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1. INTRODUCTION

Today almost everybody knows the importance of mathematics in
contemporary civilization. But we have much less knowledge concerning
the nature, structure and regularities of the development of mathematics,
the reasons for its effectiveness, its differentiac and resemblances in
relation to other sciences, etc. Answers to these questions may be given in
different ways. In recent years, along with the informal analysis of
mathematics that included historical studies and assessments of the great
mathematicians (Struik; Renyi; Kitcher; Steiner; Wilder), precise recon-
structions of mathematical theories have become more influential (Balzer;
Schreiber). This direction tries to answer the above-mentioned questions by
means of the analysis of the static and dynamic properties of recon-
structions (models) of a theory. It takes mathematics as an extremely
complex conceptual system that may be studied on the basis of
mathe=matical logic, model theory, set theory, etc. Following this path
with standard and structuralist approaches, it has obtained many important
and interesting results. But neither those approaches nor their union
(Pearce & Rantala) exhausts all sides of scientific knowledge systems. In
order to develop these approaches and to overcome their limitations a
structural-naming approach has been proposed (Burgin & Kuznetsov,
1986a ~ 1987). In it a scientific knowledge system is taken as an ensemble
of scientific theories and a scientific theory is treated as a hierarchical
complex system. On the highest level of the hierarchy of the latter are
situated logico-linguistic, model-representation, pragmatic-procedural, and
problem-heuristical subsystems as well as the subsystem of ties between the
previous subsystems. The construction and analysis of these subsystems of
mathematical models for us in an essential way the tools and methods of the
theory of named set (Burgin /984). In this paper we give only the basic
concepts and results of this theory necessary for the structural-naming
analysis of some features of subsystems of mathematical theories. It opens
the way for the informal description and formal modeling of the principal
aspects of the development of set theory.
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2. THE MAIN CONSTRUCTIONS AND RESULTS OF THE THEORY OF
NAMED SETS

It is necessary to stress that in the theory of named sets the concept
of name is considered in a much broader sense than usual. Any semiotic
construction which plays the role of symbol, referring expression,
definition, description, model, etc., for internal or external entities of our
consciousness may function as a name. A name in the sense of the theory of
named sets exists only in conjunction with the entities baptized (named,
modeled, defined, represented, explained, described, etc.) by this name. It
does not exclude the situation of a void name, i.e., a name which does not
baptize any existent object. In an extension of the concept of entity, we
include on a par with material amd ideal objects and their properties the
relations between them, operations on objects, their properties and
relations, processes with objects and so forth. The opposition between a
name and the entity that is named is relative. An entity baptized in some
situations by means of a name may function in other situations as the name
of other objects. For example, the conceptual model of an object plays the
role of the specific name of this object and at the same time the model is an
entity named by means of its logico-linguistic description.

The construction of a named set is a general and exact explication of
the above-mentioned situations that are typical and extend to every element,
level, and step in scientific knowledge and cognition. Generally speaking,
scientific knowledge as a conceptual system consists of a very complex
multilevel net of named sets. Above all, the process of correspondence
between one basic entity and other entities which represent the first one in
some way may be treated like the correspondence of entities to their names.
In such a case, the problem of the analysis of the basic properties of entities
is transformed into the problem of the analysis of the properties of their
corresponding names. An analogous reduction of the analysis of entities to
the analysis of their specific names (in a broad sense) characterizes the
theoretical level of cognition in every scientific field.

William Shakespeare was absolutely correct insisting, “What’s in a
name? That which we call a rose by any other name would smell as sweet.”
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We have, however, to take into consideration that in science we must call
things by their right names. Choosing the right names (in the sense of the
theory of named sets) determines almost everything in scientific cognition.
H. Poincaré wrote about this very vividly: “and now one is amazed at the
power of a single word. There is an object about which it had been possible
to say nothing before it was baptized. But we have a name to this object and
a miracle happens. How does this happen? By giving a name to this object
we implicitly assert that the object exists (i.e. it is free from contradictions)
and that it is fully determined” (Poincaré).

For the exact definition of a named set let us fix three families of sets
(or of classes): ENS, SET, and COL and their morphisms. The collections of
all objects (i.e., sets and/or classes) from these families are denoted as,
respectively, ObENS, ObSET, and ObCOL. The collections of all mor-
phisms (i.e. mappings of sets (classes) or relations between them) from
these families are denoted, respectively as MorENS, MorSET, and
MorCOL. In addition, the following conditions are satisfied: (1) ObENS,
ObSET € ObCOL; (2) MorENS, MorSET € MorCOL; (3) the collection
MorCOL is closed relative to product, i.e., if the mappings o : A — B and
B: B — C (relations a € A x B, p € B x C) belong to MorCOL, where A,
B, C € ObCOL, then their product aff also belongs to MorCOL. Some
subclass M © MorCOL is distinguished. It may be done arbitrarily by
means of different conditions on the class M to define the constructions
necessary for the problems under consideration.

DEFINITION 1. A named set (with respect to M € MorCOL) is a
triple X' = (X, a, I) where X € ObENS, I € ObSET, a : X — I (a0 & XxI)
and o € M.

Well-known special cases of named sets are ordinary sets, multisets
(Knuth), fuzzy sets (Zadeh), L-sets (Salii; Goguen), and so on.

The set X is called the support of X and is denoted by S(X); the set [
is called the name set or set of names of X and is denoted by N(X); the set
NeX)={aecl|3Ixe SX) & ((x,a) € o)} is called the set of non-void
(factual) names of the named set X, the map (relation) « is called the
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naming map (relation) of X and is denoted by n(X); a(x) is called the fiull
name of x in X and any a €a (x) is called a (partial) name of x in X. For
example, for an arbitrary element x from the fuzzy set A, the name of x is
the degree of membership paA(x) of the element x in the fuzzy set A, i.e.
the value of the membership function uaA on the element x.

A named set X is called: (a) normalized if N (X) = N(X), i.e. if the
naming relation n(X) maps X onto I; (b) functional if the naming relation
n(X) is a mapping; (c) singly named if for any x, y € S(X), a(x) = a(y)
and o = n(X) is a mapping; (d) individualized if different elements from
S(X) have different full names in the named set X i.e., for any x, y €

S(X), x # y implies a(x) # a(y).

DEFINITION 2. A morphism of a named set X = (X, a, I) into a
named set Y= (Y, B, ) is a pair @ = (f,g) where fis a morphism in ENS
from X into Y, g is a morphism in SET from / into J and ag = fp is valid
in COL, i.e. the following diagram is commutative:

4
I - J
a 1 T B
X —-Y
¢

If ®=(f,g: X—Y and ¥ = (h, k) : ¥ — Z are morphisms of
named sets, then the product of morphisms ® and W is defined as ¥ =
(fh, gk) : X - Z.

THEOREM 1. (Burgin /984). If ENS, SET, and COL are categories,
then the totality NSET consisting of all named sets and their morphisms is a
category.

Let X =(X, o, I) and Y= (Y, B, J) be named sets.
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DEFINITION 3. f X =Y and a = By where y: ] — I, then Xis called
a right extension of Y and ¥ is called a right restriction of X. If 1=
and a = 5 where d: X — Y, then Xis called a left extension of Y and Y
is called a left restriction of X.If X =Y and I =J and o < B, then Y is
called an inner extension of X.

DEFINITION 4. A named set of second order with respect to H <
MorNSET is a triple X'= (X, A, ) where X, YY'< ObNSET, A € H.

DEFINITION 5, If X= (X, A, Y)and U = (U, B, W) are named
sets of second order, then the morphism ®: X — U is a pair of mappings
(D1, D3), where ®1: X — U and Py Y - W belong to the category
NSET. _

THEOREM 2. The named sets of the second order and their
morphisms form a category N2 SET.

Note that the named sets of more than second order are introduced
analogously.

3. SOME EXAMPLES OF NAMED SETS

We shall give some examples of arithmetical named sets and relations
between them. :
From the time of Euclid every mathematical concept has functioned
(implicitly) as a named set. Indeed, usually an important step of
constructing a mathematical concept was giving a definite name to it. After
this baptism (naming), the content of the concept was explicated by means
of a definition. In fact, the definition is a description of a set of elements
which form the support of the named set associated with the mathematical
concept. Such a definition may also be viewed as a name of the concept.
This is evident from Euclid’s definition of the natural numbers. According
to him, the unit is the unity by means of which any existing thing is
considered united, and a number is a set consisting of units. In other words,
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a number is presented as a collection of units which has a definite
denomination (name) from a distinguished class of words — the so-called
numerals (for example, “two”, “three”, “five”, and so on).

It is important that the fixing of the number of elements in a set by
means of notches and the designation of this number by means of a word —
a numeral — are rather different processes. In the first case, there is only
one sign (for example, a notch) substituting for a single object. Hence, the
main problem is the construction of a one-to-one correspondence between
the number of these notches and the number of objects. In the second case,
in the course of baptising a number, it is necessary to find some specific
denomination for each distinguished set. This problem is more complex
than the first one. Several thousands of years more were taken for its
solution than for the solution of the first problem (see Klix). In fact, the
solution of the second problem led to the formation of the named set
corresponding to the natural number concept, i.e., a concept belonging to
the abstract level of thinking. The solution of the first problem was
obtained on the level of sense perception by means of constructing a one-
to-one correspondence between objects given by the senses.

In addition, the totality of all numbers corresponding to a specific
named set is also represented by a named set. Its support consists of
collections of units, and elements of the named set are designations (names)
of numbers. In turn, this named set has its own name - “the natural
numbers”. It is necessary to stress that in this and analogous cases the
denotation of numbers through the use of numerals (for example, “ten”),
simultaneously plays the roles of the name of a totality of units and of the
name of the named set corresponding to a given number. The same
situation characterizes other mathematical concepts.

Thus, returning to the concept of number, we have to keep in mind
that there is a difference between the denotation of a number and the
concept of number, viz., the denotation of a number is an element from the
named set, but the concept of number is the named set which includes the
class of denotations of numbers as its named set. The contemporary set-
theoretic view of natural numbers presents them as specific named sets.
Generally, the name of a number may be taken either from natural
languages or from mathematical languages (enumerations). In the latter
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case the support of the corresponding named set is the class of all
equivalent finite sets. As before, denotations of numbers are simultaneously
names of classes of equivalent sets and names of those named sets which
correspond to these numbers. Every number has many names from various
languages — both from natural (English, Russian, etc.) and from artificial
ones (different enumerations). In addition, different definitions of numbers
are in fact specific names (in the sense of the theory of named sets) of
numbers. .

A marvellous example of the last situation is demonstrated by the
different definitions of ‘prime number’. According to D. Zagier (Zagier),
a number is called ‘prime’ if it is not equal to 1 and is not divisible by any
other natural number. This definition is proposed by specialists in number
theory. However, other mathematicians sometimes use other definitions.
Thus, for specialists in function theory, a prime number is an integral zero
of the analytical function

7 I'(s)

S

T
sms

For an algebraist, a prime number is “the characteristic of a finite field” or
“a point in the spectrum of Z” or a “nonarchimedean valuation”. For a
specialist in combinatorics, prime numbers are defined by the recurrance
formula

where [x] is the integer part of the number x. Finally, logicians have
recently defined prime numbers as the positive values of a very complex
polynomial.

One of the simplest examples of morphisms of named sets is the
conversion of numbers from one numeration to another one. This situation
is depicted in the following diagram:

10
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“2” ‘ — “10”
1 1
{{a,a}, {b,b}, {a,b}, ...} — {{a,a}, {b,b}, {a,b}, ...}

The named set corresponding to the decimal representation of the number
2 is on the left and the named set connected with the binary representation
of the number 2 is on the right in this diagram.

4. THE SUBSYSTEMS OF A MATHEMATICAL THEORY

The logico-linguistic subsystem. The basic level of this subsystem
consists of the concepts connected with a mathematical theory. Their
structure and properties are disclosed by means of various named sets,
examples of which (for the concept of number) were given above. The
symbolic forms of the expressions for some concepts (terms) used for the
construction of alphabets (vocabularies) of theory languages are elements
of the second level of the logico-linguistic subsystem. Symbolic forms have
played a very important role in mathematics since the time of Frangois
Viéte. For example, one of the forms for representing the number concept
is connected with numerals as elements of some enumeration. The third
level of the subsystem consists of the construction rules for expressions of
the [theory] languages that are built from the elements of the second level.
The fourth level includes various languages treated as systems of
expressions built from symbols of alphabets in accordance with con-
struction rules. In fact, any mathematical theory contains a family of
languages. Ususally its presence is not taken explicitly into consideration.
For example, in the theory of differentiable manifolds we find various
logical languages (languages of predicate calculi of the first and higher
orders, languages of set theory and category theory, natural languages
including specific terms of the theory such as “real number”, “manifold”,
“bundle”, etc.). The classification of languages may be grounded on their
role in the main subsystems of a mathematical theory. In accordance with
this, we can distinguish assertoric, model, procedural, algorithmic,

11
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axiological, erotetical, and other languages. All these languages as systems
of expression are elements of the logico-linguistic subsystem, but their
semantics are defined by means of other subsystems. The model-
representation subsystem defines the semantics for model languages, the
pragmantic-procedural subsystem for procedural, algorithmic, or axio-
logical ones, the problem-heuristical subsystem for erotetic, heuristical,
etc. On the basis of various principles, each of these languages may be
subdivided into sublanguages.

The fifth level of the logico-linguistic subsystem contains rules for
transforming expressions from the theory’s languages. In accordance with
the classification of languages there are many kinds of rules of
transformation — for example, deduction, the best known of whose rules
are modus tollens and modus ponens.

The sixth level — which is sometimes divided into two levels —
contains formal calculi. The properties of calculi are primarily studied for
assertoric languages. Any calculus is a named set K = (A, d, T ) where A
is an axiom system, 7T is the set of theorems of the given calculus, and d
corresponds to rules which have been used in the process of deducing these
theorems. Ordinary formal calculi, i.e. calculi for assertoric languages, are
constructed by means of deduction rules. The seventh level of the logico-
linguistic subsystem contains the tower of calculi introduced for the
depiction of dynamic aspects of formal theories (Maslov).

The model-representation subsystem. Its first level consists of
various names for entities from the object field of a theory. The second
level contains names of properties and relations between entities studied by
the theory. It also includes more complex constructions describing these
properties and relations. The most important of such constructions is an
abstract property. It has the form of a named set (U, p, L), where U is the
universe of entities considered, p is a partial mapping, and L is the scale of
a property (Burgin, /985). L is a partially ordered set.

It is often necessary in mathematical theories to treat on the same
level both properties of entities and their names and more complex
conceptual structures like properties of initial properties, properties of
relations, properties of properties of properties, etc. In order to reflect
this, the object field of a mathematical theory has to include names of
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