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TWIN POSITIVE SOLUTIONS
FOR SINGULAR NONLINEAR ELLIPTIC EQUATIONS

JIANQING CHEN — NIKOLAOS S. PAPAGEORGIOU — EUGENIO M. ROCHA

ABSTRACT. For a bounded domain Z C RY with a C2-boundary, we prove
the existence of an ordered pair of smooth positive strong solutions for the
nonlinear Dirichlet problem

—Apz(z) = B(2)x(2) ™" + f(z,2(2)) ae.on Z with z € Wol‘p(Z),

which exhibits the combined effects of a singular term (n > 0) and a (p—1)-
linear term f(z, z) near +o00, by using a combination of variational methods,
with upper-lower solutions and with suitable truncation techniques.

1. Introduction

Let Z C RY be a bounded domain with a C?-boundary 0Z. We study
the existence of positive solutions of the following nonlinear singular Dirichlet
problem:

—Apz(z) = B(2)x(2)""+ f(z,2(2)) a.e. on Z,

(1.1)
zlgz =0,

2000 Mathematics Subject Classification. Primary 35J65; Secondary 35J70, 47J30.

Key words and phrases. Singular nonlinearity, positive solutions, variational methods,
truncation techniques, upper-lower solutions.

The first named author acknowledges the partial financial support from NSF of China
(No. 10501006), NSF of Fujian (2008J0189) and the Programme of NCETFJ; the third author
acknowledges the partial financial support from the Portuguese Foundation for Science and
Technology (FCT), through UTAustin/MAT/0035/2008 and the research unit Mathematics
and Applications.

©2010 Juliusz Schauder Center for Nonlinear Studies

187



188 J. CHEN — N. S. PAPAGEORGIOU — E. M. RocHA

where A, denotes (as usual) the p-Laplace differential operator, defined by
A,z = div (|| Dz|[P~2Dx), 1 < p < oo, for all x € Wy*(Z). Here, 3:Z — R
is a measurable function, 3 > 0, n > 0 and f: Z x R — R is a Carathéodory
function (i.e. it is measurable in z € Z and continuous in z € R). Problem (1.1)
was studied primarily within the context of semilinear equations (i.e. p = 2).
Among the first works in this direction are the papers of M. Crandall, P. Ra-
binowitz, L. Tértar [6] and C. Stuart [15]. Since then, there have been several
other papers on the subject. We mention the relevant works of M. M. Coclite
and G. Palmieri [5], J. I. Diaz, J-M. Morel and L. Oswald [7], A. V. Lair and
A. W. Shaker [9], A. W. Shaker [13], J. Shi and M. Yao [14], Y. Sun, S. Wu
and Y. Long [16], Z. Zhang [18]. In particular, A. V. Lair and A. W. Shaker [9]
assumed that f = 0 and 8 € L?(Z) and established the existence of a unique
positive weak solution. Their result was extended by J. Shi and M. Yao [14] to
the case of a “sublinear” reaction, namely when

(1.2) f(z,2) =X2""' with A >0

and 1 < r < 2. The case of a “superlinear-subcritical” reaction, i.e. when
(1.2) holds for 2 < r < 2%, where 2* is the critical Sobolev exponent, was
investigated by M. M. Coclite and G. Palmieri [5] under the assumption that
B =1. In both works (i.e. [5], [14]), it is shown that there exists a critical value
A* > 0 of the parameter, such that for every A € (0,\*), the problem admits
a nontrivial positive solution. Subsequently, Y. Sun, S. Wu and Y. Long [16]
using the Ekeland variational principle, obtained two nontrivial positive weak
solutions for more general functions . Z. Zhang in [18] extended their result to
more general nonnegative superlinear perturbations, using critical point theory
on closed convex sets.

Recently, there have been some works on singular elliptic problems driven by
the p-Laplacian. We mention the works of R. P. Agarwal, H. Lii and D. O'Re-
gan [2], R. P. Agarwal and D. O'Regan [3], where N = 1 (ordinary differen-
tial equations), and K. Perera, E. A. B. Silva [11], K. Perera, Z. Zhang [12],
where N > 2 (partial differential equations) and the reaction term has the form
B(z)x~™" 4+ Af(z,x) with A > 0. For such a parametric nonlinearity, the authors
prove existence and multiplicity results (two positive weak solutions), valid for
all A € (0, A*). Moreover, the perturbation term f(z,-) exhibits a strict (p — 1)
superlinear growth near +oo and, more precisely, it satisfies on R = [0, 00), the
well-known Ambrosetti-Rabinowitz condition.

In this paper, the reaction term is nonparametric and the perturbation f(z, -)
is (p — 1)-linear near +oco. In detail, consider the following hypothesis on the

singular term:

H(5): There exists ¢ € C such that 3(-)9(-)~" € LY(Z) for some g > N.
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Here, Cy denotes the cone of positive functions in the ordered Banach space
C¢(Z) and int C, its nonempty interior (see Section 2).

REMARK 1.1. If B € L*>®(Z) and n < 1/max{N/p,1}, then we can take
any ¢ € intCy and ¢ < 1/n. However, as it was observed by K. Perera and
Z. Zhang [12], who where the first to use this hypothesis, H(8) does not require
that n < 1, a restriction common in the literature. For example, if Z = B; (the
open unit ball in RY), 3(z) = (1 — ||z||?)P with 3y > 0, and n < By + 1/N, then
we can choose ¥(z) = 1 — ||2]|? and ¢ < 1/(n — Bo) if n > By (but no additional
restriction on ¢ if n < Fy).

The hypotheses on the perturbation term f(z,x) are the following:

H(f): f:Z x R — R is a function such that

(a) for all z € R, z — f(z,x) is measurable;
(b) for almost all z € Z, z — f(z,x) is continuous and f(z,0) = 0;
(c) for almost all z € Z and all z € R,

|f(z,2)] < a(2) + clafP™!

with a € L*°(Z)+ and ¢ > 0;
(d) there exist functions 1,7 € L*°(Z), such that

A1 <n(z) a.e. onZ,

with strict inequality on a set of positive measure, and

f(z,z) f(z2)

—1 xp—l

< limsup < 7(2)

r—00

7(z) < liminf

r—oo

uniformly almost everywhere on Z;
(e) there exist op > 0 and dp € (0, min{ayp, 1}) such that

B(2)ag" + f(z,00) <0 a.e. on Z,

and f(z,z) > 0 for almost all z € Z and all = € (0, dp).

Here, \; denotes the first eigenvalue of the negative Dirichlet p-Laplacian
(see Section 2). Note that, for convenience, we use both notations: “for a.a.
z € Z” meaning “for almost all z € Z”, and “a.e. on Z” meaning “almost

everywhere on Z”.

REMARK 1.2. Since we are looking for positive solutions and hypotheses
H(f)(d)—(e) only concern the positive semiaxis R = [0, 00), we may (and will)
assume that f(z,2) = 0 for almost all z € Z and all < 0. Hypothesis H(f)(d)
dictates a (p — 1)-linear growth of  — f(z,x) near co. Hypotheses H(f)(a)—(c)
are standard conditions which ensure that problem (1.1) is well defined and of

variational nature.
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A strong solution of problem (1.1) is a function z € W, *(Z) which satisfies
(1.1) almost everywhere in Z. By using a combination of variational arguments
based on critical point theory, with the method of upper-lower solutions and with
suitable truncation techniques, we show that problem (1.1) has two nontrivial
positive strong solutions. In particular, we prove the following theorem.

THEOREM 1.3. If H(B) and H(f) hold, then problem (1.1) has (at least) two
positive strong solutions such that xo, T € int Cy, xo < T and xg # X.

As an example, consider the following nonlinearity (where for the sake of
simplicity, we drop the z-dependence):

0 if z <0,
flz)y=< ar t—ca™ ! f0<z <1,

NPt —éx  ifl <z,

where \y <19 <00, {=ny+c—1,¢c>1and p < 7. If g € L>°(Z) satisfies
I8l < ¢ — 1, then the associated singular Dirichlet elliptic problem (1.1) has
(at least) two positive strong solutions, as stated in Theorem 1.3. Note that, in
this example, ag = 1.

The rest of the paper is organized as follows. In the Section 2, we briefly recall
the mathematical background relevant in subsequent Sections. In Section 3, we
prove the intermediate results needed in the proof of Theorem 1.3, which will be
concluded in Section 4.

2. Mathematical background

We recall some basic facts from critical point theory. So, let X be a Banach
space and X* its topological dual. By (-, -) we denote the duality brackets for
the pair (X, X*). Let ¢ € C1(X). We say that ¢ satisfies the Palais-Smale
condition at level ¢ € R (the PS.-condition for short) if the following holds:

e cvery sequence {Z,}n>1 C X such that
o(xy) —c¢ and ¢'(z,) =0 in X* asn — oo

has a strongly convergent subsequence.

If this is true at every level ¢ € R, then we say that ¢ satisfies the Palais—
Smalle condition (PS-condition for short).

Using this compactness-type condition, we have the following minimax char-
acterization of certain critical values of a C'-functional. The result is the well-

known “mountain pass theorem”.
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THEOREM 2.1. If X is a Banach space, ¢ € CH(X), xg,71 € X, r > 0,
[xo — @1 > 7,

max{(zo), p(1)} < inf{p(z) : |z — 2] = r} = co,
I'={ycC([0,1], X) : 7(0) = zo and (1) = =1},

¢ = inf er maxo<i<1 ¢ (Y(t)) and ¢ satisfies the C.-condition, then ¢ > c¢o and
c is a critical value of . Moreover, if ¢ = cqy, then there exists a critical point
x € X of ¢ with critical value ¢ and ||z| = r.

Besides the Banach space W, *(Z) and its dual W~#'(Z), other Banach
spaces will be relevant in our approach. Namely, the space C3(Z) = {z €
CY(Z) : x|pz = 0} is an ordered Banach space, so admits a positive cone

C.={xcCi(Z):x(z) >0forall z € Z}.

This cone has a nonempty interior, given by

intCy = {x€C+:x(z) > 0 for all z € Z and %(z) < 0 for alle(‘)Z},

where v(-) denotes the outward unit normal on 0Z.
We also recall some basic facts about the first eigenvalue of the negative
Dirichlet p-Laplacian satisfying the nonlinear weighted eigenvalue problem:

(2.1) —Apu(z) = Xm(z)\u(zﬂp_zu(z) a.e. on Z, ulgz =0,

with m € L*(Z), m > 0, m # 0. Every X € R for which (2.1) has a nontrivial
solution u, is said to be a eigenvalue of (—A,, V[/Ol’p(Z)7 m), and u is a correspond-
ing eigenfunction. The smallest X for which this is true, is the first eigenvalue
and is denoted by :\\1(m) (to emphasize the dependence on the weight m). The
following results are known about A; (m):
(P1) Aa(m) > 0;
(P2) N (m) is isolated, i.e. for some € > 0, there are no eigenvalues in [Xl (m),
M (m) +€l;

(P3) Xl (m) is simple, i.e. the corresponding eigenspace is one-dimensional;

(P4) Ai(m) = min{||Dull8/ [, mlulP dz : u € WyP(Z),u # 0}.

The minimum in (P4) is attained on the corresponding one dimensional
eigenspace. If wy is an eigenvalue corresponding to Xl(m)7 then from (Py)
it is clear that u; does not change sign. So, we may assume that u; > 0.
Nonlinear regularity theory (see e.g. L. Gasinski and N. S. Papageorgiou [8,
pp. 737-738]) implies that u; € C,, so the nonlinear strong maximum prin-
ciple of J. Vazquez [17] implies u; € int Cy. Note that every eigenfunction,
corresponding to an eigenvalue :\\(m) # A1(m), is necessarily nodal (i.e. sign
changing). If m = 1, then we write i (m) = 1 and by @1 € int C; we denote
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the LP-normalized corresponding eigenfunction (i.e. ||[u1]|, = 1). As a function
of the weight m, A;(m) > 0 exhibits the following monotonicity property, which
can be easily deduced from (Py):

(Ps) If m(z) < m/(z) almost everywhere on Z with strict inequality on a set
of positive measure, then A;(m’) < A\1(m).

Throughout the paper, for all u € W, ?(Z), |lu| = ||Dul|,. Also, by | - |n we
denote the Lebesgue measure on RY and r* = max{+r, 0} for r € R.

3. Auxiliary results

In this section, we establish several intermediate results which will be crucial
in the proof of Theorem 1.3 for problem (1.1).

A function u € WHP(Z) with u|sz > 0 is said to be an upper solution for
problem (1.1), if

(3.1) /Z||Dﬂ||p_2(Dﬂ7Dv)RN dzZ/Zﬁﬂ_”vdz—i—/Zf(z,ﬂ)vdz

for all v € W, ?(Z) with v > 0. In a similar way, a function u € W?(Z) with
uly, < 0 is said to be a lower solution for problem (1.1), if we apply (3.1) to u
and reverse the inequality.

In what follows, A: Wol’p(Z) — W_Lp/(Z), with 1/p + 1/p’ = 1, is the
nonlinear map defined by

(3.2) (A(u),v) = / | Du||P=2(Du, Dv)gndz  for all u,v € W, P(Z).
z

This map is maximal monotone, strictly monotone, and of type (S);, i.e. if
Uy —= u in WyP(Z) and limsup,, . (A(u,),un, —u) < 0, then u, — u in
WP (Z) (see F. Browder [4]).

PROPOSITION 3.1. If hypotheses H(B) and H(f) hold, then problem (1.1) has
a lower solution u € int C .

PrOOF. We consider the following auxiliary Dirichlet problem
(3.3) —Apu(z) =pB(2) ae.onZ, uly,=0.

Invoking the Proposition 2.1 of K. Perera and Z. Zhang [12], we know that
problem (3.3) has a unique solution @ € int Cy. We choose t € (0, 1) small such
that

tu(z) € (0,9p) forall z € Z.

Let u = tu € int Cy. Then, for a.a. z € Z, we have

(3.4) —Ayu(z) =tP H(=A,u(z)) = tP718(2) < B(z2) (since ¢ € (0,1))
<B(z)u(z)™" (since §p < 1, 0 < u(z) < dp for all z € Z).
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This shows that u € int Cy is a lower solution for problem (1.1). O

By virtue of hypothesis H(f)(e), it is evident that @ = « is an upper solution
for problem (1.1) and we have u < w. Using the ordered pair {u,ap} and
suitable truncations, we produce one positive smooth solution for problem (1.1).
In particular, for obtaining the first solution, we truncate the reaction term of
(1.1) at the ordered pair {u, ap}. So, we introduce the following function

B2 u(z)""+ f(z,u(z)) if z <u(z),

(35)  glza) = B(2)a™" + f(z,2) it u(z) < o < ag
for all (z,z) € Z x R,
ﬁ(z)ao_n + f(Z,Oéo) if ap < .

Evidently g is a Carathéodory function. We set G(z,2) = foxg(z,s) ds and
consider the functional ¢q: WO1 P(Z) — R defined by

1
wo(u) = 2—9||Du||g - /ZG(z,u(z)) dz for all u € WyP(Z).

Note that, although ¢ has a singular term, g is a C''-functional, since the term
B(2)€" is evaluated with £ € [u,ap] and uw > 0 (recall u € intCy). Also
Bu~" € Li(Z), see H(B). The truncated functional ¢q will be useful in the proof
of the following result.

ProOPOSITION 3.2. If H(B) and H(f) hold, then problem (1.1) has a strong
solution xg € int C'..

PROOF. It is clear from (3.5) that (g is coercive and sequentially w-sequen-
tially w-lower semicontinuous. So, by the Weierstrass theorem, we can find
zo € Wy (Z) such that

po(zo) = Inf g,
WyP(2)
hence ¢p(z9) = 0 and
(36) A(l’o) = Ng(xo),
where A is defined by (3.2) and Ny(u)(-) = g(-,u(-)) for all u € WyP(Z). On
(3.6), we act with (u — x0)* € Wy?(Z). Then

(A(zo), (u — z0)*) = /Z oz 0) (1 — o) d

= /Z(ﬁufn + f(z,u))(u—x0)T dz  (see (3.5))
> (A(u), (u—0)™) (see (3.4)).
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Denoting the Lebesgue measure by | - |n, we have
/ (|| Dxo||P~2Dxg — || Du||P~2Du, Du — Dxo)gn dz > 0,
{u>z0}

which implies [{z € Z : u(z) > zo(2)}|ny =0 and

Next, on (3.6), we act with (zg — ag)™ € W, *(Z). Then

(A(z0), (g — ap)T) = -/Zg(z, ap)(zo — ap) T dz

_ /Z(ﬁag” 4 f(z00)) (0 — ap) dz (see (3.5))
<0 (see H(f)(e)).

Thus

/ || Dzol|P dz < 0,
{zo>a0}

which implies [{z € Z : zo(z) > ap}|ny = 0 and
(38) i) S Qp.

From (3.6)—(3.8) and (3.5), it follows that

(3.9) —Apzo(2) = B(2)x0(2) "+ f(z,20(2)) a.e.on Z, xglaz =0.
Note that
(3.10) BE) < B(z) < b) for a.a. z € Z,

an = we(2)" T u(z)"

see (3.7) and (3.8). Since u € int O, we can find p > 0 such that ¥ < uu, where
¥ € C4 is as in the hypothesis H(3). Then

B(2)(pu(2))~" < B(2)9(2)"" for a.a. z € Z,
from where, by using hypothesis H(/3), we have fu~" € L%(Z), which gives
(3.11) Bag" € L9(2),

(see (3.10)). Therefore, from (3.11) and hypothesis H(f)(c), we notice that the
right hand-side of (3.9) is a function which belongs to L%(Z). Invoking, once
again, Proposition 2.1 of K. Perera and Z. Zhang [12], we obtain zg € int C.
This is a positive strong solution of problem (1.1) (see (3.9)). O
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Now, we use zy € int C; to produce a second positive solution for prob-
lem (1.1). For this purpose, we introduce the following truncation of the reaction
term:

(3.12) h(za) = { B(2)xo(2)" + f(z,20(2)) if x < xo(2),

B(z)x™" + f(z,x) if © > xo(2).

The function h is also a Carathéodory function and, as usual, we set H(z,z) =
Jy h(z,s)ds and consider the functional 1 Wy?(Z) — R defined by

1
(3.13) Y(u) = || Dullh — / H(z,u(z))dz forallue Wol’p(Z).

p z
Note that, although h has a singular term, 7 is a C''-functional, since the term
B(2)6~" is evaluated with & € [zg, 00) and z¢ > 0 (recall z¢ € int C).

PROPOSITION 3.3. If hypotheses H(3) and H(f) hold, then i satisfies the
PS-condition.

PROOF. Let {x,}n>1 C Wy (Z) be a sequence such that {1(z,)}n>1 C R
is bounded and

(3.14) W (2n) — 0 in WHP(Z) as n — oo.

From (3.14), we have for all v € W, (Z)

<eu|lv|| withe, | 0.

(3.15) ‘(A(mn),w - / h(z, )0 d

Z

In (3.15), we choose v = —z;, € W,"*(Z) and obtain Dy, |5 < e1|z;, || for some
¢1 >0 and all n > 1 (see (3.12)). This implies that

(3.16) {27 }n>1 C WyP(Z) is bounded.

Suppose {z; },>1 € W, P(Z) is unbounded. By passing to a suitable sub-
sequence, if necessary, we may assume that ||z,7]| — oo. We set y,, = .} /||z}]|,
n > 1. Then |jy,|| =1 for all n > 1 and so, we may assume that

(3.17) Yn —y in WyP(Z) and y, —y inL'(Z)

for all 1 <r <p*. In (3.15), we choose v =y, —y € Wol’p(Z) and multiply by
|zF||1~P. Using (3.16), we obtain

Wz, z}t
(3.18) ‘(A(yn),yn —y) - / %(yn —y)dz| < callyn — y|
z |lzn [P

for some co > 0 and all n > 1. Hypothesis H(f)(c) implies that

h +
(3.19) {fn(Z) = W} C L"(Z) is bounded with r = min{p’, ¢}.
Tn (|77 n>1
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If r = p’ and since y,, — y in LP(Z) (see (3.17)), then from (3.18) we obtain

If r = ¢ > N > 2 then, again from (3.17), we see that (3.20) holds. When N =1,
yn — y in Co(Z), (3.20) holds again.
Now, from (3.20) and recalling that A is an operator of type (S), we obtain

(3.21) Yo —y in WyP(Z), hence |y|| = 1.
Because of (3.19), we may assume
(3.22) & ¢ in L"(Z) with r = min{p/, ¢}.

Using (3.22) and hypothesis H(f)(d), we can show (see D. Motreanu, V. Motre-
anu, N. S. Papageorgiou [10, proof of Proposition 5]) that

(3.23) E=moy?™t withn<no <7, y >0, |y =1,

(see (3.21)). Recall that

\<A<yn>,v>— [ iz

<epllv|| for all v € Wy P(Z).

So, if we pass to the limit as n — oo and use (3.20)—(3.23), we obtain
(A(y),v) = / noy? v dz for all v € W) *(Z),
z

so A(y) = noy?~!, that implies
(3:24) —A,y(2) = no(2)y(2)P~! foraa. z € Z, yloz = 0.

We know (see (P5)) that Ay (m0) < A1(7) < A1(A) = 1. Hence, from (3.24), it
follows that y € C¢(Z) must be nodal, a contradiction (see (3.23)). Therefore,

(3.25) {eF}n>1 C WyP(Z) is bounded.

From (3.16) and (3.25), it follows that {x,},>1 is bounded, So, we may assume
that
Ty —> 2 in WyP(Z) and z, —x in L'(Z).
So, if in (3.15), we choose v = x,, —x € W, P(Z) and pass to the limit as n — oo,
then
lim (A(zp), x, — 2) =0,

n—0o0

that implies that
x, — x in WyP(Z) (by the (S); property of A).
Therefore, 1) satisfies the PS-condition. ]

Recall that u; denotes the LP-normalized principal eigenfunction of the non-
linear eigenvalue problem (—A,, W, 7 (Z)).
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PROPOSITION 3.4. If hypotheses H(B) and H(f) hold, then 1(tu;) — —oo as
t — oo.

PROOF. By virtue of hypotheses H(f)(ii)-(iv), given € > 0, we can find
& € L™°(Z)4 such that

f(z,2) > (n(z) —e)aP™! —¢(2) foraa. z€Z, allxz>0,

that implies
* 1
(3.26) Flea) = [ fa9)ds> o (n() - 9)a” - &(2)a
0
for almost all z € Z and all > 0. Then, for ¢ > 0, we have
- P ~
(3:27) w(ti) = = —/ H(z, tin) d=
z

tP ~ ~
=—X\ —/ H(z,tul)dz—/ H(z,tuy)dz
p {ta1<z0} {ti1>z0}

tP -
<—)\ — / f(z,x0)tuy dz
p {tu1<z0}

[ Bt - Bl + (e a0)eo) dz
{tﬂ1>$0}
(see (3.12) and recall 8 > 0 and zg € int C})

P ~ tP
§—/()\1 —n)u dz+e— F(z,x0) — f(z,20)x0dz + c1,
b Jz P J{w >0}

for some ¢; > 0 (see (3.26)). Note that, from hypothesis H(f)(d) and since
w1 € int C, we have

gz /Z(/\1 —n(z))ud dz < 0.

Choose € € (0, —&). Then, from (3.26), we have that
~ tP
Y(tay) = —;cz +c3 for some c3 > 0 and c3 > 0,

which implies the desired result ¥ (tu;) — —o0 as t — oo. O

4. Proof of Theorem 1.3

We are now ready to prove the multiplicity result (Theorem 1.3) concerning
problem (1.1).

From Proposition (3.2), we already have one solution xy € int C .. We con-
sider the functional ¢ (defined in (3.13)) but restricted to the order interval
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[0, g]. Evidently, {/; = Y| [zg,a0] 18 coercive and sequentially w-lower semicon-
tinuous. Therefore, by the Weierstrass theorem, we can find Zy € [zg, ap] such
that

(4.1) (o) = inf ¥ =

[z0, 0]
For any y € [0, o], we set v(t) = ¥(ty + (1 — t)ZTp), t € [0,1]. From (4.1), we
have 0 > +/(0), which implies

(42) 0 < (Ao} —30) = [ bl G0y = 7) d=

Let v € Wy P(Z) and e > 0. We set M_ = {z € Z : Zo(2) + ev(z) < zo(2)},
Mo ={z¢€ Z:xp(2) < To(z) +ev(z) < ap}, My ={z € Z:ap < Tp(z) +
ev(z)}, and

xo(2) if ze M_,
y(z) =< Zo(z) +ev(z) if z € Mo,
o if z € My

Evidently y € [Z,a0] = {w € WP (Z) : Zo(z) < w(z) < ag almost everywhere
on Z}. We use it as a test function in (4.2). Then

(4.3) 0§5/ ||D§:\0Hp*2(DfEO,Dv)RNdz75/ h(z, To)v dz
zZ zZ

+/ | Do ||P~2(Dxo, D(xg — T — ev))gny — h(z,x0) (20 — T — v) dz
M_
+ / h(z, a0)(Zo + ev — ap) dz

My

+/ (h(z,20) — h(2,Z0))(x0 — Tg — V) dz

+ /M+(h(z,a0) — h(z,%o))(ovg — Tp — ev) dz

_ / (| D30 |P=2D3y — || Da|[P~2Dag, DFo — Dao)gw d=
M

- 5/ (|| DZo||P~2DZg — || Dxo||P 2Dz, Dv)gy dz
M

—/ ||D§30||”dz—a/ D30 |P~2(DFo, Dv)an dz.
Mot My
We have

(4.4) / | Do|[P~2(Dxo, D(zo — T — v))py — h(z,20)(x0 — T — ev) dz = 0,
M
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since zp € int C is a solution of (1.1), and

(4.5) / h(z,a0)(Top +ev—ap)dz <0 foraa z€Z

My
by virtue of hypothesis H(f)(e). We know that the map & — ||£[[P72¢, € € RV,
is monotone. Hence

(4.6) / (|[DZo||P~2DZo — || Dxo||P~2 Do, DZg — Dag)gn dz > 0.
M

Since Ty € [zo, ap] and using hypothesis H(f)(c), we have

(4.7) / (h(z,z0) — h(z,Z0))(xo — To —ev)dz < —664/ vdz,

_ {Zo+ev<ao<Zo}

(4.8) /M (h(2, a0) — h(z, 50)) (a0 — o — ev) dz < 505/ vdz,

{Zo<ao<To+ev}
for some ¢4 > 0 and ¢5 > 0.
We return to (4.3), use (4.4) in (4.8) and then divide by € > 0, obtaining

(4.9) 0< / IDZ|P-2(D7, Dv)ax dz — / h(z, 7)o dz
zZ zZ

—(34/ vdz+05/ vdz
{Zo+ev<azo<Zo} {Zo<ao<ZTo+ev}
= [ IDEP (D30, D) d

My

Note that, as € | 0,
{Zo +ev <z <Zo}ly — 0 and [{Zy < ap < T +ev}|n — 0.

Moreover, from Stampacchia’s theorem (see e.g. L. Gasinski and N. S. Papageor-
giou [8, pp. 195-196]), we have

DZy(z) = Dxo(z) ae.on {Zg=xp} and DZyp(z) =0 a.e.on {Zp=ap}.

Hence, if in (4.9), we let £ | 0, then
(4.10) 0< / | DZo||P~2(DZo, Dv)gndz — / h(z,Zo)v dz
z z

Recall that v € W, ?(Z) was arbitrary. So from (4.5), it follows that
—A,To(2) = h(z,%0(2)) ae.onZ, Tglaz =0,

which means that Zo solves problem (1.1) (see (3.12)), Zp € int C'; by the non-
linear regularity theory, and zog < .

If xo # To, then T is the desired second positive strong solution of (1.1). So,
suppose xg = Zg. It is straightforward to check that all the critical point x of ¥
satisfy x¢ < x. Hence, we may assume that xy = Z( is an isolated critical point
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(and local minimizer) of 1, or otherwise we have a whole sequence of distinct
positive strong solutions of (1.1), and so we are done. Arguing as in the proof of
Theorem 6 of D. Motreanu, V. Motreanu and N. S. Papageorgiou [10], we can
find p € (0,1) small, such that

(4.11) (o) < f{¥(e) : [l — o] = p} = cp.

Then (4.11), together with Propositions 3.3 and 3.4, permit the use of the moun-
tain pass theorem (see Theorem 2.1), which gives Z € W' (Z), T # x¢ such that
' (Z) = 0, which implies

(4.12) AZ) = Nu(3)

where Nj,(u)(-) = h(-,u(-)) for all u € WyP(Z). As we already mentioned,
T > xp. So, from (4.12), we have

—A,T(2) = B(2)Z(2)""+ f(2,%(2)) a.e.onZ, Zloz =0,

which implies that Z € int Cy (by nonlinear regularity theory) is a strong so-
lution of problem (2.1), with zyp < T and x¢ # Z. This concludes the proof of
Theorem 1.3.

Acknowledgements. The authors wish to thank the referee for his correc-
tions and remarks.

REFERENCES

[1] R.P. AcArRwAL, H. LU AND D. O’REGAN, Ezistence theorems for the one-dimensional
singular p-Laplacian equation with sign changing nonlinearities, Appl. Math. Comput.
143 (2003), 15-38.

[2] R. P. AGARWAL AND D. O’REGAN, Singular initial and boundary value problems with
sign changing nonlinearities, IMA J. Appl. Math. 65 (2000), 173-198.

[3] R. P. AcarwaL, K. PERERA AND D. O’REGAN, A wvariational approach to singular
quasilinear elliptic problems with sign changing nonlinearities, Appl. Anal. 85 (2006),
1201-1206.

[4] F.BROWDER, Nonlinear elliptic boundary value problems and the generalized topological
degree, Bull. Amer. Math. Soc 76 (1970), 999-1005.

[6] M. M. CocLITE AND G. PALMIERI, On a singular nonlinear Dirichlet problem, Comm.
Partial Differential Equations 14 (1989), 1315-1327.

[6] M. CRANDALL, P. RABINOWITZ AND L. TARTAR, On a Dirichlet problem with a singular
nonlinearity, Comm. Partial Differential Equations 2 (1977), 193-222.

[7] J. 1. Diaz, J.-M. MOREL AND L. OSWALD, An elliptic equation with singular nonlin-
earity, Comm. Partial Differential Equations 12 (1987), 1333-1344.

[8] L. GASINSKI AND N. S. PAPAGEORGIOU, Nonlinear Analysis, Chapman & Hall/CRC,
Boca Raton, 2006.

[9] A.V.LAIR AND A. W. SHAKER, Classical and weak solutions of a singular semilinear
elliptic problem, J. Math. Anal. Appl. 211 (1997), 371-385.



(10]

[11]
[12]
[13
[14]
[15]

(16]

(17]

(18]

POSITIVE SOLUTIONS FOR SINGULAR EQUATIONS 201

D. MOTREANU, V. MOTREANU AND N. S. PAPAGEORGIOU, A degree theoretic approach
for multiple solutions of constant sign for nonlinear elliptic equations, Manuscripta
Math. 124 (2007), 507-531.

K. PERERA AND E. A. B. SiLvA, Ezistence and multiplicity of positive solutions for
stngular quasilinear problems, J. Math. Anal. Appl. 323 (2006), 1238-1252.

K. PERERA AND Z. ZHANG, Multiple positive solutions of singular p-Laplacian problems
by variational methods, Boundary Value Problems 2005 (2005), 377-382.

A. W. SHAKER, On singular semilinear elliptic equations, J. Math. Anal. Appl. 173
(1993), 222-228.

J. Sur AND M. YA0, On a singular nonlinear semilinear elliptic problem, Proc. Royal
Soc. Edinburgh Sect. A 128 (1998), 1389-1401.

C. STUART, Euzistence and approximation of solutions of nonlinear elliptic equations,
Math. Z. 147 (1976), 53-63.

Y. SuN, S. WU AND Y. LoNG, Combined effects of singular and superlinear nonlinear-
ities in some singular boundary value problems, J. Differential Equations 176 (2001),
511-531.

J. VAZQUEZ, A strong mazimum principle for some quasilinear elliptic equations, Appl.
Math. Optim. 12 (1984), 191-202.

7. ZHANG, Critical points and positive solutions of singular elliptic boundary value prob-
lems, J. Math. Anal. Appl. 302 (2005), 476-483.

Manuscript received January 30, 2009

JIANQING CHEN

Fujan Normal University
Department of Mathematics
Fuzhou 350007, P.R. CHINA

E-mail address: jqchen@fjnu.edu.cn

NIKOLAOS S. PAPAGEORGIOU
National Technical University
Department of Mathematics
Zagrafou Campus

Athens 15780, GREECE

E-mail address: npapg@math.ntua.gr

EuGENio M. RocHA
University of Aveiro
Department of Mathematics
Aveiro 3180-193, PORTUGAL

E-mail address: eugenioQua.pt

TMNA : VOLUME 35 — 2010 — N° 1



