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MOSER-HARNACK INEQUALITY,
KRASNOSEL’SKII TYPE FIXED POINT
THEOREMS IN CONES AND ELLIPTIC PROBLEMS

Rapu PRECUP

ABSTRACT. Fixed point theorems of Krasnosel’skil type are obtained for
the localization of positive solutions in a set defined by means of the norm
and of a semi-norm. In applications to elliptic boundary value problems,
the semi-norm comes from the Moser-Harnack inequality for nonnegative
superharmonic functions whose use is crucial for the estimations from be-
low. The paper complements and gives a fixed point alternative approach to
our similar results recently established in the frame of critical point theory.
It also provides a new method for discussing the existence and multiplicity
of positive solutions to elliptic boundary value problems.

1. Introduction

The main motivation of this paper comes from the already classical problem
of positive solutions for a semi-linear elliptic equation
—Au= f(u) in Q,
(1.1) u>0 in ,
u=0 on 0N.
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Here 2 is a bounded domain in R™ with smooth boundary and f:R; — R is
continuous. Existence, uniqueness and multiplicity of its solutions have been the
subject of many papers in the the last four decades and required different type
of arguments such as upper and lower solution method, variational techniques
and topological degree method (see e.g. [1]-[3], [7], [8], [14], [21], [24]). In the
same time, lots of papers have been produced dealing with positive solutions
of two- and multi-point boundary value problems for ordinary differential equa-
tions. The tools that have been used in these two directions were the same, or
similar, in some cases, and different in others. For instance, the compression-
expansion fixed point theorems of Krasnosel’skif [17] have been extensively used
as basic tool for the existence and localization of positive solutions to ordinary
differential equations (see e.g. [4], [9], [10], [13], [18]-[20], [22], [25], [27], [31]),
but almost never applied to partial differential equations, except particular situ-
ations which can be reduced to ordinary differential equations, such as the case
of radial solutions. It is the aim of this paper to make this technique work for
elliptic equations too. The main ingredient is the Moser—Harnack inequality
for nonnegative superharmonic functions. We show that this local inequality is
enough to produce a suitable cone of functions for that Krasnosel’skii’s technique
works for the nonlinear operator associated to (1.1).

To make clear the appropriateness of the Krasnosel’skii’s results for ordi-
nary differential equations and their limits of applicability to partial differential
equations, we first shortly discuss problem (1.1) for n =1, i.e.

Lu:=—u" = f(u) in (0,1),
(1.2) u>0 in (0,1),
u(0) =u(l) =0.

This problem is equivalent to the fixed point equation v = Nu in C([0,1],Ry),
where N = L71F,

(Fu)(z) = )

S (u(x)), z €1[0,1], w e C([0,1],Ry),
(L)) = / G, )h(y) dy, = € [0,1], he C([0,1],Ry)

and G(x,y) is the Green function
z(1—y) for0<ax<y<lI,
Glz,y) =
1-2)y for0<y<az<l1.

The following properties are essential for the applicability of Krasnosel’skii’s
technique:

(a) G(z,y) < G(y,y) for all z,y € [0,1]; and
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(b) for each subinterval Q¢ = (a,b) of Q@ = (0,1), 0 < a < b < 1, there

exists a constant M > 0 with

G(z,y) > MG(y,y) forall x € [a,b], y € [0,1].

These imply that for each h € L?([0,1],Ry) and all z € [a, b], 2’ € [0, 1], one has
1 1
(L 0@ = [ Glhw)dy= M [ Glyht)dy
0 0

1
=M [ G )bl dy = ML)
0
This yields the fundamental estimation from bellow
(1.3) (L7 h)(x) > M|L™'h|s for all z € [a,b].

Here by | - |ooc we have denoted the maximum norm in C[0,1]. Based on this
estimation one defines the cone

K={ueC([0,1,Ry) : u(x) > Mu|s for all x € [a,b]}

and one can infer that N(K) C K. This is the framework where the compression-
expansion theorems of Krasnosel’skii’s type can be easily applied. For instance,
we may use the following version:

THEOREM 1.1 (Krasnosel’skii). Let (X,|-|) be a Banach space, K a cone
of X and N: K — K a completely continuous operator. Assume that for some
a, B3>0, a3, the following conditions are satisfied:

(1.4) Nu £u foralueK, |ul=a,
(1.5) Nu #u foralueK, |ul=p.

Then N has a fized point u € K with min{a, 8} < |u| < max{«, }.

Assume that function f from (1.1) is nondecreasing. If

fMa) _ 1

(16) ) s

where A = f: G(z*,y)dy = (L™ xq,)(z*) (X, is the characteristic function
of Q) and z* is a chosen point in [0, 1], then condition (1.4) holds. Indeed,
otherwise, if for some u € K, |u|o, = «, one has Nu < u, then

a>u(z") > (Nu)(@") = L7 (Fu)(a*) > L7 [(Fu)xa,)(z")
> L7 f(Ma)xa,)(z") = f(Ma) (L™ xa,)(«") = f(Ma)A,

a contradiction to (1.6). Also, if

~

(B) _1
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where B = max,¢o,1 fol G(x,y)dy = |L™ 1], then (1.5) holds. Assume by
contradiction that Nu > u for some u € K, |u|oo = 3. Then, for some z’ € [0, 1],

one has |u|e = u(z’) and

B =u(a’) < (Nu)(a') = L7 F(u) (@) < f(B)(L™1)(a") < f(B)B.

This contradicts (1.7). Therefore, if f is nondecreasing and satisfies (1.6) and
(1.7), then (1.2) has a solution with min{a, 8} < |u|e < max{a, 5}.

Notice that all the above arguments would be valuable forn > 1 and L = —A,
provided that the global Harnack type inequality (1.3) holds in a subdomain €
of Q with Qg C Q (see [29]). Unfortunately, such a result is not known for n > 1
and we may assert that this is the reason for which Krasnosel’skii’s fixed point
theorems in cones could not be directely applied to partial differential equations.
However, instead of global inequality (1.3), a local Moser—-Harnack inequality
[23], [11], [15], [16] holds for n > 1, namely:

LEMMA 1.2 (Moser). Letn >3 and 1 <p<n/(n—2), orn=2and 1 <
p < 0o, and let R > 0. Then there exists a constant My = My(n,p, R) > 0 such
that for every monnegative superharmonic function u in Byg(xo), the following
inequality is satisfied

(1.8) u(x) > M0|U|LP(BQR(:1:0)) fO’I" x e BR(J?()).

In the previous lemma, by B,(x¢), we have mean the open ball in R™ of
centre xg and radius p and by a superharmonic function in a domain 2 C R™,
any function u € H' () satisfying

Au <0 inD'(Q),
that is,

/Vu-VwZO for every w € Cg°(Q2) with w > 0 in .
Q

A similar estimation to (1.8) also holds on any bounded subdomain 2y with
Qo C O (i.e. Qo € Q), as shows the following theorem.

THEOREM 1.3. Letn>3 and1<p<n/(n—2), orn=2and 1 <p < 0,
and let Qg @ Q. Then there exists a constant M = M (n,p,Q, Qo) > 0 such that
for every monnegative superharmonic function u in ), the following inequality
holds:

(1.9) u(z) > Mlulreoy) for x € Q.

PrOOF. We fix any number R > 0 with 4R < dist(y,99) and we consider
a finite open cover of the compact Q:

Bygrys(x1), Barys(2), ... Barys(Tm).
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From (1.8) it follows that there is a constant M; € (0,1) such that for every
nonnegative superharmonic function w in €,

(1.10) ‘U|LP(BQR/3(IV)) > M1|U|LP(BQR(IV)), v=1,...,m.

We claim that there exists a constant p > 0 with

(1.11) |U|LP(BQR/3(93i)) 2 u‘u|L”(32R/3(%‘))
for all 4,57 € {1,...,m}. Indeed, if i # j, we can choose distinct iy = %,
1,92, yik—1,1x = j from the set {1,... ,m} with k < m and |z;, —x;,_,| <

4R/3 forv =1,... k. Then, for every x € Byg/3(7;,), one has |z —x;,| < 2R/3
and since |z;, —x;,| < 4R/3, we infer that |z — ;.| < | — x4, |+ |24, — 4| < 2R.
Hence Byg/s(wi,) C Bar(wi,) and so
‘U|LP(32R(7«‘iO)) 2 |U|LP(BzR/3(Ii1))'
This together with (1.10) yields
[UlLr(Bonss (i) 2 MilUlLo(Baps (e, )-
If we repeat successively the above argument we finally obtain

k
|U|LP(BQR/3($io)) > My |U|LP(B2R/S(’”J'))'

Since k < m and M; < 1, one has M§ > M{™ and so (1.11) holds with pu = M]".
Now for every x € Qq, thereis i € {1,... ,m} with € Byg/3(z;). Then

MgpP -
WP (2) = ME[ulp (g naiy = MU0 (5, aw) 2 o D W Lo (o))
j=1

Since Qo C |J Bagrys(x;), we have
j=1

m
p P
Z |u‘Lp(B2R/3($j)) = |u|Lp(QU)'

j=1
Hence

u(z) > %|U‘L?(QO) (x € Qo),
which proves (1.9) with M = Myu/m!/?. O

Our goal in this paper is to show that local estimation (1.9) is enough for
making Krasnosel’skii’s technique applicable to elliptic problems. The main idea,
incipiently introduced in [26], [28], is to try to localize solutions in a conical
“annulus” jointly defined by the norm and a semi-norm, the last one beeing
suggested by the Moser—Harnack inequality. The same idea is used in [30] in the
framework of critical point theory.
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2. Main abstract results

Let X,Y be normed linear spaces with norm |- |x and |- |y, respectively
and let Z: X — Y be a continuous linear map. For any element u € X, we shall
denote

[ull := [Zuly.
Clearly || - || is a semi-norm on X. In what follows we shall design the norm |- |x
by |- |, for simplicity.

Let K be a wedge in X, i.e. a closed convex set with A\K' C K for every
A€ Ry, and let ¢ € K with |¢| = 1 be any fixed element. Then for any positive
numbers Ry, Ry with Ry < ||¢]|R1, there exists a u > 0 such that ||u¢| > R and
|ug| < Ry. Hence the set Kryr, = {u € K : Ry < |lu||, |u| < Ri} is nonempty.

THEOREM 2.1. Let N: K — K be completely continuous and let h € K with
IIh]] > Ro. Assume that the following conditions are satisfied:

(2.1) Nu# du  for|ul =Ry, A>1;

(2.2) (1—u)N(min{il|,1}u) + ph #u
fO’I” 0 S 1% S 17 ||UH = RO7 ‘Ul S RQ:

where Ry = max {Rl, |h], hﬁnaxl |N(u)|} Then N has a fived point u in Ky R, -

I<R

PROOF. Let us denote C':= {u € K : |u| < Ry} and define N:C — C,
Nu if |u| S R1,
Nu = R
N<|u1|u> if Ry < |u| < Ra.

Clearly C is a convex closed subset of X and Nis a compact map. Let us

consider two open sets in C, namely
Up:={ueC:ul <R}, Us :={ueC:|ul]| <R}

From (2.1), (2.2) it follows that N is fixed point free on OU; and OU,. Now (2.1)
and Theorem 7.3 in [12] guarantee that

i(N,Uy) = 1.
Here z(ﬁ ,U1) stands for the fixed point index of N in U;. Furthermore we
remark that Uz = {u € K : |ju|| = Ry, |u| < Ry} and that (2.2) implies for N
the following behavior on 9Us:
(1 —u)ﬁu—t—,uh #u for u € QUs.

Then
i(N,Us) = i(h,Uy) =0
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since h € C'\ Us. From

1=i(N,U;) =i(N,U; \Us) +i(N,U; N Uy),
0=i(N,Us) =i(N,Us \Uy) + i(N,Uy N Us),

by substraction we have
(2.3) i(N, Uy \Us) —i(N,U; \U;) = 1.

Notice that if u € Uy \ Uy, then ||lu| < Ry and |u| > Ry. Hence N(u) =
N(R;/|ulu) # u as shows (2.1). Thus i(N,Us \ U1) = 0. Then (2.3) implies

i(N,Uy \Us) =1,

and so N has a fixed point in Uy \UQ. The conclusion now follows if we remark
that Uy \ Us = KgyR,, and that N coincides with N on U; \ Us. O

REMARK 2.2. (a) In particular, if N is a self-mapping of the set {u € K :
|u| < R1} and |h| < Ry, then Ry = R; and condition (2.2) reduces to

(1 —p)Nu+ ph #u for ||ul| = Ro, |u| < Ry, 0< u<1.

(b) In the classical case X =Y, |-| = | and I =id, we have Ry < Rjand
(2.2) reduces to the condition

(1= p)Nu+ph#u for |uj=Ry, 0< pu<1
(for some h € K with |h| > Ry), which is independent of Ry and Ra.
We also have a three solutions existence result:

THEOREM 2.3. Under the assumptions of Theorem 2.1, if in addition there
exists a number R_; with 0 < R_; < Ry/|Z| and

(2.4) Nu# M for|ul=R_1, A >1,
then N has three fized points uy, us, us with

Ry < ||U1||, |’LL1| < Rqy; R_1 < |U2| < Ry, ||U2H < Ry; ‘U3| < R_q.

PROOF. Theorem 2.1 guarantees a fixed point uy with Ry < ||u1]], |u1]| < Ri.
Also, (2.4) implies i(N,Us) = 1, where Us = {u € K : |u| < R_;}. Hence
a second fixed point ug exists in Us. Finally, since Uz C Us, we have

i(N, Uy \Us) = i(N,Uz) —i(N,Us) = 0~ 1 = —1,

whence a third fixed point uy in Us \ Us. O
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3. Application to elliptic boundary value problems

We now return to problem (1.1) assuming that € is a bounded regular domain
in R*, n > 2, and f:R;—R, is continuous. We seek positive solutions, i.e.
u € CYQ), u(x) > 0 for all x € Q and u satisfies (1.1), where Au is considered
in the sense of distributions.

We recall (see [5, Lemma 1.1] and [6, p. 317]) that if Q is a bounded regular
domain of class '8 for some 3 € (0,1) and g € L>=(£2), then the weak solution
in H}(Q) of

(3.1)

—Au=g inQ,
u =0 on 02

belongs to C1(Q). Also the linear solution operator (—A)~1: L>(Q) — C1(Q)
assigning to each g € L>(1), the corresponding solution of (3.1), is continuous,
compact and order-preserving.

In order to apply the abstract results from Section 2, let X = C(€),

Co(Q) :={u € C(Q) : u=0 on 99},
with norm |u| = |u|e = max|u(x)|. We fix any Qo € Q and we let Y = LP(Qyp),
9

where p e [l,n/(n—2))ifn>2and pe[l,00) for n =2, with norm

= ([ |v|pdx)1/p (v € L().

In this case we take Z: Co(Q) — LP(Qq), Zu = ulg, (restriction of u to ).
Since for any u € Co(Q), ||lu|| < |u|(mes(92))'/?, we have
|Z| < (mes(£))"/*.
Let K = {u € Co(GRy) : u(z) > M||u|| for all z € Qp}, where constant M > 0
comes from Moser-Harnack inequality (1.8). Define
N:C(QRy) — Co(Q) by N(u) = (—A)"'F(u),
where
F:C(sRy) — C(Q),  F(u)(x) = f(u(z)).
Since f > 0, and (—A)~! is positive, we have that N maps the set C(;R)
into itself. Also, by the Moser—Harnack inequality, we have N(K) C K.

In this case we can take ¢ be the positive eigenfunction corresponding to the
first eigenvalue g, i.e.

Ap+ Mo =0 in Q,
¢ =0 on 09,

with |¢| = 1.
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Let xq, be the characteristic function of €, i.e. xq,(z) = 1 if € Qo,
Xao(z) = 0 otherwise, and let C' = |1|1r(q,) = (mes())*/P. We note that
MC < 1. Indeed, from

(=A)""xa = M[[(=2) " xa, |l in Qo,

we obtain
1(=A) " xall = MCI[(=A) " xa,l;
whence MC < 1. Denote
1 1
A= and B = —rw«—.
MC|(=A) = xa, |l [(=A)~'1

THEOREM 3.1. Assume that there exist Ry, Ry with 0 < Ry < MC||¢|| Ry
such that

min (1)
+€[M Ro,R1]
2 A
(3.2) o > A,
max f(7)
TE[O,R1]
. B.
(3.3) o <

Then (1.1) has at least one solution with Ry < ||ul|, |u| < Ry.

REMARK 3.2. If f is nondecreasing on [0, Ry], then (3.2), (3.3) become re-

spectively
(3.4) @ > A,
0
(3.5) % < B,
1

showing the behavior of nonlinearity f at only two points M Ry and R;.

Proor. We shall apply Theorem 2.1. We show that (2.1) holds. In fact we
have more, namely that |[N(u)| < Ry for all uw € K with |u| < Ry. Indeed, from

flu(z)) < max f(7),

T€[0,R1]

and (3.3), we have

NI =1(=8)" )] € [(=8) max f(r)] = max [(7)|(-4)"1| < B,

Next we show that (2.2) holds for h := Ry¢, when, in view of Remark 2.2(a),
Rs = R;. One has

Ry
Ll =R — > Ry.
Il = Rullo] > S > Ro
Assume that (2.2) does not hold. Then

(3.6) (1—p)N(u)+ph=u
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for some u, p with ||ul| = Ro, |u| < Ry, 0 < p < 1. Since (—A)~! is order-
preserving and u(z) > MRy in Qp, we have

N(w) = (-8)" (@) = (~8) [fwxa] = _min - F)(=4) "y

Then (3.6) implies

Tu>pZh+(1—p) min - f(7)I(=A) " xa,

TE[MRQ,Rl]
> uM||h 1— )M i —A)!
> pM R+ (1 —p) Te[%ﬂ,m]f”)”( )T X
RO . -1
>uM—= + (1 — )M —A )
> MC+( 1) Te[ﬁlé?,Rl]f(TW )T x|l

Taking the norm in LP(€)y) we obtain

Ry . _
Ro = ol > (b0 + (=M _gmin - FOI-8)" v o

=pRo+ (1= wMC _min  f(7)[|(=A) xayll

TE[MRo,Rl]
Consequently
Ry > MC i -A)!
02 MC _min  FOI(-8) " xa, |
which contradicts (3.2). Now the conclusion follows from Theorem 2.1. O

Theorem 2.3 yields two and three solutions existence results:

THEOREM 3.3. Assume that there exist R_1, Ry, R1 with |Z|R_1 < Ry <
MC||¢||R1  such that (3.2), (3.3) and

Jnax f(7)

B
R, O

holds. Then (1.1) has at least two solutions uy, ug with Ry < ||u1]|, |u1| < Ri
and R_1 < |ua| < Ry, ||uz]l < Ro. A third positive solution uz exists with
|’LL3| <R_q1if f(O) > 0.

We obtain multiple solutions if nonlinearity f is oscillating.

THEOREM 3.4. Let f: Ry — Ry be a continuous function and let (R})1<i<k,
(RY)1<i<k be increasing sequences of positive numbers satisfying the following

conditions:
R < MC||$||R, fori=1,...,k;
IZ|R < Ry fori=1,... k—1;
inf f(7) max f(7)
TG[]\/[RS,R%] TE[QR{]

>A and

n 7<B .:17...,k.
o Rl fori
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Then (1.1) has at least k distinct solutions u; with, RS < |lug||, |wi| < R, for
i=1,...,k.

By the next result it is guaranteed the existence of positive solutions from
the behavior of the nonlinearity at zero and infinity.

THEOREM 3.5. Assume that f: Ry — Ry is continuous and nondecreasing.
(a) If
f(7) f(r)

A

3.7 liminf —= < B li _— > —

(3.7) im inf = T vE
then (1.1) has at least one solution.

(b) If there exists Ro > 0 such that

f(MRy)
—>A
Ry
and
liminfM<B, liminfm < B,
T—0+ T T—00 T
then (1.1) has at least two solutions.
(c) If
A
(3.8) liminfM < B, limsupM > —
T—00 T T—00 T M

then (1.1) has a sequence of solutions uy with |ug| — co as k — oo.
(d) If
f(7) fir) A

3.9 liminf —* < B li _ > —
(39) it < B dmew T >

then (1.1) has a sequence of solutions uy, with |uy] — 0 as k — oo.

PROOF. (a) Clearly the first inequality in (3.7) guarantees (3.5) for large
enough R; > 0. Next from the second inequality in (3.7) it follows that (3.4)
holds for every Ry > 0 sufficiently small.

(b) Obviously the first limit condition implies that f(0) = 0. Thus v = 0 is
a solution. The conclusion follows from Theorem 2.2.

(c) From (3.8) it follows that there are two increasing sequences (R})i>1,
(R%)i>1 tending to infinity, with R) < MC/|¢||RL, |Z|Ri < R5™,

f(MR§) f(Ry)

3.10 — > A d .
( ) I an Rl

< B.

The sets K RiRi are disjoint and Theorem 2.1 can be applied in each of them.
(d) From (3.9) it follows that there are two decreasing sequences (R})i>1,
(R});>1 tending to zero satisfying R < MC||¢| Ry, |Z|R: < Ry and (3.10).0
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