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Taylor Formula on step two

Carnot Groups

Gabriella Arena, Andrea O. Caruso and Antonio Causa

Abstract
In the setting of step two Carnot groups we give an explicit repre-
sentation of Taylor polynomial in terms of a suitable basis of the real
vector space of left invariant differential operators, acting pointwisely
on monomials like the ordinary Euclidean iterated derivations.

1. Introduction

In this article we deal with the expression of Taylor formula for real valued
functions defined on a step two Carnot group G. According to the defi-
nition, that goes back to Folland and Stein where it is given for general
homogeneous Lie groups (see [6]), a polynomial P,, of homogeneous degree
m at most on G is said to be the m!® Taylor polynomial of a given function
f € CIMG) at a fixed point ¢ € G, if it realizes a contact of order m with
the function f at ¢, that is, if X!(P,, — f)(c) = 0, for any iterated deriva-
tion X! of the canonical Poincare-Birkhoff-Witt basis (see Definition 2),
with homogeneous degree m at most. The well-posedness of the definition
relies on the existence of a linear isomorphism L between the vector space
of polynomials and the vector space of left invariant differential operators
on G (see Remark 2). Although the definition of Taylor polynomial is quite
straightforward, several difficulties of computational kind occur if one wants
to write it down explicitly; indeed the polynomial valued vector fields of the
Lie algebra g of G, do not commute in general, so it is not an easy task
to invert the upper triangular matrix associated to L, for a fixed degree m.
We attack the problem in an alternative and more theoretical way. For the
sake of clarity we deal first with the simplest Carnot group G = H!; in this
setting, general considerations about the Taylor series expansion of a given
analytic function f on a 3-dimensional analytic Lie group G, suggest the
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expression for the m! Taylor polynomial of f in terms of suitable sym-
metrized k—derivations (see Definition 9). Some combinatorial consider-
ations allow us to analyze the pointwise behaviour of these symmetrized
k—derivations when applied to monomials: we prove that their action on
monomials imitates, at the central point ¢, the one of Euclidean iterated
derivations (see Proposition 1). In turn, such symmetrized k-derivations
form a basis of the vector space of differential operators on G and also the
Taylor polynomial introduced in Definition 9, realizes a contact of order m
with the function f at ¢ (see point ii) of Theorem 1 and Theorem 2). In
support of these results, we also exhibit some algebraic considerations on
the linear generators of the free Lie algebra K(X,Y'), investigating several
sets of generators for the real vector space of left invariant differential oper-
ators on G. In Section 4, concluding the paper, we extend all the previous
considerations to the case of step two Carnot groups.

We stress that, after the paper was submitted, we knew of the investi-
gation devoted to the Taylor polynomial in [4, Chapter 20] that, up to
now and to our knowledge, seems to be the major reference text, jointly
with the older [6], on calculus in general homogeneous Lie groups. Roughly
speaking, the authors represent the m' Taylor polynomial as the sum of all
k—derivations of the kind Z;, (see Definition 2) up to degree m (see Corollary
20.3.12 in [4]); nevertheless the proof that this polynomial is effectively the
Taylor polynomial is done by verifying iii) of Theorem 1, and so they do
not tackle the problem of determining the action of iterated vector fields on
single monomials, which is exactly the core of this note. We also observe
that the 2" Taylor polynomial in the setting of the Heisenberg group H*
appeared previously in [3].

Finally, we point out that the problem of finding the explicit expres-
sion of the Taylor polynomial, raised to our attention when dealing with
the generalization to the case of Carnot groups of the well known Whitney
extension theorem of a given function f of class C™(F'), outside of a closed
subset I C R™ (see [12, 5, 1]).
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2. Notation and Preliminaries

2.1. The stratified structure of step two Carnot groups

A step two Carnot group is a connected and simply connected nilpotent
Lie group of stratified type, i.e., its Lie algebra denoted by g, admits a
decomposition as direct sum of two vector subspaces. Namely, g =V} & V5
where Vo = [V1, V4], V1 is called the horizontal slice and its vector fields
the horizontal vector fields on G. Evidently, such an algebra is nilpotent of
step two by definition or, equivalently, V5 is included in the center of g. The
stratified structure of g gives rise to a family of mappings {7, }.er of g called
dilations, which turn to be a group of homomorphims for A > 0, defined on
the generators by imposing, for any A > 0, 7,(X) = AX whenever X € V,
Y (T) = AT whenever T' € V, and, finally, v_1(Y) = =Y for any Y € g.
The family {7,}rer can be pushed forward on G via the exponential map,
obtaining a family of dilations on G by the position dy := expo~y, o exp™t.
After, setting [ = dim(V}) and p = dim(V3), we choose a basis of g adapted to
the stratification by selecting a basis of left invariant vector fields X, ..., X;
of Vi and Ti,...,T, of V5 such that X;(e) = ¢; for any ¢ = 1,...,[, and
Ti(e) = ej4j for any j = 1,...,p, where e is the identity of G and {ep}n=1, »
denotes the standard basis of R", n = [+ p. Relatively to this basis we write
z=(z,t) = (21,...,2,t1,...,1p), or also z = (23), h =1,...,n, where such
coordinates of z € G comes from the exponential first kind representation
z=exp(Y_, 2 X; + > 4_1 t;Ty); in particular, for A > 0, 0x(2) = (Az, \*t).
With respect to such a given system of coordinates, it is not difficult to verify
(see for instance Theorem 3.2.2 in [4]) that, setting z = (z,t),w = (£, 7) with
z,€ € R and ¢, 7 € RP, then

2w = (zlz—i-f,t—i-T—i-%(Bx,g))

where, (Bx,&) denotes the p-tuple ((B(l)x,ﬁ),...,(B(p)x,é‘)) for suitable
[ x [ independent skew-symmetric matrices B, ..., B®)_ It follows easily
that the identity e € G is identified with 0 € R™ and that the inverse of an
element z = (z,1) is identified with —z = (—z, —t).

2.2. Homogeneity degree and k—derivations

Definition 1 We say that a function f: G — R is homogeneous of degree
a € R if, f(6r(z)) = X*f(x) for any X\ > 0. We say that a left invariant
differential operator D on G is homogeneous of degree o € R if, D(f o
W) (x) = A(Df ody)(x), for any smooth function f and for any X > 0.
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Clearly, if D is a left invariant differential operator homogenous of degree «
and f is a function homogeneous of degree 3, then Df, if defined, is a
function homogeneous of degree f — « and fD is a left invariant differential
operator homogenous of degree av — (3; moreover if Dy, Dy are left invariant
differential operators, homogenous of degree o and (3 respectively, then Dy Dy
is a left invariant differential operator homogenous of degree a4 (3. Arguing
as in Proposition 2.2. of [8] it is possible to verify that

1
X;=0,, + 5((337)1, V:) foreach i=1,...,1

Ty =0, foreach j=1,...,p

where V; := (9y,,...,0,), (Bz); == (BWx);,...,(BPz);) and (BWz); is
the i*" component of B® 2. Consequently, each X; is homogeneous of degree
one and each 7j is homogeneous of degree two.

Definition 2 (Derivations and multi-indexes) A left invariant differ-
ential operator of the kind Z;, = X;, ---X;,T;, --- T}, where k is a non-
negative integer, m +1r =k and 1 < 11,...,0, < [, 1 < j1,..., 0 < p,
is called k—derivation; in this case, setting Jy = (i1, lmyJ1s---,7r), the
numbers |Jy| = m + r and d(Jy) = m + 2r are called respectively the or-
der and the degree of X, and Jy. In particular, a left invariant differential
operator of the kind Zy, = X;, ---X,,, where 1 < 1y,..., 4 < [, is called
horizontal k—derivation and in this case we have |Hy| = d(Hy) = k.

A left invariant differential operator of the kind Z' = X* - - -Xlillel TP
where, forn =1+p, I = (i1,...,%,71,...,Jp) S a n—tuple of non negative
integers, will be called a derivation of the canonical basis of BPW (short for
Birkhoff-Poincare—Witt, see next Remark 1) —briefly canonical derivation—
of order |I| = S _ i + S0 jn and degree d(I) = Y4 in + S20_, 2n; as
before, the numbers |I|, d(I) are also called the order and the degree of the
multi—indez 1.

In both the cases, a O-derivation, denoted equivalently with the symbols
Z1y, Zu, and Z1, where I is the null n—tuple, is just the identity operator.

Finally, we shall denote by {Z! }’S}T a given basis for the real vector

space of all left invariant differential operators on G; so, for any i € N,
A; is a set of indexes for the basis {Z' }aca, of the finite dimensional real
vector space of left invariant differential operators of homogeneous degree i
(in particular {Z1}aea, is chosen adapted to the stratification of g).

Horizontal k—derivations are also called nonholonomic partial derivatives of
order k, see for instance [2].
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Remark 1 (Birkhoff-Poincaré-Witt Theorem) Recall that the Birk-
hoff-Poincaré-Witt theorem ensures that the set of all canonical derivations
Z! constitutes a basis for the algebra of all left invariant differential operators
on G (see, for instance, [11]). In particular, taking into account the stratified
structure of g, the following spanning relationships easily hold

Spanz({Z1, } =1 = Spang({Zn, }) = Spanz ({Z"}) (-
= Spang({Za}aea,

2.3. Polynomials on Carnot groups

Definition 3 A function P : G — R is called a polynomial on G if Poexp™?

15 a polynomial on the vector space g.

More precisely, according to the previous notation z = (z3,) € G, if (¢p) :=
(wi,n;) € g" denotes the dual basis of (Z,) := (X;,1}), then, for any
h = 1,...,n, we have (j, o exp '(2) = z,. So, if I is a multi-index as
in Definition 2, the general monomial can be written as mf(z) = 2! =
ait g7 Note that m?(6y(z)) = ADn!(z), so the monomial m’
is of homogeneous degree d(I). Consequently, a basis for the real vector
space of polynomials of degree m at most is the set of all monomials of
the kind m” for all n—tuples I such that d(I) < m, hence a general polyno-
mial P of homogeneous degree m is P = degm ar m’, for some a; € R
such that max{d(I) : a; # 0} = m. In what follows we shall denote by P,
a polynomial P for which max{d(l) : a; # 0} < m. We stress that, as in
the Euclidean case, the homogeneous degree of a given polynomial depends
neither on the fixed basis adapted to the stratification nor on the translation
in the group (see for instance Proposition 1.25 in [6]).

2.4. Carnot—Caratheodory metrics

In every Carnot group a natural sub-Riemannian distance between two given
points x,y € G can be introduced as the infimum of all times s for which
there exists an absolutely continuous horizontal curve joining the points, i.e.,
a curve v : [0, s] — G such that 4 = 22:1 1 X;(7) a.e., for some measurable
vector function p : [0,5] — R |lpllee < 1, 7(0) = =z, v(s) = y. Such
horizontal curves do exist by the Hormander bracket generating condition,
so the distance d is finite and such that, for any fixed Euclidean compact set
K C G, there exists a constant C' = C(K) for which |z — y|| < d(z,y) <
C|lz—y| %, for any z,y € K, where ||-|| denotes the Euclidean norm. This fact
proves that the Fuclidean topology coincides with the one induced by d but,
in general, the two distances are not equivalent. Nevertheless, d shares with
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the Euclidean metric the (left) translation invariance and the homogeneity
of degree one with respect to the dilations 6y, i.e., d(zzx, zy) = d(z,y) and
d(é,\(x),é,\(y)) = |\ d(x,y), for any x,y, z € G and for any \ € R.

On any Carnot group G there exist several quasi—metrics equivalent to
the Carnot—Caratheodory one, but much more easier to handle (refer to [6]
and [8] for more details). In what follows, we do not need a particular quasi-
metric or metric, so we will write d to denote any one of the distance function
described above satisfying the translation invariance and the homogeneity
of degree one.

2.5. Calculus on Carnot groups and Taylor polynomials

The notion of Lie derivative meets sub—Riemannian geometry in the fol-
lowing definition.

Definition 4 Let f : G — R, c € G, X € V| and let v = exp(X). We say
that the function f s differentiable along X at the point c if the function
R > X — f(cdr(v)) € R is differentiable at the point X = 0; in this case we
write X f(c) for such a limit.

Following Folland and Stein (see [6]), we recall the definition of function
of class C17'(G) on Carnot groups.

Definition 5 Let f: G — R. We say that f € CL(G) if X;f exist and are
continuous at each point of G, for every ¢ = 1,...,l. Moreover, for any
non-negative integer m, we say that f € Ci(G), if Xg, f exist and are
continuous at each point of G, for every horizontal k—derivation Xp, such
that 0 < k <m.

Clearly, according to Remark 1, the definition of function of class C['(G) can
be equivalently done with anyone of the k—derivations given in Definition 2.
Moreover, it can be verified that f € C[(G) if and only if anyone of the (k
or |I|)—derivations homogeneous of degree m at most exist in distributional
sense and are continuous at each point of G.

Finally, we recall the definition of Taylor polynomial of a function f €
C(G), according to [6].

Definition 6 Let m be a non-—negative integer, ¢ € G and f € CJ(G).
A polynomial P, is called the (left) Taylor polynomial of f at the point c,
if XI(P — f)(c) = 0, for any |I|-derivation of the BPW basis such that
0<d(I) <m.

Remark 2 Taking into account that X7 is a left invariant differential op-
erator, the well posedness of this definition relies on Proposition 1.30 of [6].
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More precisely, denoting with P,, and D,, respectively the vector spaces of
all polynomials and of all left invariant differential operators on G, both of
homogeneous degree d(I) < m, the linear mapping L : P,, — D,, defined
through the position L(Py) = > 41— (XTP(0) X!, VP, € Py, comes to be
an isomorphism; in particular the matrix M associated to L, with respect to
the two BPW bases {xf}d(l):071,,,,7m and {Xl}d(f):0,17,.,,m is upper triangular
with non zero diagonal. In the simplest Heisenberg group H' (see examples
in Subsection 2.5), we have L(z) = X, L(y) =Y but L(t) =T — 2XY.

So, if we want to write down the Taylor polynomial of a given function
f € C™(G), we must determine the action of L1, i.e., write explicitly the
matrix M ! : unfortunately this is not an easy task in the general case. In
the next sections we will tackle this difficulty exhibiting, in the case of step
two Carnot groups, an alternative basis for D,, which will fill this gap.

For the sake of completeness, and according to notations introduced in
Subsection 2.2, we state the following well known facts in a form useful to
our purposes, sketching some of the proofs.

Theorem 1 Let m be a non negative integer, ¢ € G, f € C™(G) and P,
a given polynomial of homogeneous degree m at most. Then, according to
notation introduced in Definition 2, the following facts are equivalent:

i) P, is the m'™ Taylor polynomial of f at c;
i) Z'(Pm — f)(c) =0, for any i =0,...,m and for any a € A;
iti) (P — f)(z) = o[d(z,c)]™ asx — c.

Proof. i) <= i) follows immediately from Remark 1. i) = i) follows
immediately from the stratified Taylor inequality proved in Theorem 1.42 of
6]. 4ii) = i): It suffices to verify that if @,, is a polynomial of homoge-
neous degree m at most such that Q,,(z) = o[d(z,0)]™ as z — 0, then Q,
is identically zero. Indeed, let @Q,, = Zd(])gm arm’ and let us verify, by
induction, that a; = 0 for all I such that d(/) < m. This is trivial when
d(I) = 0; assuming that a; = 0 for all [ such that d(I/) = k < m, we can
write Q,, = Zd([):k-i—l arm! +Zk+1<d(1)§m arm’. Fix p € G, p # 0. Then
dr(p) — 0if and only if A — 0 and, recalling that d is homogeneous of degree
one, we have

Canekn1 @0 0)  Qudrp)  kpcanem AN arn! (p)

= — 0.

[d(p,0)]""" [d(6:(p), 0)] " N1 [d(p, 0)]

Thanks to the arbitrariness of p it follows that a’ = 0 for any I such that
d(I) = k + 1, as desired. To conclude the proof observe that if P is
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the Taylor polynomial of f at the point ¢, then, denoting by 7. the left
translation pointed at ¢ we have (P, — P) o7 (z) = o[d(z,0)]™ as z — 0,
which implies P, = P/.. [ |

We conclude this subsection observing that, thanks to the left invariance
of the vector fields, for any f € C['(G), for any ¢ € G and for any |I|-deri-
vation of the canonical basis of BPW, we have X' f(c) = X!(fo7.)(0) so, in
the next sections, we will look for the Taylor polynomial at the identity of G.

Examples

The paradigmatic example of step two groups is the Heisenberg group H" as-
sociated to the Lie algebra h” = & v whose linearly independent generators
X1, ..., Xp, Y1, ..., Y, T satisfy the conditions h = Spanp ({Xj, Yj}jzl,,,,,n),
v = Spanp{7'} and the only non zero brackets are [X;,Y;] = a7, for any j =
1,...,n and for some fixed real number a # 0. If p = (21, ..., Zn,Y1, - - -, Yn,l),
q = (2,...;20 yi,...,y.t') € H*, than the group product reads pqg =
('Tl + 'Tlla <oy I + 'T;zayl + yia <o Yn + y;zat + t/ +3 3 Z? 1(.2?]':(/;- - x;y])), it
follows that X, = 7 - Sy; Ev Y, = 8y + 5z at and T = t. In this paper
we follow notation as in [7], choosing a = —4.

The Heisenberg group H" is actually the prototype of a general class
of step two Carnot groups, the so called H-type groups (see [9]). More
precisely, let g be a Lie algebra nilpotent of step two endowed with an inner
product (-,-). Let 3 be the center of g. For any v € 3%, ad, is a 3-valued
linear mapping: set €, = ker(ad,) N3* so that 3= = €, @ €L, Then g is said
to be of H-type if ad, : &€& — 3 is a surjective isometry for every vector v
such that (v,v) =1 and, in this case, the corresponding group is said to be
a group of type H. It can be verified that these conditions are equivalent to
say that, according to the general form of the group law, each B® is also
an orthogonal matrix and, for any 41, o, we have B(1) B2 ) + B2 B) =,

3. Taylor Formula on H'

In this section we propose an explicit expression for the Taylor polyno-
mial P, ¢ : we restrict the argument to the case H'; indeed it will be clear
at the end of this subsection how to extend the formula and relative proofs
to the case H™. We are going to prove that (see the following Theorem 2)
Py, s is the unique polynomial on H' for which the equivalent facts of The-
orem 1 hold. In order to find P,, ¢, we begin by recovering Taylor formula
using standard arguments of calculus in Lie groups. We assume first that G
is an analytic Lie group and that f is defined and analytic around the iden-
tity e € G that we identify with 0 € R™. For X,Y,T € g, the following
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Taylor series holds (see for instance [11, Theorem 2.12.3], see also the Ap-
pendix in [10]):

[e.e]

i[ xX+yY+tT)’ff}(0)=

k!
o(X™,Y"2 T3)
( (n14+n2+n3)! f>(0)

7’L1!7’L2!77,3!

f(x,y,t

M

k=0

s)) SIS

k=0 “-ni,n2,n3=0,1,...
ni1+na+nz==k

x yng tn3:|

where the meaning of the symbol o(X"™,Y"2 T"3) relies on the following
definition.

Definition 7 Let ay,...,a, be given elements of a (not necessarily commu-
tative) ring A. Set

(0) U(ala"-aar) = Zaﬂ(l)"'aﬂ(r)a
FGST

where m € S, denotes an element of the symmetric group over {1,...,1}.

With the aid of Definition 7, for any fixed ny,ns,n3 = 0,1,..., setting X; =
= an = X7 Xn1+1 == an-l—ng = }/7 Xn1+n2+1 == Xn1+n2+n3 = TJ
we can define

(X", Y™, T") = 0(X1, ., Xy na-tng)-

Now having in mind the case G = H' one observes that, relatively to (7'S),
the degree of the monomial x™y"2t" appearing in the k—sum is ny +ny +
2n3 which, in general, is different from k; so it appears quite natural to
rewrite (7'S¢) as follows

o(X™,Y "2 T73)
( (n14+n2+n3)! f>(0)

nlan!ngl

f<x,y,t>=z[ 5

k=0 L ni,m2,n3=0,1,...
ni1+n2+2n3==~k

xty"? t"3] .

All these considerations suggest the right candidate for the Taylor polyno-
mial of a given f € C'™(H') :

Definition 8 For any f € C'(H'), we set
o(X™1,Y"2,T73)
Z ( (n1+n2+n3)! f) (0)

nylnslns!
n1,n2,n3=0,1,... 1Rt
ni+na2+2n3==k

(Pm,f) Pm7f(‘r7y7t)zz

k=0

x”lymtm] .
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Remark 3 Let Sym(X™, Y™ T") be the sum of all k-iterated vector
fields, each of them containing n; times the derivation X, n, times the deriva-

tion Y, and ng times the derivation T, then it is clear that Sym (X", Y2 T™s)

= %ﬁd{m Another useful property of this symmetrizing operator is

the following. For any ny,n, =1,2,..., we have
Sym(Xm, Y”2) — Sym(an—l’ Yn2) X + Sym(Xm, YﬂQ—l) vy
(87) — XSYm(Xm_l,Y”?) +YSym(X"1,Y”2_1),

Both these equalities follow immediately from the consideration that the
differential operators appearing in the second (resp. the third) member are
all different by construction and, moreover, by observing that, by the general
binomial identity % = ("1J’"2 1)+("1+:22 Y, ni,ne =1,2,..., both the
first and the second (resp. the thlrd) members, have the same number of
elements.

Now we want to rewrite (P, ) as a sum of formal powers i.e. as in the
first series of (T'S;). We observe that in (zX + yY + ¢T)F it is natural
to see the summand containing n; times the derivation X, no times the
derivation Y and ng times the derivation 7', where ny + ns + 2n3 = k, as a

nilnalng! X

unique (n; + ny + ng)"-iterated derivation, more precisely as CIET
Sym(X™, Y™ T"); so, the following definition appears quite natural.

Definition 9 Set, for any non negative integers k,ny,ny, n3 such that ny +
N + 2713 = k‘,
(9"” nlan!ngl

3.1 = SSym (X" Y2 T,
(3:1) OXmMOY 29T (ng +ny + ng)! ym(X™, Y, 1)

We call (3.1) a symmetrized (ny +ng +ng)—derivation of order k containing
ni—times X, no—times Y and nz—times T (symmetrized derivation for short,
when we need to specify neither the order k nor the single vector fields).

Remark 4 Observe that in Definition 9 the number k is the homogeneity
degree of the left invariant differential operator. For instance 9° = id,
1 2 .

W =X, 6‘2/1 =Y, 6‘}1 = T. Moreover we observe that, as in Remark 3,
we have the followmg property for these symmetrized derivations. For any

ni,ne = 1,2,..., we have

an1+n2 _ n anl-i-nz—l X+ No om +no—1 v
OXmMAY ™2 ny+ny OXm-1gyme ny +ny OXmQoyna-1
(S” ) B ny X an1 +no—1 + No Y an1 +no—1
N ny + No 0Xm—19gYyn2 n1 + no OXm gy n2—1"

Both these equalities follow immediately from (S’).
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Now, according to Definition 9, we can come back to formula (P, f), and
rewrite it as follows
(thf = Second Form)

(o f) (0

nlan!ngl

Paden =Y | ¥

k=0 "“ni,n2,n3=0,1,...
ni+n2+2n3=k

x”lymt”?’} )
Remark 5 Observe that, since 7" belongs to the center of h', the differen-

tial operator Sym(X™ Y™ T"3) satisfies the relation Sym(X™, Y™ T") =

ni+n2+n3z) ni yn2 ns : ok _ gritng ns
( e ) Sym(X™,Y™"2)T™ or, equivalently, swmavmsrm = sxmgyra l -

Remark 6 If we want to rewrite the polynomial P,  as a sum of formal
powers of degree k, we have to involve the ratio m, where ny + ny +
2n3 = k. In the Euclidean case, where kK = n; + ns + ng, it is a polynomial
coefficient of degree k and it represents the number of the permutations of
the objects x, y and t repeated respectively ni, no and nz times. Analogously,
we can introduce a polynomial Newton—Leibniz formula adapted to graded
coordinates in H', by setting

oy T oo 5 e

ni!ng!ng!
h,n3=0,1,... ni,n2,n3=0,1,... 1:1v2+03
h+2n3=k ni+ns+2n3==k

where the ht"-power must be computed as for the standard binomial theo-
rem.

These last considerations suggest the following alternative expression
for P, ¢:

Py, y,t) = Xm: % K(:ca% + ya%) +tT)kf}Hl(o) -

k=0

"1 k! 0 O\,
=Zﬂ 2 A ((”fa—xﬂa—y) () )f}“)):
k=0 h],lrf;l(;, i o

ny '77,2'77,3|

£ 3, SRR )
0 =ni,n2,n3=0,1,...
ni1+n2+2n3=k
Setting now,
an1+n2

S = {WT"3 tny,ng,n3 =0,1,..., n1+n2+2n3:k},
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we are going to prove that (see Proposition 1 and Corollary 1) the set
Uiy Sk forms a basis for the vector space of all left invariant differential
operators on H!' and that the linear mapping D : P,, — D,, defined through
the position

am +na2 anl +ng2

D=3 3 (xmgym T Pnl0) gy T VPP

k=0 ni,n2,n3=0,1,...
ni+n2+2nz==k
is indeed an isomorphism having a diagonal matrix associated with respect
to the two basis

m
{xmynztm} n1,n2,n3=0,1,... and U G
ni+n2+2n3=0,1,....m k=0

Roughly speaking, the two bases are essentially dual to each other, i.e., any
such a symmetrized derivation acts pointwisely on monomials as if it were an
Euclidean iterated derivative. We stress that this result is not at all trivial
if one takes into account the very definition of symmetrized derivation as in
Definition 9.

We need first the following Lemma 1, whose statement is easily expected
if one takes into account the very definition of the vector fields X and Y.

Lemma 1 For any ny,ny, my,me =0,1,..., we have
onitnz U milmse!  if ny =my and ny = my
oy &Y™ = : '
(,9:8)=(0,0,0) 0  otherwise
Proof. The proof can be easily achieved by induction on the sum ny + ns,
taking into account Remark 4. ]
Proposition 1 For any ny,ng,ng, my,mg,mz =0,1,..., we have
gmtn2 my!ma!ms! if n;=my;, i=1,2,3
|: ~ ~ ns (xm1 ymg tmg):| — 1 2 3 f . .
0Xm gy (@)= (0,0,0) 0 otherwise

Proof. We argue by induction on ng, assuming first that the thesis holds

when ng = 0. When mgs = 0 the thesis holds trivially; then, for mz > 1, we
have

an1+n2 an1+n2

T (™Mt M2 M3y — g v ———

axmay L @) = my

and the thesis follows easily by the induction hypotheses. So it remains to

prove the induction base, i.e. the case ng = 0. We argue again by induction

TnB_l(.Tml ymg tm3_l),
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on ny + no. The base ny + ny = 0 of the induction argument holds trivially,
so, according to Remark 4, assume ny; + ny > 1. When m3 = 0 the thesis
easily follows by the previous Lemma 1; when m3 > 1 we can write,

anl—i-nz
{W(xml v th)} (z,y,t)=(0,0,0)
gratna=l
() B nlilng ' [aXm—laYm (X(a™y™) .tm)} (2.9:)=(0,0,)
gratnz=l
(IT) * nlz—lnz oxXm-1gy (g™ 'X(tm3))} (2,9:)=(0,0,0)
C pmnant
(111) - n1Tn2 3 aXni a;m_l (Y (z™y™) ~tm3)} (e 0)—(0.00)
gratnz=l
(V) + m?fng | axmaym @ 'Y(tms))} (00:0=(000)
gritnz-l
(I1) = nlilng ' {6X”1—126Y”2 S 'X(tmg))kx,y,t):(@&o)
gratnz=l
(IV) n17j—2n2 ' {8)@185/”2—1 (™™ 'Y(tms))} (00)=(000)

because by the induction hypotheses (I) and (III) are equal to zero. Now
observe that when mg3 > 2 also (II) and (IV) are equal to zero. Finally,
when mg = 1, we have

(I1) + (1V) [ m_ )
IT) + (IV) = Cmo Ao (22 Y™ }
ny +nyg 0XmM-19Yn2 (2,y,)=(0,0,0)
Ng anl—i-ng—l
: (- 2xm1+1ym2)} :
[n1+n2 0XmQgyna—1 (,5,)=(0,0,0)

So, if ny —1 = my and ny = mo+1 (otherwise the thesis follows immediately
as before), we have

my+my+2 my + msy + 2
that completes the proof. [ |

(IT) 4+ (IV) = my! (me+1)!— (my+ 1) m! =0,

Corollary 1 The set | J;—, Sy, is a basis of the vector space of all left in-
variant differential operators on H!'.

Proof. The thesis follows immediately from Proposition 1 and observing
that we have,

(3.2) 1G] = [{X™MY™ T}y i mg=0,1,...|-

ni+nz2+2n3==k [}



252 G. AReNA, A.O. CARUSO AND A. CAUSA

Now we can prove the main result of this section.

Theorem 2 Let m be a non negative integer and let f € C™(H'). Then
P, ¢ is the Taylor polynomial of f at zero.

Proof. It suffices to show that P, s verifies condition #) of Theorem 1:
thanks to Proposition 1 it suffices to check condition 4i) with any fixed
symmetrized derivation. Having in mind last member of P, f - Third rorm, and
thanks to the previous Proposition 1, for any ny,ny, n3 such that ny + ny +
2n3 < m, we have

|: o +n2 f
n n Tns (vaf - >:|
aX 16Y : (m,y,t):(0,0,0)

nitn _omtm2 o
_ |: a 1T n2 s (8Xn18);n2 T 3{'(0) xnlythns _ f‘):|
N1 N N3 (z,9,t)=(0,0,0)

0XmQyn2
an1+n2 an1+n2
and the proof is completed. |

Before ending this section, we provide an alternative, completely differ-
ent, proof of Corollary 1 (see Proposition 2) based on some considerations
about free Lie algebras. First of all a little bit of notations. Let K be a
field of characteristics zero and let K(X,Y) be the free associative algebra
generated by the symbols X and Y. It is worth saying that the generators
do not commute. The algebra K(X,Y) is naturally graded; indeed, given a
monomial m € K(X,Y), one can define the degree degm = lengthm, as the
number of the letters of the word which identifies m. For any £ = 0,1, ...,
we will denote by K(X,Y') the linear subspace generated by all the mono-
mials m of degree k; so it is K(X,Y) = @, K(X,Y),, where, clearly,
dim (K(X,Y);) = 2*. A subspace R of K(X,Y) is called homogeneous if,
for any polynomial p in R, every homogeneous component of p is in R. It is
obvious that, for any £ = 0,1,..., K(X,Y), is a homogeneous subspace of
K(X,Y) and, moreover, the product mapping K(X,Y) x K(X,Y) > (p,q)
— pq € K(X,Y), maps a product of homogeneous subspaces into another
homogeneous subspace; in particular K(X,Y), x K(X,Y); is mapped into
K(X,Y);+;. A monomial m € K(X,Y) is actually endowed with a partial
degree. For any monomial m € K(X,Y), define a couple of non—negative
integers as follows:

degxym= ( “number of Xin the word m” , “number of Yin the word m” ) .
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For any 4,j = 0,1,..., we will denote with K(X,Y),;, the subspace of
K(X,Y)i; which is generated by the monomials m of degy, m = (4,7); a
polynomial p is said to be finely homogeneous if it belongs to K(X,Y); ;.
Of course it is dim (K(X,Y); ;) = (iﬂ)! and, moreover, for any kK =0,1,...,
the subspace K(X,Y), is decomposed as the direct sum of the subspaces
K(X.,Y);; with i +j = k, ie. K(X,Y), = @Hj:k K(X,Y);,;. Let now
aT denote the commutator of X and Y, ie. T = [X,Y] = XY — Y X, for
some a # 0; the ideal generated by T will be denoted by (7); moreover, as
customary, we denote by Klz,y] the algebra of commutative polynomials.
After we define two linear maps ¢ and ¢ as follows: fix arbitrarily 7,7 =
0,1,...; The map ¢ : K(X,Y) — K[z,y] is the map which associates to
each monomial m € K(X,Y) of degxym = (i,7), the monomial z'y’ €
K[z, y]. The map ¢ : K[z,y] — K(X,Y) is defined on the monomial z'y,
as Y(z'y?) = (X", Y7) (see Definition 7). It is quite easy to prove that
ker ¢ = (7). Hence we get the following exact sequence of vector spaces

0 — (T) — K(X,Y) -2 Kz, y] — 0,

which restricted to homogeneous subspaces gives the following exact se-
quences of finite dimensional vector spaces

0 — (T)e — K(X,Y)x = Klr, yle — 0.
Since ¢ o ¢ = Id, the sequences of vector spaces split for any k£ and we get

From this it follows that the subspace K(X,Y'); will be generated by the k+1
canonical generators of (Im); and by the polynomials of the form pTq,
where, for any £ = 2,3,..., pq is a monomial such that deg(pq) = k — 2.
It is worth saying that these polynomials do not form a basis. At last, it
follows trivially that, if R C K(X,Y) is an ideal of K(X,Y"), we get

K(X,Y) (1) Im
R RN(T)  RNImy’
Furthermore, if R is homogeneous, we get the following equalities:

Remark 7 (Direct decomposition in h') Let R = (TX — XT,YT —
TY), then we have, for any £k =0,1,...,

K<X7 Y>k o (T)
R. Ry

Lo (Im)y.
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Proposition 2 Let Zy = 39 = S = {id}, 21 = 31 = 6, = {X, Y} and
according to notations of Section 2, for k =2,3,...,

2. = {Z 1, * Zm, is a horizontal k—derivation },
an1+n2

X oy : Zp, is a horizontal (k — 2)—derivation,

3k - {ZHkTv

nl,ngzo,l,...,nl—i—ng:k},
an1+n2
Gk: {WTH32H1,H2,H3:0,1,..., n1+n2+2n3:k}.

Then, for any k we have
SpanR(Zk) = SpanR(Bk) = SpanR(Gk).

Proof. The first equality follows immediately from Remark 7. The second
equality follows considering that, for each £ > 1, the elements of &, are
proved to be linearly independent. Indeed, observe that if

an1+n2 .
(3.3) > tnimgms Txmay =0

ni+n2+2nz==k

applying ¢ to both members, we recover Z Uny np0 2™ y™ = 0 which
ni+no==k
implies that any a,, »,0 is zero; then (3.3) becomes

an1+n2
n3 —
(3.4) ( > Gumm sy L )T —0
ni+nz2+2n3=k—2
. . . . . ni+n
which, in its turn, implies >0 L o 0 oGy ngng %T"?’ = 0, and
the proof easily follows by induction on k. |

Remark 8 Observe that another proof of Theorem 2 follows from the
standard equality among the derivative of the polynomial of the function
and the polynomial of the derivative of the function, working in this case
only for the commuting left invariant vector fields: indeed it is easy to
verify that for a given f € CI'(H'), relatively to the polynomial P, s, for
any k = 0,1,...,[%2] we have T*(P,,; — f) = Pp_oprey — T f, taking
into account that 7" belongs to the center of h'. Then, through a partial
application of Proposition 1, the proof is easily achieved by induction on the

degree of the set of generators 3.

Remark 9 With very minimal changes all previous considerations work
in H".
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4. Taylor Formula on step two Carnot groups

In this section, according with notation introduced in Section 2, we shall
denote by G a step two Carnot group, by {Xj, ..., X;} a basis of V; and
by {Th, ..., T,} a basis of V5. The arguments employed for the Heisenberg
group H' work as well, with slight changes of notations, in the general case
dimg (V) > 1. Indeed, arguing as in Section 3, we can recover the Taylor
polynomial starting from the Taylor expansion related to a family of [ + p
left invariant vector fields; more precisely, observing that V5 is contained in
the center of g, we define the symmetrized derivation with respect to the
vector fields Xy,...,X;,T1,...,T, according to the following definition.

Definition 10 Set, for any non negative integers k,mi,...,n;, s1,...,5p,
such that, k =n1 4+ ...+ +2(s14+ ...+ sp),

gt
S — et R A
OXT XL
77;1'7711' ni n s1 s
(4.1) = it )l Sym (X1, ..., XTIyt - Tr.

We call (4.1) a symmetrized k-derivation of order k containing n,-times
X1, ..., n-times Xj, sy-times Ty, ..., s,-times T, (symmetrized derivation
for short, when we need to specify neither the order k nor the single vector

fields).

Remark 10 Formulas (S’) and (S”) of Section 3 become respectively,
Sym(X{", ..., X[") =

(8'2) = Sym(X{" Y, L X)X+ 4 Sym (XL XX,
and
onitetn ny guttn—l
OXm ... 9X™m  npy+---4+n OXMoLl.. 9Xm 1
+ ..................... +

n grittm—1
+ .
n+---+n O0Xm...0Xmu-1

(572)

Xi;

as before, the first one is justified by the multinomial identity

(np+---+n)! (- +n—1) (ng+---+n —1)!
ny!-eomy! (ng — D! -ny! il (ng—1)!

Y

while the second one follows immediately by the first one after some easy
calculations.
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In this case, the right formula for the Taylor polynomial for a given
f € CI'(G), comes to be

ny+-+n mi mp
(hT T ) (0) 4

m
(thf = Step—2 Groups E |:
=0

l. | l... |

A=k ni: Ny my:
where, for any k =0,...,m, I = (nq,...,n,my,...,m,) denotes a general
(l+p) tuple of non negative integers, d(I) =n;+...+nm+2(mi+...+m,)
and 27 = -2t

Now we set,
gt
Gk = {—Tsl RN I
g X oX" P

nl,...,nl,sl,...,sp:0,1,...,n1+---+nl+2(51+---+sp):k}

with & = {id}.

We check that the set | J;—, & is a basis of the vector space of all differen-
tial operators on G and that the Taylor polynomial P, f - step 2 Groups satisty i7)
of Theorem 1. To this aim, it suffices to extend Lemma 1 and Proposition 1.

Lemma 2 For any ny,...,n;,mqy,...,m; =20,1,..., we have,
n1+...4n
|: om 1 xmz]
n1 nl l
6X1 aX (z1,...,21)=(0,...,0)
mil---my! if np=mq ..oy =my
0 otherwise

Proof. The proof can be easily achieved by induction on the sum n;+- - -+n;,

taking into account (S”s) in Remark 10. [ |
Proposition 3 For any ni,...,n;,s1,...,5p, M1,..., My, T1,...,7p, we have
it
Sp oot 4T
axm g )
(LE1,...,:El,tl,...,tp):(o,...,o)

)l i ng=my, =1, 00 and si =1 0=1,...p
B 0 otherwise.

Proof. We argue by induction on s; + --- + s,, assuming first that the
thesis holds when s; 4 --- 4+ s, = 0. Then, suppose s +---+ s, > 1. If
r1 + -+ 1, = 0, the thesis holds trivially. If 7 +---+ 7, > 1, we can
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suppose, without loss of generality, that s, > 1; then, supposing r, > 1, we
have,

T T (@t =
B rp T T gy o, = s,
o if r, # s,
and the thesis follows by the induction hypothesis. So, it remains to prove
the induction base, i.e., the case s; +--- + s, = 0. We argue, again, by
induction on ny +- - - +mn;. The basis ny +- - -+mn; = 0 of the induction argu-
ment holds trivially, so, assume n; +---+mn; > 1. Then, ifry +---+1r, =0,

the thesis follows by Lemma 2; if r; 4 --- 47, > 1, observe that, according
to (S”2) of Remark 10, we can write, for each j =1,...,p,

Gt .

caty) =

anl—i----—i-np—l

n
= . X (2™ - ae)+
n+---+mn aX{ll—l.”ale 1( 1 l J)
ny an1—|—~~~+nl—1
( ) n1+..+nl aX{ll"'aXlnl_l l( 1 l j)
Now, to achieve the thesis, it is sufficient to show that, for any ns, ..., ny,
my, ...,my =0,1,..., foreach j =1,...,p, we have:

anl+"'+nl

oy axp ) =0

(21,esy,t1 5. tp)=(0,...,0)

Indeed, if we apply, for each i =1, ..., [, the vector field X; to z7" -- - x]"'¢;,
we get Xy(af" - 2" ty) = X(af™ - 2" )ty 2t - 2 XG(ty) =(1),+ (1),
and, by the induction hypothesis, it follows that any symmetrized derivation
in the right hand side of (4.2) applied to the respective (I), is zero when
evaluated at the origin. So, we have

gt : )
vl avun .TTI"'.T?“tj :| =
a‘le P a‘le : (Z1,yeey@y,t1,tp)=(0,...,0)
nl anl—i----—i-nl—l " ”
:n 4ot n ’ |:aXn1—1 aan («Tll"'xl le(tj))
! ! I @1yt 1 yoenst)=(0,.01,0)
+ ..................... +
(4.3)

n grittm—1

mAotn [8Xf1---8Xl’"‘l_1

(e i)

(ml7"'7:El7t17"'7tp):(07"'70)
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Now, taking into account the form of the vector field X; we have, for each
fixed h=1,...,1,

1 . .
(44) Xh(tj) = Q(bgzl‘rl + -+ bzle)‘

Then, by Lemma 2, there exists at most one k € {1,...,1} (suppose h < k),
such that

(4.5) (ny,...,np =1, ng,...omy) = (Mo, o,mp, oo, my + 1,000 ,my)

and, in turn, such that

ny anl-l—----l—nl—l
m1 my _
n1 4o+ n; ) aX'rzl .. .ath—l .. aan (x]- o 'xl Xh(t])) -
ng+ -+ ny
an1+---+nl—1 i . . — .
. aAva .Hath—l,..@an(é-bhk~(x11...xhh...xkk ...xl l))

2 hk my+ -+ myp+2 '

To conclude the proof, we notice that (4.5) is equivalent to

(4.6) (n1,..,npyo.ne— 1,00 ,my) = (my,...,mp+ 1,00 my, ..., my),

so, it suffices to observe that, by similar calculations on the term
m gt —
. x cee X t ,
n+---+mn aan...aXnk—l...aan—l< 1 ! k(ﬂ))
we obtain a pair of terms that cancel out since the matrices B’ are skew-
symmetric. Then, summing all terms in (4.3), we obtain zero, as desired. B
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