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Abstract

Sufficient conditions for the convergence (almost everywhere) of mul-
tiple trigonometric Fourier series of functions f in the classes L,, p > 1,
are obtained in the case where rectangular partial sums S, (x; f) of this
series have numbers n = (n1,...,ny) € ZY, N > 3, such that of N
components only k (1 < k < N — 2) are elements of some lacunary
sequences. Earlier, in the case where N — 1 components of the number
n are elements of lacunary sequences, convergence almost everywhere
for multiple Fourier series was obtained for functions in the classes Ly,
p > 1, by M. Kojima (1977), and for functions in Orlizc classes by
D. K. Sanadze, Sh. V. Kheladze (1977) and N. Yu. Antonov (2014).

Note that presence of two or more “free” components in the number
n, as follows from the results by Ch. Fefferman (1971) and M. Ko-
jima (1977), does not guarantee the convergence almost everywhere of
Sn(x; f) for N > 3 even in the class of continuous functions.
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1 Introduction

1. Consider the N-dimensional Euclidean space RY, whose elements will be
denoted as x = (x1,...,2y), and set (nx) = nyx1+---+nyxy. We introduce
RY = {(21,...,2n) € RN 1 2; > 0, j = 1,...,N}, 0 € R!, and the set
ZN C RY of all vectors with integer coordinates, and denote ZY = RY nZ~.

Let a 27-periodic (in each argument) function f € Li(TV), where TV =
{r eRYN : -7 <2 <mj=1,...,N}, be expanded in a multiple trigono-
metric Fourier series: f(z) ~ Y, cpn crpet o).

For any vector n = (ni,...,ny) € Z} consider the rectangular partial
sum of this series

Su(z; f) = Z Z etk (1)

[k1]<ny [kn|<nn

The main purpose of our investigation is to study the behavior on TV

of the partial sum (1) as n — oo (i.e. 1in_i<nN n; — oo) depending on the
<j<
class of functions f, as well as on the restrictions imposed on the components

ni,...,ny of the vector n—the “number” of Sy, (z; f).

2. In the case N = 1, A. N. Kolmogorov [8] established that for any
function f € Lo(T!) Ali_}m S, (x; f) = f(x) almost everywhere (a.e.) on
T!, where {nM}, n» € Z1, X = 1,2,..., is a lacunary sequence. (A se-
quence {n(®}, n(®) € Z1 is called lacunary, if n(*) = 1 and ":(;1) >q>1,
s=1,2,... .) This result was extended by J. Littlewood and R. Paley [11] on
the classes L,(T!),p > 1. Later R. Gosselin [4] and V. Totik [17] established
that in L;(T!) this result is not true. Further, S. V. Konyagin [9] showed,
first, that the positive result is true for any function f € L(log™ L)(T'),
and, second, he strengthened the negative result of V. Totik [17] by prov-
ing that for any function ®(u) = o(ulog®log™ u) as u — oo and for any
sequence {n(”)}, n®) ¢ 7}, n) = oo as v — oo, there exists a func-
tion f € ®(L)(T') for which V@O\Snw) (x; f)] = +oo everywhere on T!.
Later in the paper by V. Lie [10] it was proved that for any function f €
L(log™ log* L)(log™ log™ log™ L)(T') and for any lacunary sequence {nM},
nN ez AN=1,2,..., /\li_>m S, (z; f) = f(z) a.e. on T!. And finally, in
2014 by F. Di Plinio [12] it was proved that the positive result is true for any
function f € L(log™ log™ L)(log™ log™ log™ log™ L)(T").

The first result for multiple Fourier series with the “lacunary sequence of
partial sums” was obtained in 1971 by P. Sjolin in [14] where it was proved

that for any lacunary sequence {ng)‘l)}, ng/\l) € Z,\ = 1,2,..., and for
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f S LP(T2)7 p > 17

lim S oy (z;f) = f(x) ae. on T2
A17n2—>oo nq 12

(Note, that in 1970 N. R. Tevzadze [16] obtained the following result: For
any two given sequences of numbers {n;l)}, jJ = 1,2, increasing to oo, ny) € 71,
1=1,2,...,8 o w(x;f) converges to f(z) a.e. on T? for f € Ly(T?).)

1 "2

In 1977 M. Kojima [7] generalized P. Sjolin’s result by proving that, if a

function f € L,(TN),p > 1, N > 2, and {ny‘j)}, ng-)‘j) €EZI,N=1,2,...,j=

1,..., N — 1, are lacunary sequences, then
. LA N
lim S ap  on-n (x;f)=f(z) ae on T.

ALy AN—1,AN—00 My "My MN

(In the classes L(logt L)3N=2(T¥) the analogous result was obtained by D. K.
Sanadze, Sh. V. Kheladze [13] in 1977; the other generalization of M. Kojima’s
result for the classes L(log™ L)N~1(log™ logt L)(log™ log™ log™ log™ L)(TV)
was made by N. Yu. Antonov [1] in 2014.)

As M. Kojima [7, Theorem 2] has observed using Ch. Fefferman’s function
from [2], it can be easily proved that the result formulated above can not
be strengthened in the following sense: For any sequence n = (ns,ng,...,
ny) € ZéV_Q (in particular, each component n; of the vector 7 can be an
element of a lacunary sequence), there exists a continuous function f € C(TV)
such that

Tm  [Sp, 7w f)] = 400 ae. on TV,
n1,M2,M—00

The last result shows that even the class of functions C(TV), N > 3, is not the
“class of convergence a.e.” of multiple Fourier expansions in the case where two
components of the vector n = (ny,...,ny) € Z¥—the “number”of S,,(z; f)—
remain “free” (in particular, these two components are not elements of any
lacunary sequences).

3. The question arises: In general, is it possible to speak about convergence
a.e. of multiple (N > 3) trigonometric Fourier series of functions f in the
classes Ly, p > 1, being in the “framework” of rectangular summation, when
the “numbers” n of the partial sums S, (x; f) of this series have two or more
“free” components?

Some answer to this question is given in the following theorems.

Let N>1, M ={1,...,N} and s € M. Denote: Jg = {j1,...,Js}, Jqg < Ji
for ¢ < I, and (in the case s < N) M \ Jg = {m1,...,mn_s}, mq < my for
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q < l; these are nonempty subsets of the set M. We will also consider that
Jo=M\ Jy =0.

Fix an arbitrary k, 1 <k < N, N > 2, and define two vectors: the vector
A=Akl = (Njyy- oy Ajy) €ZE, s € Ji, s=1,...,k, and the vector

m=m[Jy] = (my,,....,mjy_,) €LY joeM\Jy, s=1,....,N—k.

Further, by the symbol n™) = nA™[ 1] = (ny,...,ny) € ZY we will
denote the N-dimensional vector, whose components n; with indices j € J are
elements of some (single) lacunary sequences; i.e. for j € J: n; = n;Aj) € 71,
ny\frl) > . L — (Aj)
24> 1L, =12,..., andnj

i

n

— 00 as A; — 00, we set

a=q(Jk) = (gj,s---+ ) ERY, js€ Ty, s=1,... k. (2)

In its turn, the components n; with indices j € M \ Jj are of the form n; =
no - m;, where m; are components of the vector m[Jy] and ng € Zj.

Theorem 1. Let J, be an arbitrary “sample” from M,1 < k< N-2, N > 3.
Then for any function f € L,(TN), 1 < p < oo, and for any vector m[Jy]

lim Spovmig (@ f) = f(x)  almost everywhere on TV
Aj—roo,je€d,
nj=ng-mj,j€M\Jj,ng—o0

moreover,

sup |Snovm (@5 ) < Clflle,avy, — (3)
Xj>0,5€J,
nj=ng-mj,j€M\Jj,ng>0 L,(TN)
where the constant C does not depend on the function f, C = C(p,m[Jk],q),
and the quantity q is defined in (2).

In its turn, by the symbol n*™m) = pAmWI[ 1] = (ny,... ,ny) € Z¥
we will denote the N-dimensional vector, whose components n; with indices
j € Ji are, as before, the elements of some (single) lacunary sequences, ny‘j) €
73, Aj =1,2,..., and components n; with indices j € M \ Jj, are of the form
n; = m; = n;(v), where nj(v) € Z}, v =1,2,....

Theorem 2. Let Ji be an arbitrary “sample” from M, 1 < k < N — 2,
N > 3. Then for any function f € Ly(TN) and for any sequences n;(v) € Zj,
v=12,...,n;(v) 500 asv—00,jE€MN\J,

lim Spomen (@5 f) = f(z)  almost everywhere on TV

Aj—ro0, i€ g,
(1), €M\ Jjy,v—>00
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moreover,

sup \Sn<x,m(u>>[Jk](iE; 9l < OHf”LQ(TN), (4)
Aj>0,5€ Ty,

nj(v), €M\ Jp,v>0 Lz('JI‘N)

where the constant C' does not depend on the function f, C = C(Jk,q), and
the quantity q is defined in (2).

2 Proofs

In order to prove Theorem 1 it is necessary to prove the following lemma. In
the proof of this lemma, some ideas represented in [14] and [7] are used.

Lemma 1. Let J; = {r}, 1 <r < N. Then, for any function f € L,(T"),
1<p<oo, N >3, and for any vector m[.J1]

sup ‘Sn(kvm)[Jl](x;f” < C||f||Lp(TN)7 (5)
Apr>0,7€J7,
,,Lj:no.mj,jeM\Jl,n0>0 LP(TN)

where the constant C does not depend on the function f, C = C(p,m[J1],q),
and the quantity q is defined in (2).

ProOOF. To simplify the notation let us consider that » = 1. Introduce the
following notation. Let & = (22, x3,...,zy5) € TV,

TN-U = {7 e TV ! g(a1) = f(21,7) € Ly(T)} 5 (6)
it is obvious that
N TV =y TV = (2N (7)

here pun—_1 is the (N — 1)-dimensional Lebesgue measure.
Fix an arbitrary point # € TN~! and expand the function g(z;) in the
(single) trigonometric Fourier series

g(w1) ~ Y cre’ (8)

kez!

Consider the partial sums of this series Sy, (z1;g) with the numbers m =

ngh) €7, A\ =1,2,..., where {n§)‘1)} is a lacunary sequence; set n(lo) =0
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and define the following difference

A ) So(zi:9) for A =0,
A (T139) = Sn(h)(mﬁg) — Snm—m(a?ug) for A\ =1,2,....
1 1

Let us split the series in (8) into two series:

> Aoagalmiig), Y Aoy, (w159). (9)

A1=0 A1=0

For the further proof of Lemma 1 we need the following theorem [19, Ch.
15, Theorem (4.11)].

Theorem A. Let a function p(t) € L,(TY), 1 < p < oo, and let {n™M},
n e 71, n(>‘+1)/n(/\) >qg>1, A=1,2,..., be a lacunary sequence, and
{wy}, wy € Z}, be any sequence, consisting only of the numbers 0 or 1; then
the series

D waAa(t;p)
A=0
is the Fourier series of some function ¢1(t) € L,(T') and

le1ll, ) < Cllel, @,
where the constant C' = C(q) does not depend on the function .

From Theorem A it follows that trigonometric series (9) are Fourier series
of some functions ¢1(z1) = fi(z1,2) and ga(x1) = fa(21,7), g1,92 € L,(Th)
(here we took account of notation (6)), and for these functions the following
inequalities are true

g1l ooy < Cllglley e gzl oy < Cllglle, o). (10)

In its turn, taking into account Hunt’s result [6] for the one-dimensional
trigonometric Fourier series, we have

gi(@1) = D Doxqa(@139), ga(wr) = D Aoy, (w159) forae. a1 €T
A1=0 A1=0

Hence, in view of definition of the functions g, ¢g; and go (also notation
(6)) we get

f(x1,%) = g(x1) = g1(x1) + g2(21) = f1(21,Z) + fo(21,7) for ae. ;€ T
(11)
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In its turn, taking into account that, according to the assumption of the lemma,
f € L,(TY), in view of estimates (7), (10) and arbitrariness of the choice of

7 € TN-1, we obtain the following estimates:
il oy < Cllflyomy G =12 (12)

Further, by the symbol ngm we denote the vector ngm = nom/[Ji] = (ngmea,
.., momy) € ZY . We denote the functions G, m(21,7), G%lo)m(xl,%) and
G%)m(xl, Z) as follows:

Gnom(mly EE) = Snom(za f(m17 ))7 Gso)m(fh /-'E) = Sngm(af; fl (x17 ))
and
G? (21,%) = Spom (T; fa(21,)). (13)
From equality (11) we get

Sn(x,nL)[Jl](zT; f) = Sn(kl) (3715 Gnom('7 5))
D : 2 [~ (14)
= 5,00 (@13 G (7)) + S, 0w (@13 GO (1))

The following theorem [19, Ch. 13, Lemma (1.19)] holds.

Theorem B. Let trigonometric Fourier series of a function o(t), ¢ € L1(T?),

satisfy the following condition: there exist two sequences {n™)} and {m(v)},
nW, m)eZt, v=1,2,...,n") = o0 as v — oo, such that, first,

n) 4+ m(v) < ),

second,
=0 for n® <kl <n™ +m),
and third,
2
nOAmW) oy o1
n(”)

Then the partial sums S, o) (t;¢) and Syw) 4m)(t; ) converge a.e. to p(t),
and we have the inequality

sup {1800 (&P + 1800 pm) (E9)|} < C'sup lon(t: ),
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where the constant C = C(q) does not depend on the function ¢, and o, (t; ¢)
are the Cezaro means,

on(t;p) = ! > Se(t ).

Remark. The series, which satisfy the first two conditions are called (see,
e.g., [5, Ch. VI, p. 73] or [18, Ch. III, p. 79]) “the series with infinitely many
gaps”.

Note that in view of the definition of the functions f;(x1,Z), j = 1,2 in
(11), for any fixed & € TN~ the Fourier coefficients of the function f;(z1,7)
(over the variable x1): ¢x(f1) = 0 for ngg)‘ﬁ_l) < |kl < n(lz’\1+2); and the
Fourier coefficients of the function f3(z1,%) (over the variable x1): ¢x(f2) =0
for n§2>\1) < |k| < n§2>\1+1)_ In its turn, taking account of the definition of
the functions G%)m(xl,i), j = 1,2 (see (13)), the Fourier coefficients of the
function G,(llo)m(zl,i) (over the variable z1): ck(Ggllo)m) = 0 for nSQ’\lH) <
|k| < n§2>\1+2); and the Fourier coefficients of the function G,(fo)m (21,) (over
the variable x1): ck(G%)m) = 0 for ngw‘l) < |kl < n§2/\1+1). Hence, both
functions G,%)m(ml,i), j = 1,2 (over the variable x) satisfy conditions of
Theorem B.

Hence, the following estimates hold true:

nom(af)” <C sup |O'n1 (xlngmjo)m(vg))L ] = 172' (15)

sup \Snun(fﬁ;G(])
A1>0 1 ni1>0

The result of the following theorem [18, Ch. 4, Theorem (7.8)] permits to
estimate the right part in inequality (15).

Theorem C. Let a function ¢(t) € L,(T'), 1 < p < co. Then

< CliellL, s
Ly(Th)

sup |0y, (; )|
n>0

where the constant C' does not depend on the function .

Applying Theorems B and C, we can estimate S ;) (21; Ggf;))m(~,5)), j=
3t
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1,2. We have
sup |8, o) (213 GG (- )|
A1,n0>0 1 LP(TN)
< C|[sup |on, (215 SUp [Snem (T; fi(z1,-))])]
n1>0 no>0 Ly (TN)
< O sup |Sn0m(§; fj(xla ))| , J=12 (16)
mo>0 Ly (TV)

If a function ¢(t) € L,(T"), 1 < p < 00, k > 2, then the following estimate
[3] holds:

..... sxn(t; 0)| < O3 015500l L, (), (17)

Lyp(Tr)

where 01, ...,0, € Z1 are the fixed numbers, n € Z}.
From (16) and (17) we obtain

SUp_ 18, 000 (235 G, (- 7))

< Clp,mlAWDIflle, vy, 7=1,2.
A1,n0>0

Lp(TN)

(18)
Further, from equality (14) and estimates (12) and (18) it follows that

sup  |Spoum (@3 £
A1,n0>0

< Cp,mN], )l fllL, oy
Lp(TN)

Thus, taking account of our assumptions, we prove estimate (5). O]

PRrROOF OF THEOREM 1. Note that the convergence a.e. of the partial sums
Spvmyg,](; ) can be deduced from the majorant estimate (3) by means of
the standard argumentation; e.g., [15, p. 58-59]. So, in order to prove the
theorem, it is sufficient to prove the validity of this estimate. In its turn, the
proof of estimate (3) will be conducted by induction on N, N > 3.

The first step of induction is N = 3. In this case we must prove that for
any J; = {r}, 1 < r < 3, for any function f € L,(T?), 1 < p < oo, and for
any vector ml[.Ji]

sup [Sonm ) (25 £ < C(p,m[], Ol fllz,(rs)-

nj=ng-mg;,jEM\J1,mn0>0 LP(T:})

(19)
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As we see, the validity of estimate (19) follows from the validity of Lemma 1;
i.e., of estimate (5) for N = 3.

Further, suppose that estimate (3) is true for some N =1, [ > 3; i.e., for
any Ji from M = {1,...,l}, 1 < k < [ —2, for any function f € L,(T'),
1 < p < o0, and for any vector m[Jy]

sup 1Sy my g, (5 f)] < Cp;m[J}, D) fllz, (- (20)
Xj>0,5€ ),

ni=ng-m.;,j€M\Jp,ng>0
F="0"mG \Jgsm0 LP(TZ)

Let us prove that estimate (3) is true for N = [ 4 1, i.e., for any Jy in
M={1,...,14+1},1<d <1-1, for any function f € L,(T*1), 1 < p < o0,
and for any vector m[Jy]

sup |Shmga (@5 £ < C(p,mlJal, ) fll,czr+1y-
Xj>0,4€ T4,
nj=ng-m;,j€M\Jg,n0>0 L (Ti+1)
(21)

If d = 1, then estimate (21) follows from the result of Lemma 1.
Consider now d > 2, and, to simplify the notation, let us assume that the
sample J is of the form Jy = {1,2,...,d}. In this case, the vector n(*™)[.J4] is

of the form: n\™)[J,] = (n?l), n(2>‘2), ce nff‘d), NOMd41, - - -, MOMY41) € Zf)“.
Denote n(M™) = nMmy) = (ng)‘Q), ce ngf‘d), NOMds1,---,Nomiy1) € Zb.

Let the set T' be defined analogously to (6), precisely,
T! = {7 = (22,23, ..., 21101) € T : g(x1) = f(21,7) € Lp(TH} . (22)
It is obvious that
T = T = (2r)%

here g is the [-dimensional Lebesgue measure. Fixing an arbitrary point
7 € T!, by the same argumentation as in Lemma 1 (see (9) — (11)), we define
two functions g1(z1) = fi(x1,%) and g2(21) = fo(21,7), 91,92 € Lp(T"), for
which

f(a1,7) = g(a1) = g1(x1) + g2(21) = fi(21, &) + fo(a1,T) forae. a3 €T
(23)
In account of Theorem A, the estimates hold true:

Hfj||Lp(’]1‘l+1) < CHfHLp(T“rl)a j=12 (24)
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Further, analogously to (13) we define the following functions:

Gronm (21,7) = Szo.m (T; f(21, 7)), G(ﬁl()k,m)(x17 z) = Szoum (T3 f1(x1,-))

and

G~<x m (1, 7) = Sgoum (5 fa(21, 7))

From equality (23) we have

Spomypg (@ f) =8 <A1>(£E1,G~<A m (-, T))

- N (25)
= Sngh) (213 Gﬁ()\,m) (-, 7)) + Sngf\ﬂ (213 Gﬁ()\ m (5 T)).

In view of the definition of the functions f;(x1,Z) (see (23), (24)), for

any fixed 7 € T! (see (22)) the Fourier series of the functions G%j()xm) (21,7),
j = 1,2, over the variable x; satisfy the conditions of Theorem B. Thus, we
have

sup |S (>\1)($17G:ﬁ(/\ m)( ))| < C sup |0.7L1(x17G:ﬁ(/\ m)( %))L .7: 172
A1>0 n1>0

The same as in the proof of Lemma 1, we use Theorems B and C to estimate
S (M)(xl,G,ﬁM m (), 7 =1,2. We have

sup |Snm>(x1;G%&,m('ﬁ))l
A, Ag,mo>0 M

Lp(TH)
< C||sup |on, (215 sup |Sxoum (@5 f(21,-)])]
n1>0 A2,..,Aq,m0>0 L, (Ti+1)
<C sup  [Szoum (75 fi (w1, 0))]
A2yeny Ad,no>0 Lp(']l'l+1)
=C )\27.“?;iil?n0>0|Sné>\2),...,nE;\d)7n0md+17~~~:'ﬂ0ml+1(m; fj($1,-))| i (TZH)’
P
(26)
7 =12
Because {n()‘j)} n()‘j) € Zi, \j = 1,2,..., j = 2,...,d, are lacunary

sequences, and also 1 < d—1<1-2,and the functlons fi (xl, T) € L,(THY),
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j=1,2,1< p < oo, in order to estimate the right part of (26) we can use the
inductive proposition; i.e., the majorant estimate (20), namely

p
)\2"“’8;1{11:’)”0>0|Sné>\2)7_.-7n{<1>\d))nomd+1,...,n0ml+1 (x;fj(xh'))l L
P
p
:/ /{Az,...,sﬁil,)no>0|5”(2&) ----- ”fikd)»nomdﬂ ,,,,, noml+1($;fj<x1,.)>|} e

T1 T

< [ 3 [ 100 DIPds b dor = CI I oy 5= 12

T T!

From this and from (26) we have

sup 1S, o (21 G ()]

Losw b <Clfjllp, ey, J=1,2
1y-03Ad 10>

Lp(TH1)

(27)
Further, from equality (25) and estimates (24) and (27) it follows the va-
lidity of estimate (21):

sup \Snu,m)[Jd] (z; )l

Aj>0,0€Jg,
ng>0 L, (Ti+1)

< Cllfillz, ey + Cllfellz, ey < ClFllL, reey.-

In view of the induction method, we get that estimate (3) is true for
any N > 3 and any k (the number of lacunary components in the vector
nAIM] € ZY), 1 <kE< N —2. O

The proof of Theorem 2 can be conducted by the same scheme, as the proof
of Theorem 1. Instead of Lemma 1, the validity of the following statement
can be proved.

Lemma 2. Let J; = {r}, 1 <r < N. Then for any function f € Lo(T)

sup ISy men (@ £ < C(J1 Ol fl Loy,
Apr>0,17€J71,

nj='nj(z/),j€AI\J1,z/>0 LQ(TN)

where the constant C(J1,q) does not depend on the function f.
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Lemma 2 is proved analogously to Lemma 1 with the difference that, in-
stead of inequality (17), the following majorant estimate [7, Theorem 1] is used:
For any function ¢p(t) € Lo(T*), k > 2, and for any sequences n;(v) € Z{,
v=12,...,n;v) >0asv—o00,j=1,...,K,

< Cllellny e,
LQ(TR)

SUP [Sny (1),n2 (1), (1) (£ )
v>0
where the constant C' does not depend on the function .
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