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EXISTENCE OF MULTI-PEAK SOLUTIONS
FOR A CLASS OF QUASILINEAR PROBLEMS IN R

CLAUDIANOR O. ALVES

ABSTRACT. Using variational methods we establish existence of multi-peak
solutions for the following class of quasilinear problems

—ePApu+ V(z)uP~t = f(u), u>0, in RY

where Apu is the p-Laplacian operator, 2 < p < N, ¢ > 0 and f is a
continuous function with subcritical growth.

1. Introduction

Many recent studies have focused on the nonlinear Schrédinger equation

ov
(NLS) iha = —h?AV + (V(2) + E)¥ — f(¥) forall z € Q,
where ¢ > 0, Q is a domain in RY, not necessarily bounded, with empty or
smooth boundary. This class of equation is one of the main objects of the
quantum physics, because it appears in problems involving nonlinear optics,
plasma physics and condensed matter physics.

Knowledge of the solutions for the elliptic equation
—&2Au+V(z)u= f(u) inQ,
(S)e
u=20 on 09},

2010 Mathematics Subject Classification. 35A15, 35H30, 35B40.
Key words and phrases. Variational methods, quasilinear problem, behaviour of solutions.
Partially supported by CNPq 300959/2005-2 and 620025/2006-9.

©2011 Juliusz Schauder University Centre for Nonlinear Studies

307



308 C. O. ALVES

has a great importance in the study of standing-wave solutions of (NLS). In re-
cent years, the existence and concentration of positive solutions for general semi-
linear elliptic equations (S). for the case N > 3 have been extensively studied, see
for example, A. Floer and A. Weinstein [18], Y. J. Oh [26], P. H. Rabinowitz [27],
X. Wang [30], S. Cingolani and M. Lazzo [14], A. Ambrosetti, M. Badiale and
S. Cingolani [6], C. Gui [21], M. del Pino and P. L. Felmer [15], [16] and their
references.

In [27], by a mountain pass argument, Rabinowitz proves the existence of
positive solutions of (S), for € > 0 small, whenever

liminf V(z) > inf V(z) =~ > 0.

|z]—o0 z€ERN

Later X. Wang [30] showed that these solutions concentrate at global minimum
points of V' as € tends to 0.

In [15], M. del Pino and P. L. Felmer have found solutions which concentrate
around local minimum of V' by introducing a penalization method. More pre-
cisely, they assume that an open and bounded set A compactly contained in )
satisfies

<V = inf i .
(V1) 0<y<Vo=infV(z) < minV(z)

Existence of nodal solutions for general semilinear elliptic equations for the
case N > 3 and € = 1 have been established in T. Bartsch and Z.-Q. Wang
in [10], [11] and T. Bartsch, K.-C. Chang and Z.-Q. Wang in [7], T. Bartsch,
A. Pankov and Z.-Q. Wang in [9]. For the case involving ¢ > 0 sufficiently
small, some results involving concentration of nodal solutions can be found in
the works of T. Bartsch, M. Clapp and T. Weth [8], T. Bartsch, K.-C. Chang
and Z.-Q. Wang in [7], E. S. Noussair and J. Wei [24], [25] and C. O. Alves and
S. H. M. Soares [4], [5].

The existence of multi-peak solution has been considered in some papers.
In [21], C. Gui showed the existence of a k-peak solution u. for the problem
(S)e, under the assumptions that inf cgny V(x) > V, and there are bounded
domains €2;; mutually disjoint, such that

V@< o, VG

A similar result was also obtained by del M. Pino and P. L. Felmer in [16]
using a different approach. In [19], A. Giacomini and M. Squassina showed the
existence of multi-peak for a class of quasilinear problems, and in [13], D. Cao
and E. S. Noussair have studied the existence of multi-bump standing waves with
a critical frequency, that is, when inf, cg~v V(z) = 0.

In all references cited in this paper, the existence of multi-peak solution for
problems involving the p-Laplacian operation with p > 2 was not considered.
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Motivated by this fact, in the present paper we are concerned with the existence
of positive multi-peak solutions for the following class of quasilinear elliptic prob-
lems

—ePApu+ V(z)uP~t = f(u) inRY,
(P). u>0 in RY,
u € WHP(RY)

where Apyu = div(|VulP~2Vu), 2 < p < N, f is a continuous function with
subcritical growth, e > 0 and V:RY — R is continuous functions with V (x) > 0
for all z € RY. The general hypotheses considered in this work are the following:

(V1) There exists Vy > 0 such that V(z) > V; for all z € RY.
(V2) There exist k disjoint bounded regions €y, ..., such that

M; :IélénV(m) > = igrllifV(:L’), i=1,... k.

i

(f1) There exists p < ¢ < p* = Np/(N — p) such that
f@t)

—= —0 ast— oo.
ta—1

(f2) f(t)=o(|t|P~!) ast — 0.
(f3) There exist 6 € (p,p*) and r > 0 such that

OF(t) < tf(t) forallt>r

where F(t) = fot f(r)dr.
(fy) The function f(t)/tP~! is increasing for ¢ € (0, 00),

Motivated by papers [1], [2], [17] and [21], we show the existence of multi-peak
solutions to (P). for general case p > 2. Our current framework is different of
those used in [21], because the p-Laplacian is not linear, and in our opinion, some
properties that occur for 2-Laplacian (Laplacian operator) are not standard that
they hold for general case, p > 2, therefore, some modifications are necessary in
the sets that appear in the minimax arguments explored in [21]. The arguments
developed in this paper are variational, and our main result can be seen as
a complement of the study made in [21], in the sense that, we are working
with p-Laplacian operator and show the existence of multiple positive multi-
peak solutions. Moreover, our main result also complete the study made in [28]
which has considering the existence of multi-peak solution for a class of problem
involving the p-Laplacian operator for the case 1 < p < 2.

The our main result is the following

THEOREM 1.1. Assume that (V1)—(Va) and (f1)—(f4) occur. Then, for each
' C{1,...,k}, there exist €* > 0 such that, for 0 < e < &*, (P). has a family
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{uc} of positive solutions verifying the following property for ¢ small enough:
There exists 6 > 0 such that

sup ue(z) > 6.
RN

There exists Pr; € Q; for all i € I' such that, for each & > 0, there exists r > 0
verifying

sup ue(z)>d foralliel
BET‘(PE,i)

and

sup ue(z) <& forallieT.
RN\U]‘EF BET'(PE,i)

In the above theorem, if I has [ elements, we say that u. is a [-peak solution.

2. Penalization and (PS). condition

In this section, following the approach of del M. Pino and P. L. Felmer [15]
and C. Gui [21], we define a suitable penalization of the functional energy asso-
ciated to (P).. To this end, we fix some notations and define some functionals
that will be used in this work.

Hereafter, when h is a mensurable function, we denote by fR ~ h the following
integral [, hdz. Moreover, we will use the symbols [ul|, |ul, (r > 1) and
|lu||s to denote the usual norms in the spaces WP(RY), L"(RY) and L>(RY),
respectively. Moreover, since that we intend to find positive solutions, in all this
paper let us assume that

f(t)=0 forallte (—o0,0].

Using the change variable x = ey, it is immediate to check that problem the
problem (P). is equivalent to the following problem
—Apu+V(ex)uP~t = f(u) in RV,
(P)e u>0 in RY,
u € WHP(RN).

From now on, we will work with (P). to get the multi-peak solution associated to
(P).. First of all, notice that nonnegative weak solutions of (P). are the critical

points of the functional I: E. — R given by
1
1) = [ (VuP+ ViuP) - [ P
D JrN RN

where E. is the space of functions defined by

E. = {u € WhP(RN) . /RN V(ex)|ulP < oo}
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endowed with the norm

ot = ( [ 09w+ viepum) "

From (V), it is easy to see that (E., ||-||c) is a Banach space and E. c W1P(RY)
for all € > 0.

In what follows, let A > 1 and m > 0 verifying f(m)/mP~! = V;/A and
f, F:R — R the following functions

~ f(s) if s <m,
f(s) :{

Es and F(s) = /OS f(r)dr.

Pl if s > m,

Moreover, we fix I' C {1,... ,k}, Q = UjeF Q; and the functions

1 for z € Q,
-]

0 forx ¢ Q,
(1) g(z,5) = C(2)f(s) + (1= ¢(x)) f(s)
and
(52) Glas) = [ glat)dt = C@)P(s)+ (1 = () F).
From (g1) and (g2),
(g3) 0G(x,s) < sg(z,s), z€Q, s>0
and
(24) pG(z,s) < sg(x,s) < %|s|p, xRN \Q, s>0.

In what follows, for each e > 0, we denote by g.(z,s) and G.(z,s) the
functions given by

ge(x,8) = g(ex,s) and Gg(sx,s):/ g(ex, ) dr
0

and we set the functional ®.: £, — R given by
1
D, (u) = 7/ (IVulP + V(ex)|ul?) —/ Ge(z,u).
RN RN

p
Under the conditions (V1), (g1)—(g4), ®- € C1(E.,R) and its critical points are
nonnegative weak solutions of the quasilinear problem

(A). —Apu+V(ex)|uP~2u = g.(x,u) in RY.

Notice that positive solutions of the last equation are associated with the positive
solutions of (P)., because if v, is a positive solution of (A). verifying v.(x) < m
in RV \ Q. with Q. = Q/e, it follows that it is a positive solution to (P)..
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2.1. The Palais—Smale condition and its consequences. We start this
subsection studying the boundedness of Palais—Smale sequence associated to O,
that is, of a sequence {u,} C E. verifying

(PS) P.(up) —c and PL(u,) — 0
for some ¢ € R (shortly {u,} is a (PS). sequence).

LEMMA 2.2. Suppose {u,} C E. is a (PS). sequence. Then, there exists a
positive constant K, which is independent of € > 0, that satisfies

lun|l? < K for alln € N.

PROOF. From definition of Palais-sequence, we derive easily

1
D (un) — é@é(un)un =c+on(1) + on(D)|unlle,

where 0, (1) — 0. This equality combined with (gz) and (g4) yields

1 1 P F(un) — = fun)u c+o 0 U
@) (5= 5 )z = [ (Flw) = G F0a)u) < e 0u(0) + oDl

Since fand F verify

~ 1~ 1 1
F(s) =~ f(s)s < (p - 9>‘j|s|p for all s € R,

we obtain,

1 1

\%
(5= 5) (1l = 2hualp) < e 0a(1) + 000}l

From this,

1 1 1
- _ = R P <L
(p 9) (1 A) unll? < e+ 0n(1) + 0n(1)]|un

which implies that {u, } is bounded. Thereby,

-1 -1
1 1 1

limsup ||u, ]2 < | = — = 1-— c,
e | (p 9) ( A)

and, therefore, there exists K > 0, which is independent of €, such that

lun|l? < K for alln € N. O
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PROPOSITION 2.3. For eache > 0, ®. satisfies (PS). condition for all c € R,
that is, any (PS). sequence {u,} C E. has a strongly convergent subsequence
m E..

PRrOOF. Let {u,} C E. be a Palais-Smale sequence. By Lemma 2.2, {u,}
is bounded in E. and for some subsequence, still denoted by {u,}, there exists
u € F. such that

u, —u weakly in E. and W1P(RY),
Un — u in LITYRN) and LP._(RMY).

loc loc
Furthermore, setting ¢, () = ne(z)un(z), we have ®.(uy,)p, — 0 where 1. €
C>(RY) is given by

ne(z) =1 for all z € B§(0),
ne(x) =0 for all z € BR/2(0)a
ne(z) €1[0,1] with Q. C Bg(0).

This combined with [3, Lemma 1.1] implies that for each v > 0 fixed, there
exists R = R(e) > 0 such that

/ ([Vunl? + V(e2)|un|?) <7 for n € N.
{zeRN:|z|>R}
The last inequality together with the subcritical growth of g. implies

lim (Pl +V(ex)P2) =0

n—oo [pN

where
P! = (|Vu,|P~*Vu, — |VulP~*Vu, Vu, — Vu)
and
P2 = (|unlP " — [uP?u)(u, — ).

Using the same type of arguments found in Jianfu [22, Lemma 4.2] (see also
P. Tolksdorff [29]), it follows that u, — u in E.. O

Next, we study the behavior of a (PS) sequence, that is, a sequence {u,} C
WP (RY) satisfying:

un € E., and e, — 0, D, (un) — c, ||<I>’En (un)||Z, — 0.

The proposition below was proved in [21] for the case p = 2.
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PROPOSITION 2.4. Let {u,} be a (PS): sequence. Then there exists a sub-
sequence of {u,}, still denoted by itself, a nonnegative integer s, sequences of
points {yn ;} CRY with j =1,... s, such that

Enln; = 25 €Q and  |Ynj — Yni =00, asn— oo

and

—0 asn— o0

un(+) =Y uos( = Ynj)Xen (- = Ynj)
j=1

where xe(z) = x(z/(=Ilne)) for 0 < e < 1, and x is a cut-off function which
is 1 for |z| <1, it is 0 for |z| > 2 and |Vx| < 2. The function ug; # 0 is a
nonnegative solution for

(2.2) ~Agu+ Vit = goj(a,u), @ e RY

where V; =V (z;) > Vo > 0 and go;(x,u) = limp oo ge(En® + €nYn,j, u). More-
over, we have ¢ > 0 and

c=_ Joj(uo,)
j=1

where Jo j: WHP(RN) — R denotes the functional given by

Josw) =3 [ (vup v - [

GO,j (:c, u)
RN

with Goyj(x,t) = fot go,j(iE,T) dr.

PROOF. As in the proof of Lemma 2.2, it is easy to check that there exists
K > 0 such that
lun|l? < K foralln € N.

Thus {u,} is bounded in WHP(RY) and we can assume that for some u €
Wl,p (RN)

u, —u weakly in WHP(RN),

U, —u in Lfotl(RN) forall g € [1,p* — 1)
and

Up(z) — u(z) a.e. in RY.

Using the properties (g3)—(g4) together with the definition of the functions g. and
G., we derive that ¢ > 0. Moreover, it is immediate to check that |luy|l, — 0 if
¢ = 0. This way, we will consider only the case ¢ > 0.

We claim that there exist positive constants R, a, a subsequence of {u,, }, still
denoted by itself, and a sequence {y, 1} C RY such that

(2.3) / [tn ()P > a.
BRr(Yn,1)



EXISTENCE OF MULTI-PEAK SOLUTIONS 315

Otherwise, by Lions’ Lemma (see [23]), u, — 0 in LI"1(RY). Using, the as-
sumptions on f, for v € (0,V}), there exists C' > 0 such that

‘I)/en(un)un > |unlle, — /N(’Y‘unw + C‘Un|q+1) = (1 - ‘Z)) ”uann - C‘“Mgi%
R

from where it follows that

~y
05 (1= 75 ) lunllz, < 0%, () + Clunlzf = 00,

This leads to ¢ = 0, which is a contradiction. Therefore (2.3) holds. Now, letting

Wy () = up(z + Yyn,1), we have that {w,} is a bounded sequence in W1P(RYN)

and therefore for a subsequence, still denoted by itself, it converges weakly to

ug 1 in WHP(RY). From (2.3), it follows that ug 1 # 0.

CLAIM 1. The sequence {€nyn.1} is bounded. Moreover, there exists x1 € )
and a subsequence of {ep,yn1}, still denoted by itself, such that epyn 1 — x1.

In fact, assuming by contradiction that {€,y, 1} is a unbounded sequence,
we can assume without of loss generality, that |e,y, 1| — oco. Since elne — 0
as ¢ — 0 and € is a bounded domain, we have €,y,1 + €, € RN\ Q for all
|z| < 2|lne,| and n large enough. This together with (g4) leads to

(I),en, (Un)(un(m)xsn (v — yn,l))

> / (IVun ()P + V(en)lttn (@) Phxe, (& — yn1)
RN
2 Pl (z
[ v @l @)

[Ine,|

- / 9(Ents n (%))t (2)Xer (& — Y1)
]RN

2 [ AVun(@)[P +V(ent + enyn,1)|wal’}xe, ()
RN

Vo

_ on X'wn(l‘”p)(gn (.13) + on(l)

z | AIVen @ + Vol = 1/A)[wn (@) bxe, (@) + on(1)
> / Vo1 [P+ Vo (1 — 1/A)|ug 1 [P + 0n(1).
RN

Since {u,} is (PS); and {[lunxe, (+ — ¥n,1)lle,} is bounded in R, we know that

c

DL (un)(un(z)Xe, (T — Yn,1)) = 0n(1). Hence, the last inequality leads to

/ ([Vuoa? + Vo(1 — 1/A) g, [P) = 0
RN

which is a contradiction, because ug 1 # 0. Therefore {e,,y,.1} is bounded. From
this, we can assume that for some subsequence, still denote by {w,, }, there exists
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z1 € RY such that €nYn,1 — 1. Analogous arguments as above can be used to
prove that z; € Q, and the proof of the Claim 1 is over.

Next we outline the proof that ug; is a solution of (2.2). To this end, we
need to prove the below limits involving the sequence {w,,} and ug 1

CLAIM 2. There exists a subsequence of {wy}, still denoted by itself, such
that
wn () — ug1(x) a.e in RN
and
Vwy,(z) — Vug1(z) a.e. in RY.

In fact, for each R > 0, let us consider a function ¢r € C§°(RY) satisfying

¢r(z) =1 for all z € Bg(0),
¢r(z) =0 for all x € B§i(0),
0<¢r(z) <1 forallzeRYN.

Since the sequences {||w,@rl|e, } and {||uo 10z, } are bounded in R, we reach
that

0L (un)(Wndr)(@—yn,1)) = on(1) and DL (un)((u0,10R)(T—Yn,1)) = 0n(1).
Thereby

(24) / ‘vwn|p_2vwnv(wn¢R) + V(gnyn,l + 5n$)‘wn|p¢R
RN

— [ slenw + entg, ) wnr) = on()
]RN
and
(2.5) / \an|p*2anV(u071¢R) + V(enYn1 + snx)|wn|p’2wnu071¢3
RN
- / g(gnx + Enln,1, wn)(uO,l¢R) = On(l)
]RN
From (2.4) and (2.5)
/ <|an|P—2an - |Vu0’1|p_2Vu0’1, Vw, — Vug 1) de = o, (1)
Br(0)
and thus, using well known arguments
/ |V’LUn — VU071|p —0
Br(0)

so that, for some subsequence, still denoted by {w,, },
Vwy,(xz) = Vugi(z) a.e. in Bg(0).

Since R > 0 is arbitrary, the proof of the Claim 2 is complete.
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For any ¢ € C§°(RY), a direct calculus shows that {|¢(z — yn1)|e, } is
bounded in R and

(I)IE,,L (un)(¢(x - yn,l)) = On(1>'
This yields

(2.6) /N ‘vwn|pisznv¢ + V(Enyn,l + 5n$)|wn‘p72wn¢
R

= /N g(en:c + ‘C:nl,/n,lawn)qS + On(l)
R

Now, Claim 2 together with the definition of gy ; leads to

/ |VU0,1\p_2VU0,1V¢+V1|Uo,1|p_zuo,1¢=/ 90,1(x,u0,1)0
RN RN

showing that wug 1 is a nontrivial solution of (2.2). Moreover, from the definition

of go,1, it follows that ug ; is nonnegative.

Hereafter, we consider ul (x) = u,(z) — (ug,1Xe, )(z — yn,1). Using the defi-

nition of the function y.,, a straightforward computation shows that {||ul |, }
is bounded in R and the below limits hold

(2.7) / @+ 1) = (wa2) — w01 (@) = 0a(1)
and
(2.8) /R VU@ + o) — (Vwn(e) = Vaoa () = on (D)
Our goal is to prove that
@ (up)||f — 0 and @, (up) — c— Jo1(uos).

en\"n/lle

To this end, we observe that the limits (2.7) and (2.8) imply in the following

limits
CramM 3.

(2.9) /RN (G ena, un(2)) = Glen, un () = Glenw, (u0,1xXe, ) (@ —yn1))] = 0n(1),

(2.10) . V (en@)lJun ()7 = lun(2) [P = [(u0,1Xe, ) (@ = yn,1)[] = 0n(1),

(2.11) /]RN V(en)| B(uy, () = B(un () = B((uo,1xe,, ) (2 =yn)) /P = 04 (1),

(2.12) /RN (Vg (2) [P = [Vun(@)[” = [V (uo,1x, ) (2 = yn,1) "] = on(1),

(2.13) /RN [A(Vuy, () = A(Vug () = AV (w0,1xe,,) (2 = yn,)) P P70 = 00 (1),
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where
Aly) = ylP"%y forally € RN and B(t) = [t~ forallt € R.

In what follows, we will prove only (2.9), (2.10) and (2,12), because the same
kinds of arguments can be used to prove (2.11) and (2.13).

Proof of (2.9). By a change variable, (2.9) is equivalent to

/ [G(enz + enYn,1,wn) — G(en® + EnlYn,1, Wn — Uo,1Xe, )
RN
- G(Enx + EnYn,1, uO,lXE,L)] = On(l)

Since
i in W L R
U0,1 Xen, Up,1 1 ( )7

from (f;)—(f2) follow that given > 0 there exist R > 0 and ng € N such that

’ / G(Engj + 5nyn,1au0,1X6n) < i for all n > ny
|z|>R

=6
and

(2.14) ‘ / (G(enx + enYn,1,wn) — GeEn® + €nYn,1, Wy — Uo,1Xe, )| < J
|2|>R 6

for all n > ng. On the other hand, using the compact Sobolev embeddings, it
follows that there exists ny € N such that

(2.15) / |G(en® + enYn,1, Wn) — G(enT + €nYn,1, Wn — Uo,1Xe,,)
lz|<R

— G(en® + €nYn,1,%0,1Xe,)]| < for all n > n;.

o2

From (2.14) and (2.15), the proof of (2.9) is complete.

Proof of (2.10). Next, A,, denotes the following integral

A, = [ V@b @F = @)l = (0.5, = )P

Notice that
An = V(enz + Enyn,l)“u}z(x + yn,l)‘p = un(z +yn,1) [P — ‘UO,IXEnlp]
RN

or equivalently
A= | V(en + et s (@ + )P — [ (@) — o, xe, 7).
B2\ Inep| (O)
Thereby,

A, = V(fﬂl)/ [l (@ + Y, )P = [wn (2) [P = [(u0,1xe, ) (%) 7] + 0n (1)
Bs|1ne,(0)
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which implies that
An = V(xl)/ [wn () = uo,1 (2)]" — [wn (2)]” — [uo,1 (2)["] + on(1).
Bane,|(0)
From a result due to Brezis and Lieb [12], we know that

/]RNHM”(”:) — uo,1(2)[” = [wn ()" = fuo,1 ()] = on(1).
This combined with the last inequality proves (2.10).

Proof of (2.12). From now on, B,, denotes the following integral
Ba= [ V6P = [Ful = [V (w01, = )
R
Notice that
Ba= [ (Vb gl = [Vunl? ~ [V, )
B 1ney,(0)
which gives

B, = / [V — Vaug.a[? — |[Vawon|? — [Vuo.a[”] + on(1).
BZ|lu snl(o)

Since
Vw,(z) — Vugi(z) ae. in RY,

by using again Brezis and Lieb [12], we have that
/ van — VU071|p — |V1Un|p — |VU071|p] — 0
RN

and this finishes the proof of (2.12).
The same type of arguments explored in the proof of (2.9) can be applied to
show that for any ¢, € E. with ||¢,

e, <1, we have

(2'16) /N [g(gnl’ + EnYn,1, wn(z)) - g(enz + EnYn,1, U»}L(x + 5nyn,1))
R
- g(snx + EnYn,1, (UO,1X€n)]¢n((E + 5nyn,1) = On(l)

uniformly in [|¢,||g, <1 asn — 4oc.
An immediate consequence from (2.9)—(2.13) and (2.16) are the following
limits
o, (uy) = Pe,, (un) — P, ((w0,1Xe, ) (@ = Yn,1)) +on(1)
and
O (un) = B (un) = L, ((w0,1Xe, ) (@ = Yn,1)) + 0n(1).

On the other hand, a direct calculus shows that

D, ((wo,1Xen ) (- — Yn,1)) = Jo,1(uo,1)
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and
19" (uo,1Xe, )(+ = Yn,1) [, — 0.

Therefore,

O, (uy) = c—Joa(uor) and || (u))||m. — O

n En

showing that {u}} is a (PS)*_ Jo(uo) Seduence. Now, the proof follows as in
[21, Proposition 2.2]. O
3. The existence of multi-peak positive solutions

In this section, for each i € T, let us denote by I;: WHP(RY) — R and
I.i: WHP(Q. ;) — R the following functionals

1 P ’Up _ )
o) =3 [ (4vop+adep) - [ Fo)
and )
L) = p/ﬂs)iqvmuvm)ww) -/, ro

From (f1)—(fy), it follows that I; and I.; have a ground state solution, that
is, there exist w; € WIP(RY) and w,; € E. satisfying

Li(wi) = i, I (w;) =0,
Ia,i(ws7i) = He,i, Ié7i<wa,i) =0,
where
i = inf sup I;(tv) = inf sup I;(h(t)),
: veEWLP(RN)\{0} tzg (to) hel; te[OI,)l] ()
i = inf sup I. ;(tv) = inf sup I ;(h(t)),
He, veWbLr(Q. :)\{0} tzIO) ( ) hele i tE[OI,)l] ’ ( ( ))
Iy = {h e C(0,1], W"?(RM)) : o(0) = 0, I;(h(1)) < 0},

I.; ={heC(0,1], W"?(Q.,)) : h(0) =0, I.;(h(1)) < 0}.
LEMMA 3.1. For for each i € I', the following limits hold

Wei — i ase— 0.

PRrROOF. The same type of argument developed in [15] and [1] leads to
(3.1) pei < p;+o(e) foralliel.

On the other hand, we can repeat, with some modifications, the arguments used
in the proof of Proposition 2.4 to show that

(3.2) pi < pre; +o(e) forall i eT.

Therefore, the proof is completed by invoking (3.1) and (3.2). O
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Here and subsequently, without loss of generality, we will consider I' =
{1,...,1} for some 1 <! <k and R > 0 verifying

I (w;
(3.3) Ii(R—lwi)<# and I;(Rw;) <0 forallieT.

Furthermore, we fix
~ —_ l
(3.4) H.(0)(2) =Y 0;R(wixe)(z — wi/e)
i=1

for all 0 = (01,...,0,) € [1/R2%, 1]}, where x; € K; = {z € Q; : V(2;) = s},
the set
v. ={H e C([1/R* 1], E.); H = H. on 8([1/R* 1)),

0

H(0)|a., #0 for all i € " and for all 9 e [1/R? 111}

and the number
N
S. = inf max D (H(H)).
° Hex. 0 €[1/R2 1] :

Since the assumption (Vy) implies that d(x;,9Q) > 0 for all i € T', we derive

supp (uixs <z — ?)) CQei=W/e, foralliel,

for € small enough. Consequently

l
)= Ly(H.(0)) forall § e[1/R? 1]

=1

~ —
0

O (H(

Then, PNIE €Y., X, # 0 and S; is well defined for ¢ small enough.

LEMMA 3.2. For e small enough, the following property holds: If H belongs
—
to X, then there evists 0, € [1/R?,1)" such that

0.

IZ(H( *))H@) =0, forallicT.

In particular,
I“(H(G_,:)) > fes, t=1,...,L

PROOF. The proof follows by using similar arguments found in [1, Lem-
ma 4.1] combined with the fact that for all i € T the following limits hold

Iéz(ﬁ€(7))fle(7) — I'(0; Rw;)(0; Rw;) as e — 0.
uniformly in 0 e [1/R% 1] O

The next proposition is a key point in our arguments, because it establishes
an important relation among S, and u; for i =1,... L.
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PROPOSITION 3.3. The number Sc fulfills the following limit

l
1' = D D == j e
lim, S, r where Dp Z i

i=1
PrOOF. For each H € 3, it follows from (g1)—(g2)
O.(H(O)) > }ljfs,i(H(?» for all § € [1/R2,1]"
i=1
Hence, by Lemma 3.2
Cmax  ®.(H(6)) > zl:ﬂs,i.
7 el1/R2 1)t =

On the other hand, from Lemma 3.2
l

!
Zﬂs,i = Zﬂi +0:(1)
i=1

i=1
so that

max D (H(
b €[1/R?,1]

and thus, given 1 > 0, there exists €9 > 0 such that
O(H(0))>Dr—n foralec (0,e),

from where it follows that

(3.5) Se > Dr —n forall e € (0,e9).

To conclude the proof, it is sufficient to show the following inequality
sup @g(ﬁs(W)) < Dr+mn forallee€(0,¢ep).
T efo,1)!

First of all, notice that
D ((wixe) (- —xi/e)) = Li(wi) + 0c(1) = pi + 0c(1)
and
gli% O (t(wixe)(+ —xi/e))) = Ii(tw;) uniformly in ¢t € [0, R] for i =1,... 1.

This way, the function
l
H.(0) = 0:;R(wix:)(- —i/e)) forall 6 = (6y,....,6) € [1/R?,1]
=1

satisfies the following estimate

limsup{ sup @E(ﬁs(y)) < Dr

e=0 L% elo,1)
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which leads to
~ —
sup D (H. (0
0 €l0,1]!

)) < Dr+n forex0

so that
(3.6) S. < Dr+n fore=D0.
Combining (3.5) with (3.6), we obtain the inequality
S. = Dp| <7 forz~0,
which proves the lemma. O
COROLLARY 3.4. For each o > 0, there exists £g = eg(a) > 0 such that
sup @E(ﬁg(y)) < Dr + @ for all e € (0,e9),
0 e0,1] 2
~ —

where He( 0) is the function given in (3.4).

PRrROOF. Repeating the same arguments used in the proof of Proposition 3.3,
it follows that

limsup | sup @8(1?[6(7)) < Dr.
e—0 ?E[O,l]l
From this, there exists eg > 0 such that
~ @ — o
sup D (H.(0)) <Dr+ — foree(0,¢e),

— 2

0 €[0,1]!
and the corollary is proved. O

Hereafter, we fix p > 0 verifying
—
0

limiélf |H.(6)|ci = p uniformly in 0 e [1/R?*1)' and i €T,

1/p
fulles = ([ 19+ Vel

£,1

where

and let us define the set

Zei={ueW"P(Q.;) : |ul

ei < p/Q}-

From definition of PNIE(7) and Z. ;, there exist positive numbers 7 and £* such
that

diste;(H.(0),Z.;) > forall 6 €[1/R%1)), i €T and e € (0,%),

where dist. ;(K, F) denotes the distance between sets of (W1P(Q.;),] -
Taking the numbers 7 and € € (0,£*) as above, we define

E,i)'

© ={ue€ E, :diste;(u,Z. ;) > 7 for all i € T'}..
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Moreover, for any ¢, > 0 and 0 < § < 7/2, we consider the sets
Pl ={ueckE.: P (u) <c}
and
By = {u € O 1 [®c(u) — Se| < p}

where O,., for r > 0, denotes the set
O, ={u € E. : dist(u,0) < r}.

Notice that for each pu > 0, there exists 1 = e1(p) > 0 such that u*(z) =
Zizl(wixg(z—xi/s)) € Oforalle € (0,e1). Moreover, since @, (u*) = 22:1 i+
o(e) and S. — Zizl w; as € — 0, we conclude that B, , # 0 for e sufficiently
small.

In what follows, let us consider Bys41(0) = {u € E.;||ul|. < M + 1} where
M is a positive constant large enough, independent of €, verifying

~ M
1H(0). < -  forall 9 e [1/R?, 1)

Moreover, we denote by p* > 0 the following number

v Li(wy)) M 6
" Imn{ 1 ,4,4,Z€F}.

PROPOSITION 3.5. For each p > 0 fized, there exist 0, = 0,(1) > 0 and
e* =¢e(u) = 0, such that

||Q>;(u)\|: >0, fore>¢e* and for allu € (Beoy \ Bep) N Bar+1(0) N oLlr,
PRrROOF. Arguing by contradiction, we assume that there exist £, — 0 and
Un € (Be, 24\ Be, ) N Barg1(0) N LT

such that [|®. (v,)[|f, — 0. Since v, € B., 2, and {[|v,]c,} is a bounded
sequence, it follows that {®., (v,)} is also bounded. Thus, we may assume

3.7) ., (vn) — ¢ € (=00, Dr],

after extracting a subsequence if necessary. Applying Proposition 2.4, there
exist a integer s, points x; € €2, sequences {yn,i} C RY and ug,; functions for
i1 =1,...,s such that

— 0

S
on = 0+ = )Xo (- = i)
i=1

En
with

(3.8) Enln — x; fori=1,...s.



EXISTENCE OF MULTI-PEAK SOLUTIONS 325

Since v,, € Oy, it follows that s > [ and 2; € ; for i € {1,...,i}. On the
other hand, the limit S;, — Dr combined with (3.8) and (3.7) yields s = and
x; € K; for all i =1,... ,l. This way,

q)a (Un) — DF
showing that v,, € B, , for n large enough, which is a contradiction. O

PROPOSITION 3.6. For each pu € (0, u*/2), there exists €* = e*(u) > 0 such
that ®. has a critical point in Be , N Ba41(0) N ®LPT for all e € (0,€%).

PROOF. Arguing again by contradiction, we assume that there exists p €
(0,u*/2) and a sequence €, — 0, such that ®. has not critical points in
Bc, N Ba41(0) N ®Pr. Since the Palais-Smale condition holds for ®., (see
Proposition 2.3), there exists a constant d., > 0 such that

@, (w)|% >d., forallue B, ,NBaii(0)N &I,
Moreover, from Proposition 3.5, we also have
|9z, ()12, > 00 for all u € (B, 2\ Be, ) N Bars1(0) N @L"
where 0, > 0is independent of ¢,, for n large enough. In what follows, ¥,,: H. —
R and Qy: @gf — R are continuous functions verifying
U,(u) =1 forue Bs,,L,S;L/Q N Oy QEM(O),

U, (u) =0 foru¢ Be, 2, N Buy1(0),
<v,

0 (u) <1 forueH,,

and

— 0, (W) | Yy (w)[| M|V ()] for w € Be, 2, N Bar41(0),
0 for u ¢ B, 2, N Bar4+1(0),

where Y, is a pseudo-gradient vector field for &, on M,, = {u € H., : ®_ # 0}.
Next, we denote by mg the real number given by

i = sup{®.,, (w); u € ., ([1/R2 12\ (B., .0 Bar(0)}
which verifies limsup,,_,., m§ < Dr, and by K > 0 the real number verifying
| (u) — @, (v)] < K|lu—vl|., forallu,v€ Byy1(0)and for all j € T.
From definition of Q,,,
|@n(u)]] <1 forallmeNand ue @fzf,

consequently, there is a deformation flow 7,: [0, 00) x <I>£L r— <I>£LF defined by

dn

E :Qn(n)a nn(oau):U€¢3Lr~
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This flow satisfies the following basic properties:
O, (Mp(t,u)) <O, (u) forallt>0andueH,,

and
Nn(t,u) =u forallt >0 and u ¢ Be, 2, N Bi1(0).

CLAIM 1. There exist T,, = T(e,) > 0 and € > 0 independent of n, such that

0

limsup | _ max @, (1(T, He, (0)))| < Dr &

n—oo | B e[1/R2 1]

In fact, set u = M., (0),dz, = min{d., 00}, T, = 22 and 7, (t) = 1, (£, u).
If u & Be, , N By(0) N Os, from definition of m§ we get

O, (Mu(t,u)) < O, (u) <m§ forallt > 0.

On the other hand, if v € B, , N B (0)NOs, we have to consider the following
cases:
Case 1. ;]\n/(t) S B€n73#/2 HEM(()) N Og for all t € [0, Tn]

Case 2. 1,(to) ¢ B, 3,72 N B (0) N Oy for some &g € [0, T,,].
Following the same arguments found in Y. H. Ding and K. Tanaka [17], Case 1
implies that there exists £ > 0 independent of n such that

(I)sn (%(Tn)) S DF - g

Related to Case 2, we have the following situations:
(A) There exists to € [0,T,] such that 1, (t2) ¢ ©s, and thus for t; = 0 it
follows that
11 (t2) = N (t1) e, = 6 > p
because 7(t1) = u € O©.
(B) There exists t € [0,T,] such that 0, (t2) ¢ Ba(0), so that for t; = 0
we get
N _ M
[7n(t2) — N (t1)lle, = o >
because 1, (t1) = u € E% (0).
(C) Nn(t) € ©5 N By (0) for all t € [0,T;,], and there are 0 < t; <ty < T),
such that 7,(t) € B, 3u/2 \ Be, . for all t € [t1, 1] with

@, (M (t1)) = Se, r[ =p and |®c, (Ma(t2)) — Se, 0| = 3p/2.

Using the definition of K, we have that

I

o o
17 (t2) — N (t1) e, > 5
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The estimates showed in (A)—(C) yield there exists C' > 0 such that to —¢; >
Cp. This combined with some arguments found in [17] gives that there exists
& > 0 independent of n such that

lim sup max @En(nn(Tn,ﬁa(y)) <Dr—¢

n—+oo | 0 €[1/R21]!
and the proof of Claim 1 is complete.
.
0

CramM 2. The function 9 (T, He, (0)) belongs to ., .

=]

In fact, since 1, (T, He, (0 )) is a continuous functions in [1/R2, 1]}, we have
to show that

~ —

0

nn(Tm Hsn (
From (3.3),

) =H. (6) forall 0 €d([1/R%1]").

!
‘@E" (ﬁen(y)) - Z”i >2u*  for all 9 e d([1/R%,1])") and n large enough.
j=1

Hence, using again the fact that S., — Dr as n — oo, there is ng such that

~ —

O (H(0))— S| >p* >2u forall 0 e d([1/R*1)") and n > ny

which implies that ITIEH(W) & B., o, for all 0 e O([1/R%,1)") and n > ng. From
this,
M (Tn, He, (0)) = He, (6) forall 6 €0([1/R?1]").

This concludes the proof of the claim.

Combining the definition of S, r with Claim 1, and the fact that, for n large
~ —
enough, n.(T., , H.( 0 )) belongs to X, , we get the inequality
limsupSe, r < Dr —¢§
n—-+o0o

which contradicts the Proposition 3.3. O

Here and subsequently, for each e € (0,&p), ve denotes the solution given by
Proposition 3.6.

LEMMA 3.7. There exist €, > 0, such that v. satisfies

<
gy B <

for all p € (0,x) and € € (0,€).

PROOF. Arguing by contradiction, we assume that there exist &,, tt,, — 0
such that

ve, € Be, ,, and max ve, (2) >m for alln € N.
z

En
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Hereafter, we set v,(z) = v, (z). By Proposition 3.6,

|Dc, (vn) — Se, | < i, @ (v,) =0 and dist(v,,O) < 24.

En

Using Proposition 2.4, there exist a integer s, points z; € Q and ug; functions
fori=1,...,l such that

(3.9) Un = Y t0i( = Yni)Xe, (- —yna)||  — 0.
=1 En

and

(3.10) Enln — x; fori=1,...s.

Since dist(v,,©) < 2§, the limit (3.9) implies that s > [ and z; € Q; for
i €{1,...,1}. On the other hand, the limit S., — Dr, (3.10) and

|®., (vn) = Se,| — 0

imply that s = [ and z; € K; for all ¢ = 1,...,l. In what follows, we set
2p € 08, verify vy, (2,) = max.caq,.  v-(2) and wy,(x) = v, (z + 2,). Hence,

Hwn B Zuo’j(' + 20 = Ynj)Xen (* + 20— Yn j) ‘ —o
j=1
A direct calculus shows that for each R > 0,
S
ZUOJ(' + 2n = Yn,j)Xe, (- +Zn_yn,j)‘ —0
j=1 wt.»(Bgr(0))

and, thus

|wn llwe (B (0)) — O
Since v,, is a solution of (]Bsn), the function w, is a solution of the following
problem

(A)e, —Apwy, + V(epz + enzn)|wn|p_2u = g(enT + enzn,wy,) in RY.

Combining Moser iteration technique, the growth of g and the boundedness the
{w,} in LP"(RN), it follows that there exists C' > 0 and « € (0, 1) such that

||wn||CO,a(§1(0)) S C forall n cN

(see [3]). This inequality implies that for some subsequence, still denote by {w, },
we have that

w, — w in C°(B1(0)).
Once

max v, (z) >m forallneN
2€00Q.,, )

it follows that w,(0) > m for all n € N and, therefore w(0) > m. Thereby,
there exists R € (0,1) such that w(z) > m/2 for all z € Br(0). From this, we
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deduce that w # 0 in W1?(Bg(0)), which is a contradiction, because w, — 0 in
WP (Bg(0)). 0

4. Proof of Theorem 1.1

From Lemma 3.7, there exist 1,69 > 0, such that the solution v, € B,
given by Proposition 3.6 satisfies

max ve(2) <m forall € € (0,e9) and all € € (0, ¢0).

Repeating the same arguments found in [15] and [3], we get

ve(z) <m for all z € RV \ Q,

and, therefore, v, is a solution for (P). for all € € (0,¢). To finish the proof, we
will show that the family {v.} has the property mentioned in the statement of
the theorem. To this end, we set &, — 0 and v, = v., . Then, {v,} is a (PS)}_
sequence verifying

(4.1) dist(v,,0) <2§ forall n € N.
Applying Proposition 2.4, there exists a subsequence of {v,}, still denoted by
itself, a nonnegative integer s , {y,;}, 7 = 1,...,s and functions wug ; # 0 for
1=1,...,s such that
(4-2) EnYn,j — Tj € 57 ‘yn,j — Yn,i| = 0
and
(4.3) Un — Z(uO,jXEn)(' ~ Ynj) —0
&n

J=1

where x.(z) = x(z/—Ine) for 0 < e < 1, and x is a cut-off function which is 1
for |z| <1, 1is 0 for |z] > 2 and |Vx| < 2. From Proposition 2.4, the function

Up,; is a nonnegative solution for
-1 N
—Apu+ViuP™ =goi(x,u), z€R

where V; = V(z;) > Vo > 0 and go (2, u) = limy, .o g (€nT + €nYn,;, u). More-

over,

l s
(4.4) Z = Z Jo,j(u;z)

where Jy ;: WIP(RN) — R denotes the functional given by

1
Joj(u) = = / (Yl + Vi[uf?) - / Go (., u).
D JrN RN
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Repeating the same arguments used in the proof Lemma 3.7, the informations
obtained in (4.1)—(4.4) leads to [ = s and x; € €;, and so

l !
D o= Jo(uoy).
j=1 j=1

This equality implies that x; € K; for all ¢ = 1,... [, because if for some
ip € {1,...,1} we have x;, € 99, the assumption (Vq) leads to V(z;,) > w;,,
and thus Jo ;o (wiy) > -

On the other hand, we know that Jo;(u;) > p; for all 4 =1,... 1 then,

l l

> i <Y Jou),

i=1 i=1
which is a contradiction. Then x; € K; and V(z;) =« foralli=1,... 1, from
where it follows that ug ; is a nontrivial solution of the problem

~Apu+auP™t = f(u), xeRN.
Now, we will show that for each £ > 0, there exist r > 0 and €* > 0 such that
|Un‘OO’RN\UieF By (yey, i) < f for all € € (0,6*).
Moreover, there exists § > 0 such that
[Vnloo,B, (y.,, ;) =0 foralliel.

Considering the function w;, ;(x) = v (T + Yn,;), we have that it is a nonneg-
ative solution and nontrivial of the problem

(A, —Apwn;+ Viepz + Enyn,i)|wn’i\p*2u = g(en® + EnYn,i, Wn,i) in RY.
Using (f2) and (g;), there exists 6 > 0 satisfying the following inequality

ge(z,t) < ?t for all ¢ € (0,20) and = € RY.
This way,
(4.5) [ Wi | oo rY > 20.
Adapting some arguments found in [3] and [20], for each r > 1, there exists
C' > 0 independent of r, such that

[Wn,iloo &\ B, (0) £ Clwn,il Lo~ (e >r/2)-

By Proposition 2.4, w, — ug; in WHP(RY), then for each £ > 0, there is r > 1
and ng € N such that

~]n

[Wn,i] oo, RN\ B, (0) < for all n > ng.
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Since

1 !
|Un|oo,]RN\U,i6F Byr(yn.i) S Z V5] o0, RN\ B, (yn.) = Z [Wn,i| 0o, &N\ B, (0)

=1 i=1

it follows that

‘Un|oo,]RN\Uier Br(yn.i) < ¢ for all n > ng.

Thereby, for £ < §, the last inequality combined with (4.5) yields

|wn,i 00, B, (0) Z 67

that is,

|Vnloo, B, (y,) =0 foralliel.

Defining u,(x) = v,(x/e,) and P, ; = €pYn,i, We get u, is a solution of (P.,)

verifying

and

[Un|oo,B., . (P,s) =0 foralliel

l l

[t loo 2N\U, cp. B (Prs) < D [tnl oo \Bo (Pr) = D [Wniloomm\B,(0) < &

i=1 i=1

for all n > ng, finishing the proof of theorem. O
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