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Abstract

We investigate the multi-fractal analysis of (large) convolution pow-
ers of probability measures on R. If the measure p satisfies (V) suppu =
[0, N] for some N, then under weak assumptions there is an isolated
point in the multi-fractal spectrum of p™ for sufficiently large n. A for-
mula is found for the limiting behaviour (as n — oo) of the L9-spectrum
of p™ and this is related to the limit of the energy dimension of ;" when
qg=>1

1 Introduction

For a probability measure u, by the local dimension of p at x in its support,
we mean the value

1 B
dim p(z) := lim 7ogu( (@,7))
r—0+ log r

provided this limit exists. For measures that are not ‘uniform’ it is of interest
to determine which values arise as local dimensions, the so-called multi-fractal
spectrum, and to calculate f,(a) = dimg{x : dimp(z) = o}, the dimension
spectrum. These spectra have been calculated for many classes of measures,

Mathematical Reviews subject classification: Primary: 28A80; Secondary: 42A85
Key words: multi-fractal analysis, local dimension, L2-spectrum, self-similar measure
Received by the editors October 2, 2012
Communicated by: Zoltan Buczolich
*This research was supported in part by NSERC.
TThis research was supported in part by NSERC.
This paper is in final form and no version of it will be submitted for publication elsewhere.

391



392 C. BRUGGEMAN AND K. E. HARE

including self-similar measures which satisfy the open set condition and p-
Cantor measures on central Cantor sets which satisfy an analogous separation
condition (c.f. [2], [4], [12], [16]). For these classes of measures the multi-
fractal spectrum is a closed interval and the function f,(«) is the Legendre
transform of the L9-spectrum, 7,(q), defined as

T IOg(Sr,u(Q))
Tula) = liminf =0

with S, ,(q) :=sup Z w(B(z;, 1)),
where {B(z;,r)}; is a countable family of disjoint balls centred at x; € suppu
(we call this a centred r -packing of suppu) and the supremum is taken over
all such families. This is known as the multi-fractal formalism.

In surprising contrast, Hu and Lau in [13] discovered that the multi-fractal
spectrum of the three-fold convolution of the classical Cantor measure (a self-
similar measure not satisfying the OSC) is not an interval, but the union of
an interval and an isolated point, the local dimension at 0. Further examples
of self-similar measures exhibiting this phenomena were given by Shmerkin in
[18], while in [8] it was shown that for quite general Cantor measures (i, defined
on Cantor sets with ratios of dissection bounded away from zero, dim p™(0)
is isolated in the multi-fractal spectrum provided n is sufficiently large. An
important ingredient in the proof was the fact that such Cantor sets C' have
the property that (IV)C = [0, N] for sufficiently large N. In the first theorem
of this paper we will show that this is the salient feature by proving that
dim p™(0) is always an isolated point in the multi-fractal spectrum of p™ for
sufficiently large n, provided that p is a continuous, probability measure on
[0, 1] with (N)suppp = [0, N] for some N, dim p(0) > 0 and sup dim p(z) < oo.

For self-similar measures which do not satisfy the OSC determining the L9-
spectrum is quite difficult. This has been done in [7], [14] and [18] for the three-
fold convolution of the Cantor measure and small numbers of convolutions of
certain other examples of self-similar measures.

Here we investigate what happens when the number of convolution powers
is very large. We show that if p is any compactly supported, probability
measure on R and ¢ > 0, then lim,,_,o 7, (¢) exists. When ¢ > 1, this limit
is equal to K(q — 1) where K is the limit of the energy dimensions of u™.
All values of K € [0, 1] are possible and K = 1 in many important examples,
including the Cantor measure and the self-similar measures studied in [18].
If ¢ < 0, the results are not as complete. However we do show that if p is
a probability measure whose support is [0, 1], then for ¢ < —1, the limit of
Tun (q) —ng dim p(0) exists, and equals 0 for the standard Cantor measure and
other similar examples.
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2 Isolated points in the multi-fractal spectrum of convo-
lutions of measures

By a measure we mean a compactly supported, finite, positive measure on R.
Given a measure i, we write u™ to denote the n 'th convolution power of . As
the functions of interest to us are unchanged under rescaling of the measure,
there is no loss in assuming the measures are probability measures. In some
cases we assume the measure is continuous, meaning non-atomic.

Definition 1. The upper local dimension of a measure p at = € suppp is

defined as | B
dimy(z) = limsup M.
r—0t IOg r

The lower local dimension is defined similarly. If the upper and lower local
dimensions are equal we write dim p(z) and call this the local dimension of p
at x.

We begin by proving that many measures have the property that suffi-
ciently large convolutions of the measure has isolated points in the set of its
upper local dimensions. By the notation (N)suppy we mean the N-fold sum

of supppu.

Theorem 1. Suppose u is a continuous, probability measure supported on
[0,1] with sup{dimu(z) : * € suppu} < oo and dimp(0) > 0. In addition,
assume that 0,1 € suppp and (N)suppp = [0, N] for some N.

(i) There erists a positive integer No such that for all n > Ny, dimp™(0)
is isolated in the set of upper local dimensions of u™.

(ii) There exist Ng € N and qo < 0 such that if ¢ < qo, n > Ng and § > 0,
then

with Si.(q) = supZM"(B($i7 r))9,

where {B(z;,7)}; is a centred r-packing of [0,d] U [n — 0, n].
We begin with a lemma.

Lemma 1. Suppose u, v are measures with suppy = [0,n] and 0,1 € suppu C
0,1. o

(i) If dimv(z) < XA < oo for all z € [0,n], then dimv % u(z) < A for all
z€ (0,n+1).

(ii) If, in addition, p is a continuous measure, the same conclusion holds
under the weaker assumption that dimv(x) < A for all z € (0,n).
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PrOOF. (i) Fix z € (0,n 4+ 1) and let I = [0,1] N [z — n,z]. Note that if
x € I, then z — x € [0,n] and (at least) one of 0,1 € I. Since z # 0,n+ 1, I
has non-empty interior. We have p(I) = § > 0 since both 0,1 belong to the
support of p.

Fix ¢ > 0. Since dimv(z —z) < A for every = € I, by continuity of measure
there exists A C I and 7y such that pu(A) > §/2 and

logv(B(z — x,r))

<A+e
logr

for all 7 < ro and for all z € A. Equivalently, v(B(z — z,7)) > r**¢ for all
r <rgand z € A. Thus, for all r < ry,

e u(Ber) = [ 0Bl =2 )dua) > [ (B = w.)duta)

> / /\Jradlu( ) /\+55/2
A

This clearly implies dimv # 1(2) < A +¢ and as € > 0 was arbitrary, the result
follows.

(ii) The same conclusion holds for a continuous measure p under the weaker
assumption that dimy(z) < A for all z € (0,n) because

/ v(B(z —z,r))dp(x) = / v(B(z — z,r))du(x).
A A\{z—n,z}

Here is another useful general fact.
Lemma 2. Ifv is a measure supported on [0, 1], then dimv™(0) = mdimv/(0).

t follows that
1,z 4+
(v(B(0, )))m

PROOF. Since z1+---+z,, € B(0,r) whenever z; € B(0,r/m), it

v™(B(0,r)) > (v(B(0,7/m)))™. Conversely, since suppr C [0,
Tm € B(0,r) only if z; € B(0,r) for all j. Thus v™(B(0,7)) <
and so

mlog(v(B(0,1)) < log v™(B(0,71)) < mlogv(B(0,r/m))
log r - logr - log r '

Now take the limsup as r — 0. O
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PROOF OF THEOREM. (i) It is shown in (8] that if z; € suppu and z =
> i—12j, then dimp™(x) < Z?ﬂdiimlﬁ(l‘j)- Consequently, if dimu(z) < A
for all € suppp, then dimu® (z) < N for all z € [0, N].

As p is a positive measure, the hypothesis (N)suppy = [0, N] implies
suppu’Y = [0, N]. An application of Lemma 1 shows that dimp¥*!(z) < N
for all z € (0, N +1).

Moreover, suppu™ 1 = [0, N +1]. Because u is a continuous measure, this
is enough to again apply the lemma, and by repeated application we deduce
that dimpN " (2) < N for all positive integers m and for all z € (0, N +m).

Since Lemma 2 implies dimu™(0) — oo as n — oo, the first part of the
theorem holds.

(i) Let a = dimu(0) and sup{dimpu(z) : = € suppu} = X. Choose Ny > N
and s such that Nga > s > NA. Given any fixed n > Ny, let

Aj ={z :min{p"(B(z,7)), p"(B(n —,7))} > r° forall r < 1/5}.

The sets A; are nested and symmetric about n/2. As explained in the first
part of the proof, dimu™(z) < NA < s for all x € (0,n), thus U;4; D (0,n).
Consequently, we can find sets A; C [0, n] whose Lebesgue measures are arbi-
trarily close to n. Standard arguments imply there is a choice of j such that
Aj+ A; contains an interval I C [0, 2n], centred at n, with measure as close to
2n as we desire. In particular, given any § > 0, there is such a choice j with
(6,2n —0) C I.

This ensures that if @ € (6,2n — §), then there exist yi,y» € A; with
x =y +yo. If r/2 < 1/j, then

B (Bla,r) 2 0" By, /2" (Blyn, r/2) = 277,

Let {B(z;,r)} be any r-packing with centres in (§,2n — ) and let ¢ < 0. For
small r, there are at most 2n/r + 1 < 3n/r balls in any such r-packing, hence
3
> (1 (Blas, ) < S22 < O,

T

As 2na = dimp?"(0), if € > 0 is fixed and r is sufficiently small,
(127 (B(0,)" > Crle=ena

If & > 0 is chosen so that n(a — &) > s, then for sufficiently negative g,
r25a=1 << pl@=€)2na_ Thig shows that the points in (6, 2n—4) do not contribute
to the Li-spectrum of p?".

To handle odd convolution powers, observe that

BB, 1) 2 127 (B, r/2) (B(0,7/2)) 2 Crirerts

and argue similarly. O
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Remark 1. We remark that gg — 0 as Ny — oo.

Example 1. Let 0 < r, < 1/2. We call the set C,,} a central Cantor set
with ratios of dissection {ry} if Cy,,; = [ Cy where Co = [0,1] and if Cy_
is the union of 2*~1 closed intervals of length Rj_; = 71 ---74_1, then Cy is
constructed by removing the middle open subintervals of length (1 —2r;)Ri—1
from each of those intervals. The classical middle-third Cantor set is Cy/3y.

It is known that a central Cantor set Cf,,} satisfies (NV)Cy,, 3 = [0, N]
for some N if infry > 0 [3]. If p is a p-Cantor measure with p # 1/2,
then dimp(0) = (Inp)/c where ¢ = liminf(4 In Ry,). Moreover, dimpu(z) <
max(Inp/c,In(1 —p)/c) for all z € suppu. As p is a continuous measure, the
theorem implies that if inf 7, > 0, then dimu™(0) is isolated in the set of upper
local dimensions of p™ for sufficiently large n.

One might ask if the weaker assumption, inf Ry'/* > 0 (which is equivalent
to saying Cy,, ) has positive Hausdorff dimension) would still guarantee the
existence of an isolated point in the spectrum of u™ for large enough n. This is
not true. The central Cantor set C' with 7, = 37% if n = k® and 1/3 otherwise
is such an example. The details of this are omitted. We remark that this
Cantor set C' also has the property that dimg(C + C) = 1.

3 The Li-spectrum for convolutions of measures

3.1 Positive q

In this subsection we study the asymptotic behaviour of the Li-spectrum of
u" for ¢ > 0. Intuitively, one would expect the LY -spectrum to be controlled
by the balls of large measure when ¢ > 0. This leads us to introduce the
following notation:

Ky = liminf
r—0t

(log (sup, p(B(z, T))))
log r '

As p(B(z,r)) < 1 for all probability measures p, it is obvious that «, > 0.

Moreover, it is easy to see that «, = 0 if x is not continuous. More generally, if

suppp C [—N, N, then the balls B(—N+jr,r), forj =0,1,...,[2N/r]+1 = J,

cover suppp. At least one of these balls must have y-measure at least 1/.J and

this implies x, < 1.

Theorem 2. Suppose p is a compactly supported, probability measure and
q > 0. Then

Ly(q) := lim 7,n(q)

n—oo
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exists. If ¢ > 1, then L,(q) = K, (¢ —1) < g — 1, where the constant K, =
L,(2) is given by K, = lim,, K an .

The proof requires several preliminary results. We will frequently write 7,
or Ky in place of 7,» or k,» if p is clear.

Lemma 3. If ¢ >0, then —1 < ¢k, — 1 < 7,(q) < gr, < q.

PROOF. Suppose suppy C [N, N] and {B(x;,r)} is any centred r-packing.
Then

sup p(B(i,1))? < Y p(B(xi, 7 ) < sup pu(B(x, 1)) (2N/r +1).

Consequently, gk, — 1 < 7,(¢) < gk,. The outer inequalities follow from the
comments preceding the statement of the theorem. O

It is helpful to identify equivalent ways to define the L%-spectrum when
q > 0. Let

—supZu (wi,r))% and SC) (q) = > p(B(x + ir,1))",

where in the first case the supremum is taken over all countable r-packings
{B(z;,r)}i, but with z; not necessarily in suppu. One can readily check that
following inequalities hold for any z: (note we suppress the dependence on
in the notation)

S,(q) < SM(q) < 455,.(¢) and
SZa) <250 (q) <271 SE)(g).

Consequently, the limiting behaviours of

log(S,(g)) log(S+"(@)) _  log(5r2(a))
logr logr logr

are the same and any of these functions can be used to calculate 7,(q) for
q>0.

Lemma 4. Suppose ji and v are probability measures. If ¢ > 1, then 7., (q) >
Tu(q). If 0 < q <1, then Ty (q) < 7.(q).
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PROOF. Fix r > 0 and any r-packing {B(z;,r)}. If ¢ > 1, then an application
of Holder’s inequality shows that

E:u*uuﬂx“mw::Z:</ﬂ43@i—ywﬂdwy0q

<3 ([ B -y )

i

g/ﬁﬁwmww=s$m»

Hence Sﬁ’l}z*y(q) < Sﬁlﬁ (¢) and that proves the first inequality.
The second inequality is similar, but using Sﬁz The inequality is reversed

because we apply Holder’s inequality with exponent 1/¢ (and its dual index)
to [ w(B(x +ir,r))4dv(y). O

Lemma 5. If u is a symmetric probability measure, then k., = dimp * 1(0).

ProoF. Fix r > 0 and define

[—r, 7], if 7 =0,
Iy = ¢ (2jr —r,24r+7r], ifj>0,
-1, if j < 0.

For notational ease, put z; = p(f;). As p is symmetric, z; = z_;. We claim
that for any k and = € Iy,

* M(B(O,4’I“)) > Z ZjZ—j
1
= 5 (Z ZjkZ—j T Zjth—12—5 T Zjtht17—;
+ 2Zjha2zj T Zjth—27;)

1 u(B(, 7))

Y

The second inequality is simply Cauchy Schwartz together with the fact that
zj = z_j. For the first, consider ;1 as the probability distribution of the
random variable X. Then p * p is the probability distribution of X; + Xo,
where X7, X5 are independent random variables with the same distribution
as X. The collection {I;} is a partition of R into disjoint intervals of length
2r. If X € Ij and X, € I_j, then X7 + X5 € B(O,Q’I‘) - B(0,47‘), and this
happens with probability z;z_;. Summing gives the first inequality.
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For the third inequality, suppose © € I. Then B(z,r) C It U Tx—1 U I y1.
Moreover, if X = X1 + Xo, Xy € I, and X € I;, then Xo € I;_,,, 1 Ulj_,, U
Ii_mi1. Thus if X € Iy UI_q U4, then for each choice of m with X, € I,
there are only five possible intervals to which X5 can belong.

From the claim we see that

1

5 suppx (B2, 7)) < pox p(B(0, 4r)) < sup o x u(B(z, 4r)),

and that inequality establishes the lemma. O
Corollary 1. If u is a symmetric probability measure, then r,s = Ty (2).

PROOF. Let v = pux p. As v is a symmetric probability measure, the previous
lemma implies it is enough to show that 7, (2) = dimv * v(0). It is convenient
to use the integral formulation for the L?-spectrum with ¢ > 0 ([6]):

1 B ad
7,(¢q) = lim inf 8 (f v(B(z,)) x) —
r—0+ log r

(3.1)

By symmetry and similar reasoning to the proof of the first inequality of
the claim in the previous lemma,

< /T v v(B(0,2r)dy = 2rv « v(B(0, 2r)).

-T

Thus
log ([ v(B(z,r))*dz) s log 2v * v(B(0,7))

log r - log r

Passing to the lim inf as r — 0% shows 7,,(2) > dimv * v(0).

On the other hand, if z1 € B(y + jr,7/2), then 1 +x2 € B(0,7/2) only if
z2 € B(—y—jr,r). Hence }; v(B(y+jr,r)v(B(—y—jr,r)) = vxv(B(0,1/2)).
The usual arguments then give the required equality. O

PROOF OF THEOREM. Lemmas 3 and 4 imply that for each ¢ > 0, 7,»(q) is a
bounded monotonic sequence, and hence converges pointwise. It only remains
to verify that when ¢ > 1, then L,(q) = K,(¢ — 1), for K, as specified.
First, we argue it is enough to prove this for u symmetric. To see this,
assume g is an arbitrary, compactly supported, probability measure and put
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W (E) = p(—FE). Then v = (4 p’)/2 is a symmetric, probability measure
and v =27" 371, (")pd * /™73, Since a? + b? ~ (a+b)? when g is positive,
it is not hard to see that

Thy+p2 (q) = min(T,ul (q)a T (Q)) for ¢ > 0.

Lemma 4 implies that

Tyrwprn—3(q) 2 max(7,5 (), Tum-3(q)) = Tyns2(q)-

Since also v™ > 27"u", we have Tn/2 < Tyn < Tyn. As 70 (q) and 7,0/2(q)
converge to the same limit, so does 7, (q).
Hence we may assume p is symmetric. It follows from Cor. 1 that

L,(2) =1lim7,(2) = limka,, = K.

Lemma 3 implies ¢K, — 1 < L,(q) < ¢K,,.

Being a limit of concave functions, L,(q) is concave and hence has right
and left-hand derivatives everywhere. Let LL denote the right hand derivative.
If there exists go such that L (qo) < K, then by concavity Lj,(q) < K, for
all ¢ > qo, and eventually L,(q) < K,q—1. Thus L (¢q) > K, for all ¢ > 0.

As 7,(1) = 0 for all probability measures p, L,(2) — L,(1) = K,. If
L, (1) > K, then L () < K, for some x € (1,2) and that’s a contradiction.
Hence L) (1) = K, and since L’ is decreasing, L;,(¢) = K, for all ¢ > 1. One
can similarly argue that the left-hand derivatives of L,, are also identically K,
at all ¢ > 1, hence L, is the linear function L,(q) = K,(¢ — 1).

That L,(q) < ¢ — 1 now follows from the fact that x, <1 for all v. O

Here is one class of examples where L, (¢) = ¢ — 1 for ¢ > 1. The multi-
fractal analysis of these measures is studied in detail in [1] and [18].

Proposition 1. Let d > 3 be an integer. Suppose p is the self-similar prob-
ability measure associated with the IFS {x/d +i/d,p;}ica where A C N is a
finite set that is not a singleton, and the probabilities p; are strictly positive
forie A. Then L,(q) =q—1 for all¢>1.

PRrROOF. There is no loss of generality in assuming 0 € A. Furthermore, re-
placing 4 if necessary by the compressed measure that maps E — u(r=1E)
for r = ged(A), there is no loss in assuming ged(A) = 1.

The measure p” is the self-similar measure arising from the IFS {x/d +

(n) (n)

i/d,pgn)}, for suitable probabilities p; . For each n, let Z,, = maxy, Zj Pivjd-
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Let X be a random variable with P(X = i) = p; and let Xy,..., X, be
independent random variables with the same distribution as X. Then

P =PX) 4+ X, =)

and
Zpi”ﬁjd = P(Xy + -+ X, = k mod(d).

Let YV, = X1 + -+ + Xpmod(d). Then (Y;,)22, is an irreducible, aperiodic
Markov chain and hence it approaches a steady distribution. As the random
variables Y, 11 — Y, are independent of Y,,, this steady state is uniform. Thus
for each i =0,...,d— 1, P(Y,, = i) = 1/d and therefore Z, = P(Y,, = k) —
1/d ([9, Thm. 11.7, 8])

Using the arguments of [1] it is not difficult to see that u"(B(x,d*)) <
¢, Z% for an appropriate constant ¢,,. Thus 7,:(q) > —qlog Z,/logd — 1 for
g > 0 and therefore L,(q) > g—1. But always L,(¢) < ¢—1forall ¢ > 1 and
therefore we have equality. O

3.2 Li-spectrum and energy dimension

In this subsection we will establish another formula for K, and investigate
when it equals one. First, note that it is clear from the integral formulation
of the Li-spectrum (3.1) that for any measure pu,

7,(2) = sup {a hmsup tlia /R(M(B(m,t))fdx = 0} .

A Fourier transform formula can be deduced from this and Parseval’s theorem.

Proposition 2. If u is any probability measure on supported on [0,1], then
for0<a<1,

. e . 1 -
lim sup TT¥a / ((B(z,t)))%dx ~ limsup W / fi(2)|? da
0 2| <N

t—0t N—oo
hlrvn SUp =g = > |am)*,
e |n\<N

where in the first case p is viewed as a measure on R and its Fourier transform
has domain R, and in the second case i is viewed as a measure on the torus,
[0,1], where O and 1 are identified, and its Fourier transform is defined on Z.
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PROOF. The first relation is proven in [14] for the more general case of a
measure on R"™. Here we use a similar, but simpler, strategy to prove the
second. (The same methods give a simpler proof of the first relation for n = 1.)

Since p(B(x,t)) = p* 1(_¢4)(z), where 1(_; ;) denotes the characteristic
function of the interval (—t,t), Parseval’s theorem implies

1/t I &, o 2
[ B ) = i 3 () [T )
s1n27mt N
et | > i) +17(0)?
n#0
> > i)
In[<N
when N = [1/t] and the constant C' may change from one line to another.

Taking the limsup as t — 0%, equivalently N — oo, proves one inequality.
For the other, let

27
1 ~ N2
A5 = gy O )

In|=1
If 2= (+1) <t < 27 then
2 t 00 2]+1 |
a N 2 sin 2mnt “ i(n)
DIl e B Zlu TSNS
n£0 In|=1 j=k |n|=20+1 |n|
< C Ak + 2k(1+a) Z27j(1+a)Aj+1
=k
< Csup4;.
Jjzk
Again, take the lim sup. O

Suppose p is any compactly supported measure on R. We denote by [u]
its quotient measure on [0, 1], the measure defined by

(1] (B) = p(E +n) for E C[0,1].

Since the sum is over a bounded number of integers n, (u(B(z,7)))? ~ ([u](B(x,r)))?
for any ¢ > 0. Thus, 7,(q) = 71,,;(q) for positive q. As [u™](n) = pi(n)™, this
observation yields the following corollary.
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Corollary 2. If i is any probability measure on [0, 1], then

Tum(2) =supq a: hmsup N1 - Z |7(
In|<N

The energy dimension, defined as

dimeusup{ // \w—yl <OO}’

is another way to quantify the singularity of a measure. The energy dimension
is always a lower bound for the Hausdorff dimension of the measure and has
been shown to be equal to

~rN2
sup ¢ a: Z|| |1 - or sup{a: |N(ifz|a dac<oo}7

n#0 R ‘.’E|

depending on whether u is viewed as a measure on the torus or on R ([4],
[10]). Using these formulas and the previous proposition, it is straightforward
to verify the following.

Corollary 3. Suppose i is any compactly supported, probability measure.
Then 7,(2) = dim, pn. Moreover, L,(q) = q — 1 for all ¢ > 1 (equivalently,
L,(2) = 1) if and only if lim, dim, " = 1 (where the convolution can be
understood either on R or [0,1].)

Corollary 4. Suppose p is a probability measure on the torus. If L,(2) =1,
then any Borel subgroup of the torus on which p is concentrated has Hausdorff
dimension one.

PROOF. If p is concentrated on F, then dimyg E > dim, p. Since p™ is concen-
trated on E™ C Grp(E), it follows that dimy Grp(E) > dim, pu" — L,(2) =
1. O

Example 2. A measure u defined on [0,1] is said to be LP-improving if
for some p > 2, the operator T, : L?[0,1] — LP[0,1], given by T} (f) =
f = p, is bounded. The classical Cantor measure is an example of an LP-
improving measure [15]. It is known that if 4 is an LP-improving measure,
then dim.[p"] — 1 [11]. Thus every LP-improving measure has L,(q) = ¢ — 1.

In [17] a construction is given of a random Cantor measure, supported on
a set of Hausdorff dimension s for any given 0 < s < 1, with the property that
it € [P for some p < oo. Such a measure is known to be LP-improving.
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We conjecture that the self-similar measure associated with the IFS {x/d+
i/d, p; Y, with integer d and p; > 0 for at least two indices i (see Prop. 1) is
LP-improving.

Example 3. A measure p is said to belong to Lip(«) if there is a constant
C such that p(z,z + h] < Ch® for all h > 0 and all x. It is known that if
w € Lip(a), then dim, ¢ > « [11]. Thus, if for every a < 1 there is some n
such that [p"] € Lip(«), then L,(¢) = ¢ — 1.

To conclude this subsection, we prove that for each 0 < a < 1 there
is a probability measure p such that 7,»(2) = a for all n. Consequently,
L,(q) = a(g —1). Our method is constructive.

Example 4. Fix 0 < a < 1 and put s = (1 —a)/a. Inductively define positive
integers n; and d; such that d; >> 27, nj = dj and dj1 >> n;d;. Let Ky
denote the N’th Fejer kernel and put Fj(z) = K, (d;z). Let p =y, Fj(x)/5%.
Note that i > 0 and as || Fj||; = 1, p is an absolutely continuous, finite measure
supported on [0, 1].

Fix positive integer m. For each 0 < b < 1, let

1 . m
Ay =5 D AP

0<n|<N

We will use the criterion 7,,m (2) = sup {b limsupy_, ., A% = 0}.

As suppﬁ; = {0, £dj, ..., £n;d; }, we have suppﬁ;ﬂsuppl/?; = {0} for j # k.
Thus ji(n) # 0 for n # 0 if and only if there exists some integer j such that
i(n) = ﬁ';(n)/j2 Since 0 < E(n) <1and E(n) > 1/2 for at least n; integers
Ny D nso E(n)Qm ~n; . If N =nydy, then

>(C——F————.
— c (nkdk)lfb k4m

— 2m 1 n
F; (n)‘

k
1 1
Ab =
N (nkdk)lfb ; j4m Z

n#0

Suppose b > a. Since n; * > k*™ for large k and n{ = d,lf_a, it is easily
seen that A% — oo as N — oo. Thus 7,m(2) < b for all b > a and hence
T,m (2) < a.

One can similarly show that if b < a, then A[]’V < C/d,lcfbﬂb — 0 as
N = ngdy, — co. Of course, if N € (ngdg,di41), then Ay = Azkdk’m. If,

instead, N € [Jdgy1, (J 4+ 1)dgy1) for 1 < J < ngy1, then again one can check
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that

N
1 ~ m ~ m
O =1 D DN Z IS S (Ol

0<n|<dg41 [n|=dk+1
ng + n?
dry1
Thus limsup_, o AIZ’V = 0 for any b < a. Together these observations prove
Tum(2) = aQ.
3.3 Negative q

Finally, we consider the case ¢ < 0. Here we expect the balls of small measure
to control the behaviour of the L?-spectrum. This leads to introducing

8, = limsup log (infy e suppp (B(z,7)))
e Dot logr '

Throughout the subsection, let a,, = dimyu(0). Assuming 0 € suppy, then
Bun > dimp™(0) = nay,. As sup Y u(B(zi,r))? > infresuppp p(B(z,7))9, it
also follows that 7,(q) < ¢B,.

In general, 7,»(q) does not converge for ¢ < 0. Instead, we consider the
asymptotic behaviour of

0un(q) == Tun(q) — naug

Vur = Bun — nay,.
Again, we write By, 0y, 7o for Bu» etc., provided p is clear.
Proposition 3. Assume suppp = [0,1] and that dimu(0) > dimu(1). For
=t 2q li7rln Y < liyrln on(q) < qlivrln Y- (3.2)
PROOF. Note that
B ) > a (B, r/2)u(B(0,7/2) if o € [0,1],
while
p" Y B(x, 7)) > p"(B(x — 1,7/2))u(B(1,7/2)) if € [n,n + 1].

Thus fp4+1 < B + o, and hence {7, } is a decreasing sequence.
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If we consider (u"™!(B(z, r)))q instead, the inequalities reverse and there-
fore 7,41(q) > 7T(q) + ga, showing {4, } is increasing.
Since

sup > p"(Blwi,r))? > p"(B(0,7))" > u(B(0, 7)™,

we have 7,(¢) < gna. Thus d,(q) < 0 for all ¢ < 0. Further, d,(q) <
qBn — naq = qyn, s0 {yn} is bounded above. Thus both sequences, {d,} and
{Vn}, converge and the right side of (3.2) holds.

By the definition of f,,, given any € > 0 there exists r¢ such that for all
r <1y, inf, u?(B(x,r)) > rfr+e. Thus for any = € [0, 2n],

[z/r]
p*"(B(w,2r)) > Z w*(B(z — kr,r))u™(B(kr,r)) > Lp2(Bute),
r
k=0

If {B(x;,2r)} is any centred r-packing of suppu?", then if ¢ < —1,

ZMQ"(B(JJZ-, 2r))4 < Z (%)qr%(ﬁn—&-s)

kr\?
< Z (r) TQQ(ﬂnJ"E)SCqTQQ(BnJFE))

k<2n/r

while >, u?"(B(z;,2r))™t < C|logr|r24#2+4) Taking the supremum over
all centred r-packings, then log-limits and letting e — 0 gives 72,(¢) > 2¢8,.
Thus d2,(q) = Ton(q) — 2naq > 2q7y, and that establishes the left side of
(3.2). O

Corollary 5. If v, — 0, then §,,(q) — 0 for ¢ < —1.
Corollary 6. If u(B(0,r)) = infesuppu 1(B(x, 7)), then 6, — 0.

PROOF. In this case pu™(B(0,r)) = infcsuppun 1™ (B(x, 1)), so v, = 0 for all
n. O

Example 5. The three-fold convolution of the standard Cantor measure,
compressed to be supported on [0, 1], is an example of such a measure.
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