6augus <8tu0> + 3aug (&Em) =0.

If the first three approximations are sufficient, we will obtain:

3

(34) o) = i Ul nt) = 3 sl )

4. Application

Firstly, we consider the solutions of equation (1.1) with the initial condi-
tion [10]:

2c c c
(4.1)  wu(x,y,0) = _”_E tanh [ —bcr(a:—&—y)}, where e

To calculate the terms of the homotopy series (3.4) for u(z,y,t), we substitute

< 0.

the initial conditions (4.1) into the system (4.2), and finally using Maple, the
solutions of the equation can be obtained as follows:

(4.2) wo = — \/—Tactanh {m(:ﬂ + y)]a

(4.3)  wy =(32v/2r tanh(v2z + v2y)? 4 24v/2a tanh(v/2z 4+ v2y)?
— 24v2a tanh(vV2z + v2y)* — 8rv/2 — 24v/2r tanh(v22 + V2y)* )t

(4.4) uy = — 32(192asinh(vV2(z + y)) cosh(V2(x + y))?r
— 54a? sinh(v2(z + ) + 12072 sinh(V2(z + y)) cosh(vV2(z + y))?)
— 82 sinh(v2(x + )) cosh(v2(z + y))*
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+ 72a” sinh(V2(x + y)) cosh(v2(z + y))? — 18072 sinh(v2(z + ¥))
— 18a? sinh(v/2(z + y)) cosh(V2(z + y))*
— 24rsinh(v2(z + y)) cosh(V2(z + y))*a

))c
— 234asinh(V2(x + y))r)t?/
cosh(v2(z + )7 — 32(—30bv/2 cosh(V2(x + 4))®)r
— 330v2 cosh(v2(z + y))3a + 6bv/2 cosh(V2(z + y))°a
+ 4bv/2 cosh(V2(z + 4))°r + 300v/2 cosh(vV2(x + y))r
+ 30bv/2 cosh(vV2(z + y))a)t/ cosh(V2(x + y))7,
%((1105927"(12\/5 + 737287242 + 552960° V2 + 163847°/2)

- cosh(8v/2z 4 8v/2y)

+ (—112803847raV/2 — 8224768r3V/2 — 1695744012 a\/2

— 2543616a°V/2) cosh(6v/2z + 6v/2y)

+ (—669966336ra%v/2 — 61157376a°v/2 — 14456258561 v/2
— 205450444872 av/2) cosh(2v/2z + 2v/2y)

+ (239337472r3V/2 + 37866700812 a\/2 4 20791296a°v/2
+1601372167a?V'2) cosh(4v/2x + 4v/2y) + 42854400a°v/2
+ 1764679680r2aV/2 + 528076800rav/2

+ 127950884807 v/2t> / (cosh (10v/ 2z + 10v/2y)

+ 10 cosh(8V2z + 8v/2y) + 45 cosh(6v/2z + 6v/2y)

+ 120 cosh(4v2z + 4v/2y) + 210 cosh(2v/2z + 2v/2y) + 126)
+ %(5566955527"217 + 648806400rba 4 96657408ba?)

-sinh(2v/2z 4 2v/2y) /(cosh(10v/2x + 10v/2y)

+ 10 cosh(8V2z + 8v/2y) + 45 cosh(6v2x + 6v/2y)

+ 120 cosh(4v2z + 4v/2y) + 210 cosh(2v/2z + 2v/2y) + 126)
+ %(18874368rba + 1209139272b + 6414336ba*)

- cosh(8v/2z 4 8v/2y)/(cosh(10v/2z + 10v/2y)
+ 10 cosh(8V2z + 8v/2y) + 45 cosh(6v/2z + 6v/2y)
+ 120 cosh(4v2z + 4v/2y) + 210 cosh(2v/2x + 2v/2y) + 126)

1
+ g(—11059%@2 — 1474561ba — 49152r%b) sinh(8v/ 2z + 8v/2y)/

(cosh(10v2z + 10v/2y) + 10 cosh(8v/2x + 8v/2y)
+ 45 cosh(6v/2 + 6v/2 + 120 cosh(4v/2z + 4v/2y)
+ 210 cosh(2v/2z 4 2v/2) + 126)2
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(12288bv/2r + 18432b%v/2a) cosh(8v/2x + 8v/2y)

—1585152b%v/2a — 1449984b%/2r) cosh(6v/2z + 6v/2y)
—18923526%V/2r — 1363968b/2a) cosh(2v/2x + 2v/2y)

+ (11501568b*v/2a + 11698176b%/2r) cosh(4v/2z + 4v/2y)

— 144691200*v/2a — 150528006 v/2r)t/ (cosh(10v/2x + 10v/2y)
+ 10 cosh(8V2z + 8v/2y) + 45 cosh(6v2x + 6v/2y)

+ 120 cosh(4v2z + 4v/2y) + 210 cosh(2v/2x + 2v/2y) + 126).

Wl =

+
+
+

—~~

In this manner the other components can be easily obtained. Substituting equa-
tions (4.2)—(4.5) into (3.4):

u(x, Y, t) = UO(xa Y, t) =+ U1(ZC, Y, t) =+ UZ(JC’ Y, t) =+ Ug(l‘, Y, t) +..
Using Taylor series, we obtain the closed form solutions as follows:

C

2c c
t) = —\/——tanh |,/ — —ct 0
ul@,y,t) = =/~ an[ @ty c>], <

With initial conditions (4.1), the solitary wave solutions of equation (1.1) are in

full agreement with the ones constructed by Mustafa Inc [10].

(x,9,t) | [texact = Uhomotopy| | [Uexact — Uhomotopy |/Uhomotopy
(8,8,0.1) 1E-09 5E-10
(8,8,0.2) 9E-09 4.5E-09
(8,8,0.3) 1E-09 5E-10
(8,8,0.4) 2E-09 1E-09
(8,8,0.5) 2E-09 1E-10
(13,13,0.1) 1E-09 5E-10
(13,13,0.2) 9E-09 4.5E-09
(13,13,0.3) 1E-09 5E-10
(13,13,0.4) 2E-09 1E-09
(13,13,0.5) 2E-09 1E-10
(10,10,0.1) 1E-09 5E-10
(10,10,0.2) 9E-09 4.5E-09
(10,10,0.3) 1E-09 5E-10
(10,10,0.4) 2E-09 1E-09
(10,10,0.5) 2E-09 1E-09

TABLE 1. The HPM results for u(z,y,t) for the first three approximations
in comparison with the analytical solutions when a =1, b = —1, ¢ = -2,
r = 1, for the solitary wave solutions with the initial conditions (3.2) of
equation (1.1).
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5. Discussion and conclusion

In this paper, the homotopy perturbation method (HPM) was used for finding
soliton solutions of a Zakharov—Kuznetsov Modified Equal Width (ZK-MEW)
equation with initial conditions. The obtained solutions are compared with the
extended tanh-method [10]. To demonstrate the convergence of the HPM, the
results of the numerical example are presented and only few terms are required to
obtain accurate solutions. The accuracy of the HPM for the Zakharov—Kuznetsov
Modified Equal Width (ZK-MEW) equation is controllable, and absolute errors
are very small with the present choice of ¢ and x, y. These results are listed in
Tables 1, it is seen that the implemented method achieves a minimum accuracy
for the first three approximations for the initial conditions (4.1). It is also evident
that when more terms for the HPM are computed the numerical results get much
more closer to the corresponding exact solutions with the initial conditions (4.1)
of equation (1.1).
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