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A GENERALIZED MAXIMUM PRINCIPLE
FOR CONVOLUTION OPERATORS IN
BOUNDED REGIONS

Abstract

Dealing with the technically motivated concept of convolution op-
erators in bounded regions of RY with an underlying nearby boundary
condition we extend a formerly proved result about the existence and
uniqueness of suitable solutions for dimension N < 2 to arbitrary di-
mensions N. Thus, a first substantial result in a sufficiently generalized
form, beyond the very specific case of rectangular regions, is established
in this field. The result can also be seen as a generalized maximum
principle for so called k-harmonic functions where k is the kernel of the
given convolution operator.

1 Introduction

In [1] a specific type of Dirichlet problems for convolution operators in bounded
regions was introduced. There, especially for kernels in certain Sobolev-spaces,
which can be seen as kernels of generalized smoothing operators, substantial
results for the very specific case of rectangular regions were proved. Moreover,
due to [2], in [1] a generalization of these results for rectangular regions to
general regions was mentioned, but only for dimension 1 and 2, and the proof
in [2] cannot be extended to higher dimensions by slight modification. So,
the result for arbitrary dimension was unproved and remained as an unsolved
problem.
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In this paper we will give a proof for arbitrary dimensions N € N. Thus,
a first substantial result in a sufficiently generalized form, beyond the very
specific case of rectangulars, is established in this field.

There are two possible views on the presented theory. First, the concept
is technically motivated by a measurement of a field f in the interior of some
bounded region ) with the aid of a sensor w moving around in €2 such that
the motion is completely inside 2. More precisely, the measurement will be
a weighted measurement, done with the aid of a weight-function & defined on
w. The task is to detect the original field f with the additional knowledge of
the (maybe disturbed) values of the field near the boundary of the region €.

Another, more mathematical view to the theory, is dealing with the set
of so called k-harmonic functions f € LP()) which are defined by Ty f = 0
for a convolution operator T} with convolution kernel k working inside §2.
The question is, if there exists some kind of maximum principle, which means
that any such k-harmonic function can be controlled by their values near the
boundary of €.

However, both views are essentially equivalent and the result of this paper
gives an understanding of both topics.

2 Basics

In the following we use the notation of [1]. For a better understanding, we
briefly introduce the relevant terms which are used throughout the paper.

All functions in the text have values in K where K = R or K = C. Further,
let N € N and w :=]0,1[¥. (In [1] general, nonempty bounded regions w were
discussed, but since our main result in the present paper only deals with the
case w =|0, 1[V we restrict ourselves to this case.)

Let © C RY be a nonempty bounded region (i.e. open set) such that

Qi ={zcRV¥z2+wCQ}
is not empty. Note that €, is open and Q, +w C €.
For k € L'(w), k # 0, and p € [1, 00| define the convolution operator

Ty : LP(2) — LP(82,)
by
T f(z) := / k(t —x)f(t)dt, z € Q.
Ttw
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Note that T} is a linear bounded operator with kernel k. Moreover, T}, is not
injective (cf. [3, p. 140], [2, p. 14], [1, p. 177)).

Furthermore, let

0,0 :=0nN U(x+w):Qﬂ U (x4 w).
¢y, z/x+w0ZQ

This means that 9, is the intersection of €2 with all translates of w which
closures are not completely inside ). For example, if € is a rectangular region
(or cuboid) Hi]\il}ai,bi[ with a,b € RN, |b; — a;| > 2 then

N

Q\H[az—kl,bl — 1]

=1

0.,

Note that 09Q C 9,0 (cf. Lemma 4), thus 9,2 can be seen as a specific kind
of an extended N-dimensional boundary of € near the regular boundary 0f2.
Clearly 9,2 is an open nonempty subset of €.

Note also that the "boundary” 0,2 is a suitable set for fixing solutions of
the convolution equation ”T} f = ¢g”, which means that for any given function
g € LP(Qy,) and fy € LP(9,42) there exists at most one solution f € LP(2)
such that Ty f = g and fis.0 = fo (cf. [1, p. 179]) due to Titchmarsh’s
convolution theorem (e.g. [4, p. 107]).

Nevertheless, in general there does not exist an exact solution f € LP(Q)
such that Ty f = g and f|5_ o = fo and therefore, we are looking in such cases
for best approximating solutions.

For this, and for more generality, let U be a measurable subset of {2 of
positive N-dimensional measure. Assuming fy € LP(U) and g € LP(Q,), we
call f € LP(Q) a best approzimation solution of (Tyf = g, fiju = fo) if

Tef =y
and
[ fio = foll < [ho — foll
for any h € LP(Q) with Tph = g.
Defining
N = {f € L*(Q)[T}.f = 0},

Niv = {fiulf € Ni}
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and the trace operator
Rk,U ZNk — Nk,U

by
Reuvf:=fiu

and assuming 1 < p < oo, the existence of a unique best approximating
solution of (Txf = g, fju = fo) for each fo € LP(U) and each g € Ty (LP(Q2))
is equivalent to the existence of a bounded inverse of the trace operator Ry ¢/
(cf. [1, p. 180]). Note that in this case the best approximating solution
depends continuously on the boundary value fy € LP(U) (cf. [1, p. 181]). In
particular, if Ty f = g, fiy = fo and (hy), € LP(U) with h, — fo then the
best aproximating solutions of (Tx f = g, fjy = hn) converges to f, which is the
exact solution of (T f = g, fiju = fo) (and therefore is the best approximating
solution of (T} f = g, fiuv = fo))-

Functions in NV, we call also k—harmonic functions. Obviously, the trace
operator Ry, iy is bounded invertible if and only if there exists C' > 0 such that
for all k-harmonic functions f € LP(€2) the relation |[f|| < C - |[fjy|| holds.
This relation we call also the maximum principle for k-harmonic functions
with respect to the boundary U.

In the following we restrict ourselves to special kernel functions k£ in an
appropriate Sobolev-space. For any arbitrary nonempty region G in RY let

T — e N
S,W(G) = {f € L"(G)|D*f € LP(G), a € {0, 1}"}
(endowed with the usual norm for Sobolev-spaces) and herewith
SLiW() = {f € LM W)f ~1 € 8] W (w)}

where Slf’OW(w) is the closure of C§°(w) in SITW(w) (cf. [1, p. 181-182]).

Spaces of these types are called Nikol’skij-Sobolev spaces and were firstly
introduced by Nikol’skij (cf. [5, 6]). By standard methods (e.g. [7] or [2,
p. 28]) it can be seen that S;W(w) is boundedly imbedded into C'(w). Thus,
any k € SEIW(w) coincides a.e. with a function k' € C(w) with value 1 on the
boundary of w. By this definition T} can be seen as a generalized or disturbed
version of the smoothing operator T}, with kernel ko = 1.

Note that for k € SlfJW(w) the operator T} maps LP(£2) boundedly into
SEW(QW) (cf. [1, p. 183]). Moreover, the range of T} consists of all functions
g € SEW(QM) where there exists an extension § € SEW(RN) of g (cf. [1,
p. 192]). Note also that for 1 < p < oo Dzabrailov constructed a class of
domains G for which there exists a (linear and bounded) extension operator
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L: SEW(G) — SZW(RN) (cf. [8, p. 192], for examples see also [2, p. 68]).
Therefore, if €, is in this class, the range of T}, is even equal to SEW(Qw).

Finally, for the case of cuboids, another "boundary” plays an important
role: If Q = [T, ]ai, bs[ with a,b € RN, [b; — a > 1, let

N
0L,Q == Q\ [ Jlai + 1,0:[,
i=1
This notation follows the idea as .,Q were the left part of 9,Q in case of
rectangular regions @ (= Q).
The importance of d.,Q is given by the result that in case of rectangular

regions () mentioned above for k € S£1W(w) the trace operator Ry g1 g is
boundedly invertible (cf. [1, p. 192]).

3 Main result

The following theorem is a result of [1, p. 192] resp. [2]. But there, the result
was only proved for dimension < 2. The validity for any dimension remained
as an unsolved problem. The proof in [2] uses a covering of 2\ U by suitable
subsets of 2. But the used direct construction method for the covering is not
applicable for higher dimensions because of the unmanageable complexity of
Q.

It is nearby to consider a technique by induction, but there, it is the dif-
ficulty to find a method to get a covering of Q\ U in the next dimension on
the basis of supposed coverings in lower dimensions at all. Moreover, it is
necessary to ensure that the covering of Q\ U fulfilled all required properties.
In the proof in this paper we solve these problems by sharpening the required
properties, but for which an approach by induction is possible. So, proving
the stronger properties, we get the original properties which finally leads to
the validity of the theorem.

Theorem 1. Let k € SlfJW(w) and U a measurable subset of Q0 such that
Q\U NI, =1.
Then there exists C > 0 such that for any k-harmonic function f € LP(Q)

A< C-lfiwll-

Thus, for k-harmonic functions f € LP(Q2) the mazimum principle with respect
to the boundary U does hold.
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Theorem 2. Let k € S{lW(w) and U a measurable subset of €1 such that
Q\UNI,Q=10

and let furthermore 1 < p < oo. Then there exists for each fy € LP(U) and
each g € Tp(LP(Q)) a best approzimating solution of (Tn.f = g, fiu = fo)-
The best approximating solution depends continuously on the boundary value
foe LP(U).

Theorem 2 follows immediately by Theorem 1 since under the given con-
ditions the trace operator Ry y is then bounded invertible. So, it is sufficient
to prove Theorem 1.

Remark 1. If U is an open subset of Q then

O\UNTO=0

s equivalent to

0,QCU
(relative closure in ).

Remark 1 was proved in [2, p. 48], for completeness we give the proof here.

PROOF OF REMARK 1. Let U C Q be open.

a) Let 0,0 C U. We show that (Q\ U) is closed. Herewith, we get

D QNQ\U =3,0n(Q\U) =a8.0n (Q2nCU)

= (@.9nQ)nCu cuntu =0.

The closedness of (Q2\U) can be seen as follows. We have C(Q2\ U) = CQUU =
CQuUIN)UU = (CQUU) U Q. First ((QUU) is open. But let z € 992, w
any point in w and z := x —w. Then we have x € z 4 w and there exists ¢ > 0
such that B.(z) C z+w. Since z ¢ Q we have (z +w) Z , hence z ¢ §,, and
therefore
B (zx) Cz4wC U (y + w).
yEQe
Thus
QNB(z) N |J (y+w) = 0.9
yEQ

This implies Q N B.(z) € 2N 9,02 C U. Finally, there holds
Be(x) = (B(z) N Q) U (B(2) NCQ) cU UL =C(Q\U).
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As mentioned above Theorem 1 was proved in ([2, p. 46-55]) only for
dimension N < 2 and there, moreover, with the additional restriction ,+w =
Q. Since we work without this additional restriction we have to prove Theorem
1 also for dimension 1 (and then of course for all other dimensions).

As in ([2]) we use the following definition.

Definition 1. A subset U of Q) is called cuboid-regular if there exist finitly
many cuboids Q; C Q, Q; = vazl]aiyj,bi,j[ with |b; j—a; ;| >1,ie€{l,...,M}
such that

M
o\UC|]Qn
n=1

and for alli e {1,...,M}

1—1
9L,Q:iN(Q\U) C [ @ns (Qo:=10).
n=0

Lemma 1. Letk € SilW(w) and U a cuboid-regular measurable subset of ).
Then there exists C > 0 such that for any k-harmonic function f € LP(Q)

A< C-lfiwll-

The proof of Lemma 1 follows [2, p. 55], but we use here a technique that
aims directly at the maximum principle.

PrOOF OF LEMMA 1. Let (Q;)ieq1,...,m} the finite family of cuboids men-
tioned in Definition 1. Thus, there exists Cq,...,Cy > 0 such that

||f|Qi <C;- ||f|angi
for all f € LP(Q) with T),f = 0.

Let _
Q=UUJQi, ie{l,...,M}.

j=1



360 JORG REISSINGER

We prove by induction
Al < Bi- |l fiull

for all f € LP(Q) with T} f = 0, with certain B; > 0.

For 1 = 1 we have
I fivuau Il < Mfioll + 11 fiq. I

<|lfivll+ CillflavQ. Il < Billfiwll
where By := 1+ C].

Now, suppose for ig, 1 < ig < M

fii, I < Bio - [l fjull

for all f € LP(Q) with T}, f = 0. Then we get for any such f

||f|QL0+1|| < ||f|QLO ‘+ ||f\QL0+1H < Hf|QL0 |+ Clo+1||f|3LQm+1H

Since
9Qiv1 = (0Qio+1 N (Q\ D)) U (0,Qi1 NU) € J@in)uU
=1
we have
[ fi9 4l
< i [l + Ciotallf o @inayou!
= [|fi;, Il + Cig1 [ fie,, Il
< B, (14 Cio 1)l fiull-

Hence B +1 := B;,(1 + C;,+1) satisfies the required condition. By this way
there exists Bps > 0 such that for all f € LP(Q) with T, f =0

I fian |l < Bar - 1 fioll-
By assumption we have Q C Uﬁil @, UU which finally implies

I fiall = [fiau |l < Bar - |l fiu]

for all f € LP(Q) with T),f = 0.
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Theorem 1 is now proved by

Lemma 2. FEvery subset U of  with
Q\UNI,Q2=10
is cuboid-regular.

The main result of this paper is the proof of this Lemma for all dimensions
N. It remains in [2] as an open problem. The used technique in [2] cannot
be extended to arbitrary dimensions. In the present paper we use a newly
developed induction method. Instead of proving the cuboid-regularity of U
directly, we prove an even stronger property of U for which this induction
method is applicable. Herewith, we get the validity of Lemma 2.

So, we will prove the following result.
Lemma 3. Let U C Q,U # Q with
Q\U N0 =0.
Then for any € > 0 there exist finitly many cuboids Q; C ), Q; = H;-Vzl]ai,j, bi ;[
with |b; ; —a; ;] > 1,7 € {1l,..., M} such that

M
o\UcC|JQn
n=1
and for alli e {1,...,M}
i—1
0,QiN (Q\U) C | Qn, (Qo:=10)
n=0

and with R; = H;-Vzl[ai,j + 1, i 4]

Rin(Q\U)#0
and
length(R;) < €

where length(R;) := max{|b; ; — (a;; +1)|: j€{1,...,N}}.

Clearly, Lemma 2 holds if Lemma 3 is true, at least for the case U # (.
But for U = Q Lemma 2 is trivially true: Because of Q, # 0 there exists
some z € RY with z +@ C Q. Since Q is open, there exists also a cuboid
Q= Hf\il]ai, b;[ with |b; —a;| > 1 and 2+ C Q C Q. @ satisfies the required
conditions in this case.
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ProOOF OF LEMMA 3. (Hint: The proof is quite elementary and very techni-
cally already for dimension NV = 1. Nevertheless, particularly for dimension
N > 1, the proof is of complex nature and nontrivial.)

Case N=1. Let UCQ U #Q, Q\UNOJ,NQ =0 and e > 0. Forx € Q
define
Jp i =lay,

with
z; = inf{y | (y <z)Aly, 2] C Q},
x =sup{y | (y > z) A [z,y[C Q}.
We have J, C Q and for x # y either J, = J, or J, N J, = 0. Further, we

have
a=J L
z€EQ
=Jeu U
zEQ €N
[T |>1 [J-|<1

For zg € Q with J,, =|xo;, o[ and |J,,| < 1 we have J,, C 2;+]0, 1. Clearly
zor ¢ Q, hence zog; +w € Q, but J,, C (xo; + w) N Q. Thus J,, C 9,0.

Consequently
0= |J Lca.n
zEN
EARS!
Let moreover R
Q= Jz.
€N
[Jo|>1

Since Q. # () there exists at least one x € Q where |J,| > 1, so, Q is not
empty.

For £ € Q there holds Je C (Al, because of £ € J, for some x € ) with
|Jz] > 1, and since { € Je N J, # (0 there holds Je = J, C Q. Furthermore
Q C Q implies that Q is bounded. N

Now, we construct a (finite) sequence (zx)r C Q as follows: Choose any
z, € QI Q \ Jz; # O choose any x5 € Q \ Jz,. Then we have J,, # J,,
therefore J,, N Jy, = 0. I Q\ (J,, UJ,,) # 0 choose any x5 € Q\ (Jo, UJ,).
Then we have J,,, # J,, and J,, # J,, therefore J,, NJ,, = 0 and J,,NJ,, =

0. By this we get a sequence (J,, )x C Q with pairwise disjoint .J,, . Since Q)
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is bounded the construction of the J;, must abort. This implies Q= U, L
with pairwise disjoint intervals I; =|a;, b;[, b; — a; > 1. Herewith, we get

0= O]az,bl[ U Q

i=1
and .
an = U(]ai,ai + 1[U]b2 - 1,b1D U ﬁ
i=1

Further Q\ U N 8,Q = 0 implies (2 \ U) N Q = 0 hence Q\ U C €.

Now, let be I,k € {1,...,s},ir € {1,...,n} those ascending ordered in-
tervals I; for which I, N (Q\ U) # () holds. Because of U # ) there exists at
least one such interval. Let Ay := I;,, hence Ay =]ag, Bx[ with By — o > 1,
ke {l,...,s} and (Ag) pairwise disjoint, ascending ordered.

For k € {1,..., s} choose N € N such that

:5k*(ak+1) e

O :
k N,

hence ay + 1+ Ny - 6 = Bk

For fixed k € {1,...,s} define now

Dy =lag+(j —1) 6k, ar+1+7-6] 5 €{L...,Ni}.

Moreover, let be D*,, (with m € {1,...,r;} and i® e {1,...,N}) those
Jm

ascending ordered intervals D;? for which
k
VEN(@Q\U) #0

where

Vi =l + 14 (G = 1) 0, an+ 145 8]

holds. Such Vj’“ exists. This is because since Ay N (2 \ U) # 0, there ex-
ists some x € A N (Q\ U) and thus both € A and z # 9,; therefore
T € [Ozk—l-l,ﬁk[ N (Q\U)

Finally, let
Ql = Djl-il)v s 7QT1 = Djl-(l)

1
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and if s > 1:
. D2 2
Qri41:=D%s, .. ,Qpr 4r, := D%,
J1 Jro

Q(Els:—ll Tl)-‘rl = D;£S)7 e 7QZ«;:1 T = D;g‘z).
Then the family (Qi)ic1,...,my With M = > -7_, i possesses the required prop-

erties in Lemma 3. This can be seen as follows.

First, we have Q O Q; =|vi,mi[, |n: — 7| > 1 with certain ~;,7;. Further,
we get 0LQ: =i, v + 1.

‘We show B
QN (Q\U) QU 0:=0).

For 8,Q;N(Q\U) = 0 there is nothing to show. But let for any ig € {1,..., M}
x € 0,Qi, N(Q\U)

hence z € Q;, = D", for some k € {1,...,s} and mg € {1,...,75}. Then we
in

get ’
z €lag + (I — 1) - 0k, ap + 1+ 55 6]

and since z € 91,Q;, we get even
Elok + (%) — 1) Ok, ke + 1+ (G5 — 1) - 6.

Furthermore z € Q\ U implies

v ¢ 0,0 =J(as, ai +1[U]b; — 1,b:[) U Q
i=1
hence = ¢]ag, ax + 1[, thus = € [ap + 1, ap + 1+ (gﬁﬁ? 1) - 0k ] (therefore
jﬁfg > 1). Consequently

(k) (k)
Jmo J"’o

ze U [ + 1+ (i —1) -6k, ap+1+i-6 = V;.k.
i=1 i=
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Hence
4k 1

mQ

ve |J (VFn@\0)

thus z € VN (Q\ U) # 0 with some ' € {1,...,]%3 — 1} which implies
z €D and i’ € {](k) ...,]7(,’:3 1} (in particular mg > 1). Therefore, we get

io—1
k = . . .
x € U Djﬁ,’f’ C U Q; (in particular ig > 1).
m<mo i=1
Next we show
M
o\vc .

n=1

There is

S

O\U € | Ar = [Jlow, Bil

k=1 k=1
and since (2\ U) N 9,Q = 0 we get even

S

Ny,
Q\UC Uak—l—l Brl= UUV’“
k=1i=1

k=1

Thus, we have
1eQ\U=z¢c UU (VEN(@Q\U) =zeVin(@Q\U)£0
k=1:=1

for some k € {1,...,s} and ip € {1,...,Nx}. Hence z € D} and iy €

{j%k) . ,jrk)} and we get

s M
xGUUDw)—UQngUQi
k=1m=1 n=1 n=1

Finally, for any ig € {1,..., M} there is Q;, = D’?(k.) for some k € {1,...,s}
Gy

and mo € {1,...,7,} hence

Qip =lon + (8 — 1) 8, e + 1438 55
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and
Riy = [ + 14 (G5 = 1) - 6k, an + 1+ 550 - 6

which implies length(R;,) = 6, < e. Moreover, because of R;, = V¥, and
Img

VJIng N(Q\U) # 0 we get R;, N (Q\ U) # () which completes the proof for the
case N = 1.

Before treating the case N > 1 we need some additional tools.
Lemma 4. The boundary OS2 is contained in 0,,2.

Lemma 4 was proved in [2, p. 17], for completeness we give the proof here.
The proof also holds for any nonempty bounded region w.

PROOF OF LEMMA 4. Let z € 9. Choose any g € w. Then z € (z—x)+w.
Since z € 0N there exists (z,)n C QN ((2 — z9) +w) and z, — z. Because of
z € (z —x9) +w we have (z — xg) + @ € Q and therefore (z,,), C 9,4, hence

z € 0,0. O
Lemma 5. Let U and V bounded subsets of RN . Then

UaV .= U (y+V)
yE{teRN |(t+V)NU#D}

is compact. If V. # 0 then U CU &V does hold.

Lemma 5 was proved in [2, p. 49], for completeness we give the proof here.

PROOF OF LEMMA 5. Let (x,), € U @V, hence z,, = y, + v, with y, €
RN v, € V and (y, + V) NU # 0. Then (v,), and also (y,), are bounded
and there exists a subsequence (zy,, )k C U &V, xpn, = Yn, + Un, wWith y,, —
ye RN v,, - veV, thusz,, - z:=y+v. Weshow (y+V)NU # 0 :
For all k € N it exists z; € (yn, + V) NU. Hence, there exists a subsequence
(21,)1 € U with 2z, — 2z € U. Since Yni, — Y We get 2k, — yp, — 2 —y and
because of zy, — yn,, € V this implies z —y € V, thus z € (y + V)N U # 0.
So,weget x e U V.

If V # 0 choose vy € V. Then for any x € U we have x € (z — vg) + V. Thus
z € ((x—vy)+V)NU # 0 which impliesz e U @ V. O

Lemma 6. Let G be any subset of ) with

Gno,0=0.

Then G @& w C Q does hold.
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Lemma 6 was proved in [2, p. 49], for completeness we give the proof here.
The proof also holds for any nonempty bounded region w.

PrROOF OF LEMMA 6. Let G be as required. Suppose there exists z € G ® w
with z ¢ Q. Thus, there exists y € RY with z € y+@ and (y+w)NG # ) and
since z ¢ Q) we have y +w ¢ Q thus y ¢ Q. This implies (y +w) N Q C 9,,9.
Because of GN 9,0 = () we get

(y+w)NQNG =1.

But we have G C  because otherwise we would have G N 9Q # () hence
G N0, # 0 (cf. Lemma 4) in contradiction to G N 9,2 = (). Hence, since
(y + @) NG # 0, there exists z € (y + @) NG and = € . But then, there
exists also (z,,), C y + w with z,, — x and (z,), € Q. Consequently, we
get * € (y+w)NQ. Since also z € G this implies (y +w)NQNG # 0 in
contradiction to (y +w) N QNG = . Thus, the assumption of the existence
of z € G ®w with z ¢ Q cannot hold.

O

Now, we continue the proof of Lemma 3 for the case N > 1 by induction.
So, let Lemma 3 be true for dimension N — 1 € N. We prove the validity of
Lemma 3 for dimension N. For this, let again U C Q C RN, U #Q, Q\UN
9,9 =0 and € > 0 and let now

U:=0\U.

Then ¥ @ w is compact (cf. Lemma 5) and nonempty. Moreover, we have
U CUhw C N (cf. Lemma 6)and since ¥dw is compact even ¥ C UVdw C Q
does hold. Define now

A :=dist(¥ ® w,CQ) >0

and let A
€
0 := min(——, =
(2\/N 5)
and
2o := inf{x1 | (x1,...,2n) € U},
n:=sup{zy | (z1,...,25) € U}
and

zri=z20+k -0, ke{l,...,K}
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where K € N is defined by zo + (K —1)-d <nbut 2o+ K -6 > n.
Further, let iy, ..., 4, be those ascending ordered i € {1,..., K} for which

Zi = ([Zi,l,zi} X ]RN_l) ﬂ@ 75 (Z)

Because of the definition of zy particularly Z; is not empty, which implies
i1 = 1.

Let now i € {i1,...,%,} be fixed and let P be the projection operator
P:RYN - RN

(x1,...,2N) = (T2,...,TN)

and define
Qi = P(Q n ([zi,l,zi] X RN_I)) - RN_l.

Finally, define ' :=]0, 1[NV ~1.

With respect to the choice of iy,...,i, we get ; # 0 (note that ¥ C
Q). Further Q; is open: If £ = (&,...,&n) € ; then there exists x =
(x1,&2,...,&EN) € Q with x1 € [2;_1,2;]. Since Q is open there exists a neigh-
borhood of (€2, ...,&y) such that for any y in this neighborhood (z1,y) € Q
holds. Thus y € ; for any such y. In addition, obviously, €2; is bounded.
Moreover, because of Z; # () there exists x € ¥ C Q with 21 € [2i—1, 2i]. Let
now w = (wy,...,wy) any element in w. With ¢t := 2 —w we get © € t + w
thus (t+@) N W # 0. Hence t + @ C ¥ @ w C Q which implies in partic-
ular (z1,t2 + wh, ..., tx + wh) C Q for all (wh,...,wh) € [0,1]¥~L. Thus
(ta,...,tx) +w C Q; and therefore (;). # 0.

Define now

Wz‘ = P(ZZ)
Then W; is not empty and since ¥ C € there is W; C €;. Furthermore W; is
closed since Z; is compact. In addition, let now

We will apply the induction hypothesis to U; and €2;. For this, it is sufficient
to show
Qz‘ \ Ui N aw’Qi - @

To do this, we assume there hold@ N 0,,; # B and show that this leads
to a contradiction. So, let be & € W; N0 Qy, €= (&,...,&n) € RV Then
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there exists (£0);, C 0,,Q; with £(F) — £, Since

8W/Qi = U (t + UJ/) n Qi
tE ()
there exists v, € 0(Q;). and wy € w’ with ) = vy, + wy,. Since (wg)r and

(7)), are bounded this also holds for (vg)x. By the closedness of C(€;). this
implies the existence of subsequences (vg,); and (wg,); with

Vg, =V E E(Qz)wl
and o
wy, — w € w'.
Therefore, we get o
E=v+wel(Q)y +w.
On the other hand, we have £ € WLZ W; and hence, there exists x; € [z;_1, 2;
with z := (351752, Ce 7§N) € Z; CW. With
Vi=(z1,v)+w

we get x € V, therefore VNV # () and thus V C ¥ @ w, which implies V C Q.
In particular, we have

(z1,0) + ({0} xw') € Q

hence v + w’ C ; which finally leads to v € (£;),s in contradiction to
[ORS C(Qi)w’-

By this the conditions for applying the induction hypothesis to (U;,Q;) are
fulfilled (for any i € {i1,...,4m}). Choose now
A €
¢ :=min(—=, =).
Guw?)
Thus, for any i € {i1,...,%nm}, there exist by the induction hypothesis cuboids
Ql(z) - Qi,QlZ) = HN_l]a(l) bl(zj) [, |bl(lj) - al(lj)| >1,1€{1,...,M(%)} such that

J=1 175>
M (i)

Q2 \U; C U Ql(i)
n=1

and for all € {1,...,M(4)}

-1
oL n @\t < |J oY, (@ =)
n=0



370 JORG REISSINGER

and (with R := [T [a!”) + 1,60")])

Jj=1 J \J

Rz(i) N(Q\U;) #0

and 4
length(Rl(Z)) <.

For i € {i1,...,im}yand I € {1,..., M (i)} define now
Gl(l) ::]21;1 — 1,Zi[XQl(i)

and finally

D, = Ggll)» o Dy = Ggéfl()il)

and if m >1

Disiyy+1 = G, s Dy +min) = Gg\l/[z()ig)

. im) — Gim)
D(z;';f M(ig)+1 "~ Gy vDZ}”:l M(iz) = GM(im)‘

Then the family (D,)s C RN, s € {1,..., Z;n:l M (i)} possesses the required
properties in Lemma 3. This can be seen as follows.

i) We show Dg C Q. There is Dy =|z;_1 —l,zi[le(i) for some i € {i1,...,im}
andl € {1,...,M(i)}. Let « € Dy, z = (x1,...,2n), hence

T E]Zi_l — 1,2’7[

and

N
(:L.27 s 7{17]\]) € 1_[]0‘1(,74])‘—17 bl(,zj)—l[
j=2

Furthermore, by the induction hypothesis we have ]ﬁi) NW; # 0. Since W; =
W, this implies the existence of y := (y1,...,yn) € ¥ such that
y1 € [zi21, 2]

and

(y2,..-,YN) € Rl(l).
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Define now z* € RN, 2% = (z7,...,2%) by

y; — 1, ifa; <y; — 1,

xy =< xj, ify; —1<x; <yj,
Yjs lfyj <£L’j.

Then we get

y; —1—x;, ifz; <y; —1,

L

z; =40, ify; —1<z; <yj,
Yj — Tj, if Y; < Tj.

But for z; < y; — 1 there is

i—1—(zi1— 1) =z —z1=0< 5=, ifj=1,
0<yj—1l-uz;< Z(i) - e ) f ZAl S
bl,j—l — 1 — am._l < € S m, lf] > 1,
and for x; > y; there is
= __A if 1 =
0> yi — ; > Zz(;)l Zi S)Z 2v/N’ N lfj ]-7
a1l =b > 2>2—35 ifj>1

Hence, for any j we get |z} — ;| < ﬁ which implies

Let now t € RNt = (t1,...,ty) by

Then we have
yj—l—yj—i—l:O, ifl’j<yj—1,
w; = (yj+t) =9z —y +1€[01], ify; —1<z; <y,
Yi — Yj ZO, ifyj < Zj,

thus
zt e (y+1t)+w.
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Obviously, we also have y € (y-+t)+w and since y € ¥ we get (y+1t)+w C
U @ w and therefore
" eV Pw.

Because of [z* — z| < £ and dist(¥ & w,(Q) = A this implies z € €.
ii) We show

A D,N(Q\U) C UDn, 0 :=0)

for s € {1,...,3°70, M(i;)}. For this, let s be fixed, thus

‘ N-1
Dy =z_1 — 172i[><Ql(l) =lzi_1 — 1, 2 X
j=1

for some ¢ € {i1,... iy} and L € {1,...,M(3)}.

Let now
N-
ES Z’L 1;Zz H + 1 b
so that
LDy = D, \ Ej.
Now, for 9, D, N (Q\ U) = 0 there is nothing to show.
But suppose x € 9L, D, N (Q\U),z = (z1,...,2n), hence z; €]z;_1 — 1, 2.

Case 1: z1 €]z;—1 — 1,%_1[. Since z € Q\ U there is 1 € [z;_1,2;] for
some j with 1 < j <. Thus z € Z; and j € {i1,...,imn}. Now, we have
P(z) € Q; and even P(x) € Q; \ U;. But by the induction hypothesis there is

P(x) € Qg«j) for some r € {1,..., M(j)} and because j < i this implies
xe[zjl—lzij Uﬁ”

Case 2: x1 € [z;_1, 2. Since x ¢ E; there is

N—
aljJrlb
j:l
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hence .
P(z) € 8L,Q".

Like in Case 1 we have P(z) € ©; \ U; and with the induction hypothesis we
get

-1
elJaov
n=0
and therefore = € [z;_1 — 1, z;] X fo/) with some n’ < I. Thus

s—1

x € Uﬁ"

n=0

iii) We show
Z’"L M(’LJ)
o\vc |J D.
s=1
Let x € Q\ U. Then there is z1 € [z;_1,2;[ for some i € {1,..., K}, hence
Z;i # 0 and i € {i1,...,im}. Therefore, we get P(z) € Q; \ U; which implies
by the induction hypothesis

M)

€ U @
=1

Thus
2oy M(i5)

xGU Zilq — 1zz><le))_ U Dq.

iv) We show
N [
([2i-1, 2] Hal] LY NQ\T #0

for any ¢ € {i1,...,4m} and I € {1,..., M (i)}. By the induction hypothesis
there holds for any ¢ € {iy,...,i,} and 1 € {1,..., M(i)}
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Now, if we take for any such fixed 4,l some

N—-1

then there exists x1 € [z;_1, zl] with

x:=(21,§) € Q\U
and therefore

N-1
x € ([zi- 1’21XH +1b ) Q\U #0.
j=1

Moreover, for any i € {i1,...,4n} and I € {1,...,M(%)} we also get by the
induction hypothesis

1 i € € €
length([z;—1, z;[ X U alj b( [) < max(d,€') < max(57 5) =5 <€
which finally completes the proof. O

4 Concluding remarks

Obviously, the condition
Q\UNIN=0

in Theorem 1 implies 0,9 C U. This leads to the question, if Theorem 1 is
even true for U = 9,). As mentioned before, this holds for cuboids, i.e. for

the special case
N
Q= H]al—, bi[
i=1

with a,b € RV |b; —a;| > 1 (cf. [1, p. 192], note that in this case 9,Q C 9,9).
For general 2 this remains as an open problem.

Note, moreover, that Theorem 1 is in general not true for subsets U where
0,9 C U does not hold (cf. [1, p. 180]).

The presented topic could also be extended to the case of general k € L' (w)
and general nonempty bounded regions w. For this, basic concepts were given
in [1]. But any result about the validity of the maximum principle in this
general case remains open.
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