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Geometric-arithmetic averaging

of dyadic weights

Jill Pipher, Lesley A. Ward and Xiao Xiao

Abstract

The theory of Muckenhoupt’s weight functions arises in many
areas of analysis, for example in connection with bounds for singular
integrals and maximal functions on weighted spaces. We prove that a
certain averaging process gives a method for constructing A, weights
from a measurably varying family of dyadic A, weights. This aver-
aging process is suggested by the relationship between the A, weight
class and the space of functions of bounded mean oscillation. The
same averaging process also constructs weights satisfying reverse Hol-
der (RH,) conditions from families of dyadic RH, weights, and ex-
tends to the polydisc as well.

1. Introduction

Several classes of functions are defined in terms of a property that the func-
tion must satisfy on each interval, with a uniform constant. Well known
examples from harmonic analysis and complex analysis include Mucken-
houpt’s A, weights, the reverse-Holder weight classes RH,, the class of dou-
bling weights, and the space BMO of functions of bounded mean oscillation.
Such classes have strictly larger dyadic analogues, where the defining prop-
erty is required only on dyadic intervals. Certain types of averaging provide
a bridge between these dyadic counterparts and the original function classes.
Specifically, these averages convert each suitable family of functions in the
dyadic class to a single function in the smaller, nondyadic class. We can
think of averaging as an improving operation, in this sense.

2000 Mathematics Subject Classification: Primary: 42B35; Secondary: 42B25.
Keywords: Dyadic harmonic analysis, multiparameter harmonic analysis, dyadic weights,
bounded mean oscillation, Muckenhoupt weights, A, weights, reverse Holder weights,
product weights, bidisc, polydisc.



954 J. PipHER, L. A. WARD AND X. XIAO

An easily stated example is the following. If all translates of a function f
defined on the unit circle T = [0, 1] are in dyadic BMO, or equivalently if f
is in dyadic BMO on every translated grid of dyadic intervals on the circle,
then the function f itself is in true BMO. This result is a special case of a
theorem in [5], applied to the identity

f(z) = / nf (e + 1) dt,

where for ¢t € R the translation operator 7 is defined by 7 f(:) := f(- — 1),
and x + t is to be interpreted as x +¢ mod 1.

Now, what if a function f on T can be written as the translation-average

() ;:/0 Fla 4 1) dt

of dyadic BMO functions { f*},cp,1 that are not identical translates of each
other? If they satisfy the hypotheses of [5], then still f is in true BMO.
However, the analogous statements can fail for A, weights, for RH,, weights,
and for doubling weights [16].

In this paper we show that a different type of averaging works for both A,
and RH, (Theorems 1 and 2). This is the geometric-arithmetic average
defined by

Q(z) :==exp { /01 logw!(z +t) dt},

where {w'}ie0.1] is a suitable family of weights in A% or RH.

We also observe that translation-averaging does work for A, and also
for RH,, under the additional assumption that the functions w' are dou-
bling weights, not just dyadic doubling weights (Theorem 3). Equivalently,
the translation-average of A, weights is an A, weight, and similarly for RH,,.

All these results generalize to the polydisc (Theorems 4 and 5).

The paper is organized as follows. In Section 2, we state our geometric-
arithmetic averaging results on the circle. In Section 3, we collect the def-
initions and background results used in the paper. Also, Lemma 1 in that
section gives a unified characterization of weights in A, for 1 < p < oo,
RH, for 1 < p < oo, and their dyadic counterparts, in terms of condi-
tions on the oscillation of their logarithms. We take some care through-
out in tracing the dependence of the various constants, although some of
our bounds on the constants may not be sharp. In Section 4, we prove
geometric-arithmetic averaging for A% and RH{ weights (Theorems 1 and 2).
In Section 5, we prove translation-averaging for A? and RH{ weights that
are doubling (Theorem 3). In Section 6, we generalize our results to the
polydisc (Theorems 4 and 5).
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2. The geometric-arithmetic average on the circle

In [16], examples are constructed to show that, for {w'}iep,1) a measurably
varying family of dyadic AJ weights (for arbitrary p with 1 < p < oo)
or dyadic RH{ weights (for arbitrary p with 1 < p < oo) on the cir-
cle T = [0,1], with uniformly bounded dyadic Ag or RH}‘f constants, the

translation-average w(x) = fol w'(x + t)dt is not necessarily a doubling
weight. Therefore w need not be in true A,, nor in true RH,.

The main result of the current paper is that, by contrast, the geometric-
arithmetic average Q(x) = exp{fo1 logw!(x + t) dt} always turns a mea-
surably varying family of suitably normalized dyadic AZ weights into an A,
weight (for arbitrary p with 1 < p < 00), and a measurably varying family of
suitably normalized dyadic RH;’ weights into an RH,, weight (for arbitrary p
with 1 < p < 00).

Theorem 1. Fizp with 1 < p < oco. Let {w'}iep1] be a family of dyadic A,
weights on the circle T, w' € Az(T), such that

(i) the mapping t — w' is measurable,

(1) an appropriate average of the logarithms of the weights w' is finite:
1,1
// | logw'(z)| dz dt < oo,
0Jo

(1ii) the Ag constants Az(wt) are uniformly bounded, independent of t€ |0, 1].

and

Then the geometric-arithmetic average

Q(z) = exp { /01 logw'(z + t) dt}

of the dyadic weights W' belongs to A, on T. Moreover, the A, constant of
depends only on p and on the bound on the Ag constants of the wt.

Remark. A simple heuristic motivation for this result is as follows. The
weights w! belong to Az, so their logarithms log w! are in BMOy,. There-
fore, as shown in [5] (and later [13] for the one- and two-parameter settings
and [15] for the general multiparameter setting), the translation-average
log © of the functions log w' is in BMO, and so by the John—Nirenberg The-
orem [8] sufficiently small powers Q° of Q are in A,. It remains to show
that € itself is in A,

Hypothesis (i7) of the theorem is merely a normalization condition: the
fact that each w'(x) belongs to A? already implies that logw'(z) belongs
to L'(dz).
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The analogous result to Theorem 1 holds for reverse-Holder weights.

Theorem 2. Fizp withl < p < co. Let {w'}iepo1] be a family of dyadic RH,
weights on the circle T, w' € RHY(T), such that hypotheses (i) and (ii) of
Theorem 1 hold, and

(13i") the RHg constants RHg(wt) are uniformly bounded, independent of
t €10,1].

Then the geometric-arithmetic average Q(zx) = exp{fo1 logw!(z + t)dt} of
the dyadic weights w* lies in RH, on T. The RH, constant of Q0 depends
only on p and on the bound on the RH;} constants of the w.

These results also hold on T*, with constants that depend on the dimen-
sion k. In addition, they hold in the setting of the polydisc; see Section 6.

Remark. It is not necessary for the integral in t to be taken over the
whole interval [0, 1]. The proofs below go through without change when the
integral is taken over an arbitrary subset E C [0, 1] of positive measure.

3. Definitions and tools

In this section we collect useful material about doubling weights, the weight
classes A, and RH,, and their relationship to BMO. For fuller accounts of
the theory of A, and RH, weights, see for example [3], [4], [6], and [2].

Let T denote the unit circle, obtained by identifying the endpoints of
the interval [0, 1]. In the definitions of our averages 2 and w, x +t is to be
interpreted as x +¢ mod 1.

Denote the collection of dyadic subintervals I of the circle T by D="D|0, 1]:

D= {[0,1]} U {I: [2]7,];1>‘keN,j c{0,1,... ,2’“—1}}.

Throughout the paper, ) denotes a general subinterval of T, while I, J, K
and L denote dyadic subintervals of T.

The functions we consider are real-valued.

We use the symbol |E| to denote the Lebesgue measure of a set E, the
symbol f;, to denote ﬁ Jz» and the symbol f5 for the average value §;, f of a
function f on a set E. The notation £ C F' includes the possibility £ = F'.

Definition 1. Let w(z) be a nonnegative locally integrable function on the
circle T. We say w is a doubling weight with doubling constant C'if for all

intervals Q C T
/~w(x) dr < C’/ w(z) du,
Q Q
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where @ is the double of (); that is, @ is the interval with the same midpoint
as () and twice the length of (). We say w is a dyadic doubling weight with
dyadic doubling constant C'if the analogous inequality holds for all dyadic
intervals I C T, where I is the dyadic double of I: that is, I is unique dyadic
interval of length |I| = 2|I| that contains I.

The A, weights were identified by Muckenhoupt [12] as the weights w
for which the Hardy—Littlewood maximal function is bounded from LP(du)
to itself, where dy = w(z) dz. Here we give the definitions of the classes A,
and RH, on the circle T; the analogous definitions hold on R and on (one-
parameter) R¥.  We delay the corresponding definitions for the polydisc
setting until Section 6.

Definition 2. Let w(z) be a nonnegative locally integrable function on the
circle T. For real p with 1 < p < oo, we say w is an A, weight, written

we Ay, if
Ay(w) = sgp < i)w) <]{2 (%) 1/(p_1)>p_1 < 0.

For p =1, we say w is an A; weight, written w € Ay, if

Arlw) = sgp < jéw) (ess infxleQ w(x)) =0

For p = oo, we say w is an A-infinity weight, written w € A, if

st = (f ) (f e (1)) <o

Here the suprema are taken over all intervals () C T. The quantity A,(w) is
called the A, constant of w.

The dyadic A, classes Ag for 1 < p < oo are defined analogously, with
the suprema Ag(w) being taken over only the dyadic intervals I C T.

Definition 3. Let w(z) be a nonnegative locally integrable function on the
circle T. For real p with 1 < p < 0o, we say w is a reverse-Holder-p weight,
written w € RH,, or w € B, if

RH,(w) = sgp (]{pr) 1/p< Jéw)_l < 0.

For p = o0, we say w is a reverse-Holder-infinity weight, written w € RH,
or w € By, if

RH.(w) := sgp <esie%1p w(x)) < 7{)@«;)_1 < 00.

Here the suprema are taken over all intervals @ C T. The quantity RH,(w)
is called the RH, constant of w.
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For 1 < p < oo, we say w is a dyadic reverse-Holder-p weight, written
w € RHY or w € BY, if the analogous condition

1/p -1 -1
sup ({0) " (f0) <o o s (s suput)) () <o
IeD I I 1eD xzel I

holds with the supremum being taken over only the dyadic intervals I C T,
and if in addition w is a dyadic doubling weight. We define the RH. g constant
RH]‘f(w) of w to be the larger of this dyadic supremum and the dyadic
doubling constant.

The A, inequality (or the RH, inequality) implies that the weight w
is doubling, and the dyadic A, inequality implies that w is dyadic dou-
bling. However, the dyadic RH), inequality does not imply that w is dyadic
doubling, which is why the dyadic doubling assumption is needed in the
definition of RHY.

The A, classes are nested and increasing with p, while the RH, classes
are nested and decreasing with p. Moreover,

A(w) < Ap(w), for 1 <p<q<oo,

and
RH,(w) < RH,(w), for 1 <p<q<o0.

Also

Aw=UA=JRH, A<(4,  RH.GC()RH,
p>1 ¢>1 p>1 p>1
The dyadic versions of the assertions in this paragraph also hold.

The example w(x) = [log(1/|z])]™* (for = near zero) cited in [9] shows
that the inclusion of A; in ﬂp>1 A, is proper.

The example w(x) = max{log(1/|z|), 1} given in [2] shows that RH, is
a proper subset of M~ RH,.

However, as noted in [2], if a weight w is in A, for each p > 1 and if the
constants A,(w) are uniformly bounded, then w € A;; and the corresponding
statement holds for RH, and RH .

As noted above, for a nonnegative locally integrable function w,

wisin Ay <= wis in A, for some p € [1, 00)
<= w is in RH, for some ¢ € (1, 00).

In the first equivalence the A, constant depends only on the A, constant
and on p, which in turn depend only on the A, constant. Similarly, the A,
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constant depends only on the RH, constant and on ¢, which depend only on
the A, constant. See for example [6, Theorem 9.3.3] where the constants
in these and other characterizations of A, are carefully analyzed. The
analogous statements hold for the dyadic classes A%, A% and RHY.

The classes of A, and RH), weights can be characterized by conditions
on the oscillation of the logarithm of the weight, as follows.

Lemma 1. Let w be a nonnegative locally integrable function on T. Let
p :=logw. Then the following five statements hold.

(a) w isin A if and only if

3.1 sup 4+ exp{e(r) — g} dr < co.
Q
Q JQ
(b) Forl < p < oo, w is in A, if and only if inequality (3.1) holds and
also
(3.2) sup][ exp {M} dr < 0.
Q Jq p—1

(¢) wisin Ay if and only if inequality (3.1) holds and also

3.3 — ess inf < .
(3.3) sup [pq —ess infp(w)] < o

(d) w is in RHy if and only if

(3.4) sup [ ess sup () — | < oo.
Q TeQ

(e) Forl<p<oo,wisin RH, if and only if
(35) sup f explp(e(r) - o)} dr < o
Q

In each part, the value of A,(w) or RH,(w) depends on the value(s) of the
supremum (suprema) in the characterization given and, when 1 < p < oo,
also on p. Conversely, the value(s) of the supremum (suprema) depend on
the value of A,(w) or RH,(w) and, when 1 < p < oo, also on p.

Taking the suprema in inequalities (3.1)—(3.5) over only dyadic inter-
vals I C T, the dyadic analogues of parts (a)—(e) hold for the dyadic classes
AL, Al A{, RHY, and RHY, except that in parts (d) and (e) one needs
in addition to inequality (3.4) or (3.5) the extra hypothesis that w is dyadic
doubling. The dependence of the constants in the dyadic case is the same as
in the continuous case.
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Parts (b) and (c¢) appear in [4], [6], and [3], for example, and part (d) is
in [2, Cor 4.6]. Inequality (3.3) says that an A., weight w lies in A; when
its logarithm ¢ belongs to the space BLO of functions of bounded lower
oscillation, while inequality (3.4) says that w is in RH,, when —¢ belongs
to BLO.

Proof. Let Cy, Cy, C5, Cy, and C5 be the suprema in inequalities (3.1),
(3.2), (3.3), (3.4), and (3.5) respectively.

(a) It is immediate that A, (w) = C, since for each interval @) the A
quantity is

1
<7{2w(x) dx) exp { i)log (@) dx} = ]{2 exp{p(z) — ¢} de.
(b) We show that C) < A,(w), Cy < Ay(w)Y®= and A (w) < C,C%7".

bet 1\ /(-1
pP— J—
1 = log {(—) } S
w p—1

Let @ be an interval in T. Then by Jensen’s inequality,

]{2 exp{p(w) — po} do = (]{2 w)esp ((p - 1)7{2 () dr
(f ) o] = (L)L (T <4

Thus inequality (3.1) holds with C; < A,(w). Similarly, by Jensen’s inequal-
ity,

]{ﬁxp {W} dr — (7{2 (i)l/(l’*)) [exp<7£¢)]1/(p_1)

< K]{? <£)1/(p—1))p—1<jéw)]l/(p—l) < A4, ()00,

Thus inequality (3.3) holds with Cy < A, (w)Y/®=b.
For the converse,

F(4,0") -
= <]{2eXP o(x) dx) ( 7i)exp W(z) dx)p_le—<pQ€—(p—1)1/;Q

p—1

= (, etote) ~ copaa) ( { ewluta) vy )" < crcp

and thus A,(w) < C,CH .
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(¢) We show that 7 < Ay(w), C5 < log A;(w), and A;(w) < Cyexp Cs.
If wis in Ay, then for each interval () in T we have

][ @) g = ][ w(z)de < Ay(w)ess infw(z) < A (w)e?e.
Q Q

z€Q

It follows that
][ e =%e dy < Aj(w).
Q

Thus ¢ satisfies inequality (3.1) with constant C; < A;(w).
By Jensen’s inequality and the A; property,

(3.6) ee < ]éw(x) dr < A;(w)exp { esmseégnfgo(x)}.

Therefore
g <log A;(w) + ess iangp(x).
xre

Thus ¢ satisfies inequality (3.3) with constant C3 < log A (w).

Now suppose that ¢ satisfies inequalities (3.1) and (3.3). Then for each
interval @),

][ w(x) dx :][ e?) dy < Oy e¥?
Q Q

< Crexp {Cs + eszseglf p(z)} = Cre® eszseglf w(x).

Thus w satisfies the A; property with constant A;(w) < Cpe®s.

(d) We show that Cy < log(RHu(w)Ax(w)) and RH.(w) < €%, and
that the bound on Cy depends only on RH.(w).

Suppose w is in RH,,. Then w is in A, so inequality (3.1) holds with
C) = Ax(w). Further, w is in every RH, for p € (1,00), and Ay (w)
depends only on RH,(w), while RH,(w) < RH(w). Thus A (w) depends
only on RH(w). Now for each interval @ in T, inequality (3.1) implies that

ess supw(z) < RHoo(w) ][ e?® dy < RHoo(w)Aso(w)e??.
z€eQ Q

Taking logarithms, we see that

ess sup ¢(z) < ¢ +log(RH(w)Ax(w)),
z€Q

and so inequality (3.4) holds with Cy < log(RH(w)Ax(w)).



962 J. PipHER, L. A. WARD AND X. XIAO

Conversely, if inequality (3.4) holds, then by Jensen’s inequality
ess sup w(z) < exp{Cy + pg} < e ][ exp o(z) dz = ][ w.
r€EQ Q Q
Thus w satisfies the RH,, property with constant RH,(w) < e%.

() We show that C5 < RH,(w)Ax(w) and RH,(w) < C+/”, and that
this bound on C5 depends only on p and on RH,(w). In terms of ¢, the
RH, expression for a given interval () is

< ]{pr>1/p< ﬁw) e < ]éep(@(x)_%) dx) 1/p< ]i)eqﬁ(x)—so(g d;l:) —1'

Also, if w is in RH,,, then w is in A, and A, (w) depends only on p and
on RH,(w). It follows that

(f ewtptow o)

< RH,(w) 7{2 exp{p() — po} dr < RH,(w) An(w).

IN

Thus inequality (3.5) holds with C5 < RH,(w)Aw(w), and this bound de-
pends only on p and on RH,(w).

By Jensen’s inequality, erXp{go(x) — @g}dx > 1. Thus if inequal-
ity (3.5) holds, then

< ]{Qexp{p(w(x) —90)} dx>1/p< ]{Qexp{@(x) — o} dm)

1

Thus w is in RH, and RH,(w) < C+/”.
The same arguments go through for the dyadic classes A and RH{. B

Muckenhoupt’s A, weights are closely related to functions of bounded
mean oscillation.

Definition 4. A real-valued function f € L'(T) lies in the space BMO(T)
of functions of bounded mean oscillation on the circle if its BMO norm is
finite:

1]l = sup][ (@) — fol dz < oo.
QCT J@Q

Dyadic BMO of the circle, written BMOy(T), is the space of functions that
satisfy the corresponding estimate where the supremum is taken over all
dyadic subintervals I € D of [0,1]. The dyadic BMO norm of f is denoted

by Hf”d-
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Elements of BMO, or of BMOy, that differ only by an additive constant
are equivalent; thus BMO and BMOy are subspaces of L /R.

For 1 < p < oo, if wis in A, then ¢ := logw is in BMO, with BMO
norm depending only on the A, constant A,(w). See for example [3, p.409].
The same is true for RH, weights. Specifically, we have the following result;

we omit the proof.

Lemma 2. Suppose 1 < p < oo. Ifw is in A, then ¢ :=logw is in BMO.
For1l < p < oo,

lolls < Ap(w) + (p — 1) Ap(w)/®Y,

Forp=1, ||¢]ls <2A1(w). Forp = o0, ||¢||« depends only on A (w). For
1 <p<oo,ifwisin RH, then p :=logw is in BMO, with ||¢||. depending
only on RH,(w) and on p. The analogous statements hold in the dyadic
setting.

We use a characterization of the dyadic BMO functions on the circle in
terms of the size of Haar coefficients. The Haar function h; associated with
the dyadic interval I is given by h;(z) = |I|7"/? if 2 is in the left half of I,
hi(x) = —|I|7'/% if x is in the right half of I, and h; = 0 otherwise. The
Haar coefficient over I of fis (f,hs) == [; f(x)h;(z)dz. The Haar series
for f is

F@) = (f,hr) hu(w),
1€D

and the L?-norm of f is given in terms of the Haar coefficients by

I = | X (] 7

JeD

The John-Nirenberg Theorem [8] implies that for each p > 1 and for
each f in L'(T), the expression

o (f 100 )

is comparable to the dyadic BMO norm || f||4.
A function f € L'(T) of mean value zero is in BMOy4(T) if and only if
there is a constant C' such that for all I € D,

(3.7) > (fhy) <o)

JClI,JeD

The smallest such constant C' is equal to || f[|7,. Since the sum in inequal-
ity (3.7) ranges over only dyadic intervals .J, there is no need to restrict the
interval I itself to be dyadic.
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4. Proofs of Theorems 1 and 2

We begin this section with three lemmas, which we then use to prove the
geometric-arithmetic averaging result for both A, and RH,,.

Lemma 3 below gives an estimate on Haar expansions of BMO, functions.
Lemmas 4 and 5, which rely on the estimates (4.1) and (4.2) from Lemma 3,
will allow us to pass from the dyadic versions to the non-dyadic versions of
the inequalities that characterize A, and RH,,.

Throughout this section we use the following notation. Let D, := {I €
D | |I| = 27"} be the collection of dyadic intervals of length 27, for n = 0,

1, 2, ... Expanding each ¢! in Haar series, we have
1
o) = [ S kbl + 0y de
0 Jep
oo 1 oo
= / S (@) bl + ) dt =Y onla),
n=0+0 JeDy, n=0

so that ¢, is the translation-average over ¢ of the slices at scale 27" of the
Haar expansions for the functions .

Fix an interval () C T; this () need not necessarily be dyadic. Split the
sum for p(z), at the scale of |@Q], into two parts ¢4 and ¢p in which the
dyadic intervals J are respectively small and large compared with Q:

p=pates  eal@)= D eul®), epl@)= > eu(x)
n:2="<|Q| n:27">|Q)|
The following result is proved in the course of the proof of Theorem 2
of [13].
Lemma 3. Suppose that {¢'} ey is a family of dyadic BMO functions
on T, o' € BMOy(T), such that
(i) the mapping t — @' is measurable,

(i1) the BMOy constants ||¢*||q are uniformly bounded, independent of
tel0,1], and

(ii1) for each t € [0,1], the function @' has mean value zero on T.

Then there are constants C'4 and Cp depending on the bound on the BMOy
constants ||¢"||4, and independent of Q, such that for each interval @ C T
and for each point x¢ € @,

1 2 4y
(4.1) ol /Q lpa(@)Pd < Ca,

1
(4.2) ol /Q lon(z) — u(zo)| dz < Cs.
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Lemma 4. Let 3 be a real number. Suppose {w'}icjo1) is a family of nonneg-
ative locally integrable functions on T such that for all gp = logw!, hypothe-
ses (i)—(iii) of Lemma 3 hold. Let ¢(x) = logQ(z fo logw®(z + t) dt.
Suppose there is a constant C%(3) such that for all t € [0,1] and for all
dyadic intervals I C T,

(4.3) f exp [B(¢(x) — o)) dz < CU(B).

Then there is a constant C(3), depending only on C4(3), such that for all
intervals QQ C T,

(4.4) ]{2 exp [B(0(z) — o)) dz < C(B).

In fact, for many choices of 3, hypothesis (ii) of Lemma 3 is implied by
inequality (4.3), together with Lemmas 1 and 2. This point is made clear in
the proof of Theorems 1 and 2.

Proof. We first establish an inequality that controls the exponentials of the
Haar expansions of the ¢. By inequality (4.3), for each dyadic interval I C T
we have

][exp [ﬁ Z (o' hy)hy(x )] dr =

JClI,JeD

:][exp[BZQO,thJ - f Z (", hp)hy ()

JeD JPI,JED
- ﬁ Z 90 ,h] h] )} dx
JNI=0,JeD
(4.5) - ][ exp [B(0! () — ¢})] dz < CU(B).

We have used the fact that the average f; of a function f € L'(T) over an
interval I containing the point x can be written as

fi= ][Z fhhs(s)ds = 3 (£ ha)ho(a),

JeD J21,JeD

and the observation that exp[—3 3" ;g jep(¢', hy)hy(x)] =1 for z € 1.
Fix an interval () C T, not necessarily dyadic. For each z € () we have

op(r) — ][ s) ds ][ lop(z ()] ds
][|90A |d8+][|803 s)|ds < \/Cyq+ Cp,

by Cauchy—Schwarz and the estimates (4.1) and (4.2) from Lemma 3.
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Therefore

][ exp [B(e(x) — o) du :][ exp [Bpa(z)] exp [B(ep(z) — ¢q)] dx
Q Q
< exp [ﬁ(\/CA + C’B)} ][ exp [ﬁgpA(x)] dx.

Q
Thus it suffices to bound the quantity

]{Qexp[ﬂgoA(x)]dx—][exp{ > / Zg&,htha:—irt)dt}dx

2= n<\Q\ JED,

][
<[], 3
ff.l, 3

We have used Jensen’s inequality and Tonelli’s Theorem.

In order to apply inequality (4.5), we want to replace the interval @) in
the preceding expression by appropriate dyadic intervals. Fix t. There are
two adjacent dyadic intervals K; and L; such that Q +t C K, U L; and
Q| < [Kif = | L] <2|Q]. Then

f explponeyan < /ﬁ [ o X )]

(,0 ,h])hJ(.T + t) dt} dx
\J|<\Q\ JeD

(th, hJ)hJ(x + t):| dx dt
|7]<|Ql,7€D

(¢, hJ)hJ(.T):| dx dt.
|/1<|Q|,J€D

|71<|Q|,JeD
19
< / T exp |i6 Z (Sot7 hJ)hJ(I):| dr dt
o IKil Jrom, e e
L
- 2/ {m &P |:ﬂ Z (gpta hJ)hJ(.T):| dx
0 t K J<|ReJeD
|L A { (¥, hnw)} dx} dt
e |J|<|Li|,J€D

<9 /0 C4(B) + CU(B) di = 4CU(B),

by inequality (4.5). Thus

]éexp [B(p(x) — )] dr < 4C%(B) exp [ (\/07+ OB)} :
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Taking the supremum over all intervals Q C T, we see that inequality (4.4)
holds for ¢ = log 2, with constant C'(8) =4C%(3)exp [3 (vVCa+Cp)]. M

Lemma 5. Suppose {w'}iep01] is a family of nonnegative locally integrable
functions on T such that for all ' := logw®, hypotheses (i) and (iii) of
Lemma 3 hold. As before, let p(x) =logQ(z) := fol logw!(x + t) dt.
(a) Suppose there is a constant C$ such that for all t € [0,1] and for all
dyadic intervals I C T,

[} — ess inf ()] < C5.

Then there is a constant Cs depending only on C¢ such that for all
intervals QQ C T,

[0q — eszseglfgo(x)] < Cs.

(b) Similarly, if there is a constant C§ such that for all t € [0,1] and for
all dyadic intervals I C T,

[ess sup o*(z) — ¢f] < Cy,
xe

then there is a constant Cy depending only on C$ such that for all

intervals QQ C T,

[ess sup p(z) — o] < Ci.
zeQ

Proof. Observe that hypothesis (ii) of Lemma 3 follows from the assump-
tion in part (a) or the assumption in part (b), together with the dyadic
versions of Lemmas 1 and 2. In particular, the BMO, constants ||¢"||q de-
pend only on C¢ or Cf.

(a) For each dyadic interval I C T and for a.e. = € I, we have
(4.6) C> @i —d'(@)=— D (¢ h)hy(2),
JCI,JeD

using the observation that > -,y ;ep(¢', hy)hy(z) =0 for x € I.

Fix an interval () C T, not necessarily dyadic. For z € () consider the
quantity

o0 — o) = ]{2 [pa(s) + w5(s)] ds — [pa(e) + op ()]

- et []{2 oals)ds = o (o) { - @A@:)I

-~ -~

0 ) (1)
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We bound the terms (I), (II), and (III) separately. By Lemma 3,
1/2
< [][ pa(s)]? dS <VCs and (II) ][ los(s) — pp(x)|ds < Cp
Q

for all x € Q. Also, given x € @ and ¢ € [0, 1], there is a unique dyadic
interval I, ; such that x+t¢ € I,; and |Q|/2 < |I.4] < |Q|. Then hy(z+t) =0
it J ¢ I,,. It follows that

—palz) =~ ) /Zso,hthx+t)d

n:27<|Q)| JED,

/0 > (@ hhy(z+t)dt

|J|<|Q|,JeD

/ (', hy)hy(z +t)dt < CY
0

JClIz,JE€ED

for a.e. x € @, by inequality (4. 6) So
pQ —ess. 1nf<p <\/Cy+Cp+CY.

Thus inequality (3.3) holds with constant C3 = /C4 + Cp + C5.

(b) In the case of RH., the same argument shows that inequality (3.4)
holds with constant Cy = C¢ + Cp + /C}y. [ |

Proof of Theorems 1 and 2. We prove Theorems 1 and 2 together. Let K
denote any one of the classes A, with 1 < p < oo, or RH,, with 1 < p < oc.
For w in K let K (w) denote the corresponding A, constant or RH,, constant.
Let K¢ denote the corresponding dyadic class, and for w! in K¢ let K%(w')
denote the corresponding constant.

It follows from the definitions of A, and RH, that if w is in K then for
each constant A > 0 the weight Aw is also in K, and K(\w) = K(w).

For each t € [0,1] let w! be a weight in K%, and let ¢! := logw!. Let

= log Q). By hypothesis (iii) of Theorem 1 or (iii’) of Theorem 2, the
constants K4(w') are bounded independently of ¢ € [0, 1].

Without loss of generality, we may assume that for a.e. t € [0,1] the
functions got have mean value zero. To see this, note that the mean value
@ = {3 ¢'(x) dz is finite for a.e. ¢ by hypothesis (ii). Let @' := ¢ — of.
Then for x 6 T

Q(x)—exp{/lwt(ﬁt)dt}—exp{/lgoﬁrdt}exp{/Olg“o’t(:cﬂ)dt}
:exp{// log w'(z dmdt}exp{/ o' (x +t)dt}
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Denote the second term on the right-hand side by Q(x) The first term on
the right-hand side is finite by hypothesis (i7) of Theorems 1 and 2, and is
positive. Thus Q is in K if and only if Q is in K. Moreover, K (€2) = K(f).

We show that hypotheses (i)—(ii7) of Lemma 3 hold here. The mapping
t — ¢ = (logw') — % is measurable, since ¢t — w' is measurable by hypoth-
esis. By the dyadic version of Lemma 2, the BMO, norms ||&f||4 = ||¢"|]4
are uniformly bounded, by a constant depending only on p and on the bound
on the K constants of the dyadic weights w’. Each @' has mean value zero,
by construction. B

For convenience we now drop the tildes, writing ¢! for @' and Q for Q
from here on.

As an aside, we note that log €2 is in BMO (see [5]), and so by the John-
Nirenberg Theorem the function Q° is in A, for § > 0 sufficiently small. We
now prove that €2 itself is in A,.

Case 1: K = A.. By the dyadic version of Lemma 1(a), there is a
constant C¢ depending only on the bound on the A% constants of the w?
such that each o' satisfies inequality (4.3) with g = 1:

fewleta) - ety <.
I
Take C4(1) = C¢. Then by Lemma 4, ¢ = log() satisfies inequality (4.4)
with 3 = 1: there is a constant C'(1) depending only on C%4(1) such that,

]{2 exp{ip(x) — pa} dz < C(1).

Take C; = C(1). Lemma 1(a) now implies that Q € A, with A, constant
bounded by C;. The dependence of the constants is illustrated in the upper
row of Figure 1 (taking p = oo there). We see that A, (Q2) depends only on
the bound on the A constants of the weights w’.

dyadic Lem. 4,
max A4(wt)| Lem. 1(a) Ci=Cip),| B=1 )

tefo,1] P with 3 =1 \

L. 14,(9)
dyadic Lem. 4, (b)

d _ (d _
P Lem. 1(b) Q2 =C (ﬁ—)l’ B = pTll c, /

FIGURE 1: Dependence of the constants in the proof of Theorem 1, for the
case K = A, with 1 <p < oo.



970 J. PipHER, L. A. WARD AND X. XIAO

Case 2: K = A,, 1 < p < oco. As for case 1, using Lemma 1(b) and
Lemma 4 with both § =1 and § = —1/(p — 1). Figure 1 illustrates the
dependence of the constants. We find that A,(€2) depends only on p and on
the bound on the A? constants of the w'.

Case 8: K = A;y. As for case 1, using Lemma 1(¢), Lemma 4 with 8 = 1,
and Lemma 5. The constant A;(Q) depends only on the bound on the A¢
constants of the w’.

Case 4: K = RH.,. As for case 1, using Lemma 1(d) and Lemma 5.
The constant RH () depends only on the bound on the RHZ constants
of the w'.

Case 5: K = RH,. As for case 1, using Lemma 1(e) and Lemma 4
with = p. We find that RH,(2) depends only on p and on the bound on
the RH{ constants of the w'.

This completes the proof of Theorems 1 and 2. [ |

Remark. An alternative proof of Theorem 1 for K = A,, with 1 < p < oo,
can be obtained as follows from the result for K = A;, using factorization
of A, weights [10]. Suppose 1 < p < oo. If wy and w, are A; weights,
then w = wiw, ¥ is an A, weight, with constant A,(w) < A;(w;)A;(ws)? ",
Conversely, if w € A,, then there exist w; and wy in A; such that w = wlw%_p )
The A; constants of w; and wy depend only on p and on the A, constants of w,

as noted in [6, p. 717]. The analogous results hold in the dyadic setting A¢.
Lemma 6. If Theorem 1 holds for Ay, then it holds for each A,, 1 < p < oo.

Proof. By the (dyadic) factorization theorem, for each ¢ € [0, 1] there exist
wt, wh € A4 such that w® = w!(wL)'"P. Furthermore A;(w!) and A;(w}) are
uniformly bounded, independent of ¢ € [0, 1], by a constant depending on p
and on the bound for the constants A,(w'). Then

Q(z) = exp {/01 logw'(z + 1) dt}
= exp {/01 log [wi(x +t) (wi(z + t))l_p] dt}
= exp {/01 logw!(z +t)dt + (1 —p) /01 (wi(z +1)) dt}

_ [exp {/01 log w! (x + 1) dt}] [exp {/01 log (i + 1) dt}] o

By hypothesis, both of the expressions in square brackets are in A;. There-
fore (2is in A, as required. Furthermore, the A, constant of {2 depends only
on the AZ constants of the weights w?.
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The result for A, follows immediately from the A, case, 1 < p < oo,
using the observations on the dependence of the constants made before
Lemma 1 above. |

5. The translation-average of doubling weights

It appears that the obstacle to the translation-average w(z) = fol w'(z+1t) dt
of A? weights w' being in A, is that the assumption of the w' being dyadic
doubling is insufficient to guarantee that the translation-average is actually
doubling [16]. A natural conjecture is that if the translation-average of a
given family of Ag weights is in fact doubling, then this doubling weight also
belongs to true A,. As a step in this direction, we show that the presumably
stronger assumption that each of the Ag weights w' is doubling (in other
words, that w' is in A,) does imply that their translation-average w is in A,,.

Theorem 3. Suppose {w'}iecp1] is a family of doubling weights on T, with
doubling constants bounded by a constant Cqp independent of t € [0,1]. Sup-
pose the mapping t — w' is measurable. Fiz p with 1 < p < oo, and suppose
each w' is in AZ, with Ag constant bounded by a constant V, q independent
of t € [0,1]. Then the translation-average

wo(z) = /01 W (w + 1) dt

belongs to A, on T, with A, constant depending only on p, V, 4, and Cqp.

Similarly, for p with 1 < p < oo, if each w' is in RHg, with the supremum
in the defining inequality for RH;’ (Definition 3) bounded by a constant V,, 4
independent of t € [0, 1], then the translation-average w(x) belongs to RH,
on T, with RH,(w) depending on p, V, 4, and Cap,.

Proof. A doubling weight assigns comparable mass, with a constant de-
pending only on the doubling constant, to any given interval () and to each
of the dyadic intervals at scale |@| that intersect (). (This observation can
fail if the weight is dyadic doubling but not doubling.)

As a consequence, for fixed p with 1 < p < 00, an Ag weight is doubling
if and only if it is actually in A,,. Moreover the A, constant depends only on
the Ag constant and the doubling constant, which in turn depend only on
the A, constant. Similarly, for fixed p with 1 < p < oo, an RH}‘f weight is
doubling if and only if it is actually in RH,. For example, one finds that for
a doubling A weight w with 1 < p < oo, the A, constant of w' is bounded
by V,, 1= 271V, 4 C3,,, while for a doubling RH{ weight w' with 1 < p < oo,
the RH, constant of w* is bounded by V, := 2¥?V, ,C2, .
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Theorem 3 now follows easily for A,, 1 < p < oo, using Muckenhoupt’s
original identification of A, in terms of the boundedness of the Hardy—
Littlewood maximal function M, defined by M f(z) := suanme |f(y)| dy.
In particular, for these p, a nonnegative locally integrable function w is
in A, if and only if there is a constant C' such that for all locally integrable
functions f,

(5.1) / M ()P w(z) dz < C / (@) w(z) d.

Moreover, if inequality (5.1) holds then w € A, and A,(w) < C, while if
w € A, then inequality (5.1) holds with C' depending on p and A,(w).

For RH,, 1 < p < oo, Theorem 3 follows from Minkowski’s Integral
Inequality and the observation above on comparable mass. The cases of Ay,
Ao, and RH, are also straightforward, and we omit the proofs. |

6. Generalizations to the polydisc

We extend the above results for A,(T) and RH,(T) to the setting of the
polydisc. For ease of notation, the statements and proofs given below are
expressed for the bidisc. However, they generalize immediately to the poly-
disc with arbitrarily many factors.

The theory of product weights was developed by K.-C. Lin in his the-
sis [11], while the dyadic theory was developed in Buckley’s paper [1]. The
product A, and RH, weights and the product doubling weights, and their
dyadic analogues, are defined exactly as in Definitions 1-3 in Section 3, with
intervals in T being replaced by rectangles in T ® T. It follows that a prod-
uct weight belongs to A,(T ® T) if and only if it belongs to A,(T) in each
variable separately.

To be precise, w € A,(T®T) if and only if w(-,y) € A,(T) uniformly for
a.e. y € T and w(z,-) € A,(T) uniformly for a.e. x € T. In one direction this
is a consequence of the Lebesgue Differentiation Theorem, letting one side of
the rectangle shrink to a point. The converse uses the equivalence between
w € A,(T®T) and inequality (5.1) with M replaced by the strong maximal
function [14, p.83]. Further, the A,(T ® T) constant depends only on the
two A,(T) constants, and vice versa. The analogous characterizations in
terms of the separate variables hold for product RH,, weights and for product
doubling weights, and for the dyadic product A,, RH,, and doubling weights.

Theorem 4. Fiz p with 1 < p < oo. Let {w '}, c01) be a family of
dyadic A, weights on the boundary of the bidisc, w*" € Ag(T®T), such that

t

(1) the mapping (s,t) — w*" is measurable,
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i1) an appropriate average of the logarithms of the weights w** is finite:
(i2)

1010141
//// ‘logws’t(x,y)‘dxdydsdt<oo,
0JoJoJo

(111) the AUT @ T) constants A%(w*") are uniformly bounded, independent
of s, t €10,1].

and

Then the product geometric-arithmetic average

1,1
RO g S
0J0

of the dyadic weights w*" belongs to A,(T @ T), with A, constant depending
on p and on the bound on the Ag constants of the weights w**.

Similarly, for fived p with 1 < p < oo, if each w™' is in RHg(T ® T), if
hypotheses (i) and (ii) hold, and if

(11i") the RH{(T®T) constants RH}(w*") are uniformly bounded, indepen-
dent of s, t € [0, 1],

then Q(z,y) lies in RH,(T ® T), with RH,, constant depending on p and on
the bound on the RH;’ constants of the w®*.

Proof. The proof is by iteration of the one-parameter argument, relying
on Lemma 1 and Theorems 1 and 2. We give the argument for K = A,
1 < p < 0. The other cases follow from similar iteration arguments; we
omit the proofs.

We show that, for a.e. fixed y, Q(z, y) belongs to A,(T) in the variable z,
with A, constant independent of y. The hypotheses of Theorem 1 follow im-
mediately from our assumptions. In particular, s — w®!(-, y) is measurable
for each ¢ and a.e. y, and w*'(-,y) belongs to AJ(T) in the first variable for
all s, t and for a.e. y, with constants independent of s, ¢, and y. Fix such
a y; for emphasis we’ll denote it by y*.

Applying Theorem 1, we see that the function

1
Qi (x,y") :=exp {/ logw™(z + s,y") ds}
0

belongs to A,(T) in =, with constant independent of y*. Let

1
o1(x,y") == logQ(x,y*) = / logw®(z + s,y") ds.
0
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By Lemma 1(b) there are constants C; and Cy, depending only on p and on
the A%(T ® T) constants of the w*’, such that

(6.1) sgp]éexp {gpl(x,y*) — (901(~,y*))Q} dr < Cf,

62 s eo{ i) - (0] | w<o

Q
We show that the same inequalities hold when ¢ is replaced by

1,1
o(z,y") = log Uz, y") = // logw® (z + s,y* +t) dsdt.
0Jo
Fix an interval @). An application of Fubini’s Theorem shows that

) =

7y*)_(%0(7
1,1 1,1

:// gos’t(x+s,y*+t)dsdt—][// (2" + s,y* + t) ds dt da’
0Jo QJoJo
1

:/ [%(x,y*ﬂ) - (apl(~,y*+t))Q] dt.

0

p(T

Then by Jensen’s inequality and Tonelli’s Theorem,

]{Qexp { oz, y") - (@(-,y*))Q} dr =
< ]{2/01 exp {sol(x,y* +1) = (i (9" +t))Q} dt dx
_ /Ol]éexp{@l(x,y*ﬂ) — (pr(y" 4 ) dedt <Oy,

using inequality (6.1) with y* replaced by y* + ¢ for a.e. t.

The same argument shows that inequality (6.2) holds for ¢(-,y*) for
a.e. y*. Lemma 1 then implies that Q(xz, y*) belongs to A,(T) in z for a.e. y*,
with uniform constants.

In an identical fashion, we find that Q(z*,y) belongs to A,(T) in y for
a.e. £*, with uniform constants, which proves the theorem for K = A,,
1 <p<o0o. |

Remark. As in the one-parameter case, there is an alternative proof of
the geometric-arithmetic averaging result (Theorem 4) for A,(T ® T) where
1 < p < o0, relying on the A;(T ® T) case and the generalization to the
bidisc setting [7] of the A, factorization theorem. Moreover, the product A,
result can also be derived from the one-parameter result using the maximal
function characterization of this weight class.
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We also have a product version of Theorem 3.

Theorem 5. Let {w*'} ci0,1) be a family of doubling weights on T®T, with
doubling constants bounded by a constant Cqp independent of s, t € [0, 1].
Suppose the mapping (s,t) — w*' is measurable. Fix p with 1 < p < oo,
and suppose each w*' is in ANT @ T) with AYT @ T) constant bounded by
a constant V, 4 independent of s,t € [0,1]. Then the translation-average

11
w(z,y) = // W@ + s,y + 1) dsdt
0 Jo

belongs to AP(T®T), with an A, constant depending only on p, V, 4, and Cqp,.

Similarly, for 1 < p < oo, if the Ag(T ® T) assumption above is replaced
by the assumption that each w®! is in RHg(T@)T) with the supremum in the
defining inequality for RHZ‘}(T ®@ T) bounded by a constant V, 4 independent
of s,t € [0,1], then w(x,y) belongs to RH,(T ® T), with RH,(w) depending
on p, Vp.a, and Cgy.

In brief, the geometric-arithmetic average of each suitable family of
A, (T®T) weights is also an A,(T®T) weight, and similarly for RH,(T®T).

The proof is by iteration of the one-parameter argument given above for
Theorem 3.
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