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EXISTENCE OF POSITIVE SOLUTIONS TO SYSTEMS
OF NONLINEAR INTEGRAL OR DIFFERENTIAL EQUATIONS

X1YOU CHENG — ZHITAO ZHANG

ABSTRACT. In this paper, we are concerned with existence of positive so-
lutions for systems of nonlinear Hammerstein integral equations, in which
one nonlinear term is superlinear and the other is sublinear. The discus-
sion is based on the product formula of fixed point index on product cone
and fixed point index theory in cones. As applications, we consider exis-
tence of positive solutions for systems of second-order ordinary differential
equations with different boundary conditions.

1. Introduction

In this paper, we consider existence of positive solutions for the following

system of nonlinear Hammerstein integral equations

u() = /, (2, y) Fa (9, uly), v(y)) dy for v € 0,
()
o(z) = [ ko, 1) foy, uly), v(y)) dy for = € T,

where Q C R™ is a bounded domain, k; € C(QxQ,RT), f; € C(AxRT xRT RT)
(i =1,2) and R* = [0, 00).
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DEFINITION 1.1. Let CT(Q) = {u € C(Q) | u(z) > 0, for all z € Q}, we
say that (u,v) is one positive solution, if (u,v) € [CF(Q)\ {8}] x [CT(Q) \ {6}]
satisfies system (S).

The study of nonlinear Hammerstein integral equations was initiated by
Hammerstein, see [4]. Subsequently a number of papers have dealt with ex-
istence of nontrivial solutions of nonlinear Hammerstein integral equations, see
the monographs [3], [5] and the references therein. To the best of our knowledge,
the papers dealing with existence of nontrivial solutions, especially positive so-
lutions for system (S) are few, see [7]-[10]. They mainly studied existence of
nontrivial or nonnegative solutions for systems of nonlinear Hammerstein in-
tegral equations by use of topological methods or fixed point index theory in
cones.

Recently, in [1] Cheng and Zhong considered existence of positive solutions
for a super-sublinear system of second-order ordinary differential equations by
applying the product formula of fixed point index on product cone and fixed point
index theory in cones. Motivated by these works, we shall deal with existence of
positive solutions for system (S), in which one nonlinear term is superlinear and
the other is sublinear. As applications, we consider existence of positive solutions
to systems of second-order ordinary differential equations with superlinear and
sublinear nonlinearities under different boundary conditions.

Throughout this paper, we suppose that kernel functions k;(x,y) (i = 1,2)
satisfy the following conditions:

(i) ki(z,y) = ki(y, ), for all x,y € Q;
(ii) there exist p; € C(Q), 0 < p;(z) < 1 such that

ki(z,y) > pi(x)ki(z,y), forall z,y,2 € O;
(iil) max, g [qki(z,y)pi(y) dy is positive.
LEMMA 1.2. Let B;: C(Q) — C(Q) be defined by
Baulo) = [ kepudy, =12
Then the spectral radius of B;, r(B;) is positive.

PROOF. From the definition of B; and the conditions about k;, we have

Bipi(z) = /ﬁ ki(z, y)pi(y) dy > pi(z) /ﬁ ki(z,y)pi(y) dy, = €Q,
and
Bipi(x) > pi(x)|Bipil, =€,
here
| Bipill = ma}ﬁki(x,y)pi(y) dy > 0.
zeQ JQ
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By induction, we get
Bi'pi(x) = pi(2)| Bips||", x €,
thus ||BP|| > || Bip:||"*. From the formula of spectral radius, we know that

r(Bi) = lim || BF|Y" > || Bipi]| > 0. 0

DEeFINITION 1.3. If f1, f2 in system (S) satisfy the following assumptions:

(Hy) lim sup max fi@,u,v) < uniformly w.r.t. v € R™;
u—0t zEQ u r(B1)
1
(Hz) lim inf min fol@, u,v) uniformly w.r.t. u € R,
v—0t £ v T<B2)

then we say that f; is superlinear with respect to u at the origin and that fs is
sublinear with respect to v at the origin.

DEFINITION 1.4. If f1, f in system (S) satisfy the following assumptions:

(Hs) lim inf min A, u0) > uniformly w.r.t. v € RT;
u=0o peg U r(Bi)
1
(Hy) lim sup max folw,u,v) < uniformly w.r.t. u € RT,
v—oo TEQ v T(BQ)

then we say that fi is superlinear with respect to u at infinity and that fs is
sublinear with respect to v at infinity.

Our main result is the following.

THEOREM 1.5. Assume that f1 is superlinear w.r.t. u at the origin and in-
finity, fo is sublinear w.r.t. v at the origin and infinity and satisfies the following
condition:

(G) limsup,, ., max, g fo(z,u,v) = g(v) uniformly w.r.t. v € [0, M] (for

all M > 0), here g is a locally bounded function.

Then system (S) has at least one positive solution.

REMARK 1.6. If f; is superlinear w.r.t. u at the origin and infinity and fs is
also superlinear w.r.t. v at the origin and infinity, then system (S) has at least
one positive solution, which can be seen from Steps 1 and 2 in the proof of our
theorem.

REMARK 1.7. If f; is sublinear w.r.t. u at the origin and infinity and f5 is
also sublinear w.r.t. v at the origin and infinity, furthermore, there exist locally
bounded functions ¢g; and gs such that

lim sup max fi (z, u, v) = g1 ()
v—oo €



270 X. CHENG — ZH. ZHANG

uniformly w.r.t. u € [0, M] and

lim sup max fo(z, u,v) = g2(v)

u—-+oo x€
uniformly w.r.t. v € [0,M] (for all M > 0), then system (S) has at least one
positive solution, which can be seen from Steps 3 and 4 in the proof of our
theorem.

The paper is organized as follows: in Section 2, we make some preliminaries;
in Section 3, we prove our main result; in Section 4, as applications, we prove
existence of positive solutions to systems of second order differential equations
with different boundary conditions.

2. Preliminaries

In this section, we shall construct a cone which is the Cartesian product of two
cones and change the problem (S) into a fixed point problem in the constructed
cone. At the same time, we will give some useful preliminary results for the
proof of our theorem.

It is well known that C(Q) is a Banach space with the maximum norm
ul = max, g |u(z)], and CT(Q) is a total cone of C(2). Choose bounded
domains ; C Q (i = 1,2) such that §; L min, 5. pi(z) > 0, which is feasible
by the hypotheses of p;. Now construct sub-cones and subsets as following:

K; ={u e Ct(Q)|u(x) > ul, for all z € Q;},
K, ={ue K;||u|| <r}, OK, ={uekK,;||u|=r}, forallr,>0.
Noticing that B; (i = 1,2) is completely continuous and positive, it follows

from Lemma 1.2 and Krein-Rutman theorem (see [6]) that (B;) is one of eigen-
values for B; and there exist positive eigenfunctions corresponding to r(B;).

LEMMA 2.1. Let ¢;(x) be the positive eigenfunctions of B; corresponding to
r(B;) with fQ wz )dx =1, then the following conclusions are valid:
(a) fQ Yi(x)u(z) dz < ||ul|, for allu € K;;

(b) iz )>Pz( i, for all z € Q;
(c) there exist constants c; > 0 such that [5vi(z)u(z)dz > cillul|, for all
u € Kj.

PRrROOF. (a) Obviously,

(/m dx</¢z ) de - Jull = ],

(b) Noticing that k;(z,y) > pi(x)ki(2,y), for all z,y, 2 € Q, we have

ﬁ@@wm@@z[ﬁ@m@wwww for all 2,2 € QO
Q Q
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and
r(Bi)i(x) > r(By)pi(x)¢i(z), forall z,z € Q,
which implies that 1;(x) > p;(x)||vs||, for all x € Q.
(¢) Tt follows from (b) and the definition of K. O

For A € [0,1],u,v € CT(Q), we define the mappings:
Tri(, ), Tha(+, - ):CT(Q) x CT(Q) — CT(Q),
Ta(-, - ):CT(Q) x CT(Q) — CT(Q) x CT(Q)
by

T (u,v)(2) = /ﬁkl(xvy)[kfl(yw(y),v(y>) + (1= N f1(y, u(y),0)] dy,
Ty, 2(u,v)(2) = /ﬁkz(xvy)[kfz(y,uw),v(y)) + (1= A)fa(y, 0,v(y))] dy

and
Ty (u,v)(x) = (Tx1(u, v)(x), Tx, 2(u, v)(2)).
It is obvious that the existence of positive solutions of system (S) is equivalent
to the existence of nontrivial fized points of T1 in K1 X Ks.
To compute the fixed point index of T7, we need the following results.

LEMMA 2.2. T): K1 x Ky — K1 X Ko is completely continuous.

PrOOF. For (u,v) € K; x Ky, we show that T)\(u,v) € K; x Ks, ie.
Th1(u,v) € Ky and Ty 2(u,v) € Ky. By the above definitions and the con-
ditions about k;(z,y), we have

Ty (u,0) () = [ () M (9 (), 0(0)) + (1= M) fi (3 u(w). 0)] dy
> p (@) /ﬁ () N (9 uw), 0(9)) + (1= M) i (3, u(y), 0)] dy

= p1(2) o (u, 0)(2),

for all z, z € Q, which implies that

Ty 1(u,v)(z) > 0| Thi(u,v)|l, =€ Q.
Similarly,
Ty 2(u,v)(x) > 62||Tx 2(u,v)|, = € Q.

Hence, T (K x K3) C K; x Ky. By the Arzela—Ascoli theorem, we know that
Th: K1 x K9 — K71 x K5 is completely continuous. O

REMARK 2.3. Denoting T'(\, u,v)(z) = Th(u,v)(z), T([0,1] x K,, x K,,) is
a compact set by the Arzela—Ascoli theorem.
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Next, we recall some concepts about the fixed point index (see [2], [11]),
which will be used in the proof of our theorem. Let X be a Banach space and let
P C X be a closed convex cone in X. Assume that W is a bounded open subset
of X with boundary 0W, and let A: P N W — P be a completely continuous
operator. If Au # u for u € P N OW, then the fixed point index i(A, P N W, P)
is defined. One important fact is that if i(A, PN W, P) # 0, then A has a fixed
point in P N W. The following results are useful in our proof.

LEMMA 2.4 ([2], [11]). Let E be a Banach space and let P C E be a closed
convex cone in E. Forr > 0, denote

P.={ueP||u]|<r}, OP.={uecP]||u||=r}
Let A:P — P be completely continuous. Then the following conclusions are

valid:

(a) if pAu # u for every u € OP, and p € (0,1], then i(A, P, P) = 1;
(b) if mapping A satisfies the following two conditions:

(b1) inf,epp, ||Au| > 0;

(b2) pAu # u for every u € OP, and p > 1,

then i(A, P., P) = 0.

LEMMA 2.5 ([1]). Let E be a Banach space and let P, C E (i = 1,2) be a
closed convex cone in E. Forr; >0 (i = 1,2), denote
P ={uc Pi||lul <ri}, 0P, ={ue Bi||lu| =ri.

Suppose A;: P, — P; is completely continuous. If u; # Au;, for all u; € OF,,,
then
i(A,PTl X PTQ,Pl X PQ) = i(Al,PT17P1) . i(AQ,PT2,P2),

where A(u,v) def (Ayu, Agv), for all (u,v) € Py X Ps.

3. Proof of Theorem 1.5

We will choose a bounded open set D = (Kg, \ K, ) x (Kgr,\ K, ) in product
cone K7 x K5 and verify that a family of operators {Th}ac 1 satisfy the sufficient
conditions for the homotopy invariance of fixed point index on 0D. Next, we
separate the proof into four steps.

Step 1. From the superlinear assumption of f; at the origin, there are € €
(0,1/r(B1)) and r1 > 0 such that

(3.1) AMi(z,u,v) + (1= X)) fi(z,u,0) < (1/r(By) — €)u,
for all z € Q, u € [0,71] and v € R*. We claim that

(3.2) w1 (u,v) #u, forall ue (0,1] and (u,v) € OK,, x K.
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In fact, if it is not true, then there exist pg € (0,1] and (ug,vg) € OK,, x Ka,
such that poTh 1(uo,vo) = up. In combination with (3.1), it follows that

UWMSRMWMM@Séh@wﬂﬁwﬂfwmw@.

Multiplying the both sides of this inequality by 11 (x) and integrating on Q, we
get that

émmw@mséémmmmwmﬁmww@@m
and

/}muwumdxs(UMBo—syéAgu@ywxmdmwwww

Q
that is
[ unlayin(@rdo < (1= r(B)e) [ un(wia(y)do.
9) Q
Noticing that [guo(z)1(x) de > 0, hence 1 < 1 —r(By)e, which is a contradic-

tion!

Step 2. By use of the superlinear hypothesis of f; at infinity, there exist
€ > 0 and m > 0 such that

(3.3) Afi(z,u,v) + (1 = A) fi(z,u,0) > (1/r(B1) + €)u,
for all x € Q, u > m and v € R*, thus
(3.4) Mi(z,u,v) + (1= A) fi(z,u,0) > (1/r(B1) + €)u — Cy,
for all z € Q and u,v € RT, here Cy = (1/7(By) + &)m.

We can prove that there exists a Ry > ry such that

(3.5) uT1(u,v) #u and inf |7 1(u,v)| >0,
u€IKR,
for all 1> 1, (u,v) € 0Kg, x K.
First, if there are (ug, vo) € K1 x Kz and po > 1 such that ug = 0T 1 (o, vo),
together with (3.4), we get that

ug(z) > T (uo,vo)(x) > | ki(z,y)(1/r(B1) + €)uo(y) dy — C.
Q
It follows that

[wmmmmzéémmmWW&Haw@@mmmfa

Q

and

me%®M20+WMdéw@%@@—Q

Q
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which yields

C
/ﬁuo(l‘)lh(l‘) dr < m

Furthermore, in view of Lemma 2.1(c), we know that

C def
< —— =R
HUOH - clr(Bl)g

Therefore, as R > R*, u # pTa1(u,v) for all (u,v) € 0Kr x Ko and g > 1. In
addition, if R > m/d1, then by use of (3.3) we know that for all (u,v) € 0Krx Ko,
Toawo)l = [ Tuswo)(e)in(a) da
Q

> ﬂ [ by, 2)(1/r(By) + €)uly) dy i () da

QJ

=1+ 7“(31)6)/ u(y)vr(y) dy > (1 + 7(B1)e)mes(Q1)87[|¢1 || R,

Qq

which implies that inf,ec o5, || Ta,1(w, v)|| > 0. Hence, we choose
Ry > max{ry, R*,m/d }.

Step 8. In view of the sublinear assumption of fo at the origin, there are
€ >0 and ry > 0 such that

(3.6) Aa(z,u,v) + (1 = A) fa(z,u,0) > (1/7(B1) + €)v,

for all z € Q, v € [0,75] and u € RT.
By (3.6) and the proof similar to Steps 1 and 2, we can deduce that

(3.7) uIx2(u,v) #v and inf | Th2(u,v)|| >0,
vEOK

for all p > 1, (u,v) € Ky x 0K,,.

Step 4. By virtue of the sublinear hypothesis and condition (G) of fy at
infinity, there exist € € (0,1/r(Bsg)), n > 0 and C > 0 such that

(3.8) Afa(z,u,v) + (1 = A) fa(z,0,0) < (1/r(B2) — €)v,
forall z € Q, v > n and v € Rt, and
(3.9) Aoz, u,v) + (1 — A) fa(z,0,v) < (1/r(B2) —e)v + C,

for all z € Q and u,v € RT.
From (3.8), (3.9) and the similar argument used in Step 2, it can be proved
that if vg = poTh 2(uo, vo) for (ug,vo) € K1 x Ko and po € (0, 1], then

C

def
wl| <R =E ———r.
H 0“ = CQT(BQ)E
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Hence, we choose Ry > max{ry, R'}, then
(3.10) uTy 2(u,v) #v, forall pe (0,1] and (u,v) € K1 x 0Kpg,.

Now we choose an open set D = (Kg, \ K, ) X (Kg, \ K,, ). Based on the
expressions (3.2), (3.5), (3.7) and (3.10), it is easy to verify that {Th} e satisfy
the sufficient conditions for the homotopy invariance of fixed point index on 9D;
on the other hand, in combination with the classical fixed point index results
(see Lemma 2.4), we have

i(Tox, Kry, K1) = i(To2, Kr,, K2) = 1,

Z.(I-VO,17 KRl ) Kl) - i(TO,Qa K’f‘2 ) KZ) - 0
Applying the homotopy invariance of fixed point index and the product formula
for the fixed point index (see Lemma 2.5), we obtain that

2
i(TlaDaKl X KQ) = 7:(7"071)7](1 X KZ) = Hi(TO,jaKRj \Ki’uv KJ)

j=1

2
= | |i(To, ), KRy, K;j) — i(To, j, Ky, Kj)] = —1.
=1

J

Therefore, system (S) has at least one positive solution. O

4. Applications

As applications, we consider existence of positive solutions for the following
system of second-order ordinary differential equations

—u"(z) = fi(z,u(z),v(x)) forzeQ=(0,1),
—v"(x) = fa(z,u(z),v(x)) forzeQ=(0,1),
u(0) =u(l) =0,
v(0) =v'(1) =0,

here f1, fo € C([0,1] x RT x Rt RT).

(4.1)

THEOREM 4.1. Assume that fo satisfies condition (G) and f1, fo satisfy:
(Hf) limsup max filz,uv) < 72 < liminf min filz,wv)
u—0+ z€[0,1] U u—oo z€(0,1] u
uniformly w.r.t. v € R,
(H;) liminf min Jolw, u,0) > ﬂj > limsup max Jola, u,0)
v—0+ z€[0,1] v 4 v—oo T€[0,1] v

uniformly w.r.t. u € RT.
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Then system (4.1) has at least one positive solution.

ProoOF. We know that system (4.1) is equivalent to the following system of
nonlinear Hammerstein integral equations

1
u(z) = / k() fi (s uly), v(y)) dy for = € [0,1],

o(z) = / ka(, ) faly, u(y), o(y)) dy for = € [0, 1],
0
where

by = TV TSR by = TS
y(1—2) ify<az, y ify<uz.
It is easy to verify that kernel functions k; satisfy conditions (i)—(iii).
According to Theorem 1.5, we need only show that r(B;) = 72 and r(Bg) =
47~2. On that purpose, we need only to verify that the minimal eigenvalue of
By L and By Lis 72 and 72 /4, respectively. It follows from the following linear

eigenvalue problems:

—u(x) = Anu(), —v"(x) = pno(z),
and
u(0) =u(l) =0, v(0) = /(1) = 0.
In fact, A\, = n?7? and p,, = (n — 1/2)?72, n € N. O

REMARK 4.2. For instance, fi(z,u,v) = max{|sinu|,u?}(1 + tan=!v) and
falx,u,v) = w2(1 4+ cot~! w)|sinv|, then f; and f, satisfy conditions (H?), (H3)
and (G).
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