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QUASILINEAR ELLIPTIC EQUATIONS
WITH SINGULAR POTENTIALS
AND BOUNDED DISCONTINUOUS NONLINEARITIES
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ABSTRACT. In this paper we study the quasilinear equation

®) { —div(|VulP~2Vu) + V(220 = Q(lz) f(u), =€ RN,

u(z) — 0, |z| — oo.

with singular radial potentials V', Q and bounded measurable function f.
The approaches used here are based on a compact embedding from the space
WTl'p(RN; V) into L*(RY; Q) and a new multiple critical point theorem for
locally Lipschitz continuous functionals.

1. Introduction
In this paper we are concerned with the quasilinear elliptic equation on RY

—div(|VulP=*Vu) + V([z)ulP"?u = Q(l2]) f(u), = €RY,

u(@) =0, |z — oo,

(P)
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where 1 <p < N, N >3 and V,Q:(0,00) — (0, 00) are two continuous functions
satisfying the assumptions

(V) there exist real numbers a and ag such that

lminf Y7 <0 timint 20 5 o)
r—00 r r—0 rao

(Q) there exist real numbers b and by such that

lim sup %:) < 00, lim sup @ < 00.
r rvo

7—00 r—0
The nonlinear function f satisfies the following conditions:

(f1) f:R — R is a measurable function;

(fz) there is Cq > 0 such that |f(u)| < Ch, for u € R;

(f3) there is Cy > 0 such that F(u) = fou f(®)dt > Cslul, for u € R;

(fa) f(=u) = =f(u), weR.

The function f(u) = sgnwu satisfies the conditions (f;)—(fy). By (f1) and (f2),
F(u) = fou f(¢) dt is locally Lipschitz continuous, and it may not be differentiable
since there is no continuous function satisfying simultaneously (f3) and f(0) = 0.
It follows from (fs) that (P) has a trivial solution v = 0, we are interested in
multiple nontrivial solutions related to (P) in some sense due to the symmetry
of nonlinearity f.

We will apply the variational methods to (P). To this end we establish the
variational framework associated to (P). Denote by D}?(R¥) the completion of
radial functions Cg%.(RY) under the norm

1/p
Ve = (/ |Vu|pdx) .
RN

LP(RN;V) := {u:RN — R

Define for p > 1

u is Lebesgue measurable,

/RN V(|2 ul? da < oo}.

WP (RN V) := DpP(RY) 0 LP(RY; V),
which is a Banach space (see [1], [15]) equipped with the norm

Then define

1/p
oz = ([ (9P +VelaP)dr)
Define

LYRY: Q) := {u : RN — R | u is Lebesgue measurable, /RNQ(M)M de < oo}.
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In [12], the following compact embedding theorem has been established.

THEOREM 1.1 (Theorem 2.1 in [12]). Assume (V) and (Q) with
MNU;%@UN}

YU et )

Then the embedding W}P(RN: V) — LY(RY; Q) is compact.

N —
b0>min{pN,
p

—-p

N
b<max{ — N,

By the above compact embedding from WP(RY;V) into L'(RY;Q), the

functional related to (P)
! P P)dx — z|)F (u) dz
e = [ (Vur+viiupyde - [ Qa)Fwa

is well defined on W,1'P(RY; V) and is locally Lipschitz continuous on W1 (RY; V)
when (f;) and (f3) are assumed. In addition, ® is an even functional when (fy) is
assumed. We will apply the nonsmooth critical point theory built in [2] to study
(P) by looking for critical points of ® on WP (RY; V).

The main result in this paper reads as follows.

THEOREM 1.2. Assume (V) and (Q) with

bo > min{N_p_N’ p(N —1)+ag(p—1) —N},
p

P2
N — N-1 -1
b<max{ p—N7 il )—Iz—a(p )—N}.
p
If f satisfies (f1)—(f4), then the functional ® related to (P) has infinitely many
critical points up € W P(RN; V) with negative energy ®(uy) := ¢ — 0 as

k — oo.

We give some comments, explanations and comparisons. We have pointed
out that there is no continuous function f that satisfies the assumptions (f;)—(fs).
Therefore the problem (P) is a kind of nonlinear partial differential equation with
discontinuous nonlinearities. In the past decades many efforts have been devoted
in extending the theory of nonlinear partial differential equations (PDE) to PDE
with discontinuous nonlinearities (DPDE). We refer the readers to the pioneering
works [2]—-[4] and the references therein for some historic developments and the
explanations in view of physical and mathematical aspects. The abstract meth-
ods for dealing with DPDE have been developed. In [2], the author established
variational methods for non-differentiable functional by using the generalized
gradients for locally Lipschitz continuous functions on Banach space introduced
by Clarke [5]. In [2] the concept of critical points, the Palais—Smale condition
and the deformation lemma to suitable classes of non-differentiable functionals
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were extended, and various minimax theorems also had been extended. Since
then, other kinds of non-smooth critical point theory were established, see the
references [6], and [9] and the references therein. In [6], the author studied the
existence of solution of some quasilinear equations via non-smooth Morse Theory.

In the literature most known results by applying non-smooth critical point
theory were concerned with nonlinear elliptic equations on a bounded domain €2
of RN Since the classical Sobolev embedding theorems worked well, in general
the nonlinearities have a subcritical growth and may be classified as sublinear,
asymptotically linear, or superlinear. See [2], [7], [9].

It is well known that the Sobolev compact embedding theorems play a crucial
role in dealing with elliptic problems via variational methods ([10], [17]). When
one deals with the semilinear elliptic problem on a bounded domain Q of RY,
the classical Sobolev embedding from H!(f2) into L4(Q) is compact for all 1 <
q<2*:=2N/(N —2), N > 3. The case 1 < ¢ < 2 is from a fact of continuous
embedding L4(Q) C L*(2) for 1 < s < q. On the whole space RY, the embedding
HY(RM) — LY(RY) is only continuous for ¢ € [2,2*] and is not compact for
any g. Restricted to the radial case, H}(RY) — L9(R") are compact for all
q € (2, 2%) (see [11], [17]), and it is not true for ¢ = 2 and ¢ = 2*. When
radial potentials are involved, the compactness of the embedding may be valid
for a wider range of ¢. In [14], [15], the authors developed techniques and ideas
in establishing weighted Sobolev embedding from WP(RY;V) into LI(RY; Q)
with singular radial potentials V' and @ for ¢ > p that provided a basic tool
in studying (P) with super-p-linear nonlinearity. In [13] the authors further
explored the effects of the potentials and extend with 1 < ¢ < p and then
to study (P) with sub-p-linear nonlinearity. In [12] the compact embedding
WEP(RYN; V) — LYRY; Q) (Theorem 1.1) was established and then was applied
to the solvability of the quasilinear problem (P) with a bounded continuous
nonlinearity f. Since there is no relation between L4(RY; Q) and L*(RY; Q) for
any ¢ and s, the embedding from WP (RY; V) into LY(RY; Q) are independent
from each other for ¢ > p, 1 <g<pand ¢g=1.

The novelty of this paper are two-fold. One is that we consider the quasilinear
elliptic equations (P) on the whole space RY with a bounded discontinuous
nonlinearity and the variational framework of (P) is based only on the compact
embedding Theorem 1.1. Another one is that we want to find multiple critical
points of ® via nonsmooth critical point theory. There is not any an abstract
tool in the literature which can be applied directly to Theorem 1.2. We will
establish a new multiple critical point theorem for non-smooth functional which
extends one theorem in [16] for smooth functional. The result of Theorem 1.2
is completely new and completes the statement in the end of [12]. We point out
that this type of result is even new for the semilinear elliptic boundary value
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problem on bounded domains with discontinuous nonlinearities. In this case (f3)
may be replaced with other conditions and no weighted functions are involved.
See remarks below in the end of this paper.

The paper is organized as follows. In Section 2, we establish a multiple crit-
ical point theorem for locally Lipschitz continuous functionals. We will use the
variational framework for non-differentiable functionals built in [2]. In Section 3,
we give the proof of Theorems 1.2 and give further remarks.

2. A nonsmooth critical point theorem

In this section we establish an abstract critical point theorem for locally
Lipchitz functionals. We follow up with the variational framework built in [2]
for the non-differentiable functionals.

Let X be a real Banach space and X™* be its dual space. For u € X, u* € X*,
(u*,u) denotes the duality between X* and X. Let ®: X — R be a locally Lip-
schitz continuous functional, that is, for each u € X, there is a neighbuorhood N
of u and a constant K depending on N such that

|P(y) — (2)| < K|ly — 2| forally,zeN.

For each v € X, the generalized directed derivative ®°(u;v) of ® at v € X in
the direction v is defined as
1
®°(u;v) = limsup —[®(u + h + M) — &(u + h))].

h—0, 210 A
The generalized directed derivative ®°(u; -) enjoys some basic properties [5]:
for each u € X, the function v — ®°(u;v) is continuous on v and satisfies
|®%(u;v)| < K||v||, and furthermore, it is subadditive, positively homogenous,
and then is convex. We refer to [5] for these facts.

DEFINITION 2.1 (Clarke [5]). Let ®: X — R be alocally Lipschitz continuous
functional. The generalized gradient of ® at u € X, denoted by 0 (u), is defined
to be the sub-differential of the convex function ®°(u;v) at v = 0:

00 (u) == {w € X* | (w,v) < ®(u;v) for all v € X}.

We refer the readers to [2] for some general information about the generalized
gradient.

We need the following concepts.

DEFINITION 2.2 ([2]). Let ®: X — R be a locally Lipschitz functional. We
say that ug € X is a critical point of ® if 0 € 0P (uy).
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DEFINITION 2.3 ([2]). Let ®: X — R be a locally Lipschitz functional. We
say that @ satisfies the Palais—Smale condition if any sequence {u,} C X along
which ®(u,,) is bounded and

AMup) = min |w|x- —0
weIP(uy)

possesses a convergent subsequence.
For ¢ € R, we denote
P ={ueX|Pu) <c} K.={ueX|0e€0®(u), ®(u) =c}.

We note here that K. is compact if ® satisfies the Palais—Smale condition. See
Lemma 3.1 in [2]. The following deformation lemma for locally Lipschitz func-

tional was proved in [2].

LEMMA 2.4 ([2]). Suppose that X is a reflerive Banach space, and ® is
a locally Lipschitz functional and satisfies the Palais—Smale condition. If ¢ is
a real number and N is any a neighbourhood of the set K., then for any €9 > 0,
there exists € € (0,e9) and a homomorphism n: X — X such that
() m(u) = u for u ¢ B0\ o=,
(b) (¢C+E \N) C @C 6
(c) if Ko =0, then 77(<I>C+5) C o°s,
)

(d) if  is even, then the homomorphzsm 1n: X — X is an odd mapping.

Now we apply Lemma 2.4 to establish the following abstract critical point
theorem for locally Lipschitz functionals. It can be regarded as the non-smooth
version of an abstract critical point theorem in Wang [16] (see Lemma 2.4 in [16])
for smooth functionals. For readers convenience we sketch a proof along with
the arguments of [16].

THEOREM 2.5. Let X be a reflexive Banach space and ®: X — R be a lo-
cally Lipschitz functional. Assume that ® satisfies Palais—-Smale condition and
is even, bounded from below, ®(0) = 0. If for any k € N, there exists a k-
dimensional subspaces Xy and pi > 0, such that

(2.1) sup  P(u) <0,
uEXkﬁS,,k
where S, = {u € X | ||u|| = p}, then ® has a sequence of critical values ci, < 0

satisfying ¢, — 0 as k — oo.

PROOF. Let ¥ be the class of closed symmetric subsets of X \ {0}. For
A € X, we denote by v(A) the genus of A (see [10]) defined as

7(A) := min{k € N | there exists an odd map ¢ € C(A,R*\ {0})}.
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One can refer to Proposition 7.5 in [10] for the properties of the genus . For
each k € N, define the minimax value as

2.2 = inf sup ©(u).
22) %= yen il S0 )

By the monotonicity property of the genus we have ¢, < ¢xyq for all £ € N.
A standard argument applying Lemma 2.4 shows that all ¢, are critical val-
ues of ®. Assume that for some k, ¢, is not a critical value of ®. Then by
Lemma 2.4(c), there exists € > 0 small and an odd homomorphism 7: X — X
such that n(®cTe) C der—e,

Take A € ¥ such that y(A) > k and sup ®(u) < ¢, +¢, then A C ®*+T¢. Set
u€A

A= n(A). Then A€ Y and by the mapping property of the genus, we have

Y(A) =v(n(A) =~(A) = k.
Thus from A = n(A) C ¢, we deduce that
cr < sup ®(n(u)) < ¢ —e.
u€A
This is a contradiction.

Since v(Xx N Sy, ) = k ([10]), we have by (2.1) and (2.2) that ¢, < 0, for all
k e N.

We now show that ¢ — 0, as & — oco. Assume that ¢y — ¢ < 0, k — 0.
Since ® satisfies the Palais—Smale condition, K. is compact. Moreover, K. is
symmetric and 0 € K.. Thus K. € ¥, y(K,.) := ¢ < oc.

By the properties of genus, there is a closed neighbourhood U of K, such
that K. is a subset of the interior U° of U and v(U) = ¢.

By Lemma 2.4, there is € > 0 with ¢ 4+ ¢ < 0 and an odd homeomorphism
n: X — X such that n(®“te\ U°) C & . Therefore

ABH) < (BFENT®) +(U) <A@\ U%)) 4+ £ < 4(8°9) +£.

Taking k& € N large such that ¢ — & < ¢, < ¢. Then (9 ¢) < k. Otherwise
we would get y(®¢) > k + 1 which implies a contradiction cx11 < ¢ —e < ¢.
Therefore y(®“T¢) < k + ¢ < oo. But, it is obviously that y(®“"¢) = co. We
have a contradiction and thus ¢ = 0. O

We finally cite the following abstract result from [2] for proving our existence
theorem.

PROPOSITION 2.6 (Theorem 2.2 in [2]). Let X andY be two Banach spaces.
Assume that X is reflexive, the embedding X — Y is continuous and X is dense
inY. Let G be a locally Lipschitz continuous functional in Y, and G = 6|X7
then

OG(u) C 0G(u), wu e X.
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3. Proof of Theorem 1.2

In this section we give the proof of Theorem 1.2 by applying Theorem 2.5.
We first investigate that under the assumptions of Theorem 1.2, the variational
framework of (P) fits in with the variational framework in Section 2.

By the embedding Theorem 1.1, the functional

b) =5 [ (V£ V(D)o = [ QUalF(u)de, we WHIRY:Y)

is well defined. Set the functional
1
W(u) = 5/ IVl + V() dz, ue WPRN; V),
RN

Then W is of class C! on W''P(RY; V), and ¥’ possesses the (ST) property on
WLP(RN; V) (see [8], [13]) in the sense that for any sequence {u, } C W' (RN, V),
if

u, —u weakly in WP(RY;V) and limsup(¥’(uy,),u, —u) <0,

then
U, — u strongly in WHP(RY; V).
Set
Glu) = [ QelF(ude, we L'RY:Q),

By (f;) and (f,), G is a uniformly Lipschitz continuous functional on L'(RY; Q).
In fact we have that

|G(u) — G(v)] < Cllu — vl @iy,  for u,v € LYRY;Q).

Set G = C~¥|W7;,p(RN,V), then by Theorem 1.1, we see that G is a uniformly
Lipschitz continuous functional on WP (RY;V):

|G(u) — G)| < Cllu — V|l war@n.yy, foru,ve WP (RN, V).

The above constants C and C are independent of the functions u, v.

Since ®(u) = ¥(u) — G(u), the functional ® is a locally Lipschitz functional
on WhP(RN; V).

We begin to prove Theorem 1.2. First of all, we prove that ® is coercive and
bounded from below.

LEMMA 3.1. Assume that f satisfies (f1) and (f2), then the functional ® is
coercive and bounded from below.
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PRrOOF. For u € WHP(RY;V), by (f2), we have

B e = [ VP Veiupdo— [ Qe F(u)da

1
> ];||U||€Vg,p(RN;V) = Cllull @y,

> by vy ~ el o
Since p > 1, by (3.1) we have
(3.2) P(u) = o0 as ||ullyre gy — 00
and @ is bounded from below. O

Next, we show that ® satisfies the Palais-Smale condition. We will use Propo-
sition 2.6. Set

”'HLl(RN;Q)

X =WHRN; V), Y =W"PRY;V)

By Theorem 1.1, X and Y fit in with the conditions on spaces in Proposition 2.6
in the sense that X is reflexive, the embedding X — Y is continuous (and
compact), and X is dense in Y. In the proof of the following lemma we use the
notation X instead of WP(RY; V).

LEMMA 3.2. Assume that f satisfies (f1) and (f3), then the functional ®
satisfies the Palais—Smale condition.

ProOOF. Let {u,} C X be such that ®(u,) is bounded and

(3.3) AMup) = min lwl|x» — 0 asn— oo.
wEAP (u,)CX*

By the coercivity (3.2), {u,} is bounded in X. By the reflexivity of X and the
compactness of the embedding X — Y, up to a subsequence if necessary, we
may assume that there is © € X such that

3.4 u, — u, weaklyin X, n — oo,

u, — u, strongly in Y ¢ LYRY;Q), n — occ.

By the properties of the generalized gradient (see [2]), for each n € N, there
exists u) € 0®(uy,) C X*, such that

(3.6) A(un) = [Jup || x-,
and there exists v} € 0G(u,) C X™* such that

(3.7) (ui,v}z/ (|Vtn P2V, Vo+V (|2)) |un [P 2 unv) de— (vf,v), ve X.
RN
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Taking v = u,, —w in (3.7), then
(3.8) (V' (upn),upn —u)
- / (IVttn P~ 2Vun V (i — w) + V(|2]) [tn [P~ 2ttn (tn — w)) da
RN

*

= (uy, Uun —u) + (U5, up — u).

By (3.3), (3.4) and (3.6), it follows that
(3.9) (u),up, —u) — 0, asn — oo.

By Proposition 2.6, we see that v € dG(u,) C dG(u,) C Y*. Since G is
uniformly Lipschitz continuous on Y, we have by the properties of the generalized
gradient (see [2]) that

(3.10) [vXly» <C, neN.

Tt follows from (3.5) and (3.10) that

B11)  [op, un —w)] < loglly+llun = ully < Cllun —ully =0, n— oo

Thus we arrive at the conclusion that
(3.12) (V' (up), up, —uy — 0, asn — oo.

Since ¥’ enjoys the (ST) property, we have that u, — w strongly in X, n — oo.
Therefore @ satisfies the Palais—Smale condition. O

END OF THE PROOF OF THEOREM 1.2. We verify the assumptions of The-
orem 2.5. By Lemmas 3.1 and 3.2, ® satisfies the Palais—Smale condition and is
bounded from below. By (f;) and (fy), ® is even and ®(0) = 0. Now we verify
that @ satisfies (2.1).

For any k € N, we choose k independent smooth functions ¢; € Cg5.(RY)
for i = 1,... ,k and define X} = span{e1,...d:}. Then X} C WrP(RN;V) C
LY(RY; Q) and dim X, = k. By (f3) we have

1
2(u) <l vy ~ Clullzsvir

Since all norms on X}, are equivalent and p > 1, we get that for pp > 0 small
enough,

sup  P(u) < 0.
uEXkﬁSpk

With all conditions of Theorem 2.5 being verified, we get the conclusion that &
has a sequence of critical values ¢ < 0 satisfying ¢ — 0 as k — oo. The proof
of Theorem 1.2 is complete. O

We finish the paper with some remarks and with some discussions related to
other topics.
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REMARK 3.3. We first give a remark on the relations between the critical
points of ® and the solutions of (P). If ug € W}P(RY V) is a critical point of ®,
then ug solves (P) in the sense (see [2]) that

R —div(|Vuo|P~2Vug) + V(|z|) |uo|P~2ug
(P) in [Q(|2]) f (uo(x)), Q(|]) f(uo(2)], xRN,

ugp(x) =0, |z — oo,

where

[f(ug) := liminf f(u), flug) := limsup f(u).

P w—g
In general, such a function g may not be a solution of (P). A question arising
here that under what situations in which a solution of (ﬁ) becomes a solution
of (P). There was a positive answer in [3], [4] for the semlinear elliptic boundary
value problems on bounded smooth domain of RY with discontinuous nonlinear-
ity. We refer the reader to [3], [4] for details. In the future we will investigate
this question for the weighted quasilinear problems on the whole space RY.

REMARK 3.4. We look at a special case of Theorem 1.2 as an example. Since
the function f(u) = sgnu satisfies the assumptions (f;)—(fs), by Theorem 2.5,
the functional

1
v =1 [ 1 Vel e~ [ Qeluldr, we wiERN V)
RN RN

has a sequence of critical points {ux} in WHP(RY; V) with ®(uy) := ¢x < 0,
®(ug) — 0 as k — oo, and the quasilinear problem

) { —div(|VuP2Va) + V(i) |ulP~2u € [-Q(2]), Q(z])], z e RV,

u(z) — 0, |z|— oo,

possesses infinitely many pairs of solutions in WP (R™; V) with energies go to
zero.

REMARK 3.5. Theorem 2.5 can be applied to the semilinear elliptic boundary
value problem
_ —Au =sgnu, €,

(P)
u(z) =0, x € 09,

where (2 is a bounded smooth domain of R”. Since the function sgnu satisfies
the condition (C) (see p. 126 in [4]), sgn0 = 0, and the optimal for (—A,sgn) is
still the function sgn (see [3], [4]), by Theorem 2.2 in [4], the solutions of the prob-
lem (P) correspond to the critical points of the functional ® associated to (P).
By Theorem 2.5 and the elliptic regularity, the functional ® possesses infinitely
many pairs of critical points in Hg () with their negative critical values go to
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zero and then their Hl-norm go to zero. This multiplicity result for (P) is new.
This result should be compared to the result at the end of [2].
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